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1. Introduction

The concept of hyperstructure was first introduced by Marty [4] in 1934 and has
attracted attention of many authors in last decades and has constructed some
other structures such as hyperrings, hypergroups, hypermodules, hyperfields, and
hypervector spaces. These constructions have been applied to many disciplines
such as geometry, hypergraphs, binary relations, combinatorics, codes, cryptogra-
phy, probability, and etc. A wealth of applications of this concepts is given in [2],
[3], [10] and [11].

In 1988, the concept of hypervector space was first introduced by Scafati-
Tallini. She studied more properties of this new structure in [7] and [8].

In the present paper, we want to state the concepts of linearly dependence
and independence, basis, dimension of weak hypervector spaces and prove some
results in this field. In [1], the definitions of these concepts are given and using
them some results for anti hypervector spaces are proved. In the mentioned pa-
per, some hypervector spaces have been introduced dimensionless that means
that the hypervector spaces don’t have any collection of linearly independent vec-
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tors. Since, in [9], it was proved that a normed weak right or left antidistributive
hypervector space is a normed classical vector space, we would like to introduce
different definitions of mentioned concepts for weak hypervector spaces that are
more universal-such that don’t create the dimensionless spaces. This paper is ar-
ranged as follows. In Section 3, we identify a certain element of weak hypervector
spaces and then introduce a certain class of such spaces that we call them by
normal and show the defined coordinate of any element in finite dimensional nor-
mal hypervector spaces is unique. In Section 4, we consider weak subhypervector
spaces and prove some results.

2. Linear dependence and independence of vectors

Definition 2.1. [9] Let (X, +) be an abelian group and F be a field. Then a
weak hypervector space is a quadruple (X, +, o, F ), where o is a mapping

o : F ×X −→ P∗(X)

such that the following conditions are satisfied:

(i) ∀a ∈ F,∀x, y ∈ X, [ao(x + y)] ∩ [aox + aoy] 6= ∅,
(ii) ∀a, b ∈ F,∀x ∈ X, [(a + b)ox] ∩ [aox + box] 6= ∅,
(iii) ∀a, b ∈ F, ∀x ∈ X, ao(box) = (ab)ox,

(iv) ∀a ∈ F, ∀x ∈ X, ao(−x) = (−a)ox = −(aox),

(v) ∀x ∈ X, x ∈ 1ox.

We call (i) and (ii) weak right and left distributive laws, respectively. Note that

the set ao(box) in (3) is of the form
⋃

y∈box

aoy.

In the following we give some examples of weak hypervector spaces.

Example 2.2. The set R2 with usual sum and the following scalar product is a
weak hypervector space on R.

aox =

{
Ox x 6= 0,

{0} x = 0,

where Ox is the line passing through the origin and the point x.

Example 2.3. The set R2 with usual sum and the following scalar product is a
weak hypervector space on R.

aox =





segment −Ox x 6= 0 ∧ a < 0

segment Ox x 6= 0 ∧ a > 0

{0} x = 0 ∨ a = 0

,

where the segment Ox and the segment −Ox are the closed segments connecting
the origin to the point x and −x, respectively.
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Example 2.4. The set C with usual sum and the following scalar product is a
weak hypervector space on R.

aox =

{
{reiθ : 0 ≤ r ≤ |a||x|, θ = arg(x)} x 6= 0,

{0} x = 0.

Example 2.5. The set C with usual sum and the following scalar product is a
weak hypervector space on R.

aox =

{
{reiθ : 0 ≤ r ≤ |a||x|, 0 ≤ θ ≤ 2π} x 6= 0,

{0} x = 0.

Lemma 2.6. If X is a weak hypervector space over F , 0 6= a ∈ F and x ∈ X,
then there exists a z in aox such that we have x ∈ a−1oz.

Proof. Since a is nonzero, from x ∈ 1ox we obtain x ∈ a−1o(aox). So there exists
a z in aox such that x ∈ a−1oz.

By the above lemma we have the following definition.

Definition 2.7. Let X is a weak hypervector space over F , a ∈ F and x ∈ X.
Essential point of aox, that we denote it by eaox, for a 6= 0 is the element of aox
such that x ∈ a−1oeaox. For a = 0, we define eaox = 0.

Remark 2.8. Note that eaox is not unique, necessarily. Hence we denote the set
of all these elements by Eaox. When in this note we use eaox in an equation, we
intend is any element of Eaox. See the examples listed above. In Examples 2.3
and 2.4, Eaox is equals to the singleton sets





{ − x} x 6= 0 ∧ a < 0,

{x} x 6= 0 ∧ a > 0,

{0} x = 0 ∨ a = 0,

and

{
{|a|x} x 6= 0,

{0} x = 0,

respectively, but in Examples 2.2 and 2.5, Eaox is equals to the sets
{

Ox x 6= 0,

{0} x = 0,
and

{
{reiθ : r = |a||x|, 0 ≤ θ ≤ 2π} x 6= 0,

{0} x = 0,

respectively.

Definition 2.9. A subset M = {x1, ..., xn} of X is said to be linearly independent

if the equation 0 =
n∑

i=1

eαioxi
implies that α1 = α2 = ... = αn = 0, where α1, ..., αn

are scalars. M is said to be linearly dependent if M isn’t linearly independent.
An arbitrary subset M of X is linearly independent if every nonempty finite

subset of M is linearly independent.
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Definition 2.10. A subset M of X is said to be a basis of X if M is linearly
independent and spans the elements of X. It means that for any x of X there

exists scalars α1, ..., αn such that x =
n∑

i=1

eαioxi
, where {x1, ..., xn} is a subset of

M . If there exists a finite basis for X, then X is said to be a finite dimensional
weak hypervector space.

Definition 2.11. If X is a finite dimensional weak hypervector space, then an
ordered basis of X is a finite sequence of vectors that is a basis of X.

Definition 2.12. Let {x1, ..., xn} be an ordered basis of X and x ∈ X such that

x =
n∑

i=1

eαioxi
, where α1, ..., αn are scalars. Then (α1, ..., αn) is said to be the

coordinate of x.

Remark 2.13. By Remark 2.8, it is clear that the coordinate of an element isn’t
unique, necessarily.

In the follow we introduce a special class of weak hypervector spaces.

Definition 2.14. Let X be a weak hypervector space over F with the following
properties

(i) (Ea1ox + Ea2ox) ∩ E(a1+a2)ox 6= ∅, ∀x ∈ X, ∀a1, a2 ∈ F,

(ii) (Eaox1 + Eaox2) ∩ Eao(x1+x2) 6= ∅, ∀x1, x2 ∈ X, ∀a ∈ F.

Then X is called normal weak hypervector space.

Lemma 2.15. Let X is a weak hypervector space over F , a, b ∈ F and x ∈ X.
Then the following properties hold.

(i) x ∈ E1ox

(ii) If b 6= 0, then aoebox = abox

(iii) E−aox = −Eaox

(iv) If a 6= 0, then there exists an y ∈ X such that x ∈ Eaoy.

(v) If X is normal, then Eaox is singleton.

Proof. (i) This is obtained from x ∈ 1ox, immediately.

(ii) Since b 6= 0, by Definition 2.7 we have ebox ∈ box and x ∈ b−1oebox. The
relation ebox ∈ box together with

abox = ao(box) =
⋃

y∈box

aoy

yields that aoebox ⊆ abox. Also the relation x ∈ b−1oebox together with

aoebox = abo(b−1oebox) =
⋃

y∈b−1oebox

aboy

yields that abox ⊆ aoebox. Therefore we obtain aoebox = abox.
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(iii) By part (iv) of Definition 2.1 we have

E−aox = {z; z ∈ −aox, x ∈ (−a)−1oz}
= {z;−z ∈ aox, x ∈ a−1o(−z)}
= {−z; z ∈ aox, x ∈ a−1oz}
= −{z; z ∈ aox, x ∈ a−1oz} = −Eaox.

(iv) By setting y = ea−1ox, the assertion follows from the parts (i) and (ii).
(v) By normality of X we have (E−aox + Eaox) ∩ E(−a+a)ox 6= ∅. Since by

Definition 2.7, E(−a+a)ox = E0ox is equal to zero, so we obtain E−aox + Eaox = 0.
Thus the assertion follows from this and part (iii).

Remark 2.16. By part (v) of preceding lemma we can replace E by e in Definition
2.14.

Lemma 2.17. Let X be a weak hypervector space over F . X is normal if and
only if

ea1ox + ea2ox = e(a1+a2)ox, ∀x ∈ X, ∀a1, a2 ∈ F,

eaox1 + eaox2 = eao(x1+x2), ∀x1, x2 ∈ X, ∀a ∈ F.

Proof. It is clear by part (v) of Lemma 2.10 and Remark 2.11.

Remark 2.18. In general, the reverse of part (v) of Lemma 2.15 is not true. As
mentioned in Remark 2.8, for any x ∈ R2 and a ∈ R, Eaox in Examples 2.3 is
singleton, but R2 is not normal, because for any positive real number a and b we
have Ebox = Eaox = {x} and so eaox +ebox = {x}+{x} = {2x} and e(a+b)ox = {x}.
Therefore,

(eaox + ebox) ∩ e(a+b)ox = ∅.

Theorem 2.19. Let X be a normal weak hypervector space. If {x1, ..., xm} is a
basis for X, then every linear independent set of X has at most m elements.

Proof. Let {x1, ..., xm} be a basis for X and {y1, ..., yn} be a linear independent
set of X. Thus for any 1 ≤ j ≤ n there exist α1j, α2j, ...., αmj ∈ F such that

yj =
m∑

i=1

eαijoxi
. Let c1, ..., cn ∈ F . By Lemmas 2.15 and 2.17, we have

ec1oy1 + ... + ecnoyn = ec1o
∑m

i=1 eαi1oxi
+ ... + ecno

∑m
i=1 eαinoxi

=
m∑

i=1

ec1o(eαi1oxi )
+ ... +

m∑
i=1

ecno(eαinoxi )

=
m∑

i=1

ec1αi1oxi
+ ... +

m∑
i=1

ec1αinoxi

=
n∑

j=1

ecjα1jox1 + ... +
n∑

j=1

ecjαmjoxm

= e(
∑n

j=1 cjα1j)ox1
+ ... + e(

∑n
j=1 cjαmj)oxm .
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If ec1oy1 + ... + ecnoyn = 0, then c1 = ... = cn = 0. Since {x1, ..., xm} is linear
independent, by above relation we obtain

n∑
j=1

cjα1j = ... =
n∑

j=1

cjαmj = 0.

Assume, on the contrary, that n > m. The remain of proof is the same proof of
this lemma in the classical vector space. With the same reason, we can conclude
that there exist at least a nonzero cj and this contradiction completes the proof.

Corollary 2.20. Let X be a normal and finite dimensional weak hypervector
space. Then any two basis of X have equal numbers of elements.

Proof. It is clear by Theorem 2.19.

Definition 2.21. Let X be a normal and finite dimensional weak hypervector
space. The dimension of X is defined the numbers of the elements of the basis
of X.

Lemma 2.22. If X is a finite dimensional normal weak hypervector space, then
the coordinate of any element of X is unique.

Proof. It is clear by part (v) of Lemma 2.15.

Now, we are able to identify the dimension of defined weak hypervector spaces
in Examples 2.4 and 2.5.

Example 2.23. We show the dimension of defined weak hypervector space in
Example 2.4 is 2. Let i and j be the unit vectors in direction of x-axis and y-axis,
respectively. We show {i, j} is linearly independent. So let a and b be real such
that eaoi + eboj = 0. This implies |a| + |b| = 0 and then a = b = 0. Now, let
x = reiθ be an arbitrary element of C. So, we can write x = ercosθoi + ersinθoj. We
proved that C is spanned by a linearly independent set that has 2 elements, so its
dimension is 2.

Example 2.24. In this example we show the dimension of defined weak hyper-
vector space in Example 2.5 is 1. We show {i} is linearly independent. So, let a
be real such that eaoi = 0. It means that the elements on the circle with radius
|a| and center origin are zero. So we obtain a = 0.

If x = reiθ be an arbitrary element of C, then x = eroi. Therefore, C is
spanned by {i}, hence its dimension is 1.

3. Weak subhypervector spaces

Definition 3.1. Let X be a weak hypervector space over F . A nonempty subset
M of X is called a weak subhypervector space of X, when M satisfies the following
properties:

(i) x + y ∈ M, ∀x, y ∈ M,

(ii) eaox ∈ M, ∀a ∈ F, ∀x ∈ M.
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Theorem 3.2. Let X be a weak hypervector space over F and M be a nonempty
subset of X. M is a weak subhypervector space of X if and only if for all a ∈ F
and x, y ∈ M we have eaox + y ∈ M .

Proof. The necessity part is obvious. For the converse, let x, y ∈ M and a ∈ F .
Since, by assumption, E1ox + y ⊆ M and, by part (i) of Lemma 3.15, x ∈ E1ox we
obtain x+y ∈ M . By part (iii) of Lemma 3.15 since E−1ox = −E1ox so −x ∈ E−1ox

and hence by E−1ox + x ⊆ M we obtain 0 ∈ M and thus eaox + 0 ∈ M . So the
proof is completed.

Theorem 3.3. Let X be a normal weak hypervector space over F and ∅ 6= S ⊆ X.
Then the following set is the smallest weak subhypervector space of X containing S:

[S] =

{
n∑

i=1

eaiosi
; ai ∈ F, si ∈ S, n ∈ N

}
.

Proof. For any s ∈ S by part (i) of Lemma 3.15, s ∈ E1oS. So S ⊆ [S]. Let

x, y ∈ [S]. So, x =
n∑

i=1

eaiosi
and y =

m∑
j=1

ebjotj , for ai, bj ∈ F and si, tj ∈ S.

Let n < m. We obtain x + y =
n+m∑
i=1

ecioui
such that, for 1 ≤ i ≤ n, ci = ai,

ui = si and, for n + 1 ≤ i ≤ m + n, ci = bi−n, ui = ti−n. So, x + y ∈ [S].

Since X is normal, we have ebo
∑n

i=1 eaiosi
=

n∑
i=1

ebozaiosi
. By part (ii) of Lemma 3.15,

this implies ebo
∑n

i=1 eaiosi
=

n∑
i=1

ebaiosi
. Hence, we obtain ebo

∑n
i=1 eaiosi

∈ S and then

[S] is a weak subhypervector space of X containing S. Now, let M be a weak

subhypervector space of X containing S and x ∈ S. So, x =
n∑

i=1

eaiosi
, for ai ∈ F

and si ∈ S. Since S ⊆ M , we have eaiosi
∈ M and then x =

n∑
i=1

eaiosi
∈ M . Thus

[S] ⊆ M and so the proof is completed.

Remark 3.4. If {Mi}i∈I be a collection of weak subhypervector spaces of X, then
M =

⋂
i∈I

Mi is a weak subhypervector space, clearly.

It is clear that [S] is equal to intersection of all weak subhypervector spaces
of X containing S. We say that [S] is the spanned weak subhypervector space by
S.

Proposition 3.5. Let X be a normal weak hypervector space over F . Then X
with the same defined sum and the following scalar product is a classical vector
space:

ax = eaox,

for all a ∈ F and x ∈ X.

Proof. By part (v) of Lemma 3.115, this defined scalar product is well-defined.
Checking the properties of a vector space for X is easy.
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Abstract. The present paper deals with the generalization of exponential operators
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1. Introduction

In 2000, Dattoli and Levi [1] discussed general methods for the solution of diffe-
rence equations, arising in physical and biological problems.Their technique play
crucial role in unifying the generalized families of the difference equations. The
present paper deals with the generalization of exponential operators used in [1] to

operators of the type aλq(x) d
dx , where base a (a > 0, a 6= 1) is a real number. In

particular when a = e, the operator reduces to the operators used by Dattoli et
al. [1].

The action of the generalized exponential operator on a generic function f(x)
is defined as

(1.1)
a

λq(x)
d

dxf(x) = e(λ ln(a))q(x) d
dx f(x) = f(F−1(λ ln(a) + F (x))).

where F (x) (called the Similarity Factor (SF)) denotes the function

1Corresponding author. E-mail: mohdasiff@gmail.com.
2Director, NCWEB, University of Delhi.
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F (x) =

∫ x dξ

q(ξ)
,

and F−1(σ) is its inverse. For q(x) = 1, the SF is given by

(1.2) F (x) =

∫ x

dξ = x,

therefore F−1(x) = x, then operator (1.1) reduces to the ordinary translation or
shift operator as follows:

(1.3) aλ d
dx f(x) = f(F−1(λ ln(a) + x)) = f(λ ln(a) + x).

Another example of application of operator (1.1), for q(x) = x, the SF is given by

(1.4) F (x) =

∫ x dξ

ξ
= ln(x),

so that F−1(x) = ex, and hence operator (1.1) reduces to the dilatation operator

(1.5) aλx d
dx f(x) = f(F−1(λ ln(a) + ln(x))) = f(eλ ln(a)+ln(x)) = f(aλx).

The ordinary shift operators and their properties play a central role within the
context of the theory of difference equations [3]. One can, therefore, suspect that
the above generalized exponential operators and the wealth of their properties
can be exploited to develop tools which allow the solution of different forms of
difference equations.

1(a). Particular case: The substitution of a = e, into equations (1.1), (1.3)
and (1.5) reduce to equations (1), (2′) and (3) of Dattoli et al. [1].

A simple example of how the exponential operators can help us to solve
difference equations may be illuminating. Let us consider the linear dilatation
difference equation of the type

(1.6) b1f(a2x) + b2f(ax) + b3f(x) = 0,

which, according to equation (1.5), equation (1.6) can be written in the following
form

(1.7)
[
b1 a2x d

dx + b2a
x d

dx + b3

]
f(x) = 0.

Suppose f(x) = Rln(x), we have

aλx d
dx Rln(x) = eλ ln(a)x d

dx Rln(x),

where q(x) = x, so that F (x) = ln(x) and F−1(x) = ex or F−1(λ ln(a) + ln(x)) =
eλ ln(a)+ln(x) = xaλ. Therefore,

(1.8) aλx d
dx Rln x = Rln(xaλ) = Rλ ln(a)Rln x.
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Hence we can associate with equation (1.7) the characteristic equation

(1.9) [b1R
2 ln(a) + b2R

ln(a) + b3]R
ln(x) = 0, or b1R

2 ln(a) + b2R
ln(a) + b3 = 0,

whose roots R
ln(a)
1 and R

ln(a)
2 allow to write f(x) in terms of the following linear

combination of independent solutions:

(1.10) f(x) = c1R
ln(x)
1 + c2R

ln(x)
2 =

2∑
α=1

cαRln(x)
α .

The above example indicates that we can extend well-established methods of
solutions of difference equations to other types of equations reducible to ordi-
nary difference equations, after a proper change of variable implicit in equations
(1.1), (1.3).

1(b). Particular case: The replacement of a with e in equations (1.6), (1.7),
(1.8) and (1.9) give raise to equations (5), (6), (7), and (8) of Dattoli et al. [1].

To give a further example of the flexibility of the formalism associated with
exponential operators, let us consider the generalized Heat Equation of the fol-
lowing type

(1.11)





∂

∂λ
Q(x, λ ln(a)) = ln(a)

[
q(x)

∂

∂x

]2

Q(x, λ ln(a)),

Q(x, 0) = g(x),

which can formally be solved by rewriting equation (1.11) as

∂

∂λ
Q(x, λ ln(a))− ln(a)

[
q(x)

∂

∂x

]2

Q(x, λ ln(a)) = 0,

which can formally be solved by considering this as ordinary linear differential
equation of order one, whose I.F. is determined as

e−
∫

ln(a)[q(x) ∂
∂x ]

2
dλ = e− ln(a)[q(x) ∂

∂x ]
2
λ = a−λ[q(x) ∂

∂x ]
2

,

we can, therefore, find its general solution as

Q(x, λ ln(a))a−λ[q(x) ∂
∂x ]

2

= C,

where C in any constant and using the given initial condition, we get

Q(x, 0) = g(x) = C,

and, finally, we obtain the solution of the Heat equation (1.11) as

(1.12) Q(x, λ ln(a)) = aλ[q(x) ∂
∂x

]2g(x).
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Using the identity

eb2 =
1√
π

∫ +∞

−∞
e−ξ2+2bξdξ,

and replacing b2 by λ ln(a)[q(x) ∂
∂x

]2, we have

(1.13) eλ ln(a)[q(x) ∂
∂x

]2 = aλ[q(x) ∂
∂x

]2 =
1√
π

∫ +∞

−∞
e−ξ2+2

√
λ ln(a)ξdξ.

Using equation (1.1), finally yields the solution of equation (1.11) in the form of
an integral transform, which can be viewed as a generalized Gauss transform

(1.14) aλ[q(x) ∂
∂x

]2g(x) =
1√
π

∫ +∞

−∞
e−ξ2

g(F−1(2ξ
√

λ ln(a) + F (x)))dξ.

or, in other words, we have

(1.14)′ Q(x, λ ln(a)) =
1√
π

∫ +∞

−∞
e−ξ2

g(F−1(2ξ
√

λ ln(a) + F (x)))dξ.

It is evident that the formalism associated with generalized exponential operators
can be exploited in many flexible ways in finding the general solution of a large
number of problems. This paper is devoted to the discussion of methods which
provide the solution of the classes of “difference” and generalized “Heat” equations
and we shall see that the techniques we propose offer reliable analytical tools and
efficient numerical algorithms.

1(c). Particular case: To put a = e, in the equations (1.11), (1.12), and (1.14)
give raise the same forms of the equations (10), (11) and (13) respectively of
Dattoli et al. [1].

2. Generalized difference equations

Before discussing the problem in its generality, let us consider the equation of the
following type, as a further example, which reduces to ([1]; p. 655 (14)) when we
consider a = e, we have

(2.1)
N∑

α=0

bαf(x cos(α ln(a)) +
√

1− x2 sin(α ln(a))) = 0,

which belongs to the families of generalized difference equation. This equation can
be obtained by the action of the generalized exponential operator on the function
f(x).
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N∑
α=0

bαf(sin(sin−1 x) cos(α ln(a)) + cos(cos−1
√

1− x2) sin(α ln(a))) = 0,

N∑
α=0

bαf(sin(sin−1 x) cos(α ln(a)) + cos(sin−1 x) sin(α ln(a))) = 0,

N∑
α=0

bαf(sin(sin−1 x) + α ln(a)) = 0,
N∑

α=0

bαaα
√

1−x2
f(x) = 0.

According to the discussion of the previous section, the use of the exponential
operator

N∑
α=0

bαÂαf(x) = 0,

where

(2.2) Â = a
√

1−x2 d
dx

allows to cast (2.1) in the operator form

Ψ(Â)f(x) = 0,

where

(2.3) Ψ(Â) =
N∑

α=0

bαÂα.

In this case, the SF associated with (2.2) is

(2.4) F (x) = sin−1(x).

Independent solutions of (2.1) can, therefore, be constructed in terms of the func-
tion Rsin−1(x), which satisfies the identity

(2.5) ÂαRsin−1(x) = Rα ln(a)Rsin−1(x),

the general solution of (2.1) can finally be written as

(2.6) f(x) =
N∑

α=0

cαRsin−1(x)
α .

Similarly, if we consider the following example, we have

(2.1)′
N∑

α=0

bαf(x cos(α ln(a))−
√

1− x2 sin(α ln(a))) = 0,
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which belongs to the families of generalized difference equation. According to the
discussion of the previous section, the use of the exponential operator

(2.2)′ Â = a−
√

1−x2 d
dx

allows to cast (2.1)′ in the operator form (2.3). In this case the SF associated
with (2.2)′ is

(2.4)′ F (x) = cos−1(x).

Independent solutions of (2.1)′ can be therefore constructed in terms of the func-
tion Rcos−1(x), which satisfies the identity

(2.5)′ ÂαRcos−1(x) = Rα ln(a)Rcos−1(x).

The general solution of (2.1)′ can finally be written as

(2.6)′ f(x) =
N∑

α=0

cαRcos−1(x)
α ,

where R
ln(a)
α are the roots of the characteristic equation

(2.7) Ψ(Rln(a)) = 0.

From the above discussion it is now clear that, whenever one deals with equations
of the type

(2.8)
N∑

α=0

bαf(F−1(α ln(a) + F (x))) = 0,

one can associate it with the generalized exponential operator

(2.9) Â = aq(x) d
dx ,

which allows to cast (2.8) in the operator form (2.3) and we get the relevant
solution in the form

(2.10) f(x) =
N∑

α=0

cαR

∫ x dξ
q(ξ)

α .

2(a). Particular case: when we substitute a = e in equations (2.1), (2.2), (2.3),
(2.5), (2.7), (2.8) and (2.9) then these equation lead to equations (14), (15), (16),
(18), (20), (21) and (22) respectively due to Dattoli et al. [1].
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A useful example is given by the equation

(2.11)
N∑

α=0

bαf

(
x

1− α ln(a)x

)
= 0,

by making use of the shift operator ax2 d
dx , which allows to cast (2.11) in the

operator form (2.3), i.e.,

N∑
α=0

bαf

(
− 1

α ln(a)− 1
x

)
= 0,

N∑
α=0

bαaαx2 d
dx f(x) = 0,

N∑
α=0

bαÂαf(x) = 0,

where

Â = ax2 d
dx , Ψ(Â)f(x) = 0 and Ψ(A) =

N∑
α=0

bα(̂A)α.

In this case, the SF associated with (2.11) is F (x) = −1

x
. Its solution can thus

be written as

(2.12) f(x) =
N∑

α=1

cαR
− 1

x
α .

The validity of the above solutions is limited to the case in which R
ln(a)
α is not

a multiple root of the characteristic equation; this point will be discussed in the
concluding section.

2(b). Particular case: Replacing a with e in equation (2.11) reduce to Dattoli
et al. ([1]; p.656(24)).

In the tunes of Dattoli et al. ([1]; p. 656(26)), let us introduce the following
operational identities:

(2.13)





Â±αb
∫ x dξ

q(ξ) = b±α ln(a)b
∫ x dξ

q(ξ) ,

Â±α(b
∫ x dξ

q(ξ) φ(x)) = b
∫ x dξ

q(ξ) (bln(a)Â)±αφ(x).

valid for exponential operators of the form (2.9).
We note that, according to the first of (2.13), the non-homogeneous equation

(2.14) Ψ(Â)f(x) = Cb
∫ x dξ

q(ξ) ,
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where C is a constant and bln(a) is not a root of the characteristic equation, admits
the particular solution

(2.15) f(x) =
Cb

∫ x dξ
q(ξ)

Ψ(bln(a))
.

In the slightly more complicated case

(2.16) Ψ(Â)f(x) = Cb
∫ x dξ

q(ξ) φ(x),

the second of (2.13) yields

(2.17) f(x) = Cb
∫ x dξ

q(ξ)
1

Ψ(bln(a)Â)
φ(x).

Further comments shall be discussed in the concluding section.

2(c). Particular case: When a = e, equations (2.14), (2.15), (2.16) and (2.17)
convert into equations (27), (28), (29) and (30) of Dattoli et al. [1].

3. Generalized shift operators and Jackson derivatives

In the previous section, we have considered linear equations involving discrete
power of the generalized exponential operator. Here, we shall discuss examples in
which the exponents are not necessarily integers. The introductory example is

(3.1)
f(aλx)− f(x)

λ ln(a)
= g(x),

where f(x) is unknown, λ ∈ C, and g(x) is an analytical function. The use of
the dilatation operator allows to cast equation (2.17) in the form of a the Jackson
derivative [4], namely

(3.2)
aλ d

dξ − 1

λ ln(a)
f(x) = g(x).

The operator on the left hand side can formally be inverted and by writing the
differentiation variable in terms of the inverse of the SF we find

(3.3) f(eξ) =
λ ln(a)

aλ d
dξ − 1

g(eξ).

The operator on the r.h.s. of (3.3) can be expanded as
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λ ln(a)

aλ d
dξ − 1

=
λ ln(a)

λ ln(a) d
dξ

+ 1
2!
(λ ln(a) d

dξ
)2 + 1

3!
(λ ln(a) d

dξ
)3 + · · ·

=
1

d
dξ

[
1 + 1

2!

(
λ ln(a) d

dξ

)
+ 1

3!

(
λ ln(a) d

dξ

)2

+ · · ·
]

= D−1
ξ

[
1 +

(
1

2!
λ ln(a)

d

dξ
+

1

3!

(
λ ln(a)

d

dξ

)2

+ · · ·
)]−1

= D−1
ξ

[
1−

(
1

2!
λ ln(a)

d

dξ
+

1

3!

(
λ ln(a)

d

dξ

)2

+ · · ·
)

+

(
1

2!
λ ln(a)

d

dξ
+

1

3!

(
λ ln(a)

d

dξ

)2

+ · · ·
)2

+ · · ·



= D−1
ξ

[
1− 1

2
λ ln(a)

d

dξ
+

(
1

4
− 1

6

)(
λ ln(a)

d

dξ

)2

−
(

1

24
+

1

8

)(
λ ln(a)

d

dξ

)3

+ · · ·
]

= D−1
ξ

[
1− 1

2
λ ln(a)

d

dξ
+

1

12

(
λ ln(a)

d

dξ

)2

− 1

6

(
λ ln(a)

d

dξ

)3

+ · · ·
]

= D−1
ξ

[
B0 +

B1

1!
λ ln(a)

d

dξ
+

B2

2!

(
λ ln(a)

d

dξ

)2

+
B3

3!

(
λ ln(a)

d

dξ

)3

+ · · ·
]

or

(3.4)
λ ln(a)

aλ d
dξ − 1

= D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n

,

where

(3.5) B0 = 1, B1 = −1

2
, B2 =

1

6
, B3 = −1, ...

are Bernoulli numbers (see [9]; p.300(9)) and D−1
ξ is the inverse of the derivative

operator. Since g(x) has a Taylor expansion (g(x) =
∞∑

m=0

bmxm), we get from

equations (3.3), (3.4)
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f(eξ) = D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n
( ∞∑

m=0

bmemξ

)

= D−1
ξ

[
B0 +

B1

1!
λ ln(a)

d

dξ
+

B2

2!

(
λ ln(a)

d

dξ

)2

+
B3

3!

(
λ ln(a)

d

dξ

)3

+ · · ·
] ∞∑

m=0

bmemξ

= D−1
ξ

[
1− 1

2
λ ln(a)

d

dξ
+

1

12

(
λ ln(a)

d

dξ

)2

− 1

6

(
λ ln(a)

d

dξ

)3

+ · · ·
] ∞∑

m=0

bmemξ

= D−1
ξ

[
b0 +

∞∑
m=1

bmemξ − 1

2
λ ln(a)

∞∑
m=0

bmmemξ

+
1

12
(λ ln(a))2

∞∑
m=0

bm(m)2emξ − 1

6
(λ ln(a))3

∞∑
m=0

bm(m)3emξ + · · ·
]

=

[
b0ξ +

∞∑
m=1

bm

m
emξ − 1

2
λ ln(a)

∞∑
m=0

bmemξ

+
1

12
(λ ln(a))2

∞∑
m=0

bm(m)emξ − 1

6
(λ ln(a))3

∞∑
m=0

bm(m)2emξ + · · ·
]

= b0ξ +

(
1− λ ln(a)

2
+

(λ ln(a))2

12
− (λ ln(a))3

6
+ · · ·

)
b1e

ξ

+

(
1− 2λ ln(a)

2
+

(2λ ln(a))2

12
− (2λ ln(a))3

6
+ · · ·

)
b2

2
e2ξ + · · ·

= b0ξ + b1e
ξ

[
1 +

(
λ ln(a)

2!
+

(λ ln(a))2

3!
+ · · ·

)]−1

+b2e
ξ

[
1 +

(
2λ ln(a)

2!
+

(2λ ln(a))2

3!
+ · · ·

)]−1

+ · · ·

= b0ξ +
b1e

ξ

(1 + λ ln(a)
2!

+ (λ ln(a))2

3!
+ · · · )

+
b2e

ξ

2[1 + (2λ ln(a)
2!

+ (2λ ln(a))2

3!
+ · · · )]

+ · · ·

= b0ξ +
λ ln(a)b1e

ξ

(λ ln(a)
1!

+ (λ ln(a))2

2!
+ (λ ln(a))3

3!
+ · · ·

+
λ ln(a)b2e

ξ

2λ ln(a)
1!

+ 2(λ ln(a))2

2!
+ (2λ ln(a))3

3!
+ · · ·

+ · · ·

= b0ξ +
λ ln(a)b1e

ξ

eλ ln(a) − 1
+

λ ln(a)b2e
2ξ

e2λ ln(a) − 1
+

λ ln(a)b3e
3ξ

e3λ ln(a) − 1
+ · · ·

or

f(eξ) =
∞∑

m=1

bm
λ ln(a)emξ

eλm ln(a) − 1
+ b0ξ,
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or

(3.6) f(eξ) =
∞∑

m=1

bm
λ ln(a)emξ

aλm − 1
+ b0ξ.

Going back to the original variable, we get

(3.7) f(x) =
∞∑

m=1

bm
λ ln(a)xm

aλm − 1
+ b0 ln(x).

The series on the right hand side of equation (3.6) provides the solution of our
problem.

Taking another example, g(x) = sin(x) =
∞∑

m=0

(−1)mx2m+1

(2m + 1)!
, we find

f(eξ) = D−1
ξ

∞∑
n=0

Bn(λ ln(a))n

n!

(
d

dξ

)n ∞∑
m=0

(−1)me(2m+1)ξ

(2m + 1)!

= D−1
ξ

[
B0 +

B1

1!
λ ln(a)

d

dξ
+

B2

2!

(
λ ln(a)

d

dξ

)2

+
B3

3!

(
λ ln(a)

d

dξ

)3

+ · · ·
]
·
∞∑

m=0

(−1)me(2m+1)ξ

(2m + 1)!

= D−1
ξ

[
1− 1

2
λ ln(a)

d

dξ
+

1

12

(
λ ln(a)

d

dξ

)2

−1

6

(
λ ln(a)

d

dξ

)3

+ · · ·
]
·
∞∑

m=0

(−1)me(2m+1)ξ

(2m + 1)!

= D−1
ξ

[ ∞∑
m=0

(−1)me(2m+1)ξ

(2m + 1)!
− 1

2

(
λ ln(a)

d

dξ

) ∞∑
m=0

(−1)me(2m+1)ξ

(2m + 1)!

+
1

12

(
λ ln(a)

d

dξ

)2 ∞∑
m=0

(−1)me(2m+1)ξ

(2m + 1)!
− 1

6

(
λ ln(a)

d

dξ

)3 ∞∑
m=0

(−1)me(2m+1)ξ

(2m + 1)!
· · ·

]

=
∞∑

m=0

(−1)m

(2m + 1)(2m + 1)!
e(2m+1)ξ − 1

2
λ ln(a)

∞∑
m=0

(−1)m

(2m + 1)!
e(2m+1)ξ

+
1

12
(λ ln(a))2

∞∑
m=0

(−1)m(2m + 1)

(2m + 1)!
e(2m+1)ξ

−1

6
(λ ln(a))3 ·

∞∑
m=0

(−1)m(2m + 1)2

(2m + 1)!
e(2m+1)ξ · · ·
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=
∞∑

m=0

(−1)me(2m+1)ξ

(2m + 1)(2m + 1)!

[
1− λ ln(a)(2m + 1)

2

+
(λ ln(a))2(2m + 1)2

12
− (λ ln(a))3(2m + 1)3

6
+ · · ·

]

=
∞∑

m=0

(−1)me(2m+1)ξ

(2m + 1)(2m + 1)!

[
1 +

λ ln(a)(2m + 1)

2!
+

(λ ln(a))2(2m + 1)2

3!
+ · · ·

]−1

or

f(eξ) =
∑ λ ln(a)

aλ(2m+1) − 1

(−1)m

(2m + 1)!
e(2m+1)ξ

or

(3.8) f(x) =
∑ λ ln(a)

aλ(2m+1) − 1

(−1)m

(2m + 1)!
x2m+1.

It is essentially the series defining g(x), provided that bm is replaced by

bmλ ln a

aλm − 1
·

If, e.g., we take g(x) = cos(x), we find

(3.8)′ f(x) =
∑ λ ln(a)

aλ(2m) − 1

(−1)m

(2m)!
x2m,

and for g(x) = exq
, we get

(3.9) f(x) =
∞∑

m=1

λ ln(a)

aλqm − 1

xqm

m!
+ ln(x).

We can, therefore, conclude that the primitive of a Jackson derivative can be
constructed according to the above-quoted recipe.

This method can also be generalized and the concept of Jackson derivative
extended to other forms of exponential operators. In this case we consider equation
of the type

(3.10)
f(x) cos(λ ln(a)) +

√
1− x2 sin(λ ln(a))

λ ln(a)
= g(x),

with the assistance of equation (2.2), we write equation (3.10) as follows:

(3.11)
aλ
√

1−x2
f(x)− f(x)

λ ln(a)
= g(x) or

(aλ
√

1−x2 − 1)

λ ln(a)
f(x) = g(x),
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by assuming g(x) is an odd function there taking x = sin ξ, we have

(3.12)

d

dξ
=

d

dx

dx

dξ
= cos ξ

d

dx
,

(aλ d
dξ − 1)

λ ln(a)
f(sin ξ) = g(sin ξ), or

f(sin ξ) =
λ ln(a)

aλ d
dξ − 1

g(sin ξ),

let us find out the expansion of the first factor of the r.h.s. of equation (3.12) with
the help of equation (3.4), we have

(3.13) f(sin ξ) = D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n

g(sin ξ),

since g(x) in an odd and analytic function, then g(sin ξ), can be expanded by

Taylor expansion such as g(sin ξ) =
∞∑

m=0

b2m+1(sin ξ)2m+1, we have from (3.13),

f(sin ξ) = D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n ∞∑
m=0

b2m+1(sin ξ)2m+1

= D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n ∞∑
m=0

b2m+1

[
eiξ − e−iξ

2i

]2m+1

= D−1
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)n ∞∑
m=0

b2m+1(−i)2m+1

22m+1
(−e−iξ)2m+1[1− e2iξ]2m+1

= D−1
ξ

[
B0 +

B1(λ ln(a))

1!

(
d

dξ

)
+

B2(λ ln(a))2

2!

(
d

dξ

)2

+
B3(λ ln(a))3

3!

(
d

dξ

)3

· · ·
]

·
∞∑

m=0

b2m+1(−i)2m+1

22m+1
(−e−iξ)2m+1

2m+1∑
s=0

(
2m+1

s

)
(−1)2m+1−se[2(2m+1−s)]iξ.

Substituting the values of Bernoulli’s numbers from equation (3.5), we have

(3.14) = D−1
ξ

[
1− (λ ln(a))

2

(
d

dξ

)
+

(λ ln(a))2

12

(
d

dξ

)2

− (λ ln(a))3

6

(
d

dξ

)3

· · ·
]

·
∞∑

m=1

b2m+1(−i)2m+1

22m+1

2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1
D−1

ξ

[
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ − (λ ln(a))

2

(
d

dξ

)
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·
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ +

(λ ln(a))2

12

(
d

dξ

)2

·
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ − · · ·

]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1
D−1

ξ

[
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ

−(λ ln(a))

2

2m+1∑
s=0

(
2m+1

s

)
(−1)s[i{2(m− s) + 1}ξ]ei[2(m−s)+1]ξ

+
(λ ln(a))2

12

2m+1∑
s=0

(
2m+1

s

)
(−1)s[i{2(m− s) + 1}ξ]2ei[2(m−s)+1]ξ − · · ·

]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1

[
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ

i[2(m− s) + 1]

−(λ ln(a))

2

2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ

+
(λ ln(a))2

12

2m+1∑
s=0

(
2m+1

s

)
(−1)s[i{2(m− s) + 1}ξ]ei[2(m−s)+1]ξ − · · ·

]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1

[
2m+1∑
s=0

(
2m+1

s

)
(−1)sei[2(m−s)+1]ξ

i[2(m− s) + 1]
{

1− (λ ln(a))

2
[i{2(m− s) + 1}] +

(λ ln(a))2

12
[i{2(m− s) + 1}]2

−(λ ln(a))3

6
[i{2(m− s) + 1}]3 + · · ·

}]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1

[
2m+1∑
s=0

(
2m+1

s

)

· (−1)sei[2(m−s)+1]ξ

i[2(m−s)+1]
{
1+ 1

2!
[i{2(m−s)+1}λ ln(a)]+ 1

3!
[i{2(m−s)+1}λ ln(a)]2+· · ·}

]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1

[
2m+1∑
s=0

(
2m+1

s

)

· (−1)sλ ln(a)(eiξ)2(m−s)+1

[i{2(m−s)+1}λ ln(a)]+ 1
2!
[i{2(m−s)+1}λ ln(a)]2+ 1

3!
[i{2(m−s)+1}λ ln(a)]3+· · ·

]

=
∞∑

m=1

b2m+1(−i)2m+1

22m+1

[
2m+1∑
s=0

(
2m+1

s

)
(−1)sλ ln(a)(cos ξ + i sin ξ)2(m−s)+1

ei[2(m−s)+1]λ ln(a) − 1

]
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or

f(sin ξ) =
∞∑

m=1

b2m+1λ ln(a)

22m+1
(−i)2m+1

·




2m+1∑
s=0




2m+1

s


 (−1)s(

√
1− sin ξ2 + i sin ξ)2(m−s)+1

ei[2(m−s)+1]λ ln(a) − 1


 .

Finally,

(3.15)

f(x) =
∞∑

m=1

b2m+1λ ln(a)

22m+1
(−i)2m+1

·




2m+1∑
s=0




2m+1

s


 (−1)s(

√
1− x2 + ix)2(m−s)+1

ai[2(m−s)+1]λ − 1




It is interesting to note that, in this case too, the criterion to evaluate the primitive
of the Jackson derivative, associated with the operator (2.2), can easily be inferred.

Let us note that the procedure we have discussed can also be extended to the
cases involving the generalized Gauss transform. In fact the solution of

aλ(x d
dx

)2 − 1

λ ln(a)
f(x) = g(x) (3.16)

or in other words, we have

λ ln(a)

aλ(x d
dx

)2 − 1
g(x) = f(x), (3.17)

let us suppose x = eξ, then

d

dξ
=

d

dx

dx

dξ
= eξ d

dx
= x

d

dx
·

Now, from equation (3.17), we have

(3.18)
λ ln(a)

aλ( d
dξ

)2 − 1
g(eξ) = f(eξ).

Further, after following the steps as we followed in getting the result (3.4), we
obtain the expansion of first factor of l.h.s. as

(3.19)
λ ln(a)

aλ( d
dξ

)2 − 1
= D−2

ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)2n

.
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Now by the virtue of the analyticity of g(x), we expand g(x), by Taylor series,
i.e.,

f(eξ) = D−2
ξ

∞∑
n=0

Bn

n!
(λ ln(a))n

(
d

dξ

)2n ∞∑
m=0

bmemx,

proceeding of the steps as proceeded in finding the result (3.7), we obtain

f(eξ) =
∞∑

m=1

bm
λ ln(a)

eλ ln(a)m2 − 1
emξ + b0ξ

or in other words, if we take b0 = 0, then

(3.20) f(x) =
∞∑

m=1

bm
λ ln(a)

aλm2 − 1
xm.

Further comments on the results of this section will be discussed in the forth-
coming concluding section.

3(a). Particular case: If we substitute a = e, in equations (3.1), (3.2), (3.3),
(3.4), (3.7), (3.8), (3.9), (3.10), (3.15), (3.16) and (3.20), then we obtain the equa-
tions (31), (32), (33), (34), (36), (37), (38), (39), (40), (41) and (42) on page
numbers 657-658 due to Dattoli et al. [1].

4. Remarks

In the previous section we have considered linear difference equations, a (trivial)
non-linear example, similar to “Riccati” equation, is given blow

(4.1) f(ax)− f(x) + bln(x)f(ax)f(x) = 0,

which can be solved using the auxiliary function g(x) =
1

f(x)
and thus getting

(4.2)

1

f(x)
− 1

f(ax)
+ bln(x) = 0, or

g(ax)− g(x) = bln(x).

From operator (1.5), we have

(4.3) ax d
dx g(x)− g(x) = bln(x),
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or, in other words, we write the above equation (4.3) as

g(x) =
bln(x)

ax d
dx − 1

= −[1− ax d
dx ]−1bln(x)

= −[1 + ax d
dx + a2x d

dx + a3x d
dx + · · · ]bln(x)

= −[bln(x) + ax d
dx bln(x) + a2x d

dx bln(x) + a3x d
dx bln(x) + · · · ]

= −[bln(x) + bln(a)bln(x) + b2 ln(a)bln(x) + b3 ln(a)bln(x) + · · · ]
= −[1 + bln(a) + b2 ln(a) + b3 ln(a) + · · · ]bln(x)

= −[
1

1− bln(a)
]bln(x)

=
bln(x)

bln(a) − 1

thus finding as a particular solution

(4.4) f(x) =
1

g(x)
=

bln(a) − 1

bln(x)
.

Moreover, in general, equations of the type

(4.5)
N∑

α=0

bαf(F−1(α ln(a) + F (x))) = ε[f(x)]n,

standard perturbation methods can be used. At the lowest order in ε(f ∼= f0+εf1),
we find

(4.6)
N∑

α=0

bαf0(F
−1(α ln(a) + F (x))) = 0

and

(4.7)
N∑

α=0

bαf1(F
−1(α ln(a) + F (x))) = Rn

∫ x dξ
q(ξ) ,

where Rln(a) is one of the roots of the characteristic equation associated with (4.5).
The first-order contribution f1 can therefore be evaluated by using equation (2.15),
which should be modified as follows:

(4.8)

f(x) =
C(

∫ x dξ
q(ξ)

)b
∫ x dξ

q(ξ)
−1

Ψ′(bln(a))
,

Ψ′(bln(a)) =

[
d

dR
Ψ(Rln(a))

]

R=b

,

if bln(a) is a simple root of the characteristic equation.
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4(a). Particular case: The replacement of a with e in the equations (4.1), (4.4)
and (4.8) reduce to the equations (43), (45) and (49) of Dattoli et al. [1].

Let us now go back to the problem of treating exponential operators of the type

(4.9) Âm,λ = aλ(q(x) d
dx

)m

.

We have seen that, for m = 2 and λ > 0, they can be viewed as generalized Gauss
transform. Before discussing the problem more deeply, we recall the following
important relation [2]:

(4.10)





aλ( d
dx

)m
xn = H

(m)
n (x, λ ln(a)),

H
(m)
n (x, λ ln(a)) = n!

[ n
m

]∑
r=0

(λ ln(a))rxn−mr

r!(n−mr)!
.

which holds for negative or positive λ and H
(m)
n (x, λ ln(a)) are Kampé de Feriét

polynomials, and satisfy the identity

(4.11)
∂

∂λ
H(m)

n (x, λ ln(a)) = ln(a)

(
∂

∂x

)m

H(m)
n (x, λ ln(a)).

According to equation (4.8) we also find

(4.12)

aλ( d
dx

)m

g(x) = aλ( d
dx

)m
∞∑

n=0

bnxn

=
∞∑

n=0

bnH(m)
n (x, λ ln(a)).

Therefore, it is easy to realize that

(4.13) Am,λx =
∞∑

n=0

φnH(m)
n (F (x), λ ln(a)),

where we have assumed that the function F−1 can be expanded in power series

(4.14) F−1(ζ) =
∞∑

n=0

φnζ
n.

It is clear that equation (4.12) can be further handled to extend the action
of operators (4.8) to any function g(x). It is worth considering the possibility of
extending the definition of operators (4.8) to the case of not necessarily integer

m. In the case of m =
1

2
, equation (4.9) should be replaced by

(4.15)





aλ( d
dx

)
1
2 xn = H

( 1
2
)

n (x, λ ln(a)),

H
( 1
2
)

n (x, λ ln(a)) = n!
2n∑

r=0

(λ ln(a))rxn− r
2

r!Γ(n− r
2

+ 1)
.



generalized exponential operators and difference equations 33

It is evident that in this case H
( 1
2
)

n (x, λ ln(a)) is a relation analogous to (4.10)
holds, namely

(4.16)
∂2

∂λ2
H

( 1
2
)

n (x, λ ln(a)) = (ln(a))2

(
∂

∂x

)
H

( 1
2
)

n (x, λ ln(a)).

or involving semi derivatives [8]

(4.16)′
∂

∂λ
H

( 1
2
)

n (x, λ ln(a)) = ln(a)

(
∂

∂x

) 1
2

H
( 1
2
)

n (x, λ ln(a)).

This definition can be extended to any m =
1

p
(p, integer).

4(b). Particular case: Equations (4.9), (4.10), (4.11), (4.12), (4.13), (4.15)
and (4.16) lead to Dattoli’s et al. [1] equations (50), (51), (52), (53), (54), (56)
and (57).

Concluding remark. It is hope that for the values other than e some more use
of the generalized exponential operators can be obtained.
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Abstract. In this paper, a model of blood flow through a constricted arterial segment
has been considered. We have proposed a trapezium shaped geometry of mild axisym-
metric stenosis. The flow of blood with artery has been represented by a two-layered
model consisting of a core layer and a peripheral layer. It has been observed that the re-
sistance to flow and wall shear stress increase as the peripheral layer viscosity increases.
The results are compared graphically with those of previous investigators.

Keywords. arterial wall, blood flow, peripheral layer viscosity, stenosis.

AMS Classification: 92C35.

1. Introduction

Stenosis is an arterial disease in which the internal lumen of blood vessel is
affected by some abnormal growth. This leads to blockage of the artery and
then myocardial infarction. Keeping in mind the consequences of this type of
blockages various researchers analyzed the problem experimentally and theoreti-
cally. The study of blood flow through stenotic arteries plays an important role
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in the diagnostic and fundamental understanding of cardiovascular diseases. The
fluid mechanical behaviour of an artery having stenosis in its lumen had been given
considerable attention by Lee and Fung [5], Rodbard [11], Young and Tsai [18].
The fluid behaviour of biological systems was thoroughly discussed by Leyton [6]
and McDonald [7]. To understand the effects of mild stenosis several researchers
Haldar [2], Misra and Chakravarty [8], Young [17] investigated the flow of blood
through constricted tube treating blood as a Newtonian fluid. Nakamura and
Sawada [9], Shukla et al. [12] extended the model by assuming that blood behaves
like a non-Newtonian fluid. In all above models, the blood flow was represented
by a single-layered model. Bugliarello and Sevilla [1] have shown experimentally
that the blood flowing through narrow tubes can be well represented by a two-
layered model instead of one. In this type of models there is a peripheral layer of
plasma and a core region of suspension of red blood cells. Shukla et al. [13] have
taken two-layered model to analyze the peripheral layer viscosity. Singh et al.
[15] discussed a model of blood flow through an artery formulated for generalized
geometry of multiple, mild and radially non-symmetric stenosis. Ponalagusamy
[10] focused on slip velocity, thickness of peripheral layer and core layer viscosity
at the vessel wall. Srivastava [16] studied analytically and numerically the effects
of mild stenosis on blood flow characteristics in a two-fluid model. Recently, Joshi
et al. [3] analyzed the flow of blood by taking a two-layered model with composite
shaped geometry of constriction. In this paper the flow of blood has been analyzed
with an artery having trapezium shaped mild stenosis. The results obtained are
compared with previous investigators.

2. Formulation of the Model

In this paper, the flow of blood in a cylindrical tube having axisymmetric mild
stenosis have been presented by a two-layered model. The external layer shows
peripheral layer of plasma and the internal core layer describes the suspension of
red blood cells. The schematic diagram is as follows:

The geometry of the stenotic tube without peripheral layer is described as follows,

R(z) =





R0 − 2δs

(L0−α
(z−d), d ≤ z ≤ d +

L0−α

2

R0−δs, d +
L0−α

2
≤ z ≤ d +

L0+α

2

R0−δs + 2δs

(L0−α)

(
z−d− L0+α

2

)
, d +

L0+α

2
≤ z ≤ d+L0

R0, elsewhere.

(1)

where the symbols stand for
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R0 : Radius of the non-stenotic region
R(z) : Radius of the stenotic region
R1(z) : Radius of the central core layer in stenotic region
L : The length of the artery
L0 : The length of the stenosis
d : Location of stenosis
pi : Inlet fluid pressure
p0 : Instantaneous outlet fluid pressure
δs : Instantaneous maximum height of the stenosis
δi : Maximum bulging of interface
µ1 : Viscosity of fluid in central core layer
µ2 : Viscosity of fluid in peripheral layer
α : A parameter (α ≥ 0)
β : Ratio of central core radius to the tube radius

The governing equation of blood flow is given by Kapur [4],

0 = −dp

dz
+

1

r

∂

∂r

{
µ (r) r

∂w

∂r

}
,(2)

where w is axial velocity, p is fluid pressure and µ (r) is viscosity of fluid.

The boundary conditions are,

w = 0 at r = R(z)(3)

and
∂w

∂r
= 0 at r = 0.(4)

Solving equation (2) under boundary conditions (3) and (4), we get

w =

(
−1

2

dp

dz

) ∫ R

r

r

µ (r)
dr.(5)
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The volumetric flow rate is given by

Q =
∫ R

0
2 π r w dr,(6)

which on using equation (5) gives,

Q =

(
−π

2

dp

dz

) ∫ R

0

r3dr

µ (r)
.(7)

Thus, the pressure gradient can be obtained as,

dp

dz
= − 2Q

πI(z)
,(8)

where

I(z) =
∫ R

0

r3dr

µ (r)
.(9)

Integrating equation (8) using conditions p = pi at z = 0 and p = p0

at z = L, we have

pi − p0 =
2Q

L

∫ L

0

dz

I(z)
.(10)

The resistance to flow is defined by,

λ =
pi − p0

Q
(11)

From equations (1), (10) and (11), we can find

λ =
2

π

[
L− L0

I0

+
∫ d+L0

d

dz

I(z)

]
,(12)

where

I0 =
∫ R0

0

r3

µ (r)
dr.(13)

Now, the shear stress at wall is given by,

τR =

[
−µ (r)

∂ w

∂ r

]

r=R(z)

.(14)

By using equations (5) and (8) in (14), we can find shear stress at maximum
height of stenosis as follows,

τs =

[
R(z)Q

πI(z)

]
.(15)

For finding the effects of peripheral layer viscosity, the viscosity function µ(r) can
be defined as,

µ(r) =

{
µ1; 0 ≤ r ≤ R1(z),

µ2; R1(z) ≤ r ≤ R(z),
(16)
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where µ1 and µ2 are the viscosities of the central and the peripheral layers respec-
tively. The function R1(z) represents the shape of the central layer with stenosis.
The mathematical representation of this model can be described as,

R1(z)=





βR0 − 2δi

(L0−α)
(z−d), d≤z≤d +

L0−α

2

βR0−δi, d +
L0−α

2
≤z≤d +

L0+α

2

βR0−δi +
2δi

(L0−α)

(
z−d− L0+α

2

)
, d +

L0+α

2
≤z≤d+L0

βR0, elsewhere.

(17)

By using equation (16) in equation (5), velocities wc,wp and then the correspon-
ding volumetric flow rates Qc, Qp can be obtained as follows,

Qc =
∫ R1

0
2πrwc dr =

(
− π

8µ2

dp

dz

)
2R1

2
[
R2 −

(
1− µ̄2

2

)
R2

1

]
(18)

Qp =
∫ R

R1

2πrwp dr =

(
− π

8µ2

dp

dz

) (
R2 −R2

1

)2
(19)

where µ̄2 = µ2/µ1.
Thus, the total volumetric flow rate Q is defined as,

Q = Qc + Qp =

(
− π

8µ2

dp

dz

) (
R4 − (1− µ2)R

4
1

)
.(20)

Equation (20) can also be obtained by using equation (16) in equation (7) which
shows that Q is a constant.

Integrating equation (18), (19) and (20) by assuming that the pressure drop
is same in each case across the length of artery. We obtain,

Qc =
(pi − p0) πR4

0M1

4µ2L
(
1− L0

L
+ M1G1

) ,(21)

where

M1 = β2
[
1−

(
1− µ2

2

)
β2(22)

and

G1 = g1 + g2 + g3,(23)

where

g1 =
1

L

∫ d+
L0−α

2

d

dz
(

R1

R0

)2
[(

R
R0

)2 −
(
1− µ2

2

) (
R1

R0

)2
](24)

g2 =
1

L

∫ d+
L0+α

2

d+
L0−α

2

dz
(

R1

R0

)2
[(

R
R0

)2 −
(
1− µ2

2

) (
R1

R0

)2
](25)
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g3 =
1

L

∫ d+L0

d+
L0+α

2

dz
(

R1

R0

)2
[(

R
R0

)2 −
(
1− µ2

2

) (
R1

R0

)2
](26)

and

Qp =
(pi − p0) πR4

0M2

8µ2L
(
1− L0

L
+ M2G2

) ,(27)

where

M2 =
(
1− β2

)2
(28)

G2 = g4 + g5 + g6,(29)

where

g4 =
1

L

∫ d+
L0−α

2

d

dz
[(

R
R0

)2 −
(

R1

R0

)2
]2(30)

g5 =
1

L

∫ d+
L0+α

2

d+
L0−α

2

dz
[(

R
R0

)2 −
(

R1

R0

)2
]2(31)

g6 =
1

L

∫ d+L0

d+
L0+α

2

dz
[(

R
R0

)2 −
(

R1

R0

)2
]2 .(32)

Now,

Q =
(pi − p0) πR4

0M

8µ2L
(
1− L0

L
+ MG

) ,(33)

where

M = 1− (1− µ2)β
4(34)

G = g7 + g8 + g9,(35)

where

g7 =
1

L

∫ d+
L0−α

2

d

dz[(
R
R0

)4 − (1− µ2)
(

R1

R0

)4
](36)

g8 =
1

L

∫ d+
L0+α

2

d+
L0−α

2

dz[(
R
R0

)4 − (1− µ2)
(

R1

R0

)4
](37)

g9 =
1

L

∫ d+L0

d+
L0+α

2

dz[(
R
R0

)4 − (1− µ2)
(

R1

R0

)4
] .(38)

From equations (21), (27) and (33) and using Q = Qc + Qp, we can find

M(
1− L0

L
+ MG

) =
2M1(

1− L0

L
+ M1G1

) +
M2(

1− L0

L
+ M2G2

) ·(39)
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Now, using R1 = βR in equation (17), we get

R(z) =





R0 − 2δi

β(L0−α)
(z−d), d≤z≤d +

L0−α

2

R0 − δi

β
, d +

L0−α

2
≤z≤d +

L0+α

2

R0 − δi

β
+

2δi

β(L0−α)

(
z−d− L0+α

2

)
, d +

L0+α

2
≤z≤d+L0

R0, elsewhere.

(40)

On comparing equation (1) and (40), we can observe that

δi = βδs.(41)

Now by keeping in mind equation (16), the dimensionless resistance to flow λ
and the dimensionless shear stress τ s can be obtained by using equation (33) in
equations (11) and (15) respectively,

λ =
λ

λ0

=
µ2

M

(
1− L0

L
+ MG

)
,(42)

where µ2 = µ2

µ1
and λ0 = 8µ1L

πR4
0
, and

τs =
τs

τ0

=
µ2

(
1− δs

R0

)
[(

1− δs

R0

)4 − (1− µ2)
(
β − δi

R0

)4
] ,(43)

where τ0 = 4µ1Q
πR3

0
, and λ0, τ0 are the resistance to flow and wall shear stress for the

case of no stenosis respectively, with µ2 = 1.
Evaluating the integrals (36), (37) and (38) after using equation (41) and

rewriting the expressions for λ and τs which are as follows,

λ = µ2

M

[
1− L0

L
+ 1

L

{
(L0 − α)

(
1 + 2

(
δs

R0

)
+ 10

3

(
δs

R0

)2
+ · · ·

)

+α
(
1 + 4

(
δs

R0

)
+ 10

(
δs

R0

)2
+ · · ·

)}](44)

and

τs =
µ2[(

1− δs

R0

)3
M

] ,(45)

here τs obtained is same as in Shukla et al. [13]. If µ2 = 1 in equations (44) and
(45), we get

λ = 1− L0

L
+ 1

L

{
(L0 − α)

(
1 + 2

(
δs

R0

)
+ 10

3

(
δs

R0

)2
+ · · ·

)

+α
(
1 + 4

(
δs

R0

)
+ 10

(
δs

R0

)2
+ · · ·

)}
,

(46)
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which is same as the ratio obtained by Singh et al. [14], and

τs =

(
1− δs

R0

)−3

,(47)

which is same as obtained by Young [17].

3. Conclusion

In this paper, we consider a two-layered model of blood flow through a stenosed
artery. It is assumed that when blood flows in a cylindrical tube there exists two
layers. The central core layer consists of erythrocytes surrounded by a peripheral
plasma layer. Both fluids have different viscosities. The expressions for dimen-
sionless resistance to flow λ and dimensionless shear stress τs have been plotted by
using MATLAB software for different values of parameters. Graphs in appendix
represent the variations of λand τs with δs

R0
for different values of µ2 and L0

L
. It

has been observed that λ and τs increase with the increase in the height of steno-
sis, this increase have also been noted when µ2 is increased. It is further noted
that resistance to flow λ(denoted by broken lines) is lower in the present model
as compared to previous investigation of Shukla et al. [13]. Also, using the data
µ2 = 0.3, L0

L
= 1.0, α = 0.25, β = 0.95 and δs

R0
= 0.1 in equations (44) and

(45), it can be noted that λ and τs are decreased by 13% and 4% respectively
when compared with the case of no stenosis with µ2 = 1. Again, in the absence of
peripheral layer these characteristics are increased by 24% and 37% respectively
for the same stenosis size and µ2 = 1 . These values are almost same to previous
ones thus it seems that the results of present analysis of two-layered model can
be useful to explain the flow behaviour of stenotic arteries.

Acknowledgment. We are thankful to the anonymous reviewer for valuable
suggestions.



analysis of blood flow through an artery with mild stenosis... 43

Appendix



44 bijendra singh, padma joshi, b.k. joshi

References

[1] Bugliarello , G., Sevilla, J., Velocity distribution and other charac-
teristics of steady and pulsatile blood flow in fine glass tubes, Biorheol., 7
(1970), 85-107.

[2] Haldar, K., Oscillatory flow of blood in a stenosed artery, Bull. Math.
Biol., 49 (1987), 279-287.

[3] Joshi, P., Pathak, A., Joshi, B.K., Two-layered model of blood flow
through composite stenosed artery, AAM: Intern. J., 4 (2009), 343-354.

[4] Kapur, J.N., Mathematical Models in Biology and Medicine, Affiliated
East-West Press, New Delhi, 1985.

[5] Lee, J.S., Fung, Y.C., Flow in locally constricted tubes at low Reynolds
numbers, J. Appl. Mech., 37 (1970), 9-16.

[6] Leyton, L., Fluid Behaviour in Biological Systems, London: Oxford Uni-
versity Press, 1975.

[7] McDonald, D.A., Blood Flow in Arteries, London: Edward Arnold, 1994.
[8] Misra, J., Chakravarty, S., Flow in arteries in the presence of stenosis,

J. Biomech., 19 (1986), 907-918.
[9] Nakamura, M., Sawada, T., Numerical study on the flow of a non-

Newtonian fluid through an axisymmetric stenosis, J. Biomech. Engng., 110
(1988), 137-143.

[10] Ponalagusamy, R., Blood flow through an artery with mild stenosis:
A two-layered model, different shapes of stenoses and slip velocity at the
wall, J. Appl. Sci., 7 (2007), 1071-1077.

[11] Rodbard, S., Dynamics of blood flow in stenotic lesions, Am. Heart J., 72
(1966), 698-710.

[12] Shukla, J., Parihar, R.S., Rao, B.R.P., Effects of stenosis on non-
Newtonian flow of the blood in an artery, Bull. Math. Biol., 42(1980), 283-
294.

[13] Shukla, J.B., Parihar, R.S., Gupta, S.P., Effects of peripheral layer
viscosity on blood flow through the artery with mild stenosis, Bull. Math.
Biol., 42 (1980), 797-805.

[14] Singh, B., Joshi, P., Joshi, B.K., Analysis of blood flow through a
symmetrically stenosed artery, (Presented in annual conference of Vijnana
Parishad of India organized by JIET, Guna), 2009.

[15] Singh, B., Joshi, P., Joshi, B.K., Blood flow through an artery having
radially non-symmetric mild stenosis, Appl. Math. Sci., 4 (2010), 1065-1072.

[16] Srivastava, V.P., Flow of a couple stress fluid representing blood through
stenotic vessels with a peripheral layer, Indian J. Pure Appl. Math., 34
(2003), 1727-1740.

[17] Young, D.F., Effect of a time-dependent stenosis on fFlow through a tube,
J. Engng. Ind. Trans ASME, 90(1968), 248-254.

[18] Young, D.F., Tsai, F.Y., Flow characteristics in models of arterial
stenoses. I. Steady flow, J. Biomech., 6 (1973), 395-410.

Accepted: 25.05.2010



italian journal of pure and applied mathematics – n. 33−2014 (45−62) 45

THE EXPLICIT EXPRESSION OF THE DRAZIN INVERSE OF SUMS
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Abstract. In this paper, we give explicit expressions of (P ± Q)d of two matrices P

and Q, in terms of P, Q, Pd and Qd, under the condition that PQ = P 2, and apply the
result to finding an explicit representation for the Drazin inverse of a 2×2 block matrix[

A B
C D

]
under some conditions.

Keywords: Drazin inverse, group inverse, representation, block matrix, idempotent
matrix.
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1. Introduction

Recently, the representations of the Drazin inverse of matrices have been widely
investigated (see, for example, [2], [10], [11], [15], [16], [17] and the literature men-
tioned below). In [12], Meyer and Rose presented a representation for the Drazin

inverse of

[
A B
0 D

]
in terms of sub-blocks A,B, D and their Drazin inverses.

And in [1] later, Campbell and Meyer suggested to find an explicit representation
for the Drazin inverse of a 2× 2 block matrix in relation to its sub-blocks. Since
then, a lot of special cases of this problem have been studied (see, for example, [3],

1Corresponding authors e-mails: xiaojiliu72@126.com (X. Liu, Tel. +86-0771-3264782),
Liangxu@126.com (L. Xu), yaoming.yu@monash.edu (Y. Yu).
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[4], [5], [6], [7], [8], [13] and references therein). But no one can solve the general
problem up to the present.

These investigations motivate us to deal with a representation for the Drazin
inverse of a 2× 2 block matrix by exploiting an explicit expression of the Drazin
inverse of sums of two matrices. The paper is organized as follows. In this section,
we will introduce some notions and lemmas. In Section 2, we will present these
explicit expressions of differences and sums of two matrices P and Q under the
conditions PQ = P 2. In Section 3, we will deduce an explicit representation

for the Drazin inverse of the 2 × 2 block matrix

[
A B
C D

]
under the conditions

AB = 0 and D2 = 1
2
CB in terms of its sub-blocks and Ad and Dd.

Throughout this paper the symbol Cm×n stands for the set of m×n complex
matrices and I ∈ Cn×n stands for the unit matrix. Let A ∈ Cn×n, the Drazin
inverse, denoted by Ad, of matrix A is defined as the unique matrix satisfying

Ak+1Ad = Ak, AdAAd = Ad, AAd = AdA

where k = Ind(A) is the index of A. In particular, if Ind(A) = 1, then Ad is
called the group inverse, denoted by Ag, of A (see [1], [9], [14]). Apparently, if
A is nonsingular, then Ind(A) = 0, otherwise Ind(A) ≥ 1, especially Ind(0) = 1.
If A is nilpotent, then Ad = 0. If X is nonsingular and B = XAX−1, then
Bd = XAdX

−1. For convenience, we write Aπ = I − AAd and

M =

[
A B
C D

]
(1.1)

where A ∈ Cn×n, B ∈ Cn×m, C ∈ Cm×n and D ∈ Cm×m.
Also, we need two functions: the ceiling function dxe, the smallest integer

greater than or equal to x, and the floor function bxc, the largest integer less than
or equal to x.

Now, we list and deduce some lemmas.

Lemma 1.1 [12, Theorem 3.2] Let M be given by (1.1) with C = 0, t = Ind(A)
and l = Ind(D). Then

Md =

[
Ad S
0 Dd

]

where

S = Aπ

t−1∑
n=0

AnBDn+2
d +

l−1∑
n=0

An+2
d BDnDπ − AdBDd.

Lemma 1.2 [8, Theorem 3.1] Let M be given by (1.1) with D = 0, t = Ind(A)
and r = Ind(BC). If AB = 0, then

Md =

[
XA (BC)dB
CX 0

]



the explicit expression of the drazin inverse of sums ... 47

where

X = (BC)π

r−1∑
n=0

(BC)nA2n+2
d +

d t
2
e−1∑

n=0

(BC)n+1
d A2nAπ.

Lemma 1.3 Let P, Q ∈ Cn×n with s = Ind(P ) and h = Ind(Q). If PQ = 0, then
(i) for any positive integer n ≥ 2,

(P + Q)n = P n + Qn +
n−1∑
i=1

QiP n−i.(1.2)

(ii)[10, Theorem 2.1]

(P + Q)d =
s−1∑
n=0

Qn+1
d P nP π + Qπ

h−1∑
n=0

QnP n+1
d .

Proof. (i) When n = 2, obviously, (P +Q)2 = P 2 +Q2 +QP holds. Assume that

(1.2) holds for k ≥ 2, namely, (P + Q)k = P k + Qk +
k−1∑
i=1

QiP k−i, k ≥ 2. Then for

k + 1,

(P + Q)k+1 = (P k + Qk +
k−1∑
i=1

QiP k−i)(P + Q) = P k+1 + Qk+1 +
k∑

i=1

QiP k+1−i.

Hence, by induction, (1.2) holds for any positive integer n.

Remark 1: If P r = 0 in Lemma 1.3(ii), then (P + Q)d =
r−1∑
n=0

Qn+1
d P n.

The following lemma generalizes [1, Theorem 7.8.4(iii)].

Lemma 1.4 Let P ∈ Cn×m, Q ∈ Cm×n, then (PQ)d = P (QP )2
dQ.

Lemma 1.5 Let P,Q ∈ Cn×n. If PQ = P 2, then for any positive integer n,

(Q− P )n = Qn−1(Q− P ).(1.3)

Proof. When n = 1, obviously, (1.3) holds. Assume that (1.3) holds for k,
namely, (Q− P )k = Qk−1(Q− P ). Then for k + 1,

(Q− P )k+1 = Qk−1(Q− P )(Q− P ) = Qk(Q− P ).

Hence, by induction, (1.3) holds for any positive integer n.

2. The Drazin inverse of differences and sums of two matrices

In this section, we will investigate how to express [I−Q+(WP )k]d for any positive
integer k, and (P ± Q)d under some conditions. We begin with the following
theorem.
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Theorem 2.1 Let P, Q ∈ Cn×n with Ind(P ) = s. If PQ = P and Q is idempo-
tent, then
(i)

(I −Q + P k)d =





(I −Q)

d s
k
e−1∑

n=0

P knP π + QP k
d , if k < s;

(I −Q)P π + QP k
d , if k ≥ s.

(2.1)

(ii)

[I −Q + (QP )k]d = I −Q + QP k
d .(2.2)

Proof. (i) Since Q = Q2, h = Ind(I − Q) = 1. From PQ = P , we have
P k(I − Q) = 0 for any positive integer k, and (P k)π = P π. Thus, by Lemma
1.3(ii), we get

[I −Q + P k]d = (I −Q)

s0−1∑
n=0

P knP π + QP k
d(2.3)

where s0 = IndP k.
Note that n ≥ d s

k
e implies kn ≥ s and that when kn ≥ s, P knP π = 0. So

(2.3) becomes

[I −Q + P k]d = (I −Q)

d s
k
e−1∑

n=0

P knP π + QP k
d .

Consequently, (2.1) holds.
(ii) Replacing P with QP in the proof of (i) yields

[I −Q + (QP )k]d = (I −Q)

d l
k
e−1∑

n=0

[(QP )kn − (QP )kn+1(QP )d] + Q(QP )k
d(2.4)

where l = Ind(QP )k.
Since PQ = P , by Lemma 1.4,

(QP )d = Q(PQ)2
dP = QP 2

d P = QPd.

In general, by induction, we can easily show that for any positive integer k,

(QP )k
d = QP k

d .(2.5)

By the above equation and Lemma 1.4,

Pd = (PQ)d = P (QP )2
dQ = PQP 2

d Q = PdQ.

Since (I − Q)(QP )i = 0 for any positive integer i, by (2.4) and (2.5), we reach
(2.2).

Now, we present the expression of (P ±Q)d.
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Theorem 2.2 Let P, Q ∈ Cn×n with Ind(P ) = s ≥ 1 and Ind(Q) = r. If
PQ = P 2 and h = Ind(P −Q) ≥ 1, then h ≤ r + 1 and
(i)

(P −Q)d = Q2
dP −Qd = Q2

d(P −Q).(2.6)

(ii)

(P −Q)(P −Q)d = Qd(Q− P ).(2.7)

(iii)

(2.8)
(P + Q)d =

1

2
Qd +

s−1∑
n=0

2n−1Qn+1
d P nP π + Qπ

h−1∑
n=0

2−(n+2)QnP n+1
d

+2−(h+1)QπQh−1P h
d .

In particular, when h = r + 1,

(P + Q)d =
1

2
Qd +

s−1∑
n=0

2n−1Qn+1
d P nP π + Qπ

r−1∑
n=0

2−(n+2)QnP n+1
d .(2.9)

Proof. Since Ind(P ) = s ≥ 1, there exists a nonsingular matrix W1 such that

P = W1

[
P1 0
0 P2

]
W−1

1 and Pd = W1

[
P−1

1 0
0 0

]
W−1

1(2.10)

where P1 is nonsingular and P2 is nilpotent with P s
2 = 0. Partitioning W−1

1 QW1

conformably with W−1
1 PW1, we have

Q = W1

[
Q1 Q4

Q3 Q2

]
W−1

1 .

Since PQ = P 2, we can deduce P1 = Q1, Q4 = 0 and P2Q2 = P 2
2 . Thus

P −Q = W1

[
0 0

−Q3 P2 −Q2

]
W−1

1 and Qd = W1

[
P−1

1 0
H (Q2)d

]
W−1

1(2.11)

where H is some matrix obtained by using Lemma 1.1.
Since P2Q

k−1
2 = P k

2 = 0, k ≥ max{s, 2}, we have

(Qs
2P2)

2 = Qs
2(P2Q

s
2)P2 = 0,

P2(Q2)d = P2Q
s
2(Q2)

s+1
d = 0,

(Qs
2P2)d = 0.

By (1.3) and Remark 1, therefore, we have

(P2 −Q2)
s+1
d = (−1)s(Qs

2P2 −Qs+1
2 )d = (−1)s[−(Q2)

s+1
d + (Q2)

s+2
d P2]
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and then, by Lemma 1.5,

(P2 −Q2)d = (P2 −Q2)
s+1
d (P2 −Q2)

s

= (−1)2s−1[−(Q2)
s+1
d + (Q2)

s+2
d P2](Q

s−1
2 P2 −Qs

2)

= (Q2)
2
dP2 − (Q2)d,

(P2 −Q2)
2
d = [(Q2)

2
dP2]

2 − (Q2)
2
dP2(Q2)d − (Q2)d(Q2)

2
dP2 + (Q2)

2
d

= (Q2)
2
d − (Q2)

3
dP2.

By Lemma 1.1, we get that

(2.12)

(P −Q)d = W1

[
0 0

−(P2 −Q2)
2
dQ3 (P2 −Q2)d

]
W−1

1

= W1

[
0 0

−[(Q2)
2
dP2 − (Q2)d]

2Q3 (Q2)
2
dP2 − (Q2)d

]
W−1

1

= (Q2
dP −Qd)P

π − (Q2
d −Q3

dP )P πQPPd

= Q2
dP −Qd − (Q2

dP −Qd)PPd − (Q2
d −Q3

dP )(QPPd − PdPQPPd)

= Q2
dP −Qd − (Q2

dP −Qd)PPd −Q2
d(QPPd − P 2Pd)

= Q2
dP −Qd = Q2

d(P −Q).

Since Ind(Q) = r, QdQ
r+1 = Qr. By (1.3) and (2.12),

(P −Q)d(P −Q)r+2 = Q2
d(P −Q)r+3 = (−1)r+2Q2

dQ
r+2(P −Q)

= (−1)rQr(P −Q) = (P −Q)r+1.

Hence Ind(P −Q) = Ind(Q− P ) ≤ r + 1.

(ii) By (i) and Lemma 1.5,

(P −Q)(P −Q)d = (P −Q)d(P −Q) = Q2
d(P −Q)2 = Qd(Q− P ).

(iii) By (i) and (ii),

(Q− P )2
d = Q2

d(Q− P )(Q− P )d = Q3
d(Q− P ).

Generally, for any positive integer n, by induction,

(Q− P )n
d = Qn+1

d (Q− P ).(2.13)

From PQ = P 2, it follows easily that P (P − Q) = 0 and PQk = P k+1 for
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k ≥ 1. Thus, by Lemma 1.2 and (1.3), (2.7) and (2.13), we have

(P + Q)d = [2P + (Q− P )]d

=
s−1∑
n=0

(Q− P )n+1
d (2P )nP π + (Q− P )π

h−1∑
n=0

(Q− P )n(2P )n+1
d

=
s−1∑
n=0

2nQn+2
d (Q− P )P nP π + (Qπ + QdP )

[
1

2
Pd +

h−1∑
n=1

2−(n+1)Qn−1(Q− P )P n+1
d

]

=
s−1∑
n=0

2n(Qn+1
d P n −Qn+2

d P n+1)P π +
1

2
(Qπ + QdP )Pd

+Qπ

h−1∑
n=1

2−(n+1)Qn−1(Q− P )P n+1
d

= QdP
π +

s−1∑
n=1

2nQn+1
d P nP π −

s−1∑
n=1

2n−1Qn+1
d P nP π +

1

2
(Qπ + QdP )Pd

+Qπ

h−1∑
n=1

2−(n+1)QnP n+1
d −Qπ

h−2∑
n=1

2−(n+2)QnP n+1
d − 2−2QπPd

=
1

2
Qd +

1

2
QdP

π +
s−1∑
n=1

2n−1Qn+1
d P nP π

+2−hQπQh−1P h
d + Qπ

h−2∑
n=1

2−(n+2)QnP n+1
d + 2−2QπPd

=
1

2
Qd +

s−1∑
n=0

2n−1Qn+1
d P nP π + Qπ

h−1∑
n=0

2−(n+2)QnP n+1
d + 2−(h+1)QπQh−1P h

d .

When h = r + 1, (2.9) follows from (2.8).

Remark 2. If h = 0 in Theorem 2.2, then P − Q is nonsingular and therefore
P = 0 since PQ = P 2. Similarly, if s = 0, then P is nonsingular and so P = Q.
Thus Theorem 2.2 is trivial for the two special cases.

If P is idempotent in Theorem 2.2, then P kP π = 0, k ≥ 0. So we have the
following result.

Corollary 2.1 Let P,Q ∈ Cn×n with r = Ind(Q) and h = Ind(P − Q) ≥ 1. If
PQ = P and P is idempotent, then h ≤ r + 1 and

(P + Q)d = Qd − 1

2
QdP + Qπ

h−1∑
n=0

2−(n+2)QnP + 2−(h+1)QπQh−1P

In particular, when h = r + 1,

(P + Q)d = Qd − 1

2
QdP + Qπ

r−1∑
n=0

2−(n+2)QnP
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If P and Q are both idempotent in Theorem 2.2, then

(P + Q)d = Q +
1

4
P − 3

4
QP.

Since

(P + Q)2(P + Q)d = (P + Q)

(
1

2
P + Q− 1

2
QP

)
= P + Q,

we have the result below.

Corollary 2.2 Let P, Q ∈ Cn×n be idempotent. If PQ = P , then

(P −Q)d = QP −Q and (P + Q)g = Q +
1

4
P − 3

4
QP.

Theorem 2.3 Let P,Q ∈ Cn×n. If PQ = P 2 and QP = Q2, then

(P + Q)d =
1

4
(Pd + Qd) and (P −Q)d = 0.

Proof. Premultiplying QP = Q2 by Q2
d yields QdP = QQd and then QdPPd =

QQdPd. So, by Lemma 1.4, we get

QPd = QPP 2
d = Q2(PQ)d = Q2P (QP )2

dQ = Q3Q4
dQ = QQd = QdP,

and then QdQPd = Qd. Thus for n ≥ 1,

QdP
n−1(I − PPd) = (Qd −QdPPd)P

n−1 = 0,(2.14)

(I −QQd)Q
nPd = (I −QQd)Q

n−1QdP = 0.(2.15)

Since PQ = P 2, by Theorem 2.2(iii), we have (2.8) and put (2.14) and (2.15) in
(2.8). As a result,

(P + Q)d =
1

2
Qd +

1

4
(I −QdQ)Pd =

1

2
Qd +

1

4
(Pd −Qd) =

1

4
(Pd + Qd).

Since (P −Q)2 = P 2 − PQ−QP + Q2 = 0, (P −Q)d = 0.

3. The Drazin inverse of 2× 2 block matrices

In this section, we turn our attention to the representation for the Drazin inverse
of a 2-by-2 block matrix M given by (1.1), in terms of its sub-blocks and Ad and
Dd, by Theorem 2.2.

Theorem 3.1 Let M be given by (1.1) with t = Ind(A), s = Ind

([
A 1

2
B

C 0

])
,

q = Ind

([
0 1

2
B

0 D

])
, h = Ind

([
A 0
C −D

])
and r = Ind(BC). If D2 = 1

2
CB
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and AB = 0, then h ≤ s + 1 and

Md =
1

2

[
L BD2

d

2K(1, r) + S(t) 0

]
+

q−1∑
n=1

2n−1

[
1
2
BK(n, r)Ad 0
K(n + 1, r) 0

]

−1

3
(1− 4−d

h
2
e)G(0, t)− 1

6
(1− 4−b

h
2
c)G(1, t) +

h−1∑
n=2

2−(n+2)G(n, n)

+2−(h+1)[G(h− 1, h− 1)−G(h− 1, t)].(3.1)

In particular, when h = s + 1,

Md =
1

2

[
L BD2

d

2K(1, r) + S(t) 0

]
+

q−1∑
n=1

2n−1

[
1
2
BK(n, r)Ad 0
K(n + 1, r) 0

]

−1

3
(1− 4−d

s
2
e)G(0, t)− 1

6
(1− 4−b

s
2
c)G(1, t) +

s−1∑
n=2

2−(n+2)G(n, n)(3.2)

where
m∑

n=k

= 0 whenever m < k and

L = (2I −BD2
dC)Ad + BK(1, r − 1)Ad + BD2

dS(t)A− 1

2
BDdS(t),(3.3)

S(n) =

dn
2
e−1∑

k=0

D2k+2
d CA2kAπ,(3.4)

G(n,m) =





[
1
2
BD2

dS(m)A 0
DdS(m)A 0

]
, n is even;

[
1
2
BD3

dS(m− 2)A2 0
D2

dS(m− 2)A2 0

]
, n is odd,

(3.5)

K(n,m) = Dπ

m−1∑

k=0

Dn+2k−1CAn+2k+1
d .(3.6)

Proof. Assume that

W =

[
Y0 Y1

Y2 0

]
=

[
Y0 0
0 0

]
+

[
0 Y1

Y2 0

]
:= W1 + W2

where Y0Y1 = 0. So, for k ≥ 1,

W k
1 =

[
Y k

0 0
0 0

]
, W 2k

2 =

[
(Y1Y2)

k 0
0 (Y2Y1)

k

]
,

W 2k−1
2 =

[
0 (Y1Y2)

k−1Y1

(Y2Y1)
k−1Y2 0

]
.
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and then

W 2k
2 W n−2k

1 =

[
(Y1Y2)

kY n−2k
0 0

0 0

]
,

W 2k−1
2 W n−2k+1

1 =

[
0 0

(Y2Y1)
k−1Y2Y

n−2k+1
0 0

]
,

HW 2j
2 W k

1 = 0, for j > 1,(3.7)

where H =

[
0 ∗
0 ∗

]
partitioned conformably to W . For n ≥ 2, by Lemma 1.3(i)

and (3.7),

HW n = H(W n
1 + W n

2 +
n−1∑
i=1

W i
2W

n−i
1 ) = HW n

2 +

bn
2
c∑

k=1

HW 2k−1
2 W n−2k+1

1

= HW n
2 +

bn
2
c∑

k=1

H

[
0 0

(Y2Y1)
k−1Y2Y

n−2k+1
0 0

]
.(3.8)

Rewrite M as

M =

[
A 1

2
B

C 0

]
+

[
0 1

2
B

0 D

]
:= P + Q.

From the conditions that 2D2 = CB and AB = 0, it follows PQ = Q2, namely
QT P T = (QT )2 where the symbol F T stands for the transpose of a matrix F .

Note that Ind

([
A1 0
A3 A2

])
≥ 1 whenever square matrix A1 or A2 is singular

by [12, Theorem 2.1]. So q ≥ 1. If A is nonsingular, then B = 0 since AB = 0.
Thus D2 = 0 and then D is singular. So h ≥ 1. Therefore, applying Theorem 2.2
to MT , we have h = Ind(P −Q) ≤ Ind(P ) + 1 = s + 1 and

(3.9)
Md =

1

2
Pd + Qπ

q−1∑
n=0

2n−1QnP n+1
d +

h−1∑
n=0

2−(n+2)Qn+1
d P nP π

+ 2−(h+1)Qh
dP

h−1P π.

Obviously, for n ≥ 1,

Qn =

[
0 1

2
BDn−1

0 Dn

]
, Qn

d =

[
0 1

2
BDn+1

d

0 Dn
d

]
, Qπ =

[
I −1

2
BDd

0 Dπ

]
.

By Lemma 1.4,

C

(
1

2
BC

)

d

= C

(
1

2
BC

)2

d

(
1

2
BC

)
=

(
1

2
CB

)

d

C = D2
dC,(3.10)

C(BC)dB =
1

2
D2

dCB = DdD,(3.11)

DdC(BC)π = DdC(I − (BC)dBC) = DdC −D2
dDC = 0(3.12)
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So, by Lemma 1.2 and (3.11),

Pd =

[
XA (BC)dB
CX 0

]
, P π =

[
(BC)π −XA2 0

−CXA Dπ

]

where

X =

(
1

2
BC

)π r−1∑
m=0

(
1

2
BC

)m

A2m+2
d +

d t
2
e−1∑

m=0

(
1

2
BC

)m+1

d

A2mAπ

and AX = Ad.

Now, taking W = P , we have W1 =

[
A 0
0 0

]
and W2 =

[
0 1

2
B

C 0

]
, and,

accordingly, Y0 = A, Y1 = 1
2
B, and Y2 = C. Thus,

(Y2Y1)
k−1 =

(
1

2
CB

)k−1

= D2k−2.

Taking H = Qn+1
d in (3.8) for n ≥ 2 yields

Qn+1
d P nP π = Qn+1

d W n
2 P π +

bn
2
c∑

k=1

[
0 1

2
BDn+2

d

0 Dn+1
d

] [
0 0

D2k−2CAn−2k+1 0

]
P π

= Qn+1
d W n

2 P π +

bn
2
c∑

k=1

[
1
2
BDn−2k+4

d CAn−2k+1[(BC)π −XA2] 0
Dn−2k+3

d CAn−2k+1[(BC)π −XA2] 0

]
(3.13)

= Qn+1
d W n

2 P π +

bn
2
c−1∑

k=0

[
1
2
BDn−2k+2

d CAn−2k−1Aπ 0
Dn−2k+1

d CAn−2k−1Aπ 0

]
.

since A[(BC)π −XA2] = AAπ and k ≤ n/2.
In order to continue conveniently the above computation, we write

V (n) =

bn
2
c−1∑

k=0

Dn−2k+1
d CAn−2k−1Aπ, n ≥ 2,

and consider it in terms of the parity of n as follows. If n = 2w + 1, w ≥ 1, then
since

S((2w + 1)− 2) =

d 2w−1
2

e−1∑

k=0

D2k+2
d CA2kAπ =

w−1∑

k=0

D2k+2
d CA2kAπ,

we have

V (2w + 1) =
w−1∑

k=0

D2w−2k+2
d CA2w−2kAπ =

w−1∑
i=0

D2i+4
d CA2i+2Aπ

= D2
dS((2w + 1)− 2)A2.
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If n = 2w,w ≥ 1, then

V (2w) =
w−1∑

k=0

D2w−2k+1
d CA2w−2k−1Aπ =

w−1∑
i=0

D2i+3
d CA2i+1Aπ

= DdS(2w)A.

Hence,

V (n) =

{
DdS(n)A, n is even;

D2
dS(n− 2)A2, n is odd

and then for n ≥ 2,

G(n, n) =

[
1
2
BDdV (n) 0

V (n) 0

]
=

[
1
2
BDn−2k+2

d CAn−2k−1Aπ 0
Dn−2k+1

d CAn−2k−1Aπ 0

]
(3.14)

We also need to deal with Qn+1
d W n

2 P π. Likewise, we consider it in terms of
the parity of n as follows. When n = 2k,

Q2k+1
d W 2k

2 P π =

[
0 1

2
BD2k+2

d

0 D2k+1
d

] [
(1

2
BC)k 0
0 D2k

] [
(BC)π −XA2 0

−CXA Dπ

]

=

[ −1
2
BD2

dCXA 0
−DdCXA 0

]
,

and when n = 2k − 1, by (3.12),

Q2k
d W 2k−1

2 P π =

[
0 1

2
BD2k+1

d

0 D2k
d

] [
0 (1

2
BC)k−1B

D2k−2C 0

] [
(BC)π −XA2 0

−CXA Dπ

]

=

[ −1
2
BD3

dCXA2 0
−D2

dCXA2 0

]
.

By (3.10) and (3.12),

DdCXA = DdC

d t
2
e−1∑

k=0

(
1

2
BC

)k+1

d

A2k+1Aπ = Dd

d t
2
e−1∑

k=0

D2k+2
d CA2k+1Aπ

= DdS(t)A,

D2
dCXA2 = D2

d

d t
2
e−1∑

k=0

D2k+2
d CA2k+2Aπ = D2

d

d t
2
e−2∑

k=0

D2k+2
d CA2k+2Aπ

= D2
d

d t−2
2
e−1∑

k=0

D2k+2
d CA2k+2Aπ = D2

dS(t− 2)A2.

Thus

Qn+1
d W n

2 P π = −G(n, t).(3.15)
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Hence, putting (3.14) and (3.15) in (3.13) yields

Qn+1
d P nP π = G(n, n)−G(n, t)(3.16)

where n ≥ 2. Especially,

Qh
dP

h−1P π = G(h− 1, h− 1)−G(h− 1, t).(3.17)

By (3.12),

1

4
QdP

π +
1

8
Q2

dPP π =
1

4

[
0 1

2
BD2

d

0 Dd

] [
(BC)π −XA2 0

−CXA Dπ

]

+
1

8

[
0 1

2
BD3

d

0 D2
d

] [
A 1

2
B

C 0

] [
(BC)π −XA2 0

−CXA Dπ

]

=
1

4

[ −1
2
BD2

dCXA 0
−DdCXA 0

]
+

1

8

[ −1
2
BD3

dCXA2 0
−D2

dCXA2 0

]

= −2−2G(0, t)− 2−3G(1, t).(3.18)

Hence, we can obtain, by (3.16) and (3.18),

h−1∑
n=0

2−(n+2)Qn+1
d P nP π =

1

4
QdP

π +
1

8
Q2

dPP π +
h−1∑
n=2

2−(n+2)[G(n, n)−G(n, t)]

=
h−1∑
n=2

2−(n+2)G(n, n)−
h−1∑
n=0

2−(n+2)G(n, t).(3.19)

In particular, when h < 3, the first sum
h−1∑
n=2

= 0 in (3.19).

Note that by (3.5), G(1, t) = G(3, t) = · · · = G(2k− 1, t) = · · · and G(0, t) =
G(2, t) = · · · = G(2k, t) = · · · . Thus

h−1∑
n=0

2−(n+2)G(n, t) =

dh
2
e−1∑

k=0

2−(2k+2)G(2k, t) +

bh
2
c−1∑

k=0

2−(2k+3)G(2k + 1, t)

=
1

3
(1− 4−d

h
2
e)G(0, t) +

1

6
(1− 4−b

h
2
c)G(1, t).(3.20)

Next, taking W = Pd, we have W1 =

[
XA 0
0 0

]
and W2 =

[
0 (BC)dB

CX 0

]
,

and, accordingly, Y0 = XA, Y1 = (BC)dB, and Y2 = CX. Thus

(XA)i = X(AX)i−1A = XAi−1
d A, for i ≥ 1,

and, by AB = 0 and Lemma 1.4,

Y2Y1 = CX(BC)dB = C

(
1

2
BC

)

d

(BC)dB =

(
1

2
CB

)

d

= D2
d.
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Note that

QπQn =

[
I −1

2
BDd

0 I −DDd

] [
0 1

2
BDn−1

0 Dn

]
=

[
0 1

2
BDn−1Dπ

0 DnDπ

]
.

Therefore, taking H = Qn in (3.8) for n ≥ 1 yields

(3.21)

QπQnP n+1
d = QπQnW n+1

2

+

bn+1
2
c∑

k=1

[
0 1

2
BDn−1Dπ

0 DnDπ

] [
0 0

D2k−2
d CX(XA)n−2k+2 0

]

= QπQnW n+1
2 +

[
1
2
BDn−1DπCX2AAn−1

d 0
DnDπCX2AAn−1

d 0

]
.

Consider QπQnW n+1
2 as follows. When n = 2k,

QπQnW 2k+1
2 =

[
0 1

2
BDn−1Dπ

0 DnDπ

] [
0 (Y1Y2)

kY1

D2k
d Y2 0

]
= 0.

And when n = 2k − 1,

QπQnW 2k
2 =

[
0 1

2
BDn−1Dπ

0 DnDπ

] [
(Y1Y2)

k 0
0 D2k

d

]
= 0.

Hence

QπQnW n+1
2 = 0.(3.22)

By (3.10) and (3.11),

X = (BC)πA2
d + (BC)π

r−1∑

k=1

1

2
BD2k−2CA2k+2

d +

d t
2
e−1∑

k=0

1

2
BC(

1

2
BC)m+2

d A2kAπ

= (BC)πA2
d +

1

2
BDπ

r−1∑

k=1

D2k−2CA2k+2
d +

1

2
B

d t
2
e−1∑

k=0

D2k+4
d CA2kAπ

= (BC)πA2
d +

1

2
BDπ

r−1∑

k=1

D2k−2CA2k+2
d +

1

2
BD2

dS(t)

and then

(3.23)

CX = DπCA2
d + DπD2

r−1∑

k=1

D2k−2CA2k+2
d + D2D2

dS(t)

= Dπ

r−1∑

k=0

D2kCA2k+2
d + S(t)

= K(1, r) + S(t),
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(3.24) DπCX = K(1, r),

(3.25)

XA = (BC)πAd + 1
2
BDπ

∑r−1
k=1 D2k−2CA2k+1

d + 1
2
BD2

dS(t)A

=
(
I − 1

2
BD2

dC
)
Ad + 1

2
BDπ

∑r−2
k=0 D2kCA2k+3

d + 1
2
BD2

dS(t)A

=
(
I − 1

2
BD2

dC
)
Ad + 1

2
BK(1, r − 1)Ad + 1

2
BD2

dS(t)A,

(3.26) DπCX2A = K(1, r)XA = K(1, r)Ad.

By Lemma 1.4, (3.23) and (3.24),

QπPd =

[
I −1

2
BDd

0 Dπ

] [
XA (BC)dB
CX 0

]

=

[
XA− 1

2
BDdCX (BC)dB

DπCX 0

]

=


 XA− 1

2
BDdS(t)

1

2
BD2

d

K(1, r) 0


 ,

(3.27)

and, by (3.21), (3.22) and (3.26)

(3.28) QπQnP n+1
d =

[
1
2
BDn−1K(1, r)AdA

n−1
d 0

DnK(1, r)AdA
n−1
d 0

]
=

[
1
2
BK(n, r)Ad 0

K(n + 1, r) 0

]
.

Consequently, by (3.27), (3.28),(3.23) and (3.25),

(3.29)

1

2
Pd + Qπ

q−1∑
n=0

2n−1QnP n+1
d

=
1

2


 XA

1

2
BD2

d

CX 0


 +

1

2


 XA− 1

2
BDdS(t)

1

2
BD2

d

K(1, r) 0




+

q−1∑
n=1

2n−1




1

2
BK(n, r)Ad 0

K(n + 1, r) 0




=
1

2

[
L BD2

d

2K(1, r) + S(t) 0

]
+

q−1∑
n=1

2n−1

[
1
2
BK(n, r)Ad 0

K(n + 1, r) 0

]

where

L = (2I −BD2
dC)Ad + BK(1, r − 1)Ad + BD2

dS(t)A− 1

2
BDdS(t).

Especially, when q = 1, the sum
q−1∑
n=1

= 0 in (3.29).
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Putting (3.17), (3.19), (3.20), (3.22) and (3.29) in (3.9) yields (3.1).

If h = s + 1, then (3.9) becomes

Md =
1

2
Pd + Qπ

q−1∑
n=0

2n−1QnP n+1
d +

s−1∑
n=0

2−(n+2)Qn+1
d P nP π.

So, putting (3.19), (3.20), (3.22) and (3.29) in the above equation yields (3.2).

Adding some restrictions to D, we have the following results.

Corollary 3.3 Let M be given by (1.1). If D2 = CB = 0 and AB = 0, then

Md =

[
Ad + BCA3

d + BDCA4
d 0

CA2
d + DCA3

d 0

]
(3.30)

Proof. Assume that indices of matrices mentioned are the same as those in
Theorem 3.1. Since D2 = 0, then Dd = 0. Putting Dd = 0 in (3.3) ∼ (3.6), we
have

S(n) = 0, K(1,m) = CA2
d,

G(n,m) = 0, K(2,m) = DCA3
d,

L = 2Ad + BCA3
d, K(n,m) = 0 (n ≥ 3).

Substituting the above equations in (3.1) yields (3.30).

Corollary 3.4 Let M be given by (1.1) with t = Ind(A), s = Ind

([
A 1

2
B

C 0

])
,

q = Ind

([
0 1

2
B

0 D

])
and h = Ind

([
A 0
C −D

])
. If D2 = D = 1

2
CB and

AB = 0, then h ≤ s + 1 and

Md =
1

2

[
H BD

2(I −D)CA2
d + S(t) 0

]
+ 2−(h+1)[G(h− 1, h− 1)−G(h− 1, t)]

−1

3
(1− 4−d

h
2
e)G(0, t)− 1

6
(1− 4−b

h
2
c)G(1, t) +

h−1∑
n=2

2−(n+2)G(n, n).(3.31)

In particular, when h = s + 1,

Md =
1

2

[
H BD

2(I −D)CA2
d + S(t) 0

]
− 1

3
(1− 4−d

s
2
e)G(0, t)

−1

6
(1− 4−b

s
2
c)G(1, t) +

s−1∑
n=2

2−(n+2)G(n, n)(3.32)
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where

H = (2I −BDC)Ad + qB(I −D)CA3
d + BS(t)A− 1

2
BS(t),

S(n) =

dn
2
e−1∑

k=0

DCA2kAπ,

G(n,m) =





[
1
2
BS(m)A 0

S(m)A 0

]
, n is even;

[
1
2
BS(m− 2)A2 0

S(m− 2)A2 0

]
, n is odd.

Proof. Since D = D2, then Ind(D) = 1 and Dd = D and then K(n,m) = 0,
n ≥ 2, and K(1,m) = (I −D)CA2

d. Clearly,

(3.33) S(n) =

dn
2
e−1∑

k=0

DCA2kAπ,

(3.34) G(2k, m) =

[
1
2
BS(m)A 0

S(m)A 0

]
; G(2k − 1,m) =

[
1
2
BS(m− 2)A2 0

S(m− 2)A2 0

]
,

(3.35) L = (2I −BDC)Ad + B(I −D)CA3
d + BS(t)A− 1

2
BS(t).

By [12, Theorem 2.1], 1 ≤ q ≤ 2. Thus when q = 2,

q−1∑
n=1

2n−1

[
1
2
BK(n, r)Ad 0

K(n + 1, r) 0

]
=

[
1
2
B(I −D)CA3

d 0

0 0

]
.

However when q = 1,
q−1∑
n=1

= 0. Therefore, Define

H = L + (q − 1)B(I −D)CA3
d

= (2I −BDC)Ad + qB(I −D)CA3
d + BS(t)A− 1

2
BS(t).(3.36)

Putting (3.33) ∼ (3.36) in (3.1) and (3.2), respectively, yields (3.31) and (3.32).
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[7] Cvetković-Ilić, D.S., Chen, J., Xu, Z., Explicit representations of the
Drazin inverse of block matrix and modified matrix, Linear Multilinear Alge-
bra, 57 (2009), 355-364.

[8] Deng, C., Wei, Y., A note on the Drazin inverse of an anti-triangular
matrix, Linear Algebra Appl., 431(2009), 1910-1922.

[9] Drazin, M.P., Pseudoinverse in associative rings and semigroups, Amer.
Math. Monthly, 65 (1958), 506-514.

[10] Hartwig, R.E., Wang, G., Wei, Y., Some additive results on Drazin
inverse, Linear Algebra Appl., 322 (2001), 207-217.

[11] Liu, X., Xu, L., Yu, Y., The representations of the Drazin inverse of
differences of two matrices, Appl. Math. Comput., 216 (2010), 3652-3661.

[12] Meyer, C.D., Rose, N.J., The index and the Drazin inverse of block tri-
angular matrices, SIAM J. Appl. Math., 33 (1977), 1-7.
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Abstract. We introduce super action for supermanifolds to devoted to principal fiber
bundle with structural generalized Lie groups. We present a product super fiber bundle,
also we extend the coordinate bundle in the sense of Steenrod to show that super
coordinate bundles are equivalent if and only if their super actions agree.
Keywords: principal fiber bundle, Lie group, supermanifold.
M.S.C. 2010: 55R10, 22E10, 58A50.

1. Introduction

In physics and mathematics, supermanifolds are generalizations of the manifold
concept based on ideas coming from supersymmetry, also a super Lie group is a
group object in the category of supermanifolds. An affine super algebraic group
is a group object in the category of affine supervarieties.

In this paper we introduce super action for manifolds and supermanifolds to
devoted to principal fiber bundle with structural generalized Lie groups, also we
extend coordinate bundle in the sense of Steenrod ([7]), for the generalized Lie
group T . We show that our definition of super fiber bundle is an equivalence class
of super coordinate bundles, which is another way of saying that super coordinate
bundles are equivalent if and only if their super actions agree. Therefore, we have
a set of super transition functions defined for an open covering of a manifold M ,
which determine a super principal bundle whose transition maps relative to the
covering are old super transitions. Note that this generalization is a different
structure from fiber bundle of top spaces introduced in ([6,2]). The concept of
generalized Lie groups is a different structure from super Lie group, but results
may be useful for researchers who working in Superspace time and Quantum field
theory. Moreover, we present a useful theorem of super product fiber bundle.

Definition 1.1. Let M be a real manifold and * be an involution over the fiber
turning it into a * algebra. Then the resulting algebra is called a real supermani-
fold.
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Note that, in physics the points of this algebra isn’t a point set space and so
doesn’t ”really” exist. A supermanifold is a concept in noncommutative geometry.

Example 1.2. Each supermanifold is a real C∞ manifold.

Now, we present the concept of generalized Lie group(top space), which is
both a generalized group and a manifold, such that the generalized group ope-
rations are C∞. The several authors studied various aspects and concepts of
generalized group, well known from standard groups, [4,5].

Definition 1.3. ([6],[1]) A non-empty Hausdorff smooth d-dimensional manifold
T is called a top space if there is an associative action ”·” on T such that t ·s ∈ T ,
for every t, s ∈ T , and satisfies in the following conditions (Note that t · s showed
that by ts.):

(i) For each t ∈ T , there is a unique e(t) ∈ T such that te(t) = e(t)t = t;

(ii) For each t ∈ T , there is s ∈ T such that ts = st = e(t);

(iii) For all t, s ∈ T , e(ts) = e(t)e(s);

(iv) The mappings

m1 : T × T −→ T
(t, s) 7−→ ts

and
m2 : T −→ T

t 7−→ t−1

are smooth mappings.

Note that, e(t) is called the identity of t. Moreover, s is called the inverse of
t, and denoted by t−1.

Example 1.4. ([6]) Each Lie group is top space.

There is a Lie groups which is not top space, for example:

Example 1.5. ([6]) The n−torus Tn = R
Z with the product:

((r1, ..., rn) + Z, ((s1, ..., sn) + Z) 7→ ((r1 + s1, ..., rn−1 + sn−1, rn) + Z)

is a top space, which is not a Lie group.

2. Super action of top spaces

All of us knew how important actions of Lie groups on manifolds are, in this
section at first we introduce a super action for supermanifolds and generalized
Lie groups as a generalization of usual action for Lie groups, and then we shall
introduce the notion of a super principal fiber bundle, also we shall present on
the most important class of super fiber bundle, moreover we shall make a super
coordinate bundle, in the sense of Steenrod, to find a balance with respect to the
super actions.
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Definition 2.1. ([2]) A super action(or generalized action) of top space T on
supermanifold (or manifold) M is differentiable map λ : M × T −→ M which
satisfies the conditions:

(i) For any m ∈ M , there is e(t) in T such that λ(m, e(t)) = m;

(ii) λ(λ(m, t1), t2) = λ(m, t1t2) for all t1, t2 ∈ T and m ∈ M .

In this case, we called T superacts on M .

Remark. We often use the notion tm instead of λ(m, t), so the second condition
in this notation is (mt1)t2 = m(t1t2).

Note that, if T is a Lie group, then a super action is an action (C∞ action).

Example 2.2. T = R×R−{0} with product (a, b).(e, f) = (be, bf) is top space
[Remark: e((a, b)) = (a/b, 1) and (a, b)−1 = (a/b2, 1/b)]. The map λ : R×T −→ R
defined by λ(c, (a, b)) = ac/b is a super action.

T is said to super acts effectively, if m · t = m, for all t ∈ T , implies that
t ∈ e(T ). Also, T supper acts transitivity to the right if for every m,n ∈ M ,
there is t ∈ T such that mt = n.

T super acts freely if the only elements of T having fixed point on M are
belong to the identity set e(T ), where e(T ) the set of all identity elements in T ,
also the set O(m) = {mt|t ∈ T} is called the orbit of m.

Now, we introduce a product super fiber bundle:

Definition 2.3. A super principal fiber bundle is a set (P, T, M), where P,M are
differentiable manifolds, T is a top space such that:

(i) T super acts freely to the right on P ;

(ii) M is the quotient space of P , by equivalence under T , and projection
π : P → M is differentiable;

(iii) For every m ∈ M , there is an open set U of m and differentiable map
FU : π−1(U) → T such that FU(pt) = e(t)FU(p)t, for all t ∈ T and p ∈ U .

Also, the map of π−1(U) → U × T given by p 7→ (π(p), FU(p)) is a diffeo-
morphism. In this case, P is called the super bundle space, M the base space,
and T the structural top space.

Note that, we can easily extend this definition for spurmanifolds P and M ,
moreover, if T is a Lie group, then the concept of super principal fiber bundle
is the concept of principal fiber bundle, it clear that, there is a super principal
fiber bundle which is not a principal fiber bundle (see Example 1.5). Now, by
Definition 2.3 we make a product super bundle, which is very important case in
the sense of Steenrod ([6]):

Theorem 2.4. Let T be a top space, M a manifold (or supermanifold), and
P = T × M , also P provided with the right super action of T on itself in the
second factor, then (P, T, M) is a super principal fiber bundle.
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Proof. At first, we define a suitable super action:
Define P × T → P by ((m, t), t

′
) 7→ (m, e(t

′
)tt

′
).

We show that this C∞-map satisfies in the conditions of Definition 2.3.
Let (m, t) ∈ P , since t ∈ T , then e(t) ∈ T .
Moreover, (m, t)e(t) = (m, e(e(t))te(t)).
By uniqueness of identity in Definition 1.3, we have e(e(t)) = e(t).
Then (m, e(e(t))te(t)) = (m, t).
Moreover, (((m, t), t1), t2) = ((m, e(t1)tt1), t2) = (m, e(t2)e(t1)tt1t2).
By definition of top spaces, we knew that e(t1)e(t2) = e(t1t2), so

(m, e(t2)e(t1)tt1t2) = (m, e(t1t2)tt1t2) = ((m, t), t1t2).

Therefore, T super acts on P .

Step I. Let (m, t) ∈ M × T , and there exist t
′ ∈ T such that

(m, t)t
′
= (m, e(t

′
)tt

′
) = (m, t).

Then e(t
′
)tt

′
= t, then e(e(t

′
)tt

′
) = e(t).

By uniqueness of identity, we have e(e(t
′
)tt

′
) = e(t).

Then e(t
′
) = e(t)), and so e−1(e(t

′
)) = e−1(e(t)).

Therefore, e(t
′
)tt

′
= e(t)tt

′
= tt

′
.

Since e(t
′
)tt

′
= t, then tt

′
= t, and then, by multiplying t

′
from the left side,

we have t−1tt
′
= t−1t. Then e(t)t

′
= e(t).

Since e(t) = e(t
′
), then e(t)t

′
= e(t

′
)t
′
= t

′
. Hence t

′
= e(t).

Therefore, t
′ ∈ e(T ), thus T super acts freely on P .

Step II. Let ∼ be a relation on P , defined by:

(m1, t1) ∼ (m2, t2) iff there is t ∈ T such that (m1, e(t)t1t) = (m2, t2),

this relation is an equivalence relation, because:
Let (m, t) belong to P . Since e(t) ∈ T and (m, t)e(t) = (m, e(t)te(t)) = (m, t),

then ∼ is a reflexive relation.
Let (m1, t1), (m2, t2) belong to P , and (m1, t1) ∼ (m2, t2). Then there is t ∈ T

such that (m1, e(t)t1t) = (m2, t2). Therefore,

(∗) m1 = m2 and e(t)t1t = t2.

By multiplying e(t1) from the left side, we have e(t1)e(t)t1e(t) = e(t1)t2. Since

e(t1)e(t)t1t = e(t1)e(t)e(t1)t1t; (because: e(t1)t1 = t1)
= e(t1)t1t (because: e(t1)e(t)e(t1) = e(t1))
= t1t

and

t1t = e(t1)t2 (because: e(t1)e(t)t1t = e(t1)t2,
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then t1t = e(t1)t2 ).
By multiplying t−1 from the right side, we have: t1e(t) = e(t1)t2t

−1.
By multiplying e(t1) from the right side, we have:

(∗∗) t1e(t)e(t1) = e(t1)t2t
−1e(t1).

We knew that

t1e(t)e(t1) = (t1e(t1))e(t)e(t1) = t1(e(t1)e(t)e(t1)) = t1e(t1) = t1.

Then, by (∗∗) we have t1 = e(t1)t2t
−1e(t1).

By (∗), we knew that e(t) = e(t2)(because: e(e(t)t1t) = e(t)) and then

e(t1)t2t
−1e(t1) = e(t1)e(t2)t2t

−1e(t1)
= e(t1)e(t)t2t

−1e(t1) (because: e(t2) = e(t))
= e(t1)e(t

−1)t2t
−1e(t1) (because: e(t−1) = e(t))

= e((t−1e(t1))
−1)t2t

−1e(t1) (because: (t−1e(t1))
−1 = e(t1)t)

= e((t−1e(t1))t2t
−1e(t1)).

Then, there is t−1e(t1) ∈ T such that:

t1 = e((t−1e(t1))
−1)t2t

−1e(t1),

and so (m2, t2) ∼ (m1, t1), therefore ∼ is a symmetric relation.
Let (m1, t1), (m2, t2) and (m3, t3) belong to P , and (m1, t1) ∼ (m2, t2),

(m2, t2) ∼ (m3, t3), then m1 = m2 and m2 = m3, respectively.
Also, there are t

′
, t
′′ ∈ T such that: e(t

′
)t1t

′
= t2 and e(t

′′
)t2t

′′
= t3.

Therefore, e(t
′′
)e(t

′
)t1t

′
t
′′

= t3. Then e(t
′′
t
′
)t1t

′
t
′′

= t3, and so

e((t
′′
t
′
)−1)t1t

′
t
′′

= t3 (because: e(s) = e(s−1), for all s ∈ T.)

Then e((t
′
)−1(t

′′
)−1)t1t

′
t
′′

= t3. Hence e(t
′
)e(t

′′
)t1t

′
t
′′

= e((t
′
)−1(t

′′
)−1)t1t

′
t
′′

= t3.
Therefore, e(t

′
t
′′
)t1t

′
t
′′

= e(t
′
)e(t

′′
)t1t

′
t
′′

= t3. Then (m1, t1) ∼ (m3, t3), therefore
∼ is a transitive relation.

Step III. Now, we show that M is the quotient space of P by this equivalence
relation under T .

Let (m, t1), (m, t2) belong to P , since e(t2), (t1)
−1t2 belong to T , and

e((t1)
−1t2)t1(t1)

−1t2 = = e(((t1)
−1t2)

−1)e(t1)t2
= e((t2)

−1)e((t1)
−1)−1e(t1)t2

= e(t2)e(t1)e(t2)t2

and, since e(t2)t2 = t2 and e(t−1)e(t1) = e(t1)), we have

e(t2)e(t1)e(t2)t2 = e(t2)t2 = t2.

Then
(m, t1) ∼ (m, t2).
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Also, by Definition 1.3, it is clear that the projection π : P → M is a C∞

map.
Now, let m ∈ M be given, it is clear that for each open set U of m in M ,

we have FU commutes with right super action, i.e., FU(pt
′
) = FU(p)t

′
for every

t
′ ∈ T and p ∈ P , because:

FU((m, t), t
′
) = FU(m, e(t

′
)tt

′
)

= e(t
′
)tt

′

= e(t
′
)FU((m, t))t

′
.

Also, the map p 7→ (π(p), FU(p)) from π−1(U) into U×T , which is the identity
map, is a diffeomorphism.

Then (P, T,M) is a super fiber bundle, which is called product super fiber
bundle.

Now, we present the structure of super coordinate bundle with structural
top space T , where T is a top space with the finite identity elements, i.e., the
cardinality of e(T ) is finite, note that we knew that e−1(e(t)) is Lie group, for
all t ∈ T , and also e−1(e(t)) is diffeomorphism to e−1(e(t

′
)), for all t, t

′ ∈ T
[2, Corollaries 3.2 and 3.3].

Let (P, T,M) be a super principal fiber bundle, and let {Ui} be an open
covering of M such that π−1(Ui) can be represented as a product space via the

function Fi : π−1(Ui) → T . We define a map G
e(t)
ij : Ui ∩ Uj → T as follows:

If m ∈ Ui ∩ Uj, let p ∈ π−1(m) ∩ {p0t0|t0 ∈ e−1(e(t)), p0 ∈ π−1(m)}, and put

(Gij)
e(t)(m) = e(t)Fj(p)e(t)(Fi(p))−1.

Now, we want to show that the definition of (Gij)
e(t) is independent of the

choice of p.
If p

′ ∈ π−1(m)∩{p0t0|t0 ∈ e−1(e(t)), p0 ∈ π−1(m)}, then there is t1 ∈ e−1(e(t))
such that p

′
= pt1.

Now, we have:

Fj(p
′
)(Fi(p

′
))−1 = Fj(pt1)(Fi(pt1))

−1

= e(t1)Fj(p)t1e(t1)(Fi(p))−1(t1)
−1

= e(t1)Fj(p)t1(Fi(p))−1(t1)
−1

= e(t1)Fj(p)t1(t1)
−1(Fi(p))−1

= e(t1)Fj(p)e(t1)(Fi(p))−1.

Since e−1(e(t1)) = e−1(e(t)) and e(t1) = e(t), then

e(t1)Fj(p)e(t1)(Fi(p))−1 = e(t1)Fj(p)e(t)(Fi(p))−1.

Moreover, it is easy to show that:

(Gik)
e(t)(m)(Gkj)

e(t)(m) = (Gij)
e(t)(m),

for all m ∈ Ui ∩ Uj ∩ Uk ∩ e−1(e(t)) and t ∈ T .
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The functions (Gij)
e(t) are called the super transition functions correspon-

ding to the covering {Ui}.
By this covering we extend a coordinate principal bundle in the sense of

Steenrod ([6]), for all top spaces T .
Since T is a top space with the finite identity element e(T ), then

T =
◦⋃

e(t)∈e(T )

(e−1(e(t))), [2, Corollary 3.3].

Now, suppose M is covered by domains of coordinate systems(i.e., {Ui}), let

P =
◦⋃

e(t)∈e(T )

⋃
i

Ui × e−1(e(t))

and ⋃
i

(Ui × e−1(e(t)))× e−1(e(t)) → P

defined by ((u, t), t
′
) 7→ (u, tt

′
).

For all t ∈ T , by the usual manner, we can induce a C∞ structure on⋃
i

(Ui × e−1(e(t)).

Since e−1(e(t)) is diffeomorphism to e−1(e(t
′
)) [2, Corollary 3.2], for all t, t

′ ∈ T ,
then all of the C∞ structures are diffeomorphic.

Then, by the projection map and the usual manner, we have a differentiable
structure on ◦⋃

e(t)∈e(T )

⋃
i

⋃
(Ui × e−1(e(t))),

where πe(t) :
⋃

i(Ui × e−1(e(t))) → M is a projection map, for all t ∈ T .
Hence, in the sense of Steenrod, our definition of super fiber bundle is an

equivalence class of super coordinate bundle.

Example 2.5. The Euclidean subspace R∗ = R − {0}, with the product
(a, b) 7→ a|b|, is a top space with the identity element e(T ) = {+1,−1}, then
λ : R∗ × R −→ R defined by λ(a,m) = am is a super action of top space R∗ on
Euclidean manifold R.

Let
U1 = (−2,∞) and U2 = (−∞, 2).

Now, let

P =
◦⋃

e(t)∈e(T )

⋃
i

(Ui × e−1(e(t)))

and ◦⋃

e(t)∈e(T )

⋃
i

((Ui × e−1(e(t)))× e−1(e(t))) → R
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defined by
((u, t), t

′
) 7→ u.

It is clear that, by the usual manner, we can induce a differentiable structure by
the projection maps:

πe(1) : ((−2,∞)×R+)
⋃

((−∞, 2)×R+) → R

and
πe(−1) : ((−2,∞)×R−)

⋃
((−∞, 2)×R−) → R.

Since ((−2,∞) × R+)
⋃

((−∞, 2) × R+) and ((−2,∞) × R−)
⋃

((−∞, 2) × R−)
are disjoint diffeomorphic manifolds, then we have a C∞ structure on P such that
the projection maps be C∞ maps, it is clear that (P,R∗, R) is super fiber bundle.

Conclusion

In the extension mode of coordinate bundle, we found the important following
condition:

• All of the super coordinate bundles, in the sense of Steenrod, are equivalent
if and only if their super actions agree.
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1. Introduction

Ever since the introduction of fuzzy sets by L.A. Zadeh [10], the fuzzy concept
has invaded almost all branches of mathematics. The concept of fuzzy topological
spaces was introduced and developed by C.L. Chang [2]. Atanassov [1] introduced
the notion of intuitionistic fuzzy sets, Coker [3] introduced the intuitionistic fuzzy
topological spaces. In this paper, we have introduced the concept of intuitionistic
fuzzy α-irresolute functions and studied their properties. Also, we have given
characterizations of intuitionistic fuzzy α-irresolute functions. We also study the
relationship between this function with other existing functions.

2. Preliminaries

Definition 2.1. [1] Let X be a nonempty fixed set and I the closed interval [0, 1].
An intuitionistic fuzzy set (IFS) A is an object of the following form

A = {〈x, µA(x), νA(x)〉 | x ∈ X},
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where the mappings µA : X → I and νA : X → I denote the degree of membership
(namely) µA(x) and the degree of nonmembership (namely) νA(x) for each element
x ∈ X to the set A respectively, and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X.

Definition 2.2. [1] Let A and B are IFSs of the form A = {〈x, µA(x), νA(x)〉
| x ∈ X} and B = {〈x, µB(x), νB(x)〉 | x ∈ X}. Then

(i) A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x);

(ii) A = {〈x, νA(x), µA(x)〉 | x ∈ X};

(iii) A ∩B = {〈x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)〉 | x ∈ X};

(iv) A ∪B = {〈x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)〉 | x ∈ X}.

We will use the notation A = {〈x, µA, νA〉 | x ∈ X} instead of A = {〈x, µA(x), νA(x)〉
| x ∈ X}.

Definition 2.3. [3] 0∼ = {〈x, 0, 1〉 | x ∈ X} and 1∼ = {〈x, 1, 0〉 | x ∈ X}.

Let α, β ∈ [0, 1] such that α+β ≤ 1. An intuitionistic fuzzy point (IFP) p
(α,β)

is an intuitionistic fuzzy set defined by

p
(α,β)(x) =

{
(α, β) if x = p,

(0, 1) otherwise.

Let X and Y are two non-empty sets and f : (X, τ) → (Y, σ) be a function.
If B = {〈y, µB(y), νB(y)〉 | y ∈ Y } is an IFS in Y , then the pre-image of B

under f is denoted and defined by

f−1(B) = {〈x, f−1(µB(x)), f−1(νB(x))
〉 | x ∈ X}.

Since µB, νB are fuzzy sets, we explain that f−1(µB(x)) = µB(f(x)).

Definition 2.4. [3] An intuitionistic fuzzy topology(IFT) in Coker’s sense on
a nonempty set X is a family τ of intuitionistic fuzzy sets in X satisfying the
following axioms:

(i) 0∼ , 1∼ ∈ τ ;

(ii) G1 ∩G2 ∈ τ , for any G1, G2 ∈ τ ;

(iii) ∪Gi ∈ τ for any arbitrary family {Gi | i ∈ J} ⊆ τ .

In this paper, by (X, τ) or, simply, by X we will denote the intuitionistic fuzzy
topological space (IFTS). Each IFS which belongs to τ is called an intuitionistic
fuzzy open set (IFOS) in X. The complement A of an IFOS A in X is called an
intuitionistic fuzzy closed set(IFCS) in X.
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Definition 2.5. [3] Let (X, τ) be an IFTS and A = {〈x, µA(x), νA(x)〉 | x ∈ X}
be an IFS in X. Then, the intuitionistic fuzzy closure and intuitionistic fuzzy
interior of A are defined by

(i) cl(A) = ∩{C : C is an IFCS in X and C ⊇ A};
(ii) int(A) = ∪{D : D is an IFOS in X and D ⊆ A}.

It can be also shown that cl(A) is an IFCS, int(A) is an IFOS in X and A is an
IFCS in X if and only if cl(A) = A; A is an IFOS in X if and only if int(A) = A.

Proposition 2.1. [3] Let (X, τ) be an IFTS and A, B be IFSs in X. Then, the
following properties hold:

(i) clA = (int(A)), int(A) = (cl(A));

(ii) int(A) ⊆ A ⊆ cl(A).

Definition 2.6. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy pre
open set (IFPOS) if A ⊆ int(cl A). The complement of an IFPOS A in IFTS X is
called an intuitionistic fuzzy preclosed (IFPCS) in X.

Definition 2.7. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy α-
open set (IFαOS) if and only if A ⊆ int(cl(int A)). The complement of an IFαOS
A in X is called intuitionistic fuzzy α-closed (IFαCS) in X.

Definition 2.8. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy semi
open set (IFSOS) if and only if A ⊆ cl(int(A)). The complement of an IFSOS A
in X is called intuitionistic fuzzy semi closed(IFSCS) in X.

Definition 2.9. Let f be a mapping from an IFTS X into an IFTS Y . The
mapping f is called:

(i) intuitionistic fuzzy continuous if and only if f−1(B) is an IFOS in X, for
each IFOS B in Y [5];

(ii) intuitionistic fuzzy α-continuous if and only if f−1(B) is an IFαOS in X,
for each IFOS B in Y [5];

(iii) intuitionistic fuzzy pre continuous if and only if f−1(B) is an IFPOS in X,
for each IFOS B in Y [5];

(iv) intuitionistic fuzzy semi continuous if and only if f−1(B) is an IFSOS in X,
for each IFOS B in Y [5].

Definition 2.10. [9] Let (X, τ) be an IFTS and A = {〈x, µA(x), νA(x)〉 | x ∈ X}
be an IFS in X. Then the intuitionistic fuzzy α-closure and intuitionistic fuzzy
α-interior of A are defined by

(i) αcl(A) =
⋂{C : C is an IFαCS in X and C ⊇ A};

(ii) αint(A) =
⋃{D : D is an IFαOS in X and D ⊆ A}.
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Definition 2.11. Let f be a mapping from an IFTS of X into an IFTS of Y .
The mapping f is called intuitionistic fuzzy strongly α-continuous if and only if
f−1(B) is an IFαOS in X, for each IFSOS B in Y .

3. Intuitionistic fuzzy α-irresolute functions

Definition 3.1. A function f : (X, τ) → (Y, σ) from an intuitionistic fuzzy topo-
logical space (X,τ) to another intuitionistic fuzzy topological space (Y ,σ) is said
to be intuitionistic fuzzy α-irresolute(IF α-irresolute) if f−1(B) is an IFαOS in
(X,τ) for each IFαOS B in (Y ,σ).

IF strongly α-continuous −→ IF α-continuous
↘ ↗

IF α-irresolute
↙ ↘

IF semi continuous IF pre continuous

Proposition 3.1. Every intuitionistic fuzzy α-irresolute is an intuitionistic fuzzy
pre continuous.

Proof. Follows from the definitions.

However, the converse of the above Proposition 3.1 need not to be true, as
shown by the following example.

Example 3.1. Let X = {a, b}, Y = {c, d}, τ = {0∼ , 1∼ , A}, σ = {0∼ , 1∼ , B},
where

A =

{〈
x,

(
a

0.6
,

b

0.5

)
,

(
a

0.4
,

b

0.4

)〉
; x ∈ X

}
,

B =

{〈
y,

(
c

0.2
,

d

0.4

)
,

(
c

0.6
,

d

0.5

)〉
y ∈ Y

}
.

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = d, f(b) = c.
B is an IFOS in (Y, σ). f−1(B) =

{〈
x,

(
a

0.4
, b

0.2

)
,
(

a
0.5

, b
0.6

)〉
; x ∈ X

}
is an IFPOS

in (X, τ), since int(cl(f−1(B))) = 1∼ , and f−1(B) ⊆ int(cl(f−1(B))). Hence, f
is an IF pre continuous. B is an IFαOS in (Y, σ) and int(cl(int(f−1(B)))) = 0∼ ,
f−1(B) * int(cl(int(f−1(B)))). Hence, f−1(B) is not IFαOS in (X, τ) which
implies f is not IF α-irresolute function.

Proposition 3.2. Every intuitionistic fuzzy α-irresolute is an intuitionistic fuzzy
α-continuous.

Proof. Follows from the definitions.

However, the converse of the above Proposition 3.2 need not to be true, as
shown by the following example.
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Example 3.2. Let X = {a, b, c} = Y, τ = {0∼ , AB,A ∪ B,A ∩ B, 1∼},
σ = {0∼ , 1∼ , C}, where

A =

{〈
x,

(
a

0.5
,

b

0.3
,

c

0.6

)
,

(
a

0.5
,

b

0.7
,

c

0.4

)〉
; x ∈ X

}
,

B =

{〈
x,

(
a

0.2
,

b

0.4
,

c

0.3

)(
a

0.7
,

b

0.6
,

c

0.7

)〉
; x ∈ X

}

C =

{〈
y,

(
a

0.5
,

b

0.4
,

c

0.6

)
,

(
a

0.5
,

b

0.6
,

c

0.4

)〉
; y ∈ Y

}

D = =

{〈
y,

(
a

0.5
,

b

0.4
,

c

0.6

)
,

(
a

0.4
,

b

0.5
,

c

0.4

)〉
; y ∈ Y

}

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b,
f(c) = c. C is an IFOS in (Y, σ). f−1(C) =

{〈
x,

(
a

0.5
, b

0.4
, c

0.6

)
,
(

a
0.5

, b
0.6

, c
0.4

)〉
;

x ∈ X} and int(cl(intf−1(C))) = A ∪ B. Thus f−1(C) ⊆ int(cl(intf−1(C))).
Hence f−1(C) is IFαOS in X, which implies f is IF α-continuous. D is an
IFS in Y and D ⊆ int(cl(int D)) = 1∼ . Hence, D is IFαOS in Y . f−1(D) ={〈

x,
(

a
0.5

, b
0.4

, c
0.6

)
,
(

a
0.4

, b
0.5

, c
0.4

)〉
; x ∈ X

}
and int(cl(intf−1(D))) = A ∪ B. Thus,

f−1(D) * int(cl(intf−1(D))). Hence, f−1(D) is not IFαOS in X. So, f is not IF
α-irresolute function.

Proposition 3.3. Every intuitionistic fuzzy α-continuous is an intuitionistic fuzzy
pre continuous.

Proof. Follows from the definitions.

However, the converse of the above Proposition 3.3 need not to be true, as
shown by the following example.

Example 3.3. Let X = {a, b}, Y = {c, d}, τ = {0∼ , 1∼ , A}, σ = {0∼ , 1∼ , B},
where

A =

{〈
x,

(
a

0.6
,

b

0.5

)
,

(
a

0.4
,

b

0.4

)〉
; x ∈ X

}
,

B =

{〈
y,

(
c

0.2
,

d

0.4

)
,

(
c

0.6
,

d

0.5

)〉
; y ∈ Y

}
.

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = d,
f(b) = c. B is an IFOS in (Y, σ). f−1(B) =

{〈
x,

(
a

0.4
, b

0.2

)
,
(

a
0.5

, b
0.6

)〉
; x ∈ X

}

is an IFPOS in X since int(cl(f−1(B))) = 1∼ , and f−1(B) ⊆ int(cl(f−1(B))).
Hence, f is an IF pre continuous. f−1(B) is not IFαOS in X since f−1(B) *
int(cl(int(f−1(B)))) = 0∼ . Hence, f is not IFα-continuous function.

Proposition 3.4. Every intuitionistic fuzzy α-irresolute is an intuitionistic fuzzy
semi continuous.
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Proof. Follows from the definitions.

However, the converse of the above Proposition 3.4 need not to be true, as
shown by the following example.

Example 3.4. Let X = {a, b}, Y = {c, d}, τ = {0∼ , 1∼ , A}, σ = {0∼ , 1∼ , B},
where

A =

{〈
x,

(
a

0.3
,

b

0.4

)
,

(
a

0.6
,

b

0.5

)〉
; x ∈ X

}
,

B =

{〈
y,

(
c

0.4
,

d

0.5

)
,

(
c

0.5
,

d

0.5

)〉
; y ∈ Y

}
.

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = d,
f(b) = c. B is an IFOS in (Y, σ). f−1(B) =

{〈
x,

(
a

0.5
, b

0.4

)
,
(

a
0.5

, b
0.5

)〉
; x ∈ X

}
is

an IFSOS in (X, τ) since cl(int(f−1(B))) = A. Hence f−1(B) ⊆ cl(int(f−1(B))),
which implies f is an IF Semi continuous. B is an IFOS in Y and B is an IFαOS
in Y since B ⊆ int(cl(int(B))) = B. f−1(B) =

{〈
x,

(
a

0.5
, b

0.4

)
,
(

a
0.5

, b
0.5

)〉
; x ∈ X

}

int(cl(int(f−1(B)))) = A and f−1(B) * int(cl(int(f−1(B)))) which implies f−1(B)
is not IFαOS in Y . Hence f is not IF α-irresolute function.

Proposition 3.5. Every intuitionistic fuzzy strongly α-continuous is an intuitio-
nistic fuzzy α-irresolute.

Proof. Follows from the definitions.

However, the converse of the above Proposition 3.5 is need not be true, in
general as shown by the following example.

Example 3.5. Let X = {a, b}, Y = {c, d}, τ = {0∼ , 1∼ , A}, σ = {0∼ , 1∼ , B}
where

A =

{〈
x,

(
a

0.2
,

b

0.4

)
,

(
a

0.3
,

b

0.4

)〉
; x ∈ X

}
,

B =

{〈
y,

(
c

0.4
,

d

0.2

)
,

(
c

0.4
,

d

0.3

)〉
; y ∈ Y

}
,

C =

{〈
y,

(
c

0.4
,

d

0.3

)
,

(
c

0.4
,

d

0.2

)〉
; y ∈ Y

}
.

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = d, f(b) = c.
B is an IFOS in (Y,σ) and int(cl(int(B))) = B. Hence B ⊆ int(cl(int(B))). Thus
B is an IFαOS in (Y,σ). f−1(B) =

{〈
x,

(
a

0.2
, b

0.4

)
,
(

a
0.3

, b
0.4

)〉
; x ∈ X

}
is an IFαOS

in (X,τ) since int(cl(int(f−1(B)))) = A. Hence f−1(B) ⊆ int(cl(int(f−1(B))))
which implies f is an IF α-irresolute. C is an IFS in Y . Also C is an IFSOS
in Y since C ⊆ cl(int(C)) = B. f−1(C) =

{〈
x,

(
a

0.3
, b

0.4

)
,
(

a
0.2

, b
0.4

)〉
; x ∈ X

}

int(cl(int(f−1(C)))) = A and f−1(C) * int(cl(int(f−1(C)))) which implies f−1(C)
is not IFαOS in Y . Hence f is not IF strongly α-continuous.
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Proposition 3.6. Every intuitionistic fuzzy strongly α-continuous is an intuitio-
nistic fuzzy α-continuous.

Proof. Follows from the definitions.

However the converse of the above Proposition 3.6 is need not be true, as
shown by the following example.

Example 3.6. Let X = {a, b}, Y = {c, d}, τ = {0∼ , 1∼ , A}, σ = {0∼ , 1∼ , B},
where

A =

{〈
x,

(
a

0.2
,

b

0.4

)
,

(
a

0.3
,

b

0.4

)〉
; x ∈ X

}
,

B =

{〈
y,

(
c

0.4
,

d

0.2

)
,

(
c

0.4
,

d

0.3

)〉
; y ∈ Y

}
,

C =

{〈
y,

(
c

0.4
,

d

0.3

)
,

(
c

0.4
,

d

0.2

)〉
; y ∈ Y

}
.

Define an intuitionistic fuzzy mapping f : (X, τ) → (Y, σ) by f(a) = d, f(b) = c.
B is an IFOS in (Y,σ). f−1(B) = {〈x, ( a

0.2
, b

0.4
), ( a

0.3
, b

0.4
)
〉
; x ∈ X} is an IFαOS

in (X,τ) since int(cl(int(f−1(B)))) = A. Hence f−1(B) ⊆ int(cl(int(f−1(B))))
which implies f is an IFα-continuous. C is an IFS in Y . Also C is an IFSOS
in Y since C ⊆ cl(int(C)) = B. f−1(C) = {〈x, ( a

0.3
, b

0.4
), ( a

0.2
, b

0.4
)
〉
; x ∈ X}

int(cl(int(f−1(C)))) = A and f−1(C) * int(cl(int(f−1(C)))) which implies f−1(C)
is not IFαOS in Y . Hence f is not IF strongly α-continuous.

Theorem 3.1. If f : (X, τ) → (Y, σ) be a mapping from an IFTS X into an IFTS
Y. Then the following are equivalent.

(a) f is IF α-irresolute.

(b) f−1(B) is IFαCS in X for each IFαCS B in Y.

(c) f(αcl A) ⊆ α cl f(A) for each IFS A in X.

(d) α cl f−1(B) ⊆ f−1(α cl B) for each IFS B in Y.

(e) f−1(αint B) ⊆ α int f−1(B) for each IFS B in Y.

Proof. (a)⇒(b): It can be proved by using the complement and the definition
of IFα-irresolute. Let B be IFαCS in Y, then 1-B is IFαOS in Y. Since f is IFα-
irresolute, f−1(1− B) = 1-f−1(B) is IFαOS in X. Hence f−1(B) is IFαCS in X.
Thus (a)⇒(b) is proved.

(b)⇒(c): Let A be IFS in X. Then A⊆ f−1(f(A)) ⊆ f−1(αclf(A)).
αclf(A) is IFαCS in Y, by (b) f−1(αclf(A)) is an IFαCS in X.
αcl(A) ⊆ f−1(αclf(A)) and f(αcl(A)) ⊆ f(f−1(αclf(A))) = αclf(A).
Thus f(αcl(A)) ⊆ αclf(A). Hence (b)⇒(c) is proved.
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(c)⇒(d): For any IFS B in Y, let f−1(B) = A; by (c), f(αclf−1(B))⊆ αclf(f−1(B))
⊆ αcl(B) and (αclf−1(B)) ⊆ f−1(f(αclf−1(B))) ⊆ f−1(αclB). Thus (αclf−1(B))
⊆ f−1(αclB). Hence (c)⇒(d) is proved.

(d)⇒(e): We know that αint(B) = αcl(B)

f−1(αintB) = f−1(αcl(B)) = (f−1(αcl(B))) ⊆ (αcl(f−1(B)) = αint(f−1(B)) ⊆
αint(f−1(B)) Hence (d)⇒(e) is proved.

(e)⇒(a):Let B be any IFαOS in Y. Then B = αint(B).

f−1(αintB)= f−1(B) ⊆ αint(f−1(B)).

By definition, f−1(B)⊇ αint(f−1(B)). So f−1(B) = αint(f−1(B)). Thus f−1(B)
is an IFαOS in X which implies f is IF α-irresolute. Thus (e)⇒(a) is proved.

4. Properties of intuitionistic fuzzy α-irresolute functions

Lemma 4.1. [3] Let f:X→Y be a mapping, and Aα be a family of IF sets of Y.
Then

(a) f−1(
⋃

Aα) = ∪f−1(Aα)

(b) f−1(∩Aα) = ∩f−1(Aα).

Lemma 4.2. [6] Let f : X i → Y i be a mapping and A,B are IFS’s of Y1 and Y2

respectively then (f 1 × f 2)
−1(A×B) = f 1

−1(A)× f 2
−1(B).

Lemma 4.3. [6] Let g : X → X×Y be a graph of a mapping f : (X, τ) → (Y, σ).
If A and B are IFS’s of X and Y respectively, then g−1(1∼ ×B) = (1∼ ∩ f−1(B)).

Lemma 4.4. [6] Let X and Y be intuitionistic fuzzy topological spaces, then (X, τ)
is product related to (Y, σ) if for any IFS C in X, D in Y whenever A + C, B + D
implies A× 1∼ ∪ 1∼ × B ⊇ C ×D there exists A1 ∈ τ , B1 ∈ σ such that A1 ⊇ C
and B1 ⊇ D and A1 × 1∼ ∪ 1∼ ×B1 = A× 1∼ ∪ 1∼ ×B.

Lemma 4.5. Let X and Y be intuitionistic fuzzy topological spaces such that X is
product related to Y. Then the product A×B of an IFαOS A in X and an IFαOS
B in Y is an IFαOS in fuzzy product spaces X×Y.

Theorem 4.1. Let f : X → Y be a function and assume that X is product related
to Y. If the graph g : X → X × Y of f is IF α-irresolute then so is f.

Proof. Let B be IFαOS in Y. Then by Lemma 4.3 f−1(B) = 1∼ ∩ f−1(B) = g−1

(1∼ × B). Now, 1∼×B is IFαOS in X×Y. Since g is IF α-irresolute, g−1(1∼×B)
is IFαOS in X. Hence f−1(B) is IFαOS in X. Thus f is IF α-irresolute function.

Theorem 4.2. If a function f : X → ΠY i is IF α-irresolute, then P i◦f : X → Y i

is IF α-irresolute, where P i is the projection of ΠY i onto Y.
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Proof. Let Bi be any IFαOS of Y i. Since P i is IF continuous and IFOS, it
is IFαOS. Now P i: ΠY i→Y i ; P i

−1(Bi) is IFαOS in Π Y i. Therefore, P i is
IF α-irresolute function. Now (P i ◦f)−1(Bi) = f−1 (P i

−1(Bi)), since f is IF α-
irresolute and P i

−1(Bi) is IFαOS, f−1 (P i
−1(Bi)) is IFαOS. Hence (P i ◦f) is IF

α-irresolute.

Theorem 4.3. If f i : X i → Y i, (i = 1, 2) are IF α-irresolute and X1 is product
related to X2, then f 1 × f 2 : X1 ×X2 → Y 1 × Y 2 is IF α-irresolute.

Proof. Let C = ∪(Ai × Bi) where Ai and Bi, i = 1, 2 are IFα-open sets of Y 1

and Y 2 respectively. Since Y 1 is product related to Y 2, by Lemma 4.5, that C
= ∪(Ai × Bi) is IFα-open of Y 1 × Y 2. Using Lemmas 4.1 and 4.2 we obtain
(f 1 × f 2)

−1(C) = (f 1 × f 2)
−1 ∪(Ai × Bi) = ∪ (f 1

−1(Ai) × f 2
−1(Bi)). Since f 1

and f 2 are IF α-irresolute, we conclude that (f 1 × f 2)
−1(C) is an IFαOS in X1

× X2 and hence f 1 × f 2 is IF α-irresolute function.

Theorem 4.4. A mapping f : X → Y from an IFTS X into an IFTS Y is IF
α-irresolute if and only if for each IFP p

(α,β) in X and IFαOS B in Y such that
f(p

(α,β)) ∈ B, there exists an IFαOS A in X such that p
(α,β) ∈ A and f(A) ⊆ B.

Proof. Let f be any IF α-irresolute mapping, p
(α,β)

be an IFP in X and B be

any IFαOS in Y such that f(p
(α,β)

)∈ B. Then p
(α,β)

∈ f−1(B) = αintf−1(B).

Let A = αintf−1(B). Then A is an IFαOS in X which containing IFP p
(α,β)

and

f(A) = f(αintf−1(B)) ⊆ f(f−1(B)) = B.
Conversely, let B be an IFαOS in Y and p

(α,β)
be IFP in X such that p

(α,β)
∈

f−1(B). According to assumption there exists IFαOS A in X such that p
(α,β)

∈A

and f(A) ⊆ B. Hence p
(α,β)

∈A ⊆ f−1(B) and p
(α,β)

∈ A = αintA ⊆ αintf−1(B).

Since p
(α,β)

be an arbitrary IFP and f−1(B) is union of all IFP containing in f−1(B)

we obtain that f−1(B) = αintf−1(B). So, f is an IF α-irresolute mapping.

Definition 4.1. [4] Let (X,τ) be an IFTS and let A be any IFS in X. Then
A is called IFdense set if clA = 1∼ and A is called nowhere IFdense set if
int(cl(A))= 0∼ .

Theorem 4.5. If a function f : (X, τ) → (Y, σ) is IF α-irresolute, then f−1(A)
is IFα-closed in X for any nowhere IFdense set A of Y.

Proof. Let A be any nowhere IF dense set in Y. Then int(clA)= 0∼ . Now,
1-int(clA) = 1∼ .

=⇒ cl(1-cl(A)) = 1∼ which implies cl(int(1-A)) = 1∼ . Since int1∼ = 1∼ ,
int(cl(int(1-A))) = int1∼ = 1∼ . Hence 1-A ⊆ int(cl(int(1-A))) = 1∼ . Then 1-A is
IFαOS in Y. Since f is IF α-irresolute, f−1(1-A) is IFαOS in X. Hence f−1(A) is
IFαCS in X.

Theorem 4.6. The following hold for functions f : X → Y and g : Y → Z.

(i) If f is IF α-irresolute and g is IF α-irresolute g ◦f is IF α-irresolute.



80 v. seenivasan, r. renuka

(ii) If f is IF α-irresolute and g is IF strongly α-continuous then g ◦f is IF
strongly α-continuous.

(iii) If f is IF α-irresolute and g is IFα-continuous then g ◦f is IF α-irresolute.

Proof. (i) Let B be an IFαOS in Z. Since g is IF α-irresolute, g−1(B) is an IFαOS
in Y. Now (g ◦ f)−1(B) = f−1(g−1(B)). Since f is IF α-irresolute, f−1(g−1(B)) is
IFαOS in X. Hence g ◦ f is IF α-irresolute.

(ii) Let B be an IFSOS in Z. Since g is IF strongly α-continuous, g−1(B) is
an IFαOS in Y. Now (g ◦ f)−1(B) = f−1(g−1(B)). Since f is IF α-irresolute,
f−1(g−1(B)) is IFαOS in X. Hence g ◦ f is IF strongly α-continuous.

(iii) Let B be an IFOS in Z. Since g is IFα-continuous, g−1(B) is an IFαOS
in Y. Now, (g ◦ f)−1(B) =f−1(g−1(B)). Since f is IF α-irresolute, f−1(g−1(B)) is
IFαOS in X. Hence g ◦ f is IF α-irresolute.
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1. Introduction

Introduced in the mid 60’s by Iseki and Imai, the theory of BCK-algebras has
been the object of intense development for the past four decades. BCK-algebras
are in many respect similar to rings, and most of the theory has been developed
in perfect agreement with the classical ring theory. For instance, there is a notion
of ideal in BCK-algebras, and they have been studied extensively ([1], [5], [7]).
The notion of zero-divisor was introduced in [1] and used to characterize prime
ideals. In the same line of ideas, we introduced the notion of invertible elements
a BCK-algebra and used it to characterize maximal ideals [2].
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In the present work, we introduced Cyclic BCK-algebras, which seems to
be structurally the simplest, as they are representable using only one element.
We explore some of the applications of invertible elements. We prove that for
every order, there exists a unique (up to isomorphism) cyclic BCK-algebra of that
order. This approach gives a new description and characterization of bounded
commutative BCK-chains of finite order as treated in [4]. We also prove that
sub-algebras of a cyclic BCK-algebra are also cyclic. Using the newly introduced
notion and some results from [4], we obtain a structure theorem for bounded com-
mutative BCK-algebras. As a consequence of this theorem, we obtain a Lagrange-
like theorem for finite bounded commutative BCK-algebras. A new characteri-
zation of implicative algebras among bounded commutative algebras in terms of
invertible elements is also established. In the final section, we revisit the notion of
J-semisimple for bounded BCK-algebras as introduced in 1978 by J. Ahsan and
E. Deeba (for details on J-semisimple see [3, §5.3]). The notion J-semisimplicity
for BCK-algebras corresponds to the well known semisimplicity in classical ring
theory. Having introduced the notion of invertibility, we are able to use this to
offer a fresh treatment of J-simisimplicity in BCK-algebras. Among other things,
we prove that every finite bounded commutative BCK-algebra is J-semisimple.

2. Preliminaries and notations

A BCK-algebra is a set X with a binary operation ? and a constant 0 satisfying
the following axioms:

(i) (x ? y) ? (x ? z) ≤ z ? y

(ii) x ? (x ? y) ≤ y

(iii) x ≤ x

(iv) 0 ≤ x

(v) x ≤ y and y ≤ x implies that x = y

where x ≤ y if and only if x ? y = 0. A key property of BCK-algebras as proved
in [[6], Eq.3] is the following:

(3) (x ? y) ? z = (x ? z) ? y

In addition, if there is an element 1 ∈ X such that x ≤ 1 for all x ∈ X, then X is
said to be bounded and we set Nx = 1 ? x. If we denote x ∧ y by y ? (y ? x), then
X is said to be commutative if x ∧ y = y ∧ x for all x, y ∈ X. A BCK-algebra is
implicative if x ? (y ? x) = x for all x, y ∈ X.

A subset I of a BCK-algebra X is an ideal, if 0 ∈ I and if x, y ? x ∈ I, then
y ∈ I. Let A be a subset of a BCK-algebra X, the ideal generated by A, denoted
by < A > is the set of all x ∈ X such that (. . . (x ? a1) ? a2) ? . . . an) = 0 for some
a1, a2, . . . an ∈ A [7, Theorem 3]. If A = {a}, we denote < A > by < a > the ideal
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generated by a. We denote the expression (. . . (x ? a) ? a) ? . . . a) by x ? an, where
n is the number of times a appears in the expression, in particular x ? a0 = x. In
which case < a >= {x ∈ X : ∃n > 0, x ? an = 0}. Let I be an ideal of X. The
relation ∼ defined on X by x ∼ y if and only if x ? y, y ? x ∈ I is an equivalence
relation. Let Cx denote the class of x ∈ X and X/I the set of equivalence classes
Cx, x ∈ X. It is clear that C0 = I. Define on X/I a binary operation ? given
by Cx ? Cy = Cx?y and Cx ≤ Cy if and only if x ? y ∈ I. Then X/I together
with ? and its constant I is a BCK-algebra called the quotient BCK-algebra of X
determined by I. The maximal ideals of BCK-algebras have the usual meaning.
A proper ideal P of a commutative BCK-algebra X is called prime if a ∧ b ∈ P
implies a ∈ P or b ∈ P .

If X and Y are BCK-algebras, a homomorphism from X to Y is a map
f : X → Y such that f(x ? y) = f(x) ? f(y).

If X and Y are bounded, we require that homomorphisms between X and
Y map 1 to 1. By isomorphism between two BCK-algebras, we mean a bijective
homomorphism. We recall the following definitions and results which are mainly
from [2].

Definition 2.1 Let X be a BCK-algebra. An u ∈ X is invertible if < u >= X.

Example 2.2

1. It is clear that 1 is always an invertible element of any bounded BCK-algebra
as 〈1〉 = X.

2. Examples of nontrivial invertible elements of a BCK-algebra can be found
under this section (see Example 2.5).

We denote by UX the set of units of a bounded BCK-algebra X or simply U
when there is no risk of confusion.

Proposition 2.3 If X is a bounded BCK-algebra, then u is invertible in X if and
only if there exists n > 0 such that 1 ? un = 0.

Proof. If u is an invertible element of X, then 1 ∈< u >= X. So there exists
n > 0 such that 1 ? un = 0. Conversely, if there exists n > 0 such that 1 ? un = 0,
then 1 ∈< u > and hence < u >= X.

In [7], Iseki and Tanaka introduced simple BCK-algebras as BCK-algebras
having only two ideals, {0} and X. A trivial example of simple bounded BCK-
algebra is X = {0, 1}. We will provide more examples later. We have the following
easy characterization of simple algebras using invertible elements.

Lemma 2.4 A BCK-algebra X is simple if and only if all non-zero elements of
X are invertible.

Proof. Suppose X is simple. Then < x >= X for all x ∈ X \ {0}. So x is
invertible. Conversely, if all x ∈ X \ {0} are invertible, it is clear that X is
simple.



84 o.a. heubo-kwegna, j.b. nganou

Example 2.5

1. Example of a simple non-commutative bounded BCK-algebra

For n > 1, consider X = {a1, a2 . . . , an} and order X by ai ≤ ai+1 for all
i ≥ 1. Define ? on X by:

ai ? aj =





0 : i ≤ j
a2 : 1 < j < i
ai : j = 1

Then X is a bounded non-commutative simple BCK-algebra. For the sim-
plicity, note that for every i > 1, an?a2

i = 0, hence ai is invertible. Therefore,
every non-zero element of X is invertible, and by Lemma 2.4, X is simple.

2. Example of a simple commutative bounded BCK-algebra

For n > 1, consider Xn = {a0, a1, a2 . . . , an−1} and order X by ai ≤ ai+1

for all i ≥ 0. Define ? on X by: ai ? aj = 0 if i ≤ j and ai ? aj = ak if
i− j = k > 0. Then Xn is a bounded commutative simple BCK-algebra.

3. Cyclic BCK-algebras

Recall that the order of a BCK-algebra X is the cardinality of X and is often
denoted by o(X) or |X|. We start by introducing the order of elements in bounded
BCK-algebras.

Definition 3.1 Let X be a bounded BCK-algebra with unit 1. The order of
x ∈ X, denoted by o(x), is the smallest positive integer n such that 1 ? xn = 0. If
such n does not exist, we say that x has infinite order.

It is obvious that 1 is the only invertible element of order 1. It is also clear
from the definition that an x ∈ X has finite order if and only if x is invertible.
If X is a bounded implicative different than {0, 1}, then each x ∈ X \ {1} has
infinite order. This is because, in a bounded implicative BCK-algebra, we have
1 ? xn = 1 ? x for all n ≥ 1.

Lemma 3.2 Let u be an invertible element of X of order n. Then the following
elements 0, 1, 1 ? ui, i = 1, . . . , n− 1, of X are pairwise distinct.

Proof. By contradiction, suppose that 1 ? ui = 1 ? uj for some 0 ≤ i < j ≤ n.
Then

0 = 1 ? un

= (1 ? uj) ? un−j

= (1 ? ui) ? un−j since 1 ? ui = 1 ? uj

= 1 ? un−j+i
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But n − j + i < n which is a contradiction with the order of u being n. So,
1 ? ui 6= 1 ? uj for 1 ≤ i < j ≤ n, as required.

Next, we give a result that provides an upper bound for the orders in finite
BCK-algebras.

Proposition 3.3 Let X be a finite bounded BCK-algebra. Then for every inver-
tible element u of X, o(u) < o(X).

Proof. This is immediate from Lemma 3.2.

Remark 3.4 The upper bound given in Proposition 3.3 is the sharpest possible.
In fact consider the BCK-algebra of Example 2.5 2, then it is easy to see that a1

has order n.

We introduce the following definition.

Definition 3.5 A cyclic BCK-algebra X is a finite bounded BCK-algebra with
an invertible element u ∈ X such that o(u) = o(X)− 1.

The above definition is motivated by the following result.

Proposition 3.6 Let X be cyclic BCK-algebra of order n. Then, there exists
u ∈ X invertible such that

X = {1 ? ui : i = 0, 1, 2, . . . , n− 1}
where 1 ? u0 = 1.

Proof. Since X is cyclic of order n, there exists an invertible element u ∈ X of
order n − 1. It follows from Lemma 3.2 that the elements 1 ? ui’s are pairwise
distinct. Therefore, |{1 ? ui : i = 0, 1, 2, . . . , n − 1}| = n. Thus as |X| = n, we
obtain that X = {1 ? ui : i = 0, 1, 2, . . . , n− 1} as needed.

Recall that if X is a BCK-algebra and a ∈ X \ {0}, then a is called an atom
of X if for every x ∈ X, if x ≤ a, then x = 0 or x = a. We start with the following
easy lemma.

Lemma 3.7 Every Cyclic BCK-algebra X is a BCK-chain. Furthermore, the
atom of X is the generator for X, in particular the generator is unique.

Proof. Let X be a cyclic algebra of order n, by Proposition 3.6, there exists
u ∈ X such that X = {1 ? ui : i = 0, 1, 2, . . . , n − 1}. Note that i ≥ j implies
1 ? ui ≤ 1 ? uj, therefore,

0 = 1 ? un−1 ≤ 1 ? un−2 ≤ · · · ≤ 1 ? u ≤ 1 ? u0 = 1

Hence X is a chain.
It remains to show that 1 ? un−2 = u. Note that, since u 6= 0, and X =

{1 ? ui : i = 0, 1, 2, . . . , n − 1}, then u = 1 ? ui for some i = 0, 1, . . . , n − 2.
But since u ? u = 0, then 1 ? ui+1 = 0, thus by the definition of order, we get
n− 1 ≤ i + 1. Hence i ≥ n− 2, thus i = n− 2 and u = 1 ? un−2 as needed. Note
that 1 ? un−2 is the atom of X.
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Remark 3.8 It is straightforward to see that properties such as cyclicity, com-
mutativity, and simplicity are preserved by BCK-isomorphisms. It is also clear
that orders of elements are preserved by BCK-isomorphisms as well.

Theorem 3.9 Every Cyclic BCK-algebra of order n is isomorphic to the BCK-
algebra Xn of Example 2.5 2. In particular, every cyclic BCK-algebra is simple
and commutative.

Proof. From Lemma 3.7, we have X = {0 ≤ u ≤ 1 ? un−3 · · · ≤ 1 ? u ≤ 1}. For
simplicity, we denote 1 ? un−i−1 by xi, so x0 = 0, x1 = u, and so on.

We need to show that xi ? xj = 0 if i ≤ j and xi ? xj = xk if i− j = k > 0.
It is clear that xi ? xj = 0 if i ≤ j.
It remains to show that xi ? xj = xk if i− j = k > 0.
For this, we first prove the case k = 1, that is i = j + 1.
We have

(xi ? xj) ? x1 = (xi ? xj) ? u

= (xi ? u) ? xj

= xj ? xj since xj = xi ? u

= 0

Hence xi ? xj ≤ u, so xi ? xj = 0 or xi ? xj = u. But xi ? xj = 0 implies xi = xj

which is impossible. Therefore, xi ? xj = u = x1 as needed.
For the general step, assume k > 1 and i = j +k. For simplicity, name xi ?xj

by a. Since X = {1 ? ui : i = 0, 1, 2, . . . , n− 1}, we know that a = 1 ? ur for some
r = 0, 1, . . . , n− 1.

On the other hand, we have

a ? uk−1 = (xi ? xj) ? uk−1

= (xi ? uk−1) ? xj

= xj+1 ? xj since xj+1 = xi ? uk−1

= u by the step above

Thus u = a ? uk−1 = 1 ? ur+k−1, therefore 1 ? ur+k = u ? u = 0, thus n− 1 ≤ r + k.
Hence r ≥ n− k− 1(1). On the other hand, since u 6= 0 and u = 1 ? ur+k−1, then
r + k − 1 ≤ n− 2 as 1 ? us = 0 for all s ≥ n− 1. Therefore, r ≤ n− k − 1, which
coupled with (1) imply that r = n − k − 1. Thus, xi ? xj = a = 1 ? un−k−1 = xk

as required.
It is now clear that xi 7→ ai is an isomorphism between X and Xn, so X ∼= Xn

as needed.
Now, since Xn is commutative and simple, it follows from Remark 3.8 that

X is commutative and simple.

Remark 3.10 As stated in Theorem 3.9, cyclic BCK-algebras are commutative
and simple. Note however that a finite bounded simple BCK-algebra needs not be
cyclic [e.g., Example 2.5(1)]. Neither is every finite bounded commutative BCK-
algebra cyclic [e.g., B4−2−3 from [3]], but every finite bounded commutative and
simple BCK-algebra is cyclic as we now prove.
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Proposition 3.11 A finite bounded BCK-algebra is cyclic if and only if it is
commutative and simple.

Proof. Note that the necessity is from Theorem 3.9 and the sufficiency is an
immediate consequence of [Cor. 2.3.2, Thm. 2.3.3] from [3].

A combination of [4, Theorem 7], [4, Theorem 8] and Proposition 3.11 yields
the following structure result for bounded commutative BCK-algebras.

Theorem 3.12 Every finite non-zero bounded commutative BCK-algebra is a
product of cyclic BCK-algebras.

It follows from Theorem 3.12 that every bounded commutative BCK-algebra
of prime order is cyclic. This result is for bounded commutative BCK-algebras
what the fundamental theorem of finite Abelian groups is for Abelian groups.

Proposition 3.13 Every non-zero sub-algebra of a cyclic BCK-algebra is cyclic.

Proof. Let X be a cyclic BCK-algebra algebra and S a non-zero sub-algebra of
X. Then, by Theorem 3.9, X is commutative and simple. Therefore, by Theorem
2.3.8 of [3], S is simple. But being a sub-algebra of a commutative algebra, S is
also commutative. On the other hand by Lemma 3.7, X is a finite BCK-chain,
thus S is bounded. Therefore, S is bounded, commutative and simple, hence
cyclic by Proposition 3.11.

We have the following result that can rightfully be called the Lagrange’s
theorem for bounded commutative BCK-algebras.

Proposition 3.14 Let X be a bounded commutative BCK-algebra of finite order.
Then, for every ideal I of X,

|X| = |I||X/I|
In particular, the order |I| of I divides |X|.

Proof. First, note that from Theorem 3.12, there exist simple algebras Xi,

i=1, ..., n, such that X=
n∏

i=1

Xi. For each k=1, ..., n, let Ik:={a ∈ Xk : ιk(a) ∈ I},
where ιk : Xk → X is the natural inclusion.

Claim. I = I1 × · · · × In.

Let x = (x1, . . . , xn) ∈ I. Then for each k = 1, . . . , n, x ? x̂ = ιk(xk), where x̂ is
obtained from x by keeping every coordinate, but replacing the kth-coordinate by
0. Since x ∈ I, then x ? x̂ ∈ I and therefore ιk(xk) ∈ I for all k = 1, . . . , n. Thus,
xk ∈ Ik for all k = 1, . . . , n and hence x ∈ I1 × · · · × In.

Conversely, if x = (x1, . . . , xn) ∈ I1 × · · · × In, then

(. . . ((x ? ιn(x)) ? ιn−1(x)) . . . ? ι1(x)) = 0 ∈ I.
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Since ιk(x) ∈ I for all k = 1, . . . , n and I is an ideal of X, one obtains that x ∈ I.
In addition, since each Xk is simple, then I = I1 × · · · × In with Ik = {0} or Xk.

Now, let A = {k ∈ {1, . . . , n}|Ik = {0}}, so Ik = Xk for all k /∈ A. For every
x = (xk) ∈ X, it is easy to see that Cx = {(ak) ∈ X|ak = xk for all k ∈ A}. It
follows that the map (ak) 7→ (bk) (where bk = 0 for k ∈ A and bk = ak otherwise)
is a bijection between Cx and I. Therefore, for every x ∈ X, |Cx| = |I|. Since

X =
⊎

X/I

Cx, then

|X| =
∑

X/I

|Cx| =
∑

X/I

|I| = |I||X/I|.

Hence |X| = |I||X/I|, in particular |I| divides |X| as required.

Remark 3.15 It is important to point out that to prove Proposition 3.14, we
have just proved that any ideal I of X is the product of ideals coming from each
component Xi, but this is not true in general for infinite product. In fact if we
consider the direct sum of algebras, it is an ideal of the direct product that is not
the direct product of ideals.

Remark 3.16 Note that Proposition 3.14 holds for any BCK-algebra that is a
product of finite simple algebras as this was the only aspect of finite bounded
commutative BCK-algebras used in the proof.

Proposition 3.17 Let X1, X2, . . . , Xn be bounded BCK-algebras and X =
n∏

i=1

Xi.

Then
UX = ×n

i=1UXi

Proof. Let x = (x1, . . . , xn) ∈ X such that each xi is invertible in Xi. Then, for
each i, there exists ni such that 1 ? xni

i = 0. If m = max{ni}, then 1 ? xm = 0, so
x is invertible. The reverse inclusion is even simpler.

Remark 3.18 Proposition 3.17 is not true in general for infinite product. For in-
stance, consider the real interval Xi = [0, 1] with ? defined as x ? y =
max{0, x − y} for each i ∈ N. Now, let X =

∏
i∈NXi and x = (1/i)i∈N ∈ X.

Now, for each i, 1/i is invertible in Xi as Xi is simple, but we claim that x is not
invertible. Suppose that x is invertible. Then, there is a positive integer n such
that 1 ? xn = 0, i.e., for all i ∈ N, 1 ? (1/i)n = 0 (∗). But there exists an i0 > n
such that (k + 1)/i0 < 1 for each k = 1, ..., n. Thus, 1 − k/i0 > 1/i0 for each
k = 1, . . . , n. So then 1? (1/i0)

n = 1−n/i0 6= 0, which is a contradiction with (∗).
Most of the theory of BCK-algebras studied so far in this article is in perfect

agreement with the classical ring theory. But this is a major difference between
the two theories because the units of direct product of rings is the product of units.

We obtain the following characterization of implicative BCK-algebras using
invertible elements.
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Proposition 3.19 Let X be a non-zero bounded commutative BCK-algebra. Then
X is implicative if and only if UX = {1}.
Proof. Note that if X is a non-zero bounded implicative, and x ∈ UX , then there
exists n ≥ 1 such that 1 ? xn = 0. But since 1 ? xn = 1 ? x [6, Prop. 6], hence
x = 1 and UX = {1}.

Conversely, suppose that X is a non-zero bounded commutative BCK-algebra
such that UX = {1}. Since X is commutative and bounded, in order to show that
X is implicative, it is enough by [6, Prop. 6] to show that x∨Nx = 1 for all x ∈ X.
Let x ∈ X, then since Nx ≤ x∨Nx, we have 1 ? (x∨Nx) ≤ 1 ? Nx = 1∧ x = x.
Hence, 1 ? (x ∨ Nx) ≤ x, which implies 1 ? (x ∨ Nx)2 ≤ x ? (x ∨ Nx) = 0 as
x ≤ x ∨ Nx. Therefore, 1 ? (x ∨ Nx)2 = 0, hence x ∨ Nx ∈ UX = {1} and
x ∨Nx = 1 as needed.

Remark 3.20 Proposition 3.19 is not true in general for bounded non-commu-
tative algebras. In fact there are bounded positive implicative algebras X with
UX={1} that are not implicative, see for example the BCK-algebra B5−2−12 from [3].

4. J-Semisimple BCK-algebras

Given a bounded BCK-algebra X, we denote by J(X) the intersection of all
maximal ideals of X.

Definition 3.1 A bounded BCK-algebra X is J-semisimple if J(X) = 0.

Example 3.2

1. For every n ≥ 1, J(Xn) = 0, because Xn is simple. So, for all n, Xn is
J-semisimple.

2. Let X is an unbounded BCK-algebra, and X̂ be the Iséki’s extension i.e.,
the BCK-algebra obtained by adjunction of a unit [see [5], Section II]. Then,

since X is the unique maximal ideal of X̂, then J(X̂) = X. Thus, X̂ is not
J-semisimple.

3. [3, Ex.1.2.2] In this example, Z+ denotes the set of all non-negative integers.
Let A := {an : n ∈ Z+} such that A ∩ Z+ = ∅ and let X = A ∪ Z+. Define
a binary operation ? on X as follows: For every m,n ∈ Z+,

m ? n = max{0,m− n}
m ? an = 0
am ? n = am+n

am ? an = n ? m

Then, it is easy to see that X is a bounded commutative BCK-algebra with
unit a0. In fact, the BCK-order on X is given by the chain

0 ≤ 1 ≤ · · · a2 ≤ a1 ≤ a0.
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One can verify that UX = A and that Z+ is the ideal of X generated by 1.
Therefore, by [2, Thm. 4.3], X is a local BCK-algebra with unique maximal
ideal Z+. In fact, it is quite straightforward to see that X has only three
ideals: 0,Z+ and X. In either case, J(X) = Z+ and X is not J-semisimple.

4. Let X =
∏

n∈NXn. Since each Xn is simple, then by Proposition 3.7 below,
X is an infinite J-semisimple BCK-algebra.

Recall that in ring theory the Jacobson radical of a ring is the intersection
of all maximal ideals of the ring. So the notion of Jacobson radical coincides
with J(X) in the context of bounded BCK-algebras. Motivated by the fact that
the Jacobson radical of a ring is characterized in terms of units of the ring, we
give a characterization of J(X) in terms of invertible elements of any bounded
BCK-algebra X.

Proposition 3.3 Let X be a bounded BCK algebra with unit 1. Then

J(X) = {x ∈ X : 1 ? xn ∈ UX for all n ∈ N}

Proof. First note that for any x ∈ X, if there exists n ≥ 1 so that 1 ? xn /∈ UX ,
then there exists a maximal ideal M of X such that 1 ? xn ∈ M . Therefore, since
1 /∈ M , it follows that x /∈ M . Hence x /∈ J(X).

Conversely, suppose that 1 ? xn is invertible for all n. Suppose that there is
a maximal ideal M such that x /∈ M . Then since X/M is simple [2, Prop. 3.6],
it follows by [2, Lemma 3.5] that Cx ∈ X/M is invertible. So there is an m such
that C1?xm = C0. Thus 1 ? xm ∈ M a contradiction.

Corollary 3.4 Let X be a bounded BCK-algebra that is J-semisimple and A be
a subalgebra of X. If 1 ∈ A, then A is J-semisimple.

Proof. Since 1 ∈ A, it follows from Proposition 3.3 that J(A) ⊆ J(X) = 0, hence
J(A) = 0.

Recall that a bounded BCK-algebra X is multiply implicative if, for all
x, y ∈ X, there is a positive integer n = n(x, y) such that x ? (y ? xn) = x.
In particular, any bounded implicative BCK-algebra is multiply implicative.

Corollary 3.5 Every bounded multiply implicative BCK-algebra is J-semisimple.

Proof. Let X be a bounded multiply implicative BCK-algebra and let x ∈ J(X).
Then there is an n = n(x, 1) such that x ? (1 ? xn) = x. Letting u = 1 ? xn, we
have x ? u = x and so u ∈ I := {y ∈ X : x ? y = x}. It is not hard to see that I is
an ideal of X. In fact, x ? 0 = x so 0 ∈ I. Now let y ? z, z ∈ I. On one hand, we
know that x ? y ≤ x, on the other hand, x = x ? (y ? z) = (x ? z) ? (y ? z) ≤ x ? y
[3, Cor.1.1.6]. Thus x = x ? y and y ∈ I as needed.

But then, by Proposition 3.3, u = 1 ? xn is invertible and it then follows that
I = X. Thus 1 ∈ I and x = x?1 = 0. Hence J(X) = 0 and X is J-semisimple.
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Remark 3.6 It is well known that the converse of Corollary 3.5 is not true
(see Example 5.3.1 [3]).

Proposition 3.7 Let (Xi)i∈I be a family of bounded simple BCK-algebras and

X =
∏
i∈I

Xi the direct product of the family (Xi)i∈I . Then X is J-semisimple.

Proof. We claim that J(X) ⊆
∏
i∈I

J(Xi) in which case J(X) = 0 as each

J(Xi) = 0 since, for each i ∈ I, Xi is a bounded simple BCK-algebra. To prove
the claim, let x = (xi)i∈I ∈ J(X). Then, by Proposition 3.3, 1 ? xn = (1 ? xn

i )i∈I

is invertible for all positive integer n. By definition of invertible, it is clear that
if y = (yi)i∈I ∈ X is invertible, then for each i ∈ I yi is invertible in Xi. So then,
for each i ∈ I, 1?xn

i is invertible for all positive integer n in Xi. So xi ∈ J(Xi).

Remark 3.8

1. The same argument in the proof of proposition 3.7 will show that a direct
product of J-semisimple BCK-algebras is again J-semisimple.

2. To prove Proposition 3.7, we used the fact that J(
∏

i∈I Xi) ⊆
∏

i∈I J(Xi).
In fact, for finite product, one can easily, combining Proposition 3.17 and
Proposition 3.3 , see that

J

(
n∏

i=1

Xi

)
=

n∏
i=1

J(Xi).

An open question is whether equality still holds for infinite product.

Since every bounded commutative BCK-algebra of finite order is a product of
simple BCK-algebras [Theorem 3.12] we obtain as a consequence of Proposition
3.7 the following:

Corollary 3.9 Every bounded commutative BCK-algebra of finite order is
J-semisimple.

Remark 3.10

1. The Iséki’s extension X̂ in Example 3.2.2. is bounded non commutative and
may be chosen to be finite, but J(X̂) = X 6= 0.

2. If a finite bounded local BCK-algebra is not simple, then it is non-commu-
tative.

3. It is worth pointing out that Corollary 3.9 is not true in general for infinite
algebras. In fact, there exists infinite bounded commutative BCK-algebras
that are not J-semisimple. For instance, the BCK-algebra X of Example
3.2.3. is bounded and commutative, but with J(X) 6= 0.
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4. Also there are bounded BCK-algebras that are J-semisimple but not com-
mutative nor simple. For instance picking X = B5−4−1 × B5−4−2 it is clear
that J(X) = 0 and that X is not commutative and not simple. In fact, ta-
king any product of non commutative simple BCK-algebras would provide
such examples.
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Abstract. It is a well-known fact that characters of a finite group can give important
information of the group’s structure. Also it was proved by chen [1] that a finite simple
group can be uniquely determined by its character table. In this paper, the authors
attempt to investigate how to characterize a finite almost simple group by using less
information of its character table, and successfully characterize the simpletic group S8(2)
by its order and at most two irreducible character degrees of its character table.
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1. Introduction

In this paper, G represents a finite group. We use Irr(G) to denote the set of
all irreducible complex characters of G, and cd(G) = {ν(1)|ν ∈ Irr(G)} the set
of all irreducible character degrees of G. Moreover, cd∗(G) denotes the Multi-set
of degrees of irreducible characters, i.e., each element of the set cd∗(G) can occur
many times upon the number of characters of the same degree. In particular,
|cd∗(G)| = |Irr(G)|. Sylp(G) denotes the set of all Sylow p-subgroups of G,
where p ∈ π(G), and Gp denotes a Sylow p-subgroup of G. H · M denotes the

1Corresponding author.
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non-split extension of H by M and H : M the split extension of H by M . For any
finite group G, Li(G) denotes the ith largest irreducible character degree of G.
Particularly, L1(G) and L2(G) are the largest and the second largest irreducible
character degree of G, respectively. All further unexplained symbols and notations
are standard and can be found, for instance, in [2].

A finite group is called a Kn-group if |π(G)| = n, where n is a positive integer.
K3-simple groups were classified many years ago, which are A5, A6, L2(7), L2(8),
L2(17), L3(3), U3(3) and U4(2) (cf. [3]). Classifying finite groups by the properties
of their characters is an interesting and difficult topic in group theory. It is a well-
known fact that characters of a finite group can give important information about
the group’s structure. For example, in [1], Chen proved that a finite simple group
can be uniquely determined by its character table. In 2000, Huppert [4] put
forward the following conjecture.

Huppert’s Conjecture. Let H be any nonabelian simple group, and G a group
such that cd(G) = cd(H), then G ∼= H × A, where A is an abelian group.

Huppert conjectured that each finite non-abelian simple group G is characte-
rized by cd(G), the set of degrees of its complex irreducible characters. In [4, 5, 6],
he confirmed that the conjecture holds for simple groups such as L2(q) and Sz(q).
Moreover, he also proved this conjecture holds for 19 out of 26 sporadic simple
groups, and a few others (cf. [4], [5], [6]). In [7], Daneshkhah showed that the
conjecture holds for another three sporadic simple groups Co1, Co2 and Co3.
Xu, et al. attempt to characterize the finite simple groups by less information
of its characters, and for the first time successfully characterize the simple K3-
groups (cf. [8]) and sporadic simple groups by their orders and one or both of its
largest and second largest irreducible character degrees (cf. [9], [10], [11]). For
convenience, we summarize some results of these articles which will be used later
in the following propositions:

Proposition. (cf. [10]) Let G be a finite group and M a non-Abelian simple
group, then the following assertions hold:

(i) If M is one of the simple groups: A5, L2(7), L2(17), L3(3), U4(2), M11, M23,
J1, J3 and J4, then G ∼= M if and only if |G| = |M | and L1(G) = L1(M);

(ii) If M is isomorphic to one of the simple groups: simple K3-groups, Mathieu
simple groups and Janko simple groups, then G ∼= M if and only if |G|=|M |,
L1(G) = L1(M) and L2(G) = L2(M);

(iii) If M = A6, then G is isomorphic to one of the groups: G ∼= A6, G ∼= S3×A5

and G ∼= Z3 o S5, if and only if |G| = |M | and L1(G) = L1(M);

(iv) If M = M22, then G ∼= M22 or H × M11, where H is a Frobenius group
with elementary kernel of order 8 and a cyclic complement of order 7, if and
only if |G| = |M22| and L1(G) = L1(M22).
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In the following, we continue this investigation, and show that the simpletic
simple group S8(2) by its order and at most two irreducible character degrees of
its character tables.

Our main results are the following:

Theorem. Let G be a finite group and |G| = |S8(2)|, then G ∼= S8(2) if and only
if L1(G) = L1(S8(2)) and L2(G) = L2(S8(2)).

2. Preliminaries

In this section, we consider some results which will be applied for our further
investigations.

Lemma 2.1. Let G be a finite solvable group of order qα1
1 qα2

2 · · · qαs
s , where

q1, q2, · · · , qs are distinct primes, and if (kqs + 1) - qαi
i for each i ≤ s − 1 and

k > 0, then the Sylow qs-subgroup is normal in G.

Proof. Let N be a minimal normal subgroup of G. Since G is solvable, then
we have |N | = qm. If q = qs, by induction on G/N , it is easy to see the Sylow
qs-subgroup is normal in G. Now, assume that q = qi for some i < s. By induction
of the factor group G/N, we obtain that the Sylow qs-subgroup Q/N of G/N is
normal in G/N . Thus QEG. Let P be a Sylow qs-subgroup of Q. Then Q = NP .
By Sylow’s Theorem, |Q : NQ(P )| = ql

i(l ≤ m ≤ αi) and qs

∣∣ql
i−1. But this means

that (kqs + 1)
∣∣qαi , and then k = 0 by assumption. Hence P E Q. Since Q E G,

we have P E G, as required.

Lemma 2.2. Let G be a non-solvable group, then G has a normal series
1 E H E K E G, such that K/H is a direct product of isomorphic non-abelian
simple groups and |G/K|

∣∣|Out(K/H)|.

Proof. Let G be a non-solvable group and M/N a minimal normal subgroup of
G/N . Then M/N is a direct product of isomorphic non-abelian simple groups.
Hence, CG/N(M/N)

⋂
M/N = Z(M/N) = 1, and so

M/N ∼= M/N × CG/N(M/N)

CG/N(M/N)
≤ G/N

CG/N(M/N)
.

Thus
G/N

CG/N(M/N)×M/N
is a subgroup of Out(M/N).

Let K/N = CG/N(M/N) × M/N and H/N = CG/N(M/N), then G/K ≤
Out(M/N) and K/H ∼= M/N , and the normal series 1 E H E K E G, as desired.

Lemma 2.3. (cf. [2]) Let S be a finite non-abelian simple group with
π(S) ⊆ {2, 3, 5, 7, 17}, then S is isomorphic to one of the following simple groups
listed in Table 1. In particular, if |π(Out(S))| 6= 1, then π(Out(S)) ⊆ {2, 3}.
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Table 1. Finite nonabelian simple groups with π(S) ⊆ {2, 3, 5, 7, 17}

G |G| Out(G) G |G| Out(G)
A5 22 · 3 · 5 2 U3(5) 24 · 32 · 53 · 7 6

L2(7) 23 · 3 · 7 2 S4(7) 28 · 32 · 52 · 74 2
A6 23 · 32 · 5 4 A9 26 · 34 · 5 · 7 2

L2(8) 23 · 32 · 7 3 O+
8 (2) 212 · 35 · 52 · 7 6

L2(17) 24 · 32 · 17 2 S4(4) 28 · 32 · 52 · 17 4
L2(16) 24 · 3 · 5 · 17 4 S6(2) 29 · 34 · 5 · 7 1

A7 23 · 32 · 5 · 7 2 L2(49) 24 · 3 · 52 · 72 4
U3(3) 25 · 33 · 7 2 J2 27 · 33 · 52 · 7 2
He 210 · 33 · 52 · 73 · 17 2 A10 27 · 34 · 52 · 7 2

O−
8 (2) 212 · 34 · 5 · 7 · 17 2 L2(31) 25 · 3 · 5 · 31 2

L4(4) 212 · 34 · 52 · 7 · 17 4 U4(3) 27 · 36 · 5 · 7 8
A8 26 · 32 · 5 · 7 2 U4(2) 26 · 34 · 5 2

L3(4) 26 · 32 · 5 · 7 12 S8(2) 216 · 35 · 52 · 7 · 17 1

3. Proof of Theorem

In this section, we will prove the following theorem:

Theorem. Let G be a finite group and |G| = |S8(2)|, then G ∼= S8(2) if and only
if L1(G) = L1(S8(2)) and L2(G) = L2(S8(2)).

Proof. By hypothesis, we have that |G| = 216 · 35 · 52 · 7 · 17, L1(G) = 2 · 34 · 52 · 17
and L2(G) = 216. Let χ, β ∈ Irr(G) such that χ(1) = L1(G) = 2 · 34 · 52 · 17 and
β(1) = L2(G) = 216.

We first prove that G is nonsolvable. Otherwise, G is a solvable group. Let
T be a Hall-subgroup of G with order |T | = 216 · 35 · 52 · 17. Considering the
permutation representation of G on the right cosets of T with kernel TG, we have
that G/TG . S7. Since orders of solvable subgroups of S7 divided by 7 are 7,
14 and 21, then |TG| can be equal to one of 216 · 35 · 52 · 17, 215 · 35 · 52 · 17 and
216 · 34 · 52 · 17.

If |TG| = 216 · 35 · 52 · 17, let ∆ ∈ Irr(TG) such that [βTG
, ∆] 6= 0, then we

have β(1)/∆(1)
∣∣|G : TG| = 7, and so ∆(1) = 216. Let Ω ∈ Irr(TG) such that

[χTG
, Ω] 6= 0, then χ(1)/Ω(1)

∣∣|G : TG| = 7. Thus Ω(1) = 2 · 34 · 52 · 17. Let Q be a
minimal normal subgroup of TG, then we assert that |Q| = 3.

If |Q| = 2, then ∆(1)
∣∣|TG : Q| = 215 · 35 · 52 · 7 · 17, a contradiction.

Similarly, we can prove that |Q| 6= 2i, where 2 ≤ i ≤ 16.
If |Q| = 32, then Ω(1)

∣∣|TG : Q| = 216 · 33 · 52 · 7 · 17, a contradiction.
By the similar arguments as above, we can prove that |Q| 6= 3m, 5, 52 or 17,

where 3 ≤ m ≤ 5. Hence, we have that |Q| = 3, and so the assertion holds. Let
λ ∈ Irr(Q) such that [∆Q, λ] 6= 0. Set e = [∆Q, λ], t = |TG : ITG

(λ)|, we have
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∆(1) = etλ(1). Since Q is abelian and Aut(Q) ∼= Z2, we have that λ(1) = 1, and
hence t ≤ 2. Thus e ≥ 215. But [∆Q, ∆Q] = e2t ≥ 231 > |TG : Q| = 216 · 34 · 52 · 17,
a contradiction to [13, 2.29].

If |TG| = 215 · 35 · 52 · 17, let θ ∈ Irr(TG) such that [χTG
, θ] 6= 0, then

χ(1)/θ(1)
∣∣|G : TG| = 14, and so θ(1) = 2 · 34 · 52 · 17. Hence θ(1)2 > |TG|, a

contradiction.
If |TG| = 216 · 34 · 52 · 17, let ϑ ∈ Irr(TG) such that [βTG

, ϑ] 6= 0, then
β(1)/ϑ(1)

∣∣|G : TG| = 21. Hence ϑ(1) = 216. But ϑ(1)2 > |TG|, a contradiction.
Therefore, G is nonsolvable. By Lemma 2.2, G has a normal series 1 E H E

K EG such that K/H is a direct product of isomorphic non-abelian simple groups
and |G/K|

∣∣|Out(K/H)|. Since |G| = 216 · 35 · 52 · 7 · 17, then by Table 1 we have
that K/H can be isomorphic to one of the groups: A5, A6, U4(2), L2(7), L2(8),
U3(3), A7, L3(4), A8, A9, J2, A10, S6(2), O+

8 (2), L2(17), L2(16), S4(4), O−
8 (2),

L4(4), A5 × A5, A6 × A6 and S8(2).

Case 1. K/H ∼= A5

By Lemma 2.2, we have |G : K| = 1 or 2. We will only discuss the case |G : K| = 1
since by the same reason we can prove that |G : K| 6= 2.

If |G : K| = 1, then |H| = 214 · 34 · 5 · 7 · 17. If H is solvable, then H has a
Hall-subgroup D with index 7. Considering the permutation representation of H
on the right cosets of D with kernel DH , we have that H/DH . S7. Since orders of
solvable subgroups of S7 divided by 7 are 7, 14 and 21. Hence |DH | = 214 ·34 ·5·17,
213 · 34 · 5 · 17 and 214 · 33 · 5 · 17.

If |DH | = 213 · 34 · 5 · 17, let α ∈ Irr(DH) such that [βDH
, α] 6= 0, then

β(1)/α(1)
∣∣|G : DH | = 213 · 3 · 5 · 7, and so α(1) = 213. But α(1)2 > |DH |, a

contradiction.
Similarly, we can prove that |DH | 6= 214 · 34 · 5 · 17 or 214 · 33 · 5 · 17.
Therefore, H is nonsolvable. By Lemma 2.2, H has a normal series 1 E N E

MEH such that M/N is a direct product of isomorphic non-abelian simple groups
and |H/M |

∣∣|Out(M/N)|. Since |H| = 214 · 34 · 5 · 7 · 17, then by Table 1 M/N
can be isomorphic to one of A5, A6, U4(2), L2(7), L2(8), U3(3), A7, L3(4), A8, A9,
S6(2), L2(17), L2(16) and O−

8 (2).

Subcase 1.1. M/N ∼= A5

By Table 1, we have |H/M |
∣∣|Out(A5)| = 2. Hence |H : M | = 1 or 2.

If |H : M | = 1, then |N | = 212 · 33 · 7 · 17. Let ∆ ∈ Irr(N) such that
[βN , ∆] 6= 0, we have that β(1)/∆(1)

∣∣|G : N | = 24 · 32 · 52. Therefore, ∆(1) = 212.
But ∆(1)2 > |N |, a contradiction.

If |H : M | = 2, then |N | = 211 · 33 · 7 · 17. By the same reason as above, N is
nonsolvable. By Lemma 2.2, N has a normal series: 1EBEAEN such that A/B is
a direct product of isomorphic non-abelian simple groups and |N/A|∣∣|Out(A/B)|.
Since |N | = 212 ·33 ·7 ·17, then we have that A/B ∼= L2(7), L2(8), U3(3) or L2(17).

If A/B ∼= L2(7), then |N : A| = 1 or 2. Assume that |B| = 2v · 32 · 17, where
8 ≤ v ≤ 9. Let Ω ∈ Irr(B) such that [βB, Ω] 6= 0, we have β(1)/Ω(1)

∣∣|G : B| =
216−v · 33 · 52 · 7. Hence Ω(1) = 2v. But Ω(1)2 > |B|, a contradiction.
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Similarly, we can prove that A/B 6∼= L2(8), U3(3) or L2(17).
By the same reason as Subcase 1.1, M/N cannot be isomorphic to A5, A6 or

U4(2).

Subcase 1.2. M/N ∼= L2(7)

In this case, |H/M |
∣∣|Out(L2(7))| = 2. Hence |H : M | = 1 or 2. Since the method

of proof for |H : M | = 2 is the same as |H : M | = 1, we only discuss the case
|H : M | = 1.

If |H : M | = 1, we have |N | = 210 · 33 · 5 · 17. If N is solvable, then N has a
Hall-subgroup R with index 5. Considering the permutation representation of N
on the right cosets of R with kernel RN , we have that N/RN . S5. Since orders
of solvable subgroups of S5 divided by 5 are 5, 10 and 20, then |RN | can be equal
to one of 210 · 33 · 17, 29 · 33 · 17 and 28 · 33 · 17.

If |RN | = 210 · 33 · 17, let Λ ∈ Irr(RN) such that [βRN
, Λ] 6= 0, one has that

β(1)/Λ(1)
∣∣|G : RN | = 26 · 32 · 52 · 7, and then 210

∣∣Λ(1). But Λ(1)2 > |RN |, a
contradiction. Similarly, we can prove that |RN | 6= 29 · 33 · 17.

If |RN | = 28 · 33 · 17, let U be a minimal normal subgroup of G and U ≤ RN .
We assert that |U | = 3.

If |U | = 2, then β(1)
∣∣|G : U | = 215 ·35 ·52 ·7 ·17, a contradiction. Similarly, we

have |U | 6= 2i, where 2 ≤ i ≤ 10. If |U | = 32, then χ(1)
∣∣|G : U | = 216 ·33 ·52 ·7 ·17,

a contradiction. Also, we can prove that |U | 6= 33 or 17. Therefore, |U | = 3, and
so the assertion holds. In this case, |RN/U | = 28 ·32 ·17. Since RN is solvable, then
there exists a Hall-subgroup V of RN with index 9. Let VRN

=
⋂

x∈RN
V x ≤ V .

Then RN/VRN
. S9. Since orders of solvable subgroups of S9 divided by 9 are 9,

18, 36, 72, 144, 288, 576 and 1152, then we have that the order of VRN
may be

one of 28 · 3 · 17, 27 · 3 · 17, 26 · 3 · 17, 25 · 3 · 17, 24 · 3 · 17, 23 · 3 · 17, 22 · 3 · 17 and
2 · 3 · 17.

If |VRN
| = 28 · 3 · 17, let θ ∈ Irr(VRN

) such that [βVRN
, θ] 6= 0, then

β(1)/θ(1)
∣∣|G : VRN

| = 28 · 34 · 52 · 7, and so θ(1) = 28. But θ(1)2 > |VRN
|, a

contradiction. Similarly, we have that |VRN
| 6= 27 · 3 · 17, 26 · 3 · 17, 22 · 3 · 17 or

2 · 3 · 17.
If |VRN

| = 25 · 3 · 17, Considering the permutation representation of VRN
on

the right cosets of P with kernel PVRN
, where |VRN

: P | = 3 , we have that

VRN
/PVRN

. S3. Hence |PVRN
| = 25 · 17 or 24 · 17.

If |PVRN
| = 25 · 17, let µ ∈ Irr(PVRN

) such that [βPVRN
, µ] 6= 0, then

β(1)/µ(1)
∣∣|G : PVRN

| = 211 ·34 ·52 ·7, and so µ(1) = 25. Thus µ(1)2 > |PVRN
|, which

is a contradiction. If |PVRN
| = 24 ·17, let z ∈ Irr(PVRN

) such that [χPVRN
,z] 6= 0,

then χ(1)/z(1)
∣∣|G : PVRN

| = 212 · 34 · 52 · 7, and hence z(1) = 17. In the case that

z(1)2 > |PVRN
|, a contradiction.

Therefore, N is nonsolvable, and so the assertion is true. By Lemma 2.2,
N has a normal series 1 E B E A E N such that A/B is a direct product of
isomorphic non-abelian simple groups and |N/A|

∣∣|Out(A/B)|. By Table 1, we
have A/B ∼= A5, A6, L2(17) or L2(16).

If A/B ∼= A5, then |N : A| = 1 or 2. If |N : A| = 1, we have |B| = 28 · 32 · 17.
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Let ζ ∈ Irr(B) such that [βB, ζ] 6= 0, then β(1)/ζ(1)
∣∣|G : B| = 28 · 33 · 52 · 7,

and hence ζ(1) = 28. But ζ(1)2 > |B|, a contradiction. If |N : A| = 2, we have
|B| = 27 ·32 ·17. By Lemma 2.1, the Sylow-17 subgroup B17 is normal in B, and so
B17, char, B. Since H CCG, then B17 EG. Hence χ(1)

∣∣|G : B17| = 216 · 35 · 52 · 7,
a contradicion.

Similarly, we can prove that A/B 6∼= A6, L2(17) or L2(16).
By the similar arguments as Subcase 1.2, we can prove that M/N cannot be

isomorphic to one of L2(8), U3(3), A7, L3(4), A8, A9, S6(2), L2(17) and L2(16).

Subcase 1.3. M/N ∼= O−
8 (2)

In this case, we have |H/M |
∣∣|Out(O−

8 (2))| = 2. Thus |H : M | = 1 or 2.
If |H : M | = 1, then we have |N | = 4, and so N ≤ Z(H). In this case,

H/N ∼= O−
8 (2). Therefore, H is a central extension of N by O−

8 (2). Since the
Shur Multiplier is 1, then H is a splitting central extension of N by O−

8 (2), and so
H ∼= Z4×O−

8 (2). Let Φ ∈ Irr(H) such that [βH , Φ] 6= 0. Then β(1)/Φ(1)
∣∣|G : H|

= 22 · 3 · 5, and we have Φ(1) = 214. However, by the structure of H, we see that
H has no irreducible character of degree 214, which leads to a contradiction.

If |H : M | = 2, then |N | = 2, and hence N ≤ Z(H). In this case, M is
a splitting central extension of N by O−

8 (2), and so M ∼= Z4 × O−
8 (2). By [13,

Clifford 6.2], M has an irreducible character of degree 213, a contradiction to the
structure of M .

By the same reason as Case 1, we can prove that K/H cannot be isomorphic
to one of the groups: A6, U4(2), L2(7), L2(8), U3(3), A7, L3(4), A8, S6(2), L2(17),
O−

8 (2), A5 × A5 and A6 × A6.

Case 2. K/H ∼= A7

In this case, |G : K| = 1 or 2. We suppose that |H| = 2a · 33 · 5 · 17, where 12 ≤
a ≤ 13. Let Ω ∈ Irr(H) such that [βH , Ω] 6= 0, then we have β(1)/Ω(1)

∣∣|G : H|
= 216−a · 32 · 5 · 7, and so Ω(1) = 2a. But Ω(1)2 > |H|, a contradiction.

Similarly, we can show that K/H 6∼= A9, J2, A10, O+
8 (2), L2(16), S4(4) or

L4(4).

Case 3. K/H ∼= S8(2)

In this case, by order comparison we have H = 1. Therefore, G ∼= S8(2). Thus
we complete the proof of Theorem.
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1. Introduction

Throughout this paper graph means simple finite graph and we follow the termi-
nology and notation of [1, 3] for graphs. An trivial graph on n vertices consists
of n isolated vertices with no edges. This graph is denoted by ∅n. We refer to [2]
for general properties of lattices and Boolean algebras.

We assume that G is a graph and u, v are vertices of G. The edge connecting
u and v is denoted by uv and the distance dG(u, v) is defined as the length of a
shortest path connecting u and v in G. The eccentricity ε(u) is the largest distance
between u and any other vertex v of G. The maximum eccentricity over all vertices
of G is called the diameter of G and denoted by d(G). The minimum eccentricity
is said to be radius and denoted by r(G). The center of G is the set of all vertices
u such that ε(u) = r(G). A self-centered graph is one that the center is the same
as vertex set. Consider the graph G whose vertices are the n-tuple (b1, b2, ..., bn)
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with bi ∈ {0, 1} and two vertices are adjacent if the corresponding tuples differ
in precisely one place. Such a graph is called a n−dimentional hypercube and
denote it by Qn.

Suppose G and H are graphs. H is said to be a subgraph of G if V (H) ⊆
V (G) and E(H) ⊆ E(G) and it is a spanning subgraph of G if V (H) = V (G)
and E(H) ⊆ E(G). A subgraph H of G is called characteristic if for every
automorphism β ∈ Aut(G), β(H) = H. We use the notation H ≤ch G to show
that H is a characteristic subgraph of G. It is easily seen that the graph G itself
and its trivial spanning subgraph are characteristic in G.

It is easy to see that, if Pn is a path of length n with vertex set V (Pn) =
{v0, v1, ..., vn}, then, for each i, 1 ≤ i ≤ n/2, vivi+1 · · · vn−i is a characteristic
subgraph of Pn.

2. Main results

In this section some basic properties of characteristic subgraphs are investigated.
We first introduce an important class of characteristic subgraphs of a given graph
G. Define G[i] = {x ∈ V (G) | degG(x) = i}. Then it is easy to see that for each i,
1 ≤ i ≤ ∆(G), where ∆ is maximum degree of vertices, 〈G[i]〉 is a characteristic
subgraph of G. We start by considering the center of a graph.

Theorem 2.1. 〈C(G)〉 ≤ch G.

Proof. Let a ∈ C(G), then ε(a) = r(G) and there exists b ∈ V (G), such
that ε(a) = d(a, b) = m, for a positive integer m. Thus, there exists a path
P : a = a0, a1, ..., am = b connecting a and b. Let ϕ ∈ Aut(G) be arbitrary. Then,
ϕ(a) = ϕ(a0), ϕ(a1), ..., ϕ(am) = ϕ(b) is a path. Hence ε(ϕ(a)) ≥ ε(a). Now,
suppose ε(ϕ(a)) = k, then there exists d ∈ V (G), such that d(ϕ(a), d) = k and
ϕ(a) = d0, d1, ..., dk = d is a path. Since ϕ is an automorphism, for each 1 ≤ i ≤ k
there exists ai ∈ V (G) such that di = ϕ(ai) and ϕ(a) = ϕ(a0), ϕ(a1), ..., ϕ(ak) = d
is a path. Hence the following path exists in G, a = a0, a1, ..., ak. Therefore,
ε(a) ≥ k = ε(ϕ(a)) and then ε(a) = ε(ϕ(a)). This shows that ϕ(〈C(G)〉) =
〈C(G)〉, as desired.

Corollary 2.2. If T is a tree and ϕ ∈ Aut(T ) then ϕ has at least a fixed vertex
or a fixed edge.

Proof. By a well-known fact in graph theory the center of a tree T is a single
vertex or two adjacent vertices of T . So, every automorphism of T fix a vertex or
an edge of T .

Theorem 2.3. The number of characteristic spanning subgraphs of a non-trivial
graph is always even.

Proof. Suppose H is a characteristic spanning subgraph of G. For each charac-
teristic spanning subgraph H, we define a spanning subgraph H ′ with edge set
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E(H ′) = E(G)\E(H). Since H is a characteristic subgraph, for each ϕ ∈ Aut(G),
ϕ(H) = H, it means that E(ϕ(H)) = E(H) and so

E(G)\E(ϕ(H)) = E(G)\E(H).

By the definition of E(H ′), we have E(ϕ(H ′)) = E(G)\E(ϕ(H)), and then
E(ϕ(H ′)) = E(H ′). This implies that ϕ(H ′) = H ′ and so H ′ is a characteristic
spanning subgraph of G. Since H and H ′ are different, the number of characte-
ristic spanning subgraphs of a non-trivial graph is always even.

Remark. Notice that trivial graphs have exactly one characteristic spanning
subgraph.

Corollary 2.4. Suppose G is not regular or self-centered then G has at least four
characteristic subgraphs.

Proof. Our main proof is separated into two different cases as follows:

Case 1: G is self-centered. In this case, there are positive integers i, j such that
〈G[i]〉 ≤ch G and 〈G[j]〉 ≤ch G. Define Hi and Hj to be spanning subgraphs
of G such that E(Hi) = E(〈G[i]〉) and E(Hj) = E(〈G[j]〉). Obviously, Hi and
Hj are characteristic spanning subgraphs of G. Let D = {degG(u)|u ∈ V (G)}, if
D = {i, j}, then H ′

i = Hj and also H ′
j = Hi. By considering G and trivial spanning

subgraph, we obtain at least four characteristic. Now if D ' {i, j}, by Theorem
2.3, H ′

i and H ′
j are different characteristic subgraphs of G. By considering G and

trivial spanning subgraph, we obtain at least six characteristic subgraphs.

Case 2: G is not self-centered. In this case 〈C(G)〉 � G. Let H be a spanning
subgraph of G, with edge set E(H) = E

(〈C(G)〉). By Theorem 2.1, H ≤ch G
and by Theorem 2.3 and considering G itself and trivial spanning subgraph of G,
we obtain at least four characteristic subgraphs, as desired.

Definition 2.5. A subgraph K of G is minimal characteristic in G if no proper
nontrivial subgraph of K is characteristic in G.

It is easy to see that every characteristic subgraph of G contains a minimal
characteristic subgraph of G.

Theorem 2.6. Let G be a graph and H be a minimal characteristic subgraph of
G. Then there exists positive integer i such that H ≤ 〈G[i]〉.
Proof. Suppose H has a vertex of degree i and K = {v ∈ V (H)| degG(v) = i}.
It is clear that 〈K〉 is a characteristic subgraph of G. Since 〈K〉 ≤ H and H is
a minimal characteristic subgraph, 〈K〉 = H. It means that for each v ∈ V (H),
degG(v) = i, proving the result.

Corollary 2.7. Let G be a graph and for a positive integer i, G[i] is singleton,
then 〈G[i]〉 is a characteristic subgraph of G.
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The converse of Corollary 2.7 does not hold. To do this, we assume that G
is a cycle of length n. Then G[2] = V (G) and 〈G[2]〉 is minimal in G.

Theorem 2.8. A graph G is vertex transitive graph if and only if except G and
its trivial spanning subgraph, it doesn’t have any spanning characteristic subgraph.

Proof. Suppose that G is a vertex transitive graph having a non-trivial charac-
teristic subgraph H, H 6= G. Let v ∈ V (H) and u ∈ V (G)/V (H). Since G is
vertex transitive, there exists α ∈ Aut(G) such that α(v) = u, which is impossible.
Conversely, we assume that G is a graph with exactly two spanning characteristic
subgraph. If G is not vertex transitive, then there exist vertices u and v such that
for each α ∈ Aut(G), α(v) 6= u. Define H to be the orbit of u under the natural
action of Aut(G) on V (G). A simple calculation shows that 〈H〉 is a characteristic
subgraph of G, a contradiction.

Suppose S(G) and CSS(G) denote the set of all spanning and characteristic
spanning subgraphs of G, respectively. In the following theorem, we prove that
S(G) has a Boolean algebra structure.

Theorem 2.9. Let G be a graph on n vertices, then S(G) is closed under taking
intersection and union and (S(G),∩,∪,′ ) is a Boolean algebra in which for each
element H ∈ S(G), H ′ is a spanning subgraph such that E(H ′) = E(G)− E(H).
Moreover, |S(G)| = 2|E(G)|.

Proof. Let H,K ∈ S(G), then H ∩K and H ∪K are spanning subgraphs of G.
One can see that (S(G),∩,∪) is a bounded distributive lattice in which 0S(G) = ∅n

and 1S(G) = G. Moreover, H ∩H ′ = ∅n = 0S(G) and H ∪H ′ = G = 1S(G) and so
S(G) is complemented. Therefore, (S(G),∩,∪,′ ) is a Boolean algebra.

Notice that spanning subgraphs of G with exactly one edge are atoms of
this Boolean algebra and conversely, each atom of this Boolean algebra has this
form. Since the number of atoms of this Boolean algebra is |E(G)| and every
finite Boolean algebra is atomic, by a well-known theorem in Boolean algebras,
|S(G)| = 2|E(G)|.

Theorem 2.10. CSS(G) is closed under taking intersection and union and
(CSS(G),∩,∪,′ ) is a sub-Boolean algebra of (S(G),∩,∪,′ ).

Proof. Let H,K ∈ CSS(G). Obviously, for each ϕ ∈ Aut(G),

ϕ(H ∩K) = ϕ(H) ∩ ϕ(K) = H ∩K and ϕ(H ∪K) = ϕ(H) ∪ ϕ(K) = H ∪K.

By a similar argument as the proof of Theorem 2.9, one can show that
(CSS(G),∩,∪,′ ) is a Boolean algebra with 0CSS(G) = ∅n and 1CSS(G) = G. Since
CSS(G) ⊆ S(G), then (CSS(G),∩,∪,′ ) is sub-Boolean algebra of (S(G),∩,∪,′ ).

Corollary 2.11. H ∈ CSS(G) is an atom of Boolean algebra (CSS(G),∩,∪,′ )
if and only if H is a minimal characteristic subgraph of G. In particular, if G is
a graph with exactly m minimal characteristic subgraph then |CSS(G)| = 2m.
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Corollary 2.12. Every characteristic spanning subgraph of G can be represented
as the union of some minimal characteristic subgraphs of G.

Proof. By Theorem 2.9 every element of a Boolean algebra is a supremum of
some atoms, as desired.

In the end of this paper, we construct a graph S ′(G) with V (S ′(G)) = S(G)
and two spanning subgraph H and K are adjacent if and only if E(H) ⊆ E(K)
and |E(H)| = |E(K)| + 1. In the following theorem, it is proved that S ′(G) is a
hypercube.

Theorem 2.13. S ′(G) ∼= Qm, where m = |E(G)| and Qm is m−dimentional
hypercube.

Proof. Suppose E(G) = {e1, e2, ..., em}. We can represent each spanning sub-
graph H ∈ S(G), by an m−array (e′1, e

′
2, ..., e

′
m) as follows:

e′i =

{
ei ei ∈ E(H),

0 ei 6∈ E(H).

Define ψ : Qm −→ S(G) by ψ
(
(a1, a2, ...am)

)
= (b1, b2, ...bm) such that

bi =

{
ei ai = 1,

0 ai = 0.

Suppose that α, β ∈ V (Qm) such that αβ ∈ E(Qm). Then, by the definition of
the hypercube, α = (t1, t2, ..., tm) and β = (s1, s2, ..., sm) such that there exists
a positive integer k, 1 ≤ k ≤ m, tk 6= sk and for all l 6= k, tl = sl. Obviously,
(tk = 0 and sk = 1) or (tk = 1 and sk = 0). Without losing generality, we assume
that tk = 0 and sk = 1. Then, by definition of ψ:

ψ(α) = ψ
(
(t1, t2, ..., tk = 0, ..., tm)

)
= (b1, b2, ..., bk = 0, ..., bm),

ψ(β) = ψ
(
(s1, s2, ..., sk = 1, ..., sm)

)
= (b1, b2, ..., bk = ek, ..., bm),

and, by adjacency in S ′(G), it can easily seen that the subgraph by representing
vector ψ(α) = (b1, b2, ..., 0, ..., bm) is adjacent with subgraph by representing vector
ψ(β) = (b1, b2, ..., ek, ..., bm). Hence ψ(α)ψ(β) ∈ E(S(G)), and so ψ is a homo-
morphism of graphs. Since ψ is bijective, it is isomorphism and so S ′(G) ∼= Qm.
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[3] West, D.B., Introduction to Graph Theory, Prentice Hall, Inc., Upper
Saddle River, NJ, 1996.

Accepted: 02.09.2013



italian journal of pure and applied mathematics – n. 33−2014 (107−122) 107

MINIMUM COMPLEXITY AND LOW-WEIGHT NORMAL
POLYNOMIALS OVER FINITE FIELDS

Mahmood Alizadeh

Farshin Hormozi-nejad

Department of Mathematics and Statistics
Islamic Azad University, Ahvaz Branch
Iran
e-mails: alizadeh@iauahvaz.ac.ir

hormozi-nejad@iauahvaz.ac.ir

Abstract. In this paper, by using some algorithms, the distribution of the complexity
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remaining degree extensions up to 300 by using a combination of theorems and known
exact values are given. In what follows, by using some algorithms, a table of normal
trinomials and pentanomials with minimum complexity among all normal trinomials
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1. Introduction

For a prime power q = ps(s ∈ N) and a positive integer n > 2, let Fq be the finite
fields with q elements and Fqn be its extension of degree n. A normal basis of Fqn

over Fq is a basis of the form N = {α, αq, αq2
, . . . , αqn−1}, where α ∈ Fqn . In this

case, α is called a normal element of Fqn over Fq, or that α generates the normal

basis N . Let αi = αqi
,0 ≤ i ≤ n− 1, and T = (tij) be the n× n matrix given by

α · αi =
n−1∑
j=0

tijαj 0 ≤ i ≤ n− 1, tij ∈ Fq. (1)

The matrix T in (1) is called the multiplication table of the normal basis N . If α
is a normal element, the multiplication table of the normal basis generated by α
is also referred as the multiplication table of α. The number of non-zero entries
in T is called the complexity of the normal basis N , denoted by cN . The following
theorem gives a lower bound for cN .

Theorem 1.1 (Mullin et al. [18]) For any normal basis N of Fqn over Fq,
cN ≥ 2n− 1.
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A normal basis N is called optimal normal basis (ONB) if cN = 2n− 1. It is
well known that, when using normal bases, the speed of multiplications over Fq

depends directly on cN (see [6], Section 11.2.2), and it is important to use a normal
basis in Fq, with the lowest possible complexity. When no optimal normal basis
exists, the problem of classifying the low complexity normal bases stays open.

A monic irreducible polynomial F (x) ∈ Fq[x] is called normal polynomial or
N-polynomial if its roots form a normal basis or, equivalently, if they are linearly
independent over Fq. The elements in a normal basis are exactly the roots of
some N -polynomial. Hence an N -polynomial is just another way of describing a
normal basis. On the other side, the polynomials of low weight (with minimum
number of nonzero coefficients) can lead to more efficient implementation of the
arithmetic of Fq. In [23] Seroussi presents a table of either irreducible trinomials
or pentanomials (polynomials with three or five number of nonzero coefficients)
over the finite field F2, For each degree n in the range 2 ≤ n ≤ 10, 000. In general
the problem of existence of normal trinomials or pentonomials of each fixed degree
n stays open. Peterson and Weldon [20] list a set of normal polynomial of degree
n ≤ 34 over F2. For a better understanding of the behavior of the complexities
of normal elements in Fq, tables summarizing the complexity distribution are
important tools. In ([12], Section 3.3), Jungnickel provides a table with minimum
and maximum complexities of normal elements in F2n , for each n smaller than or
equal to 30. In ([12], Section 5.4), for 31 ≤ n ≤ 60, he provides a table due to
Geiselmann [8] with the lowest complexities found via free polynomials. Masuda,
Moura, Panario and Thomson [15] provide the distribution of the complexity of
normal elements for binary fields with degree extensions up to 39, using some
algorithms that test field elements. They also provide the current results on the
smallest known complexity for the remaining degree extensions up to 528, using
a combination of constructive theorems and known exact values.

Morgan and Mullen [17] published tables of primitive normal polynomials
with three, four or five number of nonzero coefficients of degree n over Fp for each
pn ≤ 1050 with p ≤ 97.

The software and hardware implementation of arithmetic in the fields with
characteristic three has been intensively studied in recent years. Some results in
the hardware or software implementations in the finite fields with characteristic
three can be found in [9], [10], [11], [13], [19]. The elements of the finite fields F3s

can be represented using a normal basis.
In this paper, using some algorithms that efficiently test normality of poly-

nomials and compute the complexities of them, we provide the distribution of
the complexity of normal polynomials for finite fields of characteristic three with
degree extensions up to 16. We also provide current results on the lowest known
complexity for the remaining degree extensions up to 300 by using a combination
of theorems and known exact values. In the continue, using some algorithms, a
table of normal trinomials and pentanomials with minimum complexity among all
normal trinomials and pentanomials, respectively over F3, with their complexities
for each degree n with 3n ≤ 1050 is presented. Also, either normal trinomials or
pentanomials with minimum weight over F3, for each n, 106 ≤ n ≤ 300 are listed.
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2. Preliminaries

We need the following results for next study. The following proposition determine
that whether an irreducible polynomial is normal or not.

Proposition 2.1 (Gao, see [16], Theorem 4.6) Let f(x) be an irreducible poly-
nomial of degree n over Fq. Let αi = αqi

, and ti = Trqn|q(α0αi), 0 ≤ i ≤ n − 1,
where α ∈ Fqn is a root of f(x). Then f(x) is a normal polynomial over Fq if and

only if the polynomial N(x) =
n−1∑
i=0

tix
i ∈ Fq[x] is relatively prime to xn − 1.

Notation 2.2 Let f(x) =
∑n

i=0 cix
i be an N-polynomial over Fq. Then cn−1 6= 0.

Proposition 2.3 ([16], Corollary 4.19) Let n=pe for some e, and f(x)=
n∑

i=0

cix
i

be an irreducible polynomial over Fq. Then f(x) is an N-polynomial if and only
if cn−1 6= 0.

The number of normal polynomials of degree n over Fq will be compute by
the following proposition.

Proposition 2.4 (Ore, [12], Theorem 3.1.5) Let q be a power of the prime p, let
n be a positive integer and write n = pam, where p does not divide m. Then the
number of normal bases of Fqn over Fq equals

1

n
φq(x

n − 1) = (qn/n)
∏

d|m
(1− q−od (q))φ(d)/od (q),

where φq(f) is the number of polynomials of degree smaller than the degree of f
which are relatively prime to f , on(a) is the order of a modulo n, and φ(d) is the
number of positive integers smaller than d that are relatively prime to d.

Proposition 2.5 ([16], Theorem 5.2) Let n + 1 is prime and q is primitive in
Zn+1. Then Fqn over Fq has an optimal normal basis.

Proposition 2.6 ([12], Theorem 3.3.13) Let α and β generate normal bases A
and B for Fqm and Fqn over Fq, respectively. Assume that m and n are coprime
and put γ = α · β. Then

1. γ generates a normal bases N for Fqmn over Fq.
2. cN = cA · cB.

Let n, k be integers such that r = nk+1 is a prime, and let q be a prime power
with gcd(q, r) = 1. Let β be a primitive rth root of unity in Fqnk . Furthermore,
let G be the unique subgroup of order k in Z∗

r . The element α =
∑
γ∈G

βγ is called

a Gauss period of type (n, k) over Fq. In fact α ∈ Fqn and is a normal element of
Fqn over Fq if and only if gcd(e, n) = 1, where e is the index of q modulo r.

In this case, a normal basis generated by a normal Gauss periods is denoted
by GNB. We will use of the normal Gauss periods over F3, listed in the Table 3
in [7], for construction of our tables.
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Proposition 2.7 (see [1] and [5]) Let α be a normal Gauss period of type (n, k)
over F3 and N is the normal basis generated by α. Then

1. cN ≤ (k + 1)n− k.

2. if k ≡ 0 (mod 3) then cN ≤ nk − 1.

3. if k = 2 or 3 then cN = 3n− 2.

4. if k = 4 then cN ≤ 5n− 7.

5. if k = 5 or 6 then cN ≤ 6n− 11.

We give two classes of theorems which allows us to construct even more low
complexity normal bases in subfields of finite fields containing optimal normal
bases and normal basis generated by a Gauss period.

Proposition 2.8 ([5], Theorem 4.2) Let α be a type (n, 3) Gauss period gene-
rating a normal basis N of F3n over F3. Further, suppose n = ml be integers,
β = Tr3n|3m(α) and cN is the complexity of the normal basis generated by β.
Then

1. If m and l are odd, then cN ≤ 3lm− 2.

2. Otherwise, cN ≤ 3lm− 1.

Proposition 2.9 [4] Let α ∈ Fqn generate an optimal normal basis of Type I of
Fqn over Fq, n > 2, and β = Trqn|qm(α) with m = n

k
and k ≤ m. Suppose cN is

the complexity of the normal basis generated by β. Then

1. If m is even and k is odd, then cN ≤ (k + 1)m− 3k + 2.

2. Otherwise cN ≤ (k + 1)m− k.

The normal basis generated by Propositions 2.8 and 2.9 are denoted by Trace
GNB and Trace ONB, respectively.

3. Algorithms

We assume that the arithmetic in Fq is given. The cost measure of an algo-
rithm will be the number of operations in Fq. The algorithms in this paper
use basic polynomial operations like products, divisions, gcd’s and to solve li-
near equation systems. We consider in this paper exclusively FFT (Fast Fourier
Transform) based arithmetic, similar results hold for classical arithmetic. Let
M(n) = n log(n) log log(n). The cost of multiplying and dividing two polynomials
of degree at most n using fast arithmetic ([3], [21], [22]) can be taken as O(M(n))
and O(log(n)M(n)), respectively, and the cost of gcd’s between two polynomials
of degree at most n can be taken as O(log(n)M(n)) operations in Fq.

The cost of computing hq (mod f) by using the classical repeated squaring
method (see [14], pp. 441-442), where h is a polynomial over Fq of degree less
than n, is O(log(q)M(n)) in Fq using FFT based methods. The cost of solving a
system of n linear equations with n variables is O(n2).

The following algorithm is a variant of Algorithm 2.1 in [2]. This algorithm
efficiently tests normality of a given irreducible polynomial over Fq.
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Algorithm 3.1

Input: An irreducible polynomial f(x) =
n∑

i=0

cix
i ∈ Fq[x].

output: Either ’f(x) is normal’ or ’f(x) is not normal’.

1) if cn−1 6= 0

2) n := deg(f(x));

3) if n = pe, for some e ∈ N, then ’f(x) is a normal polynomial’

4) else

5) for j := 0 to n− 1

6) tj :=
n−1∑
i=0

((xqj+1 (mod f(x)))
qi

(mod f(x)));

7) end for

8) g := gcd

(
n−1∑
j=0

tjx
j, xn − 1

)
;

9) if g = 1, then ’f(x) is a normal polynomial’

10) else ’f(x) is not a normal polynomial’;

11) end if

12) end if

13) else ’f(x) is not a normal polynomial’;

14) end if

Obviously, by Notation 2.2, the irreducible polynomial f(x) =
n∑

i=0

cix
i ∈ Fq[x]

is not an N -polynomial over Fq if cn−1 = 0. Also according to Proposition 2.3, if

n = pe, for some e ∈ N, then f(x) =
n∑

i=0

cix
i ∈ Fq[x] is a normal polynomial over

Fq if and only if cn−1 6= 0. So the correctness of the above algorithm is based on
Proposition 2.1.

Theorem 3.2 The above algorithm correctly tests normality of irreducible poly-
nomials, and uses O(nM(n) (n log(q) + log(n))) operations in Fq.

Proof. The basic idea of this algorithm is to compute xqj+1 (mod f(x)) and

(xqj+1)
qi

(mod f(x)) for each 0 ≤ i, j ≤ n− 1 by repeated squaring method, and
then to take the correspondent gcd.

Obviously, line 6 of the algorithm computes tj = Trqn|q(αqj+1), for each
0 ≤ j ≤ n− 1, where α ∈ Fqn is a root of f(x). Hence, according to Proposition
2.1, the above algorithm correctly tests normality of irreducible polynomials. Our

algorithm computes xqj
(mod f(x)), xqj ·x (mod f(x)) and (xqj · x)

qi

(mod f(x))
for each 0 ≤ i, j ≤ n− 1. The number of polynomial multiplications in this algo-
rithm, to compute all powers using repeated squaring is (n−1) log q+(n− 1)2 log q.
So the cost of all exponentiations is O(n2M(n) log(q)). The number of polynomial
multiplications in this algorithm, to compute all xqj ·x (mod f(x)), 0 ≤ j ≤ n−1
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is n+n log n, and so the cost of compute them is O(nM(n) log(n)). Therefore, in
the worst case, the total cost of our algorithm, with consideration the cost of a gcd
in the algorithm, is O(nM(n)(n log(q) + log(n))) using FFT based multiplication
algorithms.

Since the elements in a normal basis are exactly the roots of some N -poly-
nomials, there is a canonical one-to-one correspondence between N -polynomials
and normal basis. So we may denote the complexity of the normal polynomial
f(x) by cN , when the elements in the normal basis N are exactly the roots of
f(x). The following algorithm which is given in [2], computes the complexity of
normal polynomials over Fq.

Algorithm 3.3
Input: An N-polynomial f(x) of degree n over Fq.
Out put: The complexity cN of normal polynomial f(x).

1) cN := 0;

2) for i := 1 to n

3) find solution Ti = (ti1, ti2, ..., tin) of the following linear equation system:

ki(x) =
n∑

j=1

tijrj(x), (2)

where rj(x) = xqj−1
(mod f(x)) and ki(x) = xqi−1+1 (mod f(x));

4) for j := 1 to n

5) if tij 6= 0 then cN = cN + 1;

6) end for;

7) end for;

8) return cN .

Theorem 3.4 The above algorithm computes the complexity of a normal polyno-
mial, and uses O(n(n2 + M(n) log(qn))) operations in Fq.

Proof. The basic idea of this algorithm is to compute xqi−1
(mod f(x)) for each

1 ≤ i ≤ n by repeated squaring, and then to solve the correspondent linear
equation system. Clearly, line 3 of the algorithm solves the linear equation system

αqi−1+1 =
n∑

j=1

tijα
qj−1

1 ≤ i ≤ n, tij ∈ Fq,

where α ∈ Fqn is a root of f(x). Hence, by (2), the above algorithm correctly
computes the complexity of a normal polynomial.

This algorithm computes xqj
(mod f(x)) and xqj · x (mod f(x)) for each

0 ≤ j ≤ n − 1. The number of polynomial multiplications in this algorithm, to
compute all powers using repeated squaring is (n − 1) log q. So the cost of all
exponentiations is O(nM(n) log q). The number of polynomial multiplications in
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this algorithm to compute all xqj · x (mod f(x)), 0 ≤ j ≤ n − 1 is n + n log n,
and so the cost of to compute them is O(nM(n) log(n)). The cost of solving n
times a system of n linear equations and n variables is O(n3). Therefore, the total
cost of this algorithm is O(n(n2 +M(n) log(qn))) using FFT based multiplication
algorithms.

4. Tables

By using the Algorithms 3.1 and 3.3, in Table 1, a statistical table consist the
number of normal polynomials found (No = 1

n
φ3(x

n − 1)), minimum and maxi-
mum complexities (Min, Max), average, variance and standard deviation of their
complexities (Avg, V ar, Std. Dev) is given. Using Table 1 the distribution of the
complexity of normal polynomials for finite fields of characteristic three with de-
gree extensions up to 16 is provided. The Tables 3 and 4 give us the current
results on the smallest known complexity for the degree extensions from 17 up to
300 by using a combination of theorems and known exact values. For convenience,
in the Table 2, using the Proposition 2.5, we list all the values of n ≤ 10000 for
which there is an optimal normal polynomial of degree n over F3. We also provide
a table, in the Table 5, of normal trinomials and pentanomials with minimum
complexity among all normal trinomials and pentanomials, respectively over F3,
with their complexities for each degree n with 3n ≤ 1050. In the continue, ei-
ther normal trinomials or pentanomials with minimum weight over F3, for each
n, 106 ≤ n ≤ 300 are presented. For this, in our search procedure, for a given n,
106 ≤ n ≤ 300 , we first tried to locate a normal trinomial of degree n over F3.
Failing this, a search was conducted among pentanomials. Among those polyno-
mials, the polynomial f(x) listed is such that the degree of f(x)− xn − an−1x

n−1

for each an−1 ∈ F∗3 is lowest. The results of this search procedure in a table in the
Table 6 are listed.

The choice of n with 3n ≤ 1050, and 106 ≤ n ≤ 300 as the stopping point
for the Tables 5 and 6 respectively, are quite arbitrary, and it should not be
particularly difficult to extend the tables to larger values of n. In the Tables 5 and
6 only the nonzero terms are represented. For example the polynomial x35 +x34 +
2x23+2x10+1 over F3 is represented as 35 : 1, 34 : 1, 23 : 2, 10 : 2, 0 : 1. In the Table
5 the first column, headed by f(x), contains the minimum complexity trinomials
and pentanomials, the second column headed by cN , contains the corresponding
value of the complexity of f(x), and the third column, headed by No, contains
the number of all normal trinomials and pentanomials, which are founded by
Algorithm 3.1.
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n No Min Max Avg Var Std.Dev Notes

2 2 4 4 4 0 0

3 6 7 8 7.3333 0.2222 0.4714

4 8 7 13 10.75 6.1875 2.4875 Optimal

5 32 13 20 17.0625 7.8086 2.7944

6 54 11 32 24.3333 22.6667 4.761 Optimal

7 208 24 41 32.7596 15.6249 3.9528

8 256 22 55 42.8203 29.7099 5.4507

9 1458 25 69 53.7407 35.7723 5.981

10 2560 28 85 66.6336 45.0837 6.7144

11 10648 31 109 80.7938 51.2433 7.1584

12 17496 49 127 96.071 62.7923 7.9242

13 70304 58 145 112.6281 73.6445 8.5816

14 151424 40 168 130.6227 85.6254 9.2534

15 629856 43 199 150.0063 97.3465 9.8664

16 819200 31 220 170.6615 110.8023 10.5263 Optimal�� � � � �� � � �	 
� � � 
 � � 	 � �� �� � 	 � ��� � �	 � � �
�� �� �� �� �� � �� � �

� � � � � � � � � � � � � � � � � � � � � �
 ! � � � " � � �	 � � � � 
� � 	 
 � � � � � 	 # � ��� � �

�� �� �� �� � �� � �� � �
� � � � � � � � � � � � � � � � � � � � � � � � �

Table 1: The statistics on the complexity of normal polynomials of degree n ≤ 16
over F3

In the Table 6, the columns, headed by f(x), contains either normal trinomials
or pentanomials with minimum weight. All results in the tables were generated
with some matlab programs based on the algorithms, which were stated in the
Section . All tables and programs are available in electronic form from the authors.
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Table 2: All values of n ≤ 10000 for which there is an optimal normal polynomial of
degree n over F3
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Table 3: The smallest known complexities of normal polynomials of degree 17 ≤ n ≤ 300
over F3
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Table 4: Continue of Table 3.
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f(x) CN No f(x) CN No 

2:1,1:1,0:2 

3:1,2:1,0:2 

4:1,3:1,0:2 

4:1,3:1,2:1,1:1,0:1 

5:1,4:1,0:2 

5:1,4:1,2:1,1:2,0:2 

6:1,5:1,3:2,2:2,0:1 

7:1,6:1,3:2,2:2,0:2 

8:1,7:1,6:1,2:2,0:2 

9:1,8:1,3:2,1:2,0:2 

10:1,9:1,8:2,2:2,0:1 

11:1,10:1,7:1,3:2,0:2 

12:1,11:1,3:2,1:2,0:2 

13:1,12:1,0:2 

13:1,12:1,11:2,10:1,0:2 

14:1,13:1,8:1,3:1,0:1 

15:1,14:1,8:1,3:1,0:1 

16:1,15:1,11:1,2:1,0:1 

17:1,16:1,0:2 

17:1,16:1,7:2,2:2,0:2 

18:1,17:1,9:2,8:2,0:1 

19:1,18:1,8:2,3:2,0:1 

20:1,19:1,6:2,5:2,0:2 

21:1,20:1,15:2,4:2,0:1 

22:1,21:1,14:1,9:1,0:1 

23:1,22:1,19:2,14:2,0:1 

24:1,23:1,10:1,3:1,0:1 

25:1,24:1,8:2,3:2,0:1 

26:1,25:1,15:2,13:2,0:2 

27:1,26:1,15:1,3:2,0:2 

28:1,27:1,26:1,1:2,0:2 

29:1,28:1,15:2,14:1,0:2 

30:1,29:1,5:1,3:1,0:1 

31:1,30:1,21:2,11:2,0:2 

32:1,31:1,22:1,17:2,0:2 

33:1,32:1,8:2,4:2,0:1 

34:1,33:1,24:2,20:1,0:2 

35:1,34:1,23:2,10:2,0:1 

36:1,35:1,33:1,17:1,0:1 

37:1,36:1,35:2,3:1,0:2 

38:1,37:1,15:1,13:1,0:1 

39:1,38:1,15:2,13:2,0:2 

40:1,39:1,28:2,23:2,0:2 

41:1,40:1,0:2 

41:1,40:1,17:2,11:1,0:2 

42:1,41:1,26:1,14:2,0:2 

43:1,42:1,26:1,25:1,0:1 

44:1,43:1,18:2,17:2,0:2 

45:1,44:1,22:1,4:2,0:2 

46:1,45:1,19:2,15:1,0:2 

47:1,46:1,44:1,39:2,0:2 

48:1,47:1,44:2,13:2,0:1 

49:1,48:1,26:2,14:1,0:2 

50:1,49:1,40:2,10:2,0:1 

51:1,50:1,0:2 

51:1,50:1,42:2,33:2,0:2 

4 

7 

13 

7 

19 

13 

16 

24 

39 

43 

57 

66 

81 

121 

95 

112 

126 

149 

189 

160 

52 

218 

239 

258 

275 

317 

356 

377 

409 

435 

82 

511 

551 

588 

629 

679 

707 

754 

805 

856 

891 

963 

1008 

1116 

1038 

1104 

1138 

1226 

1275 

1330 

1391 

1475 

1488 

1549 

1705 

1658 

2 

2 

2 

4 

2 

14 

16 

38 

14 

62 

46 

86 

40 

2 

110 

78 

152 

80 

2 

150 

130 

176 

108 

206 

150 

226 

92 

282 

156 

274 

210 

302 

258 

260 

158 

316 

230 

402 

194 

458 

272 

340 

232 

2 

520 

382 

374 

270 

486 

380 

522 

198 

702 

366 

2 

576 

52:1,51:1,37:2,14:1,0:2 

53:1,52:1,34:2,19:2,0:2 

54:1,53:1,35:1,33:1,0:1 

55:1,54:1,49:2,15:2,0:2 

56:1,55:1,10:1,7:2,0:2 

57:1,56:1,26:2,4:2,0:1 

58:1,57:1,55:1,7:1,0:1 

59:1,58:1,42:2,33:2,0:2 

60:1,59:1,27:2,23:1,0:2 

61:1,60:1,52:2,37:2,0:2 

62:1,61:1,51:1,15:2,0:2 

63:1,62:1,45:2,27:1,0:2 

64:1,63:1,27:1,20:1,0:1 

65:1,64:1,20:2,7:2,0:1 

66:1,65:1,15:1,13:2,0:2 

67:1,66:1,60:2,10:2,0:1 

68:1,67:1,44:2,43:2,0:2 

69:1,68:1,64:1,36:2,0:2 

70:1,69:1,34:2,32:2,0:1 

71:1,70:1,61:2,50:1,0:2 

72:1,71:1,68:1,8:2,0:2 

73:1,72:1,0:2 

73:1,72:1,69:2,15:1,0:2 

74:1,73:1,66:2,35:2,0:1 

75:1,74:1,42:2,11:2,0:2 

76:1,75:1,23:1,11:2,0:2 

77:1,76:1,57:2,36:1,0:2 

78:1,77:1,66:2,38:1,0:2 

79:1,78:1,68:1,63:1,0:1 

80:1,79:1,35:1,4:1,0:1 

81:1,80:1,48:1,16:2,0:2 

82:1,81:1,48:1,11:1,0:1 

83:1,82:1,67:1,1:1,0:1 

84:1,83:1,53:2,10:2,0:1 

85:1,84:1,54:1,48:2,0:2 

86:1,85:1,46:1,15:2,0:2 

87:1,86:1,83:2,55:1,0:2 

88:1,87:1,66:1,35:1,0:1 

89:1,88:1,52:2,48:2,0:1 

90:1,89:1,77:2,35:1,0:2 

91:1,90:1,71:2,6:2,0:1 

92:1,91:1,80:1,9:2,0:2 

93:1,92:1,81:2,55:1,0:2 

94:1,93:1,53:2,8:1,0:2 

95:1,94:1,9:2,3:2,0:2 

96:1,95:1,41:2,22:2,0:1 

97:1,96:1,18:1,11:1,0:1 

98:1,97:1,43:2,33:1,0:2 

99:1,98:1,57:2,18:2,0:2 

100:1,99:1,94:2,33:2,0:2 

101:1,100:1,66:1,26:2,0:2 

102:1,101:1,54:2,52:2,0:1 

103:1,102:1,75:2,29:1,0:2 

104:1,103:1,27:1,18:1,0:1 

105:1,104:1,33:2,28:2,0:2 

1685 

1758 

1857 

1923 

1951 

2072 

2152 

2207 

2310 

2355 

2448 

2537 

2607 

2692 

2785 

2872 

2962 

3048 

3118 

3226 

3348 

3390 

3410 

3497 

3600 

3690 

3800 

3900 

3998 

4120 

4192 

4293 

4387 

4543 

4619 

4771 

4881 

5000 

5111 

5201 

5335 

5475 

5577 

5656 

5801 

5958 

6089 

6186 

6340 

6449 

6581 

6731 

6864 

6995 

7106 

300 

642 

458 

508 

276 

590 

420 

652 

318 

844 

502 

772 

368 

676 

604 

676 

398 

804 

584 

768 

296 

2 

980 

640 

950 

610 

990 

596 

750 

392 

1002 

672 

1124 

528 

1278 

708 

1144 

494 

1114 

888 

782 

668 

1098 

802 

1168 

452 

1270 

850 

1270 

748 

1260 

1018 

1054 

454 

1146 

 

Table 5: Minimum complexity trinomials and pentanomials of degree n ≤ 105 over F3

with their complexities
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106:1,105:1,10:2,1:2,0:2  

107:1,106:1,14:2,1:2,0:1  

108:1,107:1,16:2,1:2,0:2  

109:1,108:1,17:2,1:2,0:2  

110:1,109:1,49:2,1:1,0:2  

111:1,110:1,16:1,1:1,0:1  

112:1,111:1,14:1,1:1,0:1  

113:1,112:1,10:2,1:2,0:2  

114:1,113:1,28:1,1:2,0:2  

115:1,114:1,2:2,1:2,0:2   

116:1,115:1,17:1,1:2,0:2  

117:1,116:1,12:1,1:2,0:2  

118:1,117:1,22:2,1:2,0:1  

119:1,118:1,8:2,1:2,0:2   

120:1,119:1,14:2,1:2,0:1  

121:1,120:1,0:2           

122:1,121:1,11:2,1:2,0:2  

123:1,122:1,4:1,1:2,0:2   

124:1,123:1,38:1,1:1,0:1  

125:1,124:1,11:1,1:1,0:1  

126:1,125:1,6:2,1:2,0:2   

127:1,126:1,3:1,1:2,0:2   

128:1,127:1,10:1,1:1,0:1  

129:1,128:1,2:2,1:2,0:2   

130:1,129:1,51:1,1:2,0:2  

131:1,130:1,4:2,1:2,0:1   

132:1,131:1,18:1,1:1,0:1  

133:1,132:1,11:2,1:2,0:2  

134:1,133:1,10:1,1:1,0:1  

135:1,134:1,16:1,1:2,0:2  

136:1,135:1,20:2,1:2,0:1  

137:1,136:1,0:2           

138:1,137:1,46:2,1:2,0:1  

139:1,138:1,2:2,1:2,0:1   

140:1,139:1,23:1,1:1,0:1  

141:1,140:1,5:1,1:1,0:1   

142:1,141:1,4:1,1:1,0:1   

143:1,142:1,5:1,1:2,0:2   

144:1,143:1,18:2,1:2,0:1  

145:1,144:1,2:1,1:2,0:2   

146:1,145:1,28:2,1:2,0:1  

147:1,146:1,3:1,1:2,0:2   

148:1,147:1,26:1,1:2,0:2  

149:1,148:1,10:1,1:2,0:2  

150:1,149:1,21:1,1:2,0:2  

151:1,150:1,39:2,1:1,0:2  

152:1,151:1,7:2,1:1,0:2   

153:1,152:1,7:1,1:2,0:2   

154:1,153:1,35:1,1:1,0:1  

155:1,154:1,2:1,1:2,0:2   

156:1,155:1,27:2,1:1,0:2  

157:1,156:1,6:1,1:1,0:1   

158:1,157:1,28:1,1:1,0:1  

159:1,158:1,24:2,1:2,0:1  

160:1,159:1,2:2,1:2,0:1   

161:1,160:1,17:2,1:2,0:2  

162:1,161:1,15:2,1:2,0:2  

163:1,162:1,11:1,1:2,0:2  

164:1,163:1,17:2,1:1,0:2  

165:1,164:1,4:1,1:2,0:2   

166:1,165:1,6:1,1:1,0:1   

167:1,166:1,18:1,1:1,0:1  

168:1,167:1,6:2,1:2,0:1   

169:1,168:1,6:1,1:2,0:2   

170:1,169:1,3:2,1:1,0:2   

171:1,170:1,23:2,1:1,0:2  

172:1,171:1,7:1,1:1,0:1   

173:1,172:1,20:1,1:1,0:1  

174:1,173:1,46:2,1:2,0:1  

175:1,174:1,28:2,1:2,0:1  

176:1,175:1,163:1,1:1,0:1 

177:1,176:1,16:1,1:1,0:1  

178:1,177:1,22:2,1:2,0:2  

179:1,178:1,9:1,1:2,0:2   

180:1,179:1,115:2,1:1,0:2 

181:1,180:1,7:1,1:1,0:1   

182:1,181:1,13:1,1:2,0:2  

183:1,182:1,42:2,1:2,0:2  

184:1,183:1,13:2,1:1,0:2  

185:1,184:1,6:1,1:1,0:1   

186:1,185:1,8:1,1:2,0:2   

187:1,186:1,15:2,1:1,0:2  

188:1,187:1,3:1,1:1,0:1   

189:1,188:1,9:1,1:2,0:2   

190:1,189:1,40:1,1:1,0:1  

191:1,190:1,13:2,1:1,0:2  

192:1,191:1,14:2,1:2,0:1  

193:1,192:1,5:1,1:1,0:1   

194:1,193:1,40:2,1:2,0:1  

195:1,194:1,11:1,1:1,0:1  

196:1,195:1,3:2,1:1,0:2   

197:1,196:1,45:1,1:2,0:2  

198:1,197:1,22:1,1:1,0:1  

199:1,198:1,15:1,1:2,0:2  

200:1,199:1,19:2,1:2,0:2 

201:1,200:1,20:1,1:2,0:2  

202:1,201:1,53:2,1:1,0:2  

203:1,202:1,10:2,1:2,0:1  

204:1,203:1,12:1,1:2,0:2  

205:1,204:1,18:1,1:1,0:1  

206:1,205:1,25:1,1:2,0:2  

207:1,206:1,8:1,1:2,0:2   

208:1,207:1,26:1,1:2,0:2  

209:1,208:1,12:1,1:2,0:2  

210:1,209:1,43:1,1:1,0:1  

211:1,210:1,9:1,1:2,0:2   

212:1,211:1,28:2,1:2,0:1  

213:1,212:1,8:1,1:1,0:1   

214:1,213:1,24:1,1:1,0:1  

215:1,214:1,13:1,1:2,0:2  

216:1,215:1,18:1,1:2,0:2  

217:1,216:1,30:2,1:2,0:2  

218:1,217:1,8:1,1:2,0:2   

219:1,218:1,2:2,1:2,0:2   

220:1,219:1,3:2,1:1,0:2   

221:1,220:1,4:2,1:2,0:1   

222:1,221:1,16:2,1:2,0:1  

223:1,222:1,15:2,1:1,0:2  

224:1,223:1,28:2,1:2,0:1  

225:1,224:1,11:1,1:2,0:2  

226:1,225:1,22:2,1:2,0:2  

227:1,226:1,13:1,1:2,0:2  

228:1,227:1,16:2,1:2,0:2  

229:1,228:1,3:1,1:1,0:1   

230:1,229:1,22:2,1:2,0:1  

231:1,230:1,42:2,1:2,0:1  

232:1,231:1,90:2,1:2,0:2  

233:1,232:1,29:2,1:2,0:2  

234:1,233:1,11:2,1:2,0:2  

235:1,234:1,2:2,1:2,0:1   

236:1,235:1,4:2,1:2,0:1   

237:1,236:1,14:1,1:1,0:1  

238:1,237:1,3:1,1:2,0:2   

239:1,238:1,12:2,1:2,0:1  

240:1,239:1,17:1,1:2,0:2  

241:1,240:1,2:1,1:2,0:2   

242:1,241:1,91:1,1:2,0:2  

243:1,242:1,45:1,1:2,0:2  

244:1,243:1,31:1,1:1,0:1  

245:1,244:1,24:2,1:2,0:1  

246:1,245:1,88:1,1:1,0:1  

247:1,246:1,21:1,1:2,0:2  

248:1,247:1,20:2,1:2,0:1  

249:1,248:1,11:2,1:2,0:2  

250:1,249:1,107:2,1:1,0:2 

251:1,250:1,53:1,1:2,0:2  

252:1,251:1,33:1,1:1,0:1  

253:1,252:1,40:1,1:1,0:1  

254:1,253:1,26:1,1:1,0:1  

255:1,254:1,4:2,1:2,0:2   

256:1,255:1,15:2,1:1,0:2  

257:1,256:1,9:1,1:2,0:2   

258:1,257:1,12:1,1:1,0:1  

259:1,258:1,28:1,1:2,0:2  

260:1,259:1,10:2,1:2,0:2  

261:1,260:1,19:2,1:2,0:2  

262:1,261:1,6:1,1:1,0:1   

263:1,262:1,12:1,1:2,0:2  

264:1,263:1,83:2,1:1,0:2  

265:1,264:1,12:1,1:1,0:1  

266:1,265:1,11:1,1:2,0:2  

267:1,266:1,2:2,1:2,0:2   

268:1,267:1,110:1,1:1,0:1 

269:1,268:1,5:2,1:1,0:2   

270:1,269:1,16:1,1:1,0:1  

271:1,270:1,3:2,1:2,0:2   

272:1,271:1,94:1,1:2,0:2  

273:1,272:1,29:2,1:2,0:2  

274:1,273:1,53:2,1:1,0:2  

275:1,274:1,10:2,1:2,0:2 

276:1,275:1,15:1,1:1,0:1  

277:1,276:1,8:1,1:2,0:2   

278:1,277:1,9:1,1:2,0:2   

279:1,278:1,15:1,1:2,0:2  

280:1,279:1,14:1,1:2,0:2  

281:1,280:1,3:1,1:2,0:2   

282:1,281:1,15:2,1:1,0:2  

283:1,282:1,3:1,1:2,0:2   

284:1,283:1,19:2,1:1,0:2  

285:1,284:1,18:1,1:1,0:1  

286:1,285:1,33:1,1:2,0:2  

287:1,286:1,2:2,1:2,0:1   

288:1,287:1,34:2,1:2,0:1  

289:1,288:1,8:1,1:1,0:1   

290:1,289:1,8:2,1:2,0:1   

291:1,290:1,25:2,1:2,0:2  

292:1,291:1,3:2,1:1,0:2   

293:1,292:1,10:1,1:1,0:1  

294:1,293:1,40:2,1:2,0:1  

295:1,294:1,56:2,1:2,0:2  

296:1,295:1,102:1,1:2,0:2 

297:1,296:1,78:1,1:1,0:1  

298:1,297:1,34:2,1:2,0:2  

299:1,298:1,10:1,1:1,0:1  

300:1,299:1,3:2,1:1,0:2 

 

Table 6: All normal trinomials or pentanomials with minimum weight of degree
106 ≤ n ≤ 300 over F3
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5. Conjectures

By using the data in the Table 1, the statements of conjectures, which have been
stated in [15] for finite fields with characteristic two, are studied for finite fields
of characteristic three. the results of our studying procedure are described in the
following conjectures.

Conjecture 5.1 An upper bound for average of the complexities of normal poly-

nomials of degree n over F3 is
n2 − n + 2

3
.

Conjecture 5.2 An upper bound for variance of the complexities of normal poly-

nomials of degree n over F3 is
n2 + 3n− 5

2
.

Conjecture 5.3 Since the probability of finding a normal polynomial of com-
plexity cN ≤ kn is similar to finding the density under the normalized curve as

P (cN ≤ kn) = P

[
Z ≤ (kn− µ)

σ

]
, where µ and σ2 denote the average and the

variance of the complexities of normal polynomials of degree n over F3, respec-

tively. So, according to the above conjectures, by giving µ =
n2 − n + 2

3
and

σ2 =
n2 + 3n− 5

2
, computing the Z-score of kn gives zp =

kn− n2−n+2
3√

n2+3n−5
2

. Hence,

it is obvious that if k is a constant, then the Z-score becomes infinitely small.
Relating this to the complexity distribution, this implies that the upper bound on
the minimum complexity vanishes, which is a contradiction since the minimum
possible complexity is 2n − 1. So there is no constant k such that the complexity
cN of F3n is bounded above by kn for all n.
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1. Introduction

Hypergroups have been studied by many researchers in various fields for a long
time; for examples, see [2], [12] and [4]. Cyclic hypergroups already considered at
the beginning of the theory’s history by [13] have been later on studied in depth
by Vougiouklis [11] and afterwards by Leoreanu [8]. The hypergroup H will be
called cyclic with finite period with respect to h ∈ H, if there exists a positive
integer s ∈ Z+, such that

H = h1 ∪ h2 ∪ ... ∪ hs,

where ht = h.h...h︸ ︷︷ ︸
t times

.
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The minimum such a s will be called period of the generator h. If there
exists h ∈ H and s ∈ Z+, the minimum one, such that H = hs, then H will
be called single -power cyclic and h is a generator with single- power period s.
Quasicanonical hypergroups were introduced by P. Corsini and later were studied
by P. Bonansinga and Ch. Massouros. They satisfy all the conditions of canonical
hypergroups, except the commutativity. Later, S. D. Comer in [1] introduced this
class of hypergroups independently, using the name of polygroups. A polygroup
is a system P =< P, ., e,−1>, where e ∈ P, −1 is a unitary operation on P,
maps P × P into the non-empty subset of P, and the following axioms hold for
all x, y, z ∈ P :

1. (x.y).z = x.(y.z);

2. e.x = x.e = x;

3. x ∈ y.z implies y ∈ x.z−1 and z ∈ y−1.x.

Roth in [10] showed that for a finite group G, there exists a polygroup system⟨
Ĝ, ∗, χ1,

−1
⟩
where Ĝ is the set of all irreducible characters [6] of G. Later on, Ĝ

have been studied in various fields. McMullen in [9] proved that CĜ is semisim-
ple and Comer in [1] showed that a natural hypergroup is associated with every
character algebra and also showed certain edge coloring of graphs give raise to
hypergroups with special properties. Symmetry groups have been widely applied
in chemistry [3] and crystallography [7]. Many of these applications, have involved
coset decomposition, decompositions into conjugacy classes and group characters.
Let Sn be symmetric group on n letters and An be alternating group on n letters
and D2n be dihedral group. In this paper, we will show that the hypergroups
which obtained from character tables of Sn for n ≥ 3 and An for n ≥ 4 are single-
power cyclic hypergroup. In continue, we will show the hypergroup D̂2n is cyclic
hypergroup with finite period.

2. Preliminaries

In this section, we mention some fundamental notions and facts of character of
finite groups and character hypergroups, referring to Issacs’s book [6] and Roth’s
paper [10].

Let G be a finite group and F be a field. Also, let V be a finite dimensional
vector space on F. A representation of G over V is a homomorphism

T : G −→ GL(V ), T (xy) = T (x)T (y); ∀x, y ∈ G.

A representation T of G is called irreducible, if V is an irreducible FG − mod.
Let the dimension of V over F be n. Then GL(V ) ∼= GL(n, F ) where GL(n, F )
is the set of all square invertible matrixes. Let T be a representation of G. Then
the character χ of G afforded by T is the function given by χ(g) = trT (g) and χ
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is an irreducible character if the representation T is irreducible. For a character
χ, the kernel of χ is defined by

kerχ = {g ∈ G : χ(g) = χ(e)}.

If kerχ = {e}, then χ is called a faithful character. We assume that the field F is
equal to complex number. If χ and ψ are any two complex characters of G, then
(χ, ψ) denotes the usual inner product:

(χ, ψ) =
1

|G|
∑
g∈G

χ(g)ψ(g−1).

Let Irr(G) = {χ1, χ2, ..., χk}, where χi for 1 ≤ i ≤ k are irreducible characters
of G. Since we need some well known results relate to character theory we bring
them in follow:

Theorem 2.1. [6](Orthogonality Relations) Let χi, χj and χ be complex charac-
ters of G and g, h ∈ G. Then

1

|G|
∑
g∈G

χi(g)χj(g
−1) = δij,

1

|G|
∑

χ∈Irr(G)

χ(g)χ(h) = 0.

Theorem 2.2. [6] The character table of D2n for even integer n = 2m, ϵ = e
2πi
n

and 1 ≤ j ≤ m− 1 is as follow:

Table I

D2n 1 am ar(1 ≤ r ≤ m− 1) b ab

|c(gi)| 2n 2n n 4 4
χ1 1 1 1 1 1
χ2 1 1 1 −1 −1
χ3 1 (−1)m (−1)r 1 −1
χ4 1 (−1)m (−1)r −1 1
ψj 2 2(−1)j ϵjr + ϵ−jr 0 0

Theorem 2.3. [6] The character table of D2n for odd integer n, ϵ = e
2πi
n and

1 ≤ j ≤ n−1
2

is as follow:

Table II

D2n 1 ar(1 ≤ r ≤ n−1
2
) b

|c(gi)| 2n n 2
χ1 1 1 1
χ2 1 1 −1
ψj 2 ϵjr + ϵ−jr 0
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Suppose that the group G acts on a set Ω and g ∈ G. Then we define the set
of fixed points of g by

fix(g) = {α ∈ Ω|αg = α}.

Theorem 2.4. [6] In symmetric group Sn, χ(g) = |fix(g)| − 1 is a faithful irre-
ducible character.

Theorem 2.5. [6] In alternating group An, (χ(g)) ↓An is a faithful irreducible
character.

Theorem 2.6. (Cauchy-Frobenius Lemma) [5] Let G be a finite group acting on
a finite set Ω. Then G has m orbits on Ω where

m|G| =
∑
g∈G

|fix(g)|.

Let G be a finite group with Ĝ = {χ1, χ2, ..., χk}. Roth in [10], introduced the
character polygroup < Ĝ, ∗, χ1,

−1> where the product χi ∗ χj is the set of those
irreducible components which appear in the element wise product χiχj. Further,
χ̄, the complex conjugate of χ, is the inverse of χ. If θ ∈ χ∗ψ, then (θ, χψ) > 0,
hence (θχ̄, ψ) > 0 and ψ ∈ θχ̄.

Lemma 2.7. [10] Let G be a finite abelian group. Then Ĝ is isomorphic to G.

A key theorem in the study of the character hypergroup Ĝ is the classical
theorem of Burnside:

Theorem 2.8. (Burnside) [6] Let χ be a faithful character of G and suppose
χ(g) takes on exactly m different values for g ∈ G. Then every ψ ∈ Irr(G) is a
constituent of one of the characters (χ)j for 0 ≤ j < m.

3. Main results

In this section, we will obtain the main results related to the character table of
symmetric group Sn, An and D2n. In fact, we give Theorems 3.4, 3.5, 3.8 and 3.11
as the main results. For an irreducible character χi, we let χt

i = χi ∗ χi ∗ ... ∗ χi︸ ︷︷ ︸
t times

,

where the hyper operation ∗ is as above.

Lemma 3.1. In the symmetric group Sn for n ≥ 3, χ takes on exactly n different
values for any g ∈ Sn.

Proof. We know that Sn has conjugacy classes of the forme 1n−ii where 0 ≤ i ≤ n
and i ̸= 1. Moreover, in each of classes we have χ(g) = n− i− 1.

Lemma 3.2. In the alternating group An for n ≥ 4, χ ↓An
takes on exactly n− 1

different values for g ∈ An.
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Proof. An has conjugacy classes of the forme 1n−ii where i is an odd integer such
that 0 ≤ i ≤ n and i ̸= 1 and also has conjugacy classes of the forme 1n−i2i2 and
1n−ijij for even integer i, j.

Let Ω be a finite set and for any positive integer t, Ωt = Ω× Ω× ...× Ω︸ ︷︷ ︸
t times

.

Then we give a corollary of Cauchy-Frobenius Lemma as follow:

Corollary 3.3. Let Ω be a finite set and G be a finite group acting on Ωt. Then
G has m orbits on Ωt where

1

G

∑
g∈G

|fix(g)|t = m.

Proof. Consider the set

F = {(ω1, ω2, ..., ωt, g) ∈ Ω× Ω× ...× Ω×G | (ω1, ω2, ..., ωt)
g = (ω1, ω2, ..., ωt)}.

we shall count the number of F in two ways. First, suppose that the orbits of G
are Ω

′
1,Ω

′
2, ...,Ω

′
m. Then, using the orbit-stabilizer property, we have

|F| =
m∑
i=1

∑
(ω1,ω2,...,ωt)∈Ω

′
i

|G|
|Ω′

i|
=

m∑
i=1

|G| = m|G|.

Second,

|F| =
∑
g∈G

|fix(g)|.

The result follows.

Theorem 3.4. For n ≥ 3, Ŝn is a single-power cyclic polygroup with respect to
generator χ(g) =| fix(g) | −1. In fact (Ŝn) = χn−1.

Proof. By the Burnside theorem 2.8, we have Ŝn = χ0 ∪χ1 ∪ ...∪χn−1. We must
prove that χ ∈ χ2.We know that for Ω = {1, 2, ..., n}, Sn acts on Ω,Ω2 and Ω3. The
action on Ω2 has two orbits A1 = {(i, i) | i ∈ Ω} and A2 = {(i, j) | i, j ∈ Ω, i ̸= j}.
Similarly the action on Ω3 has five orbits.

Now, put F (g) = |fix(g)|. Then, by the Cauchy-Frobenius Lemma 2.6 and
the previous lemma:

1

|G|
∑
g∈G

F (g) = 1,
1

|G|
∑
g∈G

F (g)2 = 2,
1

|G|
∑
g∈G

F (g)3 = 5.

Hence,

(χ, χ2) =
1

|G|
∑
g∈G

χ(g)3 =
1

G

∑
g∈G

(F (g)− 1)3 = 1.

Therefore, χ ∈ χ2. Consequently,

χ2 ⊆ χ3 ⊆ ... ⊆ χn−1.
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Hence,
Ŝn = χ0 ∪ χ1 ∪ ... ∪ χn−1 = χn−1.

Since the alternating group An is an important simple group, we would like
to give some results as above on it.

Theorem 3.5. For n ≥ 4, Ân is a single-power cyclic polygroup with respect to
generator χ ↓An . In fact, Ân = (χ ↓An)

n−2.

Proof. By the Burnside theorem 2.8, we have

Ân = (χ ↓An)
0 ∪ (χ ↓An)

1 ∪ ... ∪ (χ ↓An)
n−2.

Since (χ, χ2) ̸= 0, we have (χ ↓An , (χ ↓An)
2) ̸= 0. Hence, χ ↓An ∈ (χ ↓An)

2. There-
fore,

(χ ↓An)
2 ⊆ (χ ↓An)

3 ⊆ ... ⊆ (χ ↓An)
n−2.

Since dihedral groups are famous between of all non-abelian groups, we show
that D̂2n has a cyclic hypergroup structure.

Lemma 3.6. Consider the dihedral group D2n for even integer n = 2m. Let m be
an even integer. Then:

Case (a). For an even integer j, ψj ∈ ψm
1 . Also the multiplicities of ψj in ψm

1 is(
m
m−j
2

)
.

Case (b). For an odd integer j, ψj ∈ ψm−1
1 . Also the multiplicities of ψj in ψ

m−1
1

is

(
m− 1
m−j−1

2

)
.

Proof. Case (a). Let j be an even integer. Then, we have

(ψm
1 , ψj) =

2m+1 + 2m+1

2n
+

(ϵ+ ϵ−1)
m
(ϵj + ϵ−j) + ...

n

=

2m+1 +
m∑
k=0

ϵ−m+2k+j +
m∑
k=0

ϵ−m+2k−j +
m∑
k=0

ϵ−2m+4k+2j + ...

n
= 1

n

(
2m+1 +ϵ−m+j +

(
m
1

)
ϵ−m+2+j +... +

(
m

m − 1

)
ϵm−2+j +ϵm+j

+ϵ−2m+2j +

(
m
1

)
ϵ−2m+4+2j +... +

(
m

m − 1

)
ϵ2m−4+2j +ϵ2m+2j

.

.

.

+ϵ−m2+m(1+j)−j +

(
m
1

)
ϵ−m2+m(3+j)−2−j +... +

(
m

m − 1

)
ϵm

2+m(j−3)+2−j +ϵm
2+m(j−1)−j

+ϵ−m−j +

(
m
1

)
ϵ−m+2−j +... +

(
m

m − 1

)
ϵm−2−j +ϵm−j

+ϵ−2m−2j +

(
m
1

)
ϵ−2m+4−2j +... +

(
m

m − 1

)
ϵ2m−4−2j +ϵ2m−2j

.

.

.

+ϵ−m2+m(1−j)+j +

(
m
1

)
ϵ−m2+m(3−j)−2+j +... +

(
m

m − 1

)
ϵm

2−m(3+j)+2+j +ϵm
2−m(1+j)+j

)
.

In this equality, we consider the column Ak, A
′

k, Bk and B
′

k as follows:
for all 0 ≤ k ≤ m−j

2
, Ak is equal to the column
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ϵ−m+2k+j

+ϵ−2m+4k+2j

...

+ϵ−m2+2mk+m−2k+mj−j,

Bk is equal to the column

ϵ−m+2k−j

+ϵ−2m+4k−2j

...

+ϵ−m2+2mk+m−2k−mj+j.

and for all m−j
2

< k ≤ m, A
′

k is equal to the column

ϵ−m+2k+j

+ϵ−2m+4k+2j

...

+ϵ−m2+2mk+m−2k+mj−j,

and B
′

k is equal to column

ϵ−m+2k−j

+ϵ−2m+4k−2j

...

+ϵ−m2+2mk+m−2k−mj+j.

Now by using the orthogonality relations 2.1 for Ak, A
′

k, Bk and B
′

k and by some
manipulations we get that

Ak +B
′

k = −2

(
m
k

)
, A

′

k +Bk = −2

(
m
k

)
, k ̸= m− j

2
.

And, for k = m−j
2

, we have for each component of Ak and Bk is equal to one.
Hence,

(ψm
1 , ψj) =

1

2m

(
2m+1 + 2(m− 1)

(
m
m−j
2

)
− 2

m∑
k=0

(
m
k

)
+ 2

(
m
m−j
2

))
.

but

−2
m∑
k=0

(
m
k

)
= −2(1 + 1)m = −2.− 2m = −2m+1.

So

(ψm
1 , ψj) =

1

2m
.2m

(
m
m−j
2

)
=

(
m
m−j
2

)
.

and hence the proof of Case (a) is completed.

Case (b). The proof is similar to Case (a).
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Lemma 3.7. Consider the dihedral group D2n for even integer n = 2m. Let m be
an odd integer. Then:

Case (a). For an even integer j, ψj ∈ ψm−1
1 and the multiplicities of ψj in ψ

m−1
1

is

(
m− 1
m−j−1

2

)
.

Case (b). For an odd integer j, ψj ∈ ψm
1 and the multiplicities of ψj in ψm

1 is(
m
m−j
2

)
.

Proof. The proof is similar to Lemma 3.6.

Theorem 3.8. Consider the dihedral group D2n and n = 2m. Then D̂2n is a
cyclic hypergroup with generator ψ1. In fact, D̂2n = ψm−1

1 ∪ ψm
1 .

Proof. First let m be an even integer. By Lemma 3.6 it is enough to show that
for 1 ≤ i ≤ 4, χi are in ψ

m
1 . Since m is an even integer and by the character value

number of χ1, χ2 in the character table of D2n, we have:

χ1, χ2 ∈ ψm
1 .

Now, for χ3 we have:

(ψm
1 , χ3) =

2m + 2m

2n
+

−(ϵ+ ϵ−1)
m
+ (ϵ2 + ϵ−2)m − ...

n

=

2m −
m∑
k=0

ϵ−m+2k +
m∑
k=0

ϵ−2m+4k − ...

n

= 1
n

(
2m −ϵ−m −

(
m
1

)
ϵ−m+2 −... −

(
m

m− 1

)
ϵm−2 −ϵm

+ϵ−2m +

(
m
1

)
ϵ−2m+4 +... +

(
m

m− 1

)
ϵ2m−4 +ϵ2m

...

+ϵ−m2+m +

(
m
1

)
ϵ−m2+3m−2 +... +

(
m

m− 1

)
ϵm

2−3m+2 +ϵm
2−m

)
.

In this equality, we consider the column Ak and Bk as follows:

for all 0 ≤ k ≤ m
2
, Ak is equal to the column

ϵ−m+2k

+ϵ−2m+4k

...

+ϵ−m2+2mk+m−2k.

and, for all
m

2
< k ≤ m, Bk its equal to column
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ϵm−2k

+ϵ2m−4k

...

+ϵm
2−2mk−m+2k.

Now, by using the orthogonality relations for Ak and Bk and some manipulations,
we get that

Ak +Bk = −2

(
m
k

)
.

for k =
m

2
, we have that each component of Ak is equal to one. Hence,

(ψm
1 , χ3) =

1

2m

(
2m + (m− 1)

(
m
m
2

)
− 2

m
2
−1∑

k=1

(
m
k

)
+ 2m− 2

)
.

But

−2

m
2
−1∑

k=1

(
m
k

)
= −2m +

(
m
m
2

)
+ 2.

So

(ψm
1 , χ3) =

2m+m

(
m
m
2

)
2m

̸= 0.

Therefore, χ3 ∈ ψm
1 , and similarly χ4 ∈ ψm

1 . Hence the proof is completed.
Now, let m be an odd integer. The proof in this case is similar to the above.

Lemma 3.9. Consider the dihedral group D2n for odd integer n. Put m = n−1
2

and let m be an even integer. Then:

Case (a). For an even integer j, ψj ∈ ψm
1 and the multiplicities of ψj in ψm

1 is(
m
m−j
2

)
.

Case (b). For an odd integer j, ψj ∈ ψm−1
1 and the multiplicities of ψj in ψm−1

1

is

(
m− 1
m−j−1

2

)
.

Proof. The proof is similar to Lemma 3.6.

Lemma 3.10. Consider the dihedral group D2n for odd integer n. Put m = n−1
2

and let m be an odd integer. Then:

Case (a). For an even integer j, ψj ∈ ψm−1
1 and the multiplicities of ψj in ψ

m−1
1

is

(
m− 1
m−j−1

2

)
.

Case (b). For an odd integer j, ψj ∈ ψm
1 and the multiplicities of ψj in ψm

1 is(
m
m−j
2

)
.
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Proof. The proof is similar to Lemma 3.6.

Theorem 3.11. Consider the dihedral group D2n for odd integer n > 3. Then
D̂2n is a cyclic with finite period hypergroup with generator ψ1 where m = n−1

2
.

In fact, D̂2n = ψm−1
1 ∪ ψm

1 .

Proof. By Lemmas 3.9 and 3.10, it is enough to show that χ1 and χ2 are in
ψ1

m−1 ∪ ψ1
m. By the character value number of χ1 and χ2 in the character table

of D2n, we have χ1, χ2 ∈ ψ1
m if m is an even integer and χ1, χ2 ∈ ψ1

m−1 if m is
an odd integer. This completes the proof.

4. Conclusion

In this paper, a relation between character theory and polygroup theory has ob-
tained. In fact, we could give a structure of hypergroup by character tables and
using a special hyperaction on them. Now there is a question, can we extended
this idea to an arbitrary finite group in which its character tables is known?
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1. Introduction

A topological space X is fragmentable if there exists a metric d(., .) on X such that
for every ε > 0 and every nonempty set A ⊆ X there exists a nonempty subset
B ⊆ A which is relatively open in A and d-diam(B) = sup{d(x, y) : x, y ∈ B} < ε.
In such a case we say that the metric d fragments X. Obviously subspaces of
fragmentable space are fragmentable, metric spaces are fragmentable and if τ1

and τ2 are two topology on set X such that τ1 is stronger than τ2 and (X, τ2) is
fragmentable then (X, τ1) is fragmentable.

If X is countable union of fragmentable closed subspaces then X is frag-
mentable [1, Theorem 5.1.10]. This is not true when we replace countable by
uncountable. Let Γ be an uncountable set and Y = `c

∞(Γ) be the space of all
bounded real-valued functions with countable support defined on Γ. This space
by supremum norm is closed subspace of `c

∞(Γ). In next section we introduce a
subspace of Y which is uncountable unions of subspaces which (by weak topology)
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are fragmentable by discrete metric but the space is not even countable unions of
fragmentable spaces.

In [6] the following topological game was used to characterize the fragmenta-
bility of the space X. Two player A and B alternatively select subset of X. The
player A starts the game by choosing some nonempty subset A1 of X, then the
player B− chooses some nonempty relatively open subset B1 of A1. Then again A
selects an arbitrary nonempty subset A2 ⊆ B1 and B responds by choosing some
nonempty relatively open subset B2 of A2. Continuing this alternative selection
of sets the two players generate a sequence of sets

A1 ⊇ B1 ⊇ A2 ⊇ B2 ⊇ · · ·
which we call a play and denote by p = (Ai, Bi)i≥1. We say that the player B
is winner whenever the set

⋂
i≥1

Ai =
⋂
i≥1

Bi contains at most one point, otherwise

the player A is winner. A strategy w for the player B is a mapping which assigns
to each partial play, A1 ⊇ B1 ⊇ A2 ⊇ B2 ⊇ · · · ⊇ Ak, some nonempty set
Bk = w(A1, B1, ..., Ak) which is relatively open subset of Ak.

We call the play p = (Ai, Bi)i≥1, a w-play if, Bi = w(A1, B1, ...s, Ai) for every
i ≥ 1. The strategy w is a winning strategy for B if, the player B wins every
w-play. We denote such a game by Gf .

The following theorem determines the relation between fragmentability and
topological game:

Theorem 1.1 [6, Theorem 1.1] The topological space X is fragmentable if and
only if the player B has a winning strategy for the game G.

The following theorem is proved in [7, Lemma 3] about spaces which are
countable unions of fragmentable spaces:

Theorem 1.2 If X is countable unions of fragmentable subspaces then there
exists a strategy w for the player B in the game G such that for every w-play

p = (Ai, Bi)i≥1 the set
⋂
i≥1

Bi contains at most countable point.

Let τ1, τ2 be two (not necessarily distinct) topologies on the set X. We say
that (X, τ1) is fragmented by a metric d which majorizes the topology τ2 if the
topology generated by d is stronger than or equal to the topology τ2.

Theorem 1.3 [5, Theorem 1.2] Let τ1, τ2 be two (not necessarily distinct) topolo-
gies on the set X. The space (X, τ1) is fragmented by a metric d which majorizes
τ2 if and only if there exists a strategy w for the player B in the game G in

(X, τ1) such that, for every w-play p = (Ai, Bi)i≥1 either
⋂
i≥1

Ai =
⋂
i≥1

Bi = ∅ or

⋂
i≥1

Bi = {x} for some x ∈ X, and for every τ2-open set U that contains x, there

exists some integer k > 0 with Bk ⊆ U .
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Let (X, τ) be a topological space which fragmented by metric d. By use of
recent Theorem we can determine that d generates the topology τ or not.

In general, d does not generate the topology τ . For example (X = `∞, weak)

is fragmentable since (BX , weak∗) is metrizable and X =
⋃

n∈N
nBX but it is proved

in [4, Example 3.2] that this space is not fragmented by a metric which majorizes
the weak topology.

If the topology on X is discrete then obviously X is fragmented by each
metric on it and then X is fragmented by a metric which generates the discrete
topology.

2. Results

Let x ∈ Y = `c
∞(Γ), supp(x) = {α ∈ Γ : x(α) 6= 0}, A = {x ∈ `c

∞(Γ) : x(α) = 1,
α ∈ supp(x)}.

Let Σ be the collection of all partitions of Γ such that, for each partition
P ∈ Σ, if I ∈ P , then I is countable.

Let P ∈ Σ, define AP = {x ∈ A : supp(x) = I, for some I ∈ P}, obviously

A =
⋃
P∈Σ

AP .

Theorem 2.1 If P ∈ Σ then (AP , weak) is discrete.

Proof. Let x0 ∈ AP . We show that ({x0}, weak) is open in AP .
If α ∈ supp(x0), then x0(α) = 1 and x(α) = 0 for other x ∈ AP , that implies

x0 /∈ AP \ {x0}. Therefore, there exists f ∈ Y ∗ such that f(x0) = 1 and f(x) = 0
for other x ∈ AP . Put B = {x ∈ AP : |f(x− x0| < 1

2
}. B is open in AP by weak

topology and contains just x0.

For every P ∈ Σ, the set AP by weak topology is closed in A. Theorem 2.1
implies the following theorem:

Theorem 2.2 If P ∈ Σ then (AP , weak) is fragmented by a metric which gene-
rates the discrete topology.

It is proved in [2, Theorem 3.1] that (A,weak) is not fragmentable. By use of
property of Y ∗, we show that (A,weak) is not countable unions of fragmentable
subspaces.

Lemma 2.3 Let Γ1 be an uncountable subset of Γ and y ∈ Y ∗, then there exists
an uncountable subset Jy(Γ1) of Γ1 such that y(x) = 0 for each x ∈ A where
supp(x) ⊆ Jy(Γ1).

Proof. It is proved in [3] that for y ∈ Y ∗, there exists a countable subset Iy of
Γ such that y(x) = 0 for x ∈ A where supp(x) ⊆ Iy

c. If Jy(Γ1) = Γ1 ∩ Ic
y, then

y(x) = 0, for x ∈ A where supp(x) ⊆ Jy(Γ1).
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Corollary 2.4 Let Γ1 ⊆ Γ be uncountable and y1, y2, . . . , yn ∈ Y ∗, then there
exists an uncountable subset Jy1y2...yn(Γ1) of Γ1 such that

y1(x) = y2(x) = · · · = yn(x) = 0 for each x ∈ A,

where
supp(x) ⊆ Jy1y2...yn(Γ1).

Proof. We get J1 = Jy1(Γ1) and J2 = Jy2(J1) and continue this process to get

Jn = Jyn(Jn−1).

Put Jy1y2...yn(Γ1) = Jn, then

y1(x) = y2(x) = · · · = yn(x), for x ∈ A,

where
supp(x) ⊆ Jy1y2···yn(Γ1).

Theorem 2.5 (A,weak) is not countable unions of fragmentable subspaces.

Proof. By Theorem 1.2 it is enough to show that there exists a play p =

(Ai, Bi)i≥1 in the game G such that
⋂
i≥1

Bi has uncountable point. Let player A

select A1 = A and player B select non-empty and relatively open subset B1 ⊆ A1.
Let x1 ∈ B1, then there are y11, y12, ..., y1n1 ∈ Y ∗ and ε1 > 0 such that B′

1 ⊆ B1,
where B′

1 = {x ∈ A1 : |y11(x−x1)| < ε1, ..., |y1n1(x−x1)| < ε1}. Put I1 = supp(x1)
and J1 = Jy11y12···y1n1

(I1
c). Let

A2 = {x ∈ B′
1 : I1 ⊆ supp(x) ⊆ I1 ∪ J1}.

Let B2 ⊆ A2 (non-empty and relatively open) be selected. Let x2 ∈ B2, then
there are y21, y22, ..., y2n2 ∈ Y ∗ and ε2 > 0 such that B′

2 ⊆ B2 where

B′
2 = {x ∈ A2 : |y21(x− x2)| < ε2, ..., |y2n2(x− x2)| < ε2}.

Put I2 = supp(x2) and J2 = Jy21y22···y2n2
(I2

c ∩ J1). Let

A3 = {x ∈ B′
2 : I2 ⊆ supp(x) ⊆ I2 ∪ J2}.

We get B′
3 similarly. Following this process, in m’th stage we have Im = supp(xm)

and Jm = Jym1ym2...ymnm
(Im

c ∩ Jm−1) and

Am = {x ∈ B′
m−1 : Im ⊆ supp(x) ⊆ Im ∪ Jm}.

We have
I1 ⊆ I2 ⊆ · · · ⊆ Im ⊆ · · · , J1 ⊇ J2 ⊇ · · · ⊇ Jm ⊇ · · · .
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Since In and Jn \ Jn+1 are countable for each n ∈ N,

(⋃

n∈N
In

)
is countable and

J is uncountable where J =
⋂

n∈N
Jn. For each n ∈ N, we have In ∩ Jn = ∅, then

(⋃

n∈N
In

)
∩

(⋂

n∈N
Jn

)
= ∅.

Let x ∈ A such that x(α) = 1, for every α ∈
⋃

n∈N
In and for one α ∈ J and

x(α) = 0, for other α. We have x = x1 + x′1 where x′1 ∈ A and supp(x′1) ⊆ J1.
Then y1i(x − x1) = y1i(x

′
1) = 0, for each 1 ≤ i ≤ n1, that follows x ∈ B′

1 and
x ∈ A2. Also we have x = x2 + x′2, where x′2 ∈ A and supp(x′2) ⊆ J2, then
y2i(x − x2) = y2i(x

′
2) = 0, for each 1 ≤ i ≤ n2, that follows x ∈ B′

2 and x ∈ A3.
By continuing this process we have x ∈ An for each n ∈ N, then

x ∈
⋂

n∈N
An.

Since J is uncountable, there are uncountable choices for x, then
⋂

n∈N
An =

⋂

n∈N
Bn

contains uncountable point.

Acknowledgments. The authors are grateful the anonymous referee for his/her
comments and suggestions that helped us to improve this article.

References

[1] Fabian M.J., Gâteaux differentiability of convex functions and topology.
Weak Asplund spaces, A Wiley-Interscience Publication, New York: John
Wiley & Sons Inc., 1997.

[2] Giles J.R., Kenderov P.S., Moors W.B., Sciffer S.D.,, Generic
differentiability of convex functions on the dual of a Banach space, Pacific J.
Math., 172 (2) (1996), 413–431.

[3] Hansell R.W., Jayne J.E., Talagrand M., First class selectors for
weakly upper semicontinuous multivalued maps in Banach spaces, J. Reine
Angew. Math., 361 (1985), 201–220.

[4] Jayne J.E., Namioka I., Rogers C.A., Fragmentability and σ-
fragmentability, Fund. Math., 143 (1993), 207–220.



138 f. heydari, d. behmardi

[5] Kenderov P.S. and Moors W.B., Fragmentability and sigma-fragmen-
tability of Banach spaces, J. London Math. Soc., (2), 60 (1) (1999), 203–223.

[6] Kenderov P.S., Moors W.B., Game characterization of fragmentability
of topological spaces, Mathematics and Education in Mathematics, (1996),
8–18.

[7] Moors W.B., Sciffer S.D., Sigma-fragmentable spaces that are not coun-
table unions of fragmentable subspaces, Topology Appl., 119 (3) (2002), 279–
286.

Accepted: 19.02.2014



italian journal of pure and applied mathematics – n. 33−2014 (139−148) 139

ON NEW INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR GENERALIZED CONVEX FUNCTIONS

Shahid Qaisar1

Chuanjiang He

College of Mathematics and Statistics
Chongqing University
Chongqing, 401331
P.R. China

Sabir Hussain

Department of Mathematics
College of Science
Qassim University
P.O. Box 6644, Buraydah 51482
Saudi Arabia

Abstract. In this article, we obtain some inequalities of Hermite-Hadamard type for
functions whose third derivatives absolute values are φ-convex, log φ-convex and quasi-
φ-convex.

Keywords: Hermite-Hadamard inequality, φ-convex functions, log-φ-convex, quasi-φ-
convex function, Holder’s integral inequality.

Subject Classification: MSC (2010) 26D07; 26D10; 26D99.

1. Introduction

One of the cornerstones of analysis is the Hadamard inequality, if [a, b] (a < b)
is a real interval and f : [a, b] → R a convex function, then

(1.1) f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f (x)dx ≤ f (a) + f (b)

2

Over the last decade this has been extended in a number of ways. An important
question is the estimating the difference between the middle and rightmost term
in the (1.1). The following identity is a useful building block.

1a Corresponding author. E-mail address: shahidqaisar90@yahoo.com
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For several results which generalize, improve and extend the inequalities (1.1),
we refer the interested reader to [1,2], [10-16].

We recall that the notion of quasi-convex functions generalized the notion of
convex functions. More precisely, a function f : [a, b] → R is said to be quasi-
convex on [a, b] if

f (λx + (1− λ) y) ≤ max {f (x) , f (y)} , ∀x, y ∈ [a, b].

Any convex function is a quasi-convex function but the reverse are not true,
because there exist quasi-convex functions which are not convex, (see, e.g., [2]).

Recently, D.A. Ion [3] obtained two inequalities of the right hand side of
Hermite-Hadamard’s type functions whose derivatives in absolute values are quasi-
convex functions, as follows:

Theorem 1. Let f : I0 ⊆ R → R be a differentiable function on I0, a, b ∈ I0,
with a < b, and, if |f ′| is quasi-convex on [a, b], then the following inequality holds:

∣∣∣∣∣∣
f(a) + f(b)

2
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)

4
max {|f ′ (a)| , |f ′ (b)|} .

Theorem 2. Let f : I0 ⊆ R → R be a differentiable function on I0, a, b ∈ I0,
with a < b, and, if |f ′|p/(p−1) is quasi-convex on [a, b], then the following inequality
holds:

∣∣∣∣∣∣
f(a) + f(b)

2
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣

≤ b− a

2 (p + 1)1/p

(
max

{
|f ′ (a)|p/(p−1)

+ |f ′ (b)|p/(p−1)
})(p−1)/p

.

Alomari, Darus and Dragomir in [4] introduced the following theorems for
twice differentiable quasi-convex functions:

Theorem 3. Let f : I0 ⊆ R → R be a twice differentiable function on I0,
a, b ∈ I0, with a < b, and, if |f ′′| is quasi-convex on [a, b], then the following
inequality holds:

∣∣∣∣∣∣
f(a) + f(b)

2
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)2

12
max {|f ′′ (a)| , |f ′′ (b)|} .

Theorem 4. Let f : I0 ⊆ R → R be a twice differentiable function on I0,
a, b ∈ I0, with a < b, and, if |f ′′|p/(p−1) is quasi-convex on [a, b], then the following
inequality holds:
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∣∣∣∣∣∣
f(a) + f(b)

2
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣

≤ (b− a)2

8

(√
π

2

)1/p
(

Γ (1 + p)

Γ
(

3
2

+ p
)
)1/p (

max
{|f ′′ (a)|q + |f ′′ (b)|q})1/q

.

Theorem 5. Let f : I0 ⊆ R → R be a twice differentiable function on I0

a, b ∈ I0, with a < b, and, if |f ′′|q is quasi-convex on [a, b], q ≥ 1, then the
following inequality holds:

∣∣∣∣∣∣
f(a) + f(b)

2
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣
≤ (b− a)2

12

(
max

{|f ′′ (a)|q , |f ′′ (b)|q})1/q
.

This paper is in the direction of the results discussed in [5] but here we use
φ-convex, log φ-convex and quasi-φ-convex functions instead of s-convex function.
After this introduction, in section 2 we found some new integral inequalities of
the type of Hermite Hadamard’s for generalized convex functions.

2. Main results

To establish our principal results, we first obtain the following definitions.
Let K be a closed set Rn and let f, φ : K → R and φ : K × K → R be

continuous functions . we recall the following results, which are due to Noor [6],
[7], Noor [8], [9] as follows:

Definition 2.1. Let x ∈ K. Then the set K is said to be φ-convex at x with
respect to φ, if

x + λeiφ (y − x) ∈ K, ∀x, y ∈ K, λ ∈ [0, 1] .

Observation 2.2. We would like to mention that the Definition 2.1 of a φ-convex
set has a clear geometric interpretation. This definition essentially says that there
is a path starting from a point x which is contained in K. We don’t require that
the point y should be one of the end points of the path. This observation plays
an important role in our analysis. Note that, if we demand that y should be an
end point of the path for every pair of points, x, y ∈ K, then eiφ (y − x) = y − x
if and only if φ = 0, and consequently φ−convexity reduces to convexity. Thus,
it is true that every convex set is also an φ−convex set, but the converse is not
necessarily true.

Definition 2.3. The function f on the φ−convex set Kis said to be φ-convex
with respect to φ, if

f
(
x + λeiφ (y − x)

) ≤ + (1− λ) f (x) + λf (y) , ∀x, y ∈ K, λ ∈ [0, 1] .
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The function f is said to be φ-concave if and only if −f is φ-convex.

It is to be noted that every convex function is φ-convex function, but the
converse is not true.

Definition 2.4. The function f on the quasi φ−convex set Kis said to be quasi
φ-convex with respect to φ, if

f
(
x + λeiφ (y − x)

) ≤ max {f (x) , f (y)} .

Definition 2.5. The function f on the quasi φ−convex set Kis said to be loga-
rithmic φ-convex with respect to φ, if

f
(
x + λeiφ (y − x)

) ≤ (f (x))1−λ (f (y))λ , x, y ∈ K, λ ∈ [0, 1] ,

where f (·) > 0.

From the above definitions, we have

f
(
x + λeiφ (y − x)

) ≤ (f (x))1−λ (f (y))λ

≤ (1− λ) f (x) + λf (y)
≤ max {f (x) , f (y)} .

Lemma 2.6. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a φ-convex func-
tion on the interval of real numbers K0 (the interior of K) and a, b ∈ K0 with
a < a + eiφ (b− a) and 0 ≤ φ ≤ π

2
. Then the following inequality holds:

f(a)+f(a+eiφ(b−a))
2

− 1
eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b− a)

)− f ′ (a)
]

=
(eiφ(b−a))

3

12

1∫
0

ψ (1− ψ) (2ψ − 1)f ′′′
(
a + ψeiφ (b− a) dψ

)

A simple proof of this inequality can be done by integrating by parts on the
right hand side. The details are left to the interested reader. The next theorem
gives a new result of the Hermite-Hadamard inequality forφ−convex function.

Theorem 2.7. Let K ⊂ R be an open interval, a, a + eiφ (b− a) ∈ K with
a < a + eiφ (b− a) . Suppose f : K =

[
a, a + eiφ (b− a)

] → (0,∞) be a three
times differentiable mapping such that f ′′′ is integrable and 0 ≤ φ ≤ π

2
. If |f ′′′| is

φ-convex function on
[
a, a + eiφ (b− a)

]
, then following inequality holds:

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)− f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

384
max {|f ′′′ (a)| , |f ′′′ (b)|} .
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Proof. From Lemma 2.6 and using the φ-convexity of |f ′′′|, we get
∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a+eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

∣∣∣∣
1∫
0

ψ (1− ψ) |(2ψ − 1)|f ′′′ (a + ψeiφ (b− a) dψ
)∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)| [(1− ψ) |f ′′′ (a)|+ ψ |f ′′′ (b)|] dψ

≤ (eiφ(b−a))
3

384
[|f ′′′ (a)|+ |f ′′′ (b)|] ,

which completes the proof.

Observation 2.8. If we take eiφ (b− a) = b− a in Theorem 2.7, then inequality
reduces to the [Corollary 3.1.1(2), 5].

Theorem 2.9. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping on K0 and f ′′′ is integrable on

[
a, a + eiφ (b− a)

]
. Assume

p ∈ R with p > 1. If |f ′′′|p/(p−1)

is φ-convex function on the interval of real numbers
K0 (the interior of K) and a, b ∈ K0 with a < a + eiφ (b− a) and 0 ≤ φ ≤ π

2
.

Then following inequality holds:
∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

96

(
1

p+1

)1/p
(
|f ′′′(a)|

p
p−1 +|f ′′′(b)|

p
p−1

2

) p−1
p

.

Proof. Suppose that a, a + eiφ (b− a) ∈ K. By assumption, Holder’s inequality,
then we have∣∣∣∣∣

f(a)+f(a+eiφ(b−a))
2

− 1
eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12

(
1∫
0

ψp (1− ψ)p |(2ψ − 1)|dψ

)1/p( 1∫
0

∣∣f ′′′ (a + ψeiφ (b− a)
)∣∣ p−1

p dψ

)p−1
p

≤ (eiφ(b−a))
3

12

(
1∫
0

ψp (1− ψ)p |(2ψ − 1)|dψ

)1/p

·
(∫ 1

0

[
(1− ψ) |f ′′′ (a)| p

p−1 + ψ |f ′′′ (b)| p
p−1

]
dψ

) p−1
p

=
(eiφ(b−a))

3

96

(
1

p+1

)1/p
(
|f ′′′(a)|

p
p−1 +|f ′′′(b)|

p
p−1

2

) p−1
p

,

where we use the fact that
1∫
0

ψp (1− ψ)p |2ψ − 1| dψ = 1
22p+1(p+1)

,, which completes

the proof.
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Observation 2.10. If we take eiφ (b− a) = b−a in Theorem 2.9, then inequality
reduces to the [Corollary 3.2.1, 5].

Theorem 2.11. Let K ⊂ R be an open interval, a, a + eiφ (b− a) ∈ K with
a < a+ eiφ (b− a) . Suppose f : K =

[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping such that f ′′′ is integrable and 0 ≤ φ ≤ π

2
. If |f ′′′| is log

φ-convex function on
[
a, a + eiφ (b− a)

]
. Then, the following inequality holds:

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

(log|f ′′′(a)|−log|f ′′′(b)|)3 [A (|f ′′′ (b)| , |f ′′′ (a)|)− L (|f ′′′ (b)| , |f ′′′ (a)|)] .

Proof. From Lemma 2.6 and using the log-φ-convexity of |f ′′′|, we get

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
(
|f ′′′ (a)|1−ψ . |f ′′′ (b)|ψ

)

=
(eiφ(b−a))

3

12
.
[

6(|f ′′′(b)|+|f ′′′(a)|)
(log|f ′′′(b)|−log|f ′′′(a)|)3 −

12(|f ′′′(b)|−|f ′′′(a)|)
(log|f ′′′(b)|−log|f ′′′(a)|)4

]

=
(eiφ(b−a))

3

(log|f ′′′(b)|−log|f ′′′(a)|)3 [A (|f ′′′ (b)| , |f ′′′ (a)|)− L (|f ′′′ (b)| , |f ′′′ (a)|)] ,

which completes the proof.

Theorem 2.12. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping on K0 and f ′′′ is integrable on

[
a, a + eiφ (b− a)

]
. Assume

p ∈ R with p > 1. If |f ′′′|p/(p−1)

is log φ-convex function on the interval of real
numbers K0 (the interior of K) and a, b ∈ K0 with a < a + eiφ (b− a) and
0 ≤ φ ≤ π

2
. Then, the following inequality holds:

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

96

(
1

p+1

)1/p (
p−1

p

) p−1
p

(
|f ′′′(a)|

p
p−1 +|f ′′′(b)|

p
p−1

log|f ′′′(b)|+log|f ′′′(a)|

) p−1
p

.

Proof. From Lemma 2.6, and using the well known Holder integral inequality,
we have
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∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12

(
1∫
0

ψp (1− ψ)p |(2ψ − 1)|dψ

)1/p (
1∫
0

∣∣f ′′′ (a + ψeiφ (b− a)
)∣∣ p

p−1 dψ

) p−1
p

≤ (eiφ(b−a))
3

12

(
1∫
0

ψp (1− ψ)p |(2ψ − 1)|dψ

)1/p

·
(

1∫
0

|f ′′′ (a)| p
p−1

(1−ψ) + |f ′′′ (b)| p
p−1

ψdψ

) p−1
p

=
(eiφ(b−a))

3

96

(
1

p+1

)1/p (
p−1

p

) p−1
p

(
|f ′′′(a)|

p
p−1 +|f ′′′(b)|

p
p−1

log|f ′′′(b)|+log|f ′′′(a)|

) p−1
p

,

where we use the fact that

1∫

0

ψp (1− ψ)p |2ψ − 1| dψ =
1

22p+1 (p + 1)
,

which completes the proof.

Theorem 2.13. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping on K0 and f ′′′ is integrable on

[
a, a + eiφ (b− a)

]
. If |f ′′′|

is quasi φ-convex function on the interval of real numbers K0 (the interior of
K) and a, b ∈ K0 with a < a + eiφ (b− a) and 0 ≤ φ ≤ π

2
. Then, the following

inequality holds:
∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

192
max {|f ′′′ (a)| , |f ′′′ (b)|} .

Proof. From Lemma 2.6 and using the quasi-φ-convexity of |f ′′′|, we get

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12
max {|f ′′′ (a)| , |f ′′′ (b)|} .

1∫
0

ψ (1− ψ) |(2ψ − 1)|dψ

≤ (eiφ(b−a))
3

192
max {|f ′′′ (a)| , |f ′′′ (b)|} ,

which completes the proof.
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Theorem 2.14. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping on K0 and f ′′′ is integrable on

[
a, a + eiφ (b− a)

]
. Assume

p ∈ R with p > 1. If |f ′′′|p/(p−1) is quasi φ-convex function on the interval of
real numbers K0 (the interior of K) and a, b ∈ K0 with a < a + eiφ (b− a) and
0 ≤ φ ≤ π

2
. Then, the following inequality holds:

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b− a)

)− f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

96

(
1

p+1

)1/p [
max

{
|f ′′′ (a)| p

p−1 , |f ′′′ (b)| p
p−1

}] p−1
p

.

Proof. From Lemma 2.6, and using the well known Holder integral inequality,
we have
∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b− a)

)− f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12

(
1∫
0

ψp (1− ψ)p |(2ψ − 1)|dψ

)1/p( 1∫
0

∣∣f ′′′ (a + ψeiφ (b− a)
)∣∣ p

p−1 dψ

) p
p−1

.

Since |f ′′′|q is quasi-φ-convex, we have

∫ 1

0

∣∣f ′′′ (a + ψeiφ (b− a)
)∣∣ p

p−1 dψ ≤
{

max |f ′′′ (a)| p
p−1 , |f ′′′ (b)| p

p−1

}
.

Hence

≤
(
eiφ (b− a)

)3

96

(
1

(p + 1)

) 1
p {

max |f ′′′ (a)| p
p−1 , |f ′′′ (b)| p

p−1

} 1
q
,

where we use the fact that

1∫

0

ψp (1− ψ)p |2ψ − 1| dψ =
1

22p+1 (p + 1)
,

which completes the proof.

Theorem 2.15. Suppose f : K =
[
a, a + eiφ (b− a)

] → (0,∞) be a three times
differentiable mapping on K0 and f ′′′ is integrable on

[
a, a + eiφ (b− a)

]
. Assume

q ∈ R with q ≥ 1.If |f ′′′|q is quasi-φ-convex function on the interval of real numbers
K0 (the interior of K) and a, b ∈ K0 with a < a + eiφ (b− a) and 0 ≤ φ ≤ π

2
.

Then, the following inequality holds
∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

=
(eiφ(b−a))

3

192
(max {|f ′′′ (a)|q , |f ′′′ (b)|q}) 1

q .
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Proof. Suppose that q ≥ 1. From Lemma 2.6 and using the well known power
mean inequality, we have

∣∣∣∣∣
f(a)+f(a+eiφ(b−a))

2
− 1

eiφ(b−a)

a+eiφ(b−a)∫
a

f(x)dx− eiφ(b−a)
12

[
f ′

(
a + eiφ (b−a)

)−f ′ (a)
]
∣∣∣∣∣

≤ (eiφ(b−a))
3

12

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣ dψ

≤ (eiφ(b−a))
3

12

(
1∫
0

ψ (1− ψ) |(2ψ − 1)|dψ

)1−1/q

·
(

1∫
0

ψ (1− ψ) |(2ψ − 1)|
∣∣f ′′′ (a + ψeiφ (b− a)

)∣∣q dψ

)1/q

≤ (eiφ(b−a))
3

12

(
1
16

)1−1/q
.
(

1
16

max {|f ′′′ (a)|q , |f ′′′ (b)|q})1/q

=
(eiφ(b−a))

3

192
(max {|f ′′′ (a)|q , |f ′′′ (b)|q})1/q

,

where we use the fact

1∫

0

ψ (1− ψ) |(2ψ − 1)| dψ =
1

16
.
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Abstract. Sequentially dense monomorphisms were first introduced and studied by
Giuli for projection algebras and followed by Ebrahimi, Mahmoudi, Moghaddasi and
Shahbaz for S-acts. In this paper we use the notion of sub-Cauchy sequences and intro-
duce the class of regular sub-sequentially dense monomorphisms for S-posets, denoted
by Ms. We investigate the properties of the class Ms and study Ms-injectivity of
S-posets. Further, we find Ms-injective hull of S-posets over some kind of semigroups.

1. Introduction and preliminary

In [5], M.M. Ebrahimi and M. Mahmoudi introduced the interesting concept of a
Cauchy sequence in an S-set, a set A together with an action of a semigroup S on
A, see [11]. Then the concept of the notion of sequentially dense monomorphism
and injectivity with respect to this kind of monomorphism have been investigated,
see [6].

Introducing the category of S-posets, a poset A together with an action
of a posemigroup on A, and algebraic study on this category was initiated by
S. Fakhruddin, see [9, 10]. Recently, there are more people interested on studying
on this category [3], [2], [13], [8]. In this paper, we are going to study sub-
sequentially dense injective objects and the behavior of this type of injectivity in
the category of S-posets. To do so, we first introduce the notions of sub-Cauchy
sequences and convergent sub-Cauchy sequences. We then, in Section 2, use these
concepts to define a categorical closure operator Cs, as introduced by Tholen and
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Dikranjan in [14], on the category of S-posets. We also consider the regular and
dense monomorphisms with respect to the closure Cs, that isMs-monomorphisms,
and briefly study some categorical properties of this class of monomorphism which
is needed subsequently. In Section 3, we study essential monomorphisms and in-
jectivity relative to this class of monomorphisms in the category of S-posets. And
finally, in Section 4, we give an example about what we did through the paper
and study these concepts in the left zero posemigroups.

Now we briefly recall some concepts and we then give the preliminaries. A
semigroup S is said to be partially ordered (or simply, a posemigroup) if it is also a
poset whose partial order is compatible with the binary operation. An S-poset is
a (possibly empty) poset A together with a monotone map λ : A×S → A, called
the action of S on A, such that, for all a ∈ A and s, t ∈ S, we have a(st) = (as)t,
where A × S is considered as a poset with componentwise order and we denote
λ(a, s) by as. By an S-poset morphism (or morphism), we mean a monotone map
between S-posets which is equivariant (or preserves the action).

Definition 1.1. Let S be a posemigroup and A be an S-poset. Then

(i) by a sub-Cauchy sequence over an S-poset A we mean a family (as)s∈S of
ascending elements of A, that is as ≤ at if s ≤ t, with ast ≥ ast for all
s, t ∈ S.

(ii) by a sub-Cauchy sequence induced by a ∈ A we mean the sub-Cauchy se-
quence (as = as)s∈S and we show it by λa.

(iii) by a limit of a sub-Cauchy sequence (as)s∈S over A in some extension B of
A we mean an element b ∈ B such that bs = as, for all s ∈ S, and denote it
by lim(as)s∈S = b.

(iv) An S-poset A is said to be sub-sequentially complete (or simply sub-s-
complete ) if any sub-Cauchy sequence over A has a limit in A.

Separated S-posets, in which any two distinct points a and b in A can be
separated by at least one s ∈ S, by as 6= bs, are an important class of s-posets.
Here we should note that limits are not necessarily unique, unless A is separated.

In the next definition we generalize the concept of separated S-poset to the
sub-separated one.

Definition 1.2.

(i) Let S be a posemigroup. An S-poset A is called sub-separated if a ≤ b in A
whenever as ≤ bs for all s ∈ S.

(ii) For an S-poset A, we define S(A) to be the poset of all sub-Cauchy sequences
over A with point-wise order. More explicitly, S(A) = {(as)s∈S | ast ≥ ast}
and (as)s∈S ≤ (a′s)s∈S whenever as ≤ a′s, for all s ∈ S.
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Remark 1.3. Every Sub-separated S-poset is a separated one. Indeed, as = bs,
for all s ∈ S implies as ≤ bs and bs ≤ as, for all s ∈ S. Hence a ≤ b and b ≤ a,
by sub-separateness, and hence a = b.

Theorem 1.4.

(i) The poset S(A) is an S-poset.

(ii) For every separated S-poset A, the S-poset S(A) is an extension of A. Also
if A is sub-separated then S(A) is a regular extension of A.

(iii) The S-poset S(A) is sub-separated if S2 = S.

Proof. (i) To prove, first for a given S-poset A we define an action of S over
S(A) as follows:

(as)s∈S · t = (ats)s∈S,

for every (as)s∈S ∈ S(A).
We note that, S(A) is closed under the defined action. Indeed, for every

sub-Cauchy sequence (as)s∈S and t ∈ S, the sequence (as)s∈S · t = (ats)s∈S is also
a sub-Cauchy sequence, since for all s ∈ S we have atss

′ ≥ a(ts)s′ .
Now we check the properties of being an S-posets:
(1) For every t, t′ ∈ S, and a sub-Cauchy sequence (as)s∈S, we have

((as)s∈S ·t)·t′ = (ats)s∈S ·t′. Take (ats)s∈S to be (bs)s∈S, so (ats)s∈S ·t′ = (bs)s∈S ·t′ =
(bt′s)s∈S = (at(t′s))s∈S = (a(tt′)s))s∈S = (as)s∈S · (tt′).

(2) For sub-Cauchy sequences (as)s∈S, (a′s)s∈S and t ∈ S, if (as)s∈S ≤ (a′s)s∈S

then (ats)s∈S ≤ (a′ts)s ∈ S, for every s, t ∈ S. Therefore (as)s∈S · t ≤ (a′s)s∈S · t.
(3) And, finally, for t, t′ ∈ S and sub-Cauchy sequence (a)s∈S, if t ≤ t′ then

ts ≤ t′s, and hence ats ≤ at′s, by definition of sub-Cauchy sequence. Therefore,
(ats)s∈S ≤ (at′s)s∈S, that is, (as)s∈St ≤ (as)s∈St′.

(ii) To prove this part we consider the map f : A → S(A) defined by
f(a) = λa, see Definition 1.1 (ii). The defined f is one-one, since A is sepa-
rated. Also since A is an S-poset, as ≤ bs, for every s ∈ S, if a ≤ b. This means
that λa ≤ λb, if a ≤ b. That is f is order preserving. And finally f is equivariant,
because f(at) = (ats = ats)s∈S = (as)s∈S · t.

Now suppose that A is, moreover, sub-separated. We show that the above
S-poset embedding is an order embedding, too. Because if λa ≤ λb then as ≤ bs,
for every s ∈ S, and hence a ≤ b, by sub-separateness of A.

(iii) To see that S(A) is sub-separated, take sub-Cauchy sequences γ = (as)s∈S

and γ′ = (a′s)s∈S with γ · t ≤ γ′ · t for all t ∈ S. This means that ats ≤ a′ts for all
t, s ∈ S. Now since S2 = S, each r ∈ S is in the form of st for some t, s ∈ S, then
we have ar = ast ≤ a′st = a′r which means γ ≤ γ′.

2. Sub-sequential closure operator and dense regular monomorphisms

In this section, we are going to introduce a categorical closure operator Cs, in the
sense of Tholen and Dikranjan in [14]. This is a weakening of Cd closure operator
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in [12], on the category of S-posets. We also consider the class of regular and
dense monomorphisms with respect to the closure operator Cs and briefly study
some categorical properties of this class of monomorphism which is needed in the
sequel.

Definition 2.1. For an S-poset B, and a sub S-poset A of B, by the s-closure
of A in B we mean Cs(A) = {b ∈ B|∀s ∈ S, ∃a ∈ A; bs ≤ a}.

We say that A is sub-s-dense in B if Cs(A) = B.
An S-poset morphism f : A → B is said to be sub-sequentially dense (or, sim-

ply, sub-s-dense) if f(A) is a sub-s-dense sub S-poset of B.

Note 2.2. We show that the above introduced Cs is a categorical closure operator,
in the sense of [14].

(Extensive) To prove A ⊆ Cs(A), let x ∈ A. Then, since xs ∈ A for all s ∈ S
and xs ≤ xs for xs ∈ A, A ⊆ Cs(A).

(Monotonicity) To prove A1 ⊆ A2 implies Cs(A1) ⊆ Cs(A2), let x ∈ Cs(A1).
Then, for each s ∈ S there exists a ∈ A1 such that xs ≤ a. But, since
A1 ⊆ A2, there exists a ∈ A2 such that xs ≤ a. Therefore Cs(A1) ⊆ Cs(A2).

(Continuity) We show that f(Cs(A)) ≤ Cs(f(A)), for all S-poset morphism
f from A. Let y ∈ f(Cs(A)). Then, there exists x ∈ Cs(A) such that
y = f(x). Now for each s ∈ S there exist a ∈ A such that xs ≤ a.
Therefore, ys = f(x)s = f(xs) ≤ f(a), that is, y ∈ Cs(A).

Theorem 2.3. The sub-sequential closure operator is idempotent, that is,
Cs(Cs(A)) = Cs(A), if S2 = S.

Proof. By extensive, we have Cs(A) ⊆ Cs(Cs(A)). For the converse, let
x ∈ Cs(Cs(A)). Then, for each s ∈ S, there exists as ∈ Cs(A) such that xs ≤ as.
But, since a ∈ Cs(A), there exist a′ ∈ A such that as ≤ a′s, for every s ∈ S. Now,
using S = S2, we have xs = xs1s2 = (xs1)s2 ≤ as1s2 ≤ a′s2

, hence x ∈ Cs(A).
Therefore, Cs(Cs(A)) ⊆ Cs(A) and hence Cs(Cs(A)) = Cs(A).

Theorem 2.4. Let B be an S-poset and A be a sub S-poset of B in which every
subset has a least element. Then A in B is sub-s-dense if and only if for every
sub-Cauchy sequence λb, induced by b ∈ B, there exists a sub-Cauchy sequence
(as)s∈S in A such that λb ≤ (as)s∈S.

Proof. (⇒) Let A be sub-s-dense in B and λb be the sub-Cauchy sequence
induced by b ∈ B. Then for each s ∈ S consider the subset As = {a ∈ A | bs ≤ a}
of A. Then As has a least element such as as. Now we consider (as)s∈S which is
a sub-Cauchy sequence. Because bst = bst = bst ≤ ast ∈ Ast, hence ast ≤ ast.

(⇐) The converse is trivial.

Theorem 2.5. Let A be an S-poset in which every subset has a least element.
Then the S-poset morphism f : A → S(A) which maps every a ∈ A to λa is
sub-s-dense.
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Proof. We show that Cs(f(A)) = S(A). For each γ = (as)s∈S ∈ S(A), since
every subset of A has a least element, the set of upper bounds of γ = (as)s∈S

has a least element, say a ∈ A. Therefore γ · t ≤ λa, for every t ∈ S, because
γ · t = (ats)s ∈ S and ats ≤ ats ≤ as.

In Theorem 1.4, part (ii) it has been shown that every separated S-poset A
is embedded in S(A). Now, by Theorem 2.5, we get the following corollary:

Corollary 2.6. Every sub-separated S-poset A in which every subset has a least
element is regular sub-s-dense sub-S-poset of S(A).

Notation 2.7. In the rest of this paper we are going to study injectivity with
respect to the class of regular sub-sequentially dense monomorphisms in the cate-
gory of S-posets. So from now on we denote the class of regular sub-sequentially
dense monomorphisms by Ms.

In the following we see that the class of sub-s-dense S-poset monomorphisms
has ”good” properties with respect to composition.

Theorem 2.8. Let Ms be the class of all sub-s-dense S-poset monomorphisms.
Then,

(i) the class Ms is composition closed if S2 = S.

(ii) the class Ms is isomorphism closed; that is, contains all isomorphisms and
is closed under composition with isomorphisms.

(iii) the class Ms is left cancelable; that is, gf : A → B → C, g : B → C ∈ Ms

imply f ∈Ms.

Proof. (i) It is easy to see that the composition of regular monomorphisms
is a regular monomorphism. Now let f : A → B and g : B → C be Ms-
monomorphisms between S-poset. Then for every c ∈ C and s ∈ S, since S2 = S,
the inequality cs = cs1s2 ≥ g(bs1)s2 = g(bs1s2), for some bs1 , is given by the fact
that g is sub-s-dense. Now since f is sub-s-dense, bs1s2 ≥ f(as), for some as ∈ A.
So cs = cs1s2 ≥ g(bs1)s2 = g(bs1s2) ≥ g(f(as)).

(ii) It is trivial.

(iii) Suppose that f(a1) ≤ f(a2). Then gf(a1) ≤ gf(a2) and hence, by
regularity of gf , we have a1 ≤ a2. That is f is regular. Also for each b ∈ B
and s ∈ S, there exists as ∈ A such that g(bs) = g(b)s ≥ gf(as). Now, using
regularity of g, we get bs ≥ f(as). That is f ∈Ms.

Theorem 2.9. In the category of S-posets, pushouts transfer Ms-morphisms.

Proof. As mentioned in [3], the pushout of S-poset maps f : A → B and
g : A → C is the quotient of the coproduct B∪̇C by the congruence Θ(H)
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generated by H = {(f(a), g(a)) | a ∈ A}. Now consider the pushout diagram

A
f //

g

²²

B

g

²²
C

f

// (B∪̇C)/Θ(H)

in which f is an Ms-morphisms. If f(c1) = [c1]Θ ≤ [c2]Θ = f(c2), then there exist
a1, ..., an ∈ A such that

c1 = g(a1)Θ(H)f(a1) ≤ f(a2)Θ(H)g(a2) ≤ · · · ≤ f(an)Θ(H)g(an) = c2.

Now, by regularity of f , we have

a1 ≤ a2, a3 ≤ a4, ..., an−1 ≤ an,

hence, since g is order preserving, we have

c1 = g(a1) ≤ g(a2) ≤ g(a3) ≤ g(a4) ≤ · · · ≤ g(an−1) ≤ g(an) = c2.

That is, f is regular. Also, f is sub-sequentially dense, because, for each
[x]Θ ∈ (B∪̇C)/Θ(H), [x]Θ = [c]Θ or [x]Θ = [b]Θ, for some c ∈ C and b ∈ B.
In the first case [x]Θs = [c]Θs = [cs]Θ = f(cs), and in the second case, since
f is sub-sequentially dense, there exists as ∈ A with bs ≤ f(as). Hence
[x]Θs = [b]Θs = [bs]Θ ≤ [f(as)]Θ = [g(as)]Θ = f(g(as)).

3. Regular sub-sequential dense injectivity

This section is devoted to the investigation of the behavior of Ms-injectivity in
the category of S-posets. First we give some definitions.

Definition 3.1. An S-poset A is called:

(1) regular sub-sequentially dense injective or brieflyMs-injective if it is injective
with respect to Ms-monomorphisms. That is every commutative diagram

B
f //

g

²²

A

gÄÄ
A

with f ∈Ms, can be completed by some S-poset morphism g.

(2) regular sub-sequentially absolute retract or briefly Ms-absolute retract if it
is a retract of each of its regular sub-s-dense extensions.
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Theorem 3.2. An S-poset A is Ms-injective if and only if for every Ms-
monomorphism h : B → B t cS to a singly generated extension of B, every
S-poset morphism f : B → A can be extended to g : B t cS → A.

Proof. One direction is obvious. For the converse, let h : B → C be a sub-dense
regular monomorphism and f : B → A be an S-poset morphism. Applying Zorn’s
Lemma on the poset of all sub S-poset D of C with h(B) ⊆ D and such that
there exists an S-poset morphism g : D → A such that gh = f , we get a maximal
such S-poset, say D. If D = C then the proof is complete, otherwise there exists
c ∈ C −D. Now h : B → D t cS is an sub-dense regular monomorphism and by
hypothesis there is an S-poset morphism g which extends g. This contradicts the
maximality of D, so C = D.

Theorem 3.3. If a sub-separated S-poset A is sub-complete then it is sub-
sequentially absolute retract.

Proof. Let f : A → B be an Ms-morphism. Then, by Theorem 2.4, for each
b ∈ B, there exists a sub-Cauchy sequence (aS)s∈S in A such that λb ≤ (as)s∈S.
Since A is sub-complete, (as)s∈S has a limit such as ab ∈ A. Now we define
g : B → A by g|A = idA and for b ∈ B − A, g(b) = ab. The defined g is order
preserving, because if b ≤ b′ in B three following cases may occur:

Case 1. Both b, b′ ∈ B − A. In this case bt ≤ b′t, for every t ∈ S. Hence
(as)s∈S ≤ (a′s)s∈S, see how we get (as)s∈S and (a′s)s∈S in the proof of Theorem
2.4. Therefore as = abs ≤ ab′s = a′s and, since A is sub-separated ab ≤ ab′ ,
g(b) ≤ g(b′).

Case 2. Now let b ∈ B−A, b′ ∈ A. Then if b ≤ b′ then, for all t ∈ S, bt ≤ b′t but,
since b′t ∈ A and at is a least element in A such that bt ≤ at, we have at ≤ b′t,
for all t ∈ S. Therefore, abt = at ≤ b′t for all t ∈ S. Now ab ≤ b′ is a clear result
of sub-separateness of A, thus g(b) ≤ g(b′).

Case 3. If b, b′ ∈ A there is nothing to prove.

Now, we show that g is equivariant. The only thing we have to check is
g(bs) = g(b)s when b ∈ B − A, for every s ∈ S. But, two cases may happen:

Case 1. bs ∈ A, for some s ∈ S. Then g(bs) = bs. So, by definition of as, as = bs.
Since ab = lim(as)s∈S, abs = bs. That is g(b)s = g(bs).

Case 2. bs ∈ B−A, for some s ∈ S. Then take g(bs) to be abs = lim(a′(t))t∈S and

g(b) to be ab = lim(at)t∈S. By definition of (a′(t))t∈S and (at)t∈S, we have ast = a′t,
for every t ∈ S. Hence abst = ast = a′t, for every t ∈ S. So

g(bs) = lim(a′(t))t∈S = abs = g(b)s,

and we are done.
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Theorem 3.4. An S-poset A is Ms-injective if and only if it is an M-absolute
retract.

Proof. Since in the category of S-posets, pushouts transfer Ms- morphisms, by
Theorem 2.2 in [4] we are done.

Corollary 3.5. Every sub-separated and sub-complete S-poset A is Ms-injective.

Proof. By Theorems 3.3 and 3.4 there is nothing to prove.

Now, we study Ms-essential extensions to get the Ms-injective hulls.

Definition 3.6. An Ms-monomorphism f : A → B is called Ms-essential if it is
essential with respect to Ms-monomorphisms. That is if g ◦ f : A → B → C is
a Ms-monomorphism then g is an Ms-monomorphism.

Also, by a sub-s-regular injective hull or, briefly, Ms-injective hull of an S-
poset A, we mean an Ms-essential extension f : A → B in which B is an Ms-
injective.

Notice that an Ms-injective hull is unique up to isomorphism.

Lemma 3.7. A regular monomorphism f is Ms-essential if and only if it is
essential and s-dense.

Proof. Let f be sub-s-essential. Then, by definition, f is s-dense. Also it is
essential, for if g : B → C is a morphism such that g ◦ f is an S-monomorphism
then since g◦f : A → g(B) is a sub-dense monomorphism (this is because f is sub-
dense and g : B → g(B)) and f is sub-dense essential we get that g : B → g(B) is
a sub-dense monomorphism and hence g is monomorphism. The converse is easy
to show. Just notice that if the composition g ◦ f of two S-maps is an s-dense
monomorphism then g is an s-dense monomorphism, too.

We are going to find an Ms-essential extension for an S-poset A,
Banaschewski’s condition, and Theorems of well behavior of injectivity for
Ms-injectivity, see [1]. To do so, for each S-poset A, we take the poset C(A)
to be the class of all Cauchy sequences; that is C(A) = {(as)s∈S | ast = ast, for
every s, t ∈ S and as ≤ at if s ≤ t} in which (as)s∈S ≤ (a′s)s∈S whenever as ≤ a′s,
for every s ∈ S.

Now, we have the following theorem:

Theorem 3.8. Given an S-poset A,

(i) the poset C(A) is an S-poset.

(ii) if A is sub-separated then the S-poset C(A) is an Ms-essential extension
of A.



regular sub-sequentially dense injective... 157

Proof. (i) To make C(A) an S-poset, we define an action of S on C(A) as follows:

(as)s∈S · t = λat , for every (as)s∈S ∈ C(A) and for every t ∈ S.

Obviously, C(A) is closed under the defined action. Now note that C(A) with the
defined action is an S-poset, because:

(1) for every t, t′ ∈ S, and each Cauchy sequence (as)s∈S, we have

((as)s∈S · t) · t′ = λat · t′ = λatt′ = λatt′ = (as)s∈S · (tt′).
The third equality is given by the definition of the Cauchy sequence (as)s∈S.

(2) for each pair of the Cauchy sequences (as)s∈S, (a′s)s∈S and t ∈ S, if
(as)s∈S ≤ (a′s)s∈S then at ≤ a′t, and hence λat ≤ λat′ . That is, (as)s∈S ·t ≤ (a′s)s∈S ·t.

(3) and finally for t, t′ ∈ S and a Cauchy sequence (a)s∈S, if t ≤ t′ then
at ≤ at′ , by Definition 1.1, therefore λa ≤ λat′ .

(ii) To prove this part, we consider the map f : A → C(A) defined by f(a) =
λa. First we show that f is an S-poset monomorphism. Indeed, f is one-one
since A is separated. Also since A is an S-poset, a ≤ b implies as ≤ bs, for every
s ∈ S. So, if a ≤ b then λa ≤ λb. That is, f is order preserving. And, finally, f is
equivariant, because f(at) = (ats = ats = ats)s∈S = (as)s∈S · t.

Regularity of f is a clear consequence of the fact that A is sub-separated.
Also, f is sub-sequentially dense. Because for every Cauchy sequence γ and every
s ∈ S, we have γ · s ≤ λas ∈ f(A).

Now, we are going to show that f is Ms-essential. Let gf : A → C(A) → C
be an Ms-morphism, for some S-poset morphism g, and g(γ) = g(γ′). Then

g(γ)s = g(γ · s) = g(λas) = g(λa′s) = g(γ′ · s) = g(γ′)s,

that is gf(as) = g(f(a′s)). Since gf is one-one, we have as = a′s.
Now, suppose that g(γ) ≤ g(γ′), then

g(γ)s = g(γ · s) = g(λas) = gf(as) ≤ gf(a′s) = g(λa′s) = g(γ′ · s) = g(γ)s,

for each s ∈ S. Using the regularity of gf , we have as ≤ a′s, for every s ∈ S.
So γ ≤ γ′. Finally, we show that g is sub-sequentially dense. For each c ∈ C,
since gf is sub-sequentially dense, for every s ∈ S, there exists as ∈ A such that
cs ≤ gf(as). That is cs ≤ g(λ(as)) and we are done.

Theorem 3.9. Let S2 = S. Then for each S-poset A, the S-poset C(A) is sub-s-
complete.

Proof. Let γ = (γs)s∈S be a sub-Cauchy sequence in C(A). That is γs = (as
t)t∈S

is a Cauchy sequence, for every s ∈ S. So we have as
t t
′ = as

tt′ , for every s, t, t′ ∈ S.
And hence, for each t ∈ S,

γ · t = λγt = (γt · s)s∈S = (λat
s
)s∈S = (at

st
′)s,t′∈S = (at

st′)s,t∈S = (at
k)k∈S = γt,

in which the sixth equality is given by S2 = S. So γ is a limit for the sub-Cauchy
sequence (γs)s∈S.
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Theorem 3.10. Let S2 = S and A be a sub-separated S-poset. Then C(A) is the
Ms-injective hull of A.

Proof. By Theorems 3.3 and 3.9, C(A) is Ms-absolute retract. And since we
have Banaschewki’s condition for sub-separated S-posets, so C(A) is injective, see
Corollary 3.5. Now, by Theorem 3.8, we are done.

4. Left zero posemigroup

In this short section, we examine the above results for a special case of ordered
semigroups. The semigroup we have chosen here is the left zero one. We will see
that the Ms-injective hulls in this special and important class of S-posets, have
a simpler form.

To do so, we will also use the morphism notation AS of Cauchy sequences and
imitate the above proofs in this notation. We will also see that the fixed elements
of an S-poset A in this class play an important role to simplify the Ms-injective
hulls.

An element a of an S-poset A is called a fixed element if as = a for all s ∈ S.
The set of all fixed elements of an S-poset A is denoted by FixA, which is in fact
a sub S-poset of A.

Note also that, a partial order on a left zero semigroup is automatically
compatible with the operation of S. For, if s ≤ t and r ∈ S, then we have
sr = s ≤ t = tr and rs = r = rt.

Remark 4.1. Analogously to the proof of Theorem 3.8 part (i), one can easily see
that (FixA)S is an S-poset, except that we should note that the action on (FixA)S

is of the form f · t : S → A which maps every s ∈ S to f(t)s = f(ts) = f(t), for
every f ∈ (FixA)S and every t ∈ S.

Theorem 4.2. Let S be a left zero posemigroup and A be an S-poset. Then, the
S-poset (FixA)S is sub-complete.

Proof. Let γ = (fs)s∈S be a sub-Cauchy sequence over (FixA)S. Hence fs · r ≥
fsr = fs for all fs ∈ (FixA)S and r ∈ S. That is fs · r(t) = fs(rt) = fs(r) ≥ fs(t)
for all r, t ∈ S and this implies that fs is a constant sequence. So fs(t) = fs(s).
Now, consider f : S → FixA which maps each s ∈ S to fs(s). Then, for every
s ∈ S, we have

f · s(t) = f(st) = f(s) = fs(s) = fs(t).

That is, f is a limit of the sub-Cauchy sequence (fs)s∈S in (FixA)S.
According to the above theorem and Theorems 3.3 and 3.4, we have the

following.

Theorem 4.3. Let S be a left zero posemigroup and A be a sub-separated S-poset.
Then, the S-poset (FixA)S is sub-sequential regular injective.

Theorem 4.4. Let S be a left zero posemigroup and A be a sub-separated S-poset.
Then, the S-poset (FixA)S is the sub-sequential regular injective hull of A.
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Proof. First, we show that (FixA)S is sub-sequential dense regular essential
extension of A. To do so, we define the map ϕ : A → (FixA)S by

ϕ(a) = λa : S → FixA,

in which λa(s) = as. We note that ϕ(A) is s-dense in (FixA)S. Because, for each
f ∈ (FixA)S and t ∈ S consider λf(t). Then we have

(4.1) f · t(s) = f(ts) = f(t) = f(t)s = λf(t)(s),

so (FixA)S ⊆ Cs(ϕ(A)). It is clear that ϕ is a regular monomorphism.

Now, we show that ϕ is essential. Let α : (FixA)S → B be an S-poset
morphism such that α ◦ ϕ is one-one and α(f) = α(f ′) for some f, f ′ ∈ (FixA)S.
Hence, for each t ∈ S we have α(f)t = α(f ′)t. Thus, by (4.1),

α ◦ ϕ(f(t)) = α(λf(t)) = α(λf ′(t)) = α ◦ ϕ(f ′(t)),

for each t ∈ S, and therefore f(t) = f ′(t), for each t ∈ S. Now, Lemma 3.7
ensures that ϕ is sub s-essential and by the former theorem we are done.
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Abstract. In this paper, we present a new iterative algorithm for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem, and we prove the strong convergence theorems in Hilbert
spaces. We also apply our results to the convex minimization and variational inequality
problems. Our results extend and improve some recent results of Cai, Tang and Liu
[Cai, Y., Tang, Y. and Liu, L.: Iterative algorithms for minimum-norm fixed point of
nonexpansive mapping in Hilbert space. Fixed Point Theory Appl., 2012:49 (2012)] and
others.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping
T : C → C is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. The
set of fixed points of T is denoted by Fix(T ). It is well known that Fix(T ) is
closed and convex. Halpern [1] introduced an iterative method for approximation
of fixed points of a nonexpansive mapping as follows: u ∈ C, x1 ∈ C and

xn+1 = αnu + (1− αn)Txn,

1Corresponding author. e-mail: wuhuanchun@emails.bjut.edu.cn
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where {αn} is a sequence in [0, 1]. Wittmann [2] proved that {xn} converges
strongly to PFix(T )u if {αn} satisfies the conditions:

lim
n→∞

αn = 0,
∞∑

n=1

αn = ∞ and
∞∑

n=1

|αn+1 − αn| < ∞,

where PFix(T ) is the metric projection onto Fix(T ). Especially, letting 0 = u ∈ C,
we see that the sequence {xn} converges strongly to PFix(T )0, i.e., the minimum-
norm fixed point of T . Cai, Tang and Liu [3] presented an iterative method for
finding the minimum-norm fixed point of T .

Let f be a bifunction from C × C to R, where R is the set of real numbers.
The equilibrium problem for f is to find x ∈ C such that f(x, y) ≥ 0 for all y ∈ C.
The set of such solutions is denoted by EP (f). Numerous problems in physics,
optimization and economics can be reduced to find a solution of the equilibrium
problem (for instance, see [4]). For solving equilibrium problem, we assume that
the bifunction f satisfies the following conditions:

(A1) f(x, x) = 0 for all x ∈ C;

(A2) f is monotone, i.e., f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;

(A3) For every x, y, z ∈ C, lim sup
t↓0

f(tz + (1− t)x, y) ≤ f(x, y);

(A4) f(x, ·) is convex and lower semicontinuous for each x ∈ C.

Some methods have been proposed to solve the equilibrium problem (see [4]–[12],
[15]).

The methods for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of an equilibrium problem have
received much attention in recent years. Tada and Takahashi [5] introduced an
iterative scheme as follows.





x0 = x ∈ H,

un ∈ C,

such that f(un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

ωn = (1− αn)xn + αnTun,

Cn = {z ∈ H : ‖ωn − z‖ ≤ ‖xn − z‖},
Dn = {z ∈ H : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn∩Dn(x0),

where {αn} ⊂ [a, 1] for some a ∈ (0, 1) and {rn} ⊂ (0,∞) satisfies lim inf
n→∞

rn > 0.

They proved that the sequence {xn} converges to PFix(T )∩EP (f)x. Takahashi and
Takahashi [6] obtained the following iterative scheme
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



x1 ∈ H,

un ∈ C,

such that f(un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

xn+1 = αng(xn) + (1− αn)Tun,

where g is a contraction on H. Under appropriate conditions they showed that
the sequence {xn} converges strongly to an element of the set Fix(T ) ∩ EP (f).

Motivated by the above results, in this paper, we present a new iterative
algorithm for finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of an equilibrium problem, and prove the strong
convergence theorems in Hilbert spaces. Finally, we give the applications to the
convex minimization and variational inequality problems. Our results extend and
improve some recent results of Cai, Tang and Liu [3] and others.

2. Preliminaries

Throughout this paper, let H be a real Hilbert space with inner product 〈·, ·〉
and norm ‖ · ‖, and let C be a nonempty closed convex subset of H. We write
xn → x to indicate that the sequence {xn} converges strongly to x. Similarly,
the notation xn ⇀ x means weak convergence. It is well known that H satisfies
Opial’s condition, that is, for any sequence {xn} ⊂ H with xn ⇀ x, we have

(2.1) lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖ for all y 6= x.

For any x ∈ H, there exists a unique point PCx ∈ C such that

‖x− PCx‖ ≤ ‖x− y‖, for all y ∈ C.

PC is called the metric projection of H onto C. Note that PC is a nonexpansive
mapping of H onto C. For x ∈ H and z ∈ C, we have

(2.2) z = PCx ⇐⇒ 〈z − y, x− z〉 ≥ 0 for every y ∈ C.

We need the following lemmas.

Lemma 2.1. [4] Let C be a nonempty closed convex subset of H, and let f be
a bifunction from C × C to R satisfying (A1) − (A4). If r > 0 and x ∈ H, then
there exists z ∈ C such that

f(z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C.
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Lemma 2.2. [11] Let C be a nonempty closed convex subset of H, and let f be a
bifunction from C × C to R satisfying (A1)− (A4). For r > 0, define a mapping
Tr : H → 2C as follows:

Tr(x) = {z ∈ C : f(z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C}.

Then the following hold:

(i) Tr is single-valued;

(ii) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

〈x− y, Trx− Try〉 ≥ ‖Trx− Try‖2;

(iii) Fix(Tr) = EP (f);

(iv) EP (f) is closed and convex.

Lemma 2.3. [12] Suppose that (A1) − (A4) hold. If x, y ∈ H and r1, r2 > 0,
then

‖Tr2y − Tr1x‖ ≤ ‖y − x‖+
|r2 − r1|

r2

‖Tr2y − y‖.

Lemma 2.4. [13] Let {xn} and {yn} be bounded sequences in a Banach space X
and let {βn} be a sequence in [0, 1] with

0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1.

Suppose xn+1 = (1− βn)xn + βnyn for all integers n ≥ 1 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then
lim

n→∞
‖yn − xn‖ = 0.

The following lemma is an immediate consequence of the inner product on H.

Lemma 2.5. For all x, y ∈ H, the inequality ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉 holds.

Lemma 2.6. [14] Let {an} be a sequence of nonnegative real numbers satisfying
an+1 ≤ (1− αn)an + αnβn, where

(i) {αn} ⊂ (0, 1),
∞∑

n=1

αn = ∞;

(ii) lim sup
n→∞

βn ≤ 0.

Then lim
n→∞

an = 0.
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3. Strong convergence theorems

In this section, we introduce a new iterative algorithm for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solu-
tions of an equilibrium problem, and we prove the strong convergence theorems
in Hilbert spaces.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, and let f be a bifunction from C × C to R satisfying (A1) − (A4). Suppose
that T : C → C is a nonexpansive mapping such that Fix(T ) ∩ EP (f) 6= ∅. For
λ ∈ (0, 1) and ω ∈ C, let {xn} and {un} be sequences generated by

(3.1)





x1 ∈ C chosen arbitrarily,

un ∈ C,

such that f(un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

xn+1 = (1− αn)[λTun + (1− λ)xn] + αnω,

where the sequences {αn} ⊂ (0, 1) and {rn} ⊂ (0,∞) satisfy the following condi-
tions:

(1) lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞;

(2) lim inf
n→∞

rn > 0 and lim
n→∞

|rn+1 − rn| = 0.

Then the sequence {xn} converges strongly to PFix(T )∩EP (f)ω.

Proof. Note that Fix(T ) ∩ EP (f) is a closed convex subset of H since Fix(T )
and EP (f) are closed and convex. For simplicity, we write Ω := Fix(T )∩EP (f).

From Lemmas 2.1 and 2.2, we have un = Trnxn, and for any z ∈ Ω,

(3.2) ‖un − z‖ = ‖Trnxn − Trnz‖ ≤ ‖xn − z‖.
It follows that

(3.3)

‖xn+1 − z‖ = ‖(1− αn)[λTun + (1− λ)xn] + αnω − z‖
≤ (1− αn)‖λTun + (1− λ)xn − z‖+ αn‖ω − z‖
≤ (1− αn)[λ‖Tun − z‖+ (1− λ)‖xn − z‖] + αn‖ω − z‖
≤ (1− αn)[λ‖un − z‖+ (1− λ)‖xn − z‖] + αn‖ω − z‖
≤ (1− αn)‖xn − z‖+ αn‖ω − z‖
≤ max {‖xn − z‖, ‖ω − z‖} .

From a simple inductive process, we get

‖xn+1 − z‖ ≤ max {‖x1 − z‖, ‖ω − z‖} ,

which yields that {xn} is bounded. So is the sequence {un}.



166 huan-chun wu, cao-zong cheng, wen-jing han

Setting

yn =
(1− αn)λTun + αnω

αn + (1− αn)λ
,

one has

‖yn+1 − yn‖

=
∥∥∥(1− αn+1)λTun+1 + αn+1ω

αn+1 + (1− αn+1)λ
− (1− αn)λTun + αnω

αn+1 + (1− αn+1)λ

+
(1− αn)λTun + αnω

αn+1 + (1− αn+1)λ
− (1− αn)λTun + αnω

αn + (1− αn)λ

∥∥∥

≤
∥∥∥(αn+1 − αn)ω + (1− αn+1)λTun+1 − (1− αn)λTun

αn+1 + (1− αn+1)λ

∥∥∥

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥

≤ 1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥

+
∥∥(1− αn+1)λTun+1 − (1− αn)λTun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥

≤ 1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥

+
∥∥(1− αn+1)λTun+1 − (1− αn+1)λTun

∥∥

+
∥∥(1− αn+1)λTun − (1− αn)λTun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥

≤ 1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥ + (1− αn+1)λ

∥∥un+1 − un

∥∥

+
∣∣αn+1 − αn

∣∣λ
∥∥Tun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥.

Since lim inf
n→∞

rn > 0, without loss of generality, we may assume that there exists

a real number c such that rn > c > 0 for all n ≥ 1. According to Lemma 2.3, it
follows that
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‖yn+1 − yn‖

≤ 1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥ + [(1− αn+1)λ + αn+1]

∥∥un+1 − un

∥∥

+
∣∣αn+1 − αn

∣∣λ
∥∥Tun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥

≤ 1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥ + [(1− αn+1)λ + αn+1]

(∥∥xn+1 − xn

∥∥

+
|rn+1 − rn|

c

∥∥un+1 − xn+1

∥∥)
+ |αn+1 − αn|λ

∥∥Tun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥

≤
∥∥xn+1 − xn

∥∥ +
1

αn+1 + (1− αn+1)λ

[∥∥(αn+1 − αn)ω
∥∥

+[(1− αn+1)λ + αn+1]
|rn+1 − rn|

c

∥∥un+1 − xn+1

∥∥ + |αn+1 − αn|λ
∥∥Tun

∥∥]

+
∣∣∣ 1

αn+1 + (1− αn+1)λ
− 1

αn + (1− αn)λ

∣∣∣ ·
∥∥(1− αn)λTun + αnω

∥∥.

Therefore, we get

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

It follows from Lemma 2.4 that lim
n→∞

‖yn − xn‖ = 0. Thus,

(3.4) lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

[αn + (1− αn)λ]‖yn − xn‖ = 0.

For any z ∈ Ω, we have

‖un − z‖2 = ‖Trnxn − Trnz‖2

≤ 〈xn − z, un − z〉

=
1

2

[‖xn − z‖2 + ‖un − z‖2 − ‖xn − un‖2
]
,

which yields

(3.5) ‖un − z‖2 ≤ ‖xn − z‖2 − ‖xn − un‖2.

By (3.1), one has
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‖xn+1 − z‖2 = ‖(1− αn)[λTun + (1− λ)xn] + αnω − z‖2

= ‖(1− αn)[λTun + (1− λ)xn − z] + αn(ω − z)‖2

≤ (1− αn)‖λTun + (1− λ)xn − z‖2 + αn‖ω − z‖2

≤ (1− αn)‖λ(Tun − z) + (1− λ)(xn − z)‖2 + αn‖ω − z‖2

≤ (1− αn)[λ‖un − z‖2 + (1− λ)‖xn − z‖2] + αn‖ω − z‖2

≤ (1− αn)[λ‖xn − z‖2 − λ‖xn − un‖2 + (1− λ)‖xn − z‖2]

+ αn‖ω − z‖2

≤ ‖xn − z‖2 − (1− αn)λ‖xn − un‖2 + αn‖ω − z‖2,

which implies

(1− αn)λ‖xn − un‖2 ≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + αn‖ω − z‖2

≤ ‖xn − xn+1‖(‖xn − z‖+ ‖xn+1 − z‖) + αn‖ω − z‖2.

Consequently, equality (3.4) and lim
n→∞

αn = 0 imply

(3.6) lim
n→∞

‖xn − un‖ = 0.

Observe that

‖xn − Txn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Txn‖
≤ ‖xn − xn+1‖+ ‖(1− αn)[λTun + (1− λ)xn] + αnω − Txn‖
≤ ‖xn − xn+1‖+ ‖(1− αn)[λTun + (1− λ)xn − Txn] + αn(ω − Txn)‖
≤ ‖xn − xn+1‖+ ‖(1− αn)[λ(Tun − Txn) + (1− λ)(xn − Txn)]

+ αn(ω − Txn)‖
≤ ‖xn − xn+1‖+ (1− αn)λ‖un − xn‖+ (1− αn)(1− λ)‖xn − Txn‖

+ αn‖ω − Txn‖,
which deduces

[1− (1− αn)(1− λ)]‖xn − Txn‖
≤ ‖xn − xn+1‖+ (1− αn)λ‖un − xn‖+ αn‖ω − Txn‖.

It follows from (3.4), (3.6) and lim
n→∞

αn = 0 that

(3.7) lim
n→∞

‖xn − Txn‖ = 0.
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We shall prove that

lim sup
n→∞

〈ω − z0, xn − z0〉 ≤ 0,

where z0 = PΩ ω. In order to show this inequality, we can choose a subsequence
{xni

} of {xn} such that

(3.8) lim sup
n→∞

〈ω − z0, xn − z0〉 = lim
i→∞

〈ω − z0, xni
− z0〉.

Based on the boundedness of {xni
}, without loss of generality, we assume that

xni
⇀ p. Now we show that p ∈ Ω. As {xn} ⊂ C and C is a closed convex set,

one has p ∈ C. We firstly prove that p ∈ EP (f). According to (3.1), we have

f(un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0 for all y ∈ C.

The monotonicity of f yields

1

rn

〈y − un, un − xn〉 ≥ f(y, un) for all y ∈ C.

Replacing n by ni, we obtain

〈y − uni
,
uni

− xni

rni

〉 ≥ f(y, uni
) for all y ∈ C.

It follows from (3.6) and (A4) that

f(y, p) ≤ 0 for all y ∈ C.

For 0 < t ≤ 1, y ∈ C, set yt = ty +(1− t)p. Then yt ∈ C and f(yt, p) ≤ 0. Hence

0 = f(yt, yt) ≤ tf(yt, y) + (1− t)f(yt, p) ≤ tf(yt, y).

Dividing by t, we see that

f(yt, y) ≥ 0.

Letting t ↓ 0, we get
f(p, y) ≥ 0 for all y ∈ C.

That is, p ∈ EP (f).
Now we prove that p ∈ Fix(T ). Otherwise, assume that p /∈ Fix(T ), that is,

p 6= Tp. The Opial’s condition and (3.7) imply

lim inf
i→∞

‖xni
− p‖ < lim inf

i→∞
‖xni

− Tp‖
= lim inf

i→∞
‖xni

− Txni
+ Txni

− Tp‖
= lim inf

i→∞
‖Txni

− Tp‖
≤ lim inf

i→∞
‖xni

− p‖.
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This is a contradiction. Thus p ∈ Fix(T ). By (3.8) and the property of metric
projection, we have

lim sup
n→∞

〈ω − z0, xn − z0〉 = lim
i→∞

〈ω − z0, xni
− z0〉

= 〈ω − z0, p− z0〉 ≤ 0.
(3.9)

Using (3.1) again, we obtain

‖xn+1 − z0‖2 = ‖(1− αn)[λTun + (1− λ)xn − z0] + αn(ω − z0)‖2

≤ (1− αn)‖λ(Tun − z0) + (1− λ)(xn − z0)‖2

+ 2〈αn(ω − z0), xn+1 − z0〉
≤ (1− αn)‖xn − z0‖2 + 2αn〈ω − z0, xn+1 − z0〉.

It follows from (3.9) and Lemma 2.6 that {xn} converges strongly to z0.

Remark 1. The iterative algorithm in Theorem 3.1 weakens the conditions in
Theorem 3.1 of Wang et al. [15] and Theorem 3.2 of Takahashi and Takahashi [6]
in the following aspects:

(i) the condition
∞∑

n=1

|αn+1 − αn| < ∞ is removed;

(ii) the condition
∞∑

n=1

|rn+1 − rn| < ∞ is weakened by the condition

lim
n→∞

|rn+1 − rn| = 0.

We immediately obtain the following corollaries by Theorem 3.1.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Suppose that T : C → C is a nonexpansive mapping such that Fix(T ) 6= ∅.
For λ ∈ (0, 1) and ω ∈ C, let {xn} be a sequence generated by

(3.10)

{
x1 ∈ C chosen arbitrarily,

xn+1 = (1− αn)[λTxn + (1− λ)xn] + αnω,

where the sequence {αn} ⊂ (0, 1) satisfies the following conditions:

(1) lim
n→∞

αn = 0;

(2)
∞∑

n=1

αn = ∞.

Then the sequence {xn} converges strongly to PFix(T )ω.
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Proof. Letting f(x, y) ≡ 0 for all x, y ∈ C and rn = 1 in Theorem 3.1, we obtain
the desired result.

Remark 2. Corollary 3.2 includes, as a special case, Theorem 3.2 of Cai, Tang
and Liu [3].

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H, and let f be a bifunction from C × C to R satisfying (A1) − (A4) such that
EP (f) 6= ∅. For λ ∈ (0, 1) and ω ∈ C, let {xn} and {un} be sequences generated by

(3.11)





x1 ∈ C chosen arbitrarily,

un ∈ C, such that f(un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

xn+1 = (1− αn)[λun + (1− λ)xn] + αnω,

where the sequences {αn} ⊂ (0, 1) and {rn} ⊂ (0,∞) satisfy the following condi-
tions:

(1) lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞;

(2) lim inf
n→∞

rn > 0 and lim
n→∞

|rn+1 − rn| = 0.

Then the sequence {xn} converges strongly to PEP (f)ω.

Proof. Putting T = I in Theorem 3.1, we get the result.

4. Applications

In this section, we apply the results in the preceding section to convex minimiza-
tion problem and variational inequality problem.

Now, we consider the convex minimization problem

(4.1)

{
min φ(x)

x ∈ C,

where φ(x) is a proper lower semicontinuous convex function of H into (−∞, +∞]
such that C is included in domφ = {x ∈ H : φ(x) < +∞}. We denote by Sol(φ,C)
the set of solutions of (4.1). Let f : C × C → R be a bifunction defined by

f(x, y) = φ(y)− φ(x).

It is clear that f(x, y) satisfies (A1) − (A4) and EP (f) = Sol(φ,C). Therefore
the following result is obtained.
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Theorem 4.1. Let φ(x) be a proper lower semicontinuous convex function of
H into (−∞, +∞] and C a nonempty closed convex subset of H such that C is
included in domφ. Suppose that Sol(φ,C) 6= ∅. For λ ∈ (0, 1) and ω ∈ C, let
{xn} and {un} be sequences generated by

(4.2)





x1 ∈ C chosen arbitrarily,

un = arg min
y∈C

{φ(y) +
1

2rn

‖y − xn‖2},

xn+1 = (1− αn)[λun + (1− λ)xn] + αnω,

where the sequences {αn} ⊂ (0, 1) and {rn} ⊂ (0,∞) satisfy the following condi-
tions:

(1) lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞;

(2) lim inf
n→∞

rn > 0 and lim
n→∞

|rn+1 − rn| = 0.

Then the sequence {xn} converges strongly to an element of Sol(φ,C).

Proof. Letting f(x, y) = φ(y)− φ(x) in Corollary 3.3, we get the conclusion.

Next, we study the variational inequality problem. Let A : C → C be a
mapping. The variational inequality problem for A is to find z ∈ C such that

(4.3) 〈Az, y − z〉 ≥ 0, for all y ∈ C.

The set of its solutions is denoted by V I(C, A). For λ > 0, it is easy to see that a
point z is a solution of variational inequality (4.3) if and only if
z ∈ Fix(PC(I − λA)). Given a positive constant α, a mapping A : C → C is
said to be α−inverse strongly monotone if

〈x− y, Ax− Ay〉 ≥ α‖Ax− Ay‖2 for all x, y ∈ C.

Let A : C → C be α−inverse strongly monotone and 0 < λ ≤ 2α. Then mapping
I − λA is nonexpansive (see [16]). Using Corollary 3.2, we obtain the strong
convergence theorem for variational inequality problem.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space
H, and let A : C → C be an α−inverse strongly monotone mapping with α > 0.
Suppose that V I(C,A) 6= ∅. For λ ∈ (0, 1) with λ ≤ 2α and ω ∈ C, let {xn} be a
sequence generated by

(4.4)

{
x1 ∈ C chosen arbitrarily,

xn+1 = (1− αn)[λPC(I − λA)xn + (1− λ)xn] + αnω,

where the sequence {αn} ⊂ (0, 1) satisfies the following conditions:
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(1) lim
n→∞

αn = 0;

(2)
∞∑

n=1

αn = ∞.

Then the sequence {xn} converges strongly to an element of V I(C, A).

Proof. Since 0 < λ ≤ 2α, the mapping I−λA is nonexpansive. So is PC(I−λA).
Corollary 3.2 yields the result.
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Abstract. The new extended (G′/G)-expansion method is proposed to construct abun-
dant exact traveling wave solutions involving free parameters to the nonlinear partial
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new extended (G′/G)-expansion method in providing generalized solitary wave solu-
tions of different physical structures applying it in the right-handed noncommutative
burgers and the (1 + 1)-dimensional compound KdVB equations. By this application,
we enhanced new traveling wave solutions of the equations which can be used to exploit
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1. Introduction

The world around us is inherently nonlinear, and nonlinear evolution equations
are widely used to describe the complex physical phenomena that come out in a
broad range of scientific applications, such as the fluid dynamics, nuclear physics,
high energy physics, plasma physics, solid state physics, condensed matter physics,
elastic media, optical fibers, biology, chemical kinematics, chemical physics, and
geochemistry, etc. The exact solutions of nonlinear partial differential equations
(NPDEs) play a significant role in nonlinear science and engineering. Recently,
a number of prominent mathematicians and physicists who are interested in the
nonlinear physical phenomena have investigated exact solutions of NPDEs to un-
derstand the physical mechanism of the phenomena using symbolical computer
programs such as Maple, Matlab, Mathematica that facilitate complex and tedious
algebraical computations.

For example, the wave phenomena observed in fluid dynamics [4], [14], plasma
and elastic media [5], [12] and optical fibers [11], [19] etc. Some of the ex-
isting powerful methods for deriving exact solutions of NLEEs are Backlund
transformation method [10], Darboux Transformations [8], tanh-function method
[18], Exp-function method [7] and so on. Wang et al. [17] firstly proposed
the (G′/G)-expansion method, then many diverse group of researchers extended
this method by different names like an improved (G′/G)-expansion method [3],
improved (G′/G)-expansion method [24],extended (G′/G)-expansion method [2],
[15], generalized (G′/G)-expansion method [13], modified simple equation method
[6] with different auxiliary equations. Zayed [20] established extended (G′/G)-
expansion method for solving the (3 + 1)-dimensional NLEEs in mathematical
physics. We (Roshid et. al.) [15] also used this method to find new exact tra-
veling wave solutions of nonlinear Klein-Gordon equation. Recently, Khan et al.
[25]found traveling and soliton wave solutions of GZK-BBM and right-handed
non-commutative burgers equations by Modified Simple Equations method.

In this article, our motivation is to add new more general traveling wave solu-
tions of right-handed non-commutative burgers and the (1 + 1)-dimensional com-
pound KdVB equations via new extended (G′/G)-expansion. The performances
of the method will encourage other researchers to apply it in other nonlinear
evolution equations.

2. Materials and method

For given nonlinear evolution equations with independent variables x and t, we
consider the following form

F (u, ut, ux, uxt, utt, ....) = 0.(1)

By using the traveling wave transformation

u(x, t) = u(ξ), ξ = x− V t,(2)
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where u is an unknown function depending on x and t, and is a polynomial F in
u(ξ) = u(x, t) and its partial derivatives and V is a constant to be determined
later. The existing steps of method are as follows:

Step 1: Using equation (2) in equation (1), we can convert equation (1) to an
ordinary differential equation

Q(u,−V u′, u′,−V u′′, V 2u′′, ....) = 0(3)

Step 2: Assume the solutions of equation (3) can be expressed in the form

u(ξ) =
n∑

i=−n

{
ai(G

′/G)i

[1 + λG′/G]i
+ bi(G

′/G)i−1

√
σ

[
1 +

(G′/G)2

µ

] }
(4)

with G = G(ξ) satisfying the differential equation

G′′ + µG = 0(5)

in which the value of σ must be ±1,µ 6= 0, ai, bi (i = −n, ..., n), and λ are
constants to be determined later. We can evaluate n by balancing the highest-
order derivative term with the nonlinear term in the reduced equation (3).

Step 3: Inserting equation (4) into equation (3) and making use of equation (5)

and then, extracting all terms of like powers of (G′/G)j and (G′/G)j
√

σ[1 + (G′/G)2]
µ

together, set each coefficient of them to zero yield an over-determined system of
algebraic equations and then solving this system of algebraic equations for ai, bi

(i = −n, ..., n) and V , we obtain several sets of solutions.

Step 4: For the general solutions of Eq.(5), we have

µ < 0,
G′

G
=
√−µ

(
Asinh(

√−µξ) + Bcosh(
√−µξ)

Acosh(
√−µξ) + Bsinh(

√−µξ)

)
= f2(ξ)(6)

µ > 0,
G′

G
=
√

µ

(
Acos(

√
µξ)−Bsin(

√
µξ)

Asin(
√

µξ) + Bcos(
√

µξ)

)
= f1(ξ)(7)

where A, B are arbitrary constants. At last, inserting the values of ai, bi

(i = −n, ..., n), V and (6), (7) into equation (4) and obtain required traveling
wave solutions of equation (1).

Remark 1. It is noteworthy to observe that if we put λ = 0 in the equation (5),
then the proposed new extended (G′/G)-expansion coincide with the Guo and
Zhou’s extended (G′/G)-expansion [2]. On the other hand if we put bi = 0 and
λ = 0 in the equation (5), then the proposed method is identical to the improved
(G′/G)-expansion method presented by Zhang et al. [24]. Again if we set bi = 0
and λ = 0 and negative the exponents of (G′/G) are zero in equation (5), then
the proposed method turn into the basic (G′/G)-expansion method introduced by
Wang et al. [17]. Thus the methods presented in the Ref. [2], [17], [24] are only
special cases of the proposed new extended (G′/G)-expansion method.
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3. Application of our method

To test the validity of our method, let us consider two important equations of
mathematical physics to construct exact traveling wave solutions:

Example 3.1. In this subsection, we will bring to bear the new extended (G′/G)-
expansion method to find the traveling wave solutions to the right-handed nc-
Burgers equation:

ut = uxx + 2uux(8)

Using the traveling wave transformation (2), (8) is reduced to the following ODE:

u′′ + 2uu′ + V u′ = 0(9)

Integrating (9) with respect to ξ and setting the constant of integration to zero,
we obtain

u′ + u2 + V u = 0(10)

Balancing the highest order derivative and nonlinear term, we obtainN = 1. Now,
the solutions of equation (10), according to equation (4) is

u(ξ) = a0 +
a1(G

′/G)

1 + λ(G′/G)
+

a−1(1 + λ(G′/G))

(G′/G)

+ (b0(G
′/G)−1 + b1 + b−1(G

′/G)−2)
√

σ[1 + (G′/G)2/µ]

(11)

where G = G(ξ) satisfies equation (5). Substituting equations (11) and (5) into
equation (10), collecting all terms with the like powers of (G′/G)j and (G′/G)j√

σ[1 + (G′/G)2/µ], and setting them to zero, we obtain a over-determined system
that consists of eighteen algebraic equations (which are omitted for convenience).

Solving this over-determined system with the assist of Maple and inserting in
equation (11), we have the following results.

Set 1: V = ±√−µ, a0 = ∓1

2

√−µ, a1 =
1

2
, b1 = ±

√( µ

4σ

)
, λ = a−1 = b0 = b−1 = 0.

Now, when µ > 0, then using (7) and (11), we have

u1(ξ) = −1

2

√−µ +
1

2
f1(ξ)±

√( µ

4σ

)√
σ(1 + f 2

1 (ξ)/µ),(12)

where ξ = x−√−µt

u2(ξ) =
1

2

√−µ +
1

2
f1(ξ)±

√( µ

4σ

)√
σ(1 + f 2

1 (ξ)/µ),(13)

where ξ = x +
√−µt and when µ < 0, then using (6) and (11), we have

u3(ξ) = −1

2

√−µ +
1

2
f2(ξ)±

√( µ

4σ

)√
σ(1 + f 2

2 (ξ)/µ),(14)
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where ξ = x−√−µt

u4(ξ) =
1

2

√−µ +
1

2
f2(ξ)±

√( µ

4σ

)√
σ(1 + f 2

2 (ξ)/µ),(15)

where ξ = x +
√−µt

Set 2: V = ±2
√−µ, a0 = a0, a1 =

a2
0 ± 2a0

√−µ

µ
, λ =

−a0 ∓√−µ

µ
,

a1 = b−1 = b0 = b1 = 0. Now, when µ > 0, then using (7) and (11), we have

u5(ξ) = a0 +
a2

0 + 2a0

√−µ

µ
× f1(ξ)

1 + −a0−√−µ
µ

f1(ξ)
,(16)

where ξ = x− 2
√−µt

u6(ξ) = a0 +
a2

0 − 2a0

√−µ

µ
× f1(ξ)

1 + −a0+
√−µ

µ
f1(ξ)

,(17)

where ξ = x + 2
√−µt and when µ < 0, then using (6) and (11), we have

u7(ξ) = a0 +
a2

0 + 2a0

√−µ

µ
× f2(ξ)

1 + −a0−√−µ
µ

f2(ξ)
,(18)

where ξ = x− 2
√−µt

u8(ξ) = a0 +
a2

0 − 2a0

√−µ

µ
× f2(ξ)

1 + −a0+
√−µ

µ
f2(ξ)

,(19)

where ξ = x + 2
√−µt

Set 3: V = ±2
√−µ, a−1 = −µ, a0 = ±√−µ, λ = a1 = b1 = b−1 = b0 = 0. Now,

when µ > 0, then using (7) and (11), we have

u9(ξ) = −√−µ− µf−1
1 (ξ),(20)

where ξ = x− 2
√−µt

u10(ξ) =
√−µ− µf−1

1 (ξ),(21)

where ξ = x + 2
√−µt and when µ < 0, then using (6) and (11), we have

u11(ξ) = −√−µ− µf−1
2 (ξ),(22)

where ξ = x− 2
√−µt

u12(ξ) =
√−µ− µf−1

2 (ξ),(23)

where ξ = x + 2
√−µt
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Set 4: V = ±4
√−µ, a−1 = −µ, a0 = ±2

√−µ, a1 = 1, λ = b1 = b−1 = b0 = 0.
Now, when µ > 0, then using (7) and (11), we have

u13(ξ) = 2
√−µ + f1(ξ)− µf−1

1 (ξ),(24)

where ξ = x− 4
√−µt

u14(ξ) = −2
√−µ + f1(ξ)− µf−1

1 (ξ),(25)

where ξ = x + 4
√−µt and when µ < 0, then using (6) and (11), we have

u15(ξ) = 2
√−µ + f2(ξ)− µf−1

2 (ξ),(26)

where ξ = x− 4
√−µt

u16(ξ) = −2
√−µ + f2(ξ)− µf−1

2 (ξ),(27)

where ξ = x + 4
√−µt

Set 5: V = ±2
√−µ, a−1 = −µ, a0 = a0, λ =

a0 ±
√−µ

µ
, b−1 = a1 = b1 = b0 = 0.

Now, when µ > 0, then using (7) and (11), we have

u17(ξ) = a0 − µ(f1(ξ))
−1

[
1 +

a0 +
√−µ

µ
f1(ξ)

]
,(28)

where ξ = x− 2
√−µt

u18(ξ) = a0 − µ(f1(ξ))
−1

[
1 +

a0 −√−µ

µ
f1(ξ)

]
,(29)

where ξ = x + 2
√−µt and when µ < 0, then using (6) and (11), we have

u19(ξ) = a0 − µ(f2(ξ))
−1

[
1 +

a0 +
√−µ

µ
f2(ξ)

]
,(30)

where ξ = x− 2
√−µt

u20(ξ) = a0 − µ(f2(ξ))
−1

[
1 +

a0 −√−µ

µ
f2(ξ)

]
,(31)

where ξ = x + 2
√−µt

Set-6: V = ±√−µ, a−1 = −µ/2, a0 = a0, λ =
2a0 ±√−µ

µ
, b0 = ±µ

√
(1/4σ),

a1 = b1 = b−1 = 0. Now, when µ > 0, then using (7) and (11), we have

u21(ξ) = a0 − µ + (2a0 +
√−µ)f1(ξ)

2f1(ξ)
+ µf−1

1 (ξ)

√
1

4
(1 + f 2

1 (ξ)/µ),(32)
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where ξ = x−√−µt

u22(ξ) = a0 − µ + (2a0 −√−µ)f1(ξ)

2f1(ξ)
− µf−1

1 (ξ)

√
1

4
(1 + f 2

1 (ξ)/µ),(33)

where ξ = x +
√−µt

u23(ξ) = a0 − µ + (2a0 +
√−µ)f1(ξ)

2f1(ξ)
− µf−1

1 (ξ)

√
1

4
(1 + f 2

1 (ξ)/µ),(34)

where ξ = x−√−µt

u24(ξ) = a0 − µ + (2a0 −√−µ)f1(ξ)

2f1(ξ)
+ µf−1

1 (ξ)

√
1

4
(1 + f 2

1 (ξ)/µ),(35)

where ξ = x +
√−µt and when µ < 0, then using (6) and (11), we have

u25(ξ) = a0 − µ + (2a0 +
√−µ)f2(ξ)

2f2(ξ)
+ µf−1

2 (ξ)

√
1

4
(1 + f 2

2 (ξ)/µ),(36)

where ξ = x−√−µt

u26(ξ) = a0 − µ + (2a0 −
√−µ)f2(ξ)

2f2(ξ)
− µf−1

2 (ξ)

√
1

4
(1 + f 2

2 (ξ)/µ),(37)

where ξ = x +
√−µt

u27(ξ) = a0 − µ + (2a0 +
√−µ)f2(ξ)

2f2(ξ)
− µf−1

2 (ξ)

√
1

4
(1 + f 2

2 (ξ)/µ),(38)

where ξ = x−√−µt

u28(ξ) = a0 − µ + (2a0 −
√−µ)f2(ξ)

2f2(ξ)
+ µf−1

2 (ξ)

√
1

4
(1 + f 2

2 (ξ)/µ),(39)

where ξ = x +
√−µt

Remark 2. Comparison between Khan et al. [25] solutions and new solutions:

(i) If C1 = v, C2 = 1 in the paper of Khan et al. [25], from sub section 3.2 in
example 2, the exact solution (35) turns into the solitary wave solution (36)

−v

2
{1 − coth(v(x − vt)/2)} but if we put v/2 =

√−µ,A = 1, B = 0 in our

solution u11 becomes −v
2
{1− coth(v(x− vt)/2)}

(ii) If C1 = −v, C2 = 1 in the paper of Khan et al. [25], from Section 3.2 in
Example 2, the exact solution (35) turns into the solitary wave solution (37)

−v

2
{1− tanh(v(x− vt)/2)} but if we put v/2 =

√−µ,A = 0, B = 1 in our

solution u11 becomes −v

2
{1− tanh(v(x− vt)/2)}
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Example 3.2. In this subsection, we will bring to bear the new extended (G′/G)-
expansion method to find the traveling wave solutions of the (1+1)-dimensional
compound KdVB equation in the form:

ut + αuux + βu2ux + γuxx − δuxxx = 0,(40)

where α, β, γ and δ are constants.
This equation can be thought of as a generalization of KdV-mKdV and

Burgers equations involving nonlinear dispersion and dissipation effects. The
traveling wave solutions of equation (40) have been found in [23] using (G′/G)-
expansion method. To this end, we are going to find new traveling solution of
the equation by our proposed method. Using traveling wave transformation (2),
equation (40) is reduced to the following ODE:

C − V u + 1
2
αu2 + 1

3
βu3 + γu′ − δu′′ = 0,(41)

where C is an integration constant. Considering the homogeneous balance be-
tween the highest order derivative and nonlinear term, we obtainN = 1. Now,
the solutions of equation (40), according to equation (4) is same of the equation
(11). Substituting equation (11) and equation (5) into equation (41), collecting
all terms with the like powers of (G′/G)jand (G′/G)j

√
σ[1 + (G′/G)2/µ], and set-

ting them to zero, we obtain a over-determined system that consists of eighteen
algebraic equations (which are omitted for convenience).

Solving this over-determined system with the assist of Maple and inserting in
equation (11), we have the following results.

Set 1. C =
1

72δβ
{(288αµδ2β + 3α3δ − 6αβγ2) ∓ (8βγ3 + 1152βγµδ2)/

√
6δ/β},

V = −96δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = 0, a1 = ∓

√
6δ

β
, a−1 = ±µ

√
6δ

β
,

a0 = − α

2β
∓ γ√

6δβ
, b1 = b0 = b−1 = 0.

Now, when µ > 0, then using (7) and (11), we have

u±2,1(ξ) = − α

2β
± γ√

6δβ
∓ µ

√
6δ

β
f−1

1 (ξ)±
√

6δ

β
f1(ξ),(42)

and when µ < 0, then using (6) and (11), we have

u±2,2(ξ) = − α

2β
± γ√

6δβ
∓ µ

√
6δ

β
f−1

2 (ξ)±
√

6δ

β
f2(ξ),(43)

where ξ = x +
96δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 2. C =
1

72δβ2
{(72αµδ2β + 3α3δ − 6αβγ2) ± (8βγ2 + 288βγµδ2)/

√
6δ/β},
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V = −24δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = 0, a1 = ±

√
6δ
β
, a0 = − α

2β
± γ√

6δβ
, a−1 = b1 =

b0 = b−1 = 0. Now, when µ > 0, then using (7) and (11), we have

u±2,3(ξ) = − α

2β
± γ√

6δβ
±

√
6δ

β
f1(ξ),(44)

and when µ < 0, then using (6) and (11), we have

u±2,4(ξ) = − α

2β
± γ√

6δβ
±

√
6δ

β
f2(ξ),(45)

where ξ = x +
24δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 3. C =
1

216δ2β2
{±(72γµβ2δ2 + 8β2γ3)

√
3δ/2β + 54αβµδ3 − 18αβγ2δ},

V = −6δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = 0, a1 = ±

√
3δ

2β
, a0 = − α

2β
± γ√

6δβ
, b1 =

±
√

3δµ

2βσ
, a−1 = b−1 = b0 = 0. Now, when µ > 0, then using (7) and (11), we have

u±2,5(ξ) = − α

2β
± γ√

6δβ
±

√
3δ

2β
f1(ξ)∓

√
3δµ

2βσ

√
σ(1 + f 2

1 (ξ)/µ),(46)

and when µ < 0, then using (6) and (11), we have

u±2,6(ξ) = − α

2β
± γ√

6δβ
±

√
3δ

2β
f2(ξ)∓

√
3δµ

2βσ

√
σ(1 + f 2

2 (ξ)/µ),(47)

where ξ = x +
6δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 4. C =
1

72δβ2
{(72αµδ2β + 3α3δ − 6αβγ2) ∓ (8βγ2 + 288βγµδ2)/

√
6δ/β},

V = −24δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = λ, a−1 = ±µ

√
6δ

β
, a0 = − α

2β
± γ + 6δµλ√

6δβ
,

a1 = b−1 = b0 = b1 = 0. Now, when µ > 0, then using (7) and (11), we have

u±2,7(ξ) = − α

2β
± γ + 6δµλ√

6δβ
∓ µ

√
6δ

β

1 + λf1(ξ)

f1(ξ)
,(48)

and when µ < 0, then using (6) and (11), we have

u±2,8(ξ) = − α

2β
± γ + 6δµλ√

6δβ
∓ µ

√
6δ

β

1 + λf2(ξ)

f2(ξ)
,(49)
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where ξ = x +
24δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 5. C =
1

72δβ2
{(72αµδ2β + 3α3δ − 6αβγ2) ± (8βγ2 + 288βγµδ2)/

√
6δ/β},

V = −24δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = λ, a1 = ±(λ2µ+1)

√
6δ

β
, a0 = −α

2
± γ − 6δµλ√

6δβ
,

a−1 = b−1 = b0 = b1 = 0. Now, when µ > 0, then using (7) and (11), we have

u±2,9(ξ) = −α

2
± γ − 6δµλ√

6δ/β
± (λ2µ + 1)

√
6δ

β

f1(ξ)

1 + λf1(ξ)
,(50)

and when µ < 0, then using (6) and (11), we have

u±2,10(ξ) = −α

2
± γ − 6δµλ√

6δ/β
± (λ2µ + 1)

√
6δ

β

f2(ξ)

1 + λf2(ξ)
,(51)

where ξ = x +
24δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 6. C =
1

72δβ2
{(18αµδ2β + 3α3δ − 6αβγ2) ∓ (2γ3 + 18γµδ2)/

√
6δβ},

V = −6δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = λ, a−1 = ±µ

√
3δ

2β
, a0 = − α

2β
∓ γ + 3δµλ√

6δβ
,

b0 = ±µ

√
3δ

2βσ
, a1 = b−1 = b1 = 0. Now, when µ > 0, then using (7) and (11),

we have

u2,11(ξ) = − α

2β
− γ+3δµλ√

6δβ
+ µ

√
3δ

2β

1+λf1(ξ)

f1(ξ)

∓µ

√
3δ

2βσ

√
σ(1+f 2

1 (ξ)/µ),

(52)

u2,12(ξ) = − α

2β
+

γ + 3δµλ√
6δβ

− µ

√
3δ

2β

1 + λf1(ξ)

f1(ξ)

∓µ

√
3δ

2βσ

√
σ(1 + f 2

1 (ξ)/µ),

(53)

and when µ < 0, then using (6) and (11), we have

u2,13(ξ) = − α

2β
− γ + 3δµλ√

6δβ
+ µ

√
3δ

2β

1 + λf2(ξ)

f2(ξ)

∓µ

√
3δ

2βσ

√
σ(1 + f 2

2 (ξ)/µ),

(54)
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u2,14(ξ) = − α

2β
+

γ + 3δµλ√
6δβ

− µ

√
3δ

2β

1 + λf2(ξ)

f2(ξ)

∓µ

√
3δ

2βσ

√
σ(1 + f 2

2 (ξ)/µ),

(55)

where ξ = x +
6δ2µβ + 3δα2 − 2βγ2

12δβ
t

Set 7. C = − 1

216δ2β2
{±(72γµβ2δ2 + 8β2γ3)

√
3δ/2β − 9δ2α3 − 54αβµδ3 +

18αβγ2δ}, V = −6δ2µβ + 3δα2 − 2βγ2

12δβ
, λ = − γ

3µδ
, a−1 = ±µ

√
3δ

2β
, a0 = − α

2β
,

b0 = ±µ

√
3δ

2βσ
, a1 = b−1 = b1 = 0. Now, when µ > 0, then using (7) and (11),

we have

u2,15(ξ) = − α

2β
± µ

√
3δ

2β

1− γ
3µδ

f1(ξ)

f1(ξ)
± µ

√
3δ

2βσ

√
σ(1 + f 2

1 (ξ)/µ),(56)

and when µ < 0, then using (6) and (11), we have

u2,16(ξ) = − α

2β
± µ

√
3δ

2β

1− γ
3µδ

f2(ξ)

f2(ξ)
± µ

√
3δ

2βσ

√
σ(1 + f 2

2 (ξ)/µ),(57)

where ξ = x +
6δ2µβ + 3δα2 − 2βγ2

12δβ
t

Note. For correct solutions, we have one solution taking upper signs and another
solution taking lower sign but there is no restriction on the signs of b1, b0, b−1.

Remark 3. Comparison between Zayed [23] solutions and new solutions:
In the paper of Zayed [23], from Section 3 in Example 2, the exact solution

(23) turns our solution (45) when γ = 0 and AB = −µ/2. After then, if we use
the same conditions on A,B like [23], we can get all the solitary solutions of [23].

Remark 4. We have verified all the achieved solutions by putting them back
into the original equation (8) of Example 3.1 and into the original equation (40)
of Example 3.2 with the aid of Maple 13.

4. Results and discussion

We have constructed twenty eight exact traveling wave solutions for the nc-Burger
equations and thirty two solutions for the (1 + 1)-dimensional compound KdVB
equation including solitons, periodic solutions via the new extended (G′/G)-
expansion method. It is important to state that one (for each equation) of our
obtained solutions is in good agreement with the existing results which are shown
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in Remarks 2, 3. Beyond Remarks 2, 3, we have constructed new exact trave-
ling wave solutions u1 to u28 for ncBurgers equation and solutions u±1,2 to u±2,16 for
(1+1)-dimensional compound KdVB equation which have not been reported in the
previous literature. In addition, the graphical representations of some obtained
traveling wave solutions are shown in Figure 1 to Figure 13.

Graphical representations of the solutions: The graphical illustrations of
the solutions are depicted in the figures with the aid of Maple. Solutions u3, u4,
u7, u8, u25, u28, u

±
2,4, u

±
2,6, u

±
2,8, u

±
2,10, u2,13, u2,14 and u±2,16 describes the kink wave.

Kink waves are traveling waves which arise from one asymptotic state to another.
The kink solutions are approach to a constant at infinity. Fig. 1 and Fig. 2
below shows the shape of the exact Kink-type solution of u3 and u28 the right-
handed noncommutative burgers equation (8). The shape of figures of solutions
u4, u7, u8, u25, u

±
2,8, u

±
2,10, u2,13, u2,14 are similar to the figure of solution of u3 and

u±4 , u±6 , u±16 are similar to Fig. 2. So, the figures of these solutions are omitted for
convenience.

Solutions u11, u12, u15, u16, u19, u20 and u27 comes infinity as in hyperbolic function,
are singular Kink solution. Fig. 3 and Fig. 4 shows the shape of the exact singular
Kink-type solution of u20 and u27 respectively. The shape of figures of solutions
u11, u12, u15, u16, u19 are similar to the figure of solution u20, and so, the figures of
these solutions are omitted for convenience. Another type of singular kink type
figure is expressed by the solution u26 whose figure is described by Fig. 5 and
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singular kink type figure of the of KdVB equation is expressed by solutions u±2,2

whose figure is described by Fig. 10.

Solutions u1, u2, u5, u6, u9, u10, u13, u14, u17, u18, u21, u22, u23 and u24 comes infinity
as in trigonometric function, are singular Kink solution. Fig. 6, Fig. 7, Fig. 8 and
Fig. 9 shows the shape of the exact singular Kink-type solution of u10, u22, u14,
and u21, respectively. The shape of figures of solutions u1, u2, u5, u6, u9, u18 are
similar to the figure of solution u10, the shape of figure of solution u13 is similar
to the figure of solution u25 and the shape of figure of solution u24 is similar to
the figure of solution u21, and so, the figures of these solutions are omitted for



188 harun-or-roshid, m.f. hoque, m. ali akbar

convenience.
Solutions u±2,1, u

±
2,3, u

±
2,5, u

±
2,7, u

±
2,9, u2,11, u2,12 and u±2,15 of KdVB equation (tri-

gonometric functions as cos(x − t)) are periodic solutions. Fig. 11 Fig. 12 and
Fig. 13 shows the shape of the periodic solution of u−2,1, u−2,5 and u2,15 (when b0

take −, a−1 take + sign), respectively. The shape of figures of solutions u+
2,1, u±2,3,

u±2,7, u±2,9, u2,11, u2,12 are similar to the figure of solution u−2,1, the shape of figure of
solution u2,15 (b0 take +, a−1 take −), u2,11 (when sign of a0 take −, a−1 take +,
b1 take −) and u2,12 (when sign of a0 take +, a−1 take −, b1 take +) is similar to
the Fig. 13. Others are similar to the Fig. 11, and so, the figures of these solutions
are omitted for convenience.

5. Conclusion

The new extended (G′/G)-expansion method is presented to search exact trave-
ling wave solutions for NPDEs. In addition, this method is also computerizable,
which allows us to perform complicated and tedious algebraic calculation using a
computer by the help of symbolic programs such as Maple, Mathematica, Mat-
lab, and so on. We apply it to the right-handed non-commutative burgers and the
(1+1)-dimensional compound KdVB equations. As a results, many plentiful new
hyperbolic functions and periodic solutions with free parameters including soli-
ton solutions are obtained. Overall, the results reveal that the presented method
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is effective, productive and more powerful than the original (G′/G)-expansion
method and it can be applied for other kind of nonlinear evolution equations in
mathematical physics.
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Abstract. In this paper, we prove that the reverse super edge-magic strength of some
different festoon trees.

Keywords. graph labeling, reverse super edge-magic labeling, Festoon trees.

1. Introduction

Consider a family of finite number of stars. Arrange them in an array and join one
centre of a star to that of the next one. The tree so obtained is called a f estoon
tree. In ([9]), we defined a reverse magic labeling of a graph G(V,E) as a bijection
f : V ∪ E → {1, 2, 3, ..., v + ε} such that for all edges xy, f(xy) − {f(x) + f(y)}
are the same where v and ε denote the order and size of the graph G. A graph
is said to be A reverse edge-magic labeling f is called reverse super edge-magic
if f(V ) = {1, 2, 3, ..., } and f(E) = {v + 1, v + 2, v + 3, ..., v + ε}. A graph
G is called reverse super edge-magic if there exists a reverse super edge-magic
labeling of G. In ([5]), Hugand introduced the concept of reverse super edge-magic
strength of a graph. A reverse edge-magic labeling of a graph G(V, E) is a bijection
f : V ∪E → {1, 2, 3, ..., v + ε} such that for all edges xy, f(xy)−{f(x) + f(y)} is
a constant which is denoted by c(f). The reverse edge-magic strength of a graph
G, rsm(G), is defined as the minimum of all c(f) where the minimum is taken
over all reverse edge-magic labelings f of G. A reverse magic labeling of a graph
G(V,E) is called reverse super edge-magic labeling of G if f(V ) = {1, 2, ..., v} and
f(E) = {v + 1, v + 2, ..., v + ε}.

In ([5]), the following results have been proved.
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1. rsm(P2n) = n− 1 , rsm(P2n+1) = n

2. rsm(K1,n) = n− 1

3. rsm(Bn,n) = n

4. rsm(P 2
n) = n− 2

5. rsm(C2n+1) = n

6. rsm(< K1,n : 2 >) = 2n

7. rsm[(2n + 1)P2] = n

Note 1. Let f be a reverse super edge-magic labeling of G with the constant
c(f). Then, adding all the constants obtained at each edge, we get

ε c(f) =
∑
e∈E

f(e)−
∑
v∈V

d(v)f(v)

In this paper, we determined the reverse super edge-magic strength of some dif-
ferent festoon trees.

2. Reverse super edge-magic strength of Festoon trees

In this paper, we obtain the reverse super edge-magic strength of festoon tree

Tα, n + α vertices of the stars K1,n, ni ≥ 1, 1 ≤ i ≤ α,

α∑
i=1

ni = n.

Theorem 2.1. rsm(Tα) = n + α− n1 − n3 − . . .− nα−1 − α

2
− 1.

Proof. We prove this theorem by assigning reverse super edge-magic labeling to
Tα, α is even.

Let ui be the center and vi be the set of pendent vertices of ith star. Each
vi has ni vertices, i = 1, 2, ..., α. Thus n1 + n2 + n3 + · · · + nα = n, v = n + α,
ε = n+α−1. Then the following labeling f is a reverse super edge-magic labeling
of Tα.

f(u2i) = n1 + n3 + n5plusn2i−1 + i, i = 1, 2, 3, ...,
α

2

f(u2i−1) = f(uα) + n2 + n4 + n6 + · · ·+ n2i−2 + i, i = 1, 2, 3, ...,
α

2
f(v2i−1) = {n1 + n3 + · · ·+ n2i−3 + i, ..., n1 + n3 + · · ·+ n2i−1 + i− 1},

i = 1, 2, 3, ...,
α

2
f(v2i) = {f(u1) + n2 + n4 + . . . + n2i−2 + i, ..., f(u1) + n2 + n4

+ · · ·+ n2i + i− 1}, i = 1, 2, 3, ...,
α

2
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Figure 1:

This labeling of vertices gives f(x) + f(y) for all edges xy ∈ E to vary from
f(uα)+2 to f(uα)+n+α. Thus, for each edge e = xy, if f(x)+f(y) = f(uα)+ i,
i = 2, 3, ..., n + α, then f(e) = n + α + i. By Note 1, if f is a reverse super
edge-magic labeling of Tα with constant c(f).

ε c(f) =
∑
e∈E

f(e)−
∑
v∈V

d(v)f(v)

(n + α− 1) c(f) =
∑
e∈E

f(e)−
{

α∑
i=1,v∈Vi

f(v) +
α∑

i=1

d(ui)f(ui)

}

=
∑
e∈E

f(e)−
{ α∑

i=1,v∈Vi

f(v) + (n1 + 1)f(u1)

+ (n2 + 2)f(u2) + . . . + (nα−1 + 2)f(uα−1) + (nα + 1)f(uα)
}

=
∑
e∈E

f(e)−
{[ α∑

i=1,v∈Vi

f(v) + f(u1) + f(u2) + . . . + f(uα)
]

+ n1f(u1)+(n2+1)f(u2) + . . . + (nα−1+1)f(uα−1)+nαf(uα)
}

=
∑
e∈E

f(e)−
{ n+α−1∑

i=1i

i + n1[f(uα) + 1] + (n2 + 1)(n1 + 1)

+ (n3 + 1)[f(uα) + n2 + 2] + (n4 + 1)[n1 + n3 + 2]

+ . . . + (nα−2 + 1)
[
n1 + n3 + . . . + nα−3 +

(α

2
− 1

)]

+ (nα−1 + 1)
[
f(uα) + n2 + n4 + . . . + nα−2 +

α

2

]

+ nα

[
n1 + n3 + . . . + nα−1 +

α

2

]}
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=
(n + α− 1)[n + α + 1 + 2n + 2α− 1]

2

−
{(n + α− 1)(n + α)

2
+ f(uα)

[
n1 + n3 + . . . + nα−1 +

α− 2

2

]

+ n1 + (n2 + 1)(n1 + 1) + (n3 + 1)(n2 + 2) + (n4 + 1)(n1 + n3 + 2)

+ (n5 + 1)(n2 + n4 + 3) + . . . + (nα−2 + 1)
[
n1 + n3 + . . . + nα−3 +

(α

2
− 1

)]

+ (nα−1 + 1)
[
n2 + n4 + . . . + nα−2 +

α

2

]
+ nα

[
n1 + n3 + . . . + nα−1 +

α

2

]}

=
(n + α− 1)[3n + 3α]

2
− (n + α− 1)(n + α)

2

−
{(

n1 + n3 + . . . + nα−1 +
α

2

)(
n1 + n3 + . . . + nα−1 +

α− 2

2

)

+ n1 + (n3 + 1)(n2 + 2) + (n5 + 1)(n2 + n4 + 3) + . . .

+ (nα−1 + 1)
[
n2 + n4 + . . . + nα−2 +

α

2

]

+ (n2 + 1)(n1 + 1) + (n4 + 1)(n1 + n3 + 2) + . . .

+ (nα−2 + 1)
[
n1 + n3 + . . . + nα−3 +

(α

2
− 1

)]

+ nα

[
n1 + n3 + . . . + nα−1 +

α

2

]}

= (n+α−1)[n+α]−
{(

n1+n3 + . . . + nα−1 +
α

2

)(
n1+n3 + . . . + nα−1 +

α−2

2

)

+ n1(n1 + n2 + n3 + . . . + nα) + n3(n1 + n2 + n3 + . . . + nα) + . . .

+
α

2
(n1 + n2 + n3 + . . . + nα) +

(α

2
+

α

2
− 1

)
(n1 + n3 + . . . + nα−1)

+
(
2 + 3 + 4 + . . . +

α

2

)
+

(
1 + 2 + 3 + . . . +

α

2
− 1

)}

= (n + α− 1)[n + α]

−
{(

n1 + n3 + . . . + nα−1 +
α

2

)
(n1 + n3 + . . . + nα−1 + α− 1)

+
α

2

(α

2
− 1

)
+

α

2
(α− 1) +

α
2
(α

2
+ 1)

2
+

α
2
(α

2
− 1)

2
− 1

}

= (n + α− 1)[n + α]−
{(

n1 + n3 + . . . + nα−1 +
α

2

)
+ (n + α− 1)

}

(n + α− 1)c(f) = (n + α− 1)(n + α)

−
{(

n1 + n3 + . . . + nα−1 +
α

2

)
+ (n + α− 1)

}

c(f) = n + α− (
n1 + n3 + . . . + nα−1 +

α

2

)

∴ rsm(Tα) = n + α− (n1 + n3 + . . . + nα−1 +
α

2

)
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Note 2. rsm(Tα) can be increased if the number of vertices in a star at any odd
position is less that the no. of vertices in a star at any even position.

For example, we have rsm(T6) = 17 in Fig. 2.

Figure 2: α = 6, n1 = 1, n2 = 4, n3 = 2, n4 = 5, n5 = 3, n6 = 6, rsm(T6) = 17

Note 3. rsm(Tα) can also be reduced if the number of vertices in the star at
any odd position is greater than the number of vertices in the star at any even
position. For example, we have rsm(T6) = 8 in Fig. 3

Figure 3: α = 6, n1 = 4, n2 = 1, n3 = 5, n4 = 2, n5 = 6, n6 = 3, rsm(T6) = 8

Theorem 2.2. rsm(Tα) = n + α− n2 − n4 − . . .− nα−1 −
(

α + 3

2

)

Proof. We prove this theorem by assigning reverse super edge-magic labeling to
Tα, α is odd.

Let ui be the center and vi be the set of pendent vertices of the ith star.

Each vi has ni vertices, i = 1, 2, ..., α. Thus

n1 + n2 + n3 + · · ·+ nα = n, v = n + α, ε = n + α− 1.

Then, the following labeling f is a reverse super edge-magic labeling of Tα.
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f(u1) = 1

f(u2i) = f(uα) + n1 + n3 + n5 + · · ·+ n2i−1 + i, i = 1, 2, 3, ...
(α− 1)

2

f(u2i−1) = f(u1) + n2 + n4 + n6 + · · ·+ n2i−2 + i− 1, i = 2, 3, ...
(α− 1)

2
f(v2i−1) = {f(uα) + n1 + n3 + · · ·+ n2i−3 + i, ...,

f(uα) + n1 + n3 + · · ·+ n2i−1 + i− 1}, i = 1, 2, 3, ...,
α + 1

2
f(v2i) = {f(u1) + n2 + n4 + · · ·+ n2i−2 + i, ...,

f(u1) + n2 + n4 + · · ·+ n2i + i− 1}, i = 1, 2, 3, ...,
α− 1

2
.

This labeling of vertices gives f(x) + f(y) for all edges xy ∈ E to vary from
f(uα) + 2 to f(uα) + n + α. Thus for each edge e = xy if f(x) + f(y) = f(uα) + i,
i = 2, 3, ..., n + α then f(e) = n + α− 1.

For example, the reverse super edge-magic labeling of Tα, α = 7 is shown in
Fig. 4.

Figure 4: α=7, n1=1, n2 = 2, n3=3, n4=5, n5=6, n6=5, rsm(T7)=16

By Note 1, if f is a reverse super edge-magic labeling of Tα with constant c(f).

ε c(f) =
∑
e∈E

f(e)−
∑
v∈V

d(v)f(v)

(n + α− 1) c(f) =
∑
e∈E

f(e)−
{

α∑
i=1,v∈Vi

f(v) +
α∑

i=1

d(ui)f(ui)

}

=
∑
e∈E

f(e)−
{ α∑

i=1,v∈Vi

f(v) + (n1 + 1)f(u1) + (n2 + 2)f(u2) + ...

+ (nα−1 + 2)f(uα−1) + (nα + 1)f(uα)
}

=
∑
e∈E

f(e)−
{[ α∑

i=1,v∈Vi

f(v) + f(u1) + f(u2) + . . . + f(uα)
]

+ n1f(u1) + (n2 + 1)f(u2) + · · ·+ (nα−1 + 1)f(uα−1) + nαf(uα)
}
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=
∑
e∈E

f(e)−
{ n+α−1∑

i=1i

i + n1f(u1) + (n2 + 1)[f(uα) + n2 + 1]

+ (n3 + 1)[f(uα) + n2 + 1]

+ (n4 + 1)[f(uα) + n1 + n3 + 2] + (n5 + 1)[f(u1) + n2 + n4 + 2] + · · ·
+ (nα−1 + 1)

[
f(uα) + n1 + n3 + . . . + nα−2 +

(α− 1

2

)]

+ nα

[
f(u1) + n2 + n4 + . . . + nα−1 +

α− 1

2

]}

=
∑
e∈E

f(e)−
{(n + α− 1)(n + α)

2
+ f(u1)

[
n1 + n3 + . . . + nα +

α− 3

2

]

+ f(uα)
[
n2 + n2 + . . . + nα−1 +

α− 1

2

]

+ (n2 + 1)(n1 + 1) + (n3 + 1)(n2 + 1)

+ (n4 + 1)(n1 + n3 + 2) + (n5 + 1)(n2 + n4 + 2) + . . .

+ (nα−1 + 1)
[
n1 + n3 + . . . + nα−2 +

(α− 1

2

)]

+ nα

[
n2 + n4 + . . . + nα−1 +

α− 1

2

]}

= {(n + α + 1) + (n + α + 2) + . . . + (2n + 2α− 1)}
−

{(n + α− 1)(n + α)

2
+

(
n1 + n3 + . . . + nα +

(α− 3)

2

)

+
(
n2 + n4 + . . . + nα−1 +

α + 1

2

)(
n2 + n4 + . . . + nα−1 +

α− 1

2

)

+ (n2 + 1)(n1 + 1) + (n4 + 1)(n1 + n3 + 2) + . . .

+ (nα−1 + 1)
[
n1 + n3 + . . . + nα−2 +

α− 1

2

]

+ (n3 + 1)(n2 + 1) + (n5 + 1)(n2 + n4 + 2) + . . .

+ nα

[
n2 + n4 + . . . + nα−1 +

(α− 1)

2

]}

=
n + α− 1

2
[n + α + 1 + 2n + 2α− 1]

−
{(n + α− 1)(n + α)

2
− (

n1 + n3 + . . . + nα +
(α− 3)

2

)

+ (n2 + n4 + . . . + nα−1)(n2 + n4 + . . . + nα−1 + α)

+
(α + 1

2

)(α− 1

2

)
+

(α− 1

2

)
[n1 + n2 + . . . + nα]

+
(
1 + 2 + 3 + . . . +

α− 1

2

)
+

(
1 + 2 + 3 + . . . +

α− 3

2

)}

=
n + α− 1

2
[3n + 3α− n− α]−

{(
n1 + n3 + . . . + nα +

(α− 3)

2

)

+ (n2 + n4 + . . . + nα−1)(n + α) +
(α + 1

2

)
(n + α) +

(α + 1

2

)(α− 1

2

)

+ α
(α + 1

2

)
+

((α−1
2

)(α+1
2

)

2
+

(α−3
2

)(α−1
2

)

2

)}
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=
n + α− 1

2
[2n + 2α]−

{(
n1 + n3 + . . . + nα +

(α− 3)

2

)

+ (n2 + n4 + . . . + nα−1)(n + α)

+
(α2 − 1

2

)
+ α

(α− 1

2

)
+

α2 − 1

8
+

α2 − 4α + 3

2
+

(α + 1

2

)
(n + α)

}

= (n + α)
[
n + α− 1− n2 − n4 − . . .− nα−1 − α + 1

2

]

−
{(

n1 + n3 + . . . + nα +
(α− 3)

2

)
+

+
1

2
[2α2 − 2− 4α2 + 4α2 + α2 − 1 + α2 − 4α + 3]

}

= (n + α)
[
n + α− 1− n2 − n4 − . . .− nα−1 − α + 1

2

]

− [
n1 + n3 + . . . + nα +

(α− 3)

2

]

= (n + α− 1)
[
n + α− 1− n2 − n4 − . . .− nα−1 −

(α + 1

2

)]

+
[
n + α− 1− n2 − n4 − . . .− nα−1 −

(α + 1

2

)]

− [
n1 + n3 + . . . + nα +

(α− 3)

2

]

(n + α− 1)c(f) = (n + α− 1)
[
n + α− 1− n2 − n4 − . . .− nα−1 −

(α + 1

2

)]

c(f) = n + α− n2 − n4 − . . .− nα−1 −
(α + 3

2

)

rsm[Tα] = n + α− n2 − n4 − . . .− nα−1 −
(α + 3

2

)

Note 4. rsm(Tα) is odd, will also be increased if the number of vertices in the
star at any even position is less than the number of vertices in the star at any odd
position as shown in Fig. 5.

Figure 5: α=7, n1=4, n2=1, n3=5, n4=2, n5=5, n6=3, n7=6, rsm(T7)=22
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Note 5. rsm(Tα) is odd, will also be decreased if the number of vertices in the
star at any even position is greater than the number of vertices in the star at any
odd position as shown in Fig. 6.

Figure 6: α=7, n1=1, n2=4, n3=2, n4=5, n5=3, n6=5, n7=6, rsm(T6)=14

3. Observation

Theorem 3.1. rsm (〈K1,1, K1,2, K1,r〉) = r − 2.

Proof. This is obtained by joining centres u, v, w of K1,1, K1,2, and K1,r to a
new X. The pendent vertex of the star K1,1 is denoted by u1; the pendent
vertices of K1,2 are denoted by v1, v2 and the pendent vertices of K1,r are denoted
by w1, w2, ..., wr. The reverse super edge-magic labeling f of the graph is given
below: f(u1) = 1, f(v) = 2, f(w1) = 3, f(w) = 4, f(u) = 5, f(v1) = 6, f(x) = 7,
f(v2) = 8 and f(wi) = i + 7, i = 2, 3, 4, ..., r, f(wu1) = r + 8, f(ww1) = r + 9,
f(vv1) = r +10, f(xv) = r +11, f(vv2) = r +12, f(xw) = r +13, f(xu) = r +14,
f(wwi) = f(wr) + 3r + 1 + i, i = 2, 3, 4, ... Thus, f(xu) − {f(x) + f(u)} =
r + 14− {7 + 5} = r + 2.

This observation is illustrated in Fig. 7 for r = 4.

Figure 7:
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Abstract. In this paper, we introduce the notion of hyper pseudo MV -algebra as a
generalization of pseudo MV -algebra and hyper MV -algebra. Then we investigate some
properties of this structure and attempt to construct a hyper pseudo MV -algebra from
a l-group. Finally, we proved some theorems about filters, ideals, congruence relations,
in hyper pseudo MV -algebras.
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1. Introduction

MV -algebras were introduced by C.C. Chang [2] in 1958, as an algebraic model of
infinite valued logic. In [10], Mundici showed that any MV -algebra is an interval
of an Abelian lattice ordered group with a strong unit. Georgescu and Iorgulescu
[4] introduced a new non-commutative algebraic structures, which were called
pseudo MV -algebras. It can be obtained by dropping commutative axioms in
MV -algebras, which are a generalization of MV -algebras.

The hyper algebraic structure theory was introduced in 1934 [9] by Marty
at 8th Congress of Scandinavian Mathematicians. Recently in [6], Sh. Ghorbani
et al. applied the hyper structure to MV -algebras and introduced the concept
of hyper MV -algebra which is a generalization of MV -algebra and investigated
some related results. Since then many researchers have worked on this structure
(see [5], [7], [8], [11]).

In this paper, the concept of hyper pseudo MV -algebra was introduced. We
show that any pseudo MV -algebra (hyper MV -algebra) is a hyper pseudo MV -
algebra and verify some of the properties of this algebra as mentioned in the
abstract.

1Corresponding author
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2. Preliminaries

Definition 2.1. [4] A Pseudo MV -algebra is an algebra (M, +,−,∼, 0, 1) of type
(2, 1, 1, 0, 0) such that the following axioms hold for all x, y, z ∈ M ,

(A1) x + (y + z) = (x + y) + z,
(A2) x + 0 = 0 + x = x,
(A3) x + 1 = 1 + x = 1,
(A4) 1− = 1∼ = 0,
(A5) (x− + y−)∼ = (x∼ + y∼)−,
(A6) x + (x∼.y) = y + (y∼.x) = (x.y−) + y = (y.x−) + x,
(A7) x.(x− + y) = (x + y∼).y,
(A8) (x−)∼ = x.

where x.y = (x− + y−)∼.

Definition 2.2. [1] A lattice-ordered group (l-group) is an algebra (G,∨,∧, +,−, 0)
such that (G,∨,∧) is a lattice, (G, +,−, 0) is a group and + is an order preserving
map. If (G,∨,∧, +,−, 0) is a lattice-ordered group, then we use [0, u] to denote
{x ∈ G|0 ≤ x ≤ u}, for any 0 ≤ u.

Proposition 2.3. [4] Let (G,∨,∧, +,−, 0) be an l-group and 0 ≤ u, for some
u ∈ G. Define x∗ y = (x+ y)∧u, x− = u−x and x∼ = −x+u, for any x, y ∈ G.
Then ([0, u], ∗,−,∼, 0, u) is a pseudo MV -algebra.

Definition 2.4. [6] A hyper MV -algebra is a non-empty set M endowed with a
binary hyper operation ⊕, a unary operation ∗ and a constant 0 satisfying the
following conditions: for all x, y, z ∈ M

(hMV 1) x⊕ (y ⊕ z) = (x⊕ y)⊕ z,
(hMV 2) x⊕ y = y ⊕ x,
(hMV 3) (x∗)∗ = x,
(hMV 4) (x∗ ⊕ y)∗ ⊕ y = (y∗ ⊕ x)∗ ⊕ x,
(hMV 5) 0∗ ∈ x⊕ 0∗,
(hMV 6) 0∗ ∈ x⊕ x∗

(hMV 7) if x ¿ y and y ¿ x, then x = y, where x ¿ y is defined by
0∗ ∈ x∗ ⊕ y.
For every A,B ⊆ M , we define A ¿ B if and only if there exist a ∈ A and b ∈ B
such that a ¿ b and A⊕B = ∪{a⊕ b|a ∈ A, b ∈ B}. Also, we define 0∗ = 1 and
A∗ = {a∗|a ∈ A}.

3. Hyper pseudo MV -algebras

Definition 3.1. A hyper pseudo MV -algebra is a non-empty set M with a binary
hyperoperation +, two unary operations ′,∼ and two constants 0, 1 satisfying the
following conditions: for all x, y, z ∈ M ,

(HSMV 1) x + (y + z) = (x + y) + z,
(HSMV 2) 1 ∈ (x + 1) ∩ (1 + x),
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(HSMV 3) 1∼ = 1′ = 0,

(HSMV 4) (x′ + y′)∼ = (x∼ + y∼)′,
(HSMV 5) x + (x∼ ¯ y) = y + (y∼ ¯ x) = (x¯ y′) + y = (y ¯ x′) + x,

(HSMV 6) x¯ (x′ + y) = (x + y∼)¯ y,

(HSMV 7) (x′)∼ = x,

(HSMV 8) 1 ∈ (x + x∼) ∩ (x′ + x),

(HSMV 9) 1 ∈ (x′ + y) ∩ (y′ + x) implies x = y,

(HSMV 10) 1 ∈ x′ + y if and only if 1 ∈ y + x∼.

where y ¯ x = (x′ + y′)∼, A′ = {a′|a ∈ A}, A∼ = {a∼|a ∈ A}, A ¯ B =
∪{a ¯ b|a ∈ A, b ∈ B} and A + B = ∪{a + b|a ∈ A, b ∈ B}, for any A, B ⊆ M .
A hyper pseudo MV -algebra M is called proper if there exists a, b ∈ M such that
2 ≤ |a + b|. Let (M, +,′ ,∼, 0, 1) be a hyper pseudo MV -algebra, which is not
proper. Then for any x, y ∈ M , there exists ax,y ∈ M such that x + y = {ax,y}.
Define the operation ∗ : M → M by x ∗ y = ax,y. It can be easily obtained
that (M, ∗,′ ,∼, 0, 1) is a pseudo MV -algebra and we say that (M, +,′ ,∼, 0, 1) is
a pseudo MV -algebra.

Example 3.2. Let (M, +,−,∼, 0, 1) be a pseudo MV -algebra. For any x, y ∈ M ,
we define x⊕y = {x+y}. Then (M,⊕,−,∼, 0, 1) is a hyper pseudo MV -algebra.

Example 3.3. Let (M,⊕, ∗, 0, 1) be a hyper MV -algebra. Then (M,⊕, ∗, ∗, 0, 0∗)
is a hyper pseudo MV -algebra.

Example 3.4. (i) Let M = {0, a, b, c, 1}. Consider the following tables:

Table 1 Table 2
+ 0 a b c 1
0 {0} {0,a} {0,b} {0,c} M
a {0,a} {0,a} {a,b} M M
b {b,0} M {0,b} {c,b} M
c {c,0} {c,a} M {0,c} M
1 M M M M M

0 a b c 1
′ 1 b c a 0
∼ 1 c a b 0

Then we get

Table 3
¯ 0 a b c 1
0 M M M M M
a M {1,a} M {a,c} {1,a}
b M {a,b} {1,b} M {1,b}
c M M {b,c} {1,c} {1,c}
1 M {a,1} {b,1} {c,1} {1}

It is not difficult to show that (M, +,′ ,∼, 0, 1) is a hyper pseudo MV -algebra.
Moreover, + is not commutative and so M is not a hyper MV -algebra.
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(ii) Let N = {0, a, b, c, d, 1} and M = {0, a, b, c, 1}. Consider the following
tables:

Table 4 Table 5
+ 0 a b c d 1
0 {0} {0,a} {0,b} {0,c} {0,d} M
a {0,a} {0,a} {a,b} M {0,a,d} M
b {b,0} M {0,b} {c,b} {0,b,d} M
c {c,0} {c,a} M {0,c} {0,c,d} M
d {d,0} {d,a} {d,b} {d,c} N N
1 M M M M N M

0 a b c d 1
′ 1 b c a d 0
∼ 1 c a b d 0

Easy calculations show that (N, +,′ ,∼, 0, 1) is a hyper pseudo MV -algebra.

Remark 3.5.

(i) It is easy, to show that if (M, +,′ ,∼, 0, 1) is a hyper pseudo MV -algebra
such that x + y = y + x and x′ = x∼, for any x, y ∈ M , then (M, +,′ , 0) is
a hyper MV -algebra.

(ii) Let (M, +,′ ,∼, 0, 1) be a hyper pseudo MV -algebra. Define a relation ≤ on
M by x ≤ y if and only if 1 ∈ x′ + y, for any x, y ∈ M . Then by (HSMV 8)
and (HSMV 9), we conclude that ≤ is a reflexive and antisymmetric relation
on M .

Proposition 3.6. For any integer 5 ≤ m, there is at least one proper hyper
pseudo MV -algebra of order m.

Proof. Let 5 ≤ m, n = m − 2, M = {a1, a2, ..., an} and N = M ∪ {0, 1}, where
0, 1 /∈ M . Define a′i = ai+1 and a∼j = aj−1, for any i, j ∈ {1, 2, ..., n}, where
a0 = an and an+1 = a1. Consider the following hyper operation on M .

x + y =





{0} if x = y = 0,
{0, y} if x = 0, y = ai or y = 0, x = ai,
N ifx = 1 or y = 1,
{0, ai} if x = y = ai,
N if x = ai, y = aj, j = i− 1,
{ai, aj} otherwise.

It is easy to show that (N, +,′ ,∼, 0, 1) is a proper hyper pseudo MV -algebra of
order m.

From now on, in this paper, (M, +,′ ,∼, 0, 1) or simply M will denote a hyper
pseudo MV -algebra, unless otherwise stated. If A,B ⊆ M , A ¿ B (A ≤ B)
means that a ≤ b, for some a ∈ A and b ∈ B (for any a ∈ A, there exists b ∈ B
such that a ≤ b). Moreover, if A = {a}, then we write a ¿ B instead of A ¿ B.
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Proposition 3.7. Suppose that (G,∨,∧, +,−, 0) is a l-group and 0 ≤ u, for
some u ∈ G. Let ↓ A = {x ∈ [0, u]|x ≤ a, for all a ∈ A} and ↑ A = {x ∈ [0, u]|
a ≤ x, for all a ∈ A}, for any A ⊆ G. Define x ⊕ y =↓ {x + y, u} =↓ {x ∗ y},
x− = u − x and x∼ = −x + u, for any x, y ∈ G, where ∗ is the operation which
is defined in Proposition 2.3. Then ([0, u],⊕,′ ,∼, 0, u) is a hyper pseudo MV -
algebra.

Proof. Let x, y, z ∈ [0, u]. By Proposition 2.3, the operations ′ and ∼ are one to
one and onto maps. Moreover, x ≤ y ⇔ y′ ≤ x′ ⇔ y∼ ≤ x∼, for all x, y ∈ [0, u].

(1) Let x ∈ [0, u]. Then 0 ≤ x and so u = 0 + u ≤ x + u. Hence u ∈↓
{x+u, u} = x⊕u. By the similar way, u ∈ u⊕x. Therefore, u ∈ (x⊕u)∩ (u⊕x).

(2) By Proposition 2.3, u′ = u∼ = 0 and (x′)∼ = x, for all x ∈ [0, u].
(3) Let a ∈ [0, u]. Then 0 ≤ a ≤ u and so 0 = a − a ≤ u − a = u′, −a ≤ 0.

Hence u − a ≤ u + 0 = u. Therefore, a′ ∈ [0, u]. By the similar way, we can
show that a∼ ∈ [0, u]. On the other hand, let b′ ∈ [0, u], for some b ∈ G. Then
0 ≤ u− b ≤ u, so b = 0+ b ≤ (u− b)+ b = u and −b = −u+(u− b) ≤ −u+u = 0.
Hence 0 ≤ b. Therefore, b ∈ [0, u] if and only if b′ ∈ [0, u], for any b ∈ G. Similarly,
we can show that b ∈ [0, u] if and only if b∼ ∈ [0, u]. Hence

(x′ ⊕ y′)∼ = {a∼ ∈ [0, u]|a ≤ x′ + y′, a ∈ [0, u]}
= {a∼|a ∈ [0, u], (x′ + y′)∼ ≤ a∼}
= {a∼|a ∈ [0, u], (x∼ + y∼)′ ≤ a∼}, by Proposition 2.3

= {a∼|(a∼)′ ∈ [0, u], (x∼ + y∼)′ ≤ a∼}
= {t|t′ ∈ [0, u], (x∼ + y∼)′ ≤ t}
= {t|t′ ∈ [0, u], t∼ ≤ (x∼ + y∼)}
= {t|t′ ∈ [0, u], t∼ ∈ (x∼ ⊕ y∼)}
= {t|t′ ∈ [0, u], t ∈ (x∼ ⊕ y∼)′}
= {t|t ∈ [0, u], t ∈ (x∼ ⊕ y∼)′}
= (x∼ ⊕ y∼)′.

(4) By Proposition 2.3, x + x∼ = u = x′ + x. Hence u ∈↓ {x + x∼, u} and
u ∈↓ {x′ + x, u}. Therefore, u ∈ (x⊕ x∼) ∩ (x′ ⊕ x).

(5) Let u ∈ (x′ ⊕ y) ∩ (y′ ⊕ x). Then by u ∈ x′ ⊕ y, we get u ≤ x′ + y and
so u + (−y) ≤ (x′ + y) + (−y) = x′. Similarly, u ∈ y′ ⊕ x implies x′ ≤ y′. Hence
x′ = y′ and so x = y.

(6) Since ([0, u], +,′ ,∼, 0, u) is a pseudo MV -algebra, then we have

u ∈ x′ ⊕ y ⇔ u ≤ x′ + y ⇔ y′ ≤ x′ ⇔ y∼ ≤ x∼ ⇔ −y + u ≤ x∼ ⇔ u ≤ y + x∼

(7) We want to show that x⊕ (y ⊕ z) = (x⊕ y)⊕ z.

x⊕ (y ⊕ z) = ∪{x⊕ a|a ∈ y ⊕ z} = {t ∈ [0, u]|t ≤ x ∗ a, a ∈ y ⊕ z}

For any a ∈ y ⊕ z, we have a ≤ y ∗ z, a ∈ [0, u] and so x + a ≤ x + (y ∗ z). Hence
x∗a ≤ x∗(y ∗z), it follows that x⊕(y⊕z) ⊆↓ {x∗(y∗z)}. Moreover, y∗z ≤ y ∗z
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and so ↓ {x ∗ (y ∗ z)} ⊆ x⊕ (y⊕ z). Therefore, x⊕ (y⊕ z) =↓ {x ∗ (y ∗ z), u}. By
the similar way, (x⊕ y)⊕ z =↓ {(x ∗ y) ∗ z, u}. Now, by Proposition 2.3, we get
x⊕ (y ⊕ z) = (x⊕ y)⊕ z.

(8) Let a¯ b = (b∼ ⊕ a∼)′, for all a, b ∈ [0, u]. Then

x¯ y = (y∼ ⊕ x∼)′ = {a′|a ∈ [0, u], a ∈ y∼ ⊕ x∼}
= {a′ ∈ [0, u]|a ≤ y∼ ∗ x∼}
= {a′ ∈ [0, u]|(y∼ ∗ x∼)′ ≤ a′}
= {t ∈ [0, u]|(y∼ ∗ x∼)′ ≤ t}, since ′ is one to one and onto

= ↑ {x.y}.
Now, we prove that, (HSMV 5) holds.

x⊕ (x∼ ¯ y) = ∪{x⊕ a|a ∈ x∼ ¯ y} = {t ∈ [0, u]|t ≤ x ∗ a, a ∈↑ {x∼.y}}
By Proposition 2.3, x∼.y ∈ [0, u] and so u ∈↑ {x∼.y}. Hence x⊕ (x∼¯ y) = [0, u].
By the similar way, we can show that y⊕(y∼¯x) = (x¯y′)⊕y = (y¯x′)⊕x = [0, u].
Therefore, (HSMV 5) holds.

(9) By definition of ⊕, it is obvious that 0 ∈ x′ ⊕ y. Hence by Proposition
2.3, we obtain

[0, u] =↑ {x ∗ 0} = x¯ 0 ⊆ x¯ x¯ (x′ ⊕ y) ⊆ [0, u]

By the similar way, we obtain (x⊕ y∼)¯ y = [0, u]. Therefore, (HSMV 6) holds.
From (1)-(9), it follows that ([0, u],⊕,′ ,∼, 0, u) is a hyper pseudo MV -algebra.

Lemma 3.8. The following properties hold: for any x, y, z ∈ M .

(i) (x∼)′ = x, 0∼ = 0′ = 1 and 1′′ = 1 = (1∼)∼.
Moreover, x = y ⇔ x′ = y′ ⇔ x∼ = y∼,

(ii) 0 ∈ (x¯ 0) ∩ (0¯ x),

(iii) x¯ y = (y∼ + x∼)′,

(iv) 0 ∈ (x¯ x′) ∩ (x∼ ¯ x),

(v) x ¿ x + y and y ≤ x + y,

(vi) (x¯ y)¯ z = x¯ (y ¯ z),

(vii) x ≤ y ⇔ 0 ∈ y∼ ¯ x ⇔ 0 ∈ x¯ y′ ⇔ 1 ∈ y + x∼,

(viii) x¯ y ¿ z ⇔ x ¿ z + y∼ ⇔ y ¿ x′ + z,

(ix) (x + y)′ = y′ ¯ x′, (x + y)∼ = y∼ ¯ x∼ and x + y = (y′ ¯ x′)∼ = (y∼ ¯ x∼)′,

(x) (x¯ y)′ = y′ + x′ and (x¯ y)∼ = y∼ + x∼,

(xi) (x∼ ¯ y) + y∼ = (y∼ ¯ x) + x∼,
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(xii) x¯ (x′ + y) = y ¯ (y′ + x),

(xiii) x ≤ 1 and 0 ≤ x.

Proof. (i) Since 1 ∈ x+x∼, then by (HSMV 7), 1 ∈ (x+((x∼)′)∼). On the other
hand, 1 ∈ ((x∼)′ + x∼) and so 1 ∈ (x + u∼) ∩ (u + x∼), where u = (x∼)′. Hence
by (HSMV 9), x = (x∼)′.
The proof of the other parts follows from (HSMV 7) and the first part of (i).

(ii) By (HSMV 2), 1 ∈ 1 + x′ and so 1∼ ∈ (1 + x′)∼. Hence by (HSMV 3),
0 ∈ x¯ 0. By the similar way, we can show that 0 ∈ (0¯ x).

(iii) The proof is Straightforward by (HSMV 4).
(iv) By (HSMV 8), 1 ∈ (x + x∼) ∩ (x′ + x), and so by (HSMV 7) and (iii),

0 ∈ (x + x∼)′ = ((x′)∼ + x∼)′ = x¯ x′. On the other hand by (i), 0 ∈ (x′ + x)∼ =
(x′ + (x∼)′)∼ = x∼ ¯ x.

(v) By (HSMV 2) and (HSMV 8), we get 1 ∈ 1+y ⊆ (x′+x)+y = x′+(x+y)
and so 1 ∈ x′ + c, for some c ∈ x + y. Hence x ≤ c, so x ¿ x + y. Moreover,
1 ∈ x + 1 ⊆ x + (y + y∼) = (x + y) + y∼. Hence 1 ∈ d + y∼, for some d ∈ x + y.
Therefore, y ≤ d and so y ¿ x + y.

(iv) (x¯ y)¯ z = (y′ + x′)∼ ¯ z
= ∪{a∼ ¯ z|a ∈ y′ + x′}
= ∪{(z′ + (a∼)′)∼|a ∈ y′ + x′}
= ∪{(z′ + a)∼|a ∈ y′ + x′}, by (i)
= (z′ + (y′ + x′))∼

= ((z′ + y′) + x′)∼

= (((z′ + y′)∼)′ + x′)∼, by (i)
= (y ¯ z)′ + x′)∼

= ∪{(a′ + x′)∼|a ∈ y ¯ z}
= ∪{x¯ a|a ∈ y ¯ z}
= x¯ (y ¯ z).

(vii) Let x, y ∈ M . Then

x ≤ y ⇔ 1 ∈ x′ + y ⇔ 0 ∈ (x′ + y)∼ ⇔ 0 ∈ y∼ ¯ x(3.1)

Moreover, by (HSMV 10), we have

1 ∈ x′ + y ⇔ 1 ∈ y + x∼ ⇔ 0 ∈ ((y′)∼ + x∼)′ ⇔ 0 ∈ x¯ y′(3.2)

By using of (3.1) and (3.2), the proof is completed.

(viii) x¯ y ¿ z ⇔ 1 ∈ (x¯ y)′ + z ⇔ 1 ∈ (y′ + x′) + z

⇔ 1 ∈ y′ + (x′ + z) ⇔ y ¿ x′ + z

x¯ y ¿ z ⇔ 1 ∈ z + (x¯ y)∼ ⇔ 1 ∈ z + (y∼ + x∼)

⇔ 1 ∈ (z + y∼) + x∼ ⇔ x ¿ z + y∼

(ix) By (HSMV 7), (x + y)′ = ((x′)∼ + (y′)∼)′ = y′ ¯ x′. Similarly, by using
of (i), we can show that (x + y)∼ = y∼ ¯ x∼.
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(x) By (HSMV 7) and (iii), we get (x¯ y)∼ = ((y∼ + x∼)′)∼ = y∼ + x∼. The
proof of the other part is similar.

(xi) By (HSMV 5), we obtain (x∼¯(y∼)′)+y∼ = (y∼¯(x∼)′)+x∼. Therefore,

(x∼ ¯ y) + y∼ = (y∼ ¯ x) + x∼

(xii) x¯ (x′ + y) = ((x′ + y)∼ + (x′)∼)′

= (y∼ ¯ x) + x∼

= ((x∼ ¯ y) + y∼)′, by (xi)

= y ¯ (x∼ ¯ y)′

= y ¯ (y′ + x)

(xiii) Let x ∈ M . By (HSMV 2) and (i), 0 ≤ x. Moreover, 1 ∈ 1 + x∼ and so
x ≤ 1.

Theorem 3.9. Let (M, +,′ ,∼, 0, 1) be a hyper pseudo MV -algebra. Then

(i) (M,¯,∼,′ 1, 0) is a hyper pseudo MV -algebra, too. It is called the dual hyper
pseudo MV -algebra of (M, +,′ ,∼, 0, 1).

(ii) If x + y = y + x, for any x, y ∈ M , then M is a hyper MV -algebra.

Proof. (i) It follows from Lemma 3.8.
(ii) Suppose that x + y = y + x, for any x, y ∈ M . Let x ∈ M . Then by

(HSMV 8) and Lemma 3.8(i), we get 1 ∈ x′ + x = x′ + (x∼)′ = (x∼)′ + x′ and
so Lemma 3.8(vii) implies x∼ ≤ x′. Moreover, by 1 ∈ x + x∼ = (x′)∼ + x∼ =
x∼ + (x′)∼, we conclude that x∼ ≤ x′. Hence, x′ = x∼, for any x ∈ M . Now, it is
clear that (M, +,′ , 0) is a hyper MV -algebra.

Proposition 3.10. Let x, y ∈ M . Then the following properties hold:

(i) x ≤ y ⇔ y′ ≤ x′ ⇔ y∼ ≤ x∼,

(ii) x ≤ y implies x + a ¿ y + a and a + x ¿ a + y, for all a ∈ M ,

(iii) x ≤ y implies a¯ x ¿ a¯ y and x¯ a ¿ y ¯ a, for all a ∈ M ,

(iv) x¯ y ¿ x, y,

(v) 0 + 0 = {0} and 1¯ 1 = {1},
(vi) y ∈ x + 0 (y ∈ 0 + x) implies y ≤ x. Moreover, if y ∈ x ¯ 1 (y ∈ 1 ¯ x),

then x ≤ y,

(vii) x ∈ (0 + x) ∩ (x + 0),

(viii) x ∈ (1¯ x) ∩ (x¯ 1),

(ix) x + 0 = y + 0 (0+x=0+y) implies x = y.
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Proof. (i)

y′ ≤ x′ ⇔ 1 ∈ x′ + (y′)∼ = x′ + y ⇔ x ≤ y ⇔ 1 ∈ y + x∼ = (y∼)′ + x∼ ⇔ y∼ ≤ x∼

(ii) Let x ≤ y and a ∈ M . Then we have

(y + a) + (x + a)∼ = (y + a) + (a∼ ¯ x∼)

= y + (a + (a∼ ¯ x∼))

= y + (x∼ + (((x∼)∼ ¯ a)), by (HSMV 5)

= (y + x∼) + ((x∼)∼ ¯ a)

⊇ 1 + ((x∼)∼ ¯ a), since x ≤ y.

Hence by (HSMV 2), 1 ∈ (y +a)+ (x+a)∼ and so 1 ∈ u+ v∼, for some u ∈ y +a
and v ∈ x + a. Thus, by Lemma 3.8(vii), v ≤ u. It follows that, x + a ¿ y + a.
On the other hand,

(a + x)′ + (a + y) = (x′ ¯ a′) + (a + y), by Lemma 3.8(ix)

= ((x′ ¯ a′) + a) + y

= ((a¯ x′′) + x′) + y

= (a¯ x′′) + (x′ + y)

⊇ (a¯ x′′) + 1, since x ≤ y

Hence by (HSMV 2), 1 ∈ (a + x)′ + (a + y) and so there exists u ∈ a + x and
v ∈ a + y such that 1 ∈ u′ + v, whence u ≤ v. Therefore, a + y ¿ a + y.

(iii) Let x ≤ y and a ∈ M . Then by (i), y′ ≤ x′ and so by (ii), a′+y′ ¿ a′+x′.
Hence u ≤ v, for some u ∈ a′ + x′ and v ∈ a′ + v′, whence by (i), v∼ ≤ u∼.
Therefore, x ¯ a = (a′ + x′)∼ ¿ (a′ + y′)∼ = y ¯ a. By the similar way, we can
show that a¯ x ¿ a¯ y.

(iv) By Lemma 3.8(v), we know that x′, y′ ≤ x′+y′ and so by (i), (x′+y′)∼ ¿
(x′)∼, (y′)∼. Hence y ¯ x ¿ x, y.

(v) Let b ∈ 0 + 0. Then by (HSMV 8), we get 1 ∈ b + b∼ ⊆ (0 + 0) + b∼ =
0 + (0 + b∼) and so 1 ∈ 0 + x, for some x ∈ 0 + b∼ = 1′ + b∼. Hence by
(HSMV 2, 3, 10), x = 1, and so 1 ∈ 0 + b∼. Therefore, b ≤ 0 and so by Lemma
3.8(xiii) and (HSMV 8), b = 0. The proof of the other part follows from Theorem
3.9.

(vi) Let x ∈ M and y ∈ 0+x. Then by (v), 0+x = (0+0)+x = 0+(0+x) ⊇
0 + y and so

1 ∈ 0 + 1 ⊆ 0 + (y + y∼) = (0 + y) + y∼ ⊆ (0 + x) + y∼ = 0 + (x + y∼)

Hence there exists u ∈ x + y∼ such that 1 ∈ 0 + u = 1′ + u. Thus u = 1 and
so 1 ∈ x + y∼. Therefore, y ≤ x. The proof of other part is similar. Now, let
y ∈ x ¯ 1. Then y ∈ (0 + x′)∼ and so y′ ∈ 0 + x′. It follows that y′ ≤ x′ and so
by (i), x ≤ y. The proof of the other part is similar.

(vii) Let x ∈ M . Then 1 ∈ 0 + 1 ⊆ 0 + (x + x∼) = (0 + x) + x∼ and so
1 ∈ u + x∼, for some u ∈ 0 + x. Hence x ≤ u. Now, by (vi), we get x = u.
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Therefore, x ∈ x + 0. On the other hand, 1 ∈ 1 + 0 ⊆ (x′ + x) + 0 = x′ + (x + 0).
Thus 1 ∈ x′ + u, for some u ∈ x + 0 and so x ≤ u. Hence by (vi), we get x = u
and so x ∈ x + 0.

(viii) Let x ∈ M . By (vii), x′ ∈ 0 + x′, and so x = (x′)∼ ∈ (1′ + x′)∼ = x¯ 1.
By the similar way, we can show that x ∈ 1¯ x.

(ix) Let x + 0 = y + 0, for some x, y ∈ M . Since 1 ∈ x′ + x, then we get

1 ∈ (x′ + x) + 0 = x′ + (x + 0) = x′ + (y + 0) = (x′ + y) + 0.

Hence there exists u ∈ x′ + 1 such that 1 ∈ u + 0 = u + 1∼. By (HSMV 2) and
(HSMV 9), we get u = 1 and so 1 ∈ x′+ y. By the similar way, we can show that
1 ∈ y + x′. Therefore, (HSMV 9) implies x = y. The proof of the other part is
similar.

4. Some hyper operations in hyper pseudo MV -algebra

In this section we define the concept of hyper operations, ∨, ∧, / and \ on a
hyper pseudo MV -algebras which we will use for definitions of ideals and filters
in hyper pseudo MV -algebras. Then we obtain some of theirs properties and
relation between ≤, +, ¯ and these hyper operations.

Proposition 4.1. Consider the hyper operations / and \ on M , were defined by
a/b = a + b∼ and a\b = a′ + b. Then, for any x, y, z ∈ M , we have:

(i) z ¿ z/y and z ¿ x\z,

(ii) x ≤ y implies x/z ¿ y/z and z\x ¿ z\y (z/y ¿ z/x and y\z ¿ x\z),

(iii) z ∨ y∼ ¿ z/y and y′ ∨ z ¿ y\z,

(iv) y\z, z/y ⊆ {u|u¯ y ¿ z} and {u|u¯ y ¿ z} ≤ z/y, y\z,

(v) x\(y/z) = (x\y)/z,

(vi) y\(x\z) = (x¯ y)\z,

(vii) (z/x)/y = z/(x¯ y),

(viii) (x + y)/z = x + (y/z),

(ix) x/(z\x) = z/(x\z).

Proof. (i) It follows from Lemma 3.8(v).
(ii) Let x ≤ y. Then by Proposition 3.10(ii), we have x + z∼ ¿ y + z∼ and

z′ + x ¿ z′ + y. By the similar way, we can prove the other part.
(iii) By Proposition 3.10(iv), z∼ ¯ y∼ ¿ y∼ and so there exists a ∈ z∼ ¯ y∼

such that a ≤ y∼. Now, by 3.10(ii), we get z ∨ y∼ = z + (z∼ ¯ y∼) ⊇ z + a ¿
z + y∼ = z/y. By the similar way, we can prove the other part.
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(iv) Let a ∈ z/y. Then a ¿ z/y = z + y∼. Hence by Lemma 3.8(viii),
a ¯ y ¿ z and so a ∈ {u|u ¯ y ¿ z}. Now, let u ∈ {u|u ¯ y ¿ z}. Then
by Lemma 3.8(viii), u ¿ z/y and so u ≤ b, for some b ∈ z/y. Therefore,
{u|u¯ y ¿ z} ≤ z/y. The proof of the other part is similar.

(v) x\(y/z) = x\(y+z∼) = x′+(y+z∼) = (x′+y)+z∼ = (x′+y)/z = (x\y)/z.
(vi) By Lemma 3.8(x), we get

y\(x\z) = y\(x′ + z) = y′ + (x′ + z) = (y′ + x′) + z = (x¯ y)′ + z = (x¯ y)\z.

(vii) (z/x)/y = (z +x∼)/y = (z +x∼)+ y∼ = z +(x∼+ y∼) = z +(y¯x)∼ =
z/(y ¯ x).

(viii) (x + y)/z = (x + y) + z∼ = x + (y + z∼) = x + (y/z).
(ix) x/(z\x) = x/(z′ + x) = x + (z′ + x)∼ = x + (z′ + (x∼)′)∼ = x + (x∼¯ z).

Now, by (HSMV 5), we obtain x/(z\x) = z+(z∼¯x) = z+(x′+z)∼ = z/(x′+z) =
z/(x\z).

Proposition 4.2. Let ∨ and ∧ be two hyper operations on M , were defined by
x ∨ y = x + (x∼ ¯ y) and x ∧ y = x ¯ (x′ + y). Then the following hold: for all
x, y, z ∈ M ,

(i) x ∈ (x ∧ x) ∩ (x ∨ x),

(ii) x ∨ y = y ∨ x and x ∧ y = y ∧ x,

(iii) x ∈ (x ∧ (x ∨ y)) ∩ (x ∨ (x ∧ y)),

(iv) x ∈ x ∨ 0, 0 ∈ x ∧ 0, x ∈ x ∧ 1 and x ∈ x ∨ 1,

(v) x ≤ y implies x ∈ x ∧ y and y ∈ x ∨ y,

(vi) x¯ y ¿ x ∧ y ¿ x, y,

(vii) x, y ¿ x ∨ y,

(viii) x ≤ y implies x ∧ z ¿ y ∧ z and x ∨ z ¿ y ∨ z,

(ix) x ∧ y = (x′ ∨ y′)∼ = (x∼ ∨ y∼)′,

(x) x ∨ y = (x′ ∧ y′)∼ = (x∼ ∧ y∼)′,

(xi) 0 ∨ 1 = 0 + 1 and 0 ∧ 1 = 1¯ 0,

(xii) ∨ is associative if and only if ∧ is associative.

Proof. (i) By Lemma 3.8(iv), 0 ∈ x∼ ¯ x and so by Proposition 3.10(vii),
x ∈ x + 0 ⊆ x + (x∼ + x) = x ∨ x. On the other hand, by Proposition 3.10(viii)
and (HSMV 8), we have x ∈ x¯ 1 ⊆ x¯ (x′ + x) = x ∧ x.

(ii) It follows from (HSMV 7, 8).
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(iii)

x ∧ (x ∨ y) = x ∧ (x + (x∼ ¯ y)) = x¯ (x′ + (x + (x∼ ¯ y)))

= x¯ ((x′ + x) + (x∼ ¯ y))

⊇ x¯ 1, by (HSMV 8) and (HSMV 2)

3 x, by Proposition 3.10(viii)

By the similar way, we can show that x ∈ (x ∨ (x ∧ y)).

(iv) By Lemma 3.8(iv) and 3.10(vii), we get

0 ∈ x¯ x′ ⊆ x¯ (x′ + 0) = x ∧ 0, and

x ∈ x + 0 ⊆ x + (x∼ ¯ 0) = x ∨ 0.

Moreover, by Proposition 3.10(viii) and (HSMV 8), we obtain

1 ∈ x + x∼ ⊆ x + (x∼ ¯ 1) = x ∨ 1, and

x ∈ x¯ 1 ⊆ x¯ (x′ + 1) = x ∧ 1.

(v) Let x ≤ y. Then by Lemma 3.8(vii), 1 ∈ x′ + y and 0 ∈ y∼ ¯ x. Hence
by Proposition 3.10 (vii) and (viii), we have

y ∈ y + 0 ⊆ y + (y∼ ¯ x) = (x¯ y′) + y = x ∨ y,

x ∈ x¯ 1 ⊆ x¯ (x′ + y) = x ∧ y.

(vi) Since by Lemma 3.8(v), y ≤ x′ + y, then Proposition 3.10(iii) implies

x¯ y ¿ x¯ (x′ + y) = x ∧ y.

Moreover, by Lemma 3.8(iv) and (HSMV 6), x ∧ y ¿ x, y.

(vii) It is straight consequent of Lemma 3.8(v) and (HSMV 5).

(viii) Let x ≤ y and z ∈ M . Then by Proposition 3.10(ii), x + z∼ ¿ y + z∼

and so by Proposition 3.10(iii), x ∧ z = (x + z∼) ¯ z ¿ (y + z∼) ¯ z = y ∧ z.
Similarly, we can show that x ∨ z ¿ y ∨ z.

(ix) We will show that x ∧ y = (x′ ∨ y′)∼. The proof of other part is similar.

(x′∨y′)∼ = (x′+((x′)∼¯y′))∼ = (x′+(x¯y′))∼ = (x¯y′)∼¯x = (y+x∼)¯x = x∧y

(x) By (ix) and Lemma 3.8(i), we get (x∼ ∧ y∼)′ = (((x∼)′ ∨ (y∼)′)∼)′ = x ∨ y.
By the similar way, we can show that x ∨ y = (x′ ∧ y′)∼.

(xi) By Proposition 3.10(v), we have 0+0 = {0} and 1¯ 1 = {1}. Therefore,
0∨1 = 0+(0∼¯1) = 0+(1¯1) = 0+1 and 0∧1 = 1¯(1′+0) = 1¯(0+0) = 1¯0.

(xii) Let ∨ be a associative hyper operation A be a non-empty subset of M
and x, y, z ∈ M . Then by Lemma 3.8(i), we get {a′ ∈ M |a′ ∈ A} = A and so
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x ∧ (y ∧ z) = ∪{x ∧ a|a ∈ y ∧ z}
= ∪{x ∧ a|a′ ∈ y′ ∨ z′}, by (iv)

= ∪{(x′ ∨ a′)∼|a′ ∈ y′ ∨ z′}, by (iv)

= ∪{(x′ ∨ a′)∼|a′ ∈ y′ ∨ z′}, by (iv)

= ∪{(x′ ∨ a)∼|a ∈ y′ ∨ z′}, by (iv)

= (x′ ∨ (y′ ∨ z′))∼

= ((x′ ∨ y′) ∨ z′)∼

By the similar way, we can show that (x ∧ y) ∧ z = ((x′ ∨ y′) ∨ z′)∼. Hence ∧ is
associative. The proof of the converse is similar.

Remark 4.3. Let x, y ∈ M .

(i) If x + y = {0}, then x = y = 0 (by Lemma 3.8(v)).

(ii) If x ∨ y = {0}, then x = y = 0 (by Proposition 4.2(vii)).

(iii) If x ∧ y = {1} (x¯ y = {1}), then x = y = 1 (by Proposition 4.2(vi)).

Proposition 4.4. Let x, y ∈ M . Then

(i) x ¿ x¯ y implies 1 ∈ x′ ∨ y,

(ii) y ¿ x¯ y implies 1 ∈ x ∨ y∼,

(iii) x + y ¿ y implies 0 ∈ x∼ ∧ y,

(iv) x + y ¿ x implies 0 ∈ x ∧ y′.

Proof. (i) By Lemma 3.8(i), we get

1 ∈ x′ ∨ y ⇔ 1 ∈ x′ + ((x∼)′ ¯ y) ⇔ 1 ∈ x′ + u, (∃u ∈ x¯ y) ⇔ x ¿ x¯ y

(ii) By Proposition 3.5(vii), we obtain

1 ∈ x ∨ y∼ ⇔ 1 ∈ (x¯ (y∼)′) + y∼ ⇔ 1 ∈ v + y∼(∃v ∈ x¯ y) ⇔ y ¿ x¯ y.

(iii) Proposition 3.5(vii) implies

0 ∈ x∼ ∧ y ⇔ 0 ∈ x∼ ¯ ((x∼)′ + y) ⇔ 0 ∈ x∼ ¯ u(∃u ∈ x + y) ⇔ x ¿ x + y.

(iv) 0 ∈ x∧y′ ⇔ 0 ∈ (x+(y′)∼)¯y′ ⇔ 0 ∈ v¯y′(∃v ∈ x+y) ⇔ y ¿ x+y.

5. Filters on hyper pseudo MV -algebras

In this section, we attempt to verify filter and ideal theories in hyper pseudo MV -
algebras. Then the relation between them was obtained. We show that I is an
ideal of M if and only if I is a filter of dual pseudo MV -algebra of M .
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Definition 5.1. Let I be a non-empty subset of M . Then I is called

• a weak ideal of M if

(x + y) ∩ I 6= ∅, for all x, y ∈ I,

y ∈ I and x ≤ y imply x ∈ I, for all x ∈ M .

• an ideal of M if

(y/x)′ ¿ I and y ∈ I imply x ∈ I, for all x ∈ M ,

(x + y) ⊆ I, for all x, y ∈ I.

Clearly, any ideal of M is a weak ideal. An ideal (a weak ideal) I of M is
called proper, if I $ M . It is easy to show that if I is an ideal of M , then I is
proper if and only if x ∈ I implies x′, x∼ ∈ M ′ − I, for all x ∈ M . Moreover, if I
is an ideal, x ≤ y and y ∈ I, then 0 ∈ x¯ y′ and so (y/x)′ ¿ I. Hence x ∈ I.

Example 5.2. Consider the hyper pseudo MV -algebra in Example 3.4(i). Then
{0}, {0, a}, {0, b} and {0, c} are ideals of M . Moreover, {0, a, b}, {0, b, c} and
{0, a, c} are weak ideals of M . But, they are not ideal.

Definition 5.3. Let F be a non-empty subset of M . Then F is called

• a weak filter of M if

x ∈ F and x ≤ y imply y ∈ F , for any y ∈ M

(x¯ y) ∩ F 6= ∅, for all x, y ∈ F ,

• a filter of M if

F ¿ x\y and x ∈ F imply y ∈ F , for any y ∈ M ,

(x¯ y) ⊆ F , for all x, y ∈ F .

Clearly, any filter of M is a weak filter.

Proposition 5.4. Let F be a non-empty subset of M such that (x¯ y) ⊆ F , for
all x, y ∈ F . Then

(i) F is a filter if and only if x ∈ F and x ≤ y imply y ∈ F , for any x, y ∈ M .

(ii) F is a filter if and only if F ¿ y/x and x ∈ F imply y ∈ F , for any
x, y ∈ M .

Proof. (i) Let F be a filter of M , x ∈ F and x ≤ y. Then by 1 ∈ x\y, we have
F ¿ x\y and so by assumption y ∈ F . Conversely, let x ∈ F and F ¿ x\y,
for some y ∈ M . Then there exists a ∈ F such that a ¿ x\y, so 1 ∈ a\(x\y).
Hence by Proposition 4.1(vi), 1 ∈ (x¯ a)\y. Since x, y ∈ F , then by assumption
x¯ a ⊆ F and so there exists u ∈ F such that 1 ∈ u\y. Now, by assumption, we
get y ∈ F . Therefore, F is a filter of L.

(ii) Suppose that F be a filter of M , F ¿ y/x and x ∈ F , for some y ∈ M .
Then there exists a ∈ F such that a ¿ y+x∼ and so 1 ∈ (y/x)/a. By Proposition
4.1(vii), we get 1 ∈ y/(x ¯ a). Since F is a filter, then x ¯ a ⊆ F and so there
exists b ∈ F such that 1 ∈ y/b. Hence b ≤ y and b ∈ F , whence by (i), y ∈ F .
The proof of the converse is straightforward by (HSMV 10) and (i).
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Example 5.5. Let M be a hyper pseudo MV -algebra in Example 3.4(i). Then

(i) {1, a}, {1, b} and {1, c} are three filters of M .

(ii) {1, a, b} and {1, a, b} are weak filters of M . But, they are not filters.

Proposition 5.6. Let F be a filter, I be an ideal of M and x, y ∈ F . Then
(x ∧ y) ∩ I 6= ∅, (x ∨ y) ∩ F 6= ∅, (x ∨ y) ∩ I 6= ∅ and (x ∧ y) ∩ F 6= ∅.
Proof. From Lemma 3.8(v) and (vii), it follows that (x ∧ y) ∩ I 6= ∅ and (x ∨
y) ∩ F 6= ∅. By Proposition 4.2(vi), there exists a ∈ x∼ ¯ y such that a ≤ y
and so x + a ¿ x + y ⊆ I. Hence (x ∨ y) ∩ I = x + (x∼ ¯ y) ∩ I 6= ∅. On the
other hand, by Proposition 4.2(vi), there exits b ∈ (x′ + y) such that y ≤ a and
so F ⊇ x¯ y ¿ x¯ a. Hence (x ∧ y) ∩ F = x¯ (x′ + y) ∩ F 6= ∅.

By Proposition 3.10(v), in any hyper pseudo MV -algebra, {1} is a filter and
{0} is an ideal.

Theorem 5.7. Let I be a non-empty subset of M . Then the following are equi-
valent:

(i) I is an ideal of M ,

(ii) I∼ is a filter of M ,

(iii) I ′ is a filter of M .

Proof. (i) ⇒ (ii) Suppose that I is an ideal of M and a, b ∈ I∼. Then there
exist x, y ∈ I such that a = x∼ and b = y∼. By Lemma 3.8(ix), we get a ¯ b =
x∼ ¯ y∼ = (y + x)∼. Since I is an ideal of M and x, y ∈ I, then (y + x)∼ ⊆ I∼.
Now, let I∼ ¿ a\b, for some a ∈ I∼ and b ∈ M . Then there exist x, y ∈ I
such that a = x∼ and y∼ ¿ x∼\b. By Proposition 3.10(i), we conclude that
(x∼\b)′ ¿ y, so = (x/b′)′ = (x + (b′)∼)′ = (x + b)′ ¿ y. Since x ∈ I and I is an
ideal of M , then we get b′ ∈ I. Therefore, b ∈ I∼ and so I∼ is a filter of M .

(ii) ⇒ (i) Let I∼ be a filter of M and x, y ∈ I. Then x∼, y∼ ∈ I∼ and
(x+y)∼ = (y∼¯x∼) ⊆ I∼. Hence x+y ⊆ I. Now, let (y/x)′ ¿ I, for some y ∈ I
and x ∈ M . Then By Proposition 3.10(i), I∼ ¿ y/x = y + x∼ = (y∼)′ + x∼ =
y∼\x∼ and y∼ ∈ I∼. Since I∼ is a filter, then we get x∼ ∈ I∼ and so x ∈ I.
Therefore, I is an ideal of M .

(i) ⇒ (iii) Assume that I is an ideal of M and x, y ∈ I ′. Then x = a′ and
y = b′, for some a, b ∈ I. By Lemma 3.8(ix), x ¯ y = a′ ¯ b′ = (b + a)′ ⊆ I ′.
Now, let I ′ ¿ (x\y), x ∈ I and y ∈ M . Then (x∼/y∼)′ = y∼ ¯ (x∼)′ = y∼ ¯ x =
(x′ + y)∼ ¿ I. By x ∈ I, we get y∼ ∈ I and so y ∈ I ′. Therefore, I ′ is a filter
of M .

(iii) ⇒ (i) It is easy to show that x + y ⊆ I, for all x, y ∈ I. Let (y/x)′ ¿ I,
for some y ∈ I and x ∈ M . Then by Proposition 3.10(i), I ′ ¿ (y/x)′′ = (x¯y′)′ =
(y′)′ + x′ = y′\x′. Since I ′ is a filter of M and y′ ∈ I ′, then we get x′ ∈ I ′ and so
x = (x′)∼ ∈ I. Therefore, I is an ideal of M .
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Corollary 5.8. Let I be a non-empty subset of M such that x + y ⊆ I, for any
x, y ∈ I. Then I is an ideal if and only if y ∈ I and x ≤ y imply x ∈ I, for any
x ∈ M .

Proof. Suppose that y ∈ I and x ≤ y imply x ∈ I, for any x ∈ M . We show
that I∼ is a filter. Let x, y ∈ I∼. Then x′, y′ ∈ I and so y′ + x′ ⊆ I. It follows
that x ¯ y ⊆ I∼. Now, let x ≤ y and x ∈ I∼. Then y′ ≤ x′ and x′ ∈ I, so by
assumption, y′ ∈ I. Hence y ∈ I∼, whence by Proposition 5.4, I∼ is a filter of
M . Therefore, by Theorem 5.7, I is an ideal of M . The proof of the converse is
clear.

Definition 5.9. Let (M ′, +,′ ,∼, 0, 1) be a hyper pseudo MV -algebra and
f : M → M ′ be a map such that f(0) = 0 and f(x′) = f(x)′, for all x ∈ M . Then
f is called

(i) a weak homomorphism if f(x + y) ⊆ f(x) + f(y), for all x, y ∈ M ,

(ii) a homomorphism if f(x + y) = f(x) + f(y), for all x, y ∈ M .

For any weak homomorphism f : M → M ′, we use ker(f) to denote f−1(0) =
{x ∈ M |f(x) = 0}. A homomorphism f : M → M ′ is called isomorphism if f is a
one to one and onto map. We use M ∼= M ′ to denote, there exists a isomorphism
from M to M ′.

Example 5.10. Let M be a hyper pseudo MV -algebra in Example 3.4(i).
(i) Let M ′ = {0, a, b, c, d, 1}. Consider the following tables:

Table 6 Table 7
+ 0 a b c d 1
0 {0} {0,a} {0,b} {0,c} {0,d} M ′

a {0,a} {0,a} {a,b} M ′ {a,d} M ′

b {b,0} M ′ {0,b} {c,b} {b,d} M ′

c {c,0} {c,a} M ′ {0,c} {c,d} M ′

d {d,0} {d,a} {d,b} {d,c} M ′ M ′

1 M ′ M ′ M ′ M ′ M ′ M ′

0 a b c d 1
′ 1 b c a d 0
∼ 1 c a b d 0

Easy calculations show that (M ′, +,′ ,∼, 0, 1) is a hyper pseudo MV -algebra. Let
f : M → M ′ be a map was defined by f(x) = x, for all x ∈ M . Then f is a weak
homomorphism.

(ii) Define f : M → M by f(0) = 0, f(1) = 1, f(a) = b, f(b) = c and
f(c) = a. It is not difficult to check that f : M → M is a homomorphism.

Theorem 5.11. Let f : M → M ′ be a weak homomorphism and I be an ideal of
M ′. Then

(i) f(x∼) = f(x)∼. Moreover, x ≤ y implies f(x) ≤ f(y), for any x, y ∈ M ,

(ii) ker(f) is an ideal of M ,
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(iii) f−1(I) is an ideal of M ,

(iv) If F is a filter of M ′, then f−1(F ) is a filter of M ,

(iv) If f is a homomorphism, then f is one to one if and only if ker(f) = {0},
(v) F is a filter of M if and only if F is an ideal of dual pseudo MV -algebra of

M ,

(vi) If f is onto and I is an ideal of M containing ker(f), then f(I) is an ideal
of M ′.

Proof. (i) Let x ∈ M . Then by f(x) = f((x∼)′) = f(x∼)′, we get f(x)∼ =
(f(x∼)′)∼ = f(x∼). Now, let x ≤ y. then 1 ∈ x′ + y and so 1 = f(0)′ = f(1) ∈
f(x′ + y) = f(x)′ + f(y). Hence f(x) ≤ f(y).

(ii) Let x, y ∈ ker(f). Then f(x) = f(y) = 0 and so by Proposition 3.10(v),
f(x + y) ⊆ f(x) + f(y) = 0 + 0 = 0. Hence x + y ⊆ ker(f). Now, let (y/x)′ ¿
ker(f) and y ∈ ker(f). Then x ¯ y′ ≤ a, for some a ∈ ker(f). By Lemma
3.8(viii), we get x ≤ a + y. Since a, y ∈ ker(f), then a + y ⊆ ker(f) and so
f(x) = 0. Therefore, ker(f) is an ideal of M .

(iii) Assume that I is an ideal of M ′. If x ¯ y′ ¿ f−1(I) and y ∈ f−1(I),
for some x, y ∈ M , then by (i), f(x) ¯ f(y)′ ¿ I and f(y) ∈ I. Since I is an
ideal of M ′, then we have f(x) ∈ I. Hence x ∈ f−1(I). Now, let a, b ∈ f−1(I).
Then f(x), f(y) ∈ I. Hence f(x + y) ⊆ f(x) + f(y) ⊆ I and so x + y ⊆ f−1(I).
Therefore, f−1(I) is an ideal of M .

(iv) Let F be a filter of M ′. Then by Theorem 5.7, F ′ is a filter of M , so by
(iii), f−1(F ′) is an ideal of M . It suffices to show that f−1(F ′) = f−1(F )′. Let
x ∈ M . Hence

x ∈ f−1(F ′) ⇔ f(x) ∈ F ′ ⇔ f(x∼) = f(x)∼ ∈ F ⇔ x∼ ∈ f−1(F ) ⇔ x ∈ f−1(F )′

(iv) Clearly, if f is one to one, then ker(f) = {0}. Suppose that ker(f) = {0}
and f(x) = f(y), for some x, y ∈ M . Then 1 ∈ (f(x)′ + f(y)) ∩ (f(y)′ + f(x)).
Since f is a homomorphism, then by (i), we get 0 ∈ f((x′ + y)∼) ∩ f((y′ + x)∼).
Hence by assumption, 0 ∈ (x′ + y)∼ = y∼ ¯ x and 0 ∈ (y′ + x)∼ = x∼ ¯ y. Now,
by Lemma 3.8(vii), we conclude that x = y. Therefore, f is a one to one map.

(v) Straightforward.
(vi) Let I be an ideal of M containing ker(f) and x, y ∈ f(I). Then there

exist a, b ∈ I such that x = f(a) and y = f(b). Hence x + y = f(a) + f(b) =
f(a + b) ⊆ f(I). Now, let (y/x)′ ¿ f(I) and y ∈ f(I), for some x, y ∈ M ′. Since
f is onto, then there are a ∈ M and b ∈ I such that x = f(a) and y = f(b). By
f((b/a)′) = (f(b)/f(a))′ ¿ f(I), we get, there are u ∈ I and c ∈ (b/a)′ such that
f(c) ≤ f(u) and so 0 ∈ (f(u)/f(c))′ = f((u/c)′). Hence (u/c)′ ¿ ker(f) ⊆ I.
Since u ∈ I and I is an ideal of M , then c ∈ I and so (b/a)′ ¿ I. Therefore, a ∈ I
(since b ∈ I and I is an ideal) and so x ∈ f(I). That is, f(I) is an ideal of M ′.

Corollary 5.12. If M ′ be a hyper pseudo MV -algebra and f : M → M ′ be a
homomorphism, then f−1(1) is a filter of M .
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Proof. Clearly, f : (M,¯,∼,′ , 1, 0) → (M ′,¯,′ , 1, 0) is a homomorphism, where
(M,¯,∼,′ , 1, 0) and (M ′,¯,′ , 1, 0) are dual hyper pseudo MV -algebra of M and
M ′, respectively. Hence by Theorem 5.11(ii), f−1(1) = ker(f) is an ideal of
(M,¯,∼,′ , 1, 0). Therefore, by Theorem 5.11(v), f−1(1) is a filter of M .

6. Congruence relation on hyper pseudo MV -algebras

Definition 6.1. Let θ be an equivalence relation on M and A, B be two subsets
of M . Then

• AθB means that aθb, for some a ∈ A and b ∈ B,

• AθB means that for any a ∈ A, there exists b ∈ B such that aθb and for
any b ∈ B there exists a ∈ A such that bθa. Moreover, if A = {a}, then we
write aθB, for AθB,

• AθB means that aθb, for any a ∈ A and b ∈ B.

It can be easily obtained that, AθB and BθC imply AθC, for any subset
A,B, C of M .

Definition 6.2. Let θ be an equivalence relation on M . Then θ is called the
congruence relation, if it satisfies the following conditions:

(C1) xθy and aθb imply (x + a)θ(y + b),for any x, y, a, b ∈ M ,

(C2) xθy implies x′θy′ and x∼θy∼, for any x, y ∈ M ,

(C3) xθy if and only if 1θ(x′ + y) and 1θ(y′ + x), for any x, y ∈ M ,

(C4) 1θ(x′ + y) if and only if 1θ(y + x∼), for any x, y ∈ M .

We use Con(M) to denote the set of all congruence relations on M .

Note 6.3. Let θ be an equivalence relation on M .

(i) If θ is an equivalence relation on M satisfies on (C1), (C2), then xθy implies
that 1 ∈ x′ + xθx′ + y and 1 ∈ y′ + yθy′ + x.

(ii) If [1] = {x ∈ M |xθ1} = {1}, then by (C3) and (HSMV 9) we get
θ = {(x, x)|x ∈ M}.

Example 6.4. Let M = {0, a, b, c, d, e, f, 1}. Consider the following tables:

Table 8
+ 0 a b c d e f 1
0 {0} {0,a} {0,b} {0,c} {0,d} {0,e} {0,f} M
a {0,a} {0,a} {0,a,b} {0,a,c} {0,a,d} {0,a,e} M M
b {b,0} {0,a,b} {0,b} {0,b,c} {0,b,d} M M M
c {c,0} {0,c,a} M {0,c} {0,c,d} {0,c,e} {0,c,f} M
d {d,0} M M {0,d,c} {d,0} {0,d,e} {0,d,f} M
e {e,0} {0,a,e} {0,b,e} {0,c,e} M {0,e} {0,e,f} M
f {f,0} {0,a,f} {0,b,f} M M {0,f,e} {0,f} M
1 M M M M M M M M
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Table 9
0 a b c d e f 1

′ 1 d c f e b a 0
∼ 1 f e b a d c 0

Then (M, +,′ ,∼, 0, 1) is a hyper pseudo MV -algebra.
Let θ = {(x, y)|x, y ∈ {0, a, c, e}} ∪ {(x, y)|x, y ∈ {1, b, d, f}}. Easy calcula-

tions show that θ is a congruence relation on M .

Proposition 6.5. Let θ be a congruence relation on M and [x] = {a ∈ M |xθa},
for any x ∈ M . Then

(i) θ is a congruence relation on dual hyper pseudo MV -algebra of
(M, +,′ ,∼, 0, 1),

(ii) [1] is a filter of M ,

(iii) [0] is an ideal of M .

(iv) [x] is convex, for any x ∈ M , that is a ≤ b ≤ c and a, b ∈ [x] imply b ∈ [x],
for any a, b, c ∈ M ,

(v) If x ∈ M and a, b ∈ [x], then a ∧ b ∩ [x] 6= ∅ and a ∨ b ∩ [x] 6= ∅.
Proof. (i) Let M∗ be the dual hyper pseudo MV -algebra of M . Clearly, (C2)
holds. Let xθy and aθb. Then by (C2), x′θy′ and a′θb′ and so by (C1), we have
a′ + x′θb′ + y′. Hence by (C2), x ¯ aθy ¯ b, whence (C2) hold in M∗. Now, let
0θ(x∼ ¯ y) and 0θ(y∼ ¯ x), then 0θ(y′ + x)∼ and so 0θa∼, for some a ∈ y′ + x.
Hence 1θa, so 1θy′ + x. By the similar way, we can show that 1θx′ + y, which
implies that xθy. By Note 6.3(i), (C3), hold. Let x, y ∈ M . Then by (C4), we get

0θ(x∼ ¯ y) ⇔ 0θ(y′ + x)∼ ⇔ 1θ(y′ + x) ⇔ 1θ(y′ + x) ⇔ 0θ(x′ + y)∼ = (y∼ ¯ x)

Therefore, θ is a congruence relation on M∗.
(ii) Let x, y ∈ [1]. Then by Proposition 3.10(v), we get (x ¯ y)θ(1 ¯ 1) = 1.

Hence x¯ y ⊆ [1]. Now, let a ∈ [1] and a ≤ b, for some b ∈ M . Then 1 ∈ a′ + b.
Moreover, (b′ + a)θ(b′ + 1) and 1 ∈ b′ + 1, so (b′ + a)θ1. It follows from (C3), aθb.
Therefore, by Proposition 5.4, [1] is a filter of M .

(iii) By (i) [0] is a filter of M∗. Since [0] = [1]′, then by Theorem 5.7, [0] is
an ideal of M .

(iv) Let b, x ∈ M and a, c ∈ [x] such that a ≤ b ≤ c. Then 1 ∈ a′ + b,
1 ∈ b′ + c. Since aθc, then (a′ + b)θ(c′ + b), so by 1 ∈ a′ + b, we get 1θ(c′ + b). By
(C3), we conclude that aθc. Therefore, [x] is convex.

(v) It is easy to show that, aθb and xθy, imply (a∨x)θ(b∨y) and (a∧x)θ(b∧y),
for any x, y, a, b ∈ M . Now, let x ∈ M and a, b ∈ [x]. Then (a∨ b)θ(x∨x). Hence
by Proposition 4.2(i), (a∨ b)θx. By the similar way, we can show that (a∧ b)θx.

Theorem 6.6. Let θ be a congruence relation on M and M/θ be the set of all
congruence classes of M with respect to θ. Then (M/θ,⊕,−, ∗, [0], [1]) is a hype
pseudo MV -algebra, where [x]⊕ [y] = [x⊕ y], [x]− = [x′] and [x]∗ = [x∼], for any
x, y ∈ X.
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Proof. Since θ is a congruence relation on M , then clearly, ⊕ is a hyper operation
on M/θ and −, ∗ are well define. Moreover, by definition of ⊕, − and ∗, it can
be easily obtained that (HSMV 1)-(HSMV 8) hold in M/θ. Let x, y ∈ M and
[1] ∈ ([x]− ⊕ [y]) ∩ ([y]− ⊕ [y]), then [1] ∈ [x′ + y] ∩ [y′ + x] and so 1θ(x′ + y),
1θ(y′ + x). Hence by (C3), xθy. That is [x] = [y]. Moreover, by (C4), we have

[1] ∈ [x]− ⊕ [y] ⇔ [1] ∈ [x′ + y] ⇔ 1θx′ + y ⇔ 1θy + x∼ ⇔ [1] ∈ [y]⊕ [x]∗

Therefore, (M/θ,⊕,−, ∗, [0], [1]) is a hype pseudo MV -algebra.

Definition 6.7. A filter F of M is called normal filter or simply N -filter if the
relation θF by the following definition

θF = {(x, y) ∈ M ×M |(x′ + y) ∩ F 6= ∅, (y′ + x) ∩ F 6= ∅}
is a congruence relation on M . If F is a normal filter, the we use M/F to denote
the set of all equivalence relation of M with respect to θ. We use NF (M) to
denote the set of all N -filters of M .

Proposition 6.8. Let F be a normal filter of M . Then x ∈ F if and only if
x′′ ∈ F if and only if (x∼)∼ ∈ F , for any x ∈ M .

Proof. Let x ∈ M and F be a normal filter of M and ∗, − be the hyper
operations in Theorem 6.6. Then there exists a congruence relation θ on M such
that F = [1]θ. If x ∈ F , then [x] = [1] and so [x′′] = ([x]−)− = ([1]−)− = [1].
Hence x′′ ∈ F . Conversely, let x′′ ∈ F . Then [x′′] = [1] and so [x]−)− = [1]. Hence
[x] = [1], whence x ∈ F . By the similar way, we can show that x ∈ F if and only
if x′′ ∈ F .

In the next theorem, we try to find relation between N -filters and congruence
relations on M .

Theorem 6.9.

(i) F is a N-filter of M if and only if there exists a congruence relation θ on
M such that F = [1].

(ii) There is a bijection map between the set of all N-filters of M and the set of
all congruence relations on M .

Proof. (i) Suppose that F is a N -filter of M . Then the relation

θF = {(x, y) ∈ M ×M |(x′ + y) ∩ F 6= ∅, (y′ + x) ∩ F 6= ∅}
is a congruence relation on M . We show that F = [1]. Let x ∈ F . Then by
Proposition 3.10(vii), and (HSMV 2) we have 1 ∈ x′ + 1 and x ≤ 0 + x = 1′ + x
and so by (C3), xθF 1. Now, let x ∈ [1], then by (C3), 1′ + x ∩ F 6= ∅. Since
by Proposition 3.10(vi), 1′ + x ≤ x, then by Proposition 5.4, x ∈ F . Therefore,
F = [1]. Conversely, let there exists a congruence relation φ on M such that
F = [1]φ and

θ = {(x, y) ∈ M ×M |(x′ + y) ∩ F 6= ∅, (y′ + x) ∩ F 6= ∅}.
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We show that θ = φ. Let xθy, for some x, y ∈ M . Then (x′ + y) ∩ F 6= ∅ and
(y′+x)∩F 6= ∅ and so 1φ(x′+y) and 1φ(y′+x). Since φ is a congruence relation,
then by (C3), xφy. Now, let xφy, then by (C3), 1φ(x′ + y) and 1φ(y′ + x) and so
(x′ + y) ∩ F 6= ∅ and (y′ + x) ∩ F 6= ∅. Hence xθy. Therefore, θ is a congruence
relation on M and so F is a N -filter.

(ii) Define the map f : Con(M) → NF (M) by f(θ) = [1]θ, for any θ ∈
Con(M). It follows from (i), f is an onto map. Moreover, by the proof of (i), we
can show that f is a bijection map.

Note 6.10. Let F be a normal filter of M . Then there exists a congruence relation
θ on M such that F = [1]. In the proof of Theorem 6.9, we shown that θF = θ.

Theorem 6.11. Let M ′ be a hyper pseudo MV -algebra and f : M → M ′ be a
homomorphism. Then θ = {(x, y) ∈ M×M |f(x) = f(y)} is a congruence relation
on M .

Proof. Clearly, θ is an equivalence relation on M . Since f is a homomorphism,
then (C1) and (C2) hold. Now, let 1θ(x′ + y) and 1θ(y′ + x), for some x, y ∈ M .
Then 1 = f(1) ∈ f(x′ + y) = f(x)′ + f(y). By the similar way, 1 ∈ f(y)′ + f(x).
Since M ′ is a hyper pseudo MV -algebra, then f(x) = f(y) and so (x, y) ∈ θ.
Hence by Note 6.3(i), (C3) holds. Since M ′ is a hyper pseudo MV -algebra, then

(x′ + y)θ1 ⇔ 1 = f(1) ∈ f(x)′ + f(y) ⇔ 1 ∈ f(y) + f(x)∼

⇔ f(1) ∈ f(y + x∼) ⇔ (y + x∼)θ1.

Therefore, θ is a congruence relation on M .

Corollary 6.12. Let M ′ be a hyper pseudo MV -algebra and f : M → M ′ be a
homomorphism. Then f−1(1) is a N-filter of M .

Proof. Since {1} is a filter of M ′, then by Theorem 5.11(iv), f−1(1) is a filter of
L. Hence by Theorem 6.9 and 6.11 and f−1(1) = [1], we conclude that f−1(1) is
a N -filter of M .

Theorem 6.13. Let G be a N-filter of M . Then there is a one to one corre-
sponding between the set of all filters of M/G, that is F (M/G) and the set of all
filters of M containing F , that is F (M, G).

Proof. Let f : F (M/G) → F (M,G) be a map was defined by f(H) = {x ∈ M |
x ∈ [a], for some [a] ∈ H }. Let H be a filter of M/[F ]. Then [1] ∈ H and so
by Theorem 6.9, F = [1] ⊆ f(H). If x, y ∈ F (H), then [x], [y] ∈ H and so
[y ¯ x] = ([x]− ⊕ [y]−)∗ ⊆ H. Hence y ¯ x ⊆ f(H). Now, let x ∈ f(H) and
x ≤ y, for some y ∈ M . Then 1 ∈ x′ + y, so [1] ∈ [x]− ⊕ [y]. Hence [x] ≤ [y] in
hyper pseudo MV -algebra M/F . Since H is a filter of M/[F ], then [y] ∈ H and
so y ∈ f(H). Therefore, f(H) is a filter of M containing F . Clearly, f is one to
one. Now, we show that f is onto. Let G be a filter of M containing F . Then
we define H = {[x] ∈ M/[F ]|x ∈ G}. Clearly, [1] ∈ H. Let [x], [y] ∈ H. Then
there exist a, b ∈ G such that [x] = [a] and [y] = [b]. Since G is a filter, then
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(a′+b′)∼ ⊆ G and so ([x]−⊕ [y]−)∗ = ([a]−⊕ [b]−)∗ = [(a′+b′)∼] ⊆ H. Let [x] ∈ H
and [x] ≤ [y], for some [y] ∈ M/F . Then there exists a ∈ G such that [x] = [a]
and [1] ∈ [x]− + [y] = [x′ + y]. Hence 1θ(x′ + y)θ(a′ + y), where θ is a congruence
relation in Definition 6.7. Since [1] ⊆ G and 1θa′ + y, then we get a′ + y ∩G 6= ∅
and so by a ∈ G, we conclude that y ∈ G. Hence [y] ∈ H and so H is a filter of
M/[F ]. It is easy to show that f(H) = G. Therefore, f is one to one and onto.

Theorem 6.14. Let M ′ be a hyper pseudo MV -algebra, f : M → M ′ be a
homomorphism and F = f−1(1). Then M/F is a hyper pseudo MV -algebra and
g : M/F → M ′, was defined by g([x]) = f(x), for any [x] ∈ M/F is a one to one
homomorphism.

Proof. Since f is a homomorphism, then by Corollary 6.12, F is a N -filter of
M and so M/F is a hyper pseudo MV -algebra. If θ be a congruence relation in
Theorem 6.11, then by Note 6.10, θ = θF . Clearly, g is a homomorphism. We
will show that g is one to one. Let g([x]) = g([y]), for some x, y ∈ M . Then by
definition of g, we get f(x) = f(y) and so [x] = [y]. Hence g is one to one.

From now on in this section, for convenience, we use the same notations for
the hyper operation and operations of M and M/θ, for any congruence relation θ
on M .

Theorem 6.15. Let F and G be two normal filters of M such that F ⊆ G. Then

G/F is a normal filter of M/F and
M/F

G/F
∼= M/G.

Proof. Since F and G are normal filters of M , then there exist two congruence
relations θ and ϕ on M such that F = [1]ϕ and G = [1]θ. Consider the following
relation on M/F .

Θ = {([x]F , [y]F ) ∈ M/F ×M/F |(x, y) ∈ θ}

Clearly, Θ is an equivalence relation on M/F . We show that it is a congruence
relation. Let ([x]F , [y]F ) ∈ Θ. Then (x, y) ∈ θ and so (x′, y′) ∈ θ. It follows
that ([x′]F , [y′]F ) = ([x]′F , [y]′F ) ∈ Θ. By the similar way, we can show that
([x]∼F , [y]∼F ) ∈ Θ. Let ([a]F , [b]F ) ∈ Θ. Then (a, b) ∈ θ. Since θ is a congruence
relation on M , then we get (x + a)θ(y + b). By definition of Θ, we conclude
that ([x]F + [a]F )Θ([y]F + [a]F ). Now, let a, x ∈ M and [1]F Θ([x]′F + [a]F ) and
[1]F Θ([a]′F +[x]F ). Then [1]F Θ[x′+a]F , so there is u ∈ x′+a such that 1θu and so
1θ(x′+a). By the similar way, 1θ(a′+x). Hence by (C3), xθa and so [x]F = [a]F .
Finally, we show that (C4) hold. Let x, y ∈ M such that [1]F Θ([x]′F + [y]F ), then
similar to the above arguments 1θ(x′ + y). Since θ is a congruence relation, then
by (C4) 1θ(y + x∼) and so [1]F Θ([y]F + [x]∼F ). Hence Θ is a congruence relation
on M/F . By the proof of Theorem 6.13, G/F is a filter of M/F . Suppose that
[x]F ∈ M/F . Then, by

[x]F ∈ [[1]F ]Θ ⇔ [x]F Θ[1]F ⇔ xθ1 ⇔ x ∈ [1]θ = [1]F ⇔ x ∈ G ⇔ [x]F ∈ G/F,



on hyper pseudo MV -algebras 223

we obtain [[1]F ] = G/F , and so, by Theorem 6.13(i), G/F is a normal filter of
M/F . Define f : M/F → M/G, by f([1]F ) = [1]G, for any x ∈ M . Clearly, f is
an onto homomorphism. Moreover, f−1([1]G) = {[x]F |x ∈ G} = G/F . Therefore,

by Theorem 6.14, we have
M/F

G/F
∼= M/G.

Definition 6.16. A congruence relation θ on M is called strong congruence rela-
tion if we replace (C1) with (C ′1) in Definition 6.2.

(C ′1) xθy and aθb imply (x + a)θ(y + b), for any x, y, a, b ∈ M .

Theorem 6.17. If θ is a strong congruence relation on M , then M/θ is a pseudo
MV -algebra.

Proof. Let θ be a strong congruence relation on M . It suffices to show that [x]+[y]
has only one element, for any x, y ∈ M . Let x, y ∈ M and [a], [b] ∈ [x]+ [y]. Then
by definition of +, there exist u, v ∈ x + y such that aθu and bθv. Since θ is

a strong congruence relation, then (x + y)θ(x + y) and so uθv. Hence aθb, so
[a] = [b]. Therefore, M/θ is a pseudo MV -algebra.

7. Conclusions

In this paper, we defined the concept of hyper pseudo MV -algebras and investi-
gate some properties of this structure. Then we introduced the concept of ideal
and filter in hyper pseudo MV -algebras and obtained the relation between them.
Finally, we used congruence relation in hyper pseudo MV -algebra and construct
quotient hyper MV -algebras. For future research, we can work on category of
hyper pseudo MV -algebras, relation between this category and category of hyper
MV -algebras, relation between hyper pseudo MV -algebras and hyper pseudo K-
algebras and fundamental relations on these structures.
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Abstract. This paper presents a contribution to the problem of measuring fuzzy si-
milarity of states and merging them in a Deterministic Fuzzy Finite Tree Automaton
(DFFTA). The main question is: how to merge some states of a complete and reduced
DFFTA such that the languages of original automaton and minimized one be similar
but not necessarily equal? In order to solving this problem, we generalize the concepts
of distance and similarity measures between fuzzy sets to distance and similarity mea-
sures between states of DFFTA. Then, we define the notions of normal DFFTA and
introduce an efficient algorithm (polynomial order of time complexity) for discovering
similar state sets of a DFFTA.

Keywords: deterministic fuzzy tree automata, state reduction, fuzzy similarity mea-
sure.

1. Introduction

Fuzzy sets were introduced by Zadeh [29] as an extension of the classical notion
of set. This theory can be used in a wide range of domains. One such domain
is fuzzy automata theory first introduced by Wee [26]. A fuzzy automaton is a
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device which accepts a fuzzy set of words called fuzzy language. Automata have
a long history both in theory and application [3], [2], [20], [19], [9], [1].

Finite Tree Automata (FTA) was introduced by Doner [7], [8] and Thatcher
and Wright [24], [23]. Their goal was to prove the decidability of the weak second
order theory of multiple successors. An FTA accepts a set of trees called recogni-
zable tree language [5]. Trees appears in mathematics, computer science and
other areas as formal terms, algebraic expressions, parse and derivation trees,
computation trees, and generally as representations of hierarchically organized
structures. A fuzzy set of trees, called recognizable fuzzy tree language if can be
accepted by some Fuzzy FTA (FFTA) [18], [4], [10], [19]. The membership grade
of each tree in language of FFTA is known as behavior of automaton. When the
membership grade of trees takes values in a lattice (rather than in the unit interval
of real numbers), the language called L-fuzzy tree language [12], [14], [13].

From a practical perspective, it is important that the considered automata
are as small as possible (minimal). As well, some decision problems such as
equivalence and intersection non-emptiness are closely related to minimization
problem [5]. Current studies on minimizing DFFTA and deterministic weighted
tree automata, focus on the two main strategies; language preserving minimiza-
tion [12], [17], [15], [16], [20] and behavior preserving minimization [17].

Similarity plays an essential role in taxonomy, recognition, case based rea-
soning and many other fields [27], [25], [11]. We use the concept of similarity or
approximate equality [22], [28] modeled on classes of fuzzy sets to define simila-
rity between some states of DFFTA. We use this idea for similarity based merging
states (state reduction) of DFFTA. We show how to find set of states similar to
a given state and prove that merging a set of states which are pair wise similar,
makes a DFFTA which its language is similar to original DFFTA.

In addition, we introduce the problem of similarity based state merging in
DFFTA and show that this problem is not partitioning states by an equivalence
relation, and it is different from language preserving and behavior preserving
minimizing DFFTA.

This paper is organized as follows. Section 2 presents some mathematical
preliminaries about L-Fuzzy sets and fuzzy finite tree automata. In Section 3,
firstly, the concept of similarity and distance between L-fuzzy sets and its ge-
neralization to states of automata are presented. Then, we define the concept of
normal DFFTA and introduce DFFTA normalizing algorithm. Also, we show how
to find the set of similar states in a normal DFFTA.

2. Preliminaries

2.1. L-Fuzzy sets

We will present our results in the context of L-fuzzy sets, i.e., all the results
presented below hold when membership takes values in a lattic. Basic concepts
of the theory of ordered sets and lattices will be used as usual, see e.g., [6], [21].
Given a set L we can equip it with an order relationship ≤ and thus obtain a
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partially order set (L,≤). If, for every pair x, y ∈ L, inf(x, y) and sup(x, y) exist,
we say that (L,≤) is a lattice. We denote inf(x, y) by x ∧ y and sup(x, y) by
x ∨ y; then ∧,∨ are binary operations on L, and we say that ` = (L,≤,∧,∨) is a
lattice. Also, denote by 0 and 1 the minimum and maximum elements of lattice
L, respectively. A lattice (L,≤,∧,∨) is complete if the least upper bound

∨
S

and the greatest lower bound
∧

S exist for all S ⊆ L. A completely distributive
lattice is a complete lattice in which arbitrary meets (∧) distribute over arbitrary
joins (∨) and vice versa.

Definition 1. ([13],[21]) Given a nonempty set X and a lattice ` = (L,≤,∧,∨),
an L-fuzzy set is characterized by its membership function µA : X → L, and µA(x)
is interpreted as the grade of membership of element x in L-fuzzy set A for each
x ∈ X. We denote by F(X, `) the set of all L-fuzzy sets on universal set X with
membership grades in L.

Definition 2. ([13],[21]) Let X be a nonempty set and ` = (L,≤,∧,∨) be a
lattice. For every A,B ∈ F(X, `) we have A ⊆ B ⇔ ∀x ∈ X; µA(x) ≤ µB(x).

2.2. Fuzzy finite tree automata

Our definitions in this section, are different from that in [4], [10], [17], [18], [20]
only in some minor details.

The set of natural numbers is denoted by N, and the set of finite strings
over N is N∗. The empty string is denoted by ε. A Σ − alphabet is a finite and
nonempty set of symbols. A ranked alphabet is a couple (Σ, Arity : Σ → N∪{0}),
which is the disjoint union of sets of n− ary symbols Σn = {σ|Arity(σ) = n} for
all n ≥ 0. The set TΣ(Q) of Σ − trees indexed by Q is inductively defined to be
the smallest set such that Q ⊆ TΣ(Q) and σ(t1, . . . , tn) ⊆ TΣ(Q) for every σ ∈ Σn

and t1, . . . , tn ∈ TΣ(Q). We write TΣ for TΣ(φ).

Definition 3. Let ` = (L,≤,∧,∨) be a completely distributive lattice. A fuzzy
finite tree automaton over ` is a system M = (Σ, Q, Γ, δ, `, ρ, β), where:

1. Σ is a finite set of ranked alphabets called input symbols.

2. Q is a finite set of symbols called states.

3. Γ : Q → L is an L-fuzzy set on Q and called the set of final states.

4. δ = {δσ : Qn ×Q× Σn → L |σ ∈ Σn, n ≥ 0} is a finite set called transition
rules.

5. ρ : TΣ(Q) × Q → L is called the run map of FFTA M , and defined by
induction on structure of t ∈ TΣ(Q):

(a) If t = σ ∈ Σ0, then ρ(t)(q) = δ(q, σ), for all q ∈ Q.

(b) If t = σ(t1, . . . , tn) for some σ ∈ Σn and t1, . . . , tn ∈ TΣ, then

ρ(t)(q) =
∨

q1,...,qn ∈Q

(
δ(q1, . . . , qn, q, σ) ∧

n∧
i=1

ρ(ti)(qi)

)
.



228 s. moghari, m.m. zahedi, r. ameri

6. β : TΣ → L is an L-fuzzy set on a set of trees t ∈ TΣ, called behavior of
FFTA M , and defined by:

β(t) =
∨
q∈Q

ρ(t)(q) ∧ Γ(q).

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) accepts a tree t ∈ TΣ iff β(t) > 0. Also, the
set of all trees accepted by M is known as fuzzy tree language L(M) recognized
by FFTA M . As well, µL(M)(t) = β(t). In other words, a recognizable fuzzy tree
language is a fuzzy tree language recognized by some FFTA.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called deterministic if for every σ ∈ Σn

and q1, . . . , qn ∈ Q, where n ≥ 0, there exist at most one q ∈ Q, such that
δ(q1, . . . qn, q, σ) > 0.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called complete if for every σ ∈ Σn

and q1, . . . , qn ∈ Q, where n ≥ 0, there exist at least one q ∈ Q, such that
δ(q1, . . . qn, q, σ) > 0.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called reduced if for every q ∈ Q, there
exists at least one t ∈ TΣ such that ρ(t)(q) > 0.

3. Similarity based merging states of DFFTA

3.1. Distance and similarity measure

Definition 4. ([21],[28]) Let X be a nonempty set and ` be a lattice. A real
function D : F(X, `)2 → [0, 1] is called a distance measure on F(X, `), if D
satisfies the following properties:

1. D (A,B) = D (B, A) ; ∀A,B ∈ F (X, `) ,

2. D (A,A) = 0; ∀A ∈ F (X, `) ,

3. ∀A,B, C ∈ F (X, `), if A ⊆ B ⊆ C, then D (A,B) ≤ D (A,C) and
D (B,C) ≤ D (A,C);

Definition 5. ([21],[28]) Let X be a nonempty set and ` be a lattice. A real
function S : F(X, `)2 → [0, 1] is called a similarity measure on F(X, `), if S
satisfies the following properties:

1. S (A,B) = S (B, A) ; ∀A,B ∈ F (X, `) ,

2. S (A,A) =
∨ {S (B,C) | B, C ∈ F (X, `)} ; ∀A ∈ F (X, `) ,

3. ∀A,B, C ∈ F (X, `), if A ⊆ B ⊆ C, then S (A,C) ≤ S (A,B) and
S (A,C) ≤ S (B, C) .

Proposition 6. ([28]) There exists a one-to-one correlation between all distance
measures and all similarity measures, where a distance measure D and its corres-
ponding similarity measure S satisfy D + S = 1.

The similarity measure generated by the distance measure D is denoted by
S 〈D〉 = 1 − D, and the distance measure generated by similarity measure S is
denoted by D 〈S〉 = 1− S.
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Lemma 7. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA and Lγ(q) be an L-fuzzy set
with membership function µLγ(q)(t) = ρ(t)(q) ∧ γ, where q ∈ Q and γ ∈ `. Then,

L(M) =
⋃
q∈Q

LΓ(q) (q).

Proof. Since M is a DFFTA, for every t ∈ TΣ with µL(M)(t) > 0, so there exists
exactly one q ∈ Q such that ρ(t)(q) ∧ Γ(q) > 0. Therefore,

L(M) =
⋃
q∈Q

{t | t ∈ TΣ, ρ(t)(q) ∧ Γ(q) > 0} =
⋃
q∈Q

LΓ(q)(q).

Definition 8. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. An operator Π : P(`) → `
is called centroid operation on δ, iff for every δ̄ ⊆ δ, M ′ = (Σ, Q, Γ, δ′, `, ρ′, β′),
M ′′ = (Σ, Q, Γ, δ′′, `, ρ′′, β′′) and γ, γ′, γ′′ ∈ ` with

∀q1, . . . , qn, q ∈ Q, σ ∈ Σn, n ≥ 0;

γ = δ(q1, . . . , qn, q, σ),

γ′′ =
∏

n≥0, σ∈Σn,

q1,...,qn, q∈Q,

δ(q1,...,qn,q,σ)>0

δ(q1, . . . , qn, q, σ),

δ (q1, . . . , qn, q, σ) > 0 ⇒
{

δ′(q1, . . . , qn, q, σ) = γ′,

δ′′(q1, . . . , qn, q, σ) = γ′′,

δ(q1, . . . , qn, q, σ) = 0 ⇒
{

δ′(q1, . . . , qn, q, σ) = γ,

δ′′(q1, . . . , qn, q, σ) = γ,

where, ρ′, β′ are corresponding to δ′, and ρ′′, β′′ are corresponding to δ′′; it holds
D(L(M), L(M ′′)) ≤ D(L(M), L(M ′)).

Definition 9. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation

on δ, q, q′ ∈ Q and t ∈ TΣ(Q). Then, ρ(t)
(
q

Π−→ q′
)

is defined by:

1. ρ(t)
(
q

Π→ q
)

= ρ(t)(q),

2. ρ(t)
(
q

Π→ q′
)

=
∨

q1,...,qn∈Q







∏

qi /∈{q,q′}⇒q′i =qi,

qi∈{q,q′}⇒q′i∈{q,q′},
i∈{1,...,n}, p∈{q,q′}

δ(q′1, ..., q
′
n, p, σ)




∧




∨

qi /∈{q,q′}⇒q′i =qi,

qi∈{q,q′}⇒q′i∈{q,q′},
i∈{1,...,n}, p∈{q,q′}

n∧
i=1

ρ (ti) (q′i
Π→ qi)






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Definition 10. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA, D be a distance measure

on L(M), µLγ(q) = ρ (t) (q) ∧ γ and µ
Lγ(q

Π−→q′)
= ρ (t)

(
q

Π−→q′
)
∧ γ; where Π is a

centroid operation on δ, γ ∈ `, q, q′ ∈ Q and t ∈ TΣ(Q). Then, we develope the
distance measure D on Q by:

DΠ(q, q′) =
∧

γ∈`

D
(

LΓ(q)(q) ∪ LΓ(q′)(q′), Lγ
(
q

Π−→q′
) )

; ∀q, q′ ∈ Q.

Theorem 11. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, D be a generalized distance measures on L(M) and Q, x ∈ [0, 1] and Q′ be
a subset of Q such that for every q, q′ ∈ Q′ it holds DΠ (q, q′) ≤ x. Then, there
exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q′ Π−→q

))
≤ x.

Proof. Let

γq,q′ =
∧ {

γ ∈ ` | DΠ (q, q′) = D
(

LΓ(q) (q)
⋃

LΓ(q′) (q′) , Lγ
(
q

Π−→q′
) )}

,

Mq =
∨

q′∈Q′
γq,q′ , mq =

∧

q′∈Q′
γq,q′ ; ∀q ∈ Q′,

M =
∧

q∈Q′
Mq and m =

∨

q∈Q′
mq.

Now, we prove that the above inequality holds for all γ ∈ [m,M ]. To show
this, on the contrary, let there exists a γ′ ∈ [m,M ] such that

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ′

(
q′ Π−→q

))
> x.

Since M is deterministic and from Lemma 7, LΓ(q) (q) ∩ LΓ(q′)(q′) = φ for every
q, q′ ∈ Q. So, there exists a q ∈ Q′ with D (

LΓ(q) (q) , Lγ′(q)
)

> x. Furthermore,

we have [m,M ] ⊆ [mq,Mq] which implies that Lmq(q)⊆ Lγ′(q)⊆ LMq(q). Let
Mq,mq ∈ Q′ be two states such that Mq = γq,qM

and mq = γq,qm , where qm, qM ∈ Q′.
Now, if Γ(q) ≤ γ′, then LΓ(q)(q)⊆ Lγ′(q)⊆ LMq(q), and DΠ (q, qM) > x, which is
a contradiction. On the other hand, if γ′ ≤ Γ(q), and Lmq(q)⊆ Lγ′(q)⊆ LΓ(q)(q),
thus DΠ (q, qm) > x, which also is a contradiction.

Theorem 12. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, and D be a generalized distance measures on L(M) and Q; x ∈ [0, 1], and
Q′ be a subset of Q. If there exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q

Π−→q′
))

≤ x.

Then, for any FFTA M̃ = (Σ, Q̃, Γ̃, δ̃, `, ρ̃, β̃) with
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1. Q̃ = {q̃} ∪Q\Q′, where q̃ /∈ Q,

2. Γ̃(q̃) = γ and Γ̃(q) = Γ(q); ∀q ∈ Q̃\{q̃},
3. ∀q̃1, . . . , q̃n ∈ Q̃, ∀q ∈ Q̃\{q̃};

δ̃(q̃1, . . . , q̃n, q, σ) =
∏

q̃i = q̃ ⇒ q′i ∈ Q′,
q̃i 6= q̃ ⇒ q′i = q̃i,
1 ≤ i ≤ n

δ(q′1, . . . , q
′
n, q, σ),

δ̃(q̃1, . . . , q̃n, q̃, σ) =
∏

q̃i = q̃ ⇒ q′i ∈ Q′,
q̃i 6= q̃ ⇒ q′i = q̃i,
1 ≤ i ≤ n, q′ ∈ Q′

δ(q′1, . . . , q
′
n, q′, σ),

4. ρ̃ and β̃ are corresponding to δ̃,

it holds D
(
L(M), L(M̃)

)
≤ x.

Proof. Let
L1 =

⋃

q∈Q′
LΓ(q) (q) and L2 =

⋃

q∈Q\Q′
LΓ(q) (q).

Then, from Lemma 7, we have

a) L(M) =
⋃
q∈Q

LΓ(q) (q) = L1 ∪ L2.

b) L(M̃) =
⋃

q∈Q̃

LΓ̃(q) (q) = Lγ (q̃) ∪ L2.

Now, from (a) and (b), and by the assumption of the theorem,

D
(
L(M), L(M̃)

)
= D (L1, L

γ (q̃)) ≤ x.

3.2. Normalizing DFFTA

Remark 13. In this manuscript, without lose of generality, we assume that Σ
and Q are ordered sets.

Definition 14. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. An ordering on set δ is
defined as follows:

1. If σ < σ′ then δ(q1, ..., qn, q, σ) < δ(q′1, ..., q
′
m, q′, σ′).

2. If there exists i ∈ {1, ..., n} such that qi < q′i, and qj = q′j for j ∈ {1, ..., i−1},
then δ(q1, ..., qn, q, σ) < δ(q′1, ..., q

′
n, q

′, σ).

3. If q < q′ then δ(q1, ..., qn, q, σ) < δ(q1, ..., qn, q
′, σ).

where q1, ..., qn, q, q′1, ..., q
′
m, q′ ∈ Q, 0 ≤ n ≤ m, σ ∈ Σn and σ′ ∈ Σm.
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Definition 15. Let S be an ordered set. We define the function f ∗ : S → N
called offset of x ∈ S by

f ∗(x) = |{x′ ∈ S|x′ < x}|.

Lemma 16. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA. Then,
for every r, r′ ∈ δ with

r : δ(q1, ..., q
′
i, ..., qn, q′, σ),

r′ : δ(q1, ..., qi, ..., qn, q, σ),

it holds

f ∗(r) = f ∗(r′) + (f ∗(q′i)− f ∗(qi))× |Q|n−i,

where, q1, ..., qi, ..., qn, q, q′, q′i ∈ Q, σ ∈ Σn, qi < q′i and 1 ≤ i ≤ n.

Proof. Since M is complete, reduced and deterministic; order of rules r ∈ δ
related to each σ ∈ Σn is like the sequence of (n + 1)–digit numbers in base |Q|,
where the value of each digit q ∈ Q is f ∗(q). Now, the proof is straightforward.

Corollary 17. Let M be a complete and reduced DFFTA. The time complexity
of accessing the membership grade of each fuzzy transition rule is O(l), where l is
the maximum rank of Σ–alphabet.

Example 18. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA
defined by

Σ0 = {α}, Σ1 = {λ}, Σ2 = {σ}, Σ = {α, λ, σ}, ` = ([0, 1],≥,∧,∨),

Q = {q1, q2, q3, q4}, Γ = {(q1, 0.7), (q2, 0.5), (q3, 0.5)} and

δ = {r1 : δ(q1, α) = 0.9, r2 : δ(q1, q4, λ) = 0.8, r3 : δ(q2, q4, λ) = 0.8,

r4 : δ(q3, q4, λ) = 0.8, r5 : δ(q4, q2, λ) = 0.8, r6 : δ(q1, q1, q3, σ) = 0.7,

r7 : δ(q1, q2, q3, σ) = 0.7, r8 : δ(q1, q3, q2, σ) = 0.6, r9 : δ(q1, q4, q4, σ) = 0.6,

r10 : δ(q2, q1, q3, σ) = 0.6, r11 : δ(q2, q2, q3, σ) = 0.6, r12 : δ(q2, q3, q2, σ) = 0.6,

r13 : δ(q2, q4, q4, σ) = 0.2, r14 : δ(q3, q1, q2, σ) = 0.3, r15 : δ(q3, q2, q2, σ) = 0.3,

r16 : δ(q3, q3, q3, σ) = 0.3, r17 : δ(q3, q4, q4, σ) = 0.2, r18 : δ(q4, q1, q4, σ) = 0.1,

r19 : δ(q4, q2, q4, σ) = 0.1, r20 : δ(q4, q3, q4, σ) = 0.1, r21 : δ(q4, q4, q4, σ) = 1}.

Now, it holds

f ∗(r16) = f ∗(r14) + (f ∗(q3)− f ∗(q1))|Q|Arity(σ)−2 = 13 + (2− 0)× 42−2 = 15.

Definition 19. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. For any q ∈ Q we define
the accessibility grade set by

A(q) = {ρ(q)(t)|t ∈ TΣ, ρ(q)(t) > 0}.



merging states in deterministic fuzzy finite tree automata ... 233

Lemma 20. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. Then, the set of maximum
accessibility grade (∨A(q)) of all q ∈ Q can be calculated in O(l|Q|l), where l is
the maximum rank of Σ− alphabet.

Proof. We define the Algorithm 1 for computing
∨A(q) for all q ∈ Q:

Algorithm 1. Computing maximum accessibility grade of all states.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 ∀q ∈ Q; V (q) = 0
2 ∀σ ∈ Σ0, q ∈ Q; V (q) = V (q) ∨ δ(q, σ)
3 Amax = ∨

q∈Q
V (q)

4 Qacc = φ
5 Repeat
6 Qnew = {q|q ∈ Q, V (q) = Amax}
7 ∀q1, . . . , qn ∈ Qacc ∪Qnew, {q1, . . . , qn} ∩Qnew 6= φ, q ∈ Q, σ ∈ Σn>0;
- V (q) = V (q) ∨ (δσ(q1, . . . , qn, q, σ) ∧ Amax)
8 Amax = ∨

q∈Q,V (q)<Amax

V (q)

9 Qacc = Qacc ∪Qnew

10 Until Q = Qacc

11 Output: V (q); ∀q ∈ Q.

Lines 5 to 10 consist a loop that in each iteration, processes at least one transition
rule. Since each transition rule will be processed only one time, the number of
repetitions of this loop is O(|δ|). We note that the number of repeating lines 7 to
9 is not more than |δ| times (see {q1, . . . , qn} ∩Qnew 6= φ). Furthermore, making
each transition rule requires combining l states. In the other hand, according to
Lemma 7 and Corollary 17 accessing the membership grade of each rule is O(l),
which can be merged with the process of transition rule making. Therefore this
loop can be done in O(l|δ|).
Definition 21. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. For any q ∈ Q we define
the behavior grade set by

B(q) = {β(t)|t ∈ TΣ, ρ(q)(t) ∧ Γ(q) > 0}.

Lemma 22. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, for every q ∈ Q,
it holds

B(q) = {γ ∧ Γ(q)|γ ∈ A(q)}.
Proof. Since M is deterministic, the condition ρ(q)(t) ∧ Γ(q) > 0 implies that
β(t) = ρ(q)(t) ∧ Γ(q). Hence,

B(q) = {ρ(t)(q) ∧ Γ(q)|t ∈ TΣ, q ∈ Q, ρ(q)(t) > 0} = {γ ∧ Γ(q)|γ ∈ A(q)}.
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Corollary 23. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, for all q ∈ Q,
it holds

∨B(q) = ∨A(q) ∧ Γ(q).

Proof. Using Lemma 22 we have

B(q) = {γ ∧ Γ(q)|γ ∈ A(q)} = ∨{γ|γ ∈ A(q)} ∧ Γ(q) = ∨A(q) ∧ Γ(q).

Corollary 24. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the ∨B(q) for all
q ∈ Q can be calculated in O(l|Q|l), where l is the maximum rank of Σ−alphabet.

Proof. It is and immediate consequence of the Lemma 16 and Corollary 23.

Definition 25. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. The next set of every
q ∈ Q is defined by:

next(q) = {q′|1 ≤ i ≤ n, σ ∈ Σn, q1, . . . , qi−1, qi+1, . . . , qn, q′ ∈ Q,
δ(q1, . . . , qi−1, q, qi+1, . . . , qn, q′, σ) ≥ 0}

Lemma 26. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the order of time
complexity for calculating next set of all q ∈ Q is O(l|Q|l), where l is the maximum
rank of Σ− alphabet.

Proof. It is sufficient that for all δ(q1, . . . , qn, q, σ) ≥ 0, with q1, . . . , qn, q ∈ Q,
1 ≤ n and σ ∈ Σn, add q to sets next(q1),. . . , next(qn).

Definition 27. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. The follow set of each
q ∈ Q is the smallest set with the following properties:

1. next(q) ⊆ follow(q),

2. If q′ ∈ follow(q) then, next(q′) ⊆ follow(q).

Lemma 28. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the order of time
complexity for calculating the follow set of all q ∈ Q is O(l|Q|max(l,2)), where l is
the maximum rank of Σ− alphabet.

Proof. According to Lemma 26, the time complexity of calculating next set of
all q ∈ Q is O(l|Q|l). Now, according to properties of follow set, computing it
for each state can be done by a simple recursive process with the time complexity
O(|Q|2). We mention that the total time complexity, when l = 1 is O(|Q|2) and
otherwise, is O(l|Q|l).

Definition 29. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. The maximum follow
grade of each q ∈ Q is defined by:

G(q) =
∨

q′∈follow(q)

B(q′).
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Lemma 30. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. The time complexity for
calculating G(q) for all q ∈ Q is O(l|Q|max(l,2)), where l is the maximum rank of
Σ− alphabet.

Proof. It is similar to Lemma 28.

Definition 31. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, σ ∈ Σn, q1, . . . , qn, q ∈ Q
and γ ∈ `. A transition rule δ(q1, . . . , qn, q, σ) = γ is called normal iff

γ =
(
Γ(q) ∨ G(q)

)
∧

n∧
i=1

( ∨ A(qi)
)
.

Also, M is a normal FFTA iff all transition rules in δ be normal and for each
q ∈ Q it holds Γ(q) ≤ ∨A(q).

Theorem 32. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, normalizing M
can be done in order of time complexity O(l|Q|l), where l is the maximum rank of
Σ− alphabet.

Proof. We define Algorithm 2 for normalizing M :

Algorithm 2. Normalizing a DFFTA.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 ∀q ∈ Q; V (q) = ∨A(q)
2 Amax = ∨

q∈Q
V (q)

3 Qacc = φ
4 δ∆ = φ
5 Repeat
6 Qnew = {q|q ∈ Q, V (q) = Amax}
7 ∀q ∈ Q, σ ∈ Σn, n ≥ 0, q1, . . . , qn ∈ Qacc ∪Qnew,
- {q1, . . . , qn} ∩Qnew = φ ⇔ n = 0;

- δ∆(q1, . . . , qn, q, σ) = δ(q1, . . . , qn, q, σ) ∧ Amax ∧
(
Γ(q) ∨ G(q)

)

8 Amax = ∨
q∈Q,V (q)<Amax

V (q)

9 Qacc = Qacc ∪Qnew

10 Until Q = Qacc

11 ∀q ∈ Q; Γ∆(q) = Γ(q) ∧ V (q)
12 Output: M = (Σ, Q, Γ∆, δ∆, `, ρ, β).

According to Lemma 30, calculating G(q) for all q ∈ Q can be done in O(l|δ|).
Lines 5 to 10 are a loop that in each repetition, adds at least one transition rule to
δ∆. Thus making all transition rules must be repeats |δ| times and making each
rule, involves combining n states. Therefore, this loop can be done in O(n|δ|).
Calculating the complexity of other lines is straightforward.
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3.3. Merging states of DFFTA

Definition 33. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid opera-
tion on δ, S 〈D〉 be a similarity measure corresponding to distance measure D on

L(M) and Q, and τ ∈ [0, 1]. The similarity relation
S,Π,τ←→ on Q, is defined by:

q
S,Π,τ←→ q′⇐⇒1− DΠ (q, q′) ≥ τ ; ∀q, q′ ∈ Q.

Lemma 34. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a normal DFFTA, Π be a centroid ope-

ration on δ,S be a similarity measures on L(M) and Q, τ ∈ [0, 1], and
S,Π,τ←→ be a

similarity relation on Q. Also, let Q′ be a subset of Q such that for every q, q′∈Q′

we have q
S,Π,τ←→ q′, δQ′ = {r : δ(q1, ..., qn, q, σ) = c|c > 0, σ ∈ Σn, q1, ..., qn ∈ Q′},

and let d =
∏

r∈δQ′

r and δ′Q′ = {r : δ(q1, ..., qn, q, σ) = d | σ ∈ Σn, q1, ..., qn ∈ Q′}.

Then, it holds S (δQ′ , δ
′
Q′) ≥ τ .

Proof. Let x = 1− τ . for every q, q′ ∈ Q′ it holds q
S,Π,τ←→ q′; thus, DΠ (q, q′) ≤ x.

Then, from Theorem 11, there exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q′ Π−→q

))
≤ x.

From Theorem 12 and since M is normal, we have D (δQ′ , δ
′
Q′) ≤ x.

Theorem 35. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA and
S be a similarity measure corresponding to distance measures D on L(M) and

Q. Then, the similarity relation
S,Π,τ←→ is not transitive for some τ ∈ [0, 1] and

centroid operation Π on δ.

Proof. Let M = (Σ, Q, Γ, δ, `, ρ, β) be DFFTA defined by:

Σ0 = {α}, Σ2 = {σ}, Σ = {α, σ}, Q = {q1, q2, q3},
Γ = {(q1, 0.2), (q2, 0.3), (q3, 0.6)}, and

δ = {r1 : δ(q1, α) = 0.6, r2 : δ(q1, q1, q2, σ) = 0.6,

r3 : δ(q1, q2, q3, σ) = 0.6, r4 : δ(q1, q3, q3, σ) = 0.6,

r5 : δ(q2, q1, q1, σ) = 0.6, r6 : δ(q2, q2, q1, σ) = 0.6,

r7 : δ(q2, q3, q2, σ) = 0.6, r8 : δ(q3, q1, q2, σ) = 0.6,

r9 : δ(q3, q1, q1, σ) = 0.6, r10 : δ(q3, q2, q1, σ) = 0.6}.

Also, let ` = ([0, 1],≥,∧,∨) be a lattice and
S,mid,0.8←→ be a similarity relation,

where S (A,B) = 1 − ∨
a∈A,b∈B

|a− b|;∀A,B ∈ F(TΣ, `) and mid(C) = ∨C+∧C
2

;

∀C ⊆ [0, 1]. (In this example, [0, 1] is the unit interval of real numbers.) Now, we

have q1
S,mid,0.8←→ q2 and q2

S,mid,0.8←→ q3, where q1
S,mid,0.8←→ q3 does not hold.
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Corollary 36. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA,
∏

be a centroid operation

on δ, S be a similarity measure on L(M) and on Q, τ ∈ [0, 1], and
S,Π,τ←→ be

a similarity relation on Q. Then, for some P =
⋃
q∈Q

{q′ S,Π,τ←→ q}, there exists

p, p′ ∈ P such that p ∩ p′ 6= φ.

Definition 37. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a reduced and complete DFFTA.
A Merging Dependency Graph (MDG) G = (V,E) on M is a directed graph with
the following properties:

1. V =
{
{q, q′}| q, q′ ∈ Q

}
,

2. E ⊆ V 2,

3.
({p, p′}, {q, q′}) ∈ E if and only if there exist σ ∈ Σn, 1 ≤ i ≤ n and
q1, ..., qn, q, q

′, p, p′ ∈ Q such that δ(q1, ..., qi−1, q, qi+1, ..., qn, p, σ) > 0 and
δ(q1, ..., qi−1, q

′, qi+1, ..., qn, p′, σ) > 0.

Lemma 38. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA. The
order of time complexity of making MDG G = (V, E) for M is O(l |Q|l+1), where
l is the maximum arity of Σ− alphabet.

Proof. All rules in δ must be processed for constructing set E. As well, the set of
rules related to each σ ∈ Σn, denoted by δσ, compare with each other. Therefore,
it is sufficient to prove that the order of time complexity for processing all rules
in δσ is O(n|Q|n+1). Now, we introduce Algorithm 3 to process all rules in δσ for
constructing the edges in set E:

Algorithm 3. Making MDG for a DFFTA.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 E = φ
2 ∀r : δ(q1, . . . , qn, q, σ) > 0;
3 ∀i ∈ {1, . . . , n};
4 ∀r′ : δ(q1, . . . , q

′
i, . . . , qn, q

′, σ) > 0, q′i ∈ Q, q′i > qi;

5 E = E ∪
{({q, q′}, {qi, q

′
i}

)}

6 Output: E.

The proof of correctness of this algorithm is straightforward; thus, we analyze
its order of time complexity. Lines 2 to 5 are three nested loops which cause

lines 4 and 5 process n|Q|n+1

2
times. According to Lemma 16, the order of time

complexity for finding offset of r′ by r is O(1). Furthermore, we assume that a
two dimension array (adjacency matrix) is used for holding set E. Thus, the order
of time complexity for adding an edge to E is O(1). Therefore, the order of time
complexity for processing all rules in δσis O(n|Q|n+1).
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Lemma 39. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, S be a similarity measures on L(M) and Q, and τ ∈ [0, 1]. Then, making
graph G = (V, E) such that V = Q and E is corresponding to similarity relation
S,Π,τ←→ on Q can be done in order of complexity O(l|Q|max(2l,4)), where l is the

maximum arity of Σ− alphabet.

Proof. Without lose of generality, we can assume that M is normal. Now, we
introduce Algorithm 4 for processing all rules in δσ and constructing graph G.

Algorithm 4. Making MDG corresponding to similarity relation
S,Π,τ←→ .

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)

1 E =
{

(q, q′)|q, q′ ∈ Q,S 1
2

(B(q),B(q′)
) ≥ τ

}

2 ∀ r : δ(q1, . . . , qn, q, σ) > 0 , r′ : δ(q′1, . . . , q
′
n, q′, σ) > 0;

3 Rrr′ = φ
4 S 1

2 (r, r′) < τ , ∀i ∈ {1, . . . , n}; (qi, q
′
i) ∈ E ⇒

5 Rrr′ =
{

(qi, q
′
i)|i ∈ {1, . . . , n}

}

6 R = ∪
r,r′∈δ

Rrr′

7 Repeat
8 (q, q′) =

∨
R

9 E = E − {(q, q′)}
10 ∀r, r′ ∈ δ; (q, q′) ∈ Rrr′ ⇒ Rrr′ = φ
11 R = ∪

r,r′∈δ
Rrr′

12 Until R = φ
13 Output: G = (Q,E).

This algorithm clusters transition rules that cannot merge together (because of
their grade of transition) by clustering the set Q. Also, line 1 makes an initial
clustering based on the similarity of states. According to Corollary 24, the time
complexity of line 1 is O(l|Q|l), where l is the maximum arity of Σ. Lines 2 to 5
is a loop that repeats |Q|2n times, where n is the arity of σ. The order of lines 4
and 5 is O(l); therefore, the order of time complexity for lines 2 to 5 is O(l|Q|2l).
As well, the order of time complexity of line 6 is O(l|Q|2l). Lines 7 to 12 is a loop
that repeats O(|Q|2) times and its order of time complexity is O(l|Q|max(2l,4)).
Therefore, the total order of time complexity of algorithm O(l|Q|max(2l,4)).

4. Conclusion

We contribute the problem of similarity based merging states of DFFTA. Firstly,
the concept of similarity and distance measure of fuzzy sets is generalized for

states of FFTA and a similarity relation
S,Π,τ←→ is defined on Q. We prove that this

relation is not transitive; therefore, minimizing DFFTA by
S,Π,τ←→ , is not similar to
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traditional minimization algorithms. As well, the concept of normalizing DFFTA
with a polynomial time algorithm is introduced. Then, normal DFFTA is used
for obtaining MDG and defining an ordering on Q2. Furthermore, we present
Algorithm 4 and show that the order of time complexity for making similarity

relation graph on Q corresponding to
S,Π,τ←→ , is O(l|Q|max(4,2l)), where l is the

maximum arity of Σ-alphabet.
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Abstract. The group G = 26:A8 is an inertia factor group of 28:O+
8 (2). As an inertia

factor group, our group G plays an essential role in the construction of the character
table of 28:O+

8 (2). In this paper we look at two ways of constructing G. In the first
method, we use combinatorics and the natural action of A8 on W ∼= 26. In the second
method, we use a computational method to construct G = N :A8 inside O+

8 (2). We
show that A8 acts irreducibly on both W and N and we prove that the two groups are
indeed isomorphic.
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1. Introduction

The group G = 26:A8 is an inertia factor group of 28:O+
8 (2). This group is also a

maximal subgroup of O+
8 (2) of index 135 and order 1290240. As an inertia factor

it plays an essential role in the construction of the character table of 28:O+
8 (2) as

there is a block of irreducible characters in this table that corresponds to G. In
the construction of G, A8 acts on the elementary abelian group 26. The action on
26 is multiplication on the right of the six dimensional row vector space N = 26.
This requires A8 to be represented by 6× 6 matrices. It then becomes necessary
to reconstruct A8 from a 8 × 8 representation to a 6 × 6 representation. In this
paper we look at two ways to do this.

1The first author was supported by research grants from NRF (SA). The second author
was supported by a postgraduate bursary from the NRF (SA). Supports from NWU (MaSIM,
Mafikeng) are also acknowledged.
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Although it is much simpler and natural to consider the embedding of 26:A8

into O+
8 (2) (see Section 3), but it is interesting to construct this group combina-

torially and this is our main reason for discussing the first method. In our first
method (Section 2), we first take an 8-dimensional module V on which S8 acts
naturally by permuting its basis elements. We then obtain two submodules of V ,
namely M1 and M2 of dimensions 1 and 7 respectively. Let W = M2/M1, then
dim(W ) = 6 and W is a G-invariant where G = S6 or A8 (see Theorem 2.2).
Let α and β be two permutation cycles of orders 7 and 3 respectively where
A8 =< α, β >. Then, by the action of α and β on the generators of W , we get a
matrix representation of both α and β. These are 6 × 6 matrix representations.
We are then able to represent A8 by 6× 6 matrices. We show that (in Section 2)
A8 acts irreducibly on W and this action produces three orbits of lengths 1, 28
and 35 respectively. These have corresponding point stabilizers which we obtain
from the ATLAS [4] . We are then able to construct G.

For the second method (Section 3) we use GAP [6]. We first construct O+
8 (2)

from the general orthogonal group GO+
8 (2). We then construct, G = 26:A8, inside

O+
8 (2). This has only one proper normal subgroup, namely N ∼= 26, which we

can always obtain from G. We then obtain the 6 generators of N which are 8× 8
matrices. From the generators of G, we are able to get two, 8×8 matrix generators
of A8 namely, a and b each of order 4. We then let a and b act on the generators of
N by conjugation. Since N EG the result of these actions are elements of N . We
get a 6× 6 matrix representation of both. This leads us to a 6× 6 representation
of A8. We then let this A8, using GAP, to act on N and in Theorem 3.1 we show
that N is irreducible under this action. The two groups constructed in Sections 2
and 3 are indeed isomorphic (see Corollary 3.2).

This work is taken from the dissertation of the second author [18], for more
of his work, one can also go to [14], [15], [16]. For further references one can also
read [1], [8], [9], [12], [17], [19]. For the general theory of ordinary characters of
finite groups, readers are referred to [7].

Our notation will be consistent with that used in the ATLAS [4].

2. The Combinatorics Method

The combinatorics method can also be found in [1] and [17] and is used extensively
in [13] and [20]. The group S8 acts naturally on a module of dimension 8 by per-
muting the basis elements which generate the module. Let V be the 8-dimensional
natural module of A8 over GF (2), where V = 〈e1, e2, e3, e4, e5, e6, e7, e8〉, and
e2

i = 1 for i ∈ {1, 2, 3, 4, 5, 6, 7, 8}. We regard V as a multiplicative elementary
abelian 2-group of order 28.

Theorem 2.1 Let V be the natural module of S8 over GF (2). Then there exist
S8 submodules M1 and M2 of V such that V ⊃ M2 ⊃ M1 ⊃ 0 and that

dim(M2) = 7 and dim(M1) = 1.
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Proof. Let V = 〈e1, e2, e3, e4, e5, e6, e7, e8〉, and e2
i = 1 for i ∈ {1, 2, 3, 4, 5, 6, 7, 8}.

Then S8 acts naturally on V and this natural action results in the following orbits:

1. O0 = {1V } and |O0| = 1.

2. O1 = {ei|1 ≤ i ≤ 8} and |O1| = 8.

3. O2 = {eiej|1 ≤ i, j ≤ 8, i 6= j} and |O2| =
(

8
2

)
= 28.

4. O3 = {eiejek|1 ≤ i, j, k ≤ 8, distinct i, j, k} and |O3| =
(

8
3

)
= 56.

5. O4 = {eiejekel|1 ≤ i, j, k, l ≤ 8, distinct i, j, k, l}
and |O4| =

(
8
4

)
= 70.

6. O5 = {eiejekelem|1 ≤ i, j, k, l,m ≤ 8, distinct i, j, k, l, m}
and |O5| =

(
8
5

)
= 56.

7. O6 = {eiejekelemen|1 ≤ i, j, k, l,m, n ≤ 8, distinct i, j, k, l, m, n}
and |O6| =

(
8
6

)
= 28.

8. O7 = {eiejekelemeneo|1 ≤ i, j, k, l, m, n, o ≤ 8, distinct i, j, k, l, m, n, o}
and |O7| =

(
8
7

)
= 8.

9. O8 = {eiejekelemeneoep|1 ≤ i, j, k, l, m, n, o, p ≤ 8, distinct i, j, k, l, m, n, o, p}
and |O8| =

(
8
8

)
= 1.

Thus S8 produces 9 orbits on V .

Set M1 = 〈e1e2e3e4e5e6e7e8〉. Then M1 is an S8-invariant submodule of V
with dim(M1) = 1.

Now, set M2 = O0 ∪ O2 ∪ O4 ∪ O6 ∪ O8. Then |M2| = 128, so we have
dim(M2) = 7.

Since M1 = O0 ∪ O8, we obtain that V ⊃ M2 ⊃ M1 ⊃ 0. This implies that
M2 is a reducible S8-invariant submodule of V .

Since S8 is 8-transitive, A8 is 6-transitive on {e1, e2, e3, e4, e5, e6, e7, e8}. It is
clear that O0, O1, O2, O4, O5, O6 are also orbits under the action of A8. Now since
A8 does not have a proper subgroup of index less than 8, O7 remains as an orbit
of length 8. Obviously O8 also remains as an orbit of length 1.
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Theorem 2.2 Let W = M2/M1, then dim(W ) = 6. Also W is a G-invariant
module where G = S8 or A8.

Proof. It is clear that dim(W ) = 6, since dim(M1) = 1 and dim(M2) = 7. If
g ∈ G and α ∈ M2, then since M2 is G invariant, g(αM1) = g(α)M1 ∈ M2/M1

∀ g ∈ G and α ∈ M2. So W is S8 (A8) invariant.

Let
W = 〈e1e2M1, e1e3M1, e1e4M1, e1e5M1, e1e6M1, e1e7M1〉 .

The set B = {e1e2, e1e3, e1e4, e1e5, e1e6, e1e7} is a linearly independent set.
Let

γ1 = e1e2M1, γ2 = e1e3M1,

γ3 = e1e4M1, γ4 = e1e5M1,

γ5 = e1e6M1, γ6 = e1e7M1.

Also, if α = (1 2 3 4 5 6 7) and β = (6 7 8), then

A8 = 〈α, β〉 .

We obtain

α : γ1 → γ1γ2, γ2 → γ1γ3, γ3 → γ1γ4, γ4 → γ1γ5, γ5 → γ1γ6, and γ6 → γ1.

We give two examples for the action of α. Under the action of α we have

γ2 = e1e3M1 → e2e4M1 = e1e2e1e4M1 = γ1γ3

That is α(γ2) = γ1γ3. Also

γ6 = e1e7M1 → e2e1M1 = γ1.

That is α(γ6) = γ1. Hence α can be represented by the following matrix

α =




1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0




,

with o(α) = 7.

Similarly, for β we have

β : γ1 → γ1, γ2 → γ2, γ3 → γ3, γ4 → γ4, γ5 → γ6, γ6 → γ1γ2γ3γ4γ5γ6

As an example, we see that

γ6 = e1e7M1 → e1e8M1 = e2e3e4e5e6e7M1 = γ1γ2γ3γ4γ5γ6.
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That is β(γ6) = γ1γ2γ3γ4γ5γ6 . Here we obtain

β =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
1 1 1 1 1 1




,

with o(β) = 3. We are now able to write all the elements of A8 as 6× 6 matrices.
By acting A8 directly on W , using the orbits of A8 on M2 and the fact that

M1 = {1, e1e2e3e4e5e6e7e8}, we can see that A8 has 3 orbits namely

∆0 = {O0M1} = {O8M1} = {M1},
∆1 = {O2M1} = {O6M1} = {eiejM1 | distinct ei, ej},
∆2 = {O4M1} = {eiejekelM1|distinct ei, ej, ek, el}.

Clearly, |∆0| = 1, |∆1| = 28, |∆2| = 70
2

= 35 and W = ∆0 ∪∆1 ∪∆2.

Theorem 2.3 A8 acts irreducibly on W .

Proof. Let U ≤ W be such that U 6= 0 and U is A8 invariant. Since U 6= 0
∃ x ∈ U such that x 6= 0. Since x 6= 0 and U ≤ W we have two cases.

Case 1. Suppose x ∈ ∆1, x = eiejM1 for distinct i, j. Hence g(x) ∈ U ∀ g ∈ A8.
However

{g(x)|g ∈ A8} = ∆1 ⇒ ∆1 ⊆ U ⇒ eiejM1 ∈ U ∀ i, j.

Hence we have γ1, γ2, γ3, γ4, γ5, γ6 ∈ U.

Case 2. Suppose x ∈ ∆2, then x = eiejekelM1 for some distinct ei, ej, ek, el.
Hence g(x) ∈ U ∀ g ∈ A8. Now

{g(x)|g ∈ A8} = ∆2 ⇒ ∆2 ⊆ U.

Since ∆2 ⊆ U, ekelemerM1 and ekelemeiM1 are in U for distinct k, l, m, r, i. Since
U is closed we get

(ekelemerM1)(ekelemeiM1) = eier ∈ U ∀ distinct k, l,m, r, i.

This shows that U ⊆ W. So similar to case 1, we have U = W.
Hence W is a unique 6-dimensional GF (2) module that A8 acts irreducibly on.

Our group Ḡ can now be realized by the split extension W :A8, where W ∼= 26.
In here the multiplication is defined by

(w1, g1).(w2, g2) = (w1(w2)
g1 , g1g2)

for w1, w2 ∈ W and g1, g2 ∈ A8.
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Remark 2.4 In V , the set of vectors of even weight, that is our M2, forms a
7-dimensional S8-submodule (this is true in general for Sn, these vectors form
an (n − 1)-dimensional Sn-submodule). Our module M2 under the standard dot
product on V becomes a symplectic space.

We can define an invariant quadratic form Q associated with this symplectic
form as follows:

Q(α) =





0, α ∈ O0 ∪O4 ∪O8

1, α ∈ O2 ∪O6 .

The quotient space W = M2/M1 still admits an invariant quadratic form Q
given by

Q(α) =





0, α ∈ ∆0 ∪∆2

1, α ∈ ∆1 ,

where W = ∆0 ∪∆1 ∪∆2. Hence S8 ≤ GOε
6(2) and since |GO−

6 (2)| = 26 × 34 × 5,
we can easily deduce that S8 = GO+

6 (2) since these two groups have same order.
Therefore

A8 = O+
6 (2) ∼= GL(4, 2).

So our group G = 26:A8 can be identified as the extension of O+
6 (2) by its natural

module.

Since our group G = 26:A8 is an inertia factor group of 28:O+
8 (2), in the next

section we aim to construct G as a subgroup of O+
8 (2).

3. The Computational Method

In this section for all our computations we use GAP. We first construct O+
8 (2)

inside the general orthogonal group GO+
8 (2). This we do by getting the maximal

normal subgroup of GO+
8 (2) and this is a group of 8×8 matrices of size 174182400

over GF (2). We then construct G = 26:A8 inside O+
8 (2) by first constructing an

8-dimensional row vector space U , over GF (2). We then let O+
8 (2) to act on U

and we get three orbits of lengths 1, 120 (non-isotropic points) and 135 (isotropic
points). Using the ATLAS [4] and Programme C [18], the maximal subgroup of
index 135 is 26:A8 which corresponds to the third orbit. We then get the stabilizer
of a representative of this orbit in O+

8 (2), which gives us a group of 8× 8 matrices
of size 1290240 which is our 26:A8. We are now ready to construct 26 and A8

inside our G. We use GAP for our computations.

The group N = 26 is the only proper normal subgroup of G and we use GAP
to obtain this normal subgroup. We then obtain its generators, which are given
below.
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γ1 =




1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 1




, γ2 =




1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
1 1 0 0 1 1 1 0
0 0 0 0 0 0 0 1




,

γ3 =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 1
1 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1




, γ4 =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
1 0 0 1 0 1 1 0
0 0 0 0 0 0 0 1




,

γ5 =




1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 1 0 1 0 1 1 0
0 0 0 0 0 0 0 1




, γ6 =




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
0 0 1 1 1 1 1 0
0 0 0 0 0 0 0 1




.

We then turn our attention to A8. We first obtain the generators of G. We
use GAP [6] to get two generators, a and b, of A8 . We give a, b and their inverses
below. Note that o(a) = o(b) = 4.

a =




1 0 0 0 0 1 0 0
0 1 0 1 0 1 0 1
1 0 1 0 0 1 0 0
0 0 0 1 0 0 0 0
1 1 0 0 1 1 0 0
0 0 0 0 0 1 0 0
1 0 0 0 0 1 1 0
0 0 0 0 0 0 0 1




, b =




0 0 0 0 0 1 0 0
0 0 1 1 1 1 1 0
1 0 0 1 0 0 0 1
1 0 1 0 0 0 0 1
1 1 0 0 0 1 1 1
1 1 1 1 0 1 0 1
0 1 0 0 0 0 1 0
1 1 1 1 0 0 0 0



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a−1 =




1 0 0 0 0 1 0 0
0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 1 0 1 1 1 0 1
0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1




, b−1 =




0 0 0 0 1 1 1 1
0 0 1 1 1 1 1 0
1 0 0 1 1 0 1 0
1 0 1 0 1 0 1 0
1 1 0 0 1 1 0 0
1 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0
1 0 0 0 0 1 0 1




.

Noting that the generators of 26 and A8 are both 8 × 8 matrices, thus we have
Ḡ = 〈γi, a, b : 1 ≤ i ≤ 6〉, as a maximal subgroup of O+

8 (2).

Computing the conjugate of each γi with respect to a, that is aγia
−1 and

noting that 26 is normal in 26:A8, we get that

aγia
−1 = γj1γj2 · · · γjk

,

where γjr = γj or 1 for some jr = 1, ..., 6. We denote this as

γi → γj1γj2 · · · γjk
.

We then get

γ1 → γ1, γ2 → γ2γ5, γ3 → γ2γ4γ5γ6, γ4 → γ4, γ5 → γ1γ4γ5, γ6 → γ1γ2γ3γ4.

Similarly with b we get

γ1 → γ1γ2γ3γ4γ6, γ2 → γ2γ3γ4γ5γ6, γ3 → γ1γ2γ3γ5γ6, γ4 → γ1γ3γ4,

γ5 → γ4, γ6 → γ2γ3γ4.

Representing this information in matrix form, where the i-th row will cor-
respond to the i-th conjugate, we get a 6 × 6 matrix representation of G = A8.
Hence we have A8 = 〈a′, b′〉, where

a′ =




1 0 0 0 0 0
0 1 0 0 1 0
0 1 0 1 1 1
0 0 0 1 0 0
1 0 0 1 1 0
1 1 1 1 0 0




, b′ =




1 1 1 1 0 1
0 1 1 1 1 1
1 1 1 0 1 1
1 0 1 1 0 0
0 0 0 1 0 0
0 1 1 1 0 0




.

By methods of coset analysis which can also be found in [10], [11], when
G = A8 acts on N we obtain three orbits of lengths 1, 28 and 35 respectively.
These have corresponding point stabilizers K1, K2 and K3 of indices 1, 28 and 35
respectively. One can immediately see that K1 = G and K2, K3 must each sit in
a maximal subgroup of G. However any maximal subgroup of G which contains
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Ki must have an order divisible by |Ki| and its index in G must divide 28 and 35
respectively. From the ATLAS [4], we get that up to isomorphism and conjugacy
there is only one maximal subgroup of G, in each case, that would contain K2 and
the other K3 and these are the symmetric group S6 and the group 24:(S3 × S3)
respectively. However, since |K2| = |S6| we have K2

∼= S6. Similarly we have
K3

∼= 24:(S3 × S3). For each g ∈ G, the number of fixed points g ∈ G in N is
equal to k = |CN(g)|. Since the zero vector of N is fixed by every g ∈ G we have

k = 1 + χ(G|K2)(g) + χ(G|K3)(g) = 1 + (χ(G|K2) + χ(G|K3))(g).

From this, we determine χ = χ(A8|26), the permutation character of A8 on 26.
We have

χ = 1a + IA8
S6

+ IA8

24:(S3×S3) = 3× 1a + 7a + 14a + 2× 20a,

where IA8
S6

= 1a + 7a + 20a and IA8

24:(S3×S3) = 1a + 14a + 20a are the characters of

A8 induced from the identity characters of S6 and 24:(S3×S3) respectively. Since
CN(g) ≤ N , we must have k = 2n where n ∈ {1, 2, 3, 4, 5, 6}. Hence we obtain the
values of the k′s in Table 1.

Table 1

[g]A8 1a 2a 2b 3a 3b 4a 4b 5a 6a 6b 7a 7b 15a 15b
χ(A8|K2) 28 4 8 10 1 0 2 3 1 2 0 0 0 0
χ(A8|K3) 35 11 7 5 2 3 1 0 2 1 0 0 0 0

k 64 16 16 16 4 4 4 4 4 4 1 1 1 1

Theorem 3.1 A8 acts irreducibly on N .

Proof. As we seen above, the action of A8 on N produces three orbits of lengths
1, 28 and 35. If H is an A8-invariant subgroup of N , then H is a union of these
orbits and hence |H| = 1+28a+35b, where a, b ∈ {0, 1}. Now since H = 2i, where
0 ≤ i ≤ 6, we must have a = b = 0 or a = b = 1. This implies that H = {1N} or
H = N .

Corollary 3.2 The two groups constructed in Sections 2 and 3 are isomorphic.

Proof. Since by [2] A8 has a unique (up to isomorphism) modular representation
of degree 2 over GF (2), proof follows from Theorems 2.3 and 3.1.

Since the two 26:A8 constructed are isomorphic, from now on, we use one of
them in the rest of our discussion. So we consider Ḡ = N :G, where N ∼= 26 and
G ∼= A8 as in this section (Section 3).
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4. Actions of A8 on N and Irr(N)

We determined the action of A8 on N in Section 3. We notice that A8 produces
three orbits of lengths 1, 28 and 35 on N . Hence it produces three orbits on
Irr(N). Here we use Programme C [18] to act G on Irr(N). To be able to do
this we need to rewrite N as a row vector space V of dimension 6 over GF (2),
that is V:= FullRowSpace(GF(2),6). We have two procedures at our disposal.
First we can act G on V from right and this action gives us the orbits of G acting
as a permutation group on the conjugacy classes of N . Secondly, we act GT , that
is the set consists of transpose of elements of G, on V from right. This action is
equivalent to multiplying the column vectors of V on the left by G. This action
gives the orbits of G acting as a permutation group on the irreducible characters
of N .

From the above, the action of G on Irr(N) produces three orbits of lengths
1, 28 and 35 respectively. We then take representatives of the orbits of lengths 28
and 35. For each of the orbit representative we find its stabilizer in G. For the
representative of the orbit of length 28, the corresponding stabilizer, that is H2,
is a group of 6× 6 matrices of size 720 isomorphic to S6. For the orbit of length
35 the corresponding stabilizer, that is H3, is a group of 6× 6 matrices of size 576
isomorphic to 24 : (S3 × S3).

Remark 4.1 Since A8 = O+
6 (2) acts naturally on N = 26, the three orbits men-

tioned above are the zero vector, non-isotropic points and isotropic points respec-
tively.

5. The Conjugacy Classes of 26:A8

We first give the representatives of the conjugacy classes of A8, in terms of 6× 6
matrices in Table 2.

From the methods of coset analysis, which can also be found in [1],[10], [8],
[11], [12], [17], [19] and by Programmes A and B [18], we are able to compute
the conjugacy classes of 26:A8 which are given in Table 3. We give a very brief
summary of coset analysis. We look at the action of G on Ng, for the split
extension it is suffices to look at the coset Ng, g ∈ G. First N acts on Ng and
we get k orbits. Then we act CG(g) on these orbits and fj of these orbits, fuse to
form one orbit with

∑
fj = k, and dj a representative of these fused orbits. For

this we use Programme A [18].
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Table 2. Conjugacy classes of H1 = G = A8

[g]G 6× 6 matrix |[g]G| [g]G 6× 6 matrix |[g]G|

1A




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




1 2A




0 0 0 1 0 0
1 0 1 0 0 1
0 1 0 1 0 1
1 0 0 0 0 0
0 1 1 1 1 1
0 0 0 0 0 1




105

2B




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 1
1 0 1 0 1 0




210 3A




0 1 1 1 1 0
0 1 0 0 0 0
1 1 0 0 0 0
1 1 1 1 0 0
0 0 0 1 0 0
0 0 0 1 1 1




112

3B




1 1 1 0 0 0
1 0 1 1 0 1
1 0 1 0 0 1
0 1 1 1 0 0
0 1 0 0 0 0
0 0 1 1 1 1




1 120 4B




0 0 1 1 1 1
0 0 1 1 0 0
0 0 0 0 1 0
1 0 1 0 1 1
0 1 0 1 0 1
1 1 1 0 0 0




1 260

4A




0 0 1 1 1 0
0 0 1 1 0 0
0 0 0 1 0 0
1 0 1 1 0 1
0 1 0 1 0 1
1 1 1 1 1 1




2 520 5a




0 1 0 1 0 1
1 0 1 0 0 1
0 0 0 1 0 0
0 0 0 1 1 1
0 0 0 0 0 1
0 1 1 1 1 0




1 344

6A




0 0 0 1 0 0
1 0 1 0 0 1
1 0 1 0 1 1
0 1 1 1 1 0
1 0 0 0 0 0
1 1 1 1 1 1




1 680 6B




0 0 1 1 1 1
0 0 1 0 0 0
1 0 1 1 0 1
1 0 1 0 1 1
0 1 1 1 1 0
1 0 0 0 0 0




3 360

7A




0 0 0 0 1 0
0 0 1 1 0 0
1 0 0 1 0 1
1 0 1 1 0 1
0 1 1 0 0 0
1 0 0 0 0 0




2 880 7B




1 0 1 0 0 1
1 0 0 1 0 1
1 1 0 0 0 0
1 1 1 1 1 1
0 0 0 1 1 1
0 1 1 0 0 0




2 880

15A




1 0 1 0 1 1
1 0 1 0 0 1
1 1 1 1 0 0
1 1 1 1 1 1
0 0 0 1 1 1
0 1 1 0 0 0




1 344 15B




0 0 1 1 1 0
0 0 1 1 1 1
1 1 1 1 1 1
1 0 0 0 0 0
0 1 1 0 0 0
1 0 1 1 0 1




1 344
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Table 3. Conjugacy classes of Ḡ = 26:A8

g ∈ A8 k fj dj w [x]26:A8
|C26:A8

(x)|
1A 26 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 1A 1 290 240

28 (0, 0, 0, 0, 0, 1) (0, 0, 0, 0, 0, 1) 2A 46 080
35 (0, 0, 0, 1, 0, 1) (0, 0, 0, 1, 0, 1) 2B 36 864

2A 24 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 2C 3 072
1 (0, 0, 1, 0, 0, 1) (0, 0, 0, 0, 0, 0) 2D 3 072
1 (0, 0, 1, 1, 1, 1) (0, 0, 0, 0, 0, 0) 2E 3 072
1 (0, 0, 1, 1, 1, 1) (0, 0, 0, 0, 0, 0) 2F 3 072
12 (0, 0, 0, 0, 0, 1) (1, 1, 1, 0, 0, 1) 4A 256

2B 24 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 2G 1 536
1 (0, 0, 1, 1, 1, 1) (0, 0, 1, 0, 0, 0) 4B 1 536
3 (1, 0, 1, 0, 1, 0) (0, 0, 0, 0, 0, 0) 2H 512
3 (0, 0, 1, 1, 0, 1) (0, 0, 1, 0, 1, 0) 4C 512
8 (0, 0, 0, 0, 0, 1) (0, 0, 0, 1, 1, 0) 4D 192

3A 24 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 3A 2 880
5 (1, 1, 0, 0, 1, 0) (0, 0, 1, 1, 1, 1) 6A 576
10 (0, 1, 0, 0, 1, 1) (0, 0, 1, 1, 0, 0) 6B 288

3B 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 3B 72
1 (1, 1, 0, 1, 0, 0) (1, 0, 0, 0, 0, 1) 6B 72
1 (1, 0, 1, 0, 1, 0) (1, 0, 1, 0, 1, 0) 6C 72
1 (0, 0, 0, 1, 0, 0) (1, 1, 1, 1, 1, 1) 6D 72

4A 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 4E 64
1 (1, 1, 0, 1, 0, 0) (0, 0, 0, 0, 0, 0) 4F 64
1 (1, 0, 1, 0, 1, 0) (0, 0, 0, 0, 0, 0) 4G 64
1 (0, 0, 0, 1, 0, 0) (0, 0, 0, 0, 0, 0) 4H 64

4B 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 4I 32
1 (1, 1, 0, 1, 0, 0) (0, 0, 1, 1, 1, 1) 8A 32
1 (1, 0, 1, 0, 1, 0) (0, 0, 0, 0, 0, 0) 4J 32
1 (0, 0, 0, 1, 0, 0) (1, 1, 1, 0, 1, 0) 8B 32

5A 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 5A 60
3 (0, 1, 0, 1, 0, 0) (0, 0, 0, 1, 0, 1) 10A 20

6A 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 6F 48
1 (1, 0, 1, 0, 1, 0) (0, 1, 1, 0, 1, 0) 12A 48
2 (1, 0, 1, 0, 1, 0) (1, 0, 1, 0, 1, 0) 12B 24

6B 22 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 6G 24
1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 1) 6H 24
1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 6I 24
1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 6J 24

7A 1 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 7A 7
7B 1 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 7B 7
15A 1 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 15A 15
15B 1 1 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0) 15B 15



on an inertia factor group of 28:O+
8 (2) 253

Let o(dg) = k and o(g) = m. If w = (dg)m, then if w = (0, 0, 0, 0, 0, 0),
k = m. On the other hand if w 6= (0, 0, 0, 0, 0, 0), then k = 2m. To get w we
use Programme B [18]. We obtain that 26:A8 has altogether 41 conjugacy classes
which are given in Table 3 above.

Remark 5.1 The group O+
8 (2) has three conjugacy classes of maximal subgroups

isomorphic to 26:A8. Our group G, which is the stabilizer of a non-isotropic point
in O+

8 (2), is first of these groups as listed in the ATLAS. Table 3 shows that
N = [1A] ∪ [2A]G ∪ [2B]G, with |[2A]G| = 28 and |[2B]G| = 35. The fusion of G
into O+

8 (2) implies [2A]G → [2B]O+
8 (2) and [2B]G → [2A]O+

8 (2). This confirms that

G = NO+
8 (2)(2A35B28) as it is stated in the ATLAS.
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Abstract. In this paper, we consider explicit representations and convergence of
Lagrange–Hermite Interpolation on two disjoint set of nodes, which are obtained by
projecting vertically the zeros of

(
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)
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)
P
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1. Introduction

In 1975, L.G. Pál [10] introduced a new type of interpolation on the zeros of two
different polynomials. He considered two systems of real numbers {xn}n

k=0 and
{x∗n}n−1

k=0 , which are the zeros of Wn (x) and W ′
n (x) respectively, then there exists

a unique polynomials P (x) of degree at most 2n− 1 satisfying the interpolatory
properties:

P (xk) = yk, k = 1 (1) n,

P ′ (x∗k) = yk, k = 1 (1) n− 1,

and gave the explicit formulae of this polynomial. In another paper, L.G. Pál
[11] considered the (0; 0, 1)-Interpolation and obtained the convergence for the
same. In 2003, H.P. Dikshit [7] also considered the Pál-type interpolation on
non-uniformly distributed nodes on the unit circle. Later on P. Mathur [9] con-
sidered (0, 1; 0) interpolation on infinite interval. P. Mathur and his associates
[13] considered (0; 0, 1) interpolation.
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In a paper, S. Xie [15] considered the regularity of (0, 1, ..., r − 2, r) and
(0, 1, ..., r − 2, r)∗−interpolation on the sets obtained by projecting vertically the

zeros of (1− x2) P
(α,β)
n (x) on the unit circle, where P

(α,β)
n (x) stands for the Jacobi

polynomials. After that S. Bahadur [3, 5] considered (0, 1; 0) and (0; 0, 1) interpo-
lation on the unit circle and establish the convergence theorem for the same. In
another paper, the authors [6] have considered Hermite–Lagrange interpolation
and established a convergence theorem on the unit circle.

In this paper, we consider Lagrange–Hermite interpolation on the unit circle.
Here, we consider two pairwise disjoint sets {zk}2n+1

k=0 and {tk}2n−1
k=0 , which are the

vertically projected zeros of (1− x2) P
(α,β)
n (x) and (1− x2) P

(α,β)′
n (x) on the unit

circle, respectively.
Let Zn and Tn be two sets satisfying:

(1.1)

Zn =





zk : k = 0(1)2n + 1 :

z0 = 1, z2n+1 = −1

zk = cos θk + i sin θk, zn+k = −zk, k = 1 (1) n

and

Tn =





tk : k = 0(1)2n− 1 :

t0 = 1, t2n−1 = −1

tk = cos φk + i sin φk, tn+k = −tk, k = 1 (1) n− 1

,

which are the zeros of (1− x2) P
(α,β)
n (x) and P

(α,β)′
n (x), respectively.

In Section 2, we give some preliminaries and in Section 3, we describe the
problem and obtained the regularity of the same. In Section 4, we give the explicit
formulae of the interpolatory polynomials. In Sections 5 and 6, estimation of
interpolatory polynomials and convergence are given, respectively.

2. Preliminaries

In this section, we shall give some well known results, which we shall use.
The differential equation satisfied by P

(α,β)
n (x) is:

(2.1)
(
1− x2

)
P (α,β)′′

n (x) + [β − α− (α + β + 2) x] P (α,β)′
n (x)

+ n (n + α + β + 1) P
(α,β)
n (x) = 0

(2.2) W (z) =
2n∏

k=1

(z − zk) = KnP
(α,β)
n

(
1 + z2

2z

)
zn

(2.3) H(z) =
2n−2∏

k=1

(z − tk) = K∗
nP (α,β)′

n

(
1 + z2

2z

)
zn−1.
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We shall require the fundamental polynomials of Lagrange interpolation based
on Zn and Tn

(2.4) Lk (z) =
R(z)

R′ (zk) (z − zk)
, k = 0(1)2n + 1,

where R(z) = (z2 − 1) W (z),

(2.5) lk (z) =
H(z)

H ′ (tk) (z − tk)
, k = 1(1)2n− 2.

We will also use the following results

(2.6)
(−1)n W ′ (zn+k) = W ′ (zk) = −1

2
KnP

(α,β)′
n (xk)

(
1− z2

k

)
zn−2

k ,

k = 1 (1) n.

We will also use the following well known inequalities (see [8])

(2.7) (1− x2)
1
2 P

(α,β)
n (x) = o (nα−1) ,

(2.8) (1− x2
k)
−1 ∼

(
k

n

)−2

(2.9)
∣∣∣ P

(α,β)′
n (xk)

∣∣∣ ∼ k−α− 3
2 nα+2

(2.10)
∣∣∣P (α,β)

n (x)
∣∣∣ = o (nα) ,

(2.11) (1− x2)
∣∣∣P (α,β)′

n (x)
∣∣∣ ≤ cnα+1,

(2.12)
∣∣∣ P

(α,β)
n (xk)

∣∣∣ ∼ k−α− 1
2 nα,

(2.13)
∣∣∣ P

(α,β)′
n (x)

∣∣∣ ∼ o (nα+2) .

3. The problem

Let {zk}2n+1
k=0 and {tk}2n−1

k=0 be the two disjoint sets of nodes obtained by projecting

vertically the zeros of (1− x2) P
(α,β)
n (x) and (1− x2)P

(α,β)′
n (x) on the unit circle

respectively, we seek to determine the interpolatory polynomial Rn (z) of degree
≤ 6n− 1 satisfying the conditions:

(3.1)





Rn (zk) = αk, k = 0 (1) 2n + 1,

Rn (tk) = βk, k = 1 (1) 2n− 2,

R′
n (tk) = γk, k = 0 (1) 2n− 1,

where αk, βk and γk are arbitrary complex numbers. We are also interested in
establishing a convergence theorem for the same.
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Regularity

Theorem 1. The Lagrange–Hermite interpolation is regular on Zn and Tn.

Proof. It is sufficient, if we show the unique solution of (3.1) is Rn (z) ≡ 0, when
all data αk = βk = γk = 0. Clearly, in this case we have Rn (z) = R (z) H (z) q (z) ,
where q (z) is a polynomial of degree ≤ 2n− 1.

Let Rn (z) = R (z) H (z) q (z). Obviously, Rn (zk) = 0 and Rn (tk) = 0. Then,
from R′

n (tk) ≡ 0, we have q (tk) = 0. Therefore, q (z) = (az + b) H (z) , where a
and b are arbitrary constants.

As q (±1) = 0, we get a = b = 0. It indicates

Rn (z) ≡ q (z) ≡ 0.

Hence the theorem follows.

4. Explicit representation of interpolatory polynomials

We shall write Rn (z) satisfying (3.1) as

(4.1) Rn (z) =
2n+1∑

k=0

αkAk (z) +
2n−2∑

k=1

βkBk (z) +
2n−1∑

k=0

γkCk (z) ,

where Ak (z) , Bk (z) and Ck (z) are unique polynomials, each of degree atmost
6n− 1 satisfying the following conditions:

For k = 0 (1) 2n + 1

(4.2)





Ak (zj) = δjk; j = 0 (1) 2n + 1,

Ak (tj) = 0; j = 1 (1) 2n− 2,

A′
k (tj) = 0; j = 0 (1) 2n− 1.

For k = 1 (1) 2n− 2

(4.3)





Bk (zj) = 0; j = 0 (1) 2n + 1,

Bk (tj) = δjk; j = 1 (1) 2n− 2,

B′
k (tj) = 0; j = 0 (1) 2n− 1.

For k = 0 (1) 2n− 1

(4.4)





Ck (zj) = 0; j = 0 (1) 2n + 1,

Ck (tj) = 0; j = 1 (1) 2n− 2

C ′
k (tj) = δjk; j = 0 (1) 2n− 1
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Theorem 2. For k = 1(1)2n− 2, we have,

(4.5) Ck (z) =
(z2 − 1) R (z) H (z) lk (z)

(t2k − 1) R (tk) H ′ (tk)
.

For k = 0, 2n− 1

(4.6) Ck (z) = −(1 + tkz) H2 (z) R (z)

2H2 (tk) R′ (tk)
.

Theorem 3. For k = 1(1)2n− 2, we have,

(4.7) Bk (z) =
(z2 − 1) R (z) l2k (z)

(t2k − 1) R (tk)
−

{
2tk

(t2k − 1)
+

R′ (tk)
R (tk)

+
H ′′ (tk)
H ′ (tk)

}
Ck (z) ,

where Ck (z) is given by (4.5).

Theorem 4. For k = 0(1)2n + 1, we have,

(4.8) Ak (z) =
(z2 − 1) H2 (z) Lk (z)

(z2
k − 1) H2 (zk)

.

One can establish Theorems 2, 3 and 4 owing to conditions (4.2) , (4.3) and
(4.4), respectively.

5. Estimation of fundamental polynomials

Lemma 1. [2] Let Lk (z) be given by (2.4). Then

(5.1)
2n+1∑

k=0

| Lk (z) | ≤ c

2n+1∑

k=0

1

k−α+ 3
2

,

where c is a constant independent of n and z.

Lemma 2. [6] Let lk (z) be given by (2.5). Then

(5.2)
2n−2∑

k=1

| lk (z) | ≤ c

2n−2∑

k=1

1

k−α− 1
2

,

where c is a constant independent of n and z.

Lemma 3. Let Ck (z) be given by (4.5),we have

(5.3)
2n−1∑

k=0

|Ck(z)| ≤ c log n, −1 < α ≤ −1

2
, |z| ≤ 1

and c is a constant independent of n and z.
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Proof. From (4.5) and (4.6) using (2.8) , (2.10) , (2.12) and Lemma 2, we get the
required result.

Lemma 4. Let Bk (z) be given by (4.7), we have

(5.4)
2n−2∑

k=1

|Bk(z)| ≤ cn log n, −1 < α ≤ −1

2
, |z| ≤ 1

where c is a constant independent of n and z.

Proof. From (4.6), using (2.7) , (2.8) , (2.12) and Lemmas 2 and 3, we get the
required result.

Lemma 5. Let Ak (z) be given by (4.8), we have

(5.7)
2n+1∑

k=0

|Ak(z)| ≤ cn log n, −1 < α ≤ −1

2
, |z| ≤ 1,

where c is a constant independent of n and z.

Proof. Proof is similar to Lemma 3.

6. Convergence

Let f(z) be analytic for |z| < 1 and continuous for |z| ≤ 1 and ω (f, δ) be the
modulus of continuity of f (eix) .

Theorem 5. Let f(z) be continuous in |z| ≤ 1 and analytic in |z| < 1. Let the
arbitrary numbers βk’s and γ′ks be such that:

(6.1)

{
|βk| = o (ω2(f, n−1)) , k = 1 (1) 2n− 2,

|γk| = o (nω2(f, n−1)) , k = 1 (1) 2n− 2.

Then, {Rn} defined by

(6.2) Rn (z) =
2n+1∑

k=0

f(zk)Ak (z) +
2n−2∑

k=1

βkBk (z) +
2n−1∑

k=0

γkCk (z)

satisfies the relation

(6.3) |Rn (z)− f(z)| = o
(
nω2(f, n−1) log n

)
for − 1 < α ≤ −1

2

where ω2 (f, n−1) is the modulus of continuity of f (z) .

Remark. To prove Theorem 5, we shall need the following:
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Let f(z) be continuous in |z| ≤ 1 and f ′ ∈ Lip ν, ν > 0. Then the sequence
{Rn} converges uniformly to f (z) in |z| ≤ 1, follows from (6.3) provided

(6.4) ω2(f, n−1) = o
(
n−1−ν

)
.

Let f(z) be continuous in |z| ≤ 1 and analytic in |z| < 1. Then there exists
a polynomial Fn(z) of degree 6n− 1 satisfying Jackson’s inequality

(6.5) |Fn (z)− f(z)| ≤ cω2

(
f, n−1

)
, z = eiθ (0 < θ ≤ 2π)

and also an inequality due to O. Kǐs [8]

(6.6)
∣∣F (m)

n (z)
∣∣ ≤ cnmω2

(
f, n−1

)
, for m ∈ I+.

Proof. Since Rn (z) be given by (6.2) is a uniquely determined polynomial of de-
gree ≤ 6n−1, the polynomial Fn (z) satisfying (6.5) and (6.6) can be expressed as

Rn (z) =
2n+1∑

k=0

Fn(zk)Ak (z) +
2n−2∑

k=1

Fn (tk) Bk (z) +
2n−1∑

k=0

F ′
n (tk) Ck (z) .

Then,

|Rn (z)− f(z)| ≤ |Rn (z)− Fn(z)|+ |Fn (z)− f(z)|

≤
2n+1∑

k=0

|f (zk)− Fn(zk)| |Ak(z)|+
2n−2∑

k=1

{|βk|+ |Fn (tk)|} |Bk(z)|

+
2n−1∑

k=0

{|γk|+ |F ′
n (tk)|} |Ck (z)|+ |Fn (z)− f(z)| .

Using z = eiθ (0 < θ ≤ 2π), (6.1), (6.4), (6.5), (6.6) and Lemmas 3, 4 and 5, we
get (6.3).
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Abstract. In the paper the behavior of clopen sets in bitopological spaces and some
properties of generalized objects (e.g., (i, j)-quasi components and (i, j)-clopen compact
subsets) are investigated. By using asymmetric clopen sets we introduce new classes
of (i, j)-clopen irresolute and (i, j)-weakly clopen-continuous maps. Also, some their
relations to p-ultra-Hausdorff bitopological structures are established. Characterizations
and a preserving theorem of pairwise connected spaces are obtained.
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1. Introduction

The clopen sets (i.e., sets that are both closed and open) play an important
role in characterizations of the objects which define fundamental constructions
of classical topology (see, e.g., [4], [6], [7], [10] etc.). It is well known that such
sets are actually used in mathematical analysis, logics and theoretical computer
sciences. In bitopological spaces, considerations of so called (1, 2)-clopen and
(2, 1)-clopen sets seem to be not applied widely, although there are few interes-
ting articles in this direction (see, e.g., [1], [12]). Motivated by this gap in the
bitopological case we try to develop some theoretical constructions for asymme-
tric quasi-components, ultra-Hausdorff separation and continuous-like mappings
by using asymmetric clopens. We obtain new characterizations and a preservation
theorem of pairwise connected spaces due to Pervin [11].
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Throughout the paper, for a bitopological space (X, τ1, τ2) we use the fol-
lowing notations: the interior and the closure of a subset A of X with respect to
the topology τi are denoted by τiintA and τiclA, respectively, where i ∈ {1, 2}. If
O is open in τi, then we write O ∈ τi, while, for the τi-closed set F , we use the
notation F ∈ coτi (in this case, for brevity, O and F are meant also as an i-open
and an i-closed set, respectively). We denote by τA

i = {A∩U |U ∈ τi} the topology
induced on the set A from the τi. Next, in several results, we apply few important
notions on bitopological structures, which are completely concerned in [5], but for
classical topological ones see, e.g., [7]. The family of all τi-open neighborhoods

of a subset M of X is denoted by
∑X

i (M). The bitopological space (X, τ1, τ2) is
briefly denoted by BS (X, τ1, τ2).

2. (i, j)-Clopen sets

Definition 2.1.A subset A of a BS (X, τ1, τ2) is called an (i, j)-clopen set if
A ∈ τi ∩ coτj, where i, j ∈ {1, 2}, i 6= j.

Below the class of all (i, j)-clopen subsets of (X, τ1, τ2) will be denoted by
(i, j) − Clp(X). If i = j, we get the well known notion of general topology –the
clopen set. Therefore, the class of i − Clp(X) will denote the collection of all
τi-clopen subsets of (X, τ1, τ2).

The following three propositions might be easily verified and we omit the
proofs.

Proposition 2.1. Let A and B be subsets of a BS (X, τ1, τ2).

(1) A ∈ (i, j)− Clp(X) if and only if X \ A ∈ (j, i)− Clp(X).

(2) If A ∈ (i, j)−Clp(X) and B ∈ (j, i)−Clp(X), then A\B ∈ (i, j)−Clp(X).

(3) The following equation holds:

(1, 2)− Clp(X) ∩ (2, 1)− Clp(X) = 1− Clp(X) ∩ 2− Clp(X).

Proposition 2.2. Let Aα ∈ (i, j) − Clp(X) for each α ∈ Λ, A =
⋂

α∈Λ

Aα and

B =
⋃

α∈Λ

Aα. Then the following hold:

(1) A ∈ coτj and B ∈ τi,

(2) A,B ∈ (i, j)− Clp(X) if Λ is finite,

(3) A ∈ (i, j)− Clp(X) (resp. B ∈ (i, j)− Clp(X)) if (X, τi) (resp. (X, τj)) is
an Alexandorff space.



asymmetric clopen sets in the bitopological spaces 265

Proposition 2.3. If A is a subset of a BS (X, τ1, τ2) and B ∈ (i, j) − Clp(X),
then A ∩B is (i, j)-clopen in the subspace (A, τA

1 , τA
2 ).

In [3], Dochviri introduced the notion of p-open (resp. p-closed) sets to obtain
various characterizations of bitopological objects. Recall that a nonempty set A
of a BS (X, τ1, τ2) is said to be p-open (resp. p-closed) if there exist G1 ∈ τ1

and G2 ∈ τ2 (resp. F1 ∈ coτ1 and F2 ∈ coτ2) such that A = G1 ∩ G2 (resp.
A = F1 ∪ F2). The classes of p-open and p-closed sets of a given BS (X, τ1, τ2)
are denoted by p − O(X) and p − C(X), respectively. The conjugate classes of
sets were introduced in [2]. According to [2], a set A of a BS (X, τ1, τ2) is said to
be p-quasi-open (resp. p-quasi-closed) if there exist G1 ∈ τ1 and G2 ∈ τ2 (resp.
F1 ∈ coτ1 and F2 ∈ coτ2) such that A = G1 ∪G2 (resp. A = F1 ∩F2). The classes
of p-quasi-open and p-quasi closed sets are denoted by p− qO(X) and p− qC(X),
respectively. It is obvious that the complement of a p-open (resp. p-quasi-open) set
is p-closed (resp. p-quasi-closed), and vice versa. By applying the above mentioned
classes of sets we conclude: if A ∈ (i, j) − Clp(X) and B ∈ (j, i) − Clp(X) then
A ∩B ∈ p−O(X) ∩ p− qC(X) and A ∪B ∈ p− C(X) ∩ p− qO(X).

Definition 2.2. A map f : (X, τ1, τ2) → (Y, γ1, γ2) is said to be

(1) i-open (resp. i-continuous) if f : (X, τi) → (Y, γi) is an open (resp. conti-
nuous) map.

(2) j-closed if f : (X, τj) → (Y, γj) is a closed map.

(3) p-continuous if both f : (X, τ1) → (Y, γ1) and f : (X, τ2) → (Y, γ2) are
continuous [8].

(4) p-homeomorphism if f is bijective and both f and f−1 are p-continuous,
where f−1 denotes the inverse to f .

The proof of the following proposition is obvious.

Proposition 2.4. If a map f : (X, τ1, τ2) → (Y, γ1, γ2) is i-open and j-closed and
A ∈ (i, j)− Clp(X), then f(A) ∈ (i, j)− Clp(Y ).

Below, we obtain another conditions under which (i, j)-clopen sets are pre-
served.

Definition 2.3. A BS (X, τ1, τ2) is said to be (i, j)-stable [Ko] if any A ∈ coτi

implies j-compactenss of A.

Note that if (X, τ1, τ2) is (j, i)-stable and i-Hausdorff then (i, j)− Clp(X) ⊂
i− Clp(X).

Definition 2.4. A map f : (X, τ1, τ2) → (Y, γ1, γ2) is said to be (i, j) − ∆
continuous if f : (X, τi) → (Y, γj) is continuous.
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Proposition 2.5. Let (X, τ1, τ2) be a (j, i)-stable BS and a map f : (X, τ1, τ2) →
(Y, γ1, γ2) be both i-open and (i, j)−∆-continuous. If a BS (Y, γ1, γ2) is j-T2, then
f(A) ∈ (i, j)− Clp(Y ) for each A ∈ (i, j)− Clp(X).

Proof. Note that, in the (j, i)-stable BS (X, τ1, τ2), for each A ∈ (i, j)−Clp(X) A
is a τi-compact subset. By (i, j)−∆-continuity of f , f(A) is a τj-compact subset
of (Y, γ1, γ2). Hence f(A) ∈ coγj and combining this fact with the i-openness of
f the proof is done.

3. p-Connected spaces

Definition 3.1. A BS (X, τ1, τ2) is said to be pairwise connected (briefly p-
connected) if X could not be represented as the union of the disjoint sets
A ∈ τ1 \ {∅} and B ∈ τ2 \ {∅} [11].

In another case (X, τ1, τ2) is called a p-disconnected BS.

Theorem 3.1. For a BS (X, τ1, τ2), the following properties are equivalent:

(1) (X, τ1, τ2) is p-connected;

(2) X cannot be represented as the union of nonempty disjoint
A ∈ (i, j)− Clp(X) and B ∈ (j, i)− Clp(X);

(3) There exists no nonempty proper (i, j)-clopen set.

Proof. (1)⇒(2): Suppose that there exist A ∈ (i, j)−Clp(X), B ∈ (j, i)−Clp(X)
such that ∅ 6= A, ∅ 6= B, A∩B = ∅ and A∪B = X. Then ∅ 6= A ∈ τi, ∅ 6= B ∈ τj,
A ∩B = ∅ and A ∪B = X. This shows that (X, τ1, τ2) is not p-connected.

(2)⇒(3): Suppose that there exists A ∈ (i, j)−Clp(X) such that ∅ 6= A ⊂ X
and A 6= X. Then, by Proposition 2.1 X \ A ∈ (j, i) − Clp(X). Therefore, X
is represented as the union of nonempty disjoint sets A ∈ (i, j) − Clp(X) and
X \ A ∈ (j, i)− Clp(X). This contradicts (2).

(3)⇒(1): Suppose that X is not p-connected. Then there exist A ∈ τ1 and
B ∈ τ2 such that ∅ 6= A, ∅ 6= B, A ∩ B = ∅ and A ∪ B = X. Therefore, there
exists a nonempty proper set A such that A ∈ τ1 ∩ coτ2. This contradicts (3).

Definition 3.2. A map f : (X, τ1, τ2) → (Y, γ1, γ2) is said to be (i, j)-clopen-
irresolute if f−1(V ) ∈ (i, j) − Clp(X) for each V ∈ (i, j) − Clp(Y ), where i 6= j,
i, j ∈ {1, 2}.

If a map is both (1, 2)-clopen-irresolute and (2, 1)-clopen-irresolute then it
is called to be p-clopen-irresolute. Every p-continuous map is p-clopen-irresolute
but the converse is not always true as shown by the following example.
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Example 3.1. Let us consider a set X = {m, n, p, q, k}, together with topologies
τ1 = {∅, X} ∪ {{m}, {n, p}, {m,n, p}} and τ2 = {∅, X} ∪ {{q, k}}. Then, we
observe that (1, 2) − Clp(X) = {∅, X, {m, n, p}} and (2, 1) − Clp(X) = τ2.
Moreover, let Y = {a, b, c, d} be endowed with the following topologies γ1 =
{∅, Y } ∪ {{a, b}, {c}, {a, b, c}} and γ2 = {∅, Y } ∪ {{c, d}}, then (1, 2)−Clp(Y ) =
{∅, Y, {a, b}} and (2, 1) − Clp(Y ) = γ2. If we define a map f : (X, τ1, τ2) →
(Y, γ1, γ2) via the equations:f(m) = f(n) = a, f(p) = b, f(q) = c, f(k) = d, then
it is p-clopen-irresolute. But f : (X, τ1) → (Y, γ1) is not continuous and f is not
p-continuous.

It is known that the p-connectedness is preserved under p-continuous surjec-
tions [11]. The following proposition is an improvement of this result.

Proposition 3.1. The p-connectedness is preserved by (i, j)-clopen-irresolute
surjections.

Proof. Let f : (X, τ1, τ2) → (Y, γ1, γ2) be an (i, j)-clopen-irresolute surjection
and (X, τ1, τ2) be p-connected. Suppose that (Y, γ1, γ2) is not p-connected. By
Theorem 3.1, there exists a nonempty proper (i, j)-clopen set V of Y . Since f is an
(i, j)-clopen-irresolute surjection, then f−1(V ) is a nonempty proper (i, j)-clopen
subset of X. By Theorem 3.1, (X, τ1, τ2) is not p-connected.

Recall that a BS (X, τ1, τ2) is said to be (i, j)-zero dimensional if a basis B(τi)
for the topology τi is formed with coτj, i.e. B(τi) = coτj [12]. It is obvious that a
BS (X, τ1, τ2) is (i, j)-zero dimensional if and only if B(τi) = (i, j)− Clp(X).

Theorem 3.2. If (X, τ1, τ2) is an (i, j)-zero dimensional and i-T1 BS, then
card(A) ≤ 1 for every p-connected subspace (A, τA

1 , τA
2 ).

Proof. Assume there exists a p-connected subset A of X with card(A) ≥ 2.
Then, there exists U ∈ (i, j)− Clp(X) such that a ∈ U ⊂ X \ {b} for any pair of
distinct points a, b ∈ A. Note that A \ U ∈ τA

j \ {∅}, A ∩ U ∈ τA
i \ {∅} and A is

the disjoint union of (A \ U) and (A ∩ U). Hence we get a contradiction to our
assumption.

Definition 3.3. The subset
⋂{U(x)|x ∈ U(x) ∈ (i, j) − Clp(X)} of a BS

(X, τ1, τ2) is called the (i, j)-quasi-component of a point x ∈ X and is denoted by
(i, j)−Qx.

Proposition 3.2. Let x be a point in a BS (X, τ1, τ2). Then the following hold:

(1) (i, j)−Qx ∈ coτj \ {∅}.
(2) If y ∈ (i, j)−Qx, then (i, j)−Qy ⊂ (i, j)−Qx.

Proof. (1) This follows immediately from Definition 3.3.

(2) Suppose that a /∈ (i, j) − Qx. Then there exists Va ∈ (i, j) − Clp(X)
such that x ∈ Va and a /∈ Va. Since y ∈ (i, j) − Qx, y ∈ U(x) for every
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U(x) ∈ (i, j) − Clp(X) containing x. Therefore, y ∈ Va ∈ (i, j) − Clp(X) and
a /∈ Va. Hence a /∈ (i, j)−Qy. Consequently, (i, j)−Qy ⊂ (i, j)−Qx.

Proposition 3.3. If f : (X, τ1, τ2) → (Y, γ1, γ2) is (i, j)-clopen-irresolute, then
f((i, j)−Qx) ⊂ (i, j)−Qf(x) for each x ∈ X.

Proof. Since (i, j)−Qf(x) = ∩{V |f(x) ∈ V ∈ (i, j)− Clp(Y )}, we have

f−1((i, j)−Qf(x)) = f−1(∩{V |f(x) ∈ V ∈ (i, j)− Clp(Y )})
= ∩f−1({V |f(x) ∈ V ∈ (i, j)− Clp(Y )})

⊃ ∩{U |x ∈ U ∈ (i, j)− Clp(X)}
= (i, j)−Qx.

Therefore, f((i, j)−Qx) ⊂ f(f−1((i, j)−Qf(x))) ⊂ (i, j)−Qf(x).

Corollary 3.1. Let f : (X, τ1, τ2) → (Y, γ1, γ2) be a map.

(1) If f is p-continuous, then f((i, j)−Qx) ⊂ (i, j)−Qf(x).

(2) If f is a p-homeomorphism, then f((i, j)−Qx) = (i, j)−Qf(x).

Proof. (1) Since every p-continuous function is (i, j)-clopen-irresolute, the proof
follows immediately from Proposition 3.3.

(2) Since a p-homeomorphism is a bijection such that f and f−1 are p-
continuous, the proof follows immediately from (1).

The greatest p-connected subset containing a point x ∈ X is called the p-
component of x in a BS (X, τ1, τ2) and is denoted by p− Cx.

Theorem 3.3. In a BS (X, τ1, τ2), the following implication holds:

p− Cx ⊂ (1, 2)−Qx ∩ (2, 1)−Qx.

Proof. Consider a set Gx ∈ (1, 2)−Clp(X) containing a point x ∈ X. Then from
Gx∩(X\Gx) = ∅ it follows that (p−Cx∩Gx)∩(p−Cx\Gx) = ∅. Moreover, we have
p−Cx∩Gx 6= ∅. Hence p−Cx \Gx = ∅, or equivalently p−Cx ⊂ Gx. It is obvious
that p−Cx ⊂

⋂
Gx = (1, 2)−Qx. Similarly we obtain that p−Cx ⊂ (2, 1)−Qx.

Thereby, the implication p− Cx ⊂ (1, 2)−Qx ∩ (2, 1)−Qx is valid.

4. p-ultra-Hausdorff spaces

Definition 4.1. A BS (X, τ1, τ2) is said to be

(1) p-Urysohn if for any pair of distinct points x1, x2 ∈ X there exist the
neighborhoods U ∈ ∑X

i (x1) and V ∈ ∑X
j (x2) such that τjclU ∩ τiclV = ∅

(see [5]).
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(2) p-ultra-Hausdorff if for any pair of distinct points x1,x2 ∈ X there exist
Ux1 ∈ (i, j)−Clp(X) and Vx2 ∈ (j, i)−Clp(X) such that x1 ∈ Ux1 , x2 ∈ Vx2

and Ux1 ∩ Vx2 = ∅.
It should be especially noticed that if i = j then the notion of p-ultra-

Hausdorff coincides with the notion of ultra-Hausdorff for topological spaces, given
in [13].

Example 4.1. Let X be a set with card(X) ≥ ℵ0, τd-discrete and τcof.-cofinite
(i.e., all finite subsets of X are closed, and vice versa) topologies on X, respectively.
Then it is obvious that (X, τd, τcof.) is p-ultra-Hausdorff BS.

Remark 4.1. It should be mentioned that p-ultra-Hausdorff implies p-Urysohn
but the converse does not hold. Find example which show that the BS Space
is p-Urysohn but not p-ultra-Hausdorff. Under which conditions the converse is
true?

Proposition 4.1. A BS (X, τ1, τ2) is p-ultra-Hausdorff if and only if for any
distinct points x1, x2, there exist U ∈ (i, j) − Clp(X) such that x1 ∈ U, x2 /∈ U
and V ∈ (i, j)− Clp(X) such that x2 ∈ V, x1 /∈ V .

Definition 4.2. A subset K of a BS (X, τ1, τ2) is said to be (i, j)-clopen-compact
relative to X if every cover of K by (i, j)-clopen sets of X has a finite subcover.

It should be noticed that every i-compact subset of (X, τ1, τ2) is (i, j)-clopen-
compact relative to X.

Proposition 4.2. If a BS (X, τ1, τ2) is (i, j)-zero dimensional and a subset K of
X is (i, j)-clopen-compact relative to X, then K is a τi-compact subset of X.

Proof. Consider a family U = {Uα|Uα ∈ τi}α∈Λ such that K ⊂ ⋃
α∈Λ

Uα. Then,

since (X, τ1, τ2) is (i, j)-zero dimensional, we can write Uα =
⋃

αβ∈Ωα

Vαβ
for each

α ∈ Λ, where Vαβ
∈ (i, j) − Clp(X). Denote Ω ≡ ⋃

α∈Λ

Ωα, then the family

V = {Vβ}β∈Ω is a cover of K by (i, j)-clopen sets of X. Therefore, one can extract

from the family V a finite collection {Vβ1 , Vβ2 , ..., Vβn} such that K ⊂
n⋃

p=1

Vβp . Now

we can choose finite collection {Uα(β1), Uα(β2), ..., Uα(βn)} from the covering U such

that K ⊂
n⋃

p=1

Uα(βp).

Theorem 4.1. For a BS (X, τ1, τ2), the following are equivalent:

(1) X is p-ultra-Hausdorff;

(2) For each set K of X which is (i, j)-clopen compact relative to X,
K = ∩{V |K ⊂ V ∈ (i, j)− Clp(X)};

(3) For each x ∈ X, x = ∩{V |x ∈ V ∈ (i, j)− Clp(X)}.
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Proof. (1) ⇒ (2): Let K be any set of X which is (i, j)-clopen-compact relative to
X. It is obvious that K ⊂ ∩{Vα|K ⊂ Vα ∈ (i, j)−Clp(X)}. Suppose that x /∈ K.
Then, by Proposition 4.1, for each k ∈ K there exists Vk ∈ (i, j) − Clp(X) such
that x /∈ Vk and k ∈ Vk. Since {Vk|k ∈ K} is a cover of K by (i, j)-clopen sets of

X, there exist a finite points k1, k2, ..., kn ∈ K such that K ⊂
n⋃

m=1

Vkm . Now, set

V =
n⋃

m=1

Vkm . Then K ⊂ V ∈ (i, j) − Clp(X) and x /∈ V . Therefore, we have

x /∈ ∩{Vα|K ⊂ Vα ∈ (i, j)−Clp(X)}. Hence K ⊃ ∩{Vα|K ⊂ Vα ∈ (i, j)−Clp(X)}.
Consequently, we obtain the assertion (2).

(2) ⇒ (3): This is obvious since every singleton is (i, j)-clopen-compact rela-
tive to X.

(3) ⇒ (1): For any distinct points x1, x2 ∈ X, by (3) we have x1 /∈ ∩{Vα |
x2 ∈ Vα ∈ (i, j)−Clp(X)}. Therefore, there exists V ∈ (i, j)−Clp(X) such that
x2 ∈ V and x1 /∈ V . Similarly, we have x2 /∈ ∩{Vα|x1 ∈ Vα ∈ (i, j) − Clp(X)}.
Therefore, there exists U ∈ (i, j) − Clp(X) such that x1 ∈ U and x2 /∈ U . By
Proposition 4.1, X is p-ultra-Hausdorff.

Corollary 4.1. If a BS (X, τ1, τ2) is p-ultra-Hausdorff and K is (i, j)-clopen-
compact relative to X, then K ∈ coτj.

Proof. This follows from Proposition 2.2 and Theorem 4.1.

Definition 4.3. A map f : (X, τ1, τ2) → (Y, γ1, γ2) is said to be (i, j)-weakly
clopen-continuous (resp. (i, j)-clopen-continuous) if, for each x ∈ X and each
V ∈ ∑Y

i (f(x)), there exists a set U ∈ (i, j) − Clp(X) containing x such that
f(U) ⊂ γjcl(V ) (resp. f(U) ⊂ V ), where i 6= j, i, j ∈ {1, 2}.

Example 4.2. Let us consider the set X = {m,n, p, q, k}, together with topolo-
gies τ1 = {∅, X} ∪ {{m}, {n, p}, {m,n, p}} and τ2 = {∅, X} ∪ {{q, k}}. Then, we
observe that (1, 2)−Clp(X) = {∅, X, {m, n, p}} and (2, 1)−Clp(X) = {∅, X, {q, k}}.
Moreover, let Y = {a, b, c} be endowed with the following topologies γ1 = {∅, Y }∪
{{a}} and γ2 = {∅, Y }∪ {{c}}. If we define a map f : (X, τ1, τ2) → (Y, γ1, γ2) via
the equations: f(m) = f(n) = a, f(p) = b, f(q) = f(k) = c, then f is (1, 2)-weakly
clopen-continuous. But it is not (1, 2)-clopen-continuous.

Theorem 4.2. If f : (X, τ1, τ2) → (Y, γ1, γ2) is (i, j)-weakly clopen-continuous
(resp. (i, j)-clopen-continuous) and A is a subset of X, then f |A : (A, τA

1 , τA
2 ) →

(Y, γ1, γ2) is (i, j)-weakly clopen-continuous (resp. (i, j)-clopen-continuous).

Proof. We prove only the case of (i, j)-weakly clopen-continuous. Let x ∈ A and
V ∈ ∑Y

i (f(x)). Since f is (i, j)-weakly clopen-continuous, then there exists an
(i, j)-clopen set U in X containing x such that f(U) ⊂ W = γjcl(V ). Because
U ⊂ f−1(W ), we have the implication U ∩ A ⊂ f−1(W ) ∩ A = (f |A)−1(W ) and
x ∈ U∩A ∈ (i, j)−Clp(A). Consequently, f |A is (i, j)-weakly clopen-continuous.
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Theorem 4.3. If f : (X, τ1, τ2) → (Y, γ1, γ2) is a p-weakly clopen-continuous in-
jective map and a BS (Y, γ1, γ2) is p-Urysohn, then (X, τ1, τ2) is p-ultra-Hausdorff.

Proof. For any pair of distinct points x, y ∈ X, there exist U ∈ ∑Y
i (f(x)) and

V ∈ ∑Y
j (f(y)) such that γjcl(U) ∩ γicl(V ) = ∅. Since f is p-weakly clopen-

continuous, there exist Gx ∈ (i, j)−Clp(X) and Hy ∈ (j, i)−Clp(X) containing
x and y, respectively, such that f(Gx) ⊂ γjcl(U) and f(Hy) ⊂ γicl(V ). Since
γjcl(U) ∩ γicl(V ) = ∅, then Gx ∩ Hy = ∅. This shows that (X, τ1, τ2) is p-ultra-
Hausdorff.

Theorem 4.4. If a map f : (X, τ1, τ2) → (Y, γ1, γ2) is (i, j)-weakly clopen-
continuous and (X, τj) is Alexandorff, then f is (i, j)-clopen-irresolute.

Proof. Let V be any (i, j)-clopen set of Y and x ∈ f−1(V ). Then V ∈ ∑Y
i (f(x)).

Since f is (i, j)-weakly clopen-continuous, there exists Ux ∈ (i, j) − Clp(X)
such that x ∈ Ux and f(Ux) ⊂ γjcl(V ) = V . For each x ∈ f−1(V ), we have
x ∈ Ux ⊂ f−1(V ) and hence

⋃
x∈f−1(V )

Ux = f−1(V ). Since (X, τj) is Alexandorff, by

Proposition 2.2 f−1(V ) ∈ (i, j)−Clp(X). Therefore, f is (i, j)-clopen-irresolute.

Theorem 4.5. If a map f : (X, τ1, τ2) → (Y, γ1, γ2) is (i, j)-clopen irresolute and
(Y, γ1, γ2) is (i, j)-zero dimensional, then f is (i, j)-clopen-continuous.

Proof. Let x ∈ X and V ∈ ∑Y
i (f(x)). Since Y is (i, j)-zero dimensional, there

exists W ∈ (i, j) − Clp(Y ) containing f(x) such that W ⊂ V . Since f is (i, j)-
clopen irresolute, we have f−1(W ) ∈ (i, j) − Clp(X). Set U = f−1(W ), then
x ∈ U and f(U) ⊂ W ⊂ V . This shows f is (i, j)-clopen-continuous.

Corollary 4.6. Let (X, τj) be an Alexandroff topological space and (Y, γ1, γ2) is
an (i, j)-zero dimensional BS. Then a map f : (X, τ1, τ2) → (Y, γ1, γ2) is (i, j)-
clopen-continuous if and only if it is (i, j)-clopen irresolute.
Proof. This follows immediately from Theorems 4.4 and 4.5.
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1. Introduction

Let Mn(C) be the set of n× n complex matrices and A be a non-singular matrix
in Mn(C). Consider the linear system

Ax = b(1.1)

and let A(k) = (a
(k)
ij ) be the matrix resulted from applying the first k(1 ≤ k ≤ n−1)

steps of Gaussian elimination to A; in particular, A(n−1) is the upper triangular
matrix obtained from the LU factorization of A.

The quantity

ρn(A) =
max
i,j,k

|a(k)
ij |

max
i,j

|aij|(1.2)

is called the growth factor (in Gaussian elimination) of A.
For any A = (aij) ∈ Mn(C), A∗ stands for the conjugate transpose of A.

Similarly, x∗ means the conjugate transpose of x for any x ∈ C. A ∈ Mn(C) is
accretive-dissipative if it can be written as

A = B + iC,(1.3)

where B and C are both (Hermitian) positive definite.
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If B, C are real symmetric positive definite in (1.3), then A is called a Higham
matrix.

For nonsingular matrix A, its condition number is denoted by

κ(A) :=

√
λmax(A∗A)

λmin(A∗A)

which is the ratio of largest and smallest singular values of A.
It is conjectured in [1] that

ρn(A) ≤ 2(1.4)

for any Higham matrix A.
It is proved in [1] that if A in (1.1) is a Higham matrix, then no pivoting is

needed in Gaussian elimination.
George et al. obtained the following result in [2]:

Theorem 1 Let A ∈ Mn(C) be accretive-dissipative. Then

ρn(A) < 3
√

2.(1.5)

Furthermore, if A is a Higham matrix, then

ρn(A) < 3.(1.6)

They proved Theorem 1 by the Theorem 2 in [2] below:

Theorem 2 Let A ∈ Mn(C) be accretive-dissipative. Then

|a(k)
ij |
|aij| < 3, j = 1, . . . , n; k = 1, . . . , n− 1.(1.7)

Lin [3] got a stronger result as follows:

Theorem 3 Let A ∈ Mn(C) be accretive-dissipative. Then

|a(k)
ij |
|aij| < 2

√
2, j = 1, . . . , n; k = 1, . . . , n− 1.(1.8)

Consequently,

ρn(A) < 4.(1.9)

If A is a Higham matrix, then

ρn(A) < 2
√

2.(1.10)
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2. The main theorem

In this paper, we show a refinement of (1.8) which is a main result. Moreover, we
get the refinements of (1.9) and (1.10):

Theorem 4 Let A ∈ Mn(C) be accretive-dissipative. Then

(2.1)
|a(k)

ij |
|aij| <

[
1 +

(
1− κ

1 + κ

)2
]√

2, j = 1, ..., n; k = 1, ..., n− 1,

Consequently, ρn(A) < 2
[
1 +

(
1−κ
1+κ

)2
]
. If A is a Higham matrix, then

ρn(A) <

[
1 +

(
1− κ

1 + κ

)2
]√

2,

where κ ∈ [1, +∞) is the maximum of the condition numbers of B and C.

Proof. We fix numbers k ∈ 1, 2, ..., n− 1 and j, where j ≥ k + 1. Denote by Ak,
Bk and Ck, respectively, the leading principal order k submatrices in A, B and C.
Consider the (k + 1)× (k + 1) matrix

Akj =

(
Ak u
vT ajj

)

where
uT = (a1j, a2j, ..., akj)

and
vT = (aj1, aj2, ..., ajk).

Note that Akj is a principal order k + 1 submatrix in A.
Defining the vectors

bT = (b1j, b2j, ..., bkj)

and
cT = (c1j, c2j, ..., ckj),

we can rewrite Akj as

Akj =

(
Bk + iCk b + ic
b∗ + ic∗ bjj + icjj

)

It is easy to see that a
(k)
jj can be obtained by performing block Gaussian

eliminations in Akj; namely,

a
(k)
jj = ajj − vT A−1

k u = bjj + icjj − (b∗ + ic∗)(Bk + iCk)
−1(b + ic).

Setting
a

(k)
jj = β + iγ, β, γ ∈ R,
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we have by [2, Theorem 2.1]

β = bjj − b∗Xkb + c∗Xkc− b∗Ykc− c∗Ykb

and

γ = cjj + b∗Ykb− c∗Ykc− b∗Xkc− c∗Xkb,

where

Xk = (Bk + CkB
−1
k Ck)

−1(2.2)

Yk = (Ck + BkC
−1
k Bk)

−1(2.3)

with

(
Bk b
b∗ bjj

)
and

(
Ck c
c∗ cjj

)
(2.4)

positive definite. It is known that β, γ > 0.

By simple computation, we have

±(b∗Ykc + c∗Ykb) ≤ b∗Ykb + c∗Ykc;(2.5)

±(b∗Xkc + c∗Xkb) ≤ b∗Xkb + c∗Xkc.(2.6)

From (2.2) and (2.3) we have [2, Lemma 2.3]

Xk ≤ 1

2
C−1

k and Yk ≤ 1

2
B−1

k .(2.7)

From (2.4) and [4, (6)], we get

(
λ1 − λn

λ1 + λn

)2bjj ≥ b∗B−1
k b and (

λ
′
1 − λ

′
n

λ
′
1 + λ′n

)2cjj ≥ c∗C−1
k c(2.8)

In (2.8), λ1 and λn (λ
′
1 and λ

′
n) are the largest and the smallest eigenvalues of B

(C), respectively.



a refinement on the growth factor in gaussian elimination ... 277

Note that f(x) = (x−1
x+1

)m(m ≥ 1) is increasing for x ∈ [1,∞). Then we have

|a(k)
jj | = |β + iγ|

≤ β + γ

= bjj − b∗Xkb + c∗Xkc− b∗Ykc− c∗Ykb

+cjj + b∗Ykb− c∗Ykc− b∗Xkc− c∗Xkb

≤ bjj − b∗Xkb + c∗Xkc + (b∗Ykb + c∗Ykc) (by (2.5))

+ cjj + b∗Ykb− c∗Ykc + (b∗Xkb + c∗Xkc) (by (2.6))

= bjj + 2b∗Ykb + cjj + 2c∗Xkc

≤ bjj + b∗B−1
k b + cjj + c∗C−1

k c (by (2.7))

≤ bjj +

(
λn − λ1

λn + λ1

)2

bjj + cjj +

(
λ
′
n − λ

′
1

λ′n + λ
′
1

)2

cjj (by (2.8))

=

[
1 +

(
λn − λ1

λn + λ1

)2
]

bjj +

[
1 +

(
λ
′
n − λ

′
1

λ′n + λ
′
1

)2
]

cjj

≤
[
1 +

(
1− κ

1 + κ

)2
]

(bjj + cjj)

≤
[
1 +

(
1− κ

1 + κ

)2
]√

2|bjj + icjj|

=

[
1 +

(
1− κ

1 + κ

)2
]√

2|ajj|.

where κ =max( λ1

λn
,

λ
′
1

λ
′
n
) ≥ 1, i.e., the maximum of the condition numbers of B

and C. This completes the proofs of (2.1).

It is easy to know that
[
1 +

(
1−κ
1+κ

)2
]√

2 < 2
√

2 for κ ∈ [1, +∞). So (2.1) is a

refinement of (1.8).
To show the remaining claims, we need the following facts:

Fact1. [2, Corollary 2.3] The property of being an accretive-dissipative matrix is
hereditary under Gaussian elimination.

Fact2. [2, Lemma 2.1, 2.2] If A = (aij) ∈ Mn(C) is accretive-dissipative, then√
2 max

l
|all| ≥ max

l 6=j
|alj|. If A is a Higham matrix, then max

l
|all| ≥ max

l,j
|alj|.

Suppose maxj,k |a(k)
jj | = |a(k0)

j0j0
| for some j0, k0, then by (2.1) the result below

holds:

ρn(A) =
maxi,j,k |a(k)

ij |
maxi,j |aij| ≤

√
2 maxj,k |a(k)

ij |
maxi,j |aij| ≤

√
2|a(k0)

j0j0
|

|aj0j0|
< 2

[
1 +

(
1− κ

1 + κ

)2
]

.

Similarly, if A is a Higham matrix, then ρn(A) <
[
1 +

(
1−κ
1+κ

)2
]√

2. The proof is

thus complete.
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3. Conclusion

Our results in Theorem 4 are refinements of the results in Lin [3, Theorem 3].
Although it is a minor improvement, the result is much closer to the final solution
of Higham’s conjecture.
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1. Introduction

Finite p−groups of maximal class is an important class of finite p−groups. It is
well known that a finite p−group of maximal class can be determined by cen-
tralizers of some subgroups. For example, M. Suzuki [1, Proposition 1.8] proved
that a finite p−group G is of maximal class if and only if there is a subgroup N
of order p2 such that CG(N) = N ; in [1, Proposition 10.17 ], it is showed that
if G is a finite p−group, B ≤ G is a nonabelian subgroup of order p3 such that
CG(B) = Z(B), then G is of maximal class.

1Corresponding author. e-mail lvh529@163.com
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In [1], it is posed the following problem: Classify every the finite p− group G
all of whose every nonabelian subgroup H satisfies CG(H) = Z(H). In this paper,
we will study this problem. For convenience, we give the following definition.

Definition 1. A nonabelian p−group G is called a CGZ−group if and only if
every nonabelian subgroup H of G satisfies CG(H) = Z(H).

In this paper, we mainly study the finite CGZ−groups of maximal class. We
get that a finite p−group G of maximal class is metabelian if G is a CGZ−group.
Furthermore, if p 6= 3 and |G| ≥ p2p, then there is an abelian subgroup of index p
in G.

2. Main results and proofs

Lemma 2.1 Let G be a nonabelian p−group and let H be a nonabelian subgroup
of G. If G is a CGZ−group, then H is also a CGZ−group.

Proof. Let H1 be a nonabelian subgroup of H. Since CH(H1) = H ∩CG(H1) and
CG(H1) ≤ H1, we have CH(H1) ≤ H1. So H is also a CGZ−group.

Proposition 2.2 Let G be a nonabelian p−group with exp(G) = p,where p ≥ 3.
Then G is a CGZ−group if and only if G is a finite p−group of maximal class,
and there is an abelian subgroup of index p.

Proof. Since G is nonabelian, there is an element a ∈ Z2(G)− Z(G) and b ∈ G
such that ab 6= ba. We have that the subgroup H = 〈a, b〉 is a nonabelian subgroup
of order p3 with |Z(H)| = p. Since Z(G) ≤ CG(H) = Z(H), then Z(G) has order
p. By [1, Proposition 10.17], G is a p−group of maximal class.

Let N be a normal subgroup of order p2 and let K = CG(N). Then |G : K| ≤ p.
If K is not abelian, by Lemma 2.1, K is also a CGZ−group, similarly, we have
|Z(K)| = p, which contradicts to N ≤ Z(K). So K is an abelian subgroup.

Conversely, if G is a finite p−group of maximal class, and G has a maximal
abelian subgroup A with |G : A| = p. Then |Z(G)| = p. Let H be a nonabelian
subgroup of G and let H1 = A ∩H. Then |H : H1| = p and there is an element
x ∈ G − A such that H = 〈x,H1〉, G = 〈A, x〉. It follows that H1 E G and
Z(G) ≤ H1. We see that

A ≥ CG(H) = CG(x) = CA(x) = Z(G).

Clearly CH(x) = Z(H) ≤ Z(G) = CG(x). Hence we have CG(H) = Z(H) = Z(G)
and G is a CGZ−group.

Noticing that a p−group G of maximal class with |G| ≥ pp+1 has an element
g of order p2, we have by Proposition 2.2, that if a nonabelian p−group G with
exp(G) = p and G is a CGZ−group, then |G| ≤ pp.
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Lemma 2.3 Let G be a nonabelian p−group. If G is a CGZ−group and
Ω1(G) ∩ Z(G) has an elementary abelian subgroup of order ≥ p3, then Ω1(G) ≤
Z(G) and |Ω1(G)| = p3.

Proof. Let N = Ω1(G) ∩ Z(G). If there is an element x of order p such that
x /∈ Z(G), then there is an element y ∈ Z2(G) − Z(G) of order p. We can get
an element y1 ∈ G such that [y, y1] 6= 1. Let H = 〈y, y1〉. Then |Ω1(H)| ≤ p3

and y ∈ Ω1(H). We have that the subgroup N is not contained in H, which
contradicts to N ≤ CG(H). It follows that Ω1(G) ≤ Z(G).

Let K be a minimal nonabelian subgroup of G. Then |Ω1(K)| ≤ p3. Since
Ω1(G) ≤ CG(K), we have |Ω1(G)| = p3.

For convenience, we give the following two lemmas.

Lemma 2.4 [3, lemma 14.14] Let G be a finite p−group of maximal class. If
|G| ≤ pp+1, then exp(G

′
) ≤ p.

Lemma 2.5 [4] Let G be a finite p−group of maximal class and order pm, where
p > 2, m > p + 1. Then G is irregular and

(a) Let G1 be a maximal subgroup of G. Then G1 is either of maximal class or
regular with |G1 : f1(G1)| = pp−1.

(b) If N E G is of order pp−1, then exp(N) = p.

(c) [Gi, Gj+1] ≤ Gi+j+1.

Proposition 2.6 Let G be a finite p−group of maximal class. If G is a
CGZ-group, then G

′
is abelian.

Proof. If |G| ≤ p5, it is easy to see that G
′
is abelian. If p = 2, by [5], G has a

cyclic subgroup of index 2. By [2, Theorem 6], for a 3−group G of maximal class,
G
′
is also abelian. Hence we only need to consider the cases |G| ≥ p6 and p ≥ 5.
Suppose that |G| ≤ pp+1. By Lemma 2.4, we have exp(G

′
) = p. Let N be a

normal subgroup of order p2. Then |G : CG(N)| ≤ p. Note that G is a p−group
of maximal class, we have N ≤ G

′
and |Z(G

′
)| ≥ p2. By Proposition 2.2 we get

that G
′
is abelian.

Suppose that |G| ≥ pp+2. Let M be a normal subgroup of order p3. Then
M = Gn−3 ≤ G

′
= G2. By Lemma 2.5, [G2, Gn−3] ≤ Gn = 1, we have that

M ≤ Z(G
′
). It follows from Lemma 2.5 that |Ω1(G

′
)| = pp−1. By Lemma 2.3, we

have that G
′
is abelian.

By [3, Theorem 14.11], if G is a finite p−group of maximal class and of order
pn in which G

′
is abelian, then CG(Gi/Gi+2) = CG(Gj/Gj+2) for positive numbers

1 ≤ i, j ≤ n− 2. Hence we have the following corollary.

Corollary 2.7 Let G be a finite p−group of maximal class of order pn. If G
is a CGZ−group, then CG(Gi/Gi+2) = CG(Gj/Gj+2) for every positive numbers
1 ≤ i, j ≤ n− 2.
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Proposition 2.8 Let G be a finite 3−group of maximal class. Then G is a
CGZ−group.

Proof. Suppose |G| ≤ 34. Then G has an abelian subgroup of index 3 in G. It is
easy to get that G is a CGZ−group.

Now, suppose |G| ≥ 35. Let H < G be a nonabelian subgroup. Then H ≤ M ,
where M is a maximal subgroup of G. By Lemma 2.5, M is either of maximal
class or regular with |M : f1(M)| = 32. By [2, Theorem 6], G is metabelian, thus
G
′
is abelian and |M : G

′| = 3. If M is regular, then M is metacyclic subgroup
since |M : f1(M)| = 32. It follows that M is a minimal nonabelian subgroup.
Hence H = M , we have that CG(H) = Z(H). Suppose that M is a 3−group of
maximal class. Let H1 = H ∩ G

′
. Then there is an element x ∈ M such that

M = 〈x,G
′〉 and H = 〈x,H1〉, where |H : H1| = 3. We have that

G
′ ≥ CM(H) = CM(x) = Z(H).

If CG(H) 6= Z(H), there is an element y ∈ G −M such that y ∈ CG(H). Note
that

G = 〈y,M〉 = 〈x, y,G
′〉 = 〈x, y〉,

we have that G is abelian, a contradiction. Hence CG(H) = Z(H) and G is a
CGZ−group.

Since the finite 2−groups of maximal class are classified and every finite
2−group of maximal class has a cyclic subgroup of index 2 (see [5]). From the
proof of Proposition 2.2, we have that all finite 2−groups of maximal class are
CGZ−groups. Proposition 2.8 shows that all finite 3−group of maximal class are
CGZ−groups too. So we assume in following theorem that p ≥ 5.

Theorem 2.9 Let G be finite p−group of maximal class, where p ≥ 5. If G is a
CGZ−group of order pn > p2p, then G has an abelian subgroup of index p.

Proof. Let M be a normal subgroup of order p3. Note that |G| = pn ≥ p2p and
p ≥ 5. By Lemma 2.5, G has a normal subgroup T of order pp−1 and exp(T ) = p.
It is easy to see that M ≤ T and then M is an elementary abelian subgroup.
Suppose that

M = 〈x〉 × 〈y〉 × 〈z〉,
where x ∈ Z3(G)−Z2(G), y ∈ Z2(G)−Z(G), z ∈ Z(G). Then Z(G) = Gn−1 = 〈z〉.
Let N = 〈y〉 × 〈z〉. We have N = Z2(G) E G.

By Corollary 2.7, CG(Gi/Gi+i) = CG(Gj/Gj+2) for positive numbers 1 ≤ i,
j ≤ n− 2. It follows that

CG(M/Z(G)) = CG(N).

Let G1 = CG(N), then |G : G1| = p. Hence there are two elements a, b ∈ G such
that G = 〈a, b〉 and G1 = 〈b,G′〉. Since N ≤ Z(G1) is of order ≥ p2, then G1 is
not of maximal class. By Lemma 2.5, G1 is a regular p− subgroup.
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Let H = 〈x, b〉. Notice that G1 = CG(M/Z(G)), we have [x, b] ∈ Z(G).
Suppose that [x, b] = 1. Since |G1 : G

′ | = p and G
′

is abelian, one has that
x ∈ Z(G1), it follows that M ≤ Z(G1). By Lemma 2.3, G1 is abelian.

Suppose that [x, b] 6= 1. Now cl(H) = 2. It follows from CG(M/Z(G)) =
CG(N) = G1 that [x, b] ∈ Z(G). We have that H

′
= Z(G) has order p. Hence H

is a minimal nonabelian p−subgroup, and we have Z(H) = 〈bp, z〉. Assume that
z ∈ 〈bp〉, then Z(H) = 〈bp〉. But

N ≤ Z(G1) ≤ CG1(H) = Z(H),

a contradiction. Hence z /∈ 〈bp〉, and then Z(H) = 〈bp〉 × 〈z〉. Since |G1 : G
′| = p

and G
′

is abelian. We have bp ∈ G
′
, and then bp ∈ Z(G1). Similarly, (bg)p =

(bp)g ∈ Z(G1) for every element g ∈ G. Since Z(G1) ≤ CG1(H) ≤ Z(H), it
follows that (bp)g ∈ Z(H). Assume that |bp| ≥ p2. Then (bp)g = (bp)l1zl2 , where
(l1, p) = 1. It follows that 〈bp2〉 = 〈(bp2

)g〉, so 〈bp2〉 E G. By the hypothesis, G is
a p−group of maximal class, surely |Z(G)| = p. Notice that we have proved that
〈bp〉 ∩ Z(G) = 1, we get bp2

= 1. Since G1 = 〈b〉G′
and G

′
= 〈[b, a]〉G, we have

by Lemma 2.5, that G1 is regular and |Ω1(G1)| ≤ pp−1. Hence exp(G1) ≤ p2 and
|G1 : f1(G1)| = |Ω1(G1)|, consequently f1(G1) ≤ Ω1(G1). It follows that

|G1| = |f1(G1)||Ω1(G1)| ≤ p2p−2.

We have |G| ≤ p2p−1, which contradicts to the hypothesis that |G| ≥ p2p.

Remark. There exists a finite p−group G of maximal class which is also a
CGZ−group, but G has no abelian subgroup of index p in G and |G| < p2p. For
example,

G=〈a, b, c, d|ap2
=bp=cp=dp=1, [b, a]=c, [c, a]=d, [c, b]=ap, [d, b]=ap, [d, a]=1〉,

where p ≥ 5. We have G is a p−group of maximal class with |G| = p5, and G is
a CGZ−group without any abelian subgroup of index p in G.
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1. Introduction

One of the questions that were studied extensively is what can be said about the
structure of the group G if some information is known about the arithmetical
structure of Con(G), the set of the conjugacy classes of G. Answers in many
cases were given. On the other hand, few studies about the conjugacy classes of
subgroups of a group G were done. In [12], the author proved that a finite group
G is p-nilpotent for some prime p if and only if (p, |G : NG(Q)|) = 1 for any Sylow
subgroups Q of G. In the same paper, the author showed also that if |G : NG(Q)|
is square-free for any Sylow subgroups Q of G, then either G is supersolvable or
G = HK, where H is normal in G and H = PSL(2, p) or SL(2, p) for some
prime p = 8k + 5, K is a supersolvable subgroup of G. Guo Wenbin proved in
[6] that if |G : NG(Q)| is prime power numbers for any Sylow subgroups Q of
G, then G is solvable. Further, if |G : NG(Q)| is prime power numbers or odd
numbers, then G is a solvable group. Recently, in [2], Berkovich and Kazarin
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showed that G is solvable with nl(G) ≤ 2 if |G : NG(H)| is a power of a prime for
all primary subgroup H ≤ G. In this paper, we consider the conjugacy class sizes
of subgroups of a finite groups G and investigate the influences of conjugacy class
sizes of subgroups of G on the structure of G.

In what follows, G is a finite group of order |G|; π(G) denotes the set of all
prime divisors of |G|; nl(G) denotes the nilpotent length of |G| and cl(G) denotes
the nilpotent class of |G|. The p-length of |G| is denoted by lp(G). All further
unexplained notation and terminologies are standard can be found in [5].

2. Preliminaries

In this section, we give some lemmas which are useful in the sequel.

Lemma 2.1 Let N E G, and H ≤ G. Then

(1) |N : NN(H)| and |G : NG(H)| divide |G : NG(H)|, if N is contained in H,
where G = G/N .

(2) |G : NG(NH)| divides |G : NG(H)|.

Proof. (1) Clearly,

|N : NN(H)| = |NNG(H) : NG(H)|,

which divides |G : NG(H)|.
Also

|G : NG(H)|||G : NG(H)N | = |G : NG(H)N |.
On the other hand,

|G : NG(H)| = |G : NG(H)N ||NG(H)N : NG(H)|.

Hence

|G : NG(H)|||G : NG(H)|.
(2) follows by the fact that NG(H) ≤ NG(NH).

Lemma 2.2 Suppose that π ⊆ π(G) and x ∈ H, where H is a π-Hall subgroup
of group G. If |G : NG(〈x〉)| is a π-number. Then 〈x〉 ≤ Oπ(G).

Proof. Indeed, G = NG(〈x〉)H. So 〈x〉G = 〈x〉NG(〈x〉)H = 〈x〉H ≤ H.

Lemma 2.3 Let G be a group and p be the smallest odd prime divisor of |G|.
Suppose that there exits an element x of order p such that |G : NG(〈x〉)| is a
power of two. Then G is not a non-abelian simple group.
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Proof. Assume that G is a non-abelian simple group, H = NG(〈x〉) is a proper
subgroup of G with index of 2α, where α is a natural number. Then G is one of
the groups list in theorem 1 of [7].

If G = A2n , then H = A2n−1. As 2n > 6, we obtain that A2n−1 is also a
simple group. This is impossible.

If G = PSL(n, q), then |G : NG(〈x〉)| = qn−1
q−1

. It is easy to check that n = 2

and q = 2α − 1 is a prime in this case. Hence, |NG(〈x〉)| = q(q − 1). Suppose
that o(x) = q, then q − 1 = 2α − 2 is a divisor of |G|. Hence 2α − 2 = 2β by the
choice of x, where α, β are both natural numbers. Therefore, α = 2, and q = 3,
a contradiction. Hence, we may assume that o(x)|q − 1. Since NG(〈x〉)/CG(〈x〉)
is isomorphic to some subgroups of Aut(〈x〉), we have |NG(〈x〉)| = q(q − 1) is a
divisor of |CG(〈x〉)||Aut(〈x〉)|. On the other hand, by the structure of PSL(2, q)
we know that q 6 ||CG(〈x〉)|, which implies that (|CG(〈x〉)||Aut(〈x〉)|, q) = 1. Thus,
we obtain a contradiction.

Assume that G = PSL(2, 11). Then, NG(〈x〉) = H = A5. Hence, we obtain
〈x〉E A5, a contradiction.

If G = M23, then H = M22. Since in this case |G : NG(〈x〉)| = 23 6= 2α,
we get a contradiction. Similarly, we have that G 6= M11 and PSU(4, 2), a final
contradiction. The proof is complete.

Lemma 2.4 [4] Every group of odd order is solvable.

Lemma 2.5 [3, Theorem 1] If the subgroup H of the group G is quasinormal in
G, then H/HG is nilpotent.

Lemma 2.6 [1, Theorem 3] Let the group G = HK be the m-permutable product
of the subgroups H and K. Assume that H is supersolvable and K is nilpotent.
If K permutes with every Sylow subgroup of H, then G is supersolvable.

3. Main results

We first prove the following:

Theorem 3.1 Let p be the minimal odd divisor of |G|. Suppose that |G : NG(〈x〉)|
is a power of two for any element x ∈ G of order p. Then G is p-solvable.

Proof. Assume that the theorem is false and let G be a counterexample of
minimal order. Then we have:

(1) Any nontrivial normal subgroup of G is p-solvable and Op′(G) = 1.

This follows by Lemma 2.1 and the choice of G.

(2) Op(G) > 1.

It follows by Lemma 2.3 that there exists a nontrivial minimal normal sub-
group N of G. By Lemma 2.1, N is p-solvable. Since Op′(N) ≤ Op′(G) = 1, we
obtain Op′(N) = 1. Hence 1 < Op(N) ≤ Op(G).
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(3) Every subgroup of order p is contained in Op(G).

Suppose that there is a subgroup 〈x〉 of order p such that 〈x〉 is not con-
tained in Op(G). It follows that |G : NG(〈x〉)| is a power of two by hypothesis.
Hence NG(〈x〉) contains a Sylow p-subgroup of G, giving Op(G) ≤ NG(〈x〉). Let
C = CG(Op(G)). Then 〈x〉 ≤ C E G, and Op(C) = Op(G) and hence Opp′(C) =
Op(C)×H, where, H is a nontrivial p′-group. Therefore, 1 < H < Op′(G) = 1, a
contradiction. Hence C = G.

Let G = G/Op(G), and x = xOp(G) be an element of order p. Then

|G : NG(〈x〉)|||G : NG(〈x〉)|
is a power of two. Again by Lemma 2.3, G is not a non-abelian simple group.
Hence there exists a normal subgroup N of G such that Op(G) < N < G. Now,
Op(N) = Op(G) ≤ Z(G). This implies that Op′(G) > 1, which contradicts to (1).

(4) G/M is a non-abelian simple group and p||G/M |, where M be a maximal
normal subgroup of G which is p-solvable.

This follows immediately by (1).

(5) The final contradiction.

Let S0 be a Sylow 2-subgroup of M and H = NG(S0). Then, by Frattini
argument, we obtain that G = MH. It follows by (4) that H/H ∩M ∼= G/M is
a non-abelian simple group and p||G/H/H ∩M |. Let D = CH(Op(H)). Then D
is p-nilpotent by Ito’ theorem. Since (H ∩M)D/H ∩M is normal in H/H ∩M ,
we have D ≤ H ∩M .

By Lemma 2.4, there is a Sylow 2-subgroup S of G such that S0 < S and
S ≤ H. Let S1/S0 be a subgroup of order two of Z(S/S0). Then S1 = S0〈u〉,
where u2 ∈ S0 and S0 E S1. Let K = Op(H)S1. If S1 is normal in K, then
S0 ≤ CH(Op(H)) = D ≤ H ∩M , which contradicts to the fact that S1 be a Sylow
2-subgroup of M . Therefore, K has no normal Sylow 2-subgroup, of course K
is not nilpotent. Suppose that W is a minimal non-nilpotent group of K. Then
W = X〈v〉, where o(v) = 2α, Φ(〈v〉) = 〈v2〉 ≤ Z(W ), the center of W , and X
is a normal p-group of W of exponent p. Now, 〈v〉 acts irreducible on X/Φ(X)
and v induces an automorphism of order two of X/Φ(X). Hence, |X/Φ(X)| = p
and X = 〈x〉 is a cyclic group of order p. Further, S0 ≤ CG(〈x〉) < NG(〈x〉). So
NG(〈x〉) contains S0〈v〉, a Sylow 2-subgroup of K. Without lose of generality, we
may assume S1 = S0〈v〉. Now, |G : NG(〈x〉)| is a power of two by assumption.
Thus G = NG(〈x〉)S. If G = NG(〈x〉), then CG(〈x〉) E G. By (1), CG(〈x〉) is
p-solvable, of course we have G is p-solvable, a contradiction. If G > NG(〈x〉),
we have

SG
1 = S

SNG(〈x〉)
1 = S

NG(〈x〉)
1 ≤ NG(〈x〉)

since S1/S0 ≤ Z(S/S0). Hence SG
1 is p-solvable, and we have SG

1 ≤ M . Therefore,
|M |2 = |S0| < |S1| ≤ |M |2, the final contradiction. This completes our proof.

Theorem 3.2 Let G be a group. If |G : NG(〈x〉)| is a power of a prime for all
x ∈ G of prime power order. Then G is solvable with nl(G) ≤ 2 and lp(G) ≤ 1
for any prime divisor p of |G|.
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Proof. First of all, G is not a non-abelian simple group. Suppose G is simple.
Then |π(G)| ≥ 3. Let P ∈ Sylp(G), and x ∈ Z(P ), the center of P , where
p ∈ π(G). Then, by hypothesis |G : NG(〈x〉)| is power of a prime r, which is
different from p. Let R be a Sylow r-subgroup of G and let y ∈ Z(R). Then
|G : NG(〈y〉)| is also a power of a prime. It is well known that G must be the
simple group PSL(2, 7) (see [7, p.304, Note]). Obviously, PSL(2, 7) can not
satisfy the hypothesis of our Theorem. This is a contradiction. Hence G is not a
non-abelian simple group and there exists a proper normal subgroup N in G. By
Lemma 2.1, G/N and N are all solvable groups, therefor G is solvable.

In order to prove that lp(G) ≤ 1, we suppose G is a counterexample of minimal
order. Then by [8, Lemma 6.9, VI], we know Φ(G) = 1 and F (G) = Op(G) is the
unique minimal normal subgroup of G. Hence there exists a proper subgroup M of
G such that G = F (G)oM , the semiproduct of F (G) and M . Let Mp ∈ Sylp(M)
and x ∈ Z(Mp). Then F (G) is not contained in NG(〈x〉). Otherwise we have that
x ∈ CG(F (G)), a contradiction since CG(F (G)) ≤ F (G). Thus |G : NG(〈x〉)| is a
power of p. By Lemma 2.2, x ∈ Op(G) = F (G), a contradiction. Then we obtain
that F (G) must be a Sylow subgroup of G. Therefore, lp(G) = 1, and G is not a
counterexample, a contradiction too.

Now, we will show that nl(G) ≤ 2. Assume that G is a counterexample of
minimal order. Since F (G/Φ(G)) = F (G)/Φ(G), we have Φ(G) = 1 by induction.
Moreover, F (G) = Op(G) is the unique minimal normal subgroup of G. Hence,
there exists a proper subgroup M of G such that G = F (G) o M . By using
the same argument as the above, we get M is a p′-group and |G : NG(〈x〉)| is a
power of p for any x ∈ M of prime power order. It follows by Lemma 2.1 that
|G : NG(F (G)〈x〉)| divides |G : NG(〈x〉)|. However, |G : NG(F (G)〈x〉)| is coprime
to p since F (G) is the Sylow p-subgroup of G. Hence F (G)〈x〉 is normal in G,
which implies that all cyclic subgroup of G/F (G) is normal in G/F (G). Hence
G/F (G) is a Dedekind group, and nl(G) ≤ 2, which contradicts to the choice of
G. The proof is complete.

Moreover, for a group G, let Norm(G) = ∩{NG(〈a〉)|∀a ∈ G}. Then, we
have Norm(G) ≤ Z2(G) by [11].

The following theorem gives a sufficient condition for a group to be p-nilpotent.

Theorem 3.3 Let G be a solvable group and p a prime divisor of |G| such that q
does not divide p − 1 for any prime divisor q of |G|. Suppose that |G : NG(〈x〉)|
is not divided by p2 for any x ∈ G of prime power order. Then G is a p-nilpotent
group. Furthermore, if P is a Sylow p-subgroup of G, then cl(P ) ≤ 3.

Proof. It follows by Lemma 2.1 that the conclusion holds for proper quotient
groups of G. Hence we may assume that G has a unique minimal normal subgroup
N , since the class of p-nilpotent groups forms a saturated formation. Clearly, we
may assume also that N is an elementary abelian group of order rn for a prime
r and a natural number n. Obviously r = p. Let M be a maximal normal
subgroup of G. Then |G/M | = q is a prime. By Lemma 2.1, M satisfies the
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assumptions of the theorem and therefore it is p-nilpotent. If q = p, then it
follows that the normal p-complement of M is also the normal p-complement of
G, a contradiction. So we have q 6= p. Since G/N is p-nilpotent and it has
no quotient group of order p, we have G/N is a p′-group. If M 6= N , then
Op′(M) 6= 1 since M is p-nilpotent. Hence N ≤ Op′(M) by the uniqueness of N , a
contradiction. Therefore M = N and |G/N | = q. If n = 1, then we have q|p− 1,
since |G/N | = |NG(N)/CG(N)| divides |Aut(N)|. This is a contradiction. Hence
n ≥ 2. By the Schur-Zassenhaus Theorem, G = N〈x〉, where o(x) = q. If there is
an element u(6= 1) ∈ N such that u ∈ NG(〈x〉), then u ∈ Z(G) since N is abelian.
Thus, N = 〈u〉 ≤ Z(G), a contradiction. Hence, we obtain NG(〈x〉) = 〈x〉. This
implies that p2||G : NG(〈x〉)|, a contradiction too.

It remains to prove that cl(P ) ≤ 3. It follows by the first part of the proof
that P ∼= G/Op′(G). Thus P satisfies the assumptions of the theorem. Let x ∈ P ,
by the hypothesis, |P : NP (〈x〉)| ≤ p, and so Φ(P ) ≤ NP (〈x〉) for all x ∈ P , giving
Φ(P ) ≤ Norm(P ) ≤ Z2(P ). Hence cl(P ) ≤ 3. Our proof is complete now.

The following two theorems give some sufficient conditions for a group to be
supersolvable.

Theorem 3.4 Let G be a solvable group. Suppose that |G : NG(〈x〉)| is a square-
free number for all x ∈ G of prime power order. Then G is supersolvable.

Proof. Assume that the result is false and G be a counterexample of minimal
order. Since G is solvable, we have that G has a minimal normal subgroup N
of order pn, where p is a prime and n is a natural number. Since the class of
supersolvable groups forms a saturated formation, we may suppose that N is
a unique minimal normal subgroup of G and Φ(G) = 1. If n = 1, then G is
supersolvable since G/N is supersolvable, which contradicts to the choice of G.
Hence n > 1. Since N � Φ(G), there exists a maximal subgroup M of G such
that G = MN , M ∩N = 1, and M ∼= G/N is supersolvable. Let Q be a minimal
normal subgroup of M . Then Q = 〈x〉, and NG(〈x〉) ≥ M , where x ∈ M is of
prime order. Assume that NG(〈x〉) ∩ N 6= 1, then NG(〈x〉) = G. Hence Q E G.
This implies that G is supersolvable since G/Q is supersolvable, a contradiction.
Now,

p < pn||NNG(〈x〉) : NG(〈x〉)| = |G : NG(〈x〉)|,
contrary to the hypothesis. The proof is hence completed.

Recall that a subgroup K of a group G is said to be quasi-normal in G if
KH = HK for any subgroup H of G.

Theorem 3.5 Let A and B be quasi-normal subgroups of a solvable group G
such that G = AB. Suppose that |G : NG(〈x〉)| is a square-free number for every
x ∈ A ∪B of prime power order. Then G is supersolvable.

Proof. Assume that the theorem is not true and G a counterexample of minimal
order. Because supersolvable groups form a saturated formation, we may suppose
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that G has a unique minimal normal subgroup N and Φ(G) = 1. Let |N | = pn for
a prime p and a natural number n, then n > 1. Obviously, F (G) = N = CG(N).
If either AG = 1 or BG = 1, then either A or B is nilpotent by Lemma 2.5.
Therefore, by Lemma 2.6 we obtain G is supersolvable, a contradiction. Now,
we have N ≤ AG and N ≤ BG by the uniqueness of N . Since A and B are
quasi-normal in G, F (A) and F (B) are contained in F (G) = N . Therefore,
F (A) = F (B) = N .

Let q be the largest prime divisor of |A|, and Sq ∈ Sylq(A). Then Sq E A
since A is supersolvable and Sq ≤ N . This implies that p = q and N is the
Sylow p- subgroup of A. By the same reason, we know that p is the largest prime
divisor of |B| and N is a Sylow subgroup of B. Therefore, N is a Sylow subgroup
of G and p is the largest prime divisor of |G|. Let K/N be a minimal normal
subgroup of G/N . By a result of [9], we may assume that K ≤ A or K ≤ B.
Since G/N is supersolvable, we have |K/N | = q is a prime, which is not equal to
p. By the Schur-Zassenhaus Theorem, K = N〈v〉, where o(v) = q. If there is an
element u(6= 1) ∈ N such that u ∈ NK(〈v〉), then u ∈ Z(K) since N is abelian.
Thus, we have either Z(K) = K or Z(K) < N , a contradiction. Hence we obtain
NK(〈v〉) = 〈v〉. This implies that |N | = |K : NK(〈v〉)|, that is, p2‖K : NK(〈v〉)|,
contrary to the hypothesis. The proof is complete.
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Abstract. The D-distance between vertices of a graph G is obtained by considering
the path lengths and as well as the degrees of vertices present on the path. The average
D-distance between the vertices of a connected graph is the average of the D-distances
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1. Introduction

The concept of distance is one of the important concepts in study of graphs. It is
used in isomorphism testing, graph operations, hamiltonicity problems, extremal
problems on connectivity and diameter, convexity in graphs etc. Distance is the
basis of many concepts of symmetry in graphs.

In addition to the usual distance, d(u, v) between two vertices u, v ∈ V (G) we
have detour distance (introduced by Chartrand et al, see [2]), superior distance
(introduced by Kathiresan and Marimuthu, see [6]), signal distance (introduced
by Kathiresan and Sumathi, see [7]), degree distance etc.
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In an earlier article [9], the authors introduced the concept of D-distance be-
tween vertices of a graph G by considering not only path length between vertices,
but also the degrees of all vertices present in a path while defining the D-distance.
In a natural way we can extend this concept to D-distance between edges.

The article is arranged as follows. In §2, we collect some definitions and
results for easy reference. In §3, we study some properties of average D-distance
and in §4, we calculate the average D-distance between vertices for some classes
of graphs.

2. Preliminaries

Throughout this article, by a graph G(V, E) or simply G, we mean a non-trivial,
finite, undirected graph without multiple edges and loops. Further all graphs we
consider are connected.

In this section we given some definitions and state some results for later use.
We begin with D-distance in graphs.

Definition 1 If u, v are vertices of a connected graph G the D-length of a con-
nected u− v path s is defined as lD(s) = l(s)+deg(v)+deg(u)+

∑
deg(w) where

sum runs over all intermediate vertices w of s and l(s) is the length of the path.

Definition 2 The D-distance, dD(u, v), between two vertices u, v of a connected
graph G is defined as dD(u, v) = min

{
lD(s)

}
where the minimum is taken over

all u− v paths s in G. In other words,

dD(u, v) = min
{

l(s) + deg(u) + deg(v) +
∑

deg(w)
}

where the sum runs over all intermediate vertices w in s and minimum is taken
over all u− v paths s in G.

Definition 3 Let G be a connected graph of order n. The average distance of G
denoted by µ(G), is defined as

µ(G) = (nc2)
−1

∑
d(u, v),

where d(u, v) denotes the distance between the vertices u and v. See [3, 4, 5].

Similarly, we can define the average D-distance of a graph as follows:

Definition 4 Let G be a connected graph of order n. The average D-distance
between vertices of G denoted by µD, is defined as

µD(G) = (nc2)
−1

∑
dD(u, v),

where dD(u, v) denotes the D-distance between the vertices u and v.
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Definition 5 Let G be a connected graph of order n having m edges with V (G) =
{v1, v2, v3, · · · , vn}. The D-distance matrix of G denoted as DD(G), is defined as

DD(G) =
[
dD

i,j

]
n×n

,

where dD
i,j = dD(vi, vj) is the D-distance between the vertices vi and vj.

Obviously, DD(G) is an n × n symmetric matrix with all diagonal entries
being zero.

Definition 6 Let G be a graph, then the average degree of G, denoted as d(G),
is given by

d(G) =
1

|V |
∑

d(v),

where d(v) is the degree of the vertex v .

Definition 7 The total D-distance [TDD] of graph G is the number given by

1

2

n∑
i,j=1
i6=j

dD(vi, vj),

where n is the number of vertices.

3. Average D-distance

In this section, we prove some results on average D-distance between vertices.
We begin with a theorem which connects the number of vertices and average
D-distance. This leads to some more results.

Theorem 1 Let G1 and G2 be two connected graphs having same number edges
and same diameters. If the number of vertices in G1 is more than the number
of vertices in G2 then average D-distance of G1 is more than average D-distance
of G2.

Proof. Since the diameters of these two graphs are the same, the largest entries
in the D-distance matrix of these graphs are the same. The number of the pairs
of vertices is more in G1 and hence total D-distance value of G1 is more. Since
number of edges in G1 and G2 are same. This implies the average D-distance of
G1 is more than average D-distance of G2.

Theorem 2 Let G1 and G2 be two connected graphs of same number of edges and
diam(G1) < diam(G2). Then µD(G1) > µD(G2).

Proof. Since G1, G2 have same number of edges and diam(G1) < diam(G2), it is
clear that |V (G1)| > |V (G2)|. Then by Theorem 1, we have µD(G1) > µD(G2).
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Theorem 3 Let G1 and G2 be two connected graphs having same number of edges
and diameters. If δ(G1) < δ(G2) then µD(G1) > µD(G2).

Proof. δ(G1) < δ(G2) implies |V (G1)| > |V (G2)|. Then, by Theorem 1,
µD(G1) > µD(G2).

Theorem 4 Let G1 and G2 be two connected graphs having same number of edges
and same diameters. If δ1(G1) < δ1(G2) then µD(G1) > µD(G2).

Proof. Since δ1(G1) < δ1(G2) we have |V (G1)| > |v(G2)|. Then, by Theorem 1,
µD(G1) > µD(G2).

4. Results on some classes of graphs

Here we calculate the average D-distance for some classes of graphs.

Theorem 1 The average D-distance of complete graph Kn is µD(Kn) = 2n− 1.

Proof. Every vertex taken from Kn has n− 1 vertex neighbors. The D-distance
between any vertex and its neighbors is 2n−1. Thus the total D-distance TDD =
(nc2)(2n− 1) and hence

µD(Kn) =
TDD

nc2

= 2n− 1.

Theorem 2 The average D-distance of complete bipartite graph Km,n is

µD(Km,n) =
2mn(m + n + 1) + n(n− 1)(2m + n + 2) + m(m− 1)(2n + m + 2)

(m + n)(m + n− 1)
·

Proof. Let V (Km,n)=A∪B, where A= {v1, v2, v3, ..., vm}, B= {w1, w2, w3, ..., wn}.
Then dD(vi, vj) = 2m+n+2, dD(wi, wj) = 2n+m+2 and dD(vi, wj) = m+n+1.
Thus, the total D-distance

TDD = (mc2) (2m + n + 2) + (nC2) (2n + m + 2) + mn(m + n + 1).

Hence the average D-distance

µD(Km,n) =
TDD

(m+n)c2

=
2mn(m + n + 1) + n(n− 1)(2m + n + 2) + m(m− 1)(2n + m + 2)

(m + n)(m + n− 1)
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Theorem 3 The average D-distance of star graph Stn,1 is given by

µD(Stn,1) =
2(n + 2) + (n− 1)(n + 4)

n− 1
·

Proof. In Star graph there are n + 1 vertices. For the central vertex there are n
neighbor vertices and all other vertices has only one neighbor vertex, namely the
central vertex. For the central vertex there are no distinct vertices, where as all
others have n − 1 distinct vertices. The D-distance between any vertex and its
distinct vertex is (n + 2)(n + 4). Finally, TDD = n(n + 2) + (nc2) (n + 4), then

µD(Stn,1) =
TDD

nc2

=
2(n + 2) + (n− 1)(n + 4)

n− 1
·

Theorem 4 The average D-distance of the path graph Pn is

µD(Pn) =
2an

n
,

where an = an−1 + n + 1 with a1 = 0.

Proof. For Pn, the D-distance matrix is the n× n symmetric matrix




0 4 7 10 · · · 3n− 5 3n− 2
0 5 8 · · · 3n− 7 3n− 4

0 5 · · · 3n− 12 3n− 9
· · · · · · · · · · · ·

0 5 7
0 4

0




By adding all entries in the upper triangular or lower triangular matrix we get the
total D-distance, which is an(n − 1) in this case, where an(n ≥ 2) is a constant
given by {0, 3, 7, 12, 18, 25, · · · } or, recursively, an = an−1 + n + 1 with a1 = 0.
Then,

µD(Pn) =
TDD

(nC2)
=

2an

n
·

Theorem 5 The average D-distance of the cyclic graph Cn is

µD(C2n) =
an

2n− 1
,

where an = an−1 + 6n + 1 with a2 = 18 and µD(C2n−1) =
3

2
n + 2, ∀n ≥ 2.
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Proof. Case (i). First, we consider the case of cyclic graphs of odd order, (C2n−1)
(n ≥ 2). As µD(C2n−1) is regular, the elements of any row in the DDM , except
the diagonal element are 0, 5, 8, 11, ..., 3n − 1, 3n − 1, ..., 11, 8, 5. Then, the total

D-distance, TDD = 2(5 + 8 + 11 + · · · + (3n − 1) =
1

4
(3n + 4)(2n − 1)(2n − 2).

Thus the average D-distance, µD(C2n−1) =
3

2
n + 2.

Case (ii). Here, we consider the case of even order cyclic graphs (C2n)(n ≥ 2).
In this case, the elements of any row in DDM except the diagonal element, are

0, 5, 8, 11, ..., 3n + 2, ..., 11, 8, 5 Like above we can show that µD(C2n) =
an

2n− 1
where an = an−1 + 6n + 1 with a2 = 18.
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Abstract. In this paper, we obtain some new Hermite-Hadamard type inequalities
for products of convex functions via Riemann-Liouville integrals. We conclude that
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Hermite-Hadamard type inequalities for products of various kinds of convex functions
involving Riemann-Liouville fractional integrals.
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1. Introduction

If f : I → R is a convex function on the interval I, then for any a, b ∈ I with
a 6= b we have the following double inequality

(1.1) f(
a + b

2
) ≤ 1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
.

This remarkable result is well known in the literature as the Hermite-Hadamard
inequality.

Since then, some refinements of the Hermite-Hadamard inequality on convex
functions have been extensively investigated by a number of authors (e.g., [1], [2],
[3], [4], [5], [6], [7] and [8]).

In [9], B.G. Pachpatte established two new Hermite-Hadamard type inequa-
lities for products of convex functions as follows.

1This work is supported by Youth Project of Chongqing Three Gorges University of China.
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Theorem 1.1. Let f and g be real-valued, nonnegative and convex functions on
[a, b]. Then

1

b−a

∫ b

a

f(x)g(x)dx ≤ 1

3
M(a, b) +

1

6
N(a, b),(1.2)

2f
(a+b

2

)
g
(a+b

2

)
≤ 1

b−a

∫ b

a

f(x)g(x)dx +
1

6
M(a, b) +

1

3
N(a, b),(1.3)

where M(a, b) = f(a)g(a) + f(b)g(b) and N(a, b) = f(a)g(b) + f(b)g(a).

Some new integral inequalities involving two nonnegative and integrable func-
tions that are related to the Hermite-Hadamard type are also obtained by many
authors. In [10], B.G. Pachpatte proposed some Hermite-Hadamard type inequali-
ties involving two log-convex functions. An analogous result for s-convex functions
is established by Kirmaci et. al. in [8]. In [12], M.Z. Sarikaya presented some
integral inequalities for two h-convex functions. For recent results and generaliza-
tions concerning Hermite-Hadamard type inequality for product of two functions
see [13] and the references given therein.

It is remarkable that M.Z. Sarikaya et al. [11] proved the following interesting
inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional in-
tegrals.

Theorem 1.2. Let f : [a, b]→R be a positive function with a < b and f ∈ L1[a, b].
If f is a convex function on [a, b], then the following inequalities for fractional
integrals hold:

(1.4) f

(
a + b

2

)
≤ Γ(α + 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] ≤ f(a) + f(b)

2
,

with α > 0.

We remark that the symbol Jα
a+ and Jα

b−f denote the left-sided and right-sided
Riemann-Liouville fractional integrals of the order α ≥ 0 with a ≥ 0 which are
defined by

Jα
a+f(x) =

1

Γ(α)

∫ x

a

(x− t)α−1f(t)dt, x > a,

and

Jα
b−f(x) =

1

Γ(α)

∫ b

x

(t− x)α−1f(t)dt, x < b,

respectively. Here, Γ(α) is the Gamma function defined by

Γ(α) =

∫ ∞

0

e−ttα−1dt.

In this paper, we obtain some new Hermite-Hadamard type inequalities for
products of convex functions via Riemann-Liouville integrals.
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2. Main results

Theorem 2.1. Let f and g be real-valued, nonnegative and convex functions on
[a, b]. Then

Γ(α + 1)

2(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)] ≤

( α

α + 2
− α

α + 1
+

1

2

)
M(a, b)

+
α

(α + 1)(α + 2)
N(a, b),

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a).

Proof. Since f and g are convex on [a, b], then for t ∈ [0, 1] we get

(2.1) f(ta + (1− t)b) ≤ tf(a) + (1− t)f(b),

and

(2.2) g(ta + (1− t)b) ≤ tg(a) + (1− t)g(b).

From (2.1) and (2.2), we get

f(ta + (1− t)b)g(ta + (1− t)b) ≤ t2f(a)g(a) + (1− t)2f(b)g(b)

+t(1− t)[f(a)g(b) + f(b)g(a)].

Similarly, we have

f((1− t)a + tb)g((1− t)a + tb) ≤ (1− t)2f(a)g(a) + t2f(b)g(b)

+t(1− t)[f(a)g(b) + f(b)g(a)].

So

f(ta + (1− t)b)g(ta + (1− t)b) + f((1− t)a + tb)g((1− t)a + tb)

≤ (2t2 − 2t + 1)[f(a)g(a) + f(b)g(b)] + 2t(1− t)[f(a)g(b) + f(b)g(a)].

Multiplying both sides of above inequality by tα−1, then integrating the resulting
inequality with respect to t over [0, 1], we obtain

∫ 1

0

tα−1f(ta + (1− t)b)g(ta + (1− t)b)dt

+

∫ 1

0

tα−1f((1− t)a + tb)g((1− t)a + tb)dt

=

∫ a

b

(b− u

b− a

)α−1

f(u)g(u)
du

a− b
+

∫ b

a

(v − a

b− a

)α−1

f(v)g(v)
dv

b− a

=
Γ(α)

(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)]
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≤ [f(a)g(a) + f(b)g(b)]

∫ 1

0

tα−1(2t2 − 2t + 1)dt

+2[f(a)g(b) + f(b)g(a)]

∫ 1

0

tα−1t(1− t)dt

=
( 2

α + 2
− 2

α + 1
+

1

α

)
[f(a)g(a) + f(b)g(b)]

+
2

(α + 1)(α + 2)
[f(a)g(b) + f(b)g(a)]

=
( 2

α + 2
− 2

α + 1
+

1

α

)
M(a, b) +

2

(α + 1)(α + 2)
N(a, b).

So

Γ(α + 1)

2(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)] ≤

( α

α + 2
− α

α + 1
+

1

2

)
M(a, b)

+
α

(α + 1)(α + 2)
N(a, b),

which completes the proof.

Corollary 2.2. With the notations in Theorem 2.1, if we choose g : [a, b] → R
as g(x) = 1 for all x ∈ [a, b], we obtain

Γ(α + 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] ≤ f(a) + f(b)

2
,

which is the right hand side of (1.4).

Proof. Since g(x) = 1 for all x ∈ [a, b], from M(a, b) = N(a, b) = f(a) + f(b), we
can get the desire result.

Corollary 2.3. With the notations in Theorem 2.1, if α = 1, then

1

b− a

∫ b

a

f(x)g(x)dx ≤ 1

3
M(a, b) +

1

6
N(a, b),

which is the right hand side of (1.2).

Theorem 2.4. Let f and g be real-valued, nonnegative and convex functions on
[a, b]. Then

2f
(a + b

2

)
g
(a + b

2

)
≤ Γ(α + 1)

2(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)]

+ M(a, b)
α

(α + 1)(α + 2)

+ N(a, b)
( α

α + 2
− α

α + 1
+

1

2

)
,

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(a)g(b).
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Proof. We can write

a + b

2
=

(1− t)a + tb

2
+

ta + (1− t)b

2
,

so

f
(a + b

2

)
g
(a + b

2

)

= f
(ta + (1− t)b

2
+

(1− t)a + tb

2

)
g
(ta + (1− t)b

2
+

(1− t)a + tb

2

)

≤ 1

4

[
f(ta+(1−t)b)+f((1−t)a+tb)

][
g(ta+(1−t)b)+g((1−t)a+tb)

]

=
1

4

[
f(ta + (1− t)b)g(ta + (1− t)b) + f((1− t)a + tb)g((1− t)a + tb)

]

+
1

4

[
f(ta + (1− t)b)g((1− t)a + tb) + f((1− t)a + tb)g(ta + (1− t)b)

]

≤ 1

4

[
f(ta + (1− t)b)g(ta + (1− t)b) + f((1− t)a + tb)g((1− t)a + tb)

]

+
1

4

{[
tf(a) + (1− t)f(b)

][
(1− t)g(a) + tg(b)

]

+
[
(1− t)f(a) + tf(b)

][
tg(a) + (1− t)g(b)

]}

=
1

4

[
f(ta + (1− t)b)g(ta + (1− t)b) + f((1− t)a + tb)g((1− t)a + tb)

]

+
1

4

{
2t(1−t)

[
f(a)g(a)+f(b)g(b)

]
+

[
(1−t)2+t2

][
f(a)g(b)+f(b)g(a)

]}
.

Multiplying both sides of above inequality by tα−1, then integrating the resulting
inequality with respect to t over [0, 1], we get

f
(a + b

2

)
g
(a + b

2

) ∫ 1

0

tα−1dt

≤ 1

4

[ ∫ 1

0

tα−1f(ta + (1− t)b)g(ta + (1− t)b)dt

+

∫ 1

0

tα−1f((1− t)a + tb)g((1− t)a + tb)dt
]

+
1

4

{[
f(a)g(a) + f(b)g(b)

] ∫ 1

0

tα−12t(1− t)dt

+
[
f(a)g(b) + f(b)g(a)

] ∫ 1

0

tα−1[(1− t)2 + t2]dt

}
.
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That is,

1

α
f
(a + b

2

)
g
(a + b

2

)
≤ 1

4

[ Γ(α)

(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)]

]

+
1

4

{
M(a, b)

∫ 1

0

tα−12t(1− t)dt

+ N(a, b)

∫ 1

0

tα−1[(1− t)2 + t2]dt
}

.

From ∫ 1

0

tα−12t(1− t)dt =
2

(α + 1)(α + 2)

and ∫ 1

0

tα−1[(1− t)2 + t2)]dt =
( 2

α + 2
− 2

α + 1
+

1

α

)
,

we get

2f
(a + b

2

)
g
(a + b

2

)
≤ Γ(α + 1)

2(b− a)α
[Jα

a+f(b)g(b) + Jα
b−f(a)g(a)]

+ M(a, b)
α

(α + 1)(α + 2)

+ N(a, b)
( α

α + 2
− α

α + 1
+

1

2

)
,

which completes the proof.

Corollary 2.5. With the notations in Theorem 2.4, if α = 1, then

2f
(a + b

2

)
g
(a + b

2

)
≤ 1

b− a

∫ b

a

f(x)g(x)dx +
1

6
M(a, b) +

1

3
N(a, b),

which is the right hand side of (1.3).

Corollary 2.6. With the notations in Theorem 2.4, if we choose g : [a, b] → R
as g(x) = 1 for all x ∈ [a, b], we have

2f
(a + b

2

)
≤ Γ(α + 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] +

f(a) + f(b)

2
.

3. Conclusion

In this paper, we establish some new Hermite-Hadamard type inequalities for
products of convex functions via Riemann-Liouville integrals. An interesting
topic is whether we can use the methods in this paper to establish the Hermite-
Hadamard inequality for other kinds of convex functions.
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FOR NONLINEAR EVOLUTION EQUATIONS

Elsayed M.E. Zayed1

Khaled A.E. Alurrfi

Department of Mathematics
Faculty of Science
Zagazig University
Zagazig
Egypt

Abstract. In this article, we apply the homogeneous balance method to find the exact
solutions of some nonlinear evolution equations in mathematical physics, namely, the
Kaup-Kupershmidt equation, the Ito equation, the Caudrey-Dodd-Gibbon equation,
the Lax equation and the Sawada-Kotera equation. These equations have wide appli-
cations in quantum mechanics and non linear optics. The efficiency of this method for
constructing these exact solutions is demonstrated.

Keywords: the homogeneous balance method, nonlinear evolution equations, exact
solutions.

AMS Subject Classifications: 35K99, 35P05, 35P99.

1. Introduction

When a nonlinear evolution equation is analyzed, one of the most important
question is the construction of the exact solutions of that equation. Searching for
exact solutions of that equation plays an important role in the study of nonlinear
physical phenomena. Nonlinear wave phenomena appears in various scientific and
engineering fields, such as fluid mechanics, plasma physics, optical fibers, biology,
solid state physics, chemical kinematics, chemical physics, geochemistry and so
on. In the past several decades, exact solutions may help to find new phenomena.
Many powerful methods for obtaining these exact solutions are presented, such as
the inverse scattering transform [1], the Hirota method [3], the truncated Painleve
expansion [9], the Backlund transform [1], [15], the exp-function method [20], [21],
the simplest equation method [10], the Weierstrass elliptic function method [7],
the Jacobi elliptic function method [13], [14], the tanh-function method [18], the
(G′/G)-expansion method [22], the modified simple equation method [5], [25],
the homogeneous balance method [8], [16], [17], [26] and so on. To realize these

1Corresponding author. E-mail address: e.m.e.zayed@hotmail.com
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methods, one applies some special functions, then exact solutions read as a finite
series in these special functions.

The objective of this article is to demonstrate efficiency of the homogeneous
balance method for finding exact solutions of some nonlinear evolution equations
in the mathematical physics, namely, the Kaup-Kupershmidt equation, the Ito
equation, the Caudrey-Dodd-Gibbon equation, the Lax equation and the Sawada-
Kotera equation. This article is organized as follows. In Section 2, we give the
description of the homogeneous balance method. In Section 3, we apply this
method to five nonlinear evolution equations indicated above. In Section 4, phy-
sical explanations of our obtained solutions are given. In Section 5, conclusions
are given.

2. Description of the homogeneous balance method

Suppose we have a nonlinear evolution equation in the form

(2.1) F (u, ut, ux, uxx, ...) = 0,

where F is a polynomial in u(x, t) and its partial derivatives in which the highest
order derivatives and nonlinear terms are involved. In the following, we give the
main steps of this method [8], [16], [17], [26]:

Step 1. Using the wave transformation

(2.2) u(x, t) = u(ξ), ξ = kx + ωt,

to reduce equation (2.1) to the following ODE:

(2.3) P (u, u′, u′′, ...) = 0,

where P is a polynomial in u(ξ) and its total derivatives, while k, ω are constants
and ′ = d/dξ

Step 2. We suppose that equation (2.3) has the formal solution

(2.4) u(ξ) =
N∑

n=0

anQ(ξ)n,

where an(n = 0, 1, ...N) are constants to be determined, such that aN 6= 0, and
Q(ξ) is the solution of the equation

(2.5) Q′(ξ) = Q2(ξ)−Q(ξ).

equation (2.5) has the solution

(2.6) Q(ξ) =
1

1± eξ
.
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Step 3. We determine the positive integer N in equation (2.4) by considering
the homogeneous balance between the highest order derivatives and the nonlinear
terms in equation (2.3).

Step 4. Substitute equation (2.4) into equation (2.3), we calculate all the neces-
sary derivatives u′, u′′, ... of the function u(ξ). As a result of this substitution, we
get a polynomial of Qi, (i = 0, 1, 2, ...). In this polynomial we gather all terms of
same powers and equating them to zero, we obtain a system of algebraic equations
which can be solved by the Maple or Mathematica to get the unknown parame-
ters an (n = 0, 1, ..., N), k and ω. Consequently, we obtain the exact solutions of
equation (2.1).

3. Applications

In this section, we apply the homogeneous balance method to find the exact
solutions of the following nonlinear partial differential equations:

3.1. Example 1. The Kaup-Kupershmidt (KK) equation

This equation is well known [6], [11], [23], [24] and has the form

(3.1) ut + 20u2ux + 25uxuxx + 10uu3x + u5x = 0.

Let us now solve equation (3.1) by using the homogeneous balance method. To
this end, we use the wave transformation (2.2) to reduce equation (3.1) to the
following ODE:

(3.2) ωu′ + 20ku2u′ + 25k3u′u′′ + 10k3uu(3) + k5u(5) = 0.

Balancing u(5) with u2u′ yields N = 2. Consequently, equation (3.2) has the
formal solution

(3.3) u = a0 + a1Q + a2Q
2,

where a0, a1 and a2 are constants to be determined such that a2 6= 0. From
equation (3.3), we get

u′ = (Q− 1)Q (a1 + 2Qa2) ,(3.4)

u′′ = (Q− 1)Q [(−1 + 2Q)a1 + 2Q(−2 + 3Q)a2] ,(3.5)

u(3) = (Q− 1)Q
[(

1− 6Q + 6Q2
)
a1 + 2Q

(
4− 15Q + 12Q2

)
a2

]
,(3.6)

u(4) = (Q− 1)Q[
(−1 + 14Q− 36Q2 + 24Q3

)
a1(3.7)

+2Q
(−8 + 57Q− 108Q2 + 60Q3

)
a2],

u(5) = (Q− 1)Q[
(
1− 30Q + 150Q2 − 240Q3 + 120Q4

)
a1(3.8)

+2Q
(
16− 195Q + 660Q2 − 840Q3 + 360Q4

)
a2].(3.9)
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Substituting (3.3)-(3.8) into (3.2) and equating all the coefficients of powers of
Q(ξ) to zero, we obtain

(3.10) −k5a1 − ωa1 − 10k3a0a1 − 20ka2
0a1 = 0,

31k5a1 + ωa1 + 70k3a0a1 + 20ka2
0a1 − 35k3a2

1−
− 40ka0a

2
1 − 32k5a2 − 2ωa2 − 80k3a0a2 − 40ka2

0a2 = 0,
(3.11)

− 180k5a1 − 120k3a0a1 + 170k3a2
1 + 40ka0a

2
1 − 20ka3

1 + 422k5a2

+ 2ωa2 + 380k3a0a2 + 40ka2
0a2 − 240k3a1a2 − 120ka0a1a2 = 0,

(3.12)

390k5a1 + 60k3a0a1 − 245k3a2
1 + 20ka3

1 − 1710k5a2 − 540k3a0a2

+ 1000k3a1a2 + 120ka0a1a2 − 80ka2
1a2 − 280k3a2

2 − 80ka0a
2
2 = 0,

(3.13)

− 360k5a1 + 110k3a2
1 + 3000k5a2 + 240k3a0a2 − 1310k3a1a2 + 80ka2

1a2

+ 1080k3a2
2 + 80ka0a

2
2 − 100ka1a

2
2 = 0,

(3.14)

120k5a1 − 2400k5a2 + 550k3a1a2 − 1340k3a2
2 + 100ka1a

2
2 − 40ka3

2 = 0,(3.15)

720k5a2 + 540k3a2
2 + 40ka3

2 = 0.(3.16)

Solving the system of equations (3.9)-(3.15) by using the Maple or Mathematica,
we obtain

Case 1.

(3.17) ω = −k5

16
, a0 = −k2

8
, a1 =

3k2

2
, a2 = −a1.

The solution of equation (3.1) corresponding to (3.16) is

(3.18) u1(x, t) =
−k2

8
+

3k2

8
sec h2

[
k

2
x− k5

32
t

]
,

(3.19) u2(x, t) =
−k2

8
− 3k2

8
csc h2

[
k

2
x− k5

32
t

]
,

Case 2.

(3.20) ω = −11k5, a0 = −k2, a1 = 12k2, a2 = −a1.

The solution of equation (3.1) corresponding to (3.19) is

(3.21) u3(x, t) = −k2 + 3k2 sec h2

[
k

2
x− 11k5

2
t

]
,

(3.22) u4(x, t) = −k2 − 3k2 csc h2

[
k

2
x− 11k5

2
t

]
.
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3.2. Example 2. The Ito equation

This equation is well known [4], [23], [24] and has the form:

(3.23) ut + 2u2ux + 6uxuxx + 3uu3x + u5x = 0.

Let us solve equation (3.22) by using the homogeneous balance method. To this
end, we use the wave transformation (2.2) to reduce equation (3.22) to the fol-
lowing ODE:

(3.24) ωu′ + 2ku2u′ + 6k3 u′u′′ + 3k3uu(3) + k5u(5) = 0.

Balancing u(5) with u2u′ yields N = 2. Consequently, equation (3.23) has the
formal solution (3.3). Substituting (3.3)-(3.8) into (3.23) and equating all the
coefficients of powers of Q(ξ) to zero, we obtain

−k5a1 − ωa1 − 3k3a0a1 − 2ka2
0a1 = 0,(3.25)

31k5a1 + ωa1 + 21k3a0a1 + 2ka2
0a1 − 9k3a2

1 − 4ka0a
2
1 − 32k5a2(3.26)

−2ωa2 − 24k3a0a2 − 4ka2
0a2 = 0,

−180k5a1 − 36k3a0a1 + 45k3a2
1 + 4ka0a

2
1 − 2ka3

1 + 422k5a2(3.27)

+2ωa2 + 114k3a0a2 + 4ka2
0a2 − 63k3a1a2 − 12ka0a1a2 = 0,

390k5a1 + 18k3a0a1 − 66k3a2
1 + 2ka3

1 − 1710k5a2 − 162k3a0a2(3.28)

+267k3a1a2 + 12ka0a1a2 − 8ka2
1a2 − 72k3a2

2 − 8ka0a
2
2 = 0,

−360k5a1 + 30k3a2
1 + 3000k5a2 + 72k3a0a2 − 354k3a1a2(3.29)

+8ka2
1a2 + 282k3a2

2 + 8ka0a
2
2 − 10ka1a

2
2 = 0,

120k5a1 − 2400k5a2 + 150k3a1a2 − 354k3a2
2 + 10ka1a

2
2 − 4ka3

2 = 0,(3.30)

720k5a2 + 144k3a2
2 + 4ka3

2 = 0.(3.31)

Solving the system of equations (3.24)-(3.30), using the Maple or Mathematica
we obtain

(3.32) ω = −6k5, a0 = −5k2

2
, a1 = 30k2, a2 = −a1.

The solution of equation (3.22) corresponding to (3.31) is

u1(x, t) =
−5k2

2
+

15k2

2
sec h2

[
k

2
x− 6k5

2
t

]
,(3.33)

u2(x, t) =
−5k2

2
− 15k2

2
csc h2

[
k

2
x− 6k5

2
t

]
.(3.34)
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3.3. Example 3. The Caudrey-Dodd-Gibbon equation (CDG)

This equation is well known [2], [23], [24] and has the form:

(3.35) ut + 180u2ux + 30uxuxx + 30uu3x + u5x = 0.

Let us solve equation (3.34) by using the homogeneous balance method. To this
end. we use the wave transformation (2.2) to reduce equation (3.34) to the fol-
lowing ODE :

(3.36) ωu′ + 180ku2u′ + 30k3 u′u′′ + 30 k3uu(3) + k5u(5) = 0.

Balancing u(5) with u2u′ yields N = 2. Consequently, equation (3.35) has the
formal solution (3.3). Substituting (3.3)-(3.8) into (3.35) and equating all the
coefficients of powers of Q(ξ) to zero, we obtain

−k5a1 − ωa1 − 30k3a0a1 − 180ka2
0a1 = 0,(3.37)

31k5a1 + ωa1 + 210k3a0a1 + 180ka2
0a1 − 60k3a2

1(3.38)

−360ka0a
2
1 − 32k5a2 − 2ωa2 − 240k3a0a2 − 360ka2

0a2 = 0,

−180k5a1 − 360k3a0a1 + 330k3a2
1 + 360ka0a

2
1 − 180ka3

1(3.39)

+422k5a2 + 2ωa2 + 1140k3a0a2 + 360ka2
0a2 − 450k3a1a2

−1080ka0a1a2 = 0,

390k5a1 + 180k3a0a1 − 510k3a2
1 + 180ka3

1 − 1710k5a2

−1620k3a0a2 + 2010k3a1a2 + 1080ka0a1a2 − 720ka2
1a2

−480k3a2
2 − 720ka0a

2
2 = 0,

−360k5a1 + 240k3a2
1 + 3000k5a2 + 720k3a0a2 − 2760k3a1a2(3.40)

+720ka2
1a2 + 1980k3a2

2 + 720ka0a
2
2 − 900ka1a

2
2 = 0,

120k5a1 − 2400k5a2 + 1200k3a1a2 − 2580k3a2
2(3.41)

+900ka1a
2
2 − 360ka3

2 = 0,

720k5a2 + 1080k3a2
2 + 360ka3

2 = 0.(3.42)

Solving the system of equations (3.36)-(3.42) using the Maple or Mathema-
tica, we obtain

Case 1.

(3.43) ω = −k5 − 30k3a0 − 180ka0
2, a1 = k2, a2 = −a1.

The solution of equation (3.34) corresponding to (3.43) is

u1(x, t) = a0 +
k2

4
sec h2

[
k

2
x− (k5 + 30k3a0 + 180ka0

2)

2
t

]
,(3.44)

u2(x, t) = a0 − k2

4
csc h2

[
k

2
x− (k5 + 30k3a0 + 180ka0

2)

2
t

]
,(3.45)

where a0 is an arbitrary constant.



the homogeneous balance method and its applications ... 313

Case 2.

(3.46) ω = −k5, a0 = −k2

6
, a1 = 2k2, a2 = −a1.

The solution of equation (3.34) corresponding to (3.46) is

u1(x, t) =
−k2

6
+

k2

2
sec h2

[
k

2
x− k5

2
t

]
.(3.47)

u2(x, t) =
−k2

6
− k2

2
csc h2

[
k

2
x− k5

2
t

]
.(3.48)

3.4. Example 4. The Lax equation

This equation is well known [12], [23], [24] and has the form:

(3.49) ut + 30u2ux + 20uxuxx + 10uu3x + u5x = 0.

Let us now solve equation (3.49) by using the homogeneous balance method. To
this end, we use the wave transformation (2.2) to reduce equation (3.49) to the
following ODE:

(3.50) ωu′ + 30ku2u′ + 20k3 u′u′′ + 10k3uu(3) + k5u(5) = 0.

Balancing u(5) with u2u′ yields N = 2. Consequently, equation (3.50) has the
formal solution (3.3). Substituting (3.3)-(3.8) into (3.50) and equating all the
coefficients of powers of Q(ξ) to zero, we obtain

−k5a1 − ωa1 − 10k3a0a1 − 30ka2
0a1 = 0,(3.51)

31k5a1 + ωa1 + 70k3a0a1 + 30ka2
0a1 − 30k3a2

1 − 60ka0a
2
1(3.52)

−32k5a2 − 2ωa2 − 80k3a0a2 − 60ka2
0a2 = 0,

−180k5a1 − 120k3a0a1 + 150k3a2
1 + 60ka0a

2
1 − 30ka3

1(3.53)

+422k5a2 + 2ωa2 + 380k3a0a2 + 60ka2
0a2

−210k3a1a2 − 180ka0a1a2 = 0,

390k5a1 + 60k3a0a1 − 220k3a2
1 + 30ka3

1 − 1710k5a2(3.54)

−540k3a0a2 + 890k3a1a2 + 180ka0a1a2

−120ka2
1a2 − 240k3a2

2 − 120ka0a
2
2 = 0,(3.55)

−360k5a1 + 100k3a2
1 + 3000k5a2 + 240k3a0a2 − 1180k3a1a2(3.56)

+120ka2
1a2 + 940k3a2

2 + 120ka0a
2
2 − 150ka1a

2
2 = 0,

120k5a1 − 2400k5a2 + 500k3a1a2 − 1180k3a2
2(3.57)

+150ka1a
2
2 − 60ka3

2 = 0,

720k5a2 + 480k3a2
2 + 60ka3

2 = 0.(3.58)
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Solving the system of equations ( 3.51)-(3.57)using the Maple or Mathematica,
we obtain

Case 1.

(3.59) ω = −k5 − 10k3a0 − 30ka2
0, a1 = 2k2, a2 = −a1.

The solution of equation (3.49) corresponding (3.58) is

u1(x, t) = a0 +
k2

2
sec h2

[
k

2
x− (k5 + 10k3a0 + 30ka2

0)

2
t

]
,(3.60)

u2(x, t) = a0 − k2

2
csc h2

[
k

2
x− (k5 + 10k3a0 + 30ka2

0)

2
t

]
,(3.61)

where a0 is an arbitrary constant.

Case 2.

(3.62) ω = −7k5

2
, a0 = −k2

2
, a1 = 6k2, a2 = −a1.

The solution of equation (3.49) corresponding (3.61) is

u3(x, t) =
−k2

2
+

3k2

2
sec h2

[
k

2
x− 7k5

4
t

]
,(3.63)

u4(x, t) =
−k2

2
− 3k2

2
csc h2

[
k

2
x− 7k5

4
t

]
.(3.64)

3.5. Example 5. The Sawada-Kotera (SK) equation

This equation is well known [19], [23], [24] and has the form:

(3.65) ut + 5u2ux + 5uxuxx + 5uu3x + u5x = 0.

Let us solve equation (3.64)using the homogeneous balance method. To this end,
we use the wave transformation (2.2) to reduce equation (3.64) to the following
ODE:

(3.66) ωu′ + 5ku2u′ + 5k3 u′u′′ + 5k3uu(3) + k5u(5) = 0.

Balancing u(5) with u2u′ yields N = 2. Consequently, equation (3.65) has the
formal solution (3.3). Substituting (3.3)-(3.8) into (3.65) and equating all the
coefficients of powers of Q(ξ) to zero, we obtain
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−k5a1 − ωa1 − 5k3a0a1 − 5ka2
0a1 = 0,(3.67)

31k5a1 + ωa1 + 35k3a0a1 + 5ka2
0a1 − 10k3a2

1 − 10ka0a
2
1 − 32k5a2 = 0(3.68)

−2ωa2 − 40k3a0a2 − 10ka2
0a2 = 0,

−180k5a1 − 60k3a0a1 + 55k3a2
1 + 10ka0a

2
1 − 5ka3

1(3.69)

+422k5a2 + 2ωa2 + 190k3a0a2 + 10ka2
0a2

−75k3a1a2 − 30ka0a1a2 = 0,

390k5a1 + 30k3a0a1 − 85k3a2
1 + 5ka3

1 − 1710k5a2(3.70)

−270k3a0a2 + 335k3a1a2 + 30ka0a1a2

−20ka2
1a2 − 80k3a2

2 − 20ka0a
2
2 = 0,(3.71)

−360k5a1 + 40k3a2
1 + 3000k5a2 + 120k3a0a2 − 460k3a1a2(3.72)

+20ka2
1a2 + 330k3a2

2 + 20ka0a
2
2 − 25ka1a

2
2 = 0,

120k5a1 − 2400k5a2 + 200k3a1a2 − 430k3a2
2(3.73)

+25ka1a
2
2 − 10ka3

2 = 0,

720k5a2 + 180k3a2
2 + 10ka3

2 = 0.(3.74)

Solving the system of equations (3.66)-(3.72) using the Maple or Mathematica,
we obtain

Case 1.

(3.75) ω = −k5 − 5k3a0 − 5ka2
0, a1 = 6k2, a2 = −a1.

The solution of equation (3.64) corresponding (3.73) is

u1(x, t) = a0 +
3k2

2
sec h2

[
k

2
x− (k5 + 5k3a0 + 5ka2

0)

2
t

]
,(3.76)

u2(x, t) = a0 − 3k2

2
csc h2

[
k

2
x− (k5 + 5k3a0 + 5ka2

0)

2
t

]
,(3.77)

where a0 is an arbitrary constant.

Case 2.

(3.78) ω = −k5, a0 = −k2, a1 = 12k2, a2 = −a1.

The solution of equation (3.64) corresponding (3.76) is

u3(x, t) = −k2 + 3k2 sec h2

[
k

2
x− k5

2
t

]
,(3.79)

u4(x, t) = −k2 − 3k2 csc h2

[
k

2
x− k5

2
t

]
.(3.80)
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4. Physical explanations of our obtained solutions

Solitary bell-type waves have been obtained. In this section we have presented
some graphs of these solutions by taking suitable values of involved unknown pa-
rameters to visualize the underlying mechanism of the original equations. Using
mathematical software Maple or Mathematica, the plots of some obtained solu-
tions of equations (3.1), (3.22) and (3.34) have been shown in Figs. 1-3.
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Figure 1: The plot of the solutions (3.17) and (3.18), when k = 1
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Figure 2: The plot of the solutions (3.32) and (3.33), when k = 1
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Figure 3: The plot of the solutions (3.44) and (3.45), when a0 = 1, k = 1

5. Conclusions

The homogeneous balance method presented in this article has been applied to the
nonlinear Kaup-Kupershmidt equation, the nonlinear Ito equation, the nonlinear
Caudrey-Dodd-Gibbon equation, the nonlinear Lax equation and the Sawada-
Kotera equation for finding the exact solutions of these equations which attract the
attention of many authors. On comparing this method with the other methods,
we see that the homogeneous balance method is much more simpler than these
methods. Also we deduce that the homogeneous balance method is direct, effective
and can be applied to many other nonlinear evolution equations.
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Abstract. This study introduces a new class of algebra related to hyper BCK-algebras
and semihypergroups, called hyper KS-semigroups. It presents some characterizations
of a hyper KS-semigroup with respect to its hyper subKS-semigroups, hyper KS-ideals,
and reflexive hyper KS-ideals and their relationships. A quotient structure is con-
structed from a hyper KS-semigroup via a reflexive hyper KS-ideal and some properties
are established. This paper also shows some properties of hyper KS-semigroups homo-
morphism and specifically, the three isomorphism theorems for hyper KS-semigroups
are proved. Moreover, this paper shows that the hyper product of any nonempty finite
family of hyper KS-semigroups is also a hyper KS-semigroup and investigates some re-
lated properties.
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1. Introduction

In 1966, Y. Imai and K. Iseki introduced a class of algebra with one binary ope-
ration called BCK-algebra in their paper entitled “On Axiom systems of Propo-
sitional Calculi XIV” [7]. This algebra is a generalization of the concept of set-
theoretic difference and propositional calculi. On the other hand, K. H. Kim [11]

1Supported by a grant from DOST-ASTHRDP.
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introduced a new class of algebra called KS-semigroups, which is a combination of
BCK-algebra and semigroup. He characterized the KS-semigroups from its ideal
up to the first isomorphism theorem. Cawi, in her masteral thesis [3], proved
the second and third isomorphism theorems for KS-semigroups and gave other
characterizations parallel to ring theory.

Hyperstructure theory (also called multivalued algebras) was introduced by
F. Marty at the 8th congress of Scandinavian Mathematicians in 1934. Recall
that in a classical algebraic structure, the image of two elements of a set is an
element of the set, while in an algebraic hyperstructure, the image of two elements
is a set. This theory has been studied by many mathematicians and several books
have been written in this topic, for example see [4], [5], [6]. It is considered as a
generalization of classical algebraic structures. In this paper, we apply the theory
of hyperstructures to KS-semigroups and provide some characterizations.

2. Preliminaries

Let H be a non-empty set endowed with a hyper operation “ ∗ ” that is, “ ∗ ” is a
function from H ×H to P ∗(H) = P (H) \ {∅}. For two nonempty subsets A and

B of H, A ∗ B =
⋃

a∈A,b∈B

a ∗ b. We shall use x ∗ y instead of x ∗ {y}, {x} ∗ y, or

{x} ∗ {y}. When A is a nonempty subset of H and x ∈ H, we agree to write A ∗x

instead of A∗{x}. Similarly, we write x∗A for {x}∗A. In effect, A∗x =
⋃
a∈A

a∗x

and x ∗ A =
⋃
a∈A

x ∗ a.

Definition 2.1 [8] A semihypergroup is a hypergroupoid (H, ·) such that for all

x, y, z ∈ H, (x · y) · z = x · (y · z), that is,
⋃

u∈x·y
u · z =

⋃
v∈y·z

x · v.

Definition 2.2 [9] A hyper BCK-algebra is a nonempty set H endowed with a
hyperoperation “ ∗ ” and a constant 0 satisfying the following axioms: for all
x, y, z ∈ H,

(H1) (x ∗ z) ∗ (y ∗ z) < x ∗ y,

(H2) (x ∗ y) ∗ z = (x ∗ z) ∗ y,

(H3) x ∗H < x,

(H4) x < y and y < x imply x = y,

where (a) x < y is defined by 0 ∈ x ∗ y, and (b) for every A,B ⊆ H, A < B is
defined as follows: for all a ∈ A, there exists b ∈ B such that a < b. In such case,
we call “ < ” the hyper order in H.
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Theorem 2.3 [9] In any hyper BCK-algebra (H, ∗, 0), the following hold: for any
x, y, z ∈ H and for any nonempty subsets A,B of H, (a1) x < x and (a2) A ⊆ B
implies A < B.

Definition 2.4 [9] Let I be a nonempty subset of a hyper BCK-algebra (H, ∗, 0).
Then I is said to be a hyper BCK-ideal of H if 0 ∈ I and x ∗ y < I and y ∈ I
imply x ∈ I for all x, y ∈ H. If additionally x ∗ x ⊆ I for all x ∈ H, then I is said
to be a reflexive hyper BCK-ideal of H.

Lemma 2.5 [10] If I is a reflexive hyper BCK-ideal of a hyper BCK-algebra H,
then (x ∗ y) ∩ I 6= ∅ implies x ∗ y ⊆ I for all x, y ∈ H.

Theorem 2.6 [12] Let f : (H1, ∗1, 01) → (H2, ∗2, 02) be a homomorphism of hyper
BCK-algebras. Then H1/Kerf ∼= Imf.

Theorem 2.7 [12] Let I be a reflexive hyper BCK-ideal and J be a hyper BCK-
ideal of H such that I ⊆ J . Then (H/I)/(J/I) ∼= H/J .

3. Hyper SubKS-semigroups, Hyper KS-Ideals and Hyper P-ideals

In this section, we introduce the concept of hyper KS-semigroup and we study
the notions of hyper subKS-semigroups, hyper KS-ideals and hyper P -ideals of a
hyper KS-semigroup and investigate some of their properties.

Definition 3.1 A hyper KS-semigroup is a nonempty set H together with two
hyperoperations “∗” and “ ·” and a constant 0 satisfying the following conditions:

(i) (H, ∗, 0) is a hyper BCK-algebra.

(ii) (H, ·) is a semihypergroup having zero as a bilaterally absorbing element,
that is, x · 0 = 0 · x = {0} for all x ∈ H; and

(iii) “ · ” is left and right distributive over “ ∗ ”, that is, for any x, y, z ∈ H

x · (y ∗ z) = (x · y) ∗ (x · z) and (x ∗ y) · z = (x · z) ∗ (y · z).

From now on, a hyper KS-semigroup (H, ∗, ·, 0) shall be denoted by H and
for all x, y ∈ H, we agree to write x · y as xy.

Example 3.2 Let H = {0, 1, 2}. Define the operation “∗” and “·” by the Cayley’s
table shown below. Then by routine calculations, H is a hyper KS-semigroup.

∗ 0 1 2
0 {0} {0} {0}
1 {1} {0, 1} {0, 1}
2 {2} {1, 2} {0, 1, 2}

· 0 1 2
0 {0} {0} {0}
1 {0} {1} {0, 1}
2 {0} {0, 1} {0, 1, 2}
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Lemma 3.3 Let A,B and C be nonempty subsets of a hyper KS-semigroup H.
Then A < B and B ⊆ C imply A < C.

Definition 3.4 Let I be a nonempty subset of a hyper KS-semigroup H. Then
I is said to be a hyper subKS-semigroup of H if for all x, y ∈ I, x ∗ y ⊆ I and
xy ⊆ I. I is a hyper left (resp. hyper right) stable if xa ⊆ I (resp. ax ⊆ I) for
all x ∈ H and for all a ∈ I. I is a hyper stable if I is both hyper left and right
stable. I is a hyper left (resp. hyper right) KS-ideal if I is a hyper left (resp.
hyper right) stable and for any x, y ∈ H, x ∗ y < I and y ∈ I imply that x ∈ I. I
is a hyper KS-ideal if I is both a hyper left and a hyper right KS-ideal. I is said
to be reflexive if for all x ∈ H, x ∗ x ⊆ I and xx ⊆ I.

Example 3.5 Consider the hyper KS-semigroup H = {0, 1, 2} in Example 3.2
and I = {0, 1}. By routine calculations, for all x, y ∈ I such that x ∗ y < I and
y ∈ I imply x ∈ I and for all a ∈ I, xa, ax ⊆ I. Hence, I is a hyper KS-ideal
of H.

The following remark follows from Definition 3.4.

Remark 3.6 For any hyper KS-semigroup H, the following hold.

(i) {0} and H are hyper KS-ideals of H.

(ii) 0 ∈ I for any hyper KS-ideal I of H.

(iii) Every hyper KS-ideal is a hyper BCK-ideal.

Proposition 3.7 Every hyper KS-ideal of a hyper KS-semigroup is a hyper subKS-
semigroup.

The converse of Proposition 3.7 (ii) may not be true in general. Consider the
following example.

Example 3.8 Let H = {0, 1, 2}. Define the operation “∗” and “·” by the Cayley’s
table shown below. Then by routine calculations, H is a hyper KS-semigroup.

∗ 0 1 2
0 {0} {0} {0}
1 {1} {0, 1} {0, 1}
2 {2} {1, 2} {0, 1, 2}

· 0 1 2
0 {0} {0} {0}
1 {0} {1} {0, 1, 2}
2 {0} {0, 1} {0, 2}

Consider I = {0, 1}. Observe that I is a hyper subKS-semigroup but I is not
hyper right stable since 1 · 2 = {0, 1, 2} * I.

Lemma 3.9 Let A and B be nonempty subsets of a hyper KS-semigroup H and
I be a hyper KS-ideal of H. Then B ⊆ I implies A ·B ⊆ I and B · A ⊆ I.

Theorem 3.10 Let {Ai : i ∈ I } be a nonempty collection of subsets of a hyper
KS-semigroup H.
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(i) If Ai is a hyper KS-ideal of H for all i ∈ I , then so is
⋂

i∈I

Ai.

(ii) If Aj is a hyper subKS-semigroup where j ∈ I and Ai0 is a hyper KS-

ideal of H for some i0 ∈ I , then
⋂

i∈I

Ai is a hyper KS-ideal of Aj, j 6= i0.

Moreover, if Ai0 is reflexive in H, then
⋂

i∈I

Ai is reflexive in Aj.

Proof. Let {Ai : i ∈ I } be a nonempty collection of subsets of H.

(i) Suppose that Ai is a hyper KS-ideal of H for all i ∈ I . Then 0 ∈ Ai for

all i ∈ I and so 0 ∈
⋂

i∈I

Ai. Thus,
⋂

i∈I

Ai 6= ∅. Clearly,
⋂

i∈I

Ai ⊆ Ai for all

i ∈ I . Let a ∈
⋂

i∈I

Ai and x ∈ H. Then a ∈ Ai for all i ∈ I . Since Ai

is hyper stable in H for all for all i ∈ I , it follows that xa, ax ⊆ Ai for all

i ∈ I . Thus, xa, ax ⊆
⋂

i∈I

Ai and so
⋂

i∈I

Ai is hyper stable in H. Suppose

that x, y ∈ H such that x ∗ y <
⋂

i∈I

Ai and y ∈
⋂

i∈I

Ai. Since
⋂

i∈I

Ai ⊆ Ai

for all i ∈ I , it follows by Lemma 3.3 that x ∗ y < Ai for all i ∈ I . Also,
y ∈ Ai for all i ∈ I . Hence, Ai hyper KS-ideals for all i ∈ I imply x ∈ Ai

for all i ∈ I . Therefore,
⋂

i∈I

Ai is a hyper KS-ideal of H.

(ii) Suppose that Aj is a hyper subKS-semigroup where j ∈ I and Ai0 is a

hyper KS-ideal of H for some i0 ∈ I . Since 0 ∈ Ai for all i ∈ I , 0 ∈
⋂

i∈I

Ai

and so
⋂

i∈I

Ai 6= ∅. Clearly,
⋂

i∈I

Ai ⊆ Ai for all i ∈ I . Let x ∈ Aj where

j 6= i0 and a ∈
⋂

i∈I

Ai. Then a ∈ Ai for all i ∈ I . In particular, a ∈ Aj.

Since Aj is a hyper subKS-semigroup, xa, ax ⊆ Aj. Also, since Ai0 is hyper
stable in H, it follows that xa, ax ⊆ Ai0 . Thus, xa, ax ⊆ Ai for all i ∈ I

and so xa, ax ⊆
⋂

i∈I

Ai. Hence,
⋂

i∈I

Ai is hyper stable in Aj. Suppose that

x, y ∈ Aj where j 6= i0 such that x ∗ y <
⋂

i∈I

Ai and y ∈
⋂

i∈I

Ai. Then y ∈ Ai

for all i ∈ I . Since
⋂

i∈I

Ai ⊆ Ai for all i ∈ I , it follows by Lemma 3.3

that x ∗ y < Ai for all i ∈ I . If i = i0, then x ∈ Ai0 since Ai0 hyper
KS-ideal of H. Note that by assumption, x ∈ Aj and so x ∈ Ai for all

i ∈ I . Hence, x ∈
⋂

i∈I

Ai. Thus,
⋂

i∈I

Ai is a hyper KS-ideal of Aj. Moreover,

if Ai0 is reflexive in H, then for all x ∈ Aj, x ∗ x, xx ⊆ Ai0 and since Aj is a
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hyper subKS-semigroup, x ∗ x, xx ⊆ Aj and so x ∗ x, xx ⊆ Ai for all i ∈ I .

Therefore, x ∗ x, xx ⊆
⋂

i∈I

Ai implying that
⋂

i∈I

Ai is reflexive in Aj.

Definition 3.11 Let θ be an equivalence relation on a hyper KS-semigroup H
and A,B be nonempty subsets of H.

(i) AθB means that, for all a ∈ A there exists b ∈ B such that aθb and for all
b ∈ B there exists a ∈ A such that aθb,

(ii) θ is said to be a congruence relation on H if for all x, y, u, v ∈ H, xθy and
uθv imply that (x ∗ u)θ(y ∗ v) and (xu)θ(yv).

From [13], the relation “ ∼I ” on H is defined by x ∼I y if and only if x∗y ⊆ I
and y ∗ x ⊆ I for all x, y ∈ H. Then, ∼I is an equivalence relation on H. Also,
the relation “ ∼I ” on P ∗(H) is defined by A hI B if and only if for all a ∈ A
there exists b ∈ B such that a ∼I b, and for all b ∈ B there exists a ∈ A such
that a ∼I b, for all A,B ∈ P ∗(H). Then, hI is an equivalence relation on P ∗(H),
where I is a reflexive hyper KS-ideal of H. In [12], it was proved that xθy and
uθv imply (x ∗ u)θ(y ∗ v) for all x, y, u, v ∈ H, (i) I = I0 and (ii) Ix = Iy if and
only if x ∼I y.

Theorem 3.12 The relation ∼I is a congruence relation on a hyper KS-semi-
group H.

Proof. Let x, y, u, v ∈ H such that x ∼I y and u ∼I v. Then x ∗ y, y ∗ x,
u ∗ v, v ∗ u ⊆ I. We only need to show that xu hI yv. Let a ∈ xu and b ∈ yv.
Then

a ∗ b ⊆ xu ∗ xv = x(u ∗ v) ⊆ I and b ∗ a ⊆ xv ∗ xu = x(v ∗ u) ⊆ I.

Thus, a ∼I b and so xu hI xv. Also, let c ∈ xv and d ∈ yv. Then c∗d ⊆ xv∗yv =
(x ∗ y)v ⊆ I and d ∗ c ⊆ yv ∗ xv = (y ∗ x)v ⊆ I. Thus, c ∼I d and so xv hI yv.
Since hI is transitive, xu hI yv.

Therefore, ∼I is a congruence relation on H.

In [12], if (H, ∗, 0) is a hyper BCK-algebra and I is a reflexive hyper BCK-
ideal, then (H/I, ~, I0) is a hyper BCK-algebra under the hyperoperation “ ~ ”
and hyper order “ ¿ ” which is defined as Ix ~ Iy = {Iz : z ∈ x ∗ y} and
Ix ¿ Iy ⇔ I0 ∈ Ix ~ Iy where Ix = {y ∈ H : x ∼I y} and H/I = {Ix : x ∈ H}.

Theorem 3.13 Let I be a reflexive hyper KS-ideal of a hyper KS-semigroup H.
Define the hyperoperation “¯” on H by Ix¯Iy = {Iz : z ∈ xy} for all Ix, Iy ∈ H/I.
Then (H/I, ~,¯, I0) is a hyper KS-semigroup.

Proof. We only need to show that (H/I,¯) is a semihypergroup such that I0

is a bilaterally absorbing element and that “¯ ” is left and right distributive over
“ ~ ”. First, we show that the hyperoperation “ ¯ ” on H/I is well-defined. Let
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x, x′, y, y′ ∈ H such that Ix = Ix′ and Iy = Iy′ . Then x ∼I x′ and y ∼I y′. Since
∼I is a congruence relation, xx′∼Iyy′, it follows that for all z ∈ xx′, there exists
w ∈ yy′ such that z ∼I w and for all t ∈ yy′, there exists s ∈ xx′ such that
t ∼I s. Thus, Iz = Iw ∈ Iy ¯ Iy′ implying that z ∈ yy′ and also It = Is ∈ Ix ¯ Ix′

implying that t ∈ xx′. Hence, Ix¯Ix′ ⊆ Iy¯Iy′ and Iy¯Iy′ ⊆ Ix¯Ix′ . Therefore,
Ix¯Ix′ = Iy¯Iy′ and so “¯” is well-defined. Now, we show that H/I is associative.

Let Ix, Iy, Iz ∈ H/I and let Iw ∈ (Ix ¯ Iy) ¯ Iz. Then Iw ∈ Iu ¯ Iz for some
u ∈ xy. Thus, w ∈ uz ⊆ (xy)z = x(yz) and so Iw ∈ Ix ¯ (Iy ¯ Iz). Hence,
(Ix¯ Iy)¯ Iz ⊆ Ix¯ (Iy ¯ Iz). Similarly, let Is ∈ Ix¯ (Iy ¯ Iz). Then Is ∈ Ix¯ It

for some t ∈ yz. Thus, s ∈ xt ⊆ x(yz) = (xy)z and so Is ∈ (Ix ¯ Iy)¯ Iz. Hence,
Ix ¯ (Iy ¯ Iz) ⊆ (Ix ¯ Iy) ¯ Iz. Therefore, (Ix ¯ Iy) ¯ Iz = Ix ¯ (Iy ¯ Iz) and so
(H/I,¯) is a semihypergroup. Moreover, for all Ix ∈ H/I,

Ix ¯ I0 = {Iz : z ∈ x0 = {0}} = {I0} = {Iz : z ∈ 0x = {0}} = I0 ¯ Ix.

Furthermore, let Iw ∈ Ix ¯ (Iy ~ Iz). Then Iw ∈ Ix ¯ Iu for some u ∈ y ∗ z.
By Definition 3.1 (iii), w ∈ xu ⊆ x(y ∗ z) = xy ∗ xz. This implies that Iw ∈
(Ix ¯ Iy) ~ (Ix ¯ Iz) and so Ix ¯ (Iy ~ Iz) ⊆ (Ix ¯ Iy) ~ (Ix ¯ Iz). On the other
hand, let Iw′ ∈ (Ix¯ Iy) ~ (Ix¯ Iz). Then Iw′ ∈ Iu′ ~ Iv′ for some u′ ∈ xy and for
some v′ ∈ xz. By Definition 3.1 (iii), w′ ∈ u′ ∗ v′ ⊆ xy ∗ xz = x(y ∗ z). Hence,
Iw′ ∈ Ix ¯ (Iy ~ Iz) and so (Ix ¯ Iy) ~ (Ix ¯ Iz) ⊆ Ix ¯ (Iy ~ Iz). Therefore,
(Ix ¯ Iy) ~ (Ix ¯ Iz) = Ix ¯ (Iy ~ Iz) and so “¯ ” is left distributive over “ ~ ”.

Finally, let Iw ∈ (Iy ~ Iz) ¯ Ix. Then there exists u ∈ y ∗ z such that
Iw ∈ Iu ¯ Ix. By Definition 3.1 (iii), w ∈ ux ⊆ (y ∗ z)x = yx ∗ zx. Hence,
Iw ∈ (Iy ¯ Ix) ~ (Iz ¯ Ix) and so (Iy ~ Iz) ¯ Ix ⊆ (Iy ¯ Ix) ~ (Iz ¯ Ix). On the
other hand, let Iw′ ∈ (Iy ¯ Ix) ~ (Iz ¯ Ix). Then Iw′ ∈ Iu′ ~ Iv′ for some u′ ∈ yx
and for some v′ ∈ zx. By Definition 3.1 (iii), w′ ∈ u′ ∗ v′ ⊆ yx ∗ zx = (y ∗ z)x.
Hence, Iw′ ∈ (Iy ~ Iz)¯ Ix and so (Iy¯ Ix)~ (Iz¯ Ix) ⊆ (Iy ~ Iz)¯ Ix. Therefore,
(Iy ¯ Ix) ~ (Iz ¯ Ix) = (Iy ~ Iz)¯ Ix and so “¯ ” is right distributive over “ ~ ”.

Therefore, (H/I, ~,¯, I0) is a hyper KS-semigroup.

4. Hyper KS-semigroup Homomorphism

In this section, we study the concept of hyper KS-semigroup homomorphism.
A hyper KS-semigroup homomorphism is a function between two hyper KS-
semigroups which respects the hyperoperations. More precisely:

Definition 4.1 Let (H1, ∗1, ·1, 01) and (H2, ∗2, ·2, 02) be hyper KS-semigroups and
f : H1 → H2 be a map. Then f is called a hyper KS-semigroup homomorphism if
f(x ∗1 y) = f(x) ∗2 f(y) and f(x ·1 y) = f(x) ·2 f(y) for all x, y ∈ H1.

Theorem 4.2 Let f : G → H be a hyper KS-semigroup homomorphism. Then
Ker f is a hyper KS-ideal of G.

Theorem 4.3 Let f : G → H be a hyper KS-semigroup epimorphism and I be a
hyper KS-ideal of G containing Kerf such that Kerf is reflexive. Then f(I) is
a reflexive hyper KS-ideal of H.
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Proof. Let x ∈ H and a ∈ f(I). Since f is onto, there exists y ∈ G such that
x = f(y). Also, a = f(b) for some b ∈ I. Since I is hyper stable in G, yb, by ⊆ I
and so xa = f(y)f(b) = f(yb) ⊆ f(I) and ax = f(b)f(y) = f(by) ⊆ f(I). Thus,
f(I) is hyper left and hyper right stable in H.

Let a, b ∈ H such that a∗b < f(I) and b ∈ f(I). Then b = f(y) for some y ∈ I
and a = f(x) for some x ∈ G since f is onto. Also, since f is a homomorphism,
f(x ∗ y) = f(x) ∗ f(y) = a ∗ b < f(I). Let z ∈ x ∗ y. Then f(z) ∈ f(x ∗ y) < f(I)
and so f(z) < f(w) for some w ∈ I. This means that 0 ∈ f(z) ∗ f(w) = f(z ∗ w)
since f is a homomorphism. This implies that 0 = f(t) for some t ∈ z ∗ w. Since
f(t) = 0, t ∈ Kerf and so (z ∗ w) ∩ Kerf 6= ∅. Since Kerf is reflexive, by
Lemma 2.5, z ∗w ⊆ Kerf ⊆ I. By Theorem 2.3(a2), z ∗w < I. Since I is a hyper
KS-ideal and w ∈ I, it follows that z ∈ I and so x ∗ y ⊆ I. By Theorem 2.3(a2),
x ∗ y < I. Since I is a hyper KS-ideal and y ∈ I, x ∈ I. Hence, a = f(x) ∈ f(I)
and so f(I) is a hyper KS-ideal of H.

Let y ∈ H. Then f(x) = y for some x ∈ G since f is onto and x ∗ x, xx ⊆
Kerf ⊆ I since Kerf is reflexive. Now, f a homomorphism implies y ∗ y =
f(x) ∗ f(x) = f(x ∗ x) ⊆ f(Kerf) ⊆ f(I) and yy = f(x)f(x) = f(xx) ⊆
f(Kerf) ⊆ f(I). Hence, f(I) is reflexive.

Theorem 4.4 Let f : G → H be a hyper KS-semigroup homomorphism and I be
a hyper KS-ideal of H. Then f−1(I) is a hyper KS-ideal of G. Moreover, if I is
reflexive in H, then f−1(I) is reflexive in G.

In [12], if I is a reflexive hyper BCK-ideal of a hyper BCK-algebra H,
then there exists a canonical surjective homomorphism ϕ : H → H/I given by
ϕ(x) = Ix with kernel I.

Theorem 4.5 If I is a reflexive hyper KS-ideal of H, then the mapping
ϕ : H → H/I given by ϕ(x) = Ix is an epimorphism with kernel I.

The proof follows by showing that ϕ(x ·1 y) = ϕ(x) ·2 ϕ(y) for all x, y ∈ H.

Theorem 4.6 (First Isomorphism Theorem) Let f : G → H be a hyper KS-
semigroup homomorphism and Kerf be a reflexive hyper KS-ideal of G. Then
G/Kerf ∼= Imf.

Proof. Since Kerf is a reflexive hyper KS-ideal and by Theorem 3.13, G/Kerf
is a hyper KS-semigroup. Define a mapping ϕ : G/Kerf → Imf by ϕ(Jx) = f(x)
for all Jx ∈ G/Kerf .

Let Jx, Jy ∈ G/Kerf such that Jx = Jy. Then x ∼Kerf y and so x∗ y, y ∗x ⊆
Kerf . Now, f homomorphism implies f(x) ∗ f(y) = f(x ∗ y) ⊆ f(Kerf) = {0}
and f(y)∗f(x) = f(y ∗x) ⊆ f(Kerf) = {0}. Since x∗y, y ∗x 6= ∅, it follows that
f(x)∗f(y) = {0} and f(y)∗f(x) = {0}, that is, 0 ∈ f(x)∗f(y) and 0 ∈ f(y)∗f(x).
So, f(x) < f(y) and f(y) < f(x). By Definition 2.2(H4), f(x) = f(y) and so
ϕ(Jx) = ϕ(Jy). Hence, ϕ is well-defined.
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Let Jx, Jy ∈ G/Kerf such that ϕ(Jx) = ϕ(Jy). Then f(x) = f(y). By
Theorem 2.3(a1), f(x) < f(y) and f(y) < f(x). Thus, by Definition 2.2 and since
f is a homomorphism, we have 0 ∈ f(x) ∗ f(y) = f(x ∗ y) and 0 ∈ f(y) ∗ f(x) =
f(y ∗ x). This means that there exists t ∈ x ∗ y and s ∈ y ∗ x such that f(t) = 0
and f(s) = 0. This implies that t, s ∈ Kerf and so (x ∗ y) ∩ Kerf 6= ∅ and
(y ∗ x) ∩ Kerf 6= ∅. By Lemma 2.5, x ∗ y, y ∗ x ⊆ Kerf . Hence, x ∼Kerf y
and so Jx = Jy. Therefore, ϕ is one-to-one. Clearly, ϕ is onto. Now, for all
Jx, Jy ∈ G/Kerf , ϕ(Jx ~ Jy) = {ϕ(Jt) : Jt ∈ Jx ~ Jy} = {f(t) : t ∈ x ∗ y} =
f(x ∗ y) = f(x) ∗ f(y) = ϕ(Jx) ∗ ϕ(Jy) and ϕ(Jx ¯ Jy) = {ϕ(Jt) : Jt ∈ Jx ¯ Jy} =
{f(t) : t ∈ xy} = f(xy) = f(x)f(y) = ϕ(Jx)ϕ(Jy). Hence, ϕ is an isomorphism.
Therefore, G/Kerf ∼= Imf.

Definition 4.7 Let M be a nonempty subset of H and N be a reflexive hyper
KS-ideal of H. Define the subset MN of H by

MN =
⋃

m∈M

Nm,

where Nm = {x ∈ H : m ∼N x}.

From the preceding definition and since ∼N is reflexive, for all m ∈ M ,

m ∼N m. Hence, m ∈ Nm ⊆
⋃

m∈M

Nm = MN . Thus, we M ⊆ MN .

Proposition 4.8 Let M be a nonempty subset of H and N be a reflexive hyper
KS-ideal of H. If M hN N , then M ⊆ N and MN = N .

Proof. The result follows from Definition 4.7

Theorem 4.9 Let M be a hyper subKS-semigroup and N be a reflexive hyper
KS-ideal of a hyper KS-semigroup H. Then MN is a hyper subKS-semigroup
of H.

Proof. Let x, y ∈ MN . Then x ∈ Na and y ∈ Nb for some a, b ∈ M . This
implies that x ∼N a and y ∼N b. By Theorem 3.12, we have x ∗ y hN a ∗ b and
xy hN ab. Thus, for all w ∈ x ∗ y, there exists z ∈ a ∗ b ⊆ M such that w ∼N z
and for all u ∈ xy, there exists v ∈ ab ⊆ M such that u ∼N v. This means that
w ∈ Nz ⊆ MN and u ∈ Nv ⊆ MN and so w, u ∈ MN . Hence, x ∗ y, xy ⊆ MN .
Therefore, MN is a hyper subKS-semigroup of H.

Theorem 4.10 (Second Isomorphism Theorem) Let M be a hyper subKS-semi-
group and N be a reflexive hyper KS-ideal of H. Then M/(M ∩N) ∼= MN/N .

Proof. Let M be a hyper subKS-semigroup and N be a reflexive hyper KS-ideal
of H. Define π : H → H/N by π(x) = Nx for all x ∈ H. Define f = π|M . By
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Theorem 4.5, π is a well-defined homomorphism. It follows that f is also a well-
defined homomorphism. By Theorem 4.6, M/Kerf ∼= Imf . Now, by Theorem
2.3(a2) and Definition 3.4 (iv), we have

Kerf = {x ∈ M | f(x) = N0} = {x ∈ M | Nx = N0}
= {x ∈ M | x ∼N 0} = {x ∈ M | x ∈ N} = M ∩N.

Furthermore, we show that Imf = MN/N . Let Nx ∈ Imf . Then there exists
m ∈ M such that f(m) = Nx. This implies that π(m) = Nm = Nx and so m ∼N x.
This means that x ∈ Nm ⊆ MN . Hence, Nx ∈ MN/N and so Imf ⊆ MN/N .
On the other hand, let Ny ∈ MN/N . Then y ∈ MN , that is, y ∈ Nx for some
x ∈ M . Thus, y ∼N x and so Ny = Nx = f(x) ∈ Imf . Hence, MN/N ⊆ Imf
and so Imf = MN/N . Therefore, M/(M ∩N) ∼= MN/N .

Lemma 4.11 Let I and J be hyper KS-ideals of H such that I is reflexive and
I ⊆ J . Then

(i) I is a reflexive hyper KS-ideal of the hyper subKS-semigroup J , and

(ii) the quotient hyper KS-semigroup J/I is a reflexive hyper KS-ideal of H/I.

Proof. The result follows from Definition 3.4 (v) and Proposition 3.7.

Theorem 4.12 (Third Isomorphism Theorem) Let I and J be hyper KS-ideals
of H such that I is reflexive and I ⊆ J . Then (H/I)/(J/I) ∼= H/J .

Proof. Let I and J be hyper KS-ideals of H such that I is reflexive and I ⊆ J .
Observe that for all x ∈ H, x ∗ x, xx ⊆ I ⊆ J and so it follows that J is
also reflexive. By Lemma 4.11, J/I and (H/I)/(J/I) are defined. Define the
function f : H/I → H/J by f(Ix) = Jx. Note that by Theorem 2.7, f is a well-
defined homomorphism with respect to the hyperoperation “ ∗ ”, Ker f = J/I
and Im f = H/J . Thus, we only need to show that f is a homomorphism with
respect to the hyperoperation “ · ”. Let Ix, Iy ∈ H/I. Then

f(Ix ¯ Iy) = {f(It) : It ∈ Ix ¯ Iy} = {f(It) : t ∈ xy} = {Jt : t ∈ xy} = Jx ¯ Jy.

Hence, (H/I)/(J/I) ∼= H/J .

5. Hyper Product of Hyper KS-semigroups

In this section, we develop some more of the abstract theory of hyper KS-semi-
groups. In particular, we show that the hyper product of any nonempty finite
family of hyper KS-semigroups is also a hyper KS-semigroup.

Let (H1, ∗1, ·1, 01) and (H2, ∗2, ·2, 02) be hyper KS-semigroups with hyper
orders denoted by <1 and <2, respectively. Define the structure H1 × H2 by
H1 × H2 = {(a, b) : a ∈ H1, b ∈ H2}. In [2], (H1 × H2, ~, (01, 02)) is a hyper
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BCK-algebra where (a1, b1)~ (a2, b2) = (a1 ∗1 a2, b1 ∗2 b2) and (a1, b1) ¿ (a2, b2) ⇔
a1 <1 a2 and b1 <2 b2 for all (a1, b1), (a2, b2) ∈ H1 ×H2. For any sets A ∈ P ∗(H1)
and B ∈ P ∗(H2), (A,B) = {(a, b) : a ∈ A, b ∈ B}. H1 and H2 shall mean the
hyper KS-semigroups (H1, ∗1, ·1, 01) and (H2, ∗2, ·2, 02) with hyper orders <1 and
<2, respectively.

Definition 5.1 Define the hyperoperation “¯” on H1×H2 by (a1, b1)¯(a2, b2) =
(a1 ·1 a2, b1 ·2 b2) for all (a1, b1), (a2, b2) ∈ H1 ×H2. Then (H1 ×H2,~,¯, (01, 02))
is called the hyper product of H1 and H2.

The following theorem holds since the hyperoperation ¯ is componentwise.

Theorem 5.2 The hyper product of two hyper KS-semigroups is also a hyper
KS-semigroup.

Now, we extend the hyper product H1×H2 of H1 and H2 to any finite family
of hyper KS-semigroups and obtain the following result.

Theorem 5.3 Let {Hi|i = 1, 2, . . . , n} be a nonempty family of hyper KS-semi-

groups. Then
( n∏

i=1

Hi, ~,¯, 0
)

is a hyper KS-semigroup.

Theorem 5.4 Let H1 and H2 be hyper KS-semigroups.

(i) If I1 and I2 are hyper subKS-semigroups of H1 and H2, respectively, then
I1 × I2 is a hyper subKS-semigroup of H1 ×H2.

(ii) If I1 and I2 are hyper KS-ideals of H1 and H2, respectively, then I1 × I2 is
a hyper KS-ideal of H1 ×H2.

(iii) If I1 and I2 are reflexive in H1 and H2, respectively, then I1× I2 is reflexive
in H1 ×H2.

Proof. Let (x, y), (p, q) ∈ I1 × I2. Then x, p ∈ I1 and y, q ∈ I2.

(i) Suppose that I1 and I2 are hyper subKS-semigroups of H1 and H2, respec-
tively. Then x ∗ p, xp ⊆ I1 and y ∗ q, yq ⊆ I2 implying that (x, y) ~ (p, q) =
(x ∗ p, y ∗ q) ⊆ I1 × I2 and (x, y)¯ (p, q) = (xp, yq) ⊆ I1 × I2. Thus, I1 × I2

is a hyper subKS-semigroup of H1 ×H2.

(ii) Suppose that I1 and I2 are hyper KS-ideals of H1 and H2, respectively.
Let (r, s) ∈ H1 × H2. Then r ∈ H1 and s ∈ H2. Since I1 and I2 are
hyper stable in H1 and H2, respectively, rx, xr ⊆ I1 and sy, ys ⊆ I2 where
x ∈ H1, y ∈ H2. It follows that (r, s) ¯ (x, y) = (rx, sy) ⊆ I1 × I2 and
(x, y)¯ (r, s) = (xr, ys) ⊆ I1 × I2 and so I1 × I2 is hyper stable in H1 ×H2.
Suppose that (m,n), (r, s) ∈ H1 × H2 such that (m,n) ~ (r, s) ¿ I1 × I2

and (r, s) ∈ I1 × I2. Then (m ∗ r, n ∗ s) ¿ I1 × I2. This means that for all
(a, b) ∈ (m ∗ r, n ∗ s), there exists (c, d) ∈ I1 × I2 such that (a, b) ¿ (c, d),
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that is, a < c and b < d. Note that a ∈ m ∗ r and c ∈ I1 imply m ∗ r < I1.
Since r ∈ I1, we have m ∈ I1. Also, b ∈ n ∗ s and d ∈ I2 imply n ∗ s < I2.
Since s ∈ I2, it follows that n ∈ I2. Hence, (m,n) ∈ I1 × I2. Therefore,
I1 × I2 is a hyper KS-ideal of H1 ×H2.

(iii) Let (r, s) ∈ H1×H2. Then r ∈ H1 and s ∈ H2. Since I1 and I2 are reflexive
in H1 and H2, respectively, it follows that r ∗ r, rr ⊆ I1 and s ∗ s, ss ⊆ I2.
Thus, (r∗r, s∗s), (rr, ss) ⊆ I1×I2. Therefore, I1×I2 is reflexive in H1×H2.

Theorem 5.5 Let ϕ1 : G1 → H1 and ϕ2 : G2 → H2 be hyper KS-semigroup
homomorphisms. Define ϕ : G1×G2 → H1×H2 by ϕ((a1, a2)) = (ϕ1(a1), ϕ2(a2))
for all (a1, a2) ∈ G1 ×G2. Then

(i) ϕ is a hyper KS-homomorphism;

(ii) Kerϕ = Kerϕ1 ×Kerϕ2;

(iii) Imϕ = Imϕ1 × Imϕ2; and

(iv) ϕ is a monomorphism (resp. epimorphism) if and only if ϕi is a monomor-
phism (resp. epimorphism) for each i = 1, 2.

Proof. Define ϕ : G1 × G2 → H1 × H2 by ϕ((a1, a2)) = (ϕ1(a1), ϕ2(a2)) for all
(a1, a2) ∈ G1 × G2. Since ϕ1 and ϕ2 are well-defined, it also follows that ϕ is
well-defined.

Let (a1, a2), (b1, b2) ∈ G1 ×G2. Then

ϕ((a1, a2) ~ (b1, b2)) = ϕ((a1 ∗ b1, a2 ∗ b2))
= {ϕ((s, t)) | s ∈ a1 ∗ b1, t ∈ a2 ∗ b2}
= {(ϕ1(s), ϕ2(t)) | s ∈ a1 ∗ b1, t ∈ a2 ∗ b2}
= (ϕ1(a1 ∗ b1), ϕ2(a2 ∗ b2))
= (ϕ1(a1) ∗ ϕ1(b1), ϕ2(a2) ∗ ϕ2(b2))
= (ϕ1(a1), ϕ2(a2)) ~ (ϕ1(b1), ϕ2(b2))
= ϕ(a1, a2) ~ ϕ(b1, b2).

and
ϕ((a1, a2)¯ (b1, b2)) = ϕ((a1b1, a2b2))

= {ϕ((s, t)) | s ∈ a1b1, t ∈ a2b2}
= {(ϕ1(s), ϕ2(t)) | s ∈ a1b1, t ∈ a2b2}
= (ϕ1(a1b1), ϕ2(a2b2))
= (ϕ1(a1)ϕ1(b1), ϕ2(a2)ϕ2(b2))
= (ϕ1(a1), ϕ2(a2))¯ (ϕ1(b1), ϕ2(b2))
= ϕ(a1, a2)¯ ϕ(b1, b2).

Thus, ϕ is a homomorphism. Furthermore,

Kerϕ = {(a1, a2) | ϕ((a1, a2)) = (01, 02) ∈ H1 ×H2}
= {(a1, a2)|(ϕ1(a1), ϕ2(a2)) = (01, 02)}
= {(a1, a2) | ϕ1(a1) = 01, ϕ2(a2) = 02}
= {(a1, a2) | a1 ∈ Kerϕ1, a2 ∈ Kerϕ2}
= Kerϕ1 ×Kerϕ2
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and
Imϕ = {ϕ((a1, a2)) | (a1, a2) ∈ G1 ×G2}

= {(ϕ1(a1), ϕ2(a2)) | a1 ∈ G1, a2 ∈ G2}
= {(ϕ1(a1), ϕ2(a2)) | ϕ1(a1) ∈ Imϕ1, ϕ2(a2) ∈ Imϕ2}
= Imϕ1 × Imϕ2.

Moreover, suppose that ϕ is one-to-one. Let a1, b1 ∈ G1 and a2, b2 ∈ G2 such
that ϕ1(a1) = ϕ1(b1) and ϕ2(a2) = ϕ2(b2). Then ϕ((a1, a2)) = (ϕ1(a1), ϕ2(a2)) =
(ϕ1(b1), ϕ2(b2)) = ϕ((b1, b2)). Since ϕ is one-to-one, (a1, a2) = (b1, b2) and so
a1 = b1 and a2 = b2. Thus, ϕ1 and ϕ2 are one-to-one. Conversely, suppose that
ϕ1 and ϕ2 are one-to-one. Let (a1, a2), (b1, b2) ∈ G1 × G2 such that ϕ((a1, a2)) =
ϕ((b1, b2)). Then (ϕ1(a1), ϕ2(a2)) = ϕ((a1, a2)) = ϕ((b1, b2)) = (ϕ1(b1), ϕ2(b2)).
This implies that ϕ1(a1) = ϕ1(b1) and ϕ2(a2) = ϕ2(b2). Since ϕ1 and ϕ2 are
one-to-one, it follows that a1 = b1 and a2 = b2 and so (a1, a2) = (b1, b2). Hence, ϕ
is one-to-one.

Finally, assume that ϕ is onto. Let x1 ∈ H1 and x2 ∈ H2. Then (x1, x2) ∈
H1×H2. Since ϕ is onto, there exists (a1, a2) ∈ G1×G2 such that (ϕ1(a1), ϕ2(a2)) =
ϕ((a1, a2)) = (x1, x2). It follows that ϕ1(a1) = x1 and ϕ2(a2) = x2. Hence, ϕ1 and
ϕ2 are onto. Conversely, assume that ϕ1 and ϕ2 are onto. Let (x1, x2) ∈ H1×H2.
Then x1 ∈ H1 and x2 ∈ H2. Since ϕ1 and ϕ2 are onto, there exists a1 ∈ G1

and a2 ∈ G2 such that ϕ1(a1) = x1 and ϕ2(a2) = x2 and so ϕ((a1, a2)) =
(ϕ1(a1), ϕ2(a2)) = (x1, x2). Therefore, ϕ is onto.
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Abstract. In this paper we intend to introduce a new class of sets known as e-I+-open
sets, defined in the light of simple extension topology and ideal topology. This set is
investigated and found to be a weaker form of e-I-open sets. We have also generalized
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1. Introduction

Levine [9] in 1964, defined one topology,τ+, to be simple extension of another
topology, τ , on the same set X by τ+(B) = {O∪(Ó∩B)|O, Ó ∈ τ} for some B /∈ τ .
He investigated the question of whether (X, τ+) has certain properties possesses
by (X, τ), the properties included regularity, complement, and normality. By the
definition of simple expansion we infer that all topologies are simple expansion
topologies.

1Corresponding Author. E-mail: wadeimoon1@hotmail.com
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An ideal I on a topological space (X, I) is a nonempty collection of subsets
of X which satisfies the following conditions:

A ∈ I and B ⊂ A implies B ∈ I; A ∈ I and B ∈ I implies A ∪B ∈ I.

Applications to various fields were further investigated by Jankovic and Hamlett
[7] Dontchev et al. [4]; Mukherjee et al. [10]; Arenas et al. [3]; et al. Nasef and
Mahmoud [11] etc. Given a topological space (X, τ, I) with an ideal I on X and
if ℘(X) is the set of all subsets of X. Then operator (.)∗ : ℘(X) → ℘(X), called a
local function [13, 7] of A with respect to τ and I is defined as follows: for A ⊆ X,

A∗(I, τ) = {x ∈ X | U ∩ A /∈ I for every U ∈ τ(x)} ,

where τ(x) = {U ∈ τ | x ∈ U}.
A Kuratowski closure operator Cl∗(x) = A ∪ A∗(I, τ).

When there is no chance for confusion, we will simply write A∗ for A∗(I, τ).
X∗ is often a proper subset of X.

A subset A of an ideal space (X, τ, I) is said to be R-I-open (resp. R-I-
closed) [15] if A = Int(Cl∗(A)) (resp. A = Cl∗(Int(A)). A point x ∈ X is called
δ − I-cluster point of A if Int(Cl∗(U)) ∩ A 6= ∅ for each open set V containing
x. The family of all δ-I-cluster points of A is called the δ-I-closure of A and is
denoted by δClI(A). The set δ-I-interior of A is the union of all R-I-open sets
of X contained in A and its denoted by δIntI(A). A is said to be δ-I-closed if
δClI(A) = A [15].

The subject of ideals in topological spaces has been studied by Kuratowski [8]
and Vaidyanathaswamy [14]. Jankovic and Hamlett [7] introduced the notation
of I-open sets in ideal topological space, and investigated further properties of
ideal space. Further Abd El-Monsef et al. [2] investigated I-open sets and I-
continuous functions. Hatir [6] introduced the notion of semi∗-I-open sets and
obtained a decomposition of I-continuity. The notion of pre∗-I-open sets to
obtain decomposition of continuity was introduced by E. Ekici and T. Noiri [5].
In addition to this, the concept of e-I-open sets and e-I-continuous functions have
been introduced by [1].

Definition 1.1. A subset A of an ideal topological space (X, τ, I) is called

1. semi∗-I-open [6] if A ⊂ Cl(δIntI(A)).

2. pre∗-I-open [5] if A ⊆ Int(δClI(A)).

3. δα-I-open [6] if A ⊂ Int(Cl(δIntI(A))).

4. δβI-open [6] if A ⊂ Int(Cl(δIntI(A))).

5. e-I-open [1] if A ⊂ Cl(δIntI(A)) ∪ Int(δClI(A)).
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In this paper we have made an attempt to extend these concept of I-openness,
semi∗-I-openness, pre∗-I-openness, e-I-openness, δα-I-openness, δβI-openness
in simple extension topology.

2. e-I-Open In Simple Extension

In all below definitions the interior Int(A) refers to the interior in usual topology,
δCl+I denote the family of all δ-I+-cluster points of A, where. A point x ∈ X
is called δ-I+-cluster point of A if Int(Cl+∗(U)) ∩ A 6= ∅ for each open set V
containing x, Cl∗+(A) is denoted the closure with respect to the ideal topological
space under simple extension. And δInt+I is the union of all R-I+-open sets of X
contained in A. Here a new local function is defined on the simple ideal topological
space (SEITS) and its denoted as A+∗ = {x ∈ X | U∩A /∈ I for every U ∈ τ+(B)}
as known as extend local functions with respect to τ+ and I. Also we defined a
closure operator as Cl+∗(A) = A ∪ A+∗. A subset A of (X, τ+, I) is called ∗+
perfect if A = A∗+. The family of all e-I+-open defined by EI+O.

Definition 2.1. Let A be a subset of simple extension ideal topological space
(SEITS), then A is said to be

(1) I+ open set [12] if A ⊂ Int(A∗+).

(2) e+-open if A ⊂ Int(δCl+(A)) ∪ Cl(δInt+(A)).

(3) R-I+-open if A = Int(Cl+∗(A)).

(4) semi∗-I+-open if A ⊂ Cl(δInt+I (A)).

(5) pre∗-I+-open if A ⊆ Int(δCl+I (A)).

(6) δα-I+-open if A ⊂ Int(Cl(δInt+I (A))).

(7) δβ+
I -open if A ⊂ Int(Cl(δInt+I (A))).

(8) e-I+-open if A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A)).

Theorem 2.2. Let (X, τ+, I) be an simple extension ideal topological space
(SEITS) the following hold:

(1) Every open is e-I+-open,

(2) Every e-I+-open is e-I-open,

(3) Every I+-open is e-I+-open.
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Proof. (1) Let A be any subset of (X, τ+, I) if A is open in τ we have:

A = Int(A)

⊂ Int(δCl+∗I (A))

⊂ Int(δCl+∗I (A)) ∪ Cl(δInt+I (A)))

Then A is e-I+-open.

(2) By the definition of e-I+-open and e-I-open and since Cl+∗(A) ⊂ Cl∗(A),
then δCl+∗I (A) ⊂ δCl∗I(A), under theses conditions every e-I+-open is e-I-open.

(3) Obvious.

Remark 2.3. From the above Theorem we know the class of e-I+-open sets is
properly placed between an open set and e-I-open set. But the converse no need
to be true.

Example 2.4. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {a, b}} and
an ideal I = {Ø, {b}},B = {b}, τ+(B) = {∅, X, {a}, {b}, {a, b}}. Then the set
A = {a, c} is e-I+-open, but it is not open in the topology τ and τ+.

Example 2.5. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {b}, {a, b}} and
an ideal I = {Ø, {c}},B = {b, c}, τ+(B) = {∅, X, {a}, {b}, {a, b}, {b, c}}. Here
{a, c} is e-I-open, but it is not e-I+-open.

Proportion 2.6. For any simple extension ideal topological space (SEITS)
(X, τ+, I) and A ⊂ X we have:

(1) If I = ∅, then A is e-I+-open if and only if A is e+-open.

(2) If I = ℘(X), then A is e-I+-open if and only if A ∈ τ .

(3) If I = N , then A is e-I+-open if and only if A is e+-open, where N the
ideal of nowhere dense.

Proof. (1) Let I = ∅ and A ⊂ X. We have δCl+I (A)) = δCl+(A)), δInt+I (A)) =
δInt+(A)) and A+∗ = Cl+(A). on other hand, Cl+∗(A) = A+∗ ∪ A = Cl+(A).
Hence A+∗ = Cl+(A) = Cl+∗(A). Thus (1) follows immediately.

(2) Let I = P (X) then A+∗ = ∅, for any A ⊂ X. Since A is e-I+-open,
we have

A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A))

= Int[Int(Cl(δInt+I (A))) ∪ δCl+I (A)]

⊂ Int[Cl(δInt+I (A)) ∪ δCl+I (A)]

⊂ Int[δCl+I (δInt+I (A ∪ A))]

⊂ Int[δCl+I (δInt+I (A))]

⊂ Int[Cl(Int(A))]

This show A ∈ τ .
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(3)⇐ Every e-I+-open is e+-open.

Let A be e-I+-open then, A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A)). By using this
fact when I = ∅ part (1), A+∗ = Cl+(A) = Cl+∗(A), we have δCl+I (A) = δCl+(A),
δInt+I (A) = δInt+(A), since δCl+I (A) is the family of all δ-I+-cluster point of A,
and δInt+I (A) the union of all R-I+-open set of X we have respectively,

∅ 6= Int(Cl∗+(U)) ∩ A = Int(U∗+ ∪ U) ∩ A = Int(Cl+(U) ∪ U) ∩ A

= Int(Cl+(U)) ∩ A 6= ∅

From this we get δCl+I (A) = δCl+(A), and

A = Int(Cl∗+(A)) = Int(A∗+ ∪ A) = Int[Cl+(A) ∪ A]

= Int(Cl+(A)) = A

From this we get δInt+I (A) = δInt+(A). This show that

A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A)) ⊂ Cl(δInt+(A)) ∪ Int(δCl+(A)).

Now, let us consider I = N and A is e+-open.

⇒ If I = N then A+∗ = Cl+∗(Int(Cl+∗A)).

Since A is e+-open then A ⊂ Cl(δInt+(A)) ∪ Int(δCl+(A)). Then

∅ 6= Int(Cl+(U)) ∩ A = Int(U+ ∪ U) ∩ A

= Int(Cl+(Int(Cl+(U)) ∪ U) ∩ A ⊂ Int(Cl+∗(Int(Cl+∗(U))) ∪ U) ∩ A

= Int(U∗+ ∪ U) ∩ A = Int(Cl+∗(U)) ∩ A 6= ∅

From this we get δCl+(A) ⊂ δCl+I (A), and

A = Int(Cl+(A)) = Int(A+ ∪ A) = Int[Cl+(Int(Cl+(A))) ∪ A]

⊂ Int[Cl+∗(Int(Cl+∗(A))) ∪ A] = Int(A∗+ ∪ A) = Int(Cl+∗(A)) = A

From this we get δInt+(A) ⊂ δInt+I (A).
A is e-I+-open. Hence the proof.

Proposition 2.7. Let A be a subset of (SITES) (X, τ+, I) then the following
properties hold:

(1) Every semi∗-I+-open is e-I+-open,

(2) Every pre∗-I+-open is e-I+-open,

(3) Every e-I+-open is δβ+
I -open.

(4) Every δα-I+-open is δβ+
I -open.
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Proof. (1) and (2) are obvious from the definition of e-I+-open set.

(3) Let A be e-I+-open. Then we have,

A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A))

⊂ Cl(Int(δInt+I (A))) ∪ Int(Int(δCl+I (A)))

⊂ Cl(Int(δInt+I (A)) ∪ Int(δCl+I (A)))

⊂ Cl[Int(δInt+I (A)) ∪ δCl+I (A)]

⊂ Cl[Int(δCl+I (A ∪ A))]

= Cl(Int(δCl+I (A))).

This show that A is an δβ+
I -open set.

(4) proof is obvious.

Remark 2.8. From above the following implication,

δ+
I open //

²²

δα-I+-open // semi∗-I+-open

²²

open

²²
pre∗-I+-open //

((PPPPPPPPPPPP e-I+-open

vvmmmmmmmmmmmm

δβ+
I -open

A is called δ+
I open if for each x ∈ A, there exist a R-I+-open set G such that

x ∈ G ⊂ A. None of these implications is reversible as shown by examples given below.

Example 2.9. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {b}, {a, b}},
I = {Ø, {b}}, B = {b, c}, τ+(B) = {∅, X, {a}, {b}, {a, b}, {b, c}}. Then the set
A = {a, c} is e-I+-open, but it is not pre∗-I+-open.

Example 2.10. Let X = {a, b, c} with a topology τ = {∅, X, {c}} and an ideal
I={∅, {b}}. Let B={a}, then τ+(B) = {∅, X, {a}, {c}, {a, c}}. Here the set A = {b, d}
is e-I+-open, but it is not semi∗-I+-open. Because Cl(δIntI(A)) ∪ Int(δClI(A)) =
Cl({a}) ∪ Int(X) = {a, b} ∪ X = X ⊃ A and hence A is e-I+-open. Since
Cl(δIntI(A)) = Cl({a}) = {a, b} + A. So A is not semi∗-I+-open.

Example 2.11. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {b}, {a, b}} and
an ideal I = {∅, {b}}. Let B = {b, c}, τ+(B) = {∅, X, {a}, {b}, {a, b}, {b, c}}. Here
A = {a, c} is e-I+-open, but it is not δα+

I -open. Because Cl(δIntI(A))∪Int(δClI(A)) =
Cl({a}) ∪ Int(X) = {a} ∪ X = X ⊃ A and hence A is e-I+-open. Since
Int(Cl(δIntI(A))) = Int(Cl({a})) = {a} + A. So A is not δα+

I -open.

Theorem 2.12. Let (X, τ, I) an ideal in topological space and A, B subsets of X.
Then, for local functions the following properties hold:
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(1) If A ⊂ B, then A∗+ ⊂ B∗+,

(2) For another ideal J ⊃ I on X, A∗+(J) ⊂ A∗+(I),

(3) A∗+ ⊂ Cl(A),

(4) A∗+(I) = Cl(A∗+) ⊂ Cl(A) (i.e A∗+

(5) (A∗+)∗+ ⊂ A∗+,

(6) (A ∪B)∗+ = A∗+ ∪B∗+,

(7) A∗+-B∗+ = (A−B)∗+ −B∗+ ⊂ (A−B)∗+,

(8) If U ∈ τ, then U ∩A∗+ = U ∩ (U ∩A)∗+ ⊂ (U ∩A)∗+,

(9) If I ∈ I, then (A-I)∗+ ⊂ A∗+ = (A ∪ I)∗+,

Proof. Obvious using the Definition of A∗+.

Proposition 2.13. Let (X, τ+, I) be SEITS and let A, U ⊆ X. If A is e-I+-open set
and U ∈ τ . Then A ∩ U is an e-I+-open.

Proof. By assumption A ⊂ Cl(δIntI(A))∪Int(δClI(A)) and U ⊆ Int(U). By Theorem
2.12 (8) we have,

A ∩ U ⊂(Cl(δInt+I (A)) ∪ Int(δCl+I (A))) ∩ Int(U)
⊂ (Cl(δInt+I (A)) ∩ Int(U)) ∪ (Int(δCl+I (A)) ∩ Int(U))
⊂ (Cl(δInt+I (A)) ∩ Cl(Int(U))) ∪ (Int(δCl+I (A)) ∩ Cl(Int(U)))
⊂ (Cl(δInt+I (A)) ∩ Int(U)) ∪ (Int(Cl(δCl+I (A)) ∩ Cl(Cl(Int(U)))))
⊂ Cl(δInt+I (A ∩ U) ∪ (Int(Cl(δCl+I (A)) ∩ Cl(Int(U))))
⊂ Cl(δInt+I (A ∩ U)) ∪ (Int(Cl(δCl+I (A)) ∩ Int(U)))
⊂ Cl(δInt+I (A ∩ U)) ∪ (Int(δCl+I (A ∩ U))).

Thus A ∩ U is e-I+-open.

Proposition 2.14. Let (X, τ+, I) be SEITS then the following hold.

(1) The union of any family of e-I+-open sets is an e-I+-open set.

(2) The intersection of arbitrary family of e-I+-closed sets is e-I+-closed.

(3) If A ∈ EI+O(X, τ+, I) and B ∈ τ , then A ∩B ∈ EI+O(X, τ+, I).

Proof. (1) Let {Aα|α ∈ ∆} be a family of e-I+-open set, Aα ⊂ Cl(δInt+I (Aα)) ∪
Int(δCl+I (Aα)). Hence

∪αAα ⊂ ∪α[Cl(δInt+I (Aα)) ∪ Int(δCl+I (Aα))]
⊂ ∪α[Cl(δInt+I (Aα))] ∪ ∪α[Int(δCl+I (Aα))]
⊂ [Cl(∪α(δInt+I (Aα))] ∪ [Int(∪α(δCl+I (Aα))]
⊂ [Cl(∪α(δInt+I (Aα))] ∪ [Int(∪α(δCl+I (Aα))]
⊂ [Cl(δInt+I (∪αAα))] ∪ [Int(δCl+I (∪αAα))].
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UαAα is e-I+-open.

(2) Let {Bα/α ∈ ∆} be a family of e-I+-closed set. Then {Bc
α/α ∈ ∆} be a family

of e-I+-open set. By (1) ∪c
αAα is e-I+-open. Hence (∩αAα)c = ∪c

αAα is e-I+-open
(∩αAα) is e-I+-closed set. Hence the proof.

(3) Let A ∈ EI+O(X, τ+, I) and B ∈ τ then A ⊂ Cl(δInt+I (A)) ∪ Int(δCl+I (A))
and

A ∩B ⊂ [Cl(δInt+I (A)) ∪ Int(δCl+I (A))] ∩B

⊂ [Cl(δInt+I (A)) ∩B] ∪ [Int(δCl+I (A)) ∩B]
⊂ [Cl(δInt+I (A ∩B))] ∪ [Int(δCl+I (A ∩B))].

This proof come from the fact δInt+I (A) is the union of all R-I+-open of X contend in
A. Then

A = Int(Cl∗+(A)) ⇒ A ∩B = Int(Cl∗+(A)) ∩B

= Int(A∗+ ∪A) ∩B

= Int[(A ∩B) ∪ (A∗+ ∩B)]
⊂ Int[Cl∗+(A ∩B)] = A ∩B

Hence Cl(δInt+I (A)) ∩B ⊂ Cl(δInt+I (A ∩B)), and other part is obvious.

Let (X, τ+, I) be a SEITS and A be a subset of X, we denoted the relative topology
[12] on A by τ+/A and I/A = {A ∩ I : I ∈ I} is clearly ideal on A.

Lemma 2.15. Let (X, τ+, I) be a SEITS and A, B subset of X such that B ⊂ A.
Then B+∗(τ+|A, I|A) = B+∗(τ+, I) ∩A.

Proposition 2.16. Let (X, τ+, I) be a SEITS and let A, U ⊆ X.
If V ∈ EI+O(X, τ+, I) set and U ∈ τ . Then U ∩ V ∈ EIO(U, τ+|U , I|U ).

Proof. Since U is open, we have IntU (A) = Int(A) for any subset A of U . By using
this fact and Theorem (2.12). We get the proof.

Definition 2.17. [12] A point x ∈ X is said to be I+ limit point of A if for every I+

open set U in X, U ∩ (A\x) 6= ∅. The set of all I+ limit point of A is called the I+

derived set of A denoted by D+
I (A).

Definition 2.18. Let A be a subset of X.

(1) The intersection of all e-I+-closed containing A is called the e-I+-closure of A
and its denoted by ClI+

e (A),

(2) The e-I+-interior of A, denoted by IntI+
e (A), is defined by the union of all e-I+-

open sets contained in A.

Definition 2.19.Let A be a subset of (X, τ+, I). A point x ∈ X is said to be I+ limit
point of A if for every e-I+ open set U in X, U ∩ (A\x) 6= ∅. The set of all e−I+ limit
point of A is called the e− I+ derived set of A denoted by D+

eI(A).
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Since every open is pre∗-I+ open set and every pre∗-I+ open set is e-I+ open set
we have. D+

eI(A) ⊂ D(A) for any A ⊂ X. Moreover, since every closed set is e-I+-closed
set we have A ⊂ ClI+

e (A) ⊂ Cl(A).

Lemma 2.20. If D+
eI(A) = D(A), then we have ClI+

e (A) = Cl(A)

Proof. Straightforward.

Corollary 2.21. If D(A) ⊂ D+
eI(A) for every subset A ⊂ X. Then for any subset C

and B of X, we have ClI+
e (B ∪ C) = ClI+

e (B) ∪ ClI+
e (C).

Theorem 2.22. If A be a subset of (X, τ+, I), then x ∈ ClI+
e (A) if and only if every

e-I+ open set U containing x intersect A.

Proof. Let us prove that x ∈ ClI+
e (A) if and only if there exists e-I+ open set U

containing x which does not intersect A, hence x /∈ ClI+
e (A) ⇒ x /∈ X\ClI+

e (A) which
does not intersect A.

Conversely, let U be e-I+-open set U containing x which does not intersect A.
Then (X\U) is e-I+-open set U containing A and x ∈ (X\U) but ClI+

e (A) ⊂ X\U .

Theorem 2.23. ClI+
e (A) = A ∪D+

eI(A).

Proof. If x ∈ D+
eI(A). Then, for every e-I+ open set U containing x, we have

U ∩ (A\x) 6= ∅. Therefore x ∈ ClI+
e (A), i.e.,

A ∪D+
eI(A) ⊆ ClI+

e (A) (∗)

Conversely, let x ∈ ClI+
e (A). If x ∈ A, then x ∈ A ∪ D+

eI(A). Let x /∈ A, since x ∈
ClI+

e (A) every e-I+-open set U containing x intersects A. But x /∈ A ⇒ U ∩ (A\x) 6= ∅.
Therefore x ∈ ClI+

e (A), i.e.,

ClI+
e (A) ⊆ A ∪D+

eI(A) (∗∗)

From (∗) and (∗∗), we get ClI+
e (A) = A ∪D+

eI(A).

3. Generalized e-I+-Closed Sets

Definition 3.1. A subset A of a SEITS (X, τ+, I) is said to be gEI+-closed if
ClI+

e (A) ⊂ U whenever A ⊂ U and U ∈ τ+.

The set of all gEI+ closed sets of X is denoted as GEI+C(X).

Example 3.2. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {a, b}} and an ideal
I = {Ø, {b}}, B = {b}, τ+(B) = {∅, X, {a}, {b}, {a, b}}. Then the sets {∅, X, {a}, {a, c},
{a, b}} are e-I+-open, and gEI+-closed sets are {∅, X, {b}, {c}, {b, c}, {a, c}}.

Since every I+-closed set is e-I+-closed we have ClI+
e (A) ⊆ I+Cl(A).

Theorem 3.3. Let (X, τ+, I) be an simple extension ideal topological space (SEITS)
then the following hold:
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(1) Every I+-closed set is gEI+-closed.

(2) Every e-I+-closed set is gEI+-closed.

Proof. (1) Since A is I+-closed set we have A = I+Cl(A) ⊆ U by the above note we
have ClI+

e (A) ⊆ I+Cl(A), then ClI+
e (A) ⊆ U whenever A ⊆ U and U ∈ τ+. Hence the

proof.
(2) Let A be e-I+-closed set. Then A = ClI+

e (A) ⊆ U . Hence A is gEI+-closed.
But the converse need not be true.

Example 3.4. Let X = {a, b, c} with a topology τ = {∅, X, {a}, {a, b}} and an ideal
I = {Ø, {b}}, B = {b}, τ+ = {∅, X, {a}, {b}, {a, b}}. Then the set {a, c} is gEI+-closed
sets but not e-I+-closed.

Theorem 3.5. If A be gEI+-closed of a SEITS (X, τ+, I), ClI+
e (A)\A does not con-

tains any nonempty closed set.

Proof. (1) Let S be closed set such that S ⊆ ClI+
e (A)\A. Then (X\S) is open and

S ⊆ ClI+
e (A) ∩Ac. (∗)

S ⊆ Ac ⇒ A ⊂ (X\S). Since A is gEI+-closed we have ClI+
e (A) ⊆ (X\S). Hence

S ⊆ X\ClI+
e (A). (∗∗)

From (∗) and (∗∗), we have S ⊆ ClI+
e (A) ∩X\ClI+

e (A) = ∅. Hence ClI+
e (A)\A.

Theorem 3.6. If A be gEI+-closed set of a SEITS (X, τ+, I) and A ⊆ B ⊆ ClI+
e (A)

then B is also gEI+-closed.

Proof. Let A be gEI+-closed set and A ⊆ B ⊆ ClI+
e (A). Then ClI+

e (A) ⊆ ClI+
e (B) ⊆

ClI+
e (A) which implies that ClI+

e (A) = ClI+
e (B) let us now consider U to be open set

in (X, τ+, I) containing B. Then A ⊆ U and A is gEI+-closed. ⇒ ClI+
e (A) ⊆ U ⇒

ClI+
e (B) ⊆ U . Then B is gEI+-closed set.

Theorem 3.7. A gEI+-closed set A is also e-I+-closed if and only if ClI+
e (A)\A is

closed.

Proof. Let A be e-I+-closed A = ClI+
e (A). If ClI+

e (A)\A = ∅ which is closed.
Conversely, let ClI+

e (A)\A is closed. By Theorem (3.6) we know that ClI+
e (A)\A

does not contains any nonempty closed set. Therefor ClI+
e (A)\A = ∅ ⇒ ClI+

e (A) = A.
Hence A is e-I+-closed.

Theorem 3.8. If A and B are gEI+-closed sets such that D(A) ⊆ D+
eI(A) and D(B) ⊆

D+
eI(B). Then A ∪B is gEI+-closed.

Proof. Let U be an open set such that A∪B ⊆ U . Then since A and B are gEI+-closed
sets we have ClI+

e (A) ⊆ U ClI+
e (B) ⊆ U . Since D(A) ⊆ D+

eI(A), thus D(A) = D+
eI(A)

and by Lemma (2.20) Cl(A) = ClI+
e (A) and, similarly, Cl(B) = ClI+

e (B). Thus

ClI+
e (A ∪B) ⊆ Cl(A ∪B) = Cl(A) ∪ Cl(B) = ClI+

e (A) ∪ ClI+
e (B) ⊆ U.

This implies A ∪B is gEI+-closed.
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Proposition 3.9. If A and B are gEI+-closed sets such that D(A) ⊆ D+
eI(A) and

D(B) ⊆ D+
eI(B). Then A ∪B is gEI+-closed.

Proof. Let U be an open set such that A∪B ⊆ U . Then since A and B are gEI+-closed
sets we have ClI+

e (A) ⊆ U ClI+
e (B) ⊆ U . Since D(A) ⊆ D+

eI(A), thus D(A) = D+
eI(A)

and by Lemma (2.20) Cl(A) = ClI+
e (A) and similarly Cl(B) = ClI+

e (B). Thus

ClI+
e (A ∪B) ⊆ Cl(A ∪B) = Cl(A) ∪ Cl(B) = ClI+

e (A) ∪ ClI+
e (B) ⊆ U.

This implies A ∪B is gEI+-closed.

Definition 3.10. Let B ⊆ A ⊆ X. The set B is said to be gEI+-closed relative to A if
AClI+

e (B) ⊆ U whenever B ⊆ U and U is open in A, where AClI+
e (B) = A ∩ ClI+

e (B).

Theorem 3.11. If B ⊆ A ⊆ X and A is gEI+-closed and open, then B is gEI+-closed
relative to A if and only if B is gEI+-closed in X.

Proof. Let A be a gEI+-closed and open. Let B is gEI+-closed relative to A. Since A
be an gEI+-closed and open then ClI+

e (A) ⊆ A. Therefore, ClI+
e (B) ⊆ ClI+

e (A) ⊆ A.
Therefore, AClI+

e (B) ⊆ ClI+
e (B)∩A = ClI+

e (B). Now, let U be open in X and B ⊆ U .
Then, U ∩ A is open in A and B ⊆ U ∩ A. Since B is gEI+-closed relative to A we
have AClI+

e (B) ⊆ U ∩A. Hence AClI+
e (B) ⊆ U ∩A ⊆ U . Therefore, B is gEI+-closed.

Conversely, let B is gEI+-closed in X. Consider U is an open in A and B ⊆ U . Then
U = V ∩A where V is open in (X, τ+, I). Now B ⊆ V and B is gEI+-closed in X. This
implies ClI+

e (B) ∩A ⊂ V ∩A = U , i.e., ClI+
e (B) ∩A ⊆ U .

Definition 3.12. A set A is said to be gEI+-open if and only if (X\A) is gEI+-closed.
The family of all gEI+-open subset of X is denoted by GEI+O(X). The largest gEI+-
open set contained in X is called the gEI+-interior of A and is denoted by gEI+(Int(A))
also A is gEI+-open if and only if gEI+(Int(A)) = A.

Proposition 3.13. Let (X, τ+, I) be an simple extension ideal topological space
(SEITS) then Statement ClI+

e (X\A) = X\ClI+
e (A) hold.

Proof. Let x ∈ ClI+
e (X\A).

⇔ every e-I+-open set U containing x intersects (X\A).
⇔ there is no e-I+-open set U containing x and contained in A.
⇔ x ∈ X\ClI+

e (A).

Theorem 3.14. A subset A of a SETIS (X, τ+, I) is gEI+-open if and only if S ⊆
IntI+

e (A) where S is closed and S ⊆ A.

Proof. Let A be gEI+-open and suppose that S is closed and S ⊆ A. Then (X\A)
is gEI+-closed and (X\A) ⊂ (X\S). Now, (X\S) is open and (X\A) is gEI+-closed.
Therefore, ClI+

e (X\A) ⊆ (X\S). By Proportion (3.13) ClI+
e (X\A) = X\IntI+

e (A).
Hence X\IntI+

e (A) ⊆ (X\S). i.e., S ⊆ IntI+
e (A).

Conversely, let S ⊆ IntI+
e (A) where S is closed and S ⊆ A. Now, to prove A is

gEI+-open is the same as proving (X\A) gEI+-closed. Let G be an open set containing
(X\A) then S = (X\G) is closed set such that S ⊆ A. Therefore, S ⊆ IntI+

e (A). i.e.,
ClI+

e (X\A) = (X\ClI+
e (X\A)) ⊂ (X\S) ClI+

e (X\A) ⊆ G. Therefore, (X\A) gEI+-
closed. i.e., A is gEI+-open. Hence the proof.
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Abstract. In this paper, we prove the existence and uniqueness of a solution of the
fuzzy impulsive differential equation x

′
(t) = f(t, x(t)), x(t0) = x0, ∆x(tk) = Ik(x(tk))

by using the method of successive approximation. We also consider the ε-approximate
solution for the above fuzzy impulsive differential equation.
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1. Introduction

Knowledge about differential equations is often incomplete or vague. For exam-
ple, initial conditions or the values of functional relationships may not be known
precisely. In such a situation, the usage of fuzzy differential equations (FDEs) is
a natural way to model dynamical systems under possibilistic uncertainty. FDEs
is a very important topic from the theoretical point of view (see e.g. [8] and
references therein) as well as of their applications, for example, in modelling hy-
draulic [2], in population models [3, 12], in modelling of a three-phase induction

1Corresponding author.
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motor [26]. The study of fuzzy differential equations forms a suitable setting for
modelling dynamical systems.

Some authors have studied fuzzy differential equations. FDEs were first for-
mulated by Kaleva [7]. He discussed the properties of differentiable fuzzy set
value mappings and give the existence and uniqueness theorem for a solution of
the fuzzy differential equation. Seikkala [23] defined the fuzzy derivatives which is
generalization of the Hukuhara derivative in [19]. Since then there appeared a lot
of papers concerning different approaches to the theory of FDEs. A rich collection
of results from the theory of FDEs is contained in the monographs of Lakshmikan-
tham and Mohapatra [8]. Park [17] studied the existence and uniqueness theorem
for fuzzy differential equations. For the cauchy problem x

′
= f(t, x), x(t0) = x0,

the local existence theorems are proved in [25], and the existence theorems under
compactness-type conditions are investigated in [24] when the fuzzy valued map-
ping f satisfies the generalized Lipschitz condition. There appeared a lot of papers
concerning different approaches to the theory of FDEs (see, e.g., [14], [15], [16]).

On the other hand, the theory of impulsive differential equations or implicit
impulsive integro-differential equations has been emerging as an important area
of investigation in recent years and has been developed very rapidly due to the
fact that such equations find a wide range of applications modeling adequately
many real processes observed in physics, chemistry, biology and engineering. Cor-
respondingly, applications of the theory of impulsive differential equations to dif-
ferent areas were considered by many authors (see, e.g, [5], [11], [13]). There are
not too many papers on impulsive fuzzy differential equations, but some basic
results on impulsive fuzzy differential equations can be found in [4], [6], [9], [20],
[21]. For the monographs of the theory of impulsive diffferential equations, we can
refer the books of Bainov and Simenov [1], Lakshmikantham et.al [10], Samoilenko
and Perestyuk [22].

Motivated and inspired by the above works, In this paper, we prove the
existence and uniqueness theorem of a solution to the fuzzy impulsive differential
equation,

(1.1)

x′(t) = f(t, x(t)),

x(t0) = x0,

∆x(tk) = Ik(x(tk)), k = 1, 2...,m

where f : I×Ed → Ed is levelwise continuous and satisfies a generalized Lipschitz
condition, x0 ∈ Ed, ∆x(tk) = x(t+k )− x(t−k ), where x(t−k ) and x(t+k ) represent the
left and right limits of x(t) at t = tk respectively. Under some hypotheses, we also
consider the ε-approximate solution for the above fuzzy differential equation.

The paper is organized as follows. In Section 2, we collect the fundamental
notions and facts which will be used in the rest of the article. In Section 3, we
prove the existence and uniqueness theorem of a solution to the fuzzy impulsive
differential equation (1.1).
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2. Preliminaries

In this section, our aim is to give a background of the fuzzy set space, and an
overview of properties used by us, of integration and differentiation of fuzzy set-
valued mappings.

Let A, B be nonempty compact subsets of Rd. The Hausdorff metric is defined
as follows

dH(A, B) = max{d∗H(A,B), d∗H(B, A)},
where

d∗H(A,B) = sup
x∈A

inf
y∈B

‖x− y‖

and ‖.‖ denotes usual Euclidean norm in Rd.

We have d∗H(A,B) = 0 if and only if A ⊂ B and d∗H(A,B) ≤ d∗(A,C) +
d∗H(C, B) for nonempty compact subsets A,B,C of Rd.

Let K(Rd) denote a family of all nonempty compact convex subsets of Rd and
define addition and scalar multiplication in K(Rd) as usual, i.e, for A,B ∈ K(Rd)
and λ ∈ R.

A + B = {a + b|a ∈ A, b ∈ B}, λA = {λa|a ∈ A}.

Denote
Ed = {u : Rd → [0, 1] | u satisfies (i)-(iv) below},

(i) u is normal, i.e., there exists an x0 ∈ Rd such that u(x0) = 1,

(ii) u is fuzzy convex, that is, u(λx + (1 − λ)y) ≥ min {u(x), u(y)} for any
x, y ∈ Rd and 0 ≤ λ ≤ 1,

(iii) u is upper semicontinuous,

(iv) [u]0 = cl{x ∈ Rd : u(x) > 0} is compact, where cl denotes the closure in
(Rd, ‖.‖).

For α ∈ (0, 1], denote [u]α = {x ∈ Rd|u(x) ≥ α}. We will call this set an
α-cut (α-level set) of u. For u ∈ Ed one has that [u]α ∈ K(Rd) for every α ∈ (0, 1].

If g : Rd×Rd → Rd is a function then according to Zadeh’s extension principle
we can extend g to Ed × Ed → Ed by the formula

g(u, v)(z) = sup
z=g(x,y)

min {u(x), v(y)} .

It is well known that if g is continuous then [g(u, v)]α = g([u]α, [v]α) for all
u, v ∈ Ed, α ∈ [0, 1]. Especially, for addition and a scalar multiplication in fuzzy
number space Ed, we have:

[u + v]α = [u]α + [v]α, [λu]α = λ[u]α,

where u, v ∈ Ed, λ ∈ R and α ∈ [0, 1].
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Define D : Ed × Ed → [0,∞) by the expression

D(u, v) = sup
0≤α≤1

dH([u]α, [v]α),

where dH is the Hausdorff metric in K(Rd). It is easy to see that D is a metric
in Ed. In fact (Ed, D) is a complete metric space, and for every u, v, w, z ∈ Ed,
λ ∈ R, one has D(u + w, v + w) = D(u, v), D(u + v, w + z) ≤ D(u,w) + D(v, z),
D(λu, λv) = |λ|D(u, v) (see, e.g., [18]).

We define θ̂ ∈ Ed as θ̂ = χ{0}, where for x ∈ Rd we have

χ{x}(y) = 1 if y = x and

χ{x}(y) = 0 if y 6= x.

Let [a, b] ⊂ R be a compact interval, −∞ < a, b < +∞. A fuzzy valued
mapping F : [a, b] → Ed is strongly measurable if for all α ∈ [0, 1] the set-
valued mapping [F (.)]α : [a, b] → K(Rd) is measurable, i.e., the set {t ∈ [a, b] |
[F (t)]α ∩ C 6= ∅} for each closed set C ⊂ Rd is Lebesgue measurable. A fuzzy
mapping F : [a, b] → Ed is called integrably bounded if there exists an integrable
function h : [a, b] → R such that ‖x‖ ≤ h(t) for all x ∈ [F (t)]0.

Definition 2.1. (Puri and Ralescu [18]). Let F : [a, b] → Ed. The integral of F

over [a, b], denoted by

∫ b

a

F (t)dt, is defined levelwise by the expression

[∫ b

a

F (t)dt

]α

=

∫ b

a

[F (t)]αdt

=

{∫ b

a

f(t)dt | f : [a, b] → Rd is measurable selection for [F (.)]α
}

,

for all α ∈ (0, 1].

By virtue of Remark 4.1 in [7], we have that

[∫ b

a

F (t)dt

]0

=

∫ b

a

[F (t)]0dt.

We recall (see [7]) some properties of integrability for fuzzy mappings.

1. Let F,G : [a, b] → Ed be integrable and λ ∈ R. Then

(i)

∫ b

a

(
F (t) + G(t)

)
dt =

∫ b

a

F (t)dt +

∫ b

a

G(t)dt,

(ii)

∫ b

a

λF (t)dt = λ

∫ b

a

F (t)dt,

(iii) D(F, G) is integrable,
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(iv) D

(∫ b

a

F (t)dt,

∫ b

a

G(t)dt

)
≤

∫ b

a

D
(
F (t), G(t)

)
dt.

2. If F : [a, b] → Ed is continuous then it is integrable.

3. If F : [a, b] → Ed is integrable and c ∈ [a, b], then∫ b

a

F (t)dt =

∫ c

a

F (t)dt +

∫ b

c

F (t)dt.

Let u, v ∈ Ed. If there exists w ∈ Ed such that u = v + w, then we call w the
H-difference of u and v and we denote it by uª v. Note that uª v 6= u + (−1)v.

Definition 2.2. (Puri and Ralescu [19]) A mapping F : [a, b] → Ed is differen-
tiable at t0 ∈ [a, b] if there exists F

′
(t0) ∈ Ed such that the limits

lim
h→0+

1

h
(F (t0 + h)ª F (t0)),

lim
h→0+

1

h
(F (t0)ª F (t0 − h))

exist and equal to F
′
(t0). The limits are taken in the metric space (Ed, D), and

at the boundary points we consider only the one-sided derivatives.

Definition 2.3. The integral of a fuzzy mapping F : [a, b] → Ed is defined
levelwise by [∫ b

a

F (t)dt

]α

=

∫ b

a

Fα(t)dt,

i.e., the set of all
∫ b

a
f(t)dt such that f : [a, b] → Rd is a measurable selection for

Fα for all α ∈ [0, 1].

Definition 2.4. A strongly measurable and integrably bounded mapping

F : [a, b] → Ed is said to be integrable over [a, b] if

∫ b

a

F (t)dt ∈ Ed.

Note that if F : [a, b] → Ed is strongly measurable and integrably bounded,
then F is integrable. Further if F : [a, b] → Ed is continuous, then it is integrable.

Definition 2.5. A mapping F : [a, b] → Ed is called differentiable at t0 ∈ [a, b]
if for any α ∈ [0, 1], the set-valued mapping Fα(t) = [F (t)]α is Hukuhara diffe-
rentiable at point t0 with DFα(t0) and the family {DFα(t0) : α ∈ [0, 1]} define a
fuzzy number F (t0) ∈ Ed. If F : [a, b] → Ed is differentiable at t0 ∈ [a, b], then we
say that F ′(t0) is the fuzzy derivative of F (t) at the point t0.

Theorem 2.1. Let F : [a, b] → Ed be differentiable. Denote Fα(t) = [fα(t), gα(t)].
Then fα and gα are differentiable and

[F ′(t)]α = [f ′α(t), g′α(t)].
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Theorem 2.2. Let F : [a, b] → Ed be differentiable and assume that the derivative
F ′ is integrable over [a, b]. Then, for each s ∈ [a, b], we have

F (s) = F (a) +

∫ s

a

F ′(t)dt.

Definition 2.6. A mapping f : [a, b]×Ed → Ed is called levelwise continuous at
a point (t0, x0) ∈ [a, b]× Ed provided for any fixed α ∈ [0, 1] and arbitrary ε > 0,
there exists δ(ε, α) > 0 such that

d([f(t, x)]α, [f(t0, x0)]
α) < ε

whenever |t− t0| < δ(ε, α) and d([x]α, [x0]
α) < δ(ε, α) for all t ∈ [a, b], x ∈ Ed.

Definition 2.7. A mapping f : [a, b]×Ed → Ed is called levelwise continuous at
a point (t0, x0) ∈ [a, b]× Ed provided for any fixed α ∈ [0, 1] and arbitrary ε > 0,
there exists δ(ε, α) > 0 such that

d([f(t, x)]α, [f(t0, x0)]
α) < ε

whenever |t− t0| < δ(ε, α) and d([x]α, [x0]
α) < δ(ε, α) for all t ∈ [a, b], x ∈ Ed.

3. Existence and uniqueness results

Assume that f : I × Ed → Ed is levelwise continuous, where the interval
I = {t : |t− t0| ≤ δ ≤ a}.

Consider the fuzzy differential equation (1.1). We denote J0 = I × B(x0, b),
where a > 0, b > 0, x0 ∈ Ed,

B(x0, b) = {x ∈ Ed | D(x, x0) ≤ b}.(3.1)

Definition 3.1. A mapping x : I → Ed is a solution to the problem (1.1) if it is
levelwise continuous and satisfies the integral equation

(3.2) x(t) = x0 +

∫ t

t0

f(s, x(s))ds +
∑

0<t<tk

Ik(x(tk)), k = 1, 2, ..., m, ∀t ∈ I.

According to the method of successive approximation, let us consider the sequence
{xn(t)} such that

xn(t) = x0 +

∫ t

t0

f(s, xn−1(s))ds +
∑

0<t<tk

Ik(x(tk)), n = 1, 2, ...,(3.3)

where x0(t) = x0, t ∈ I.
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Theorem 3.1. Assume that

(i) a mapping f : J0 → Ed is levelwise continuous,

(ii) for any pair (t, x), (t, y) ∈ J0 we have

d([f(t, x)]α, [f(t, y)]α) ≤ Ld([x]α, [y]α),(3.4)

where L > 0 is a given constant and for any α ∈ [0, 1].

(iii) There exists a constant κ and χ such that

(a) d
(
[Ik(x(tk))]

α, [Ik(y(tk))]
)α

≤ κ,

(b) d
(
[Ik(x(tk))]

α, 0) ≤ χ.

Then there exists a unique solution x = x(t) of (1.1) defined on the interval

|t− t0| ≤ δ = min

{
a,

b

M

}
,(3.5)

where M = D(f(t, x), 0̂), 0̂ ∈ Ed such that 0̂(t) = 1 for t = 0 and 0 otherwise and
for any (t, x) ∈ J0.

Moreover, there exists a fuzzy set valued mapping x : I → Ed such that
D(xn(t), x(t)) → 0 on |t− t0| ≤ δ as n →∞.

Proof. Let t ∈ I, from (3.3), it follows that, for n = 1,

x1(t) = x0 +

∫ t

t0

f(s, x0)ds +
∑

0<t<tk

Ik(x(tk))(3.6)

which proves that x(t) is levelwise continuous on |t − t0| ≤ a and, hence on
|t− t0| ≤ δ.

Moreover, for any α ∈ [0, 1] we have

d([x1(t)]
α, [x0]

α) = d

([∫ t

t0

f(s, x0)ds

]α

, 0

)
+ d

(
[Ik(x(tk))]

α, 0
)

(3.7)

≤
∫ t

t0

d([f(s, x0)]
α, 0)ds + d ([Ik(x(tk))]

α, 0)

and by the definition of D, we get

D(x1(t), x0) ≤ M |t− t0|+ χ ≤ Mδ + χ = b + χ(3.8)

Now, assume that xn−1(t) is levelwise continuous on |t− t0| ≤ δ, and that

D(xn−1(t), x0) ≤ M |t− t0|+ χ ≤ Mδ + χ = b + χ(3.9)

From (3.3), we deduce that xn(t) is levelwise continuous on |t − t0| ≤ δ and
that

D(xn(t), x0) ≤ M |t− t0|+ χ ≤ Mδ + χ = b + χ(3.10)
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Consequently, we conclude that {xn(t)} consists of levelwise continuous mappings
on |t− t0| ≤ δ, and

(t, xn(t)) ∈ J0, |t− t0| ≤ δ, n = 1, 2, 3...(3.11)

Let us prove that there exists a fuzzy set valued mapping x : I → Ed such that
D(xn(t), x(t)) → 0 uniformly on |t− t0| ≤ δ as n →∞.

For n=2, from (3.3),

x2(t) = x0 +

∫ t

t0

f(s, x1(s))ds +
∑

0<t<tk

Ik(x(tk)).(3.12)

From (3.6) and (3.12) , we have

(3.13)

d([x2(t)]
α, [x1(t)]

α) = d

([∫ t

t0

f(s, x1(s))ds

]α

,

[∫ t

t0

f(s, x0(s))ds

]α)

+ d([Ik(x2(tk))]
α, [Ik(x1(tk))]

α)

≤
∫ t

t0

d([f(s, x1(s))]
α, [f(s, x0)]

α)ds

+ d([Ik(x2(tk))]
α, [Ik(x1(tk))]

α)

for any α ∈ [0, 1]. According to condition (3.4), we obtain

(3.14)
d([x2(t)]

α, [x1(t)]
α) ≤

∫ t

t0

Ld([x1(s)]
α, [x0]

α)ds

+ d([Ik(x2(tk))]
α, [Ik(x1(tk))]

α)

and by the definition of D, we obtain

D(x2(t), x1(t)) ≤ L

∫ t

t0

D(x1(s), x0(s))ds + κ.(3.15)

Now, we can apply the first inequality (3.8) in the right hand side of (3.15) to get

D(x2(t), x1(t)) ≤ ML
|t− t0|2

2!
+ κ ≤ ML

δ2

2!
+ κ.(3.16)

Starting from (3.8) and (3.16), assume that

D(xn(t), xn−1(t)) ≤ MLn−1 |t− t0|n
n!

+ κ ≤ MLn−1 δn

n!
+ κ,(3.17)

and let us prove that such an inequality holds for D(xn+1(t), xn(t)).
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Indeed, from (3.3) and condition (3.4), it follows that

(3.18)

d([xn+1(t)]
α, [xn(t)]α) = d

([∫ t

t0

f(s, xn(s))ds

]α

,

[∫ t

t0

f(s, xn−1(s))ds

]α)

+d([Ik(x(tk))]
α, [Ik(y(tk))]

α)

≤
∫ t

t0

d([f(s, xn(s))]α, [f(s, xn−1(s))]
α)ds

+ d([Ik(x2(tk))]
α, [Ik(x1(tk))]

α)

≤
∫ t

t0

Ld([xn(s)]α, [xn−1(s)]
α)ds

+ d([Ik(x2(tk))]
α, [Ik(x1(tk))]

α)

for any α ∈ [0, 1] and from the definition of D, we have

D(xn+1(t), xn(t)) ≤ L

∫ t

t0

D([xn(s)]α, [xn−1(s)]
α)ds + κ.(3.19)

According to (3.17), we get

(3.20)

D(xn+1(t), xn(t)) ≤ MLn

∫ t

t0

|s− t0|n
n!

ds + κ

= MLn |t− t0|n+1

(n + 1)!
+ κ ≤ MLn δn+1

(n + 1)!
+ κ.

Consequently, inequality (3.17) holds for n = 1, 2.... We can also write

D(xn(t), xn−1(t)) ≤ M

L
.
(Lδ)n

n!
+ κ(3.21)

for n = 1, 2..., and |t− t0| ≤ δ.
Let us mention now that

xn(t) = x0 + [x1(t)− x0] + ... + [xn(t)− xn−1(t)],(3.22)

which implies that the sequence {xn(t)} and the series

x0 +
∞∑

n−1

[xn(t)− xn−1(t)](3.23)

have the same convergence properties.
From (3.21), according to the convergence criterion of Weierstrass, it follows

that the series having the general term xn(t)− xn−1(t), so D(xn(t), xn−1(t)) → 0
uniformly on |t− t0| ≤ δ as n →∞.

Hence, there exists a fuzzy set -valued mapping x : I → Ed such that
D(xn(t), x(t)) → 0 uniformly on |t− t0| ≤ δ as n →∞.
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From (3.4), we get

d
(
[f(t, xn(t))]α, [f(t, x(t))]α

)
≤ Ld

(
[xn(t)]α, [x(t)]α

)
(3.24)

for any α ∈ [0, 1]. By the definition of D,

D
(
f(t, xn(t)), f(t, x(t))

)
≤ LD(xn(t)), x(t)) → 0(3.25)

uniformly on |t− t0| ≤ δ as n →∞.

Taking (3.25) in to account, from (3.3), we obtain, for n →∞,

x(t) = x0 +

∫ t

t0

f(s, x(s))ds +
∑

0<t<tk

Ik(x(tk)).(3.26)

Consequently, there is at least one levelwise continuous solution of (1.1).
We want to prove now that this solution is unique, that is, from

y(t) = x0 +

∫ t

t0

f(s, y(s))ds +
∑

0<t<tk

Ik(y(tk))(3.27)

on |t − t0| ≤ δ, it follows that D
(
x(t), y(t)

)
≡ 0. Indeed, from (3.3) and (3.27),

we obtain

(3.28)

d([y(t)]α, [xn(t)]α) = d

([∫ t

t0

f(s, y(s))ds

]α

,

[∫ t

t0

f(s, xn−1(s))ds

]α)

+ d([Ik(y(tk))]
α, [Ik(xn(tk))]

α)

≤
∫ t

t0

d([f(s, y(s))ds]α , [f(s, xn−1(s))ds]α)ds

+ d([Ik(y(tk))]
α, [Ik(xn(tk))]

α)

≤
∫ t

t0

Ld([y(s)]α, [xn−1(s)]
α)ds

+ d([Ik(y(tk))]
α, [Ik(xn(tk))]

α)

for any α ∈ [0, 1], n = 1, 2....

By the definition of D, we obtain

(3.29) D
(
y(t), xn(t)

)
≤ L

∫ t

t0

D
(
y(s), xn−1(s)

)
ds + κ, n = 1, 2...,

But D(y(t), x0) ≤ b on |t− t0| ≤ δ , y(t) being a solution of (3.27). It follows from
(3.29) that

D
(
y(t), x1(t)

)
≤ bL|t− t0|+ κ(3.30)
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on |t− t0| ≤ δ. Now, assume that

D(y(t), xn(t)) ≤ bLn |t− t0|n
n!

+ κ(3.31)

on the interval |t− t0| ≤ δ. From

D(y(t), xn+1(t)) ≤ L

∫ t

t0

D(y(s), xn(s))ds + κ(3.32)

and (3.31), one obtains

D
(
y(t), xn+1(t)

) ≤ bLn+1 |t− t0|n+1

(n + 1)!
+ κ(3.33)

Consequently, (3.31) holds for any n, which leads to the conclusion

D(y(t), xn(t)) = D(x(t), xn(t)) → 0(3.34)

on the interval |t− t0| ≤ δ as n →∞. This proves the uniqueness of the solution
for (1.1).

Definition 3.2. A mapping x : L → Ed is an ε-approximate solution of (1.1) if
the following properties hold

(a) x(t) is levelwise continuous on |t− t0| ≤ δ,

(b) the derivative x′(t) exists and it is levelwise continuous,

(c) for all t for which x′(t) is defined,we have

D
(
x′(t), f(t, x(t))

)
< ε.(3.35)

Theorem 3.2. A mapping f : J0 → Ed is levelwise continuous, and let ε > 0
be arbitrary.Then there exists at least one ε-approximate solution of (1.1), defined
on |t − t0| ≤ δ = min{a, b/M}, where M = D(f(t, x), 0̂), 0̂ ∈ Ed and for any
(t, x) ∈ J0.

Proof. In as much as a mapping f : J0 → Ed is a levelwise continuous on a
compact set J0, it follows that f(t, x) is uniformly levelwise continuous.

Consequently, for any α ∈ [0, 1], we can find δ > 0 such that

d([f(t, x)]α, [f(s, y)]α) < ε.

Now, we construct the approximate solution for t ∈ [t0, t0+δ], the construction
being completely similar for t ∈ [t0 − δ, t0].

Let us consider a division

t0 < t1 < ... < tn = t0 + δ(3.36)
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of [t0, t0 + δ] such that

max
k

(tk − tk−1) < λ = min

{
δ,

δ

M

}
.(3.37)

We define a mapping x : I → Ed as follows

x(t0) = x0,(3.38)

x(t) = x(tk) + f(tk, x(tk))(t− tk)(3.39)

on tk < t < tk+1, k = 0, 1, ....n − 1. It is obvious that a mapping x : I → Ed

satisfies the first two properties from the definition of an ε-approximate solution.
Now, we want to prove that the last property is also fulfilled.
Indeed, x′(t) = f(tk, x(tk)) on (tk, tk+1) and for any α ∈ [0, 1],

(3.40) d
(
[x′(t)]α, [f(t, x(t))]α

)
= d

([
f
(
tk, x(tk)

)]α
,
[
f(t, x(t))

]α
)

< ε

since |t− tk| < λ ≤ δ,

(3.41) d
(
[x(t)]α, [x(tk)]

α
)
≤ d

(
[f

(
tk, x(tk)

)
]α, 0

)
|t− tk| < Mλ ≤ δ.

Thus, by the definition of D, we have

(3.42) D
(
x′(t), f(t, x(t))

)
< ε

on |t− t0| < δ and (t, x) ∈ J0. Since Ik is a bounded function, we know that the
theorem (3.2) holds.
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Introduction

To evaluate the modern concept of uncertainty in real physical world, L.A. Zadeh
[8] introduced the notion of fuzzy sets, in which the boundaries are not crisp or
sharp but flexible. In [4], Goguen generalized the notion of fuzzy sets into L-fuzzy
sets where L- can be a complete lattice.

Recently, in 2010, Tamilarasi and Megalai introduced a new class of algebras,
called TM-algebras [6]. In their paper they investigated the relationship between
TM-algebras and other algebras. They claimed that the TM-algebra is a genera-
lization of BCH/BCI/BCK and Q algebras. In [1], the authors, while studying
L-fuzzy structures on TM-algebras, brought out the fact that the TM-algebra is
not a generalization of BCH/BCI/BCK algebras by giving counter examples.

The notion of a fuzzy set provides a natural framework for generalizing many
of the concepts of general topology. The theory of fuzzy topological spaces is
developed by Chang [3], Wong [7], Lowen [5] and others. In our paper [2], we
have studied the notion of Fuzzy Topological subsystem on a TM-algebra. In
this paper, we introduce the notion of an L-fuzzy topological TM-subsystem and
investigate some simple but elegant results.

1Corresponding author.
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2. Preliminaries

In this section we recall some basic definitions that are required in the sequel.

Definition 2.1 Let X be a non-empty set. A mapping µ : X → L is called an
L-fuzzy set of X,where L is a complete lattice, with sup 1 and inf 0.

Definition 2.2 Let A and B be any two fuzzy sets in a non-empty set X.

1. The union of A and B, denoted by, A ∪ B is defined to be the L-fuzzy set
(A ∪B)(x) = µA(x) ∨ µB(x) for all x ∈ X.

2. The intersection of A and B, denoted by, A∩B is defined to be the L-fuzzy
set (A ∩B)(x) = µA(x) ∧ µB(x) for all x ∈ X.

3. A ⊂ B ⇒ A(x) ≤ B(x) for all x ∈ X.

4. The complement of A is defined to be A′(x) = 1− A(x) for all x ∈ X.

Definition 2.3 A fuzzy topology is a family T of fuzzy sets in X which satisfies
the following conditions

1. φ,X ∈ T

2. If A,B ∈ T then A ∩B ∈ T

3. If Ai ∈ T for each i ∈ I then ∪IAi ∈ T where I is an indexing set.

Remark 2.1 If X is a set with a fuzzy topology T then (X, T ) is called a fuzzy
topological space and any element in T is called a T-open fuzzy set in X.

Definition 2.4 Let f be a function from X to Y. Let σ be a fuzzy set in Y. The
inverse image of σ under f is defined as σf−1(x) = σ(f(x)) ∀x ∈ X. Let µ be a
fuzzy set in X. The image of µ under f is defined as

µf (y) =





sup
z∈f−1(y)

µ(z), f−1(y) is not empty, ∀y ∈ Y.

0 otherwise,

Definition 2.5 A TM-Algebra (X, ∗, 0) is a non-empty set X with a constant 0
and a binary operation ∗ satisfying the following axioms:

1. X ∗ 0 = X

2. (X ∗ Y ) ∗ (X ∗ Z) = Z ∗ Y for all x, y, z ∈ X.

Definition 2.6 L-Fuzzy TM-Subalgebra. Let L be a complete lattice with sup
1 and inf 0. An L-fuzzy subset µ of a TM-Algebra (X, ∗, 0) is called an L-fuzzy
TM-Subalgebra of X if, for all x, y ∈ X, µ(x ∗ y) ≥ µ(x) ∧ µ(y)
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Definition 2.7 Let (X, ∗) be a TM-algebra. X is said to be an L-fuzzy topologi-
cal TM-system if there is a family (X, Lτ ) of L-fuzzy subsets in X which satisfies
the following conditions

1. φ,X ∈ Lτ

2. If A,B ∈ Lτ then A ∩B ∈ Lτ

3. If Ai ∈ Lτ for each i ∈ I then ∪IAi ∈ Lτ where I is an indexing set.

Remark 2.2 If X is a set with an L-fuzzy topology Lτ then (X,Lτ ) is called an
L-fuzzy topological TM-system and any element in Lτ is called an Lτ -open fuzzy
set in X.

3. On L-Fuzzy Topological TM-Subsystem

Definition 3.8 Let (X, ∗) be a TM-Algebra. Let (X, Lτ ) be an L-Fuzzy Topo-
logical TM-System. Let A be an L-fuzzy set in X. Then the induced L-fuzzy
topological TM-system is the intersection of the L-fuzzy set A with Lτ -open fuzzy
sets of X. The induced L-fuzzy topological TM-system is denoted by LτA

. (A,LτA
)

is called an L-fuzzy topological TM-subsystem.

Example 3.1 Consider the set X = {0, 1, 2, 3, 4, 5} with the following cayley
table

∗ 0 1 2 3 4 5
0 0 3 4 1 2 5
1 1 0 2 3 5 4
2 2 4 0 5 1 3
3 3 1 5 0 4 2
4 4 5 3 2 0 1
5 5 2 1 4 3 0

Then (X, ∗) is a TM-algebra.
Let L be a complete lattice with sup 1 and inf o. Let t1, t2, t3, t4, t5, t6, t7 ∈ L

such that 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ t7 ≤ 1. Let the fuzzy subsets
µi : X → L, i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 be given by

µ1(x) =





1 if x = 0
t5 if x = 1, 3
t3 if x = 2, 4, 5

µ2(x) =





t7 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ3(x) =

{
t3 if x = 0, 5
0 if x = 1, 2, 3, 4

µ4(x) =





1 if x = 0
t4 if x = 1, 3
t3 if x = 2, 4, 5

µ5(x) =





1 if x = 0
t2 if x = 1, 2, 3, 4
t3 if x = 5

µ6(x) =





1 if x = 0
t6 if x = 1, 2
t4 if x = 3
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µ7(x) =





1 if x = 0
t1 if x = 1, 2, 3, 4
t3 if x = 5

µ8(x) =





1 if x = 0
t5 if x = 1, 3
t4 if x = 2, 4, 5

µ9(x) =





t6 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ10(x) =





1 if x = 0
t7 if x = 1, 3
t4 if x = 2, 4, 5

Then the collection Lτ= {φ,X, µ1, µ2, µ3, µ4, µ5, µ6, µ7, µ9, µ10} is an L-Fuzzy To-
pology on X. Hence (X, Lτ ) is an L-fuzzy topological TM-system. Choose A=µ8.
Then LτA

= {φ, µ1, µ2, µ3, µ4, µ5, µ7, µ8, µ9} and A = (µ8, LτA
) is an L-fuzzy topo-

logical TM-subsystem.

Definition 3.9 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X, LT ),(Y, LU) be
two an L-fuzzy topological TM-systems. A mapping f of (X,LT ) into (Y, LU) is
L-fuzzy continuous iff the inverse image of each LU -open fuzzy set is an LT -open
fuzzy set.

Example 3.2 Consider the TM-algebra (X, ∗) as in the 3.1. Let L be a complete
lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6, t7 ∈ L such that 0 ≤ t1 ≤
t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ t7 ≤ 1. Consider the L-fuzzy subsets µi : X → L,
i = 1, 2, 3, 4, 5, 6, 7, 8 be given by

µ1(x) =





1 if x = 0
t5 if x = 1, 3
t3 if x = 2, 4, 5

µ2(x) =





1 if x = 0
t4 if x = 1, 3
t3 if x = 2, 4, 5

µ3(x) =





1 if x = 0
t2 if x = 1, 3
0 if x = 2, 4, 5

µ4(x) =





1 if x = 0
t6 if x = 1, 3
t4 if x = 2, 4, 5

µ5(x) =





1 if x = 0
t5 if x = 1, 3
t4 if x = 2, 4, 5

µ6(x) =





1 if x = 0
t1 if x = 1, 2
0 if x = 3, 4

µ7(x) =





1 if x = 0
t7 if x = 1, 3
t4 if x = 2, 4, 5

µ8(x) =





1 if x = 0
t3 if x = 1, 3
0 if x = 2, 4, 5

Then the collection LT = {φ,X, µ1, µ2, µ3, µ4, µ5, µ6, µ7, µ8} is an L-Fuzzy Topo-
logy on X. Hence (X, LT ) is an L-fuzzy topological TM-system. Consider the set
Y = {0, a, b, c, d, e} with the following Cayley table

∗ 0 a b c d e
0 0 e d c b a
a a 0 e d c b
b b a 0 e d c
c c b a 0 e d
d d c b a 0 e
e e d c b a 0

Then (Y, ∗) is a TM-algebra.
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Let L be a complete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6 ∈ L
such that 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ 1. Consider the L-fuzzy subsets
σi : Y → L, i = 1, 2, 3, 4, 5 be given by

σ1(y) =





1 if y = 0
t3 if y = a, b, d, e
t5 if y = c

σ2(y) =





1 if y = 0
t4 if y = a, b, d, e
t6 if y = c

σ3(y) =





1 if y = 0
0 if y = a, b, d, e
t2 if y = c

σ4(y) =





1 if y = 0
t3 if y = a, b, d, e
t4 if y = c

σ5(y) =





1 if y = 0
0 if y = a, b, d, e
t1 if y = c

Then the collection LU = {φ, Y, σ1, σ2, σ3, σ4, σ5} is an L-Fuzzy Topology on Y.
Hence (Y, LU) is an L-fuzzy topological TM-system. Here an L-fuzzy topological
TM-systems (X, LT ) and (Y, LU) have the same values of ti’s i = 1, 2, 3, 4, 5, 6.

Let f : X → Y be the function given by, f(0) = 0, f(1) = c, f(2) = e,
f(3) = c, f(4) = b, f(5) = b, σf−1(x) = σ(f(x)) for all x in X for any L-fuzzy set
σ in Y,

(σ1)f−1(x) = µ1(x) (σ2)f−1(x) = µ4(x) (σ3)f−1(x) = µ3(x)
(σ4)f−1(x) = µ2(x), (σ5)f−1(x) = µ6(x), x ∈ X

Hence the inverse image of each LU -open fuzzy set is LT -open and hence the
function f is an L-fuzzy continuous.

Definition 3.10 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X, LT ),(Y, LU) be
two an L-fuzzy topological TM-systems . A mapping f of (X, LT ) into (Y, LU) is
an L-fuzzy open iff the image of each LT -open fuzzy set is LU -open fuzzy set.

Example 3.3 Consider the TM-algebra (X, ∗) as in the example 3.1, Let L be a
complete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5 ∈ L such that 0 ≤ t1 ≤
t2 ≤ t3 ≤ t4 ≤ t5 ≤ 1. Consider the L-fuzzy subsets µi : X → L, i = 1, 2, 3, 4 be
given by

µ1(x) =





t5 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ2(x) =





1 if x = 0
t2 if x = 1, 2, 3, 4
t3 if x = 5

µ3(x) =





t4 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ4(x) =





1 if x = 0
t1 if x = 1, 2, 3, 4
t3 if x = 5

Then the collection LT = {φ,X, µ1, µ2, µ3, µ4} is an L-Fuzzy Topology on X.
Hence (X, LT ) is an L-fuzzy topological TM-system. Consider the TM-algebra
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(Y, ∗) as in Example 3.2. Let L be a complete lattice with sup 1 and inf 0. Let
t1, t2, t3, t4, t5, t6 ∈ L such that 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ 1.

Consider the L-fuzzy subsets σi : Y → L, i = 1, 2, 3, 4, 5, 6 be given by

σ1(y) =





t5 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ2(y) =





1 if y = 0
t1 if y = a, b, d, e
t4 if y = c

σ3(y) =





t6 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ4(y) =





1 if y = 0
t4 if y = a, b, d, e
t6 if y = c

σ5(y) =





1 if y = 0
t2 if y = a, b, d, e
t3 if y = c

σ6(y) =





t4 if y = 0
0 if y = a, b, d, e
t3 if y = c

Then the collection LU = {φ, Y, σ1, σ2, σ3, σ5, σ6} is an L-Fuzzy Topology on Y.
Hence (Y, LU) is an L-fuzzy topological TM-system. Here an L-fuzzy topological
TM-systems (X, LT ) and (Y, LU) have the same values of ti’s i = 1, 2, 3, 4, 5.

Let f : X → Y be given by, f(0) = 0, f(1) = b, f(2) = d, f(3) = e, f(4) = a,
f(5) = c. Then f−1(0) = 0, f−1(b) = 1, f−1(d) = 2, f−1(e) = 3, f−1(a) = 4,
f−1(c) = 5.

f(µ1) = σ1 f(µ2) = σ5 f(µ3) = σ6 f(µ4) = σ2

Hence the image of each LT -open fuzzy set is LU -open and hence the function f
is L-Fuzzy Open.

Definition 3.11 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X, LT ),(Y, LU) be
two an L-fuzzy topological TM-systems. Let (A,LT A

), (B,LUB
) be an L-fuzzy

topological subsystems on X and Y. f is said to be a mapping of (A,LT A
) into

(B,LUB
) if f(A) ⊂ B.

Definition 3.12 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X, LT ),(Y, LU) be
two an L-fuzzy topological TM-systems. Let (A,LT A

), (B,LUB
) be an L-fuzzy

topological subsystems on X and Y. A mapping f from (A, LT A
) into (B,LUB

) is
relatively L-fuzzy continuous if and only if f−1(σB)∧A is in LT A

where σB ∈ LUB
.

Example 3.4 Consider the TM-algebra (X, ∗) as in Example 3.1. Let L be a
complete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6, t7 ∈ L such that
0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ t7 ≤ 1. Consider the L-fuzzy subsets
µi : X → L, i = 1, 2, 3, 4, 5, 6, 7, 8 be given by

µ1(x) =





1 if x = 0
t5 if x = 1, 3
t3 if x = 2, 4, 5

µ2(x) =





t6 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ3(x) =

{
t3 if x = 0, 5
0 if x = 1, 2, 3, 4

µ4(x) =





1 if x = 0
t2 if x = 1, 2, 3, 4
t3 if x = 5
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µ5(x) =





1 if x = 0
t3 if x = 1, 2, 3, 4
t4 if x = 5

µ6(x) =





t5 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ7(x) =





1 if x = 0
t1 if x = 1, 2, 3, 4
t3 if x = 5

µ8(x) =





1 if x = 0
t7 if x = 1, 3
t4 if x = 2, 4, 5

Then the collection LT = {φ,X, µ1, µ2, µ3, µ4, µ6, µ7, µ8} is an L-Fuzzy Topology
on X. Hence (X, LT ) is an L-fuzzy topological TM-system. Choose A = µ5.
Then LT A

= {φ, µ2, µ3, µ4, µ5, µ6, µ7} and A = (µ5, LT A
) is an L-fuzzy topological

TM-subsystem. Consider the TM-algebra (Y, ∗) as in Example 3.2.
Let L be a complete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6 ∈ L

such that 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ 1. Consider the L-fuzzy subsets
σi : Y → L, i = 1, 2, 3, 4, 5 be given by

σ1(y) =





t6 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ2(y) =





1 if y = 0
t2 if y = a, b, d, e
t3 if y = c

σ3(y) =





1 if y = 0
t1 if y = a, b, d, e
t3 if y = c

σ4(y) =





t5 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ5(y) =





1 if y = 0
t4 if y = a, b, d, e
t6 if y = c

Then the collection LU = {φ, Y, σ1, σ2, σ3, σ4} is an L-Fuzzy Topology on Y.
Hence (Y, LU) is an L-fuzzy topological TM-system. Choose B = σ5. Then
LUB

= {φ, σ1, σ2, σ3, σ4} and B = (σ5, LUB
) is an L-fuzzy topological TM-sub-

system. Here an L-fuzzy topological TM-subsystem (A,LT A
) and (B, LUB

) have
the same values of ti’s i = 1, 2, 3, 4, 5, 6.

Let f : X → Y be given by f(0) = 0, f(1) = b, f(2) = d, f(3) = e,
f(4) = a, f(5) = c. Then f−1(0) = 0, f−1(b) = 1, f−1(d) = 2, f−1(e) = 3,
f−1(a) = 4, f−1(c) = 5

f(A) =





1 if x = 0
t3 if x = a, b, d, e
t4 if x = c

⊂ B

σf−1(x) = σ(f(x)) for all x in X for any L-fuzzy set σ in Y .

(σ1)f−1(x) =





t6 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

(σ1)f−1(x) ∧ A = µ2 ∈ (A,LT A
)

(σ2)f−1(x) =





1 if x = 0
t2 if x = 1, 2, 3, 4
t3 if x = 5

(σ2)f−1(x) ∧ A = µ4 ∈ (A,LT A
)
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(σ3)f−1(x) =





1 if x = 0
t1 if x = 1, 2, 3, 4
t3 if x = 5

(σ3)f−1(x) ∧ A = µ7 ∈ (A,LT A
)

Hence the inverse image of each LUB
-open fuzzy set is LT A

-open. Therefore, the
function f is relatively L-fuzzy continuous.

Definition 3.13 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X, LT ),(Y, LU)
be two an L-fuzzy topological TM-systems. Let (A,LT A

), (B, LUB
) be an L-

fuzzy topological TM-subsystems. A mapping f from (A,LT A
) into (B,LUB

)
is relatively L-fuzzy open if and only iff f(µA) ∈ LUB

where µA ∈ LT A
.

Example 3.5 Consider the TM-algebra (X, ∗) as in Example 3.1, Let L be
a complete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6 ∈ L such that
0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ 1. Consider the L-fuzzy subsets µi : X → L,
i = 1, 2, 3, 4, 5 be given by

µ1(x) =





t6 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ2(x) =





1 if x = 0
t2 if x = 1, 2, 3, 4
t3 if x = 5

µ3(x) =





1 if x = 0
t3 if x = 1, 2, 3, 4
t4 if x = 5

µ4(x) =





t5 if x = 0
0 if x = 1, 2, 3, 4
t3 if x = 5

µ5(x) =





1 if x = 0
t1 if x = 1, 2, 3, 4
t3 if x = 5

Then the collection LT = {φ,X, µ1, µ2, µ4, µ5} is an L-Fuzzy Topology on X.
Hence (X, LT ) is an L-fuzzy topological TM-system. Choose A = µ3.

LT A
= {φ, µ1, µ2, µ4, µ5} and A = (µ3, LT A

) is an L-fuzzy topological TM-
subsystem. Consider the TM-algebra (Y, ∗) as in Example 3.2. Let L be a com-
plete lattice with sup 1 and inf 0. Let t1, t2, t3, t4, t5, t6 ∈ L such that
0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ 1. Consider the L-fuzzy subsets σi : Y → L,
i = 1, 2, 3, 4, 5, 6 be given by

σ1(y) =





t5 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ2(y) =





1 if y = 0
t1 if y = a, b, d, e
t3 if y = c

σ3(y) =





t6 if y = 0
0 if y = a, b, d, e
t3 if y = c

σ4(y) =





1 if y = 0
t4 if y = a, b, d, e
t6 if y = c

σ5(y) =





1 if y = 0
t2 if y = a, b, d, e
t3 if y = c

σ6(y) =





t4 if y = 0
0 if y = a, b, d, e
t3 if y = c

Then the collection LU = {φ, Y, σ1, σ2, σ3, σ5, σ6} is an L-Fuzzy Topology on Y.
Hence (Y, LU) is an L-fuzzy topological TM-system. Choose B = σ4. Then LUB

=
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{φ, σ1, σ2, σ3, σ5, σ6} and B = (σ4, LUB
) is an L-fuzzy topological TM-subsystem.

Here an L-fuzzy topological TM-subsystems (A,LT A
) and (B, LUB

) have the same
values of ti’s i = 1, 2, 3, 4, 5, 6.

Let f : X → Y be given by f(0) = 0, f(1) = b, f(2) = d, f(3) = e, f(4) = a,
f(5) = c. Then, f−1(0) = 0, f−1(b) = 1, f−1(d) = 2, f−1(e) = 3, f−1(a) = 4,
f−1(c) = 5

f(A) =





1 if x = 0
t3 if x = a, b, d, e
t4 if x = c

⊂ B

f(µ1) = σ3 f(µ2) = σ5 f(µ4) = σ1 f(µ5) = σ2

Hence the image of each LT A
-open fuzzy set is LUB

-open and hence the function
f is relatively L-Fuzzy Open.

Theorem 3.1 Let (X, ∗), (Y, ∗) be two TM-Algebras. Let (X,LT ),(Y, LU) be two
an L-fuzzy topological TM-systems. Let (A,LT A

), (B,LUB
) be an L-fuzzy topo-

logical TM-subsystems.Let f be an L-fuzzy continuous mapping of (X, LT ) in to
(Y, LU) such that f(A) ⊂ B. Then f is a relatively L-fuzzy continuous mapping
of (A,LT A

) into (B, LUB
).

Proof. Let σ′ ∈ LUB
. Then there exists σ ∈ LU such that σ′ = σ ∧B. Hence

f−1(σ′)∧A = f−1(σ∧B)∧A = (f−1(σ)∧f−1(B))∧A = f−1(σ)∧A ∵ f(A) ⊂ B.

Since σ ∈ LU , f is an L-fuzzy continuous and f−1(σ) ∈ LT .
Therefore f−1(σ) ∧ A is open in LT A

. Therefore, f is relatively L-fuzzy con-
tinuous mapping of (A,LT A

) into (B, LUB
).

Theorem 3.2 Let f be a L-fuzzy continuous mapping of an L-fuzzy topological
TM-system (X,LT ) in to (Y, LU). Let g be a mapping of (Y, LU) in to an L-fuzzy
topological TM-system (Z,LV ). Then the composition mapping g ◦ f is an L-fuzzy
continuous mapping of (X, LT ) in to (Z,LV ).

Proof. Since the functions f, g are L-fuzzy continuous, by Definition 3.9, the
inverse image of each LU -open fuzzy set σ is LT -open.

The inverse image of each open fuzzy set χ of LV is an LU -open fuzzy set.

(g ◦ f)−1(χ) = (f−1 ◦ g−1)(χ) = f−1(g−1(χ)) = f−1(σ)

Since f−1(σ) is LT -open fuzzy set, (g ◦ f)−1(χ) is LT -open fuzzy set.
Hence (g ◦ f) is an L-fuzzy continuous.

Theorem 3.3 Let (A,LT A
),(B, LUB

),(C, LV C
) be an L-fuzzy topological TM-sub-

systems. Let f, g be the relatively L-fuzzy continuous mappings of (A,LT A
) into

(B,LUB
) and (B, LUB

) into (C, LV C
). Then, the composition g ◦ f is a relatively

L-fuzzy continuous mapping of (A,LT A
) into (C, LV C

).
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Proof. Let χ′ ∈ LV C
. Then, there exists χ ∈ LV such that χ′ = χ ∧ C.

Since g is relatively L-fuzzy continuous from (B, LUB
) into (C,LV C

) by Defi-
nition 3.12, g−1(χ′) ∧B is open in LUB

.
Since f is relatively L-fuzzy continuous from (A,LT A

) into (B, LUB
) by Defi-

nition 3.12, f−1((g−1(χ′) ∧B)) ∧ A is open in LT A

But (g ◦ f)−1(χ′)∧A = f−1(g−1(χ′)∧B)∧A implying that (g ◦ f)−1(χ′)∧A
is open in LT A

.
Hence f(A) ⊂ B, g ◦ f is relatively L-fuzzy continuous.
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Abstract. In this paper, the midpoint derivative-based trapezoid rule for the Riemann-
Stieltjes integral is presented which uses derivative value at the midpoint. This kind of
quadrature rule obtains an increase of two orders of precision over the trapezoid rule for
the Riemann-Stieltjes integral and the error term is investigated. At last, the rationality
of the generalization of midpoint derivative-based trapezoid rule for Riemann-Stieltjes
integral is demonstrated.
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term.
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1. Introduction

In mathematics, the Riemann-Stieltjes integral is a kind of generalization of the
Riemann integral, named after Bernhard Riemann and Thomas Stieltjes. It is
Stieltjes [1] that first give the definition of this integral in 1894. It serves as
an instructive and useful precursor of the Lebesgue integral. It is known that
the Riemann-Stieltjes integral has wide applications in the field of probability
theory [2-3], stochastic process [4] and functional analysis [5], especially in original

1Corresponding author.



370 weijing zhao, zhaoning zhang, zhijian ye

formulation of F. Riesz’s theorem [2], [5] and the spectral theorem for self-adjoint
operators in a Hilbert space [2], [5].

Definite integration is one of the most important and basic concepts in mathe-
matics. And it has numerous applications in fields such as physics and engineering.
In several practical problems, we need to calculate integrals. As is known to all, as
for I =

∫ b

a
f(x)dx, once the primitive function F (x) of integrand f(x) is known,

the definite integral of f(x) over the interval [a, b] is given by Newton-Leibniz
formula, that is, ∫ b

a

f(x)dx = F (b)− F (a).

However, the explicit primitive function F (x) is not available or its primitive

function is not easy to obtain, such as e±x2
, sin x2,

sin x

x
, etc. Moreover, the

integrand f(x) is only available at certain points xi, i = 1, 2, ...n. How to get
high-precision numerical integration formulas becomes one of the challenges in
fields of mathematics [6].

The methods of quadrature are usually based on the interpolation polynomials
and can be written in the following form:

(1.1)

∫ b

a

f(x)dx ≈
n∑

i=0

wif(xi),

where there are n+1 distinct integration points at x0, x1, ..., xn within the interval
[a, b] and n+1 weights wi. If the integration points are uniformly distributed over

the interval, so xi = x0 + ih in which h = b− a
n

.
These wi can be derived in several different ways [7]-[9]. One is interpolate

f(x) at the n + 1 points x0, x1, ..., xn, using the Lagrange polynomials and then
integrating the foresaid polynomials to obtain (1.1).

The other is based on the precision of a quadrature formula. Select the wi,
i = 1, 2, ..., n, so that the error

(1.2) Rn(f) =

∫ b

a

f(x)dx−
n∑

i=0

wif(xi),

is exactly zero for f(x) = xj, j = 1, 2, ..., n. Using the method of undetermined
coefficients, this approach generates a system of n+1 linear equations for weights
wi. Since the monomials 1, x, ..., xn are linearly independent, the linear system of
equations has a unique solution.

The trapezoidal rule is the most well known numerical integration rules of
this type. Trapezoidal rule for classical Riemann integral is

(1.3)

∫ b

a

f(x)dx =
b− a

2
(f(a) + f(b))− (b− a)3

12
f ′′(ξ),

where ξ ∈ (a, b).
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In spite of the many accurate and efficient methods for numerical integration
being available in [7]-[9], recently Mercer [10] has obtained trapezoid rule for
Riemann-Stielsjes integral which engender a generalization of Hadamard’s integral
inequality. Then he develops Midpoint and Simpson’s rules for Riemann-Stielsjes
integral [11] by using the concept of relative convexity. Burg [12] has proposed
derivative-based closed Newton-Cotes numerical quadrature which uses both the
function value and the derivative value on uniformly spaced intervals. Zhao and
Li have proposed midpoint derivative-based closed Newton-Cotes quadrature [13]
and numerical superiority has been shown. Then, the derivative-based trapezoid
rule for the Riemann-Stieltjes integral is presented by Zhao and Zhang [14], which
uses derivative values at the endpoints. Recently, Simos and his partners have
made a contribution to the Newton-Cotes formula for the Riemann integral and
its applications [15]-[17], especially the connection between closed Newton-Cotes,
trigonometrically-fitted differential methods, symplectic integrators and efficient
solution of the Schrodinger equation [17].

Motivation for the research presented here lies in construction of midpoint
derivative-based trapezoid rule for the Riemann-Stieltjes integral, which is ge-
neralization of the results in [13]. In this paper, the midpoint derivative-based
trapezoid rule for the Riemann-Stieltjes integral is presented. These new scheme
is investigated in Section 2. In Section 3, the error term is presented. Finally,
conclusions are drawn in Section 4.

2. Midpoint derivative-based trapezoid rule for the Riemann-Stieltjes
integral

In this section, by adding the derivative at the midpoint, midpoint derivative-
based trapezoid rule for the Riemann-Stieltjes integral is presented.

Theorem 2.1 Suppose that f ′(t) and g(t) are continuous on [a, b] and g(t) is
increasing there. The midpoint derivative-based Trapezoid rule for the Riemann-
Stieltjes integral is

(2.1)

∫ b

a

f(t)dg ≈ T =

(
1

b− a

∫ b

a

g(t)dt− g(a)

)
f(a)

+

(
g(b)− 1

b− a

∫ b

a

g(t)dt

)
f(b)

+

(∫ b

a

∫ t

a

g(x)dxdt− b− a

2

∫ b

a

g(t)dt

)
f ′′(c),

where c =
(−2b2 + a2 − ab)

∫ b

a
g(t)dt + 6b

∫ b

a

∫ t

a
g(x)dxdt− 6

∫ b

a

∫ t

a

∫ y

a
g(x)dxdydt

6
∫ b

a

∫ t

a
g(x)dxdt− 3 (b− a)

∫ b

a
g(t)dt

.

Proof. Looking for the midpoint derivative-based trapezoid rule for the Riemann-
Stieltjes integral, we seek numbers a0, a1, c0, c such that

∫ b

a

f(t)dg ≈ a0f(a) + a1f(b) + c0f
′′(c)
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is equality for f(t) = 1, t, t2, t3. That is,





∫ b

a

1dg = a0 + a1;

∫ b

a

tdg = a0a + a1b;

∫ b

a

t2dg = a0a
2 + a1b

2 + 2c0;

∫ b

a

t3dg = a0a
3 + a1b

3 + 6c0c.

Therefore,

(2.2)





a0 + a1 = g(b)− g(a);

a0a + a1b = bg(b)− ag(a)−
∫ b

a

g(t)dt;

a0a
2 + a1b

2 + 2c0 = b2g(b)− a2g(a)− 2b

∫ b

a

g(t)dt

+2

∫ b

a

∫ t

a

g(x)dxdt;

a0a
3 + a1b

3 + 6c0c = b3g(b)− a3g(a)− 3b2

∫ b

a

g(t)dt

+6b

∫ b

a

∫ t

a

g(x)dxdt− 6

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt.

Solving simultaneous equations (2.2) for a0, a1, c0, c, we obtain





a0 =
1

b− a

∫ b

a

g(t)dt− g(a);

a1 = g(b)− 1

b− a

∫ b

a

g(t)dt;

c0 =

∫ b

a

∫ t

a

g(x)dxdt− b− a

2

∫ b

a

g(t)dt;

c =
(−2b2 + a2 − ab)

∫ b

a
g(t)dt + 6b

∫ b

a

∫ t

a
g(x)dxdt− 6

∫ b

a

∫ t

a

∫ y

a
g(x)dxdydt

6
∫ b

a

∫ t

a
g(x)dxdt− 3 (b− a)

∫ b

a
g(t)dt

.

So we have the midpoint derivative-based trapezoid rule for the Riemann-
Stieltjes integral as desired.

Corollary 2.2 The precision of the midpoint derivative-based trapezoid rule for
the Riemann-Stieltjes integral is 3.
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Proof. From the construction of a0, a1, c0, c, we obtain that the derivative-based
trapezoidal rule for the Riemann-Stieltjes integral has degree of precision not less
than 3.

In Section 3, by applying Theorem 3.1, we can easily see that the quadratue
is not equality for f(t) = t4. So the precision of this method is 3.

3. The error term for Riemann-Stieltjes midpoint derivative-based
trapezoid rule

In this section, the error term of the derivative-based trapezoid rule for the
Riemann-Stieltjes is investigated. The error term can be found in mainly 3 diffe-
rent ways [8, 9].

Here, we use the concept of precision to calculate the error term, where the
error term is related to the difference between the quadrature formula for the

monomial
xp+1

(p + 1)!
, and the exact value

1

(p + 1)!

∫ b

a

xp+1dx where p is the precision

of the quadrature formula.

Theorem 3.1 Suppose that f ′(t) and g(t) are continuous on [a, b] and g(t) is
increasing there. The derivative-based trapezoid rule for the Riemann-Stieltjes
integral with the error term is

∫ b

a

f(t)dg ≈ T =

(
1

b− a

∫ b

a

g(t)dt− g(a)

)
f(a)+

(
g(b)− 1

b− a

∫ b

a

g(t)dt

)
f(b)

+

(∫ b

a

∫ t

a

g(x)dxdt− b− a

2

∫ b

a

g(t)dt

)
f ′′(c)

(3.1) +

(
a3+ab2+a2b−3b3+6(b−a)c2

24

∫ b

a

g(t)dt +
b2−c2

2

∫ b

a

∫ t

a

g(x)dxdt

− b

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt +

∫ b

a

∫ t

a

∫ z

a

∫ y

a

g(x)dxdydzdt

)
f (4)(ξ)g′(η),

where c =
(−2b2 + a2 − ab)

∫ b

a
g(t)dt + 6b

∫ b

a

∫ t

a
g(x)dxdt− 6

∫ b

a

∫ t

a

∫ y

a
g(x)dxdydt

6
∫ b

a

∫ t

a
g(x)dxdt− 3 (b− a)

∫ b

a
g(t)dt

,

ξ, η ∈ (a, b).

And the error term R[f ] of this method is

(3.2)

(
a3 + ab2 + a2b− 3b3 + 6(b− a)c2

24

∫ b

a

g(t)dt +
b2 − c2

2

∫ b

a

∫ t

a

g(x)dxdt

−b

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt +

∫ b

a

∫ t

a

∫ z

a

∫ y

a

g(x)dxdydzdt

)
f (4)(ξ)g′(η).
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Proof. Let f(t) =
t4

4!
. So

(3.3)

1

4!

∫ b

a

t4dg =
1

24

(
b4g(b)− a4g(a)

)− b3

6

∫ b

a

g(t)dt +
b2

2

∫ b

a

∫ t

a

g(x)dx

−b

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt +

∫ b

a

∫ t

a

∫ z

a

∫ y

a

g(x)dxdydzdt.

By Theorem 2.1, we have

(3.4)

∫ b

a

f(t)dg ≈ T =

(
1

b− a

∫ b

a

g(t)dt− g(a)

)
f(a)

+

(
g(b)− 1

b− a

∫ b

a

g(t)dt

)
f(b)

+

(∫ b

a

∫ t

a

g(x)dxdt− b− a

2

∫ b

a

g(t)dt

)
f ′′(c).

By (8)-(9), we obtain

1

4!

∫ b

a

t4dg − T =

(
a3 + ab2 + a2b− 3b3 + 6(b− a)c2

24

∫ b

a

g(t)dt

+
b2 − c2

2

∫ b

a

∫ t

a

g(x)dxdt−b

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt

+

∫ b

a

∫ t

a

∫ z

a

∫ y

a

g(x)dxdydzdt

)
f (4)(ξ)g′(η).

This implies that

R[f ] =

(
a3+ab2+a2b−3b3+6(b−a)c2

24

∫ b

a

g(t)dt +
b2−c2

2

∫ b

a

∫ t

a

g(x)dxdt

−b

∫ b

a

∫ t

a

∫ y

a

g(x)dxdydt +

∫ b

a

∫ t

a

∫ z

a

∫ y

a

g(x)dxdydzdt

)
f (4)(ξ)g′(η).

Corollary 3.2 Conditions are the same as in Theorem 3.1. When g(t) = t, (3.1)
reduces to the mindpoint derivative-based trapezoid rule (see [13]) for the classical
Riemann integral.

Proof. It is easy to obtain
∫ b

a

tdt =
1

2
b2 − 1

2
a2,

∫ b

a

∫ t

a

xdxdt =
1

6
b3 − 1

2
a2b +

1

3
a3,

∫ b

a

∫ t

a

∫ y

a

xdxdydt =
1

24
b4 − 1

4
a2b2 +

1

3
a3b− 1

8
a4,

∫ b

a

∫ t

a

∫ z

a

∫ y

a

xdxdydzdt =
1

120
b5 − 1

12
a2b3 +

1

6
a3b2 − 1

8
a3b +

1

30
a5.
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Therefore,

c =
(−2b2 + a2 − ab)

∫ b

a
tdt + 6b

∫ b

a

∫ t

a
xdxdt− 6

∫ b

a

∫ t

a

∫ y

a
xdxdydt

6
∫ b

a

∫ t

a
xdxdt− 3 (b− a)

∫ b

a
tdt

=
a + b

2
.

By Theorem 3.1, we have
∫ b

a

f(t)dg =

∫ b

a

f(t)dt

=

(
1

b− a

∫ b

a

tdt− g(a)

)
f(a) +

(
g(b)− 1

b− a

∫ b

a

tdt

)
f(b)

+

(∫ b

a

∫ t

a

xdxdt− b− a

2

∫ b

a

tdt

)
f ′′(

a + b

2
)

+

(
a3 + ab2 + a2b− 3b3

24

∫ b

a

tdt +
b2

2

∫ b

a

∫ t

a

xdxdt

−b

∫ b

a

∫ t

a

∫ y

a

xdxdydt +

∫ b

a

∫ t

a

∫ z

a

∫ y

a

xdxdydzdt

−
(

a + b

2

)2 (
1

2

∫ b

a

∫ t

a

xdxdt− b− a

4

∫ b

a

tdt

))
f (4)(ξ)

=
b− a

2
(f(a) + f(b))− (b− a)3

12
f ′′

(
a + b

2

)
+

(b− a)5

480
f (4)(ξ).

Remark 3.3 From Corollary 3.1, we know that the results in Theorem 3.1 possess
the reducibility. When g(t) = t, formula (3.1) reduces to the derivative-based
trapezoid rule for the classical Riemann integral. So Theorem 3.1 is a reasonable
generalization of the results in [13].

4. Conclusions

We briefly summarize our main conclusions in this paper as follows.

1. The midpoint derivative-based trapezoid rule for the Riemann-Stieltjes in-
tegral is presented which uses derivative value at the midpoint.

2. This kind of quadrature rule obtains an increase of two orders of precision
over the trapezoid rule for the Riemann-Stieltjes integral.

3. The error term for Riemann-Stieltjes midpoint derivative-based trapezoid
rule is investigated. And the rationality of the generalization of midpoint
derivative-based trapezoid rule for Riemann-Stieltjes integral is demonstrated.

The derivative-based Simpson’s rules for the Riemann-Stieltjes integral will
be achieved by further research.
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All groups considered are finite.
Following Ballester-Bolinches, Wang and Guo [2], [12], a subgroup H of a

group G is said to be c-supplemented in G if G has a subgroup T such that
G = HT and H ∩ T ≤ HG, where HG denotes the largest normal subgroup of
G contained in H. In [1], Asaad and Ramadan prove that a group G is soluble
provided that every minimal subgroup of G is c-supplemented in G. Recently, in
[6], Heliel has generalized this result and proved the following theorems.

Theorem A. If each subgroup of prime odd order of a group G is c-supplemented
in G, then G is soluble.

Theorem B. A group G is soluble if and only if every Sylow subgroup of G of
odd order is c-supplemented in G.

In connection with the above two results, the following conjecture is posed at
the end of [6].

Conjecture. Let G be a group such that every non-cyclic Sylow subgroup P of
odd order of G has a subgroup D such that 1 < |D| ≤ |P | and all subgroups H of
P with |H| = |D| are c-supplemented in G. Then, is G soluble?

In this short note, we first present a counterexample to show that the answer
to this conjecture is negative in general and then give a generalization of Theorems
A and B.

Example. Let G = A5 × H, where A5 is the alternating group of degree 5 and
H is an elementary group of order pn with p > 5 and n ≥ 2. Then G satisfies the
condition of the preceding conjecture, but G is insoluble.

Next, we generalize Theorems A and B as the following two results respec-
tively.

Theorem C. Let G be a group and π = π(G) ∩ {3, 5}. If every subgroup of G of
order p with p ∈ π is c-supplemented in G, then G is soluble.

Theorem D. Let G be a group and π = π(G) ∩ {3, 5}. Then G is soluble if and
only if every Sylow p-subgroup of G with p ∈ π is c-supplemented in G and L2(8)
is not involved in G.

Here, we say that a group K is involved in a group G if K is isomorphic to a
homomorphic image of a subgroup H of G. Note that such a homomorphic image
is often called a section of G.

Recall that a subgroup H of a group G is said to be S-supplemented in G if
G has a subgroup T such that G = HT and H ∩T ≤ HsG, where HsG denotes the
subgroup of H generated by all those subgroups of H which are S-quasinormal
(permutable with all Sylow subgroups of G) in G (see Skiba [11] or [10]). By
the definition, all c-supplemented subgroups are also S-supplemented subgroups.
Hence, Theorems C and D are special cases of the following results.

Theorem E. Let G be a group and π = π(G) ∩ {3, 5}. If every subgroup of G of
order p with p ∈ π is S-supplemented in G, then G is soluble.

Theorem F. Let G be a group and π = π(G) ∩ {3, 5}. Then G is soluble if and
only if every Sylow p-subgroup of G with p ∈ π is S-supplemented in G and L2(8)
is not involved in G.
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In order to prove these two results, we need the following lemmas.

Lemma 1. [3, Theorem 5.4] Let G be a group such that (|G|, 15) = 1. Then G is
soluble.

Lemma 2. [10, Lemma 2.10] Let G be a group and H ≤ K ≤ G.

(1) If H is S-supplemented in G, then H is S-supplemented in K.

(2) Suppose that H is normal G. Then K/H is S-supplemented in G/H if and
only if K is S-supplemented in G.

(3) Suppose that H is normal in G. Then the subgroup EH/H is S-supplemented
in G/H for every S-supplemented subgroup E of G satisfying (|E|, |H|) = 1.

Lemma 3. Let P be a nontrivial normal p-subgroup of a group G with p odd. If
all cyclic subgroups of P of order p are S-supplemented in G, then each G-chief
factor below P is cyclic.

Proof. This follows directly from Theorem A in [11].

Lemma 4. [5, Theorem 1] Let G be a nonabelian simple group with H a subgroup
of G such that |G : H| = pa. Then one of the following holds.

(1) G = An and H ' An−1 with n = pa.

(2) G = Ln(q) and H is the stabilizer of a line or hyperplane.
Then |G : H| = (qn − 1)/(q − 1) = pa.

(3) G = L2(11) and H ' A5.

(4) G = M23 and H ' M22 or G = M11 and H ' M10.

(5) G = U4(2) and H is the parabolic subgroup of index 27.

Lemma 5. [9, §5] Let H be a Hall π-subgroup of the finite simple group G and
3 /∈ π. Then either H has a Sylow tower or H = G = 2B2(q).

Lemma 6. Let G = Ln(q) and H a subgroup of G such that |G : H| = 3a, where
a ≥ 1. Then G = L2(8) and H ' 23.Z7 with index 9.

Proof. This is a special case of Theorem 1.1 in [8].

Proof of Theorem E. Suppose the result is false and let G be a counterexample
of minimal order. Then

(1) Every proper subgroup of G is soluble.
It follows from Lemmas 2 and 1 and the choice of G.

(2) G is not a nonabelian simple group.
Assume that G is a nonabelian simple group. Then G is a minimal simple

group by (1). Let H be a subgroup of G of order p ∈ π. If H is S-quasinormal
in G, then H ≤ Op(G), a contradiction. Suppose G has a subgroup T such that
G = HT and H ∩ T = 1. If p = 3, then we deduce that G is soluble. If p = 5,
then G is isomorphic to A5. However, the subgroups of A5 of order 3 are not
S-supplemented, which contradicts our initial assumption for G. Hence G cannot
be a nonabelian simple group.
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(3) G = G/Φ(G) is a minimal simple group.
By (2), suppose that N is any nontrivial proper normal subgroup of G. Let

M be any maximal subgroup of G. By (1), both N and M are soluble. If N is not
contained in M , then G = MN and so G/N ' M/M ∩ N is soluble. It follows
that G is soluble, a contradiction. Hence N ≤ Φ(G) and (3) holds.

(4) Final contradiction.
By (3), G is isomorphic to one of the following simple groups (see Huppert

[7, Ch.II, Remark 7.5]):

(i) L2(p), p > 3 is a prime, and 5 does not divide p2 − 1;

(ii) L2(3
r), r is an odd prime;

(iii) L2(2
r), r is a prime;

(iv) Sz(2r), r is an odd prime;

(v) L3(3).

Suppose first that G is isomorphic to one of the simple groups in (i)-(iv). By
[7, Ch.II, Theorem 8.27] and [13, p.117, Theorem 4.1], every Sylow p-subgroup
of G is cyclic, where p = 3 or 5. We claim that p does not divide the order of
Φ(G). Otherwise, let P be the Sylow p-subgroup of Φ(G) and Gp be a Sylow
p-subgroup of G. Then Gp/P is cyclic. By Lemma 2 and Lemma 3, every G-
chief factor below P is cyclic. It follows that G/CG(P ) is supersoluble (see [4,
Corollary 3.2.9]). Thus, G = CG(P ) by (1). Hence P ≤ Z(G) and so Gp is
abelian. Furthermore, G = G′ according to Step (3). Therefore, we have that
P ∩Z(G)∩G′ = P , a contradiction by [7, Ch.VI, Theorem 14.3]. Thus, the order
of Φ(G) cannot be divisible by p. Let H/Φ(G) be a subgroup of G with order p.
Then H/Φ(G) = 〈x〉Φ(G)/Φ(G) for some element x of G of order p. By Lemma
2, H/Φ(G) is S-supplemented in G. Arguing as in (2), we deduce a contradiction.

Now, suppose that G is isomorphic to PSL3(3). We show that Φ(G) is a
3′-group. If not, let P be the Sylow 3-subgroup of Φ(G). As above, we see that
P ≤ Z(G). If all subgroups of G of order 3 are contained in P , then by [7, Ch.IV,
Theorem 5.5], G is 3-nilpotent, which implies that G is soluble. Thus, for some
element x of order 3 in G, x /∈ P . By the hypothesis, H = 〈x〉 is S-supplemented
in G. Then G has a subgroup T such that G = HT and H ∩ T ≤ HsG. If
H ∩ T = 1, then T is a proper subgroup of G of index 3. It is easy to see that
Φ(G) ≤ T and therefore G has a subgroup of index 3, a contradiction. Suppose
that H is S-quasinormal in G. Then H ≤ Op(G) ≤ Φ(G) and consequently
H ≤ P , a contradiction. Hence 3 does not divide the order of Φ(G). As in the
foregoing paragraph, we derive a contraction, completing the proof.

Proof of Theorem F. If G is soluble, then every Sylow subgroup of G is com-
plemented in G and thereby is S-supplemented in G. In addition, L2(8) is clearly
not involved in G. Hence the necessity holds.

Now, we suppose that all Sylow p-subgroups of G with p ∈ π are S-supple-
mented in G and G does not involve L2(8). We proceed by induction on the order
of G. Let P be an arbitrary Sylow p-subgroup of G, where p ∈ π. Then, by the
hypothesis, there exists a subgroup T in G such that G = PT and P ∩T ≤ PsG. If
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PsG 6= 1, then PsG ≤ Op(G), where Op(G) denotes the largest normal p-subgroup
of G. Consider the factor group G/Op(G). Then, it is easy to see that G/Op(G)
satisfies the hypothesis and so G/Op(G) is soluble by induction. It follows that
G is soluble. Hence we may assume that PsG is trivial, which means that P is
complemented in G.

Next, we argue that G is not a nonabelian simple group. If not, then G is
a nonabelian simple group such that every Sylow p-subgroup of G with p ∈ π is
complemented in G by the foregoing discussion. Hence G has a subgroup H such
that |G : H| = pa, where p = 3 or 5. Thus, G is isomorphic to one of the groups
listed in Lemma 4. If G is isomorphic to one of the following:

L2(11), M23, M11, U4(2),

then π = {3, 5}. By the preceding paragraph, G has two subgroups with two
different indices 3a and 5b, where a ≥ 1 and b ≥ 1, which is impossible (see
[5, pp. 304]). If G = An and H ' An−1, then, by Lemma 5, we have that n = 5.
But the Sylow 3-subgroups of A5 are not complemented in A5, a contradiction.
At last, assume that G = Ln(q). Then, by Lemma 6, G must be isomorphic to
L2(8), contrary to our assumption for G. Thus, we have shown that G is not a
nonabelian simple group.

Let N be a minimal normal subgroup of G. Then N is nontrivial. If N is an
elementary abelian group, then, by Lemma 2, G/N satisfies the hypothesis and so
G/N is soluble by induction. Thereby G is soluble. Suppose that N is insoluble.
Denote π′ = π(N) ∩ {3, 5}. Obviously, π′ ⊆ π. Then, by Lemma 1, π′ 6= ∅. Let
P be any Sylow p-subgroup of G with p ∈ π′ and set L = PN . Then P ∩ N is
complemented in N by the first paragraph and therefore P ∩N is S-supplemented
in N . Note that P ∩N is a Sylow p-subgroup of N . Thus, we see that N satisfies
the hypothesis and so N is soluble by induction.

This contradiction completes the proof.

Remark.

(1) The converse of Theorem E is not true in general. The alternating group
A4 of degree 4 is such a counterexample because every involution of A4 is
not S-supplemented in A4 as A4 has no subgroup of order 6.

(2) In Theorem F, the condition “G does not involve L2(8)” can not be removed.
In fact, L2(8) is a counterexample. In L2(8), π = π(L2(8)) ∩ {3, 5} = {3}
and every Sylow 3-subgroup of L2(8) is complemented in L2(8). Of course,
every Sylow 3-subgroup of L2(8) is S-supplemented in L2(8). But L2(8) is
a nonabelian simple group.

With respect to Theorem E and Theorem F, the following problem seems
interesting.

Problem. Let G be a group and π = π(G)∩{3, 5}. Suppose that for every Sylow
p-subgroup P of G with p ∈ π, G has a subgroup D such that 1 < |D| < |P | and
all subgroups H of P with |H| = |D| are S-supplemented in G. What can we say
about the structure of G?
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1. Introduction

A graph G is n-partite, n ≥ 1, if it is possible to partition V (G) into n subsets
V1, V2, . . . , Vn (called partite sets) such that every element of E(G) joins a vertex
of Vi to a vertex of Vj, i 6= j. For n = 2, such graphs are called bipartite graphs.
For n = 3, such graphs are called tripartite graphs. A complete n-partite G is
an n-partite graph with partite sets V1, V2, . . . , Vn having the added property that
if u ∈ Vi and v ∈ Vj, i 6= j, then uv ∈ E(G). When |Vi| = pi, we denote the
complete n-partite graph by Kp1,p2,...,pn .

Consider a complete bipartite graph Ks,s of order p = 2s. Let each line of Ks,s

be colored by using either red or blue color. We shall call such a Ks,s 2-colored.
Consider a subgraph Km,n of 2-colored Ks,s. If all lines of Km,n have red(blue)

color, we shall say that the Ks,s contains a red(blue) Km,n. The smallest number
s of points such that Ks,s always contains red Km,n or blue Km,n is called bipartite
Ramsey number and denoted by rb(Km,n; 2) or rb(Km,n, Km,n).

According to the definition of bipartite Ramsey numbers in this paper, V. Lon-
gani [7], has found that

rb(K1,n, K1,n) = 2n− 1 (n = 1, 2, 3, ...),

rb(K2,2, K2,2) = 5,

rb(K2,3, K2,3) = 9,

and L.W. Beineke and A.J. Schwenk [1], have also found that

rb(K2,2, K2,2) = 5,

rb(K3,3, K3,3) = 17.

The 3-colored bipartite Ramsey number rb(G; 3) is the smallest integer n such
that any 3-coloring of lines of a complete bipartite graph Kn,n there always exists
monochromatic subgraph isomorphic to G. In [4], W. Goddard, M.A. Henning,
and O.R. Hellermann showed that rb(C4; 3) = 11.

Consider a complete tripartite graph Ks,s,s. Let each line of the Ks,s,s be co-
lored by using one of k colors. We call such a Ks,s,s as k-colored. For 2-coloring, the
smallest number s of points such that the Ks,s,s always contains monochromatic
Km,n is called tripartite Ramsey number rt(Km,n; 2) or rt(Km,n, Km,n).

In [5], K. Leamyoo and V. Longani, have found that rt(K2,2, K2,2)
= 3 (or rt(C4; 2) = 3). Also in [2], [3], S. Buada and V. Longani, have shown that
rt(K2,3, K2,3) = 5, rt(K2,4, K2,4) = 7.

For 3-coloring, the tripartite Ramsey number of the graph G, denoted by
rt(G; 3) (or rt(G,G, G)) is the minimum integer n such that for any 3-coloring of
the lines of Kn,n,n there always exists monochromatic subgraph G.

2. Main results

The proof that rt(C4; 2) = 3 in [5] is rather lengthy and has not been published
in a journal. In this section we provide a new shorter proof that rt(C4; 2) = 3 and
prove a new result that rt(C4; 3) = 7.
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For a K3,3,3, consider all twenty seven lines that are adjacent to all points of a
Vi. We shall call the lines that are adjacent to Vi as the lines of Vi. Before proving
Theorem 1, we prove Lemma 1 first.

Lemma 1. Let K3,3,3 be a 2-colored complete tripartite graph and each V1, V2,
and V3 be the set of three non-adjacent points of the K3,3,3. There exists at least
one Vi of which the numbers of red lines and blue lines of the Vi are not equal.

Proof. Consider the three Vi’s. Suppose there are nine red lines and nine blue
lines of each Vi.

Since there are totally nine red lines of V1, consider when there are n (n ≥ 0)
red lines which join points of V1 and V2, and so there are 9 − n red lines which
join points of V1 and V3. Since for V2 there are also exactly nine red lines of V2,
therefore there are 9− n red lines which join points of V2 and V3.

Now we can see that there are (9 − n) + (9 − n) red lines of V3. Since there
are exactly nine red lines of V3, therefore

(9− n) + (9− n) = 9

n = 4.5.

This is not possible. Therefore, there exist some Vi’s of which the numbers
of red lines and blue lines of the Vi’s are not equal.

In order to prove Theorem 1 and Theorem 2, it would be convenient to
represent a 2-colored Km,n by an m× n matrix B = [bij].

Given a 2-colored Km,n with V1 and V2 as its partite sets of size m and
n, respectively. Let V1 = {r1, r2, . . . , rm} and V2 = {c1, c2, . . . , cn}. For the
corresponding B = [bij] of the Km,n, we let bij = 1 if the line ricj is red, and let
bij = 0 if the line ricj is blue. For example, the following (a) and (b) in Figure 2.1
illustrate the 2-colored K4,5 and its corresponding matrix B. Here, we use dark
lines to indicate red lines and dash lines to indicate blue lines.

c1 c2 c3 c4 c5

r1 r2 r3 r4

(a)

V1

V2

c1 c2 c3 c4 c5

(b)

r1

r2

r3

r4




1 0 1 0 1
0 1 1 1 0
1 0 0 0 1
0 1 1 0 0




Figure 2.1
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Theorem 1. rt(C4; 2) = 3

Proof. Consider the 2-colored K2,2,2 graph illustrated in Figure 2.2.

u1 u2

v1

v2 w1

w2

Figure 2.2
It can be seen that the K2,2,2 contains neither red C4 nor blue C4. Therefore

rt(C4; 2) > 2. That is

(2.1) rt(C4; 2) ≥ 3

Let K3,3,3 be a 2-colored complete tripartite graph. Consider the set V1, V2

and V3 of three non-adjacent points of the K3,3,3

V1 = {u1, u2, u3}
V2 = {v1, v2, v3}
V3 = {w1, w2, w3}.

From Lemma 1, we can assume that from V1, the numbers of red lines are greater
than the numbers of blue lines, that is the numbers of red lines are equal to ten
or greater. We only need to consider the case when the numbers of red lines of V1

is ten and show that in such case the K3,3,3 always contain red C4. For the cases
when the number of red lines is greater than ten, the results follow immediately.

Let V (G1) = V1 and V (G2) = V2∪V3. For V (G1), let u1, u2, u3 be respectively
replaced by r1, r2, r3. Also for V (G2), let v1, v2, v3, w1, w2, w3 be respectively
replaced by c1, c2, c3, c4, c5, c6. That is,

V (G1) = {r1, r2, r3}
V (G2) = {c1, c2, c3, c4, c5, c6}.

By ignoring the lines between V2 and V3 and consider the defined V (G1) and
V (G2). The K3,3,3 is now reduced to 2-colored K3,6. In order to prove the theorem
we only need to show that this K3,6 always contains red C4.

We find the value of rt(C4; 2) by considering the 2-colored K3,6. If there are
m,n, s, t, u(1 ≤ m,n ≤ 3 and 1 ≤ s, t, u ≤ 6) such that some submatrices

(2.2)

[
bms bmt

bns bnt

]
=

[
1 1
1 1

]

then the K3,6 contains red C4.
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Let d1, d2, d3 be degrees of red lines of r1, r2, r3 respectively. We can choose
ri’s such that d1 ≥ d2 ≥ d3. Here we have the conditions that d1 + d2 + d3 = 10
and 0 ≤ di ≤ 6, i = 1, 2, 3. Next, we consider two main cases.

Case 1. d1 + d2 ≥ 8.

Here, the possible d1 ≥ d2 are 4 ≥ 4, 5 ≥ 3, 5 ≥ 4, 5 ≥ 5, 6 ≥ 3, 6 ≥ 4,
6 ≥ 5, 6 ≥ 6. It is easy to show that for all of these cases the K3,6 always contains
red C4. Consider cases d1 = 4, and d2 = 4, for example. For a case in Table 1,
parts of the matrix involving r1 and r2 could be

c1 c2 c3 c4 c5 c6

r1 1 1 1 1
r2 1 1 1 1

Table 1:

from which submatrix of the form (2.5) always appears; that is the K3,6 contains
red C4.

Case 2. d1 + d2 < 8.

With the conditions for di, there is only one subcase to consider d1 = 4,
d2 = 3, d3 = 3. We consider two more possibilities: Subcase 2.1 and Subcase 2.2.

Subcase 2.1. When there are two or more points of ci’s each of which is joined
by red lines to both of r1 and r2, see Table 2, then we see that the K3,6 contains
red C4.

c1 c2 c3 c4 c5 c6

r1 1 1 1 1
r2 1 1 1

Table 2:

Subcase 2.2. One point of ci’s is joined by red lines to both of r1 and r2.

Suppose that r1 is joined by four red lines to c1, c2, c3, c4 and r2 is joined by
three red lines to c4, c5, c6. Consider the three red lines joining r3. Either at least
two of three red lines are joined, from r3, to some points among c1, c2, c3, c4 or at
least two of these three red lines are joined to some points among c4, c5, c6. In
either case, we see that red C4 is contained in the K3,6, see Table 3 for example.

c1 c2 c3 c4 c5 c6

r1 1 1 1 1
r2 1 1 1
r3 1 1 1

Table 3:

Hence the K3,3,3 will always contain red C4. Therefore,

(2.3) rt(C4; 2) ≤ 3.
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By (2.1) and (2.3), we have rt(C4; 2) = 3 as required.

Next, we show that rt(C4; 3) = 7.

Theorem 2. rt(C4; 3) = 7.

Proof. Consider the subgraphs of a K6,6,6 illustrated in Figure 2.3. Here, (a),
(b), and (c) represent subgraphs of the 3-colored K6,6,6 with red, blue, and green
lines, respectively.

u1 u2 u3 u4 u5 u6

v1

v2

v3

v4

v5

v6 w1

w2

w3

w4

w5

w6

V1

V2 V3

(a): red lines

u1 u2 u3 u4 u5 u6

v1

v2

v3

v4

v5

v6 w1

w2

w3

w4

w5

w6

V1

V2 V3

(b): blue lines

Figure 2.3

u1 u2 u3 u4 u5 u6

v1

v2

v3

v4

v5

v6 w1

w2

w3

w4

w5

w6

V1

V2 V3

(c): green lines

It can be verified that the K6,6,6 contains no monochromatic C4. Therefore,
rt(C4; 3) > 6. That is,

(2.4) rt(C4; 3) ≥ 7.



the tripartite ramsey numbers rt(C4;2) and rt(C4;3) 389

Let K7,7,7 be a 3-colored complete tripartite graph with p = 21. Consider the
set V1, V2 and V3 of seven non-adjacent points of the K7,7,7:

V1 = {u1, u2, u3, u4, u5, u6, u7},
V2 = {v1, v2, v3, v4, v5, v6, v7},
V3 = {w1, w2, w3, w4, w5, w6, w7}.

We shall call the lines that are adjacent to Vi as the lines of Vi. Since there
are totally ninety eight lines of V1, there are at least thirty three lines of V1 with
the same, say red, color. Consider thirty three of these red lines.

Let V (G1) = V1 and V (G2) = V2 ∪ V3. For V (G1), let u1, u2, u3, u4, u5, u6,
u7 be respectively replaced by r1, r2, r3, r4, r5, r6, r7. Also for V (G2), let v1, v2,
v3, v4, v5, v6, v7, w1, w2, w3, w4, w5, w6, w7 be respectively replaced by c1, c2, c3,
c4, c5, c6, c7, c8, c9, c10, c11, c12, c13, c14. That is,

V (G1) = {r1, r2, r3, r4, r5, r6, r7}
V (G2) = {c1, c2, . . . , c14}.

By ignoring the lines between V2 and V3 and consider the defined V (G1) and
V (G2) the K7,7,7 is now reduced to 3-colored K7,14. In order to prove the theorem
we only need to show that this K7,14 always contains red C4.

We find an upper bound of rt(C4; 3) by considering the 3-colored K7,14.
If there are m,n, s, t(1 ≤ m,n ≤ 7 and 1 ≤ s, t ≤ 14) such that some

submatrices

(2.5)

[
bms bmt

bns bnt

]
=

[
1 1
1 1

]

then the K7,14 contains red K2,2 or C4.
Let d1, d2, d3, d4, d5, d6, d7 be degrees of red lines of r1, r2, r3, r4, r5, r6, r7

respectively. We can choose ri’s such that d1 ≥ d2 ≥ d3 ≥ d4 ≥ d5 ≥ d6 ≥ d7.
Here we have the conditions that

d1 + d2 + d3 + d4 + d5 + d6 + d7 = 33

and 0 ≤ di ≤ 14, i = 1, 2, 3, 4, 5, 6, 7.
Next, we consider two main cases: Case 1 and Case 2.

Case 1. d1 + d2 + d3 ≥ 18.

Here, the possible d1 ≥ d2 ≥ d3 are 6 ≥ 6 ≥ 6, 7 ≥ 6 ≥ 5, 7 ≥ 6 ≥ 6,
7 ≥ 7 ≥ 5, 7 ≥ 7 ≥ 6, 7 ≥ 7 ≥ 7, 8 ≥ 5 ≥ 5, 8 ≥ 6 ≥ 5, 8 ≥ 6 ≥ 6, 8 ≥ 7 ≥ 5,
8 ≥ 7 ≥ 6, 8 ≥ 7 ≥ 7, 8 ≥ 8 ≥ 6, 8 ≥ 8 ≥ 6, 8 ≥ 8 ≥ 7, 8 ≥ 8 ≥ 8, 9 ≥ 5 ≥ 5,
9 ≥ 6 ≥ 5, 9 ≥ 6 ≥ 6, 9 ≥ 7 ≥ 5, 9 ≥ 7 ≥ 6, 9 ≥ 7 ≥ 7, 9 ≥ 8 ≥ 5, 10 ≥ 5 ≥ 5,
10 ≥ 6 ≥ 5, 10 ≥ 6 ≥ 6, 10 ≥ 7 ≥ 5, 11 ≥ 5 ≥ 5, 11 ≥ 6 ≥ 5, 11 ≥ 6 ≥ 5,
12 ≥ 5 ≥ 5.

It is easy to show that for all of these cases the K7,14 always contains red C4.
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c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1 1
r3 1 1 1 1 1 1

Table 4:

Consider the cases d1 = 6, d2 = 6 and, d3 = 6, for example. For a case in
Table 4, parts of the matrix involving r1, r2 and, r3 could be
from which submatrix of the form (2.2) always appears, that is the K7,14, and so
the k7,7,7 contains red C4.

Case 2. d1 + d2 + d3 < 18.

With the conditions for di, there are only four subcases to consider.

Subcase 2.1. d1 = 7, d2 = 5, d3 = 5, d4 = 4, d5 = 4, d6 = 4, d7 = 4.
When there are two or more points ci’s each of which is joined to both of r1

and r2 by red lines, we can see that the K7,14 contains red C4, see Table 5 for
example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1

Table 5:

We consider two more possibilities 2.1.1 and 2.1.2.

2.1.1. One ci is joined by red lines to both of r1 and r2.

Suppose that r1 is joined by seven red lines to c1, c2, c3, c4, c5, c6, c7 and r2 is
joined by five red lines to c7, c8, c9, c10, c11. We now consider four sub-possibilities
(1), (2), (3), and (4).

(1) c12, c13, c14 are not joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

If c12, c13, c14 are not joined to r3 for example, then either at least three red
lines from r3 are joined to points among c1, c2, c3, c4, c5, c6, c7 or at least three red
lines from r3 are joined to points among c8, c9, c10, c11. In either case, we can see
that red C4 is contained in the K7,14, see Table 6 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 6:
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(2) One of c12, c13, c14 is joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c12 by red line, then there are four other
red lines joining r3. From these four red lines, either at least two red lines from
r3 are joined to points among c1, c2, c3, c4, c5, c6, c7 or at least two red lines from
r3 are joined to points among c8, c9, c10, c11. In either case, we can see that red
C4 is contained in the K7,14, see Table 7 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 7:

(3) Two of c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c12, c13 by red lines, then there are three
other red lines joining r3. From these three red lines, then either at least two red
lines from r3 are joined to points among c1, c2, c3, c4, c5, c6, c7 or at least two red
lines from r3 are joined to points among c8, c9, c10, c11. In either case, we can see
that red C4 is contained in the K7,14, see Table 8 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 8:

(4) All c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

Suppose r3 is joined to c12, c13, and c14. Consider r4 and the four red lines
joining r4. From these four red lines, either at least two red lines are joined to
points among c1, c2, c3, c4, c5, c6, c7 or at least two red lines are joined to points
among c8, c9, c10, c11 or at least two red lines are joined to points among c12, c13,
c14. In any case, we can see that red C4 is contained in the K7,14, see Table 9 for
example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1

Table 9:
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2.1.2. None of ci’s are joined by red lines to both of r1 and r2.

Suppose that r1 is joined by seven red lines to c1, c2, c3, c4, c5, c6, c7 and r2

is joined by five red lines to c8, c9, c10, c11, c12. We now consider three sub-
possibilities (1), (2), and (3).

(1) c13, c14 are not joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

If c13, c14 are not joined to r3 for example, then either at least three red lines from
r3 are joined to points among c1, c2, c3, c4, c5, c6, c7 or at least three red lines from
r3 are joined to points among c8, c9, c10, c11, c12. In either case, we can see that
red C4 is contained in the K7,14, see Table 10 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 10:

(2) One of c13, c14 is joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c13 by red line, then there are four other red
lines joining r3. From these four red lines, either at least two red lines are joined
to points among c1, c2, c3, c4, c5, c6, c7 or at least two red lines are joined to points
among c8, c9, c10, c11, c12. In either case, we can see that red C4 is contained in
the K7,14, see Table 11 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 11:

(3) Both of c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

Suppose r3 is joined to c13, and c14, then there are three other red lines joining
r3. From these three red lines, either at least two red lines are joined to points
among c1, c2, c3, c4, c5, c6, c7 or at least two red lines are joined to points among c8,
c9, c10, c11, c12. In either case, we can see that red C4 is contained in the K7,14,
see Table 12 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 12:
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Subcase 2.2. d1 = 6, d2 = 6, d3 = 5, d4 = 4, d5 = 4, d6 = 4, d7 = 4.

When there are two or more points ci’s each of which is joined to both of r1

and r2 by red lines, then we can see that the K7,14 contains red C4, see Table 13
for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1 1

Table 13:

We consider two more possibilities 2.2.1 and 2.2.2.

2.2.1. One ci is joined by red lines to both of r1 and r2.

Suppose that r1 is joined by six red lines to c1, c2, c3, c4, c5, c6 and r2 is joined
by six red lines to c6, c7, c8, c9, c10, c11. Similar to the cases in 2.1.1 of subcase
2.1, we have that the K7,14 contains red C4.

2.2.2. None of ci’s are joined by red lines to both of r1 and r2.

Suppose that r1 is joined by six red lines to c1, c2, c3, c4, c5, c6 and r2 is joined
by six red lines to c7, c8, c9, c10, c11, c12. Similar to the cases in 2.1.2 of subcase
2.1, we have that the K7,14 contains red C4.

Subcase 2.3. d1 = 6, d2 = 5, d3 = 5, d4 = 5, d5 = 4, d6 = 4, d7 = 4.

When there are two or more points ci’s each of which is joined to both of r1

and r2 by red lines, then we can see that the K7,14 contains red C4, see Table 14
for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1

Table 14:

We consider two more possibilities 2.3.1 and 2.3.2.

2.3.1. One ci is joined by red lines to both of r1 and r2.

Suppose that r1 is joined by six red lines to c1, c2, c3, c4, c5, c6 and r2 is joined
by five red lines to c6, c7, c8, c9, c10. We now consider five sub-possibilities (1),
(2), (3), (4), and (5).

(1) c11, c12, c13, c14 are not joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

If c11, c12, c13, c14 are not joined to r3 for example, then either at least three
red lines from r3 are joined to points among c1, c2, c3, c4, c5 or at least three red
lines are joined to points among c6, c7, c8, c9, c10. In either case, we can see that
red C4 is contained in the K7,14, see Table 15 for example.
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c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 15:

(2) One of c11, c12, c13, c14 is joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c11 by red line, then there are four other
red lines joining r3. From these four red lines, then either at least two red lines
from r3 are joined to points among c1, c2, c3, c4, c5 or at least two red lines are
joined to points among c6, c7, c8, c9, c10. In either case, we can see that red C4 is
contained in the K7,14, see Table 16 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 16:

(3) Two of c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c11, c12 by red lines, then there are three
other red lines joining r3. From these three red lines, then either at least two red
lines from r3 are joined to points among c1, c2, c3, c4, c5 or at least two red lines
are joined to points among c6, c7, c8, c9, c10. In either case, we can see that red
C4 is contained in the K7,14, see Table 17 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 17:

(4) Three of c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

Suppose r3 is joined to c11, c12, c13 by red lines. Consider r4 and the five red
lines joining r4. From these five red lines, if r4 is joined to c14, then either at least
two red lines are joined to points among c1, c2, c3, c4, c5 or at least two red lines
are joined to points among c6, c7, c8, c9, c10 or at least two red lines are joined to
points among c11, c12, c13. In any case, we can see that red C4 is contained in the
K7,14, see Table 18 for example. For the case when r4 is not joined to c14, we have
that red C4 is also formed.
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c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 18:

(5) All of c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

Suppose r3 is joined to c11, c12, c13, c14 by red lines. Consider r4 and the five
red lines joining r4. From these five red lines, then either at least two red lines
are joined to points among c1, c2, c3, c4, c5 or at least two red lines are joined to
points among c6, c7, c8, c9, c10 or at least two red lines are joined to points among
c11, c12, c13, c14. In any case, we can see that red C4 is contained in the K7,14, see
Table 19 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 19:

2.3.2. None of ci’s are joined by red lines to both of r1 and r2.

Suppose that r1 is joined by six red lines to c1, c2, c3, c4, c5, c6 and r2 is joined
by five red lines to c7, c8, c9, c10, c11. Similar to the cases in 2.1.1 of subcase 2.1,
we have that the K7,14 contains red C4.

Subcase 2.4. d1 = 5, d2 = 5, d3 = 5, d4 = 5, d5 = 5, d6 = 4, d7 = 4.

When there are two or more points ci’s each of which is joined to both of r1

and r2 by red lines, we can see that the K7,14 contains red C4, see Table 20 for
example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1

Table 20:

We consider two more possibilities 2.4.1 and 2.4.2.

2.4.1. One ci is joined by red lines to both of r1 and r2.

Suppose that r1 is joined by five red lines to c1, c2, c3, c4, c5 and r2 is joined
by five red lines to c5, c6, c7, c8, c9. We now consider six sub-possibilities (1), (2),
(3), (4), (5), and (6).
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(1) c10, c11, c12, c13, c14 are not joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

If c10, c11, c12, c13, c14 are not joined to r3 for example, then either at least
three red lines from r3 are joined to points among c1, c2, c3, c4 or at least three red
lines are joined to points among c5, c6, c7, c8, c9. In either case, we can see that
red C4 is contained in the K7,14, see Table 21 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 21:

(2) One of c10, c11, c12, c13, c14 is joined to some ri’s (i = 3, 4, 5, 6, 7) by red lines.

For example, suppose r3 is joined to c10 by red line, then there are four other
red lines joining r3. From these four red lines, then either at least two red lines
from r3 are joined to points among c1, c2, c3, c4 or at least two red lines are joined
to points among c5, c6, c7, c8, c9. In either case, we can see that red C4 is contained
in the K7,14, see Table 22 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 22:

(3) Two of c10, c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red
lines.

For example, suppose r3 is joined to c10, c11 by red lines, then there are three
other red lines joining r3. From these three red lines, then either at least two red
lines from r3 are joined to points among c1, c2, c3, c4 or at least two red lines are
joined to points among c5, c6, c7, c8, c9. In either case, we can see that red C4 is
contained in the K7,14, see Table 23 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1

Table 23:
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(4) Three of c10, c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red
lines.

Suppose r3 is joined to c10, c11, c12 by red lines. Consider r4 and the five
red lines joining r4. From these five red lines, if r4 is not joined to c13 and c14,
then either at least two red lines are joined to points among c1, c2, c3, c4 or at least
two red lines are joined to points among c5, c6, c7, c8, c9 or at least two red lines
are joined to points among c10, c11, c12. In any case, we can see that red C4 is
contained in the K7,14, see Table 24 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 24:

If r4 is joined to one of c13 and c14, say c13, then there are four other red lines
joining r4. From these four red lines, either at least two red lines are joined to
points among c1, c2, c3, c4 or at least two red lines are joined to points among
c5, c6, c7, c8, c9 or at least two red lines are joined to points among c10, c11, c12.
In any case, we can see that red C4 is contained in the K7,14, see Table 25 for
example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 25:

If r4 is joined to c13 and c14, then consider r5 and the five red lines joining r5.
From these five red lines, then either at least two red lines are joined to points
among c1, c2, c3, c4 or at least two red lines are joined to points among c5, c6, c7,
c8, c9 or at least two red lines are joined to points among c10, c11, c12 or at least
two red lines are joined to points c13 and c14. In any case, we can see that red C4

is contained in the K7,14, see Table 26 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1
r5 1 1 1 1 1

Table 26:
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(5) Four of c10, c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red
lines.

Suppose r3 is joined to c10, c11, c12, c13 by red lines. Consider r4 and the five
red lines joining r4. From these five red lines, if r4 is not joined to c14, then either
at least two red lines are joined to points among c1, c2, c3, c4 or at least two red
lines are joined to points among c5, c6, c7, c8, c9 or at least two red lines are joined
to points among c10, c11, c12, c13. In any case, we can see that red C4 is contained
in the K7,14, see Table 27 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 27:

If r4 is joined to c14, then there are four other red lines joining r4. From
these four red lines,then either at least two red lines are joined to points among
c1, c2, c3, c4 or at least two red lines are joined to points among c5, c6, c7, c8, c9 or
at least two red lines are joined to points among c10, c11, c12, c13. In any case, we
can see that red C4 is contained in the K7,14, see Table 28 for example.

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 28:

(6) All of c10, c11, c12, c13, c14 are joined to some ri’s (i = 3, 4, 5, 6, 7) by red
lines.

Suppose r3 is joined to c10, c11, c12, c13, c14 by red lines. Consider r4 and the
five red lines joining r4. From these five red lines, then either at least two red
lines are joined to points among c1, c2, c3, c4 or at least two red lines are joined to
points among c5, c6, c7, c8, c9 or at least two red lines are joined to points among
c10, c11, c12, c13, c14. In any case, we can see that red C4 is contained in the K7,14,
see Table 29 for example.
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c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14

r1 1 1 1 1 1
r2 1 1 1 1 1
r3 1 1 1 1 1
r4 1 1 1 1 1

Table 29:

2.4.2. None ci’s are joined by red lines to both of r1 and r2.

Suppose that r1 is joined by five red lines to c1, c2, c3, c4, c5 and r2 is joined
by five red lines to c6, c7, c8, c9, c10.

Similar to the cases in 2.3.1 of subcase 2.3, red C4 is always contained in the
K7,14.

Therefore,

(2.6) rt(C4; 3) ≤ 7.

From the inequalities (2.4) and (2.6), we have rt(C4; 3) = 7 as required.
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Abstract. Recently, Chang, et al introduce the concept of total asymptotically non-
expansive mapping which contain the asymptotically nonexpansive mapping. The pur-
pose of the paper is to analyze a three-step iterative scheme for total asymptotically
nonexpansive mapping in uniformly convex hyperbolic spaces. Meanwhile, we obtain a
∆-convergence theorem of the three-step iterative scheme for total asymptotically non-
expansive mapping in CAT(0) spaces. Ours results obtained in this paper extend and
improve some previous known results.
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1. Introduction

Throughout this paper, (M, d) will stand for a metric space. For any x, y ∈ M ,
let [x, y] be an isometric image of the real line interval [0, d(x, y)]. Suppose that
there exists a family F of metric segments (or geodesic) such that any two points
x, y in M are endpoints of a unique metric segment [x, y] ∈ F . We shall denote
by (1− β)x⊕ βy the unique point z of [x, y] which satisfies

d(x, z) = βd(x, y) and d(z, y) = (1− β)d(x, y).

1Corresponding author. E-mail: zuozhanfei@139.com
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Such metric spaces are usually called convex metric spaces (see [10]). The (M, d)
is said to be a geodesic space if every two points of M are joined by a geodesic.
For a convex metric spaces (M,d), if

d

(
1

2
p⊕ 1

2
x,

1

2
p⊕ 1

2
y

)
≤ 1

2
d(x, y),

for all p, x, y in M , then M is said to be a hyperbolic metric space, for more details
about hyperbolic metric space see ([9]). A subset C of a hyperbolic metric space
M is convex if [x, y] ⊂ C whenever x, y are in C. Obviously, normed linear spaces
are hyperbolic spaces. One can consider, as nonlinear examples, the Hadamard
manifolds ([2]), the Hilbert open unit ball equipped with the hyperbolic metric
([5]), and the CAT(0)spaces. Recall that a geodesic space is a CAT(0) space if
and only if it satisfies the (CN) inequality ([13]):

d

(
z,

1

2
x⊕ 1

2
y

)2

≤ 1

2
d(z, x)2 +

1

2
d(z, y)2 − 1

4
d(x, y)2.

In particular, if x, y, z are points in a CAT(0) space and t ∈ [0, 1], then

d((1− t)x⊕ ty, z) ≤ (1− t)d(x, z) + td(y, z).

For more details about CAT(0) spaces, see [1].
In 2011, Khamsi and Khan (see [7]) introduced uniformly convex hyperbolic

metric space.

Definition 1.1 Let (M, d) be a hyperbolic metric space, M is said to be uniformly
convex, if for any a ∈ M , for every r > 0, and for each ε > 0,

δ(r, ε) = inf

{
1− 1

r
d

(
1

2
x⊕ 1

2
y, a

)
: d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ rε

}
> 0.

If (M,d) is uniformly convex hyperbolic spaces, then for every s ≥ 0, ε > 0, there
exists η(s, ε) > 0 depending on s and ε such that

δ(r, ε) > η(s, ε) > 0, for any r > s.

CAT(0) spaces are uniformly convex hyperbolic spaces with δ(r, ε) = 1−
√

1− ε2/4.
Uniformly convex hyperbolic spaces can be viewed as 2-uniformly convex (see [7]).

2. Preliminaries

Let us start by making some basic definitions.

Definition 2.1. ([4]) Let C be bounded subset of X, a mapping T : X → X
is called asymptotically nonexpansive, if there exists a sequence {kn} of positive
real numbers with kn → 1 as n →∞ for which

d(T nx, T ny) ≤ knd(x, y), for all x, y ∈ X.
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Definition 2.2. T is said to be uniformly L-Lipschitzian, if there exists a constant
L > 0 such that

d(T nx, T ny) ≤ Ld(x, y), ∀n ≥ 1, x, y ∈ X.

Chang et al. (see [3]) recently introduce the concept of total asymptotically
nonexpansive mappings and prove the demiclosed principle for this kind of map-
pings in CAT(0) spaces.

Definition 2.3. A mapping T : X → X is said to be ({µn}, {νn}, ζ)−total
asymptotically nonexpansive, if there exist nonnegative sequences {µn}, {νn} with
µn → 0, νn → 0 and a strictly increasing continuous function ζ : [0, +∞) →
[0, +∞) with ζ(0) = 0 such that

d(T nx, T ny) ≤ d(x, y) + νnζ(d(x, y)) + µn ∀n ≥ 1, x, y ∈ X.

Rermark 2.4. From the above definition, it is to know that, each nonexpansive
mapping is a asymptotically nonexpansive mapping with sequence {kn = 1}, and
each asymptotically nonexpansive mapping is a ({µn}, {νn}, ζ)−total asymptoti-
cally nonexpansive mapping with µn = 0, νn = kn − 1,∀n ≥ 1 and ζ(t) = t, t ≥ 0.

Let {xn} be a bounded sequence in M and C ⊂ M be a nonempty subset
of M . The asymptotic radius of {xn} with respect to C is defined by

r(C, {xn}) = inf

{
lim sup

n→∞
d(x, xn) : x ∈ C

}
.

The asymptotic radius of {xn}, denoted by r({xn}), is the asymptotic radius of
{xn} with respect to M . The asymptotic center of {xn} with respect to C is
defined by

A(C, {xn}) =

{
z ∈ C : lim sup

n→∞
d(z, xn) = r({C, xn})

}
.

When C = M , we call the asymptotic center of {xn} and use the notation A({xn})
for A(C, {xn}).

Definition 2.5. ([11]) A sequence {xn} in (M, d) is said to ∆-converge to x ∈ M
if x is the unique asymptotic center of {un} for every subsequence {un} of {xn}.
In this case, we write ∆− lim

n→∞
xn = x and call x the ∆-limit of {xn}.

Every bounded sequence in a complete CAT(0) space always has a ∆-conver-
gent subsequence ([8]). The proof of following lemma is implicit in the proof of
Theorem 3.5 in [3].

Lemma 2.6. Let C be a closed convex subset of a complete CAT(0) space M ,
and T : C → C be a uniformly L-Lipschitzian and ({µn}, {νn}, ζ)−total asymp-
totically nonexpansive mapping. Suppose that {xn} is a bounded sequence in C
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such that lim
n→∞

d(xn, Txn) = 0 and d(xn, p) converges for each p ∈ F (T ), then

ωw(xn) ⊂ F (T ). Here ωw(xn) = ∪A({un}), the union is taken over all subse-
quences {un} of {xn}. Moreover, ωw(xn) consists of exactly one point.

In 2002, Xu and Noor [14] introduced and analyzed a three-step iterative
schemes for solving the nonlinear equation Tx = x for asymptotically nonexpan-
sive mappings in Banach space. It has been shown that the three-step iterative
scheme gives better numerical results than the two-step and one-step approximate
iterations ([6]). Inspired and motivated by these facts, we analyze a three-step
iterative scheme for mappings of total asymptotically nonexpansive in uniformly
convex hyperbolic spaces.

Algorithm 1. Let C be a nonempty closed subset of a hyperbolic metric space
(M, d) and T : C → C be a uniformly L− Lipschitzian and ({µn}, {νn}, ζ)−total
asymptotically nonexpansive mapping. For a given x1 ∈ C, compute sequences
{zn},{yn},{xn} by the iterative schemes

zn = anT
nxn ⊕ (1− an)xn

yn = bnT
nzn ⊕ (1− bn)xn

xn+1 = αnT
nyn ⊕ (1− αn)xn

(2.1)

where {an}, {bn}, {αn} are real numbers in [0, 1]. Let an = 0 or an = 0 and
bn = 0, we get Ishikawa-type and Krasnoselski-Mann iteration as special cases.

yn = bnT nxn ⊕ (1− bn)xn

xn+1 = αnT nyn ⊕ (1− αn)xn;
(2.2)

xn+1 = αnT nxn ⊕ (1− αn)xn;(2.3)

For a suitable choice of {αn} and {bn}, we obtain a ∆-convergence theorem of the
three-step iterative scheme for uniformly L− Lipschitzian and ({µn}, {νn}, ζ)−total
asymptotically nonexpansive mapping in CAT(0) spaces.

3. Main results

The following Lemma is trivial (see [12]).

Lemma 3.1. Let {an}, {λn} and {cn} be the sequences of nonnegative numbers
such that

an+1 ≤ (1 + λn)an + cn, ∀ n ≥ 1.

If
∞∑

n=1

λn < ∞ and
∞∑

n=1

cn < ∞, then lim
n→∞

an exists. If there exists a subsequence

of {an} which converges to 0, then lim
n→∞

an = 0.
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Lemma 3.2. Let (M,d) be uniformly convex hyperbolic spaces and C be a
bounded closed nonempty convex subset of M . Let T : C → C be a uniformly
L-Lipschitzian and ({µn}, {νn}, ζ)−total asymptotically nonexpansive mapping. If
{an}, {bn}, {αn} are real numbers in [0, 1]. Suppose that x1 ∈ C and {xn} is given
by (2.1).

(i) If
∞∑

n=1

νn < ∞;
∑∞

n=1 µn < ∞;

(ii) there exists a constant M∗ > 0 such that ζ(r) ≤ M∗r, r ≥ 0.

Then lim
n→∞

d(xn, p) exists for each p ∈ F (T ).

Proof. Let p ∈ F (T ). From (2.1), we have

d(zn, p) = d(anT nxn ⊕ (1− an)xn, p)

≤ and(T nxn, p) + (1− an)d(xn, p)

= and(T nxn, T
np) + (1− an)d(xn, p)

≤ an(d(xn, p) + νnζ(d(xn, p)) + µn) + (1− an)d(xn, p)

≤ (1 + νnM∗)d(xn, p) + µn

(3.1)

d(yn, p) = d(bnT nzn ⊕ (1− bn)xn, p)

≤ bnd(T nzn, p) + (1− bn)d(xn, p)

= bnd(T nzn, T np) + (1− bn)d(xn, p)

≤ bn(d(zn, p) + νnζ(d(zn, p)) + µn) + (1− bn)d(xn, p)

≤ bn((1 + νnM
∗)d(xn, p) + µn + νnM

∗d(zn, p) + µn)

+(1− bn)d(xn, p)

≤ (1 + 2νnM
∗ + (νnM∗)2)d(xn, p) + (νnM∗ + 2)µn

(3.2)

From (3.2), we get

d(xn+1, p) = d(αnT nyn ⊕ (1− αn)xn, p)

≤ αnd(T nyn, p) + (1− αn)d(xn, p)

≤ αn(d(yn, p) + νnζ(d(yn, p)) + µn) + (1− αn)d(xn, p)

≤ (1 + 3νnM∗ + 3(νnM
∗)2 + (νnM∗)3)d(xn, p)

+(3 + 3νnM
∗ + (νnM∗)2)µn.

(3.3)

In Lemma 3.1, take an = d(xn, p), λn = 3νnM
∗ + 3(νnM∗)2 + (νnM∗)3 and

cn = (3 + 3νnM
∗ + (νnM

∗)2)µn, then all conditions in Lemma 3.1 are satisfied.
The conclusion is obtained from Lemma 3.1 immediately.

Lemma 3.3. Let (M,d) be uniformly convex hyperbolic spaces and C be a
bounded closed nonempty convex subset of M . Let T : C → C be a uniformly
L-Lipschitzian and ({µn}, {νn}, ζ)−total asymptotically nonexpansive mapping. If
{an}, {bn}, {αn} are real numbers in [0, 1] satisfying
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(i) 0 < lim inf
n

αn ≤ lim sup
n

αn < 1;

(ii) 0 < lim inf
n

bn ≤ lim sup
n

bn < 1;

(iii)
∞∑

n=1

νn < ∞;
∞∑

n=1

µn < ∞;

(iv) there exists a constant M∗ > 0 such that ζ(r) ≤ M∗r, r ≥ 0.

Suppose that x1 ∈ C and {xn} is given by (2.1). Then

lim
n→∞

d(xn, Txn) = 0.

Proof. Take a p ∈ F (T ), in view of Lemma 3.2, we can let lim
n→∞

d(xn, p) = r for

some r ∈ R. If r = 0, then we immediately obtain

d(xn, Txn) ≤ d(xn, p) + d(Txn, p) = d(xn, p) + d(Txn, Tp) ≤ (1 + L)d(xn, p),

by the uniformly L-Lipschitzian of T , then lim
n→∞

d(xn, Txn) = 0.

If r > 0, then we shall prove that

(3.4) lim
n→∞

d(T nyn, p) = lim
n→∞

d(T nzn, p) = r,

by showing that for any increasing sequence {ni} of positive integers for which
the limits in (3.4) exist, and it follows that the limit is r. From condition (i), we
may assume that the corresponding subsequence {αni

} converges to some α; we
shall have α > 0 because {αni

} is assumed to be bounded away from 0. From
conditions (i) and (iii), we have

r = lim
n→∞

d(xn, p) = lim
i→∞

d(xni+1, p)

= lim
i→∞

d
(
αni

T niyni
⊕ (1− αni

)xni
, p

)

≤ lim
i→∞

[
αni

d(T niyni
, p) + (1− αni

)d(xni
, p)

]

≤ lim
i→∞

[
αni

(d(yni
, p) + νnζ(d(yni

, p)) + µn) + (1− αni
)d(xni

, p)
]

≤ α lim sup
i→∞

d(xni
, p) + (1− α)r

= r.

It follows that lim
n→∞

d(T nyn, p) = r. From condition (ii), we may assume that the

corresponding subsequence {bni
} converges to some b; we shall have b > 0 because

{bni
} is assumed to be bounded away from 0. From (3.1) and conditions (ii), (iii),

we have
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r = lim
n→∞

d(xn, p) = lim
i→∞

d(xni+1, p)

= lim
i→∞

d
(
αni

T niyni
⊕ (1− αni

)xni
, p

)

≤ lim
i→∞

[
αni

d(T niyni
, T nip) + (1− αni

)d(xni
, p)

]

≤ lim
i→∞

[
αni

(d(yni
, p) + νni

ζ(d(yni
, p)) + µni

) + (1− αni
)d(xni

, p)
]

≤ α lim
i→∞

(bni
(d(T nizni

, p) + (1− bni
)d(xni

, p) + νnM
∗d(yni

, p) + µni
)

+(1− α)d(xni
, p)

= α lim
i→∞

(bni
d(T nzni

, T nip) + (1− bni
)d(xni

, p)) + (1− α)d(xni
, p)

≤ α(b lim
i→∞

(d(zni
, p) + νni

ζ(d(zni
, p)) + µni

) + (1− b)d(xni
, p))

+(1− α)d(xni
, p)

≤ α(b lim
i→∞

(d(xni
, p) + (1− b)d(xni

, p)) + (1− α)d(xni
, p)

= r.

It follows that lim
n→∞

d(T nzn, p) = r holds. In addition, it is easy to see that

lim
n→∞

d

(
xn ⊕ T nxn

2
, p

)
= r.

In the sequel, we shall prove

lim
n→∞

d(T nyn, xn) = lim
n→∞

d(T nzn, xn) = 0.

Assume by contradiction that {T nyn} does not converge {xn}, and so we can find
ε0 > 0 and {nk} ⊂ N such that

(3.5) d(T nkynk
, xnk

) ≥ ε0.

We can assume ε0 ∈ (0, 2], then
ε0

r + 1
∈ (0, 2]. Since M is uniformly convex, there

exits θ ∈ (0, 1] such that

(3.6) 1− δ

(
r + θ,

ε0

r + 1

)
≤ 1− η

(
r,

ε0

r + 1

)
≤ r − θ

r + θ

By (3.4), for the above θ > 0, there exists N0 ∈ N such that

d(xnk
, p) ≤ r + θ, d(T nkynk

, p) ≤ r + θ ∀k ≥ N0.

For k ≥ N0, we also have that

d (T nkynk
, xnk

) ≥ ε0 = (r + θ)
ε0

r + θ
≥ (r + θ)

ε0

r + 1
.
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Now, applying the fact that M is uniformly convex and (3.6), we get that

d

(
xnk

⊕ T nkxnk

2
, p

)
≤

(
1− δ

(
r + θ,

ε0

r + 1

))
(r + θ)

< r − θ.

Let nk →∞, we obtain that

r = lim
nk→∞

d

(
xnk

⊕ T nkxnk

2
, p

)
≤ r − θ.

Hence, we get a contradiction, and therefore

(3.7) lim
n→∞

d(T nyn, xn) = 0.

This is equivalent to

(3.8) lim
n→∞

d(xn+1, xn) = 0.

Using the same way, we can prove that

(3.9) lim
n→∞

d(T nzn, xn) = 0

This is equivalent to lim
n→∞

d(yn, xn) = 0 and meanwhile we get

(3.10) lim
n→∞

d(yn+1, yn) = 0

Thus

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, T
n+1yn+1)

+ d(T n+1yn+1, T
n+1yn) + d(T (T nyn), Txn)

≤ d(xn, xn+1) + d(xn+1, T
n+1yn+1)

+ Ld(yn+1, yn) + Ld(T nyn, xn)

By (3.7), (3.8), (3.10) and the uniformly L-Lipschitzian of T , we conclude that

lim
n→∞

d(xn, Txn) = 0.

Theorem 3.4. Let (M, d) be a completely CAT(0) spaces and C be a bounded
closed nonempty convex subset of M . Let T : C → C be a uniformly L-
Lipschitzian and ({µn}, {νn}, ζ)-total asymptotically nonexpansive mapping. If
F (T ) 6= Ø, {an}, {bn}, {αn} are real numbers in [0, 1] satisfying

(i) 0 < lim inf
n

αn ≤ lim sup
n

αn < 1;

(ii) 0 < lim inf
n

bn ≤ lim sup
n

bn < 1;
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(iii)
∞∑

n=1

νn < ∞;
∞∑

n=1

µn < ∞;

(iv) there exists a constant M∗ > 0 such that ζ(r) ≤ M∗r, r ≥ 0.

Supposing that x1 ∈ C and {xn} is given by (2.1), ∆-converges to a fixed point
of T .

Proof. Since CAT(0) spaces are uniformly convex hyperbolic spaces, by Lemma
3.2, {d(xn, p)} is convergent for each p ∈ F (T ). By Lemma 3.3, we have
lim

n→∞
d(xn, Txn) = 0. By Lemma 2.6, ωw(xn) consists of exactly one point and

is contained in F (T ). This shows that {xn} ∆-converges to an element of F (T ).

Remark 3.5.

1. Since normed linear spaces are hyperbolic spaces and total asymptotically
nonexpansive mapping which contain the asymptotically nonexpansive map-
ping. Therefore, Lemma 3.3 extend Lemma 2.2 of Xu and Noor [14].

2. Let an = 0 or an = 0 and bn = 0, we get the Ishikawa-type and the
Krasnoselski-Mann iteration as special cases, therefore Lemma 3.3 extends
Theorem 5.2 of U. Kohlenbach (see [9]) and Lemma 5.4, Theorem 5.7 in
[11]. Theorem 3.4 gives some new ∆-convergence theorem different from
Theorem 3.5 ([3]) in CAT(0) spaces.
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[13] Tits, F., Groupes réducifs sur un corps local. Institut des Hautes Études
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Abstract. This paper aims to introduce fuzzy congruence relations over rings and
give constructions of quotient rings induced by fuzzy congruence relations. The Fuzzy
First, Second and Third Isomorphism Theorems of rings are established. Finally, we
investigate the relationships between fuzzy ideals and fuzzy congruence relations on
rings.
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1. Introduction

Fuzzy set theory, proposed by L.A. Zadeh [14], has been extensively applied to
many scientific fields. In fact, the field grew enormously, and applications were
found in areas by many authors (see [1], [13]) as diverse as washing machines to
handwriting recognition and other applications.

Following the discovery of fuzzy sets, much attention has been paid to ge-
neralize the basic concepts of classical algebra in a fuzzy framework, and thus
developing a theory of fuzzy algebras. In recent years, much interest is shown to
generalize algebraic structures of groups, rings, modules, etc. The notion of fuzzy
ideals of a ring R was put forward and the operations on fuzzy ideals was discussed
by several researchers (see, e.g., [4], [5], [6], [7]). Fuzzy congruence relations and
fuzzy normal subgroups on groups was shown by N. Kuroki [3]. Later on, L. Filep
and I. Maurer [2] and by V. Murali [11] further studied fuzzy congruence relations

1Corresponding author. e-mail: xiangdajing@126.com
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on universal algebras. Fuzzy isomorphism theorems of soft rings were shown by
X.P. Liu [8], [9]. General algebraic structure, such as group and ring of congruence
relations and ideals to depict the algebraic structure has played a very important
role. The various constructions of quotient groups and quotient rings by fuzzy
ideals was introduced by Y.L. Liu [7]. Moreover, N. Kuroki has been shown
that there exists a one-to-one mapping from all fuzzy normal subgroups and all
fuzzy congruence relations of groups. Naturally, the study of the definition and
properties about fuzzy congruence relations on rings is a meaningful work.

In this paper, we introduce the notion of fuzzy congruence relations on rings
and introduce the notion of quotient rings by fuzzy congruence relations and give
the Fuzzy First, Second and Third Isomorphism Theorems of rings based on fuzzy
congruence relation. Moreover, we give some properties between fuzzy ideals and
fuzzy congruence relations on rings.

2. Preliminaries

From the properties of fuzzy set theory, we know that a fuzzy set defined on a set
as follows: let R be a non-empty set, then µ : R → [0, 1] is called a fuzzy set of
R. In this paper, R is always a ring.

Definition 2.1 [10]

(1) A fuzzy set µ of R is called a fuzzy left (resp., right) ideal of R if it satisfies:

(i) µ(x− y) ≥ µ(x) ∧ µ(y) for all x, y of R,

(ii) µ(xy) ≥ µ(y) (resp., µ(xy) ≥ µ(x)) for all x, y of R.

(2) A fuzzy set µ of R is called a fuzzy ideal of R if it is both a fuzzy left ideal
and a fuzzy right ideal of R.

Clearly, let µ be a fuzzy set of R, if it satisfies µ(xy) ≥ µ(x)∨µ(y), then µ is
a fuzzy ideal of R. We denote the set of all fuzzy ideals of R by FI(R).

Definition 2.2 [10] Let µ and ν be two fuzzy sets of R. Then the product µ+ν
is defined by the following:

(µ + ν)(z) =
∨

x+y=z

[µ(x) ∧ ν(y)],

and

(µ + ν)(z) = 0

if z cannot be expressed as z = x + y, for all x, y and z of R.

Definition 2.3 [11]
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(1) A function α from R×R to the unit interval [0,1] is called a fuzzy relation
on R. Let α and β be two fuzzy relations on R, then the product α ◦ β is
defined by the following:

(α ◦ β)(a, b) =
∨
x∈R

[α(a, x) ∧ β(x, b)]

for all a, b of R.

(2) Let α and β be two fuzzy relations on R, then the product α ∩ β is defined
by the following way:

(α ∩ β)(x, y) = α(x, y) ∧ β(x, y),

(α ∪ β)(x, y) = α(x, y) ∨ β(x, y).

Definition 2.4 [12] A relation α on the set R is called left compatible if (a, b) ∈ α
implies (x + a, x + b) ∈ α and (xa, xb) ∈ α, for all a, b, x of R, and is called right
compatible if (a, b) ∈ α implies (a + x, b + x) ∈ α and (ax, bx) ∈ α, for all a, b, x
of R.

Remark 2.5 For any relation α on the set R

(i) It is called compatible if (a, b) ∈ α and (c, d) ∈ α implies (a + c, b + d) ∈ α
and (ac, bd) ∈ α, for all a, b, c, d of R,

(ii) A left (right) compatible equivalence relation on R is called a left (right)
congruence relation on R,

(iii) A compatible equivalence relation on R is called a congruence relation on R.

As is well known (see [3]), a relation α on R is a congruence relation if and
only if it is both a left and a right congruence relation on R.

3. Fuzzy congruence relations

In this section, we introduce the notion of fuzzy congruence relations on rings and
give some properties about fuzzy congruence relations.

Definition 3.1 [3] A fuzzy set α of R×R is called a fuzzy relation on R. A fuzzy
relation α on R is called a fuzzy equivalence relation if it satisfies the following
conditions:

(i) α(x, x) = 1 for all x of R (fuzzy reflexive),

(ii) α(x, y) = α(y, x) for all of R (fuzzy symmetric),

(iii) α(x, y) ≥ ∨
z∈R

[α(x, z) ∧ α(z, y)] for all x, y of R (fuzzy transitive).
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We note that α is fuzzy transitive if and only if α ⊃ α ◦ α.

Definition 3.2 [12] A fuzzy relation α on R is called a fuzzy left compatible
relation if α(x + a, x + b) ≥ α(a, b) and α(xa, xb) ≥ α(a, b) for all x, a, b of R,
and is called a fuzzy right compatible relation if α(a + x, b + x) ≥ α(a, b) and
α(ax, bx) ≥ α(a, b) for all x, a, b of R. It is called a fuzzy compatible relation if
α(a + c, b + d) ≥ α(a, b) ∧ α(c, d) and α(ac, bd) ≥ α(a, b) ∧ α(c, d).

Remark 3.3 A fuzzy relation on R is called a fuzzy compatible relation if and
only if it is both a left and a right fuzzy compatible relation on R.

Proposition 3.4 Let α and β be any fuzzy compatible relations on R. Then
α ◦ β is also a fuzzy compatible relation on R.

Proof. For every a, b, x ∈ R. Since α and β are fuzzy compatible relations, we
have

(α ◦ β)(x + a, x + b) =
∨

z∈R

[α(x + a, z) ∧ β(z, x + b)]

≥ [α(x + a, x + z) ∧ β(x + z, x + b)]

≥ [α(a, z) ∧ β(z, b)].

Then we have

(α ◦ β)(x + a, x + b) ≥ ∨
z∈R

[α(a, z) ∧ β(z, b)]

= (α ◦ β)(a, b),

(α ◦ β)(xa, xb) =
∨

z∈R

[α(xa, z) ∧ β(z, xb)]

≥ [α(xa, xz) ∧ β(xz, xb)]

≥ [α(a, z) ∧ β(z, b)].

Hence
(α ◦ β)(xa, xb) ≥ ∨

z∈R

[α(a, z) ∧ β(z, b)]

= (α ◦ β)(a, b).

This means that α ◦ β is a fuzzy left compatible relation. It can be seen in a
similar way that α ◦ β is a fuzzy right compatible relation. Thus we obtain that
α ◦ β is a fuzzy compatible relation.

Definition 3.5 [12] A fuzzy equivalence relation α on R is called a fuzzy con-
gruence relation if the following conditions are satisfied for all x, y, z, t of R

(i) α(x + y, z + t) ≥ α(x, z) ∧ α(y, t),

(ii) α(xy, zt) ≥ α(x, z) ∧ α(y, t).

We denote the set of all fuzzy congruence relations on R by FC(R).



quotient rings via fuzzy congruence relations 415

Example 3.6 Let Z be the set of all integers. Then Z is a ring with respect
to the usual addition and multiplication of numbers. The fuzzy relation α on Z
defined by

α(x, y) =





1 if x = y,

0.5 if x 6= y and both x, y are either or odd,

0 otherwise.

is a fuzzy congruence relation on Z.

Proposition 3.7 [12] Let α be a fuzzy congruence relation on R. Then for all
x, y, z ∈ R we have the following results:

(i) α(x, y) ≥ α(x + z, y + z) ∧ α(xz, yz) ∧ α(zx, zy),

(ii) α(−x,−y) = α(x, y).

Proposition 3.8 [3] Let α and β be fuzzy congruence relations on R. Then α◦β
is a fuzzy congruence relation on R if and only if α ◦ β = β ◦ α.

Let α be a fuzzy relation on R. For each λ ∈ [0, 1], we put

Rα(λ) = {(a, b) : (a, b) ∈ R×R, α(a, b) ≥ λ}.

This set is called the λ-level set of α.

Theorem 3.9 A fuzzy relation α is a fuzzy congruence relation on R if and only
if for each λ ∈ [0, 1], the λ-level set Rα(λ) is a congruence relation on R.

Proof. Since α is a fuzzy congruence relation on R, then α(x, x) = 1, for every
x ∈ R, we have (x, x) ∈ Rα(λ), which means Rα(λ) is a reflexive relation.

For all (x, y) ∈ Rα(λ), α(x, y) = α(y, x) ≥ λ, i.e. (y, x) ∈ Rα(λ), Rα(λ) is a
symmetric relation.

For each (x, y), (z, y) ∈ Rα(λ), α(x, z) ≥ λ, α(z, y) ≥ λ, since
α(x, y) ≥ ∨

z∈R

[α(x, z) ∧ α(z, y)], then

α(x, y) ≥ λ, i.e., (x, y) ∈ Rα(λ).

Therefore, Rα(λ) is a transitive relation. Consequently, Rα(λ) is a equivalence
relation on R.

For every (x, y), (a, b) ∈ Rα(λ), since α is a fuzzy congruence relation on R,
then we have α(a+x, b+y)≥α(a, b)∧α(x, y)≥λ, α(ax, by) ≥ α(a, b)∧α(x, y) ≥ λ,
i.e., (a + x, b + y) ∈ Rα(λ) and (ax, by) ∈ Rα(λ).

Thus Rα(λ) is a compatible relation on R, which implies, Rα(λ) is a con-
gruence relation on R.

Conversely, let λ ∈ [0, 1], since Rα(λ) is a congruence relation on R, then for
all x ∈ R, α(x, x) ≥ λ, implies α(x, x) = 1, i.e., α is a fuzzy reflexive relation. For



416 x. zhou, d. xiang, j. zhan

each x, y ∈ R, if α(x, y) 6= α(y, x), let α(x, y) = λ1, α(y, x) = λ2, if λ1 > λ2, then
(y, x) /∈ Rα(λ1), but (x, y) ∈ Rα(λ1), since Rα(λ1) is a congruence relation, hence
(y, x) ∈ Rα(λ1), contradiction.

So α(x, y) = α(y, x). When λ1 < λ2, the proof of it is similarly. Hence α is
fuzzy a symmetric relation. For each x, y, z ∈ R, let α(x, z) = t1, α(z, y) = t2, if
t1 ≤ t2 then (x, z), (z, y) ∈ Rα(t1). Since Rα(t1) is a congruence relation on R,
hence (x, y) ∈ Rα(t1), and α(x, y) ≥ t1 =

∨
z∈R

[α(x, z) ∧ α(z, y)], thus α is a fuzzy

transitive relation. When t1 ≥ t2, the proof of it is similarly, hence α is a fuzzy
equivalence relation on R.

For each a, b, x, y ∈ R, let α(a, b) = s, α(x, y) = t, if s ≤ t, then (a, b) ∈
Rα(s), (x, y) ∈ Rα(t) ≤ Rα(s). Since Rα(s) is a congruence relation on R, hence
α(a + x, b + y) ∈ Rα(s), (ax, by) ∈ Rα(s), we have α(a + x, b + y) ≥ s = α(a, b) ∧
α(x, y), α(ax, by) ≥ s = α(a, b) ∧ α(x, y). Hence α is a fuzzy compatible relation
on R. When s ≥ t, the proof is similar. It follows that α is a fuzzy congruence
relation on R. This completes the proof.

4. Quotient rings induced by fuzzy congruence relations

In this section, we introduce the notion of quotient rings by fuzzy congruence
relations and give the Fuzzy First, Second and Third Isomorphism Theorems of
rings by means of fuzzy congruence relations.

Definition 4.1 Let α be a fuzzy congruence relation on R. For every element
x ∈ R, we define a subset

αx = {y ∈ R|α(x, y) = 1}

of R and R/α = {αx|x ∈ R}.

Theorem 4.2 If α is a fuzzy congruence relation of R, then R/α is a ring under
the binary operations defined by

αx + αy = αx+y and αxαy = αxy

for any x, y ∈ R.

Proof. First, we show that the above binary operations are well-defined. In
fact, if αx = αx′ and αy = αy′ , then we have α(x, x′) = 1 and α(y, y′) = 1. Since
α(x, x′) ≤ α(x + y, x′ + y) and α(y, y′) ≤ α(x′ + y, x′ + y′) so

α(x + y, x′ + y′) ≥ ∨
z∈R

[α(x + y, z) ∧ α(z, x′ + y′)]

≥ α(x + y, x′ + y) ∧ α(x′ + y, x′ + y′)

≥ α(x, x′) ∧ α(y, y′)

= 1.
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Then we have α(x + y, x′ + y′) = 1. This means αx+y = αx′+y′ .
Again, since α(x, x′) ≤ α(xy, x′y) and α(y, y′) ≤ α(x′y, x′y′),

α(xy, x′y′) ≥ ∨
z∈R

[α(xy, z) ∧ α(z, x′y′)]

≥ α(xy, x′y) ∧ α(x′y, x′y′)

≥ α(x, y′) ∧ α(y, y′)

= 1.

Therefore, α(xy, x′y′) = 1, this means αxy = αx′y′ . Hence addition and
multiplication are well-defined. Because it is a routine matter to verify that the
set R/α is a ring under the binary defined above and we omit its proof.

Notation 4.3 If α is a fuzzy congruence relation on R, then R/α is a ring which
has the zero element α0.

Lemma 4.4 Let R, R′ be rings and f be a homomorphism from R to R′. If α′ is
a fuzzy congruence relation of R′, then the map f−1(α′) defined by

f−1(α′)(x, y) = α′(f(x), f(y))

for all x, y ∈ R is a fuzzy congruence relation of R.

Proof. For all x, y, z,∈ R, then

f−1(α′)(x, x) = 1, f−1(α′)(x, y) = α′(f(x), f(y)) = α′(f(y), f(x)) = f−1(α′)(y, x),

which means f−1(α′) is a fuzzy reflexive relation and fuzzy symmetric relation
of R. Since

f−1(α′)(x, y) = α′(f(x), f(y))

≥ ∨
f(z)∈R′

[α′(f(x), f(z)) ∧ α′(f(z), f(y))]

≥ α′(f(x), f(z)) ∧ α′(f(z), f(y))

= f−1(α′)(x, z) ∧ f−1(α′)(z, y)

≥ ∨
z∈R

[f−1(α′)(x, z) ∧ f−1(α′)(z, y)].

This means f−1(α′) is a fuzzy transitive relation of R. So f−1(α′) is a fuzzy
equivalence relation of R. Again

f−1(α′)(z + x, z + y) = α′(f(z + x), f(z + y))
= α′(f(z) + f(x), f(z) + f(y))
≥ α′(f(x), f(y))
= f−1(α′)(x, y),

f−1(α′)(zx, zy) = α′(f(zx), f(zy))
= α′(f(z)f(x), f(z)f(y))
≥ α′(f(x), f(y))
= f−1(α′)(x, y).
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This means that f−1(α′) is a fuzzy left compatible relation of R. By the same
argument, we can see that f−1(α′) a fuzzy right compatible relation of R. Thus
we obtain that f−1(α′) is a fuzzy congruence relation of R. This completes the
proof.

Theorem 4.5 (Fuzzy First Isomorphism Theorem) Let R, R′ be rings, f be an
epimorphism from R to R′, and α′ be a fuzzy congruence relation of R. Then

R/f−1(α′) ∼= R′/α′.

Proof. It follows from Theorem 4.2 and Lemma 4.4, R/f−1(α′) and R′/α′ are
both rings. We define a map h from R/f−1(α′) to R′/α′ by

h(f−1(α′)x) = α′f(x) for all x ∈ R.

(i) h is well-defined: If f−1(α′)x = f−1(α′)y, then f−1(α′)(x, y) = 1. By
Definition 4.1, we have α′(f(x), f(y)) = 1, which implies α′f(x) = α′f(y). Therefore,
h is well-defined.

(ii) h is a homomorphism: h(f−1(α′)x + f−1(α′)y) = h(f−1(α′)x+y) = α′f(x+y)

= α′f(x)+f(y) = α′f(x) + α′f(y); h(f−1(α′)xf
−1(α′)y) = h(f−1(α′)xy) = α′f(xy)

= α′f(x)f(y) = α′f(x)α
′
f(y). This implies that h is a homomorphism.

(iii) h is an epimorphism: For any α′y ∈ R′/α′, since f is epimorphic, there
exists x ∈ R such that f(x) = y. So h(f−1(α′)x) = α′f(x) = α′y.

(iv) h is a monomorphism: Suppose that h(f−1(α′)x) = h(f−1(α′)y), then
α′f(x) = α′f(y), which implies α′(f(x), f(y)) = 1. From Lemma 4.4, we have

f−1(α′)(x, y) = 1. Hence f−1(α′)x = f−1(α′)y. This means h is a monomorphism.

In conclusion, R/f−1(α′) ∼= R′/α′.

Corollary 4.6 Let α be a fuzzy congruence relation of R, then the mapping f :
R → R/α defined by f(x) = αx for all x ∈ R, is a homomorphism.

Lemma 4.7 Let α be a fuzzy congruence relation of R, we denote

Rα = {y ∈ R|α(0, y) = 1}.

Then Rα is an ideal of R.

Proof. It is clear.

Lemma 4.8 Let I be an ideal of R, α and β are fuzzy congruence relations of R.

(i) If α is restricted to I, then α is a fuzzy congruence relation of I,

(ii) α ∩ β is fuzzy congruence relation of R,

(iii) I/α is an ideal of R/α.
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Proof. (i) Obviously.

(ii) For any x, y ∈ R, since (α ∩ β)(x, y) = α(x, y) ∧ β(x, y), α ∩ β is a fuzzy
reflexive relation and a fuzzy symmetric relation, we only show α ∩ β is a fuzzy
transitive relation. Since

(α ∩ β)(x, y) = α(x, y) ∧ β(x, y)

≥ α(x, z) ∧ α(z, y) ∧ β(x, z) ∧ β(z, y)
= (α ∩ β)(x, z) ∧ (α ∩ β)(z, y)

≥ ∨
z∈R

[(α ∩ β)(x, z) ∧ (α ∩ β)(z, y)].

It follows from Definition 3.1 that α ∩ β is a fuzzy transitive relation. Therefore
α ∩ β is a fuzzy equivalence relation of R.

Again, for every a ∈ R, since

(α ∩ β)(a + x, a + y) = α(a + x, a + y) ∧ β(a + x, a + y)

≥ α(x, y) ∧ β(x, y)

= (α ∩ β)(x, y),

(α ∩ β)(ax, ay) = α(ax, ay) ∧ β(ax, ay)

≥ α(x, y) ∧ β(x, y)

= (α ∩ β)(x, y).

This means α ∩ β is a fuzzy left compatible relation. Similarly α ∩ β is a fuzzy
right compatible relation. Hence α ∩ β is a fuzzy congruence relation of R.

(iii) First, we show that {αa | a ∈ I} is an ideal of R/α. For any αa, αb ∈
{αa | a ∈ I}, where a, b ∈ I. Since I is an ideal, a− b ∈ I, hence αa−αb = αa−b ∈
{αa | a ∈ I}. For any αa ∈ {αa | a ∈ I}, αx ∈ R/α, where a ∈ I and x ∈ R, then
ax, xa ∈ I, hence αaαx = αax ∈ {αa | a ∈ I} and αxαa = αxa ∈ {αa | a ∈ I}.
Thus {αa | a ∈ I} is an ideal of R/α.

Next, we define ϕ : I/α → R/α by

(α|I)a 7→ αa for all (α|I)a ∈ I/α.

It is easy to verify that I/α ∼= {αa | a ∈ I} under the mapping. Hence, we may
regard I/α as an ideal of R/α in isomorphic sense, completing the proof.

Theorem 4.9 (Fuzzy Second Isomorphism Theorem) Let α, β be two fuzzy con-
gruence relations of a ring R with α0 ⊆ β0. Then

(Rα + Rβ)/β ∼= Rα/α ∩ β.

Proof. By Lemma 4.8, β is a fuzzy congruence relation of Rα + Rβ and α ∩ β
is a fuzzy congruence relation of Rα. Thus (Rα + Rβ)/β and Rα/α ∩ β are both
rings. For any x ∈ Rα + Rβ, then x = a + b, where a ∈ Rα, b ∈ Rβ, it implies
α(0, a) = 1 and β(0, b) = 1.
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Define f : (Rα + Rβ)/β ∼= Rα/α ∩ β by

f(βx) = (α ∩ β)a.

If βx = βx′ , where x′ = a′ + b′, a′ ∈ Rα, b′ ∈ Rβ, then we have α(0, a′) = 1,
β(0, b′)=1 and β(x, x′) = β(a+b, a′+b′) = 1. Since α(a, a′) ≥ α(a, 0)∧α(0, a′) = 1,
so α(a, a′) = 1. Similarly, β(b, b′) = 1. By Definition 4.1 and Lemma 4.7 and
α0 ⊆ β0, we have Rα ⊆ Rβ. Therefore, a, a′ ∈ Rβ, which implies β(0, a) = 1 and
β(0, a′) = 1. Since β(a, a′) ≥ β(a, 0) ∧ β(0, a′) = 1, β(a, a′) = 1. From Definition
2.3, (α ∩ β)(a, a′) = α(a, a′) ∧ β(a, a′) = 1, which implies (α ∩ β)a = (α ∩ β)a′ .
Hence f is well-defined.

For any βx, βy ∈ (Rα + Rβ)/β, where x = a + b, y = a1 + b1, a, a1 ∈ Rα

and b, b1 ∈ Rβ, x + y = (a + a1) + (b + b1), xy = (a + a1)(b + b1) = aa1 +
(ab1 + ba1 + bb1) = aa1 + b′, b′ = ab1 + ba1 + bb1 ∈ Rβ. We have f(βx + βy) =
f(βx+y) = (α∩ β)a+a1 = (α∩ β)a + (α∩ β)a1 = f(βx)+f(βy), f(βxβy) = f(βxy) =
(α ∩ β)aa1 = (α ∩ β)a(α ∩ β)a1 = f(βx)f(βy). Hence f is a homomorphism.

For any (α ∩ β)a ∈ Rα/(α ∩ β), taking b ∈ Rβ, ∃x = a + b ∈ Rα + Rβ, then
βx ∈ (Rα + Rβ)/β and f(βx) = (α ∩ β)a. Hence f is an epimorphism.

For any x, y ∈ Rα+Rβ, where x = a+b, y = a1+b1, a, a1 ∈ Rα and b, b1 ∈ Rβ,
if (α ∩ β)a = (α ∩ β)a1 , then (α ∩ β)(a, a1) = 1, i.e, α(a, a1) ∧ β(a, a1) = 1, which
implies α(a, a1) = 1 and β(a, a1) = 1. Since b, b1 ∈ Rβ, we have β(0, b) = 1 and
β(0, b1) = 1. Hence β(b, b1) ≥ β(b, 0) ∧ β(0, b′) = 1, and β(b, b1) = 1.

Then

β(a + b, a1 + b1) ≥ β(a + b, a1 + b) ∧ β(a1 + b, a1 + b1)

≥ β(a, a1) ∧ β(b, b1)

= 1.

Thus β(a + b, a1 + b1) = 1, β(x, y) = 1, this means βx = βy. Therefore f is a
monomorphism. Hence, we have shown that(Rα +Rβ)/β ∼= Rα/α∩β, completing
the proof.

Notation 4.10 Let α and β be fuzzy relations of a ring R. We denote α ≤ β, if
α(x, y) ≤ β(x, y) for all x, y ∈ R.

Theorem 4.11 (Fuzzy Third Isomorphism Theorem) Let α, β be two fuzzy con-
gruence relations of a ring R with α ≤ β. Then

(R/α)/(Rβ/α) ∼= R/β.

Proof. By Lemma 4.7 and Lemma 4.8, Rβ/α is an ideal of R/α.
Define f : R/α → R/β by f(αx) = βx for all x ∈ R. If αx = αy, then

α(x, y) = 1. Since α ≤ β, so β(x, y) ≥ α(x, y) = 1, thus β(x, y) = 1, βx = βy.
Hence f is well-defined.

f(αx + αy) = f(αx+y) = βx+y = βx + βy = f(αx) + f(αy),
f(αxαy) = f(αxy) = βxy = βxβy = f(αx)f(αy),
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they mean f is a homomorphism. For any βx ∈ R/β, there exist αx ∈ R/α such
that f(αx) = βx, so f is an epimorphism.

Now, we show kerf = Rβ/α. In fact, kerf = {αx ∈ R/α | f(αx) = β0} =
{αx ∈ R/α | βx = β0} = {αx ∈ R/α | β(0, x) = 1} = {αx ∈ R/α|x ∈ Rβ} =
Rβ/α. Therefore, (R/α)/(Rβ/α) ∼= R/β. The proof is complete.

5. Fuzzy ideal and fuzzy congruence relations

In this section, we discuss the relationships between fuzzy ideals and fuzzy con-
gruence relations on R. In particular, we show that there exists a one-to-one
mapping from all fuzzy ideals and all fuzzy congruence relations of R.

Theorem 5.1 Let µ be a fuzzy ideal of R. Then the fuzzy relation αµ on R,
defined by

αµ(a, b) = µ(a− b)

, for all (a, b) of R×R, is a fuzzy congruence relation on R.

Proof. For all a, b ∈ R, then we have αµ(a, a) = µ(0) = 1, αµ is a fuzzy reflexive
relation; αµ(a, b) = µ(a − b), αµ(b, a) = µ(b − a), so αµ(a, b) = αµ(b, a), which
means αµ is a fuzzy symmetric relation;

∨
x∈R

[αµ(a, x) ∧ αµ(x, b)] =
∨
x∈R

[µ(a− x) ∧ µ(x− b)] ≤
∨
x∈R

µ(a− b) = αµ(a, b),

αµ is a fuzzy transitive relation. This means that αµ is a fuzzy equivalence relation
on R. For all a, b, x, y ∈ R, since

αµ(x, a) ∧ αµ(y, b) = µ(x− a) ∧ µ(y − b)

≤ µ[(x + y)− (a + b)]

= αµ(x + y, a + b),

and
αµ(xy, ab) = µ(xy − ab)

= µ[(x− a)y + a(y − b)]

≥ µ[(x− a)y] ∧ µ[a(y − b)]

≥ µ(x− a) ∧ µ(y − b)

= αµ(x, a) ∧ αµ(y, b).

We obtain that αµ is a fuzzy congruence relation on R.

Corollary 5.2 Let µ and ν be two fuzzy ideals on a ring R, then

(i) αµ∩ν = αµ ∩ αν,

(ii) αµ+ν = αµ ◦ αν.
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Proof. (i) For each x, y ∈ R,

α(µ∩ν)(x, y) = (µ ∩ ν)(x− y)

= µ(x− y) ∧ ν(x− y)

= αµ(x, y) ∧ αν(x, y)

= (αµ ∩ αν)(x, y).

(ii) For every x, y ∈ R,

(αµ ◦ αν)(x, y) =
∨

z∈R

[αµ(x, z) ∧ αν(z, y)]

=
∨

z∈R

[µ(x− z) ∧ ν(z − y)]

= (µ + ν)(x− y)

= α(µ+ν)(x, y).

Hence αµ+ν = αµ ◦ αν . The proof is complete.

Theorem 5.3 Let α be any fuzzy congruence relation on a ring R, then the fuzzy
set µα of R, defined by

µα(a) = α(0, a)

is a fuzzy ideal of R for all a ∈ R.

Proof. For all a, b ∈ R, since α is a fuzzy congruence relation, then we have

µα(a + b) = α(0, a + b)

= α(0 + 0, a + b)

≥ α(0, a) ∧ α(0, b)

= µα(a) ∧ µα(b).

Hence µα(a + b) ≥ µα(a) ∧ µα(b). Again, µα(−a) = α(0,−a) = α(0, a) = µα(a)
and µα(ab) = α(0, ab) ≥ α(0, a) ∧ α(0, b) = µα(a) ∧ µα(b). Hence µα(ab) ≥
µα(a) ∧ µα(b). Since µα(0) = α(0, 0) = 1, µα is a fuzzy subring of R. Moreover,
µα(a) = α(0, a) = α(0, a) ∧ α(b, b) ≤ α(0, ab) = µα(ab), hence µα(ab) ≥ µα(a).
Similarly µα(ab) ≥ µα(b). Therefore, we obtain that µα is a fuzzy ideal of R. The
proof is complete.

Corollary 5.4 Let α and β be two fuzzy congruence relations on a ring R, then

(i) µα∩β = µα ∩ µβ,

(ii) µα◦β = µα + µβ.
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Proof. (i) For each x, y ∈ R,

µ(α∩β)(x) = (α ∩ β)(0, x)

= α(0, x) ∧ β(0, x)

= µα(x) ∧ µβ(x)

= (µα ∩ µα)(x).

(ii) Since
µ(α◦β)(x) = (α ◦ β)(0, x)

=
∨

y∈R

[α(0, y) ∧ β(y, x)]

=
∨

z∈R

[µα(y) ∧ µβ(x− y)]

= (µα + µα)(x).

This completes the proof.

Proposition 5.5 Let R be a ring, then there exists a one-to-one mapping from
FI(R) onto FC(R).

Proof. We define a mapping ϕ from FI(R) to FC(R) as follows:

ϕ(µ) = αµ

for every µ of FI(R). By Theorem 5.1, ϕ is well-defined. If αµ = αν , then
αµ(a, b) = αν(a, b), for all (a, b) ∈ R × R, so µ(a − b) = ν(a − b), hence µ = ν,
this means ϕ is injective. For each α ∈ FC(R), a, b ∈ R, by Theorem 5.3,
ϕ(µα)(a, b) = αµα(a, b) = µα(a − b) = α(0, a − b) = α(a, b). Thus ϕ is surjective.
Consequently, ϕ is a one-to-one mapping from FI(R) onto FC(R).
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Abstract. An ordered semihypergroup is a semihypergroup (S, ◦) together with a
partial order ≤ on S such that the monotone condition holds, i.e., for all x, y, a ∈ S,
if x ≤ y, then for all u ∈ x ◦ a there exists v ∈ y ◦ a such that u ≤ v, and similarly,
for all u′ ∈ a ◦ x there exists v′ ∈ a ◦ y such that u′ ≤ v′. Indeed, the concept of
ordered semihypergroups is a generalization of the concept of ordered semigroups. In
this paper, we study some aspects of hyperideals of ordered semihypergroups. We give
a necessary and sufficient condition of a subset of Cartesian product of two ordered
semihypergroups to be a prime hyperideal. Also, we study right simple element ordered
semihypergroups containing right simple elements.
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hyperideal, prime hyperideal, simple element.
AMS Mathematics Subject Classification: 20N20, 06F05.

1. Introduction and basic definitions

The concept of algebraic hyperstructures was introduced in 1934 by Marty [11] and
has been studied in the following decades and nowadays by many mathematicians.
Let S be a nonempty set. A mapping ◦ : S × S → P∗(S), where P∗(S) denotes
the family of all nonempty subsets of S, is called a hyperoperation on S. The
couple (S, ◦) is called a hypergroupoid. In the above definition, if A and B are two
nonempty subsets of S and x ∈ S, then we denote

A ◦B =
⋃
a∈A
b∈B

a ◦ b, x ◦ A = {x} ◦ A and A ◦ x = A ◦ {x}.
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A hypergroupoid (S, ◦) is called a semihypergroup if for every x, y, z ∈ S,
x ◦ (y ◦ z) = (x ◦ y) ◦ z, that is

⋃
u∈y◦z

x ◦ u =
⋃

v∈x◦y
v ◦ z.

A nonempty subset A of S is called a subsemihypergroup if x ◦ y ⊆ A for all x, y
in A. Semihypergroups are studied by many authors, for example, Bonansinga
and Corsini [2], Davvaz [4], [5], De Salvo et al. [6], Freni [7], Hila et al. [9], Leo-
reanu [14], and many others. The concept of ordering hypergroups investigated
by Chvalina [3] as a special class of hypergroups and studied by him and many
others. In [8], Heidari and Davvaz studied a semihypergroup (S, ◦) besides a
binary relation ≤, where ≤ is a partial order relation such that satisfies the mono-
tone condition. Indeed, an ordered semihypergroup (S, ◦,≤) is a semihypergroup
(S, ◦) together with a partial order ≤ that is compatible with the hyperoperation,
meaning that for any x, y, z in S,

x ≤ y ⇒ z ◦ x ≤ z ◦ y and x ◦ z ≤ y ◦ z.

Here, z ◦ x ≤ z ◦ y means for any a ∈ z ◦ x there exists b ∈ z ◦ y such that a ≤ b.
The case x ◦ z ≤ y ◦ z is defined similarly.

Example 1 We have (S, ◦,≤) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

◦ a b c
a a {a, b} {a, c}
b a {a, b} {a, c}
c a {a, b} c

≤ = {(a, a), (b, b), (c, c), (a, b)}.
The covering relation and the figure of S are given by: ≺ = {(a, b)}

b a

b b

b c

Example 2 We have (S, ◦,≤) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

◦ a b c d
a a {a, b} {a, c} {a, d}
b a {a, b} {a, c} {a, d}
c a b c d
d a b c d

≤= {(a, a), (b, b), (c, c), (d, d), (a, b)}.
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The covering relation and the figure of S are given by: ≺ = {(a, b)}

b a

b b

b c b d

Note that the concept of ordered semihypergroups is a generalization of the con-
cept of ordered semigroups [1], [10], [13]. Indeed, every ordered semigroup is an
ordered semihypergroup.

For a nonempty subset A of an ordered semihypergroup (S, ◦,≤), we write

(A] = {x ∈ S | x ≤ a for some a ∈ A}.
The following is easy to see for nonempty subsets A,B of an ordered semi-

hypergroup (S, ◦,≤):

(1) A ⊆ (A];

(2) A ⊆ B ⇒ (A] ⊆ (B];

(3) (A] ◦ (B] ⊆ (A ◦B];

(4) ((A] ◦ (B]] = (A ◦B];

(5) (A] ∪ (B] = (A ∪B].

Let (S, ◦,≤) be an ordered semihypergroup. A subset A of S is called a
hyperideal of S if it satisfies the following conditions:

(1) x ◦ y ⊆ A and y ◦ x ⊆ A for all x in A, y in S;

(2) for x ∈ A, y ∈ S, y ≤ x implies y ∈ A.

Let (S, ◦,≤S) and (T, ¦,≤T ) be two ordered semihypergroups. Under the
coordinatewise multiplication, i.e.,

(s1, t1) ? (s2, t2) = s1 ◦ s2 × t1 ¦ t2

where (s1, t1), (s2, t2) ∈ S × T , the Cartesian product S × T of S and T forms a
semihypergroup. Define a partial order ≤ on S × T by

(s1, t1) ≤ (s2, t2) if and only if s1 ≤S s2 and t1 ≤T t2

where (s1, t1), (s2, t2) ∈ S × T . Then, (S × T, ?,≤) is an ordered semihypergroup.

2. Prime ideals of the Cartesian product of two ordered
semihypergroups

A hyperideal P of an ordered semihypergroup (S, ◦,≤) is said to be prime if
S \ P is a subsemihypergroup of S. Note that if a hyperideal P of S is prime,
then P 6= S. In this section we accept the empty set to be a prime hyperideal.
Similar to the method of Petrich [15], we give a necessary and sufficient condition
of a subset of Cartesian product of two ordered semihypergroups to be a prime
hyperideal.
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Theorem 2.1 Let (S, ◦,≤S) and (T, ¦,≤T ) be ordered semihypergroups. Then, a
subset L of S×T is a prime hyperideal of S×T if and only if there exist a prime
hyperideal I of S and a prime hyperideal J of T such that L = (I × T )∪ (S × J).

Proof. Assume that there exist a prime hyperideal I of S and a prime hyperideal
J of T such that

L = (I × T ) ∪ (S × J).

If I = ∅ and J = ∅, then L = ∅; hence L is a prime hyperideal of S × T .
Suppose that I 6= ∅ or J 6= ∅. Then, L 6= ∅. We will show that L is a prime

hyperideal of S × T . Let (x, u) ∈ L and (y, v) ∈ S × T . If x ∈ I, then x ◦ y ⊆ I
and y ◦ x ⊆ I; hence

(x, u) ? (y, v) = x ◦ y × u ¦ v ⊆ I × T

and
(y, v) ? (x, u) = y ◦ x× v ¦ u ⊆ I × T.

Similarly, if u ∈ J , then (x, u) ? (y, v) ⊆ S × J and (y, v) ? (x, u) ⊆ S × J . Let
(x, u) ∈ L and (y, v) ∈ S × T be such that (y, v) ≤ (x, u), i.e., y ≤S x, v ≤T u. If
x ∈ I, then y ∈ I; hence (y, v) ∈ I×T . Thus, (y, v) ∈ L. Similarly, if u ∈ J , then
(y, v) ∈ L. Therefore, L is a hyperideal of S×T . Next, we assert that (S×T )\L
is a subsemihypergroup of S × T . Since S \ I 6= ∅ and T \ J 6= ∅, it follows that
S \ I and T \ J are semihypergroups of S and of T , respectively. We have

(S × T ) \ L = (S \ I)× (T \ J) 6= ∅.
Then, (S \ I) × (T \ J) is a subsemihypergroup of S × T . Hence, L is a prime
hyperideal of S × T .

Conversely, assume that L is a prime hyperideal of S × T . If L = ∅, then
L = (∅ × T ) ∪ (S × ∅). Assume that (x, u) ∈ L. We assert that {x} × T ⊆ L or
S × {u} ⊆ L. Suppose that {x} × T 6⊆ L and S × {u} 6⊆ L. Then, there exist
v ∈ T and y ∈ S such that (x, v) /∈ L and such that (y, u) /∈ L. We have

(x, v) ? (y, u) ? (x, v) ? (y, u) = x ◦ y ◦ x ◦ y × v ¦ u ¦ v ¦ u

and

(x ◦ y, v) ? (x, u) ? (y, v ¦ u) = x ◦ y ◦ x ◦ y × v ¦ u ¦ v ¦ u.

Since (x, v) ? (y, u) ? (x, v) ? (y, u) ⊆ (S × T ) \ L, we have

(x ◦ y, v) ? (x, u) ? (y, v ¦ u) ⊆ (S × T ) \ L.

But, since (x, u) ∈ L, we have (x ◦ y, v) ? (x, u) ? (y, v ¦ u) ⊆ L. This is a
contradiction. Hence,, {x} × T ⊆ L or S × {u} ⊆ L. Let

A = {x ∈ S | {x} × T ⊆ L} and B = {u ∈ T | S × {u} ⊆ L},
and let

I = (A] and J = (B].
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Let (x, u) ∈ L. Then, {x} × T ⊆ L or S × {u} ⊆ L. Thus, x ∈ I or u ∈ J .
Hence, (x, u) ∈ (I × T ) ∪ (S × J). Thus, L ⊆ (I × T ) ∪ (S × J). The reverse
inclusion is clear. Hence,

L = (I × T ) ∪ (S × J).

We will show that I is a prime hyperideal of S. That J is a prime hyperideal of
T can be proved similarly. If I = ∅, then I is a prime hyperideal of S. Assume
that I 6= ∅. If I = S, then L = S × T . This is a contradiction since L is a prime
hyperideal of S × T . Hence, S \ I 6= ∅. Similarly, T \ J 6= ∅. Let x, y ∈ S \ I and
u ∈ T \ J . Then,

(x, u), (y, u) ∈ (S \ I)× (T \ J).

Since L is prime, we have (S \ I)× (T \J) is a subsemihypergroup of S×T . Since

x ◦ y × u ¦ u = (x, u) ? (y, u) ⊆ (S \ I)× (T \ J)

we get x ◦ y ⊆ S \ I. Thus, S \ I is a subsemihypergroup of S. Let x ∈ I, y ∈ S
and u ∈ T \ J . Since x ∈ I, (x, u) ∈ L. Since L is a hyperideal of S × T , we have

(x, u) ? (y, u) = x ◦ y × u ¦ u ⊆ L

and
(y, u) ? (x, u) = y ◦ x× u ¦ u ⊆ L.

Since T \ J is a subsemihypergroup, so u ¦ u ⊆ T \ J . Since

x ◦ y × u ¦ u, y ◦ x× u ¦ u ⊆ L

we obtain
x ◦ y × u ¦ u, y ◦ x× u ¦ u ⊆ I × T

and hence x ◦ y, y ◦ x ⊆ I. It is clear that if x ∈ I and y ∈ S such that y ≤ x,
then y ∈ I. Therefore, I is a prime hyperideal of S.

Suppose that (S, ◦) and (T, ¦) are semihypergroups. Then, the Cartesian
product S×T is a semihypergroup under the coordinatewise multiplication. Define
a partial order ≤S on S by

x ≤S y if and only if x = y for all x, y ∈ S.

Then, S forms an ordered semihypergroup. Similarly, T forms an ordered semi-
hypergroup with a partial order ≤T defined in a similar way. Using Theorem 2.1,
we have the following result proved in [15].

Corollary 2.2 Let (S, ◦) and (T, ¦) be semihypergroups. Then, a subset L of
S × T is a prime hyperideal of S × T if and only if L = (I × T ) ∪ (S × J) for
some prime hyperideals I and J of S and of T , respectively.
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3. Right simple ordered semihypergroups

Let (S, ◦,≤) be an ordered semihypergroup. An element a of S is said to be right
simple if S = (a ◦ S]. If S contains a right simple element then it is called a right
simple element ordered semihypergroup. If every element of S is right simple, then
S is called a right simple ordered semihypergroup.

Theorem 3.1 If (S, ◦,≤S) and (T, ¦,≤T ) are two right simple element ordered
semihypergroups, then S × T is a right simple element ordered semihypergroup,
too. Moreover, if A and B are the sets of all right simple elements of S and of T ,
respectively, then A×B is the set of all right simple elements of S × T .

Proof. Assume that (S, ◦,≤S) and (T, ¦,≤T ) are right simple element ordered
semihypergroups with the sets of all right simple elements A and B, respectively.
If (a, b) ∈ A×B, then

S × T = (a ◦ S]× (b ¦ T ].

If (s, t) ∈ S × T , then s ∈ a ◦ s′ for some s′ in S, and t ∈ b ¦ t′ for some t′ in T .
Since (s, t) ∈ a ◦ s′ × b ¦ t′, it follows that

(s, t) ∈

 ⋃

(s,t)∈S×T

a ◦ s× b ¦ t


 = ((a, b) ? (S × T )].

Hence, (a, b) is a right simple element of S × T . If (a, b) is a right simple element
of S × T , then

S × T = ((a, b) ? (S × T )] =


 ⋃

(s,t)∈S×T

a ◦ s× b ¦ t


 .

If (s, t) ∈ S × T , then (s, t) ≤ (u, v) for some (u, v) ∈ a ◦ s′ × b ¦ t′ where
s′ ∈ S, t′ ∈ T . Since

s ≤ u ∈ a ◦ s′ ⊆ (a ◦ S],

we have s ∈ (a ◦ S], and so S = (a ◦ S].
Similarly, T = (b ¦ T ]. Hence, (a, b) ∈ A×B.

It is well known the following result in semigroup theory. Let S be a right
simple element semigroup and let R denote the set of all right simple elements
of S. Then, the following conditions holds: (1) R is a subsemigroup of S; (2) If
S \R is nonempty, then it is the maximal right ideal of S and is prime, too ([12]).
In the following, we extend the above result based on ordered semihypergroups.

Theorem 3.2 Let (S, ◦,≤) be right simple element ordered semihypergroup with
the set of all right simple elements R. The following statements hold:

(1) R is a subsemihypergroup of S.

(2) If S \ R is nonempty, then it is the maximal right hyperideal of S and is
prime, too.
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Proof. If (S, ◦,≤) is right simple ordered semihypergroup, then it is clear that
(1) and (2) hold. Then, we assume that (S, ◦,≤) is not a right simple ordered
semihypergroup.

(1) Let a, b ∈ R. Since S = (a ◦ S] and S = (b ◦ S], we have

S = (a ◦ S] = (a ◦ (b ◦ S]] ⊆ ((a] ◦ (b ◦ S]] = (a ◦ b ◦ S],

and so a ◦ b ⊆ R.
(2) Assume that S \ R 6= ∅. Let x ∈ S and a ∈ S \ R. If a ◦ x ⊆ R, then

S = (a◦x◦S] ⊆ (a◦S]; hence a ∈ R. This is a contradiction. Thus, a◦x ⊆ S \R.
Let x ∈ S \R and y ∈ S be such that y ≤ x. If y ∈ R, then S = (y ◦S] ⊆ (x ◦S];
hence x ∈ R. This is a contradiction. Thus, S \R is a right hyperideal of S. Let
A be a right hyperideal of S such that S \ R ⊂ A. Then, there is an element a
in A \ (S \ R). Since S = (a ◦ S] ⊆ A, so A = S. By (1), it follows directly that
S \R is prime.

Theorem 3.3 If an ordered semihypergroup (S, ◦,≤) has a unique maximal right
hyperideal A such that S \ A 6= (b] for all b in S \ A, then S \ A is the set of all
right simple elements of S.

Proof. Let R denote the set of all right simple elements of S. Let a ∈ R. If
a ∈ A, then S = (a ◦ S] ⊆ A. This is a contradiction. Thus, R ⊆ S \ A. Let
b ∈ S \ A. We have (b ◦ S] is a right hyperideal of S. If (b ◦ S] ⊂ S, then by
assumption we have (b ◦ S] ⊆ A; hence (A ∪ {b}] is a right hyperideal of S. By
A ⊂ (A∪ {b}], S = (A∪{b}]. Hence, S \A = (b]. This is a contradiction. Hence,
(b ◦ S] = S.

Let (S, ◦,≤) be an ordered semihypergroup. An equivalence relation R is
defined on S by

aRb if and only if (a ∪ a ◦ S] = (b ∪ b ◦ S]

for any a, b in S.
An element a of an ordered semihypersroup (S, ◦,≤) is said to be right regular

if a ∈ (a2 ◦ S].

Theorem 3.4 Let (S, ◦,≤) be a right simple element ordered semihypergroup with
set of all right simple elements R. Then,

(1) R is an R-class of S;

(2) every element of R is right regular.

Proof. (1) If a, b ∈ R, then S = (a◦S] and S = (b◦S]; hence (a∪a◦S] = (b∪b◦S].
This shows that aRb. Let x ∈ S be such that xRa for some a in R. Then,
(x∪x ◦S] = (a∪ a ◦S] = S. If S \R = ∅, then x ∈ R. If S \R 6= ∅ and x ∈ S \R,
then S = (x ∪ x ◦ S] ⊆ S \ R; hence S = S \ R. This is a contradiction. Hence,
x ∈ R.
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(2) If a ∈ R, then a ∈ (a ◦ S] ⊆ (a ◦ (a ◦ S]] ⊆ (a2 ◦ S]; hence a is right
regular.
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Abstract. In this paper, by considering the notion of BCK-module, we define the
concept of extended BCK-module which is a generalization of BCK-module and we
state and prove some related results. Specially, we define the notions of prime submodule
and torsion free module and we investigate some important results. Finally, we define
the concept of radical of any submodule in extended BCK-modules and we characterize
the elements of it.
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1. Introduction

The notion of BCK-algebra was formulated first in 1966 by Imai and Iseki. This
notion is originated from two different ways. One of the motivations is based on
set theory. Another motivation is from classical and non-classical propositional
calculus. The notion of BCK-module was introduced in 1994 [2] as an action of a
BCK-algebra over a commutative group by M. Aslam, A.B. Thaheem and H.A.S.
Abujaabal. The idea was further explored in 1994 by F. Kôpka and F. Chovanec
[8]. The concept of BCK-module was extended by R. A. Borzooei, J. Shohani
and M. Jafari in 2011 [4]. Now, we introduce a different extended BCK-module
that we can obtain some interesting results by it. Since the notion of prime-
submodule is fundamental notion in modules theory, in this paper we introduce
and investigate it on BCK-modules and we obtain some results as mentioned in
the abstract.
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2. Preliminaries

Definition 2.1. [9] A BCK-algebra is a structure X = (X, ∗, 0) of type (2, 0)
such that:
(BCK1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,

(BCK2) (x ∗ (x ∗ y)) ∗ y = 0,

(BCK3) x ∗ x = 0,

(BCK4) 0 ∗ x = 0,

(BCK5) x ∗ y = y ∗ x = 0 implies that x = y,for all x, y, z ∈ X.

The relation x ≤ y which is defined by x ∗ y = 0 is a partial order with 0 as least
element. In any BCK-algebra X, for all x, y, z ∈ X, we have

(BCK6) x ∗ y ≤ x, (x ∗ y) ∗ z = (x ∗ z) ∗ y.

Definition 2.2. [9] Let (X, ∗, 0) be a BCK-algebra. Then

(i) ∅ 6= X0 ⊆ X is called to be a subalgebra of X, if for any x, y ∈ X0, x∗y ∈ X0,

(ii) ∅ 6= I ⊆ X is called an ideal of X, if 0 ∈ I and for any x, y ∈ X, x ∗ y ∈ I
and y ∈ I, implies that x ∈ I. Specially, generated ideal by x is defined by
(x] = {y ∈ X : y ∗ x = 0}, for any x ∈ X,

(iii) X is called bounded, if there exists 1 ∈ X such that x ≤ 1, for any x ∈ X.
In this case, we set Nx = 1 ∗ x,

(iv) X is said to be commutative, if y ∗ (y ∗ x) = x ∗ (x ∗ y), for all x, y ∈ X,

(v) proper ideal I of X, is called prime ideal if X is commutative and a∧ b ∈ I
implies that a ∈ I or b ∈ I, for any a, b ∈ X,

(iv) X is said to be implicative if x ∗ (y ∗ x) = x, for all x, y ∈ X.

Note. In a BCK-algebra X, we let x ∧ y = y ∗ (y ∗ x) and in a bounded BCK-
algebra X, we let x ∨ y = N(Nx ∧ Ny), for all x, y ∈ X. Moreover, in bounded
commutative BCK-algebra, x∧ y is the least upper bound and x∨ y is the grate
lower bound of x, y, for any x, y ∈ X and so (L,∨,∧) is a bounded lattice.

Lemma 2.3. [9] Let X be a bounded implicative BCK-algebra. Then for all
x, y, z ∈ X,

(i) x ∧ y = x ∗Ny,

(ii) x ∗ (x ∧ y) = x ∗ y,

(iii) x ∧ (y ∗ z) = (x ∧ y) ∗ (x ∧ z),

(iv) (x ∗ y) + (y ∗ x) = x + y, where x + y = (x ∗ y) ∨ (y ∗ x),

(v) (x + y) ∧ z = (x ∧ z) + (y ∧ z),

(vi) x + x = 0 and so x = −x,

(vii) x + 0 = 0 + x = x.



prime submodules in extended BCK-module 435

Let A be an ideal of BCK-algebra X. For any x, y ∈ X, we define x ∼ y
if and only if x ∗ y ∈ A and y ∗ x ∈ A. So ∼ is an equivalence relation on X.
Denote the equivalence class containing x by Cx and X

A
= {Cx : x ∈ X}. Then(

X
A

, ∗, C0

)
is a BCK-algebra (quotient BCK-algebra), where Cx ? Cy = Cx∗y, for

all x, y ∈ X. Moreover, the relation ” ≤ ” which is defined by, Cx ≤ Cy if and only
if x ∗ y ∈ A, is a partial order relation. If X is bounded and commutative, then
X
A

is bounded and commutative, too. Let (X, ∗, 0) and (Y, ∗′, 0) be two BCK-
algebras. A mapping f : X → Y is called a homomorphism if f(0) = 0 and
f(x ∗ y) = f(x) ∗′ f(y), for any x, y ∈ X (see [9]).

Definition 2.4. [1] Let X be a BCK-algebra, M be an abelian group under ”+”
and (x,m) → x.m be a mapping of X ×M −→ M such that,

(XM1) (x ∧ y).m = x.(y.m),

(XM2) x.(m + n) = x.m + x.n,

(XM3) 0.m = 0, for all x, y ∈ X and m,n ∈ M .

Then M is called a BCK-module or briefly X-module. If X is bounded and for
any m ∈ M , 1.m = m, then M is called a unitary X module.

Definition 2.5. [1] A map f : M → N , where M and N are X-modules, is an
X-homomorphism if the following hold:
(i) f(m + n) = f(m) + f(n), for all m,n ∈ M ,

(ii) f(x.m) = x.f(m), for all m ∈ M and x ∈ X.

Proposition 2.6. [3] Let M and N be two BCK-modules over commutative
BCK-algebra X and Hom(M,N) = {f : f is a homomorphism from M into N}.
Then (Hom(M, N), +) forms an abelian group where (f + g)(m) = f(m) + g(m),
for any f, g ∈ Hom(M, N) and m ∈ M . Moreover by operation • : X ×
Hom(M, N) −→ Hom(M,N), Hom(M,N) is an X-module, where x • f(m) =
x.f(m).

Theorem 2.7. [4] Let X be a bounded implicative BCK-algebra. Then (X, +),
is an abelian group and X is an X-module, where x + y = (x ∗ y) ∨ (y ∗ x).

Note. From now on, in this paper X is a BCK-algebra and M is an abelian
group.

3. Extended BCK-Modules

Definition 3.8. Let operation . : X ×M −→ M satisfies the following axioms:

(XM1) (x ∧ y).m = x.(y.m),

(XM2) x.(m + n) = x.m + x.n,

(XM3) 0.m = 0,

(XM4) (x ∗ y).m = x.m− y.m, where x ∗ y 6= 0, for x 6= y,
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for all x, y ∈ X and m,n ∈ M . Then M is called an extended BCK-module or
briefly XE-module. If X is bounded and 1.m = m, for any m ∈ M , then M is
called a unitary XE-module.

Example 3.9. Let X be a bounded implicative BCK-algebra such that ”≤”
is totally ordered and operations ”+,.”:X × X −→ X are defined by, x + y =
(x ∗ y) ∨ (y ∗ x), x.y = x ∧ y, for all x, y ∈ X. Then X is an XE-module. By
Theorem 2.7, it is enough to show that (x ∗ y).z = x.z − y.z, for any x, y, z ∈ X,
where x ∗ y 6= 0 for x 6= y. If x = y, then the proof is clear. Now, let x ∗ y 6= 0,
for x 6= y. Since x ∗ y 6= 0, x 
 y and so y 6 x and this means that y ∗ x = 0.
Therefore,

(x ∗ y).z = (x ∗ y) ∧ z,

= (x ∗ y + 0) ∧ z, by Lemma 2.3(vii) ,

= (x ∗ y + y ∗ x) ∧ z, since y ∗ x = 0,

= (x + y) ∧ z, by Lemma 2.3(iv),

= (x ∧ z) + (y ∧ z), by Lemma 2.3(v),

= x.z + y.z,

= x.z − y.z, by Lemma 2.3(vi).

Example 3.10. (i) Let X be a bounded commutative BCK-algebra such that

(X, .) be an XE-module and A be an ideal of X. Then

(
X

A
, +′

)
is an abelian

group, where Cx+′Cy = Cx+y and x+y = x∗y∨y∗x, for any x, y ∈ X. Moreover,

if operation • : X × X

A
−→ X

A
is defined by x •Cy = Cx.y, for any x, y ∈ X, then

X

A
is an XE-module.

(ii) Let X = {0, x} and operation ”∗” on X is defined by 0∗x = 0∗0 = x∗x = 0
and x∗0 = x. Then (X, ∗, 0) is a BCK-algebra. Now, let operation . : X×Z −→ Z
is defined by x.n = n and 0.n = 0, for any n ∈ Z. We claim that Z is an
XE-module. It is clear that (x ∧ 0).n = 0.n = 0, x.(0.n) = x.0 = 0 and so
(x ∧ 0).n = x.(0.n). Similarly (x ∧ x).n = x.(x.n) and (0 ∧ x).n = 0.(x.n).
Then (XM1) holds. The proof of (XM2) and (XM3) is clear. Moreover, since
(x ∗ 0).n = n = x.n− 0.n and (x ∗ x).n = 0 = x.n− x.n, (XM4) holds.

(iii) It is easy to see that BCK-algebra (X, ∗, 0) in (ii) is bounded with unit
x. Moreover, (X, +) is an abelian group, where a + b = (a ∗ b) ∨ (b ∗ a), for any
a, b ∈ X. Now, let operation . : X ×X −→ X is defined by a.b = a ∧ b, for any
a, b ∈ X. Then (X, +) is an XE-module.

(iv) Let X = {0, a, b, 1} and operation ” ∗ ” on X is defined by
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∗ 0 a b 1
0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 b a 0

Then (X, ∗, 0) is a bounded BCK-algebra. Let M = {0, a} ⊆ X. Then (M, +) is
an abelian group, where x + y = (x ∗ y)∨ (y ∗ x), for any x, y ∈ M . We define the
operation . : X ×M → M by

x.y =

{
a, if x = b or 1 and y = a
0, otherwise

Then M is an XE-module.

(v) Let (X, ∗, 0) be a bounded BCK-algebra with unit 1, 1 6= a ∈ X and
1 ∗ a = 1 or a. Now, if Y = {0, a, 1}, then Y is a subalgebra of X and so it
is a BCK-algebra. Moreover, let M = {0, 1} ⊆ X. Then (M, +) is an abelian
group, where x + y = (x ∗ y) ∨ (y ∗ x), for any x, y ∈ M . Now, let the operation
. : Y ×M → M is defined by y.m = y ∧m for any y ∈ Y and m ∈ M . Then M
is a Y E-module.

(vi) Let X = {0, 1, 2, 3, 4} and the operation ” ∗ ” is defined by

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 2 0 2 0
3 3 3 3 0 0
4 4 4 3 2 0

Then (X, ∗, 0) is a bounded BCK-algebra. Let Y = {0, 1, 4} and M = {0, 2, 3, 4}.
It is clear that Y is a subalgebra of X and so is BCK-algebra. It is easy to show
that (M, +) is an abelian group, where x + y = (x ∗ y)∨ (y ∗ x), for any x, y ∈ M .
Now, we define the operation . : Y ×M → M by y.m = y ∧m, for any y ∈ Y and
m ∈ M . Then M is a Y E-module.

(vii) Let X = {P, {2}, {1, 2}} be a subset of BCK-algebra [7, Example 2.8].
Then it is easy to see that (X,¯, P ) is a BCK-algebra. If operation . : X×Z −→ Z
is defined by {2}.n = n and {1, 2}.n = P.n = 0, for any n ∈ Z, then Z is an XE-
module.

Theorem 3.11. Every XE-module is an X-module.

Proof. The proof is clear.

Example 3.12. Let X be a nonempty set. Then (P(X),−) is a bounded implica-
tive BCK-algebra and Z is a P(X)-module with operation . : P(X) × Z −→ Z
such that A.n = µ(A)n, for any A ⊆ X, where for a ∈ X,

µ(A) =

{
0, if a /∈ A
1, if a ∈ A
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But Z is not a P(X)E-module. Since for A,B ∈ P(X) such that a /∈ A, a ∈ B,
we have

(A−B).n = µ(A−B)n = 0 6= −n = 0− n = A.n−B.n

and so (XM4) is not true.

Definition 3.13. A map f : M → N , where M and N are XE-modules, is called
an XE-homomorphism, if the following hold:

(i) f(m + n) = f(m) + f(n),

(ii) f(x.m) = x.f(m), for all m,n ∈ M and x ∈ X.

Proposition 3.14. Let M, N be two XE-modules and

Hom(M, N) = {f : f : M → N is an XE − homomorphism}.

Then (Hom(M, N) is an XE-module by the operation which is defined in Propo-
sition 2.6.

Proof. By Proposition 2.6, it is enough to show that (x ∗ y) • f(m) = x • f(m)−
y • f(m), for any x, y ∈ X, where x ∗ y 6= 0, and x 6= y. Now, since N is an
XE-module, we have

(x ∗ y) • f(m) = (x ∗ y).f(m) = x.f(m)− y.f(m) = x • f(m)− y • f(m).

Theorem 3.15. Let X be a bounded implicative BCK-algebra. Then, by the

assumption of Example 3.9,

(∑
i∈I

X, +′
)

is an abelian group, where {xi}i∈I +′

{yi}i∈I = {xi +yi}i∈I , for any {xi}i∈I , {yi}i∈I ∈
∑
i∈I

X. Moreover, if the operation

. : X ×
∑
i∈I

X −→
∑
i∈I

X is defined by x.{xi} = {x∧xi}, for any x, xi ∈ X, i ∈ N,

then
∑
i∈I

X is an XE-module.

Proof. Since by Theorem 2.7, (X, +) is an abelian group, then it is clear that(∑
i∈I

X, +′
)

is an abelian group.

Now, for any x, y, xi, yi ∈ X and i ∈ N, we have:

(XM1): (x ∧ y).{xi} = {(x ∧ y) ∧ xi} = {x ∧ (y ∧ xi)} = x.{y ∧ xi} = x.(y.{xi}).
(XM2): By Lemma 2.3(v),

x.({xi}+′ {yi}) = x.{xi + yi} = {x ∧ (xi + yi)} = {x ∧ xi + x ∧ yi}
= {x ∧ xi}+′ {x ∧ yi} = x.{xi}+′ x.{yi}.
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(XM3): 0.{xi} = {0 ∧ xi} = {0}.
(XM4): Let x ∗ y 6= 0 for x 6= y. Then by Lemma 2.3(v) and (vi),

x.{xi} −′ y.{xi} = {x ∧ xi} −′ {y ∧ xi}
= {x ∧ xi}+′ {y ∧ xi}
= {x ∧ xi + y ∧ xi}
= {(x + y) ∧ xi}
= (x + y).{xi}
= (x ∗ y + y ∗ x).{xi}
= (x ∗ y + 0).{xi} = (x ∗ y).{xi}.

Theorem 3.16. Let X be BCK-algebra in Theorem 3.15, and A be an ideal

in X. Then

(∑
i∈I

X

A
, +̄

)
is an abelian group, where {Cxi

}+̄{Cyi
} = {Cxi+yi

}
and xi + yi = xi ∗ yi ∨ yi ∗ xi, for any xi, yi ∈ X and i ∈ I. Moreover, if we

define • : X ×
∑
i∈I

X

A
−→

∑
i∈I

X

A
by x • {Cxi

} = {Cx∧xi
}, then

(∑
i∈I

X

A

)
is an

XE-module.

Proof. It is easy to show that

(∑
i∈I

X

A
, +̄

)
is an abelian group and

∑
i∈I

X

A
is an

XE-module.

Theorem 3.17. Let (X, ∗) and (Y, ?) be two BCK-algebras, M be a Y E-module
and Φ : X −→ Y be a BCK-homomorphism such that x 6= 0 implies that
φ(x) 6= 0, for any x ∈ X. If operation • : X ×M −→ M is defined by x •m =
φ(x).m, for any x ∈ X and m ∈ M , then M is an XE-module.

Proof. Let M be a Y E-module and Φ : X −→ Y be a BCK-homomorphism
such that x 6= 0 implies that φ(x) 6= 0 , for any x ∈ X. Then for any x, y ∈ X
and m,n ∈ M , we have:

(XM1)X : By (XM1)Y , we have

(x ∧ y) •m = φ(x ∧ y).m = φ(y ∗ (y ∗ x)).m = (φ(y) ? (φ(y) ? φ(x))).m,

= (φ(x) ∧ φ(y)).m = φ(x).(φ(y).m) = x • (y •m).

(XM2)X : By (XM2)Y , we have

x • (m + n) = φ(x).(m + n) = φ(x).m + φ(x).n = x •m + x • n

(XM3)X : 0 •m = φ(0).m = 0.m = 0

(XM4)X : By (XM4)Y , where x ∗ y 6= 0, for x 6= y we have

(x ∗ y) •m = φ(x ∗ y).m = (φ(x) ?φ(y)).m = φ(x).m−φ(y).m = x •m− y •m.
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Theorem 3.18. Let X be a bounded commutative BCK-algebra, (X, +) be an
XE-module and A be an ideal of X. Then X

A
is an XE-module.

Proof. Let X be a bounded commutative BCK-algebra, (X, +) be an XE-

module and A be an ideal of X. It is easy to show that

(
X

A
, +′

)
is an abelian

group, where Cx +′ Cy = Cx+y and x + y = (x ∗ y)∨ (y ∗ x), for any x, y ∈ X. Let

operation • : X × X

A
−→ X

A
is defined by x • Cy = Cx.y, for any x, y ∈ X. Then

we show that
X

A
is an XE-module. For x, x′, y ∈ X,

(XM1)X
A
: By (XM1), (x ∧ x′) • Cy = C(x∧x′).y = Cx.(x′.y) = x • (x′ • Cy)

(XM2)X
A
: By (XM2),

x•(Cx+′Cy) = x•Cy+y′ = Cx.(y+y′) = Cx.y+x.y′ = Cx.y+
′Cx.y′ = x•Cy+′x•Cy′

(XM3)X
A
: By (XM3), 0 • Cx = C0

(XM4)X
A
: Let x ∗ y 6= 0, for x 6= y. By (XM4),

(x ∗ y) • Cy′ = C(x∗y).y′ = Cx.y′−y.y′ = Cx.y′ −′ Cy.y′ = x • Cy′ −′ y • Cy′ .

3. Prime submodules in XE-modules

Definition 3.1. A subgroup N of XE-module M is a submodule of M if for any
x ∈ X and any n ∈ N , x.n ∈ N .

Example 3.2. (i) By considering the Example 3.10 (ii), 2Z is a submodule of Z.

(ii) Let X be a bounded implicative BCK-algebra with the assumption of Exam-
ple 3.9, and Mr = {x ∈ X : x ≤ r}, where r ∈ X. Then Mr is a submodule of
X. First we show that M is a subgroup of X. Let m,n ∈ Mr. By assumption,
m ∗ n = 0 or n ∗m = 0. W.L.G, n ∗m = 0. Hence, by Lemma 2.3(vi), m− n =
m + n = (m ∗n)∨ (n ∗m) = (m ∗n)∨ 0 = m ∗n. On the other hand by (BCK6),
m ∗ n ≤ m and m ≤ r. Hence m ∗ n ≤ r and so m− n ∈ Mr. It means that Mr is
a subgroup of X. Now, we will show that x.m ∈ Mr, for any x ∈ X and m ∈ Mr.
By (BCK4) and (BCK6), we have

(x.m) ∗ r = (x ∧m) ∗ r = (m ∗ (m ∗ x)) ∗ r = (m ∗ r) ∗ (m ∗ x) = 0 ∗ (m ∗ x) = 0

Hence, x.m ≤ r and so x.m ∈ Mr. Therefore, Mr is a submodule of X.

Lemma 3.3. Let M be an XE-module and N be a submodule of M . Then
M

N
is

an XE-module.
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Proof. Let N be a submodule of M and operation • : X×M

N
−→ M

N
is defined by

x•(m+N) = x.m+N , for any x ∈ X and m ∈ M . Let x = y and m+N = m′+N .
Then m−m′ ∈ N . Since N is a submodule of M , x.(m−m′) = x.m− x.m′ ∈ N
and so x • m + N = x • m′ + N . It means that ” • ” is well defined. For any
x, y ∈ X and m,m′ ∈ M ,

(XM1)M
N

: By (XM1),

(x∧y)•(m+N) = (x∧y).m+N = x.(y.m)+N = x•(y.m+N) = x•(y•(m+N))

(XM2)M
N

: By (XM2),

x • (m + N + m′ + N) = x.(m + m′) + N = x.m + x.m′ + N

= x.m + N + x.m′ + N = x • (m + N) + x • (m′ + N)

(XM3)M
N

: By (XM3), 0 • (m + N) = 0.m + N = N

(XM4)M
N

: Let x ∗ y 6= 0, for x 6= y. By (XM4),

(x ∗ y) • (m + N) = (x ∗ y).m + N = (x.m− y.m) + N = x.m + N − y.m + N

= x • (m + N)− y • (m + N).

Theorem 3.4. Let M,M ′ be XE-modules, φ : M −→ M ′ be an XE-homomorphism
and N be a submodule of M such that φ(N) = 0. Then there exists an XE-

homomorphism from
M

N
to M ′.

Proof. We define φ̄ :
M

N
−→ M ′ by φ̄(m + N) = φ(m). It is easy to show that φ̄

is well defined and it is an XE-homomorphism.

Theorem 3.5. Let M,M ′ be XE-modules and φ : M −→ M ′ be an XE-homo-
morphism. Then

(i) Kerφ and Imgφ are submodules of M and M ′, respectively,

(ii)
M

Kerφ
' Imgφ.

Proof. (i) The proof is clear.

(ii) We know that, φ : M −→ Imgφ is an epimorphism. Now, in Theorem 3.4, it
is enough to consider N = Kerφ.

Theorem 3.6. Let M be an XE-module and N, K are submodules of M . Then

(i) N + K = {n + k : n ∈ N, k ∈ K} and N ∩K are XE-modules,

(ii)
K

N ∩K
' N + K

N
,
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(iii)
K

N
is a submodule of M

N
and

M
N
K
N

' M

K
, where N ⊆ K.

Proof. (i) N + K is an X-module (see[3]). Now, let x ∗ y 6= 0, where x 6= y, for
any x, y ∈ X and n + k ∈ N + K. Then,

(x∗y).(n+k) = (x∗y).n+(x∗y).k = x.n−y.n+x.k−y.k = x.(n+k)−y.(n+k)

and so we have (XM4)N+K . Therefore, N+K is an XE-module. Moreover, N∩K
is an X-module (see [3]) and it is not difficult to verify the condition (XM4)N∩K .
Hence N ∩K is an XE-module, too.

(ii), (iii) The proofs are easy.

Theorem 3.7. Let X be a bounded commutative BCK-algebra such that x∗y 6= x,
where x 6= y for x, y 6= 0, M be an XE-module and K be a proper submodule of
M . Then (K : M) = {x ∈ X : x.M ⊆ K} is a prime ideal of X.

Proof. First, we show that (K : M) is an ideal of X. If (K : M) = X, then
1.M ⊆ K and so M ⊆ K, which is a contradiction. Since K is a subgroup of M ,
0.m = 0 ∈ K, for any m ∈ M and so 0 ∈ (K : M). Now, for any x, y ∈ X, let
x ∗ y ∈ (K : M) = {x ∈ X : x.M ⊆ K} and y ∈ (K : M). Then (x ∗ y).m ∈ K
and y.m ∈ K, for any m ∈ M . If x = y or x = 0, then it is clear that x.m ∈ M .
So let x 6= y. If x ∗ y = 0, then x ∗ (x ∗ y) = x and so x ∧ y = x. Since
y.m ∈ K, x.(y.m) ∈ K, for any m ∈ M and K is a submodule of M and so
x.m = (x ∧ y).m ∈ K. If x ∗ y 6= 0, then by (XM4), x.m− y.m = (x ∗ y)m ∈ K.
Since (K, +) is a subgroup of M and y.m ∈ K, we have x.m ∈ K. Therefore,
(K : M) is an ideal of X.

Now, we prove that (K : M) is prime. Let x ∧ y ∈ (K : M), for x, y ∈ X.
Then for any m ∈ M , (x ∧ y).m ∈ K and so (y ∗ (y ∗ x)).m ∈ K. Now if x = y,
then x.m = (x ∗ 0).m = (x ∗ (x ∗ x)).m = (x ∧ y).m ∈ K. If x = 0 or y = 0, then
it is clear that x ∈ (K : M) or y ∈ (K : M). If x 6= y, x, y 6= 0 and x ∗ y = 0,
then x.m = (x ∗ 0).m = (x ∗ (x ∗ y)).m = (y ∧ x).m = (x ∧ y).m ∈ K, for any
m ∈ M . If x 6= y, x, y 6= 0, x ∗ y 6= 0, x 6= x ∗ y and x ∗ (x ∗ y) 6= 0. Then by
(XM4), y.m = x.m−(x.m−y.m) = x.m−(x∗y).m = x∗(x∗y).m = (y∧x).m =
(x ∧ y).m ∈ K, for any m ∈ M . Finally, if x 6= y, x, y 6= 0, x ∗ y 6= 0, x 6= x ∗ y
and x ∗ (x ∗ y) = 0, then by (BCK6), we have (x ∗ y) ∗ x = 0 and so x = x ∗ y,
which is a contradiction. Therefore, (K : M) is a prime ideal of X.

Proposition 3.8. Let M be an XE-module. If for any x, y ∈ X, x 6= y implies
that x ∗ y 6= 0, then AnnX(M) = {x ∈ X : x.m = 0, ∀m ∈ M} is an ideal of X.

Proof. It is clear that 0 ∈ AnnX(M). Now, let x ∗ y, y ∈ AnnX(M) and x 6= y,
for any x, y ∈ X. If x = 0, then it is clear that x ∈ AnnX(M). Now, let x 6= 0.
Then by (XM4), x.m = x.m− 0 = x.m− y.m = (x ∗ y).m = 0, for any m ∈ M ,
and so x ∈ AnnX(M). Therefore, AnnX(M) is an ideal of X.

Theorem 3.9. Let M be an XE-module and I be an ideal of X such that
I ⊆ AnnX(M). If the operation • : X/I ×M −→ M is defined by cx •m = x.m,
for any x, y ∈ X and m ∈ M , then M is an (X/I)E-module.
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Proof. Let • : X/I × M −→ M is defined by cx • m = x.m, for any x ∈ X
and m ∈ M . First we prove that • is well defined. Let cx = cy, m = n and
x 6= y, for all x, y ∈ X and m, n ∈ M . Then x ∗ y ∈ I and y ∗ x ∈ I. If
x ∗ y = y ∗ x = 0, then by (BCK5), x = y, which is a contradiction. If x ∗ y 6= 0
or y ∗ x 6= 0, since I ⊆ AnnX(M), by (XM4), 0 = (x ∗ y).m = x.m − y.m or
0 = (y ∗ x).m = y.m − x.m and so x.m = y.m. Now, since m = n, x.m = y.n.
Hence, • is well defined. Now, we will show that M is an (X/I)E-module.

(XM1)X/I : We have cx ∧ cy = cy ? (cy ? cx) = cy∗(y∗x), then by (XM1)X ,

(cx ∧ cy) •m = (y ∗ (y ∗ x).m = (x ∧ y).m = x.(y.m) = cx • (cy •m)

(XM2)X/I : By (XM2)X ,

cx • (m + n) = x.(m + n) = x.m + x.n = cx •m + cx • n.

(XM3)X/I : c0 •m = 0.m = 0.

(XM4)X/I : Let cx ?cy 6= c0, for cx 6= cy. Hence cx∗y 6= c0. Since 0∗ (x∗y) = 0 ∈ I,
(x ∗ y) ∗ 0 = x ∗ y /∈ I and so x ∗ y 6= 0. Therefore, by (XM4)X ,

(cx ? cy) •m = cx∗y •m = (x ∗ y).m = x.m− y.m = cx •m− cy •m.

Notion. For XE-module M , Y ⊆ X and submodule N of M , we consider

Y.M = Y M = {x.m : x ∈ Y, m ∈ M}.
Lemma 3.10. Let X be a commutative BCK-algebra, M be an XE-module, N
be a submodule of M and I be an ideal of X. Then

I.M + N =

{
n∑

i=1

ti.mi + n : ti ∈ I, mi ∈ M, n ∈ N

}

is a submodule of M .

Proof. Let N be a submodule of M and I be an ideal of X. It is clear that ” + ”
is an associative operation in I.M + N and 0 ∈ I.M + N . Moreover, by (XM4),

n∑
i=1

ti.mi + n−
(

n∑
i=1

ti.mi + n

)
=

n∑
i=1

(ti ∗ ti).mi = 0,

for any
n∑

i=1

ti.mi +n ∈ I.M +N. Hence, every element in I.M +N has an inverse

element and so I.M + N is a subgroup of M . Now, by (XM1) and (XM2),

x.

(
n∑

i=1

ti.mi + n

)
=

n∑
i=1

x.(ti.mi) + x.n =
n∑

i=1

(x ∧ ti).mi + x.n

=
n∑

i=1

(ti ∧ x).mi + x.n =
n∑

i=1

ti.(x.mi) + x.n ∈ I.M + N,
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for any
n∑

i=1

ti.mi + n ∈ I.M + N and x ∈ X. Therefore, I.M + N is a submodule

of M .

Theorem 3.11. Let X be a bounded BCK-algebra, I be a proper ideal of X and
M be an XE-module. Then M/IM is an (X/I)E-module.

Proof. Let I be a proper ideal of X and M be an XE-module. By Lemma 3.10,
IM is a submodule of M . Now, we define • : X/I × M/IM −→ M/IM by
cx • m + IM = x.m + IM , for any x ∈ X and m ∈ M . Since I • (M/IM) =
{x • (m + IM) : x ∈ I, m ∈ M} = {x.m + IM : x ∈ I, m ∈ M} = IM , then
I ⊆ annX(M/IM). By Lemma 3.9, ” • ” is well defined. Now, we show that
M/IM is an (X/I)E-module, for any x, y ∈ X and m,n ∈ M .

(XM1)X/I : Since (cx ∧ cy) = cy ? (cy ? cx) = cy∗(y∗x), by (XM1)X ,

(cx ∧ cy) • (m + IM) = cy∗(y∗x) • (m + IM) = (y ∗ (y ∗ x)).m + IM,

= (x ∧ y).m + IM = x.(y.m) + IM,

= cx • (y.m + IM) = cx • (cy • (m + IM))

(XM2)X/I : By (XM2)X ,

cx • ((m + IM) + (n + IM)) = cx • (m + n + IM) = x.(m + n) + IM

= (x.m + x.n) + IM, = x.m + IM + x.n + IM

= cx • (m + IM) + cx • (n + IM)

(XM3)X/I : c0 • (m + IM) = 0.m + IM = 0 + IM = IM = 0M/IM

(XM4)X/I : If cx = cy, then by (XM4)X ,

(cx ? cy) • (m + IM) = cx∗x • (m + IM) = c0 • (m + IM)

= 0.m + IM = (x ∗ x).m + IM,
= x.m + IM − x.m + IM,
= cx • (m + IM)− cx • (m + IM)

Now, let cx ? cy 6= 0 where cx 6= cy. Then cx∗y 6= c0 i.e., (x ∗ y) ∗ 0 = x ∗ y /∈ I and
so x ∗ y 6= 0. Hence, by (XM4)X ,

(cx ? cy) • (m + IM) = cx∗y • (m + IM)=(x ∗ y).m + IM=(x.m− y.m) + IM,

= x.m + IM − y.m + IM=cx • (m + IM)− cy • (m + IM)

Therefore, M/IM is an (X/I)E-module.

Definition 3.12. Let M be an XE-module and N be a submodule of M . Then
N is called a prime submodule of M , if N 6= M and for any x ∈ X, x.m ∈ N
implies that m ∈ N or x ∈ (N : M).
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Example 3.13. By considering the Example 3.10 (ii), 2Z is a prime submodule
of Z. It is clear that 2Z is a subgroup of Z. Now, let x.n ∈ 2Z. If x 6= 0, x.n = n,
then n ∈ 2Z. If x = 0, then x.n = 0.n = 0 and so 0 ∈ (2Z : Z). Hence, 2Z is a
prime submodule of Z.

Theorem 3.14. Let X be a commutative BCK-algebra, M be an XE-module and
N 6= M be a submodule of M . Then N is a prime submodule of M if and only
if for any ideal I in X and for any submodule D of M , ID ⊆ N implies that
I ⊆ (N : M) or D ⊆ N .

Proof. (⇒) Let N be a prime submodule of M , I be an ideal in X and D be a
submodule of M such that ID ⊆ N . We show that I ⊆ (N : M) or D ⊆ N . Let
I * (N : M) and D * N . Then there exist x ∈ X and d ∈ D such that x.M * N
and d /∈ N . On the other hand, ID ⊆ N implies that x.d ∈ N . Since N is a
prime submodule of M , x.M ⊆ N , which is a contradiction.

(⇐) Let x ∈ X and m ∈ M such that x.m ∈ N and m /∈ N . Let I = (x] =
{y ∈ X : y ∗ x = 0} and D =≺ m Â= {y′.m : y′ ∈ X}. For any y ∈ I, we have

y.m = (y ∗ 0).m = y ∗ (y ∗ x).m = (x ∧ y).m = (y ∧ x).m = y.(x.m) ∈ N

So ID = {y.(y′.m) : y, y′ ∈ X} = {y′.(y.m) : y, y′ ∈ X} ⊆ N and so I ⊆ (N : M)
or D ⊆ N . Since m /∈ N , I ⊆ (N : M) and this implies that x.M ⊆ N . Therefore,
N is a prime submodule of M .

Proposition 3.15. Let M be an XE-module and N be a submodule of M . Then

P is a prime submodule of M if and only if
P

N
is a prime submodule of

M

N
, where

N ⊆ P .

Proof. By Lemma 3.3, the proof is easy.

Definition 3.16. Let M be an XE-module. M is called torsion free if x.m = 0
implies that m = 0 or x = 0, for any x ∈ X and m ∈ M .

Example 3.17. (i) In Example 3.10(ii), Z is a torsion free.

(ii) In Example 3.10(iv), M is not a torsion free. Because, a.a = 0 but a 6= 0.

Theorem 3.18. Let X be bounded, M be a unitary XE-module and K be a
submodule of M . Then K is a prime submodule of M if and only if P = (K : M)

is a prime ideal of X and
M

K
is a torsion free

(
X

P

)E

-module, where

(
X

P
, ?, P

)

is a quotient BCK-algebra.

Proof. (⇒) Let K be a prime submodule of M . By Theorem 3.7, P = (K : M)
is an ideal of X. If X = (K : M), then 1 ∈ P and so M = K, which is a
contradiction. Now, let x ∧ y ∈ P , for any x, y ∈ X. Then for any m ∈ M ,
(x ∧ y).m ∈ K and so by (XM1), x.(y.m) ∈ K. Since K is a prime submodule
of M, we have y.m ∈ K or x ∈ (K : M). It means that y ∈ (K : M) or
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x ∈ (K : M). Hence, (K : M) is a prime ideal. Now, we show that
M

K
is a

torsion free

(
X

P

)E

-module. Let the operation • :
X

P
× M

K
−→ M

K
is defined by

cx • (m+K) = x.m+K, for any x ∈ X, m ∈ M . Similar to the proof of Theorem

3.9, • is well defined. Finally, for any cx ∈ X

P
and m+K ∈ M

K
, we will show that,

cx • (m + K) = K implies that cx = c0 or m + K = K. Let cx • (m + K) = K, for
any x ∈ X and m ∈ M . Then x.m+K = K and so x.m ∈ K. Since K is a prime
submodule of M , m ∈ K or x ∈ (K : M). If m ∈ K, then m + K = K. Now, if
x ∈ (K : M) = P , then cx = c0 = P (because x ∗ 0 = x ∈ P and 0 ∗ x = 0 ∈ P ).

Therefore,
M

K
is a torsion free.

(⇐) Let P be a prime ideal in X and
M

K
is a torsion free

(
X

P

)E

-module.

First we show that K $ M . Since, if K = M , P = (K : M) = (M : M) = X,
which is a contradiction. Now, let x.m ∈ K, for any x ∈ X, m ∈ M . Hence

x.m + K = K and so cx • (m + K) = K. Since
M

K
is torsion free, cx = c0 = P

or m + K = K. This means that x ∈ P or m ∈ K. Therefore, K is a prime
submodule of M .

Theorem 3.19. Let X be a bounded commutative BCK-algebra, M be a uni-
tary XE-module, N be a submodule of M and P be a prime ideal of X. Then
K(N,P ) = {m ∈ M : c.m ∈ P.M + N, ∃c ∈ X − P} is a submodule of M and
P.M + N ⊆ K(N,P ).

Proof. First, we show that K(N,P ) is a subgroup of M . Let m,n ∈ K(N, P ).
Then there exists c, c′ ∈ X − P such that c.m, c′.n ∈ P.M + N . Let t = c ∧ c′.
Then

t.(m− n) = (c ∧ c′).(m− n),

= c.(c′.(m− n)) by (XM1),

= c.(c′.m− c′.n), by (XM2),

= c.(c′.m)− c.(c′.n) by (XM2),

= (c ∧ c′).m− c.(c′.n), by (XM1),

= (c′ ∧ c).m− c.(c′.n),

= c′.(c.m)− c.(c′.n) ∈ P.M + N, by Lemma 3.10.

and so m − n ∈ K(N, P ), which means that K(N, P ) is a subgroup. Now, let
x ∈ X and m ∈ K(N, P ). Since m ∈ K(N, P ), there exists c ∈ X − P such that
c.m ∈ P.M + N . Now, by Lemma 3.10,

c.(x.m) = (c ∧ x).m = (x ∧ c).m = x.(c.m) ∈ P.M + N

Hence, x.m ∈ K(N, P ) and so K(N, P ) is a submodule of M . Finally, for any
m ∈ P.M +N , if we let c = 1 then c.m = 1.m = m ∈ P.M +N , then m ∈ K(N, P )
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(note that 1 ∈ X − P , otherwise for any x ∈ X, x ∗ 1 = 0 ∈ P and 1 ∈ P results
in x ∈ P i.e., X = P , which is impossible). Therefore, P.M + N ⊆ K(N,P ).

Theorem 3.20. Let X be a bounded commutative BCK-algebra, M be a uni-
tary XE-module, N be a submodule of M and P be a prime ideal of X. Then
K(N,P ) = M or K(N, P ) is a prime submodule of M such that

P = (K(N, P ) : M).

Proof. Let K(N, P ) 6= M . We will show that K(N,P ) is a prime submodule of
M and P = (K(N, P ) : M). By Theorem 3.19, K(N, P ) is a submodule of M .
Let x.m ∈ K(N,P ), for any x ∈ X, m ∈ M . Then there exists c ∈ X − P such
that c.(x.m) ∈ P.M +N . We will show that m ∈ K(N, P ) or x ∈ (K(N, P ) : M).
If x ∈ P , then x.M ⊆ P.M + N ⊆ K(N, P ) and so x.M ⊆ K(N, P ). Hence
x ∈ (K(N, P ) : M). If x /∈ P , then x ∈ X − P . Since P is a prime ideal of X,
c∧x ∈ X−P . because, if c∧x ∈ P , then c ∈ P or x ∈ P , which is a contradiction.
On the other hand, c.(x.m) ∈ P.M + N and so (c ∧ x).m ∈ P.M + N . Hence,
m ∈ K(N, P ). Therefore, K(N,P ) is a prime submodule of M . Now, we will
prove that P = (K(N,P ) : M). Let p ∈ P . Then for any m ∈ M , p.m ∈ P.M+N .
Let c = 1. Then c.(p.m) ∈ P.M + N and so p.m ∈ K(N, P ), which implies that
P.M ⊆ K(N,P ). Hence, P ⊆ (K(N, P ) : M). Now, let q ∈ (K(N, P ) : M) such
that q /∈ P . Since q.M ⊆ K(N,P ), q.m ∈ K(N, P ), for any m ∈ M . Hence
there exists c ∈ X − P such that c.(q.t) ∈ P.M + N and so (c ∧ q).t ∈ P.M + N .
Now, since P is prime, c ∧ q /∈ P i.e., c ∧ q ∈ X − P and so t ∈ K(N, P ). Hence,
M = K(N, P ), which is a contradiction. Then q ∈ P and so (K(N,P ) : M) ⊆ P .
Therefore, P = (K(N,P ) : M).

Definition 3.21. Let M be an XE-module and N be a submodule of M . The
intersection of all prime submodules of M , including N , is called radical of N and
it is shown by radM(N). If there exists no prime submodule of M consisting of
N, then we let radM(N) = M .

Theorem 3.22. Let X be a bounded commutative BCK-algebra and M be an
XE-module. Then for any submodule N of M ,

radM(N) =
⋂
{K(N, P ) : P is a prime ideal of X}.

Proof. Let T =
⋂{K(N,P ) : P is a prime ideal of X} and m ∈ T . Let L be a

prime submodule of M including of N . Hence, by Theorem 3.7, Q = (L : M) is a
prime ideal of X. Since for any prime ideal P of X, m ∈ K(N, P ), m ∈ K(N, Q)
and so there exists c ∈ X − Q such that c.m ∈ Q.M + N = (L : M).M +
N ⊆ L + L ⊆ L. Since L is a prime submodule of M and c /∈ Q = (L : M),
m ∈ L. Hence T ⊆ radM(N). Now, let m ∈ radM(N). Hence, m ∈ L, where
L is any prime submodule of M consisting of N and P be a prime ideal of X. If
K(N,P ) = M , then the proof is complete. Let K(N,P ) 6= M . By Theorem 3.20,
K(N,P ) is a prime submodule of M and P = (K(N, P ) : M). Now, we show
that N ⊆ K(N,P ). By Theorem 3.19, we have P.M + N ⊆ K(N,P ) and so
N ⊆ K(N,P ). Since m ∈ radM(N), then m ∈ K(N,P ). Hence m ∈ T and so
radM(N) ⊆ T . Therefore, radM(N) = T .
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Abstract. Let Ap+3 be the alternating group of degree p + 3, where p is a prime, p + 4
is a composite number, p + 6 is a prime and 7 6= p ∈ π(1000!). In the present paper,
we prove that Ap+3 is OD-characterizable by using the classification theorem of finite
simple groups and Magma soft of computational group theory. This new method is
introduced in order to deal with the subtle changes of the prime graph of a group in
the discussion of its OD-characterization, which might occur. As a consequence of this
theorem not only generalizes the result in [1] (Hoseini, A.A. and Moghaddamfar, A.R.,
Frontiers of Mathematics in China, 5 (3), 2010) but also gives a positive answer to a
conjecture in [2] (Shi, W.J., Contemporary Math., 82, 1989).

Keywords: prime graph, degree pattern, degree of a vertex, finite simple group, alter-
nating group.
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1. Introduction

Throughout this paper, groups under consideration are finite, and by a simple
group, we always mean a nonabelian simple. For any group G, we denote by
πe(G) the set of orders of its elements and by π(G) the set of prime divisors of
|G|. We associate to π(G) a graph of G, denoted by Γ(G) (cf. [3]). The vertex
set of this graph is π(G), and two distinct vertices p, q are adjacent by an edge if

1Corresponding author.
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and only if pq ∈ πe(G), in this case, we write p ∼ q. We also denote by π(l) the
set of all primes dividing l, where l is a positive integer.

In this article, we also use the following symbols. Let G be a finite group, then
the socle of G is defined as the subgroup generated by minimal normal subgroups
of G, denoted as Soc(G). Sylp(G) denotes the set of all Sylow p-subgroups of G,
where p ∈ π(G), and Pr denotes a Sylow r-subgroup of G for r ∈ π(G). Moreover,
we use An to denote alternating group of degree n. Let q be a prime, we denote
by Exp(n, q) the exponent of the largest power of a prime q in the factorization
of a positive integer n(> 1). All further unexplained symbols and notations are
standard and can be found in [4], for instance.

Definition 1.1 ([5]) Let G be a finite group and |G| = pα1
1 pα2

2 · · · pαk
k , where pis

are primes and αis are integers. For p ∈ π(G), let deg(p) := |{q ∈ π(G)|p ∼ q}|,
which we call the degree of p. We also define D(G) := (deg(p1), deg(p2), ..., deg(pk)),
where p1 < p2 < · · · < pk. We call D(G) the degree pattern of G.

Definition 1.2 ([5]) A group M is called k-fold OD-characterizable if there exist
exactly k non-isomorphic groups G such that

(1) |G| = |M |,
(2) D(G) = D(M).

Moreover, a 1-fold OD-characterizable group is simply called an OD-characterizable
group.

It is an interesting and difficult topic to determine the structure of finite
groups by their orders and degree patterns. This topic is related to following
open problem:

Open problem. ([5]) Let G and M be finite groups satisfying the conditions

(1) |G| = |M |,
(2) D(G) = D(M).

Then

(i) How far do these conditions effect the structure of G?

(ii) Is the number of non-isomorphic groups satisfying (1) and (2) finite?

At present, we mention that the problem is still unsolved completely and till
now we may not be able to provide a suitable answer for the above questions. This
topic was studied in several articles. For example, in a series of articles (Ref. to
[1],[6]-[17]), it was shown that many finite almost simple groups are m-fold OD-
characterizable, where m is a positive integer and m ≥ 1. For convenience, we
summarize some results of these articles which will be used later in the following
propositions:
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Proposition 1.3 ([1], [6]-[8]) A finite group G is OD-characterizable if G is iso-
morphic to one of the following groups:

(1) The alternating groups Ap, Ap+1 and Ap+2, where p is a prime;
(2) The alternating groups Ap+3, where p is a prime and 7 6= p ∈ π(100!);
(3) All finite simple K4-groups except A10;
(4) All finite simple groups whose orders are less than 108 except for A10

and U4(2).

Proposition 1.4 ([9]) A finite group G is 2-fold OD-characterizable if and only
if |G| = |A10| and (2) D(G) = D(A10).

2. Main results

According to Proposition 1.3, the alternating groups Ap, Ap+1 and Ap+2 are OD-
characterizable, and Ap+3 with 7 6= p ∈ π(100!) is OD-characterizable. Proposi-
tion 1.4 says that the alternating group A10 is 2-fold OD-characterizable. On the
other hand, by [10], we see that all An with 10 6= n ≤ 100 is OD-characterizable.
Now, omitting all the above alternating groups except A10, there remains the
following groups:

A10, A106, A112, A116, ..., A126, A134, A135, A136, A142, ...(2.1)

By [3], we know that all the alternating groups in (2.1) have connected prime
graph. By these facts above, we see that it is very difficult to investigate how
many-fold OD-characterization of alternating groups. In this paper, we continue
to investigate this topic and get the following theorem:

Main Theorem. All alternating groups Ap+3, where p+2 is a composite number
and p + 4 is a prime and 7 6= p ∈ π(1000!), are OD-characterizable.

Proposition 1.4 says A10 is 2-fold OD-characterizable. It is worth mentioning
that A10 is the first alternating group which has not been considered for OD-
characterizable. Up to now, we do not know whether there exists an alternating
group An (n 6= 10) which isOD-characterizable. Hence, we put forward the fol-
lowing question:

Question. Are the alternating groups An (n 6= 10) OD-characterizable?

In fact, Main Theorem and Proposition 1.3 imply the following corollary.

Corollary 2.1 Let An be an alternating group of degree n. Assume one of the
following conditions is fulfilled:

(1) n = p, p + 1 or p + 2, where p is a prime;

(2) n = p + 3, where p + 2 is a composite number and p + 4 is a prime
and 7 6= p ∈ π(1000!).

Then An is OD-characterizable.
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3. Preliminaries

In this section, we give some results which will be applied for our further investi-
gations. We shall utilize the following Lemma 3.1 concerning the set of elements
of the alternating and symmetric groups ([18]).

Lemma 3.1 ([18]) The group Sn (or An) has an element of order m =
pα1

1 ·pα2
2 · · · pαs

s , where p1, p2, ..., ps are distinct primes and α1, α2, ..., αs are natural
numbers, if and only if pα1

1 + pα2
2 + · · ·+ pαs

s ≤ n (or pα1
1 + pα2

2 + · · ·+ pαs
s ≤ n for

m odd, and pα1
1 + pα2

2 + · · ·+ pαs
s ≤ n− 2 for m even).

As an immediately corollary of Lemma 3.1, we have

Lemma 3.2 Let An (or Sn) be an alternating group (or a symmetric group) of
degree n. Then, the following assertions hold:

(1) Let p, q ∈ π(An) be odd primes. Then p ∼ q if and only if p + q ≤ n.

(2) Let p ∈ π(An) be an odd prime. Then 2 ∼ p if and only if p + 4 ≤ n.

(3) Let p, q ∈ π(Sn). Then p ∼ q if and only if p + q ≤ n.

Lemma 3.3 ([19]) Let G be a finite solvable group all of whose elements are of
prime power order. Then |π(G)| ≤ 2.

Lemma 3.4 Let Ap+3 be an alternating group of degree p+3, where p is a prime
and p + 2 is a composite number. Suppose that |π(Ap+3)| = d. Then the following
assertions hold.

(i) deg(2) = d− 2. Particularly, 2 ∼ r for each r ∈ π(Ap+3)\{p}.
(ii) deg(3) = d− 1, i.e., 3 ∼ r for each r ∈ π(Ap+3).

(iii) deg(p) = 1. In other words, p ∼ r, where r ∈ π(Ap+3), if and only if r = 3.

(iv) Exp(|Ap+3|, 2) =
∝∑

i=1

[
p + 3

2i

]
− 1. In particular, Exp(|Ap+3|, 2) < p + 3.

(v) Exp(|Ap+3|, r) =
∝∑

i=1

[
p + 3

ri

]
for each r ∈ π(Ap+3)\{2}.

Furthermore, Exp(|Ap+3|, r) <
p− 1

2
, where 5 ≤ r ∈ π(Ap+3).

Particularly, if r >

[
p + 3

2

]
, then Exp(|Ap+3|, r) = 1.

Proof. By Lemma 3.2, one has that 2 6∼ p. Obviously, r + 4 ≤ p + 3 for each
r ∈ π(Ap+3)\{p}, it follows that 2 ∼ r and so deg(2) = d−2. By the same reason,
we have deg(3) = d− 1. For r ∈ π(Ap+3)\{2, p}, by Lemma 3.2, it is easy to see
that p ∼ r if and only if p + r ≤ p + 3. Hence r = 3 and deg(p) = 1. Therefore,
(i), (ii) and (iii) hold.
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By the definition of Gauss’s integer function, we can get that

Exp(|Ap+3|, 2) =
∝∑

i=1

[
p + 3

2i

]
− 1

=

([
p + 3

2

]
+

[
p + 3

22

]
+

[
p + 3

23

]
+ · · ·

)
− 1

≤
(

p + 3

2
+

p + 3

22
+

p + 3

23
+ · · ·

)
− 1

= (p + 3)

(
1

2
+

1

22
+

1

23
+ · · ·

)
− 1 = p + 2.

Hence

Exp(|Ap+3|, 2) < p + 3.

Thus (iv) follows.

By the same reason as above, we can prove

Exp(|Ap+3|, r) <
p− 1

2
,

where 5 ≤ r ∈ π(Ap+3).

Clearly, if r >

[
p + 3

2

]
, then we have

Exp(|Ap+3|, r) = 1.

Hence (v) follows. This completes the proof of Lemma 3.4.

Lemma 3.5 ([20]) Let a be an arbitrary integer and m be a positive integer. If
(a,m) = 1, then the equation ax ≡ 1 (mod m) has solutions. Moreover, if the
order of a modulo m is h(a), then h(a)|ϕ(m), where ϕ(m) is Euler,s function
of m.

Lemma 3.6 Let Ap+3 be an alternating group of degree p + 3, where p + 2 is a
composite number and p+4 is a prime and 97 < p ∈ π(1000!). Set P ∈ Sylp(Ap+3)
and Q ∈ Sylq(Ap+3), where 5 ≤ q < p. Then, the following assertions hold.

(i) qs(q) - |NG(P )|, where s(q) = Exp(|Ap+3|, q).

(ii) If p ∈ {103, 109, 163, 193, 223, 229, 277, 349, 439, 463, 499, 613, 643, 739, 769,
823, 853, 877, 907, 967}, then p - |NG(Q)|.

(iii) If p ∈ {127, 307, 313, 379, 397, 457, 487, 673, 757, 859, 883, 937}, then there
exists at least a prime number, say r, such that the order of r modulo p
is less than p− 1, where 5 ≤ r < p and r ∈ π(Ap+3).
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Proof. It is easy to see that the equation qx ≡ 1( mod p) has solutions by Lemma
3.5. Suppose that the order of q modulo p is h(q). If h(q) = p−1, then q is a primi-
tive root of modulo p. By hypothesis, using Magma soft of computational group
theory, we know that there are only 32 such groups satisfying the conditions that
p + 2 is a composite number and p + 4 is a prime number and 97 < p ∈ π(1000!).
Again, using Magma of mathematics soft, we can obtain h(q). For convenience,
we have computed the values of p and h(q) listed in Table 1 of this article.

Table 1 (p and h(q))

p h(q)
Condi-
tion

p h(q)
Condi-
tion

p h(q)
Condi-
tion

103 2·3·17 none 109 22·33 none 163 2·34 none
127 2·32·7 q 6= 19 127 3 q = 19 193 26·3 none
223 2·3·37 none 229 22·3·19 none 277 22·3·23 none
307 2·32·17 q 6= 17 307 3 q = 17 349 22·3·29 none
313 23·3·13 q 6= 5 313 8 q = 5 439 2·3·73 none
379 2·33·7 q 6= 5 379 21 q = 5 397 22·32·11 q 6= 31
397 11 q = 31 457 23·3·19 q 6= 109 457 4 q = 109
463 2·3·7·11 none 487 2·35 q 6= 5, 41 487 54 q = 5
487 9 q = 41 499 2·3·83 none 613 22·32·17 none
643 2·3·107 none 673 25·3·7 q 6= 23 673 14 q = 23
739 2·32·41 none 757 22·33·7 q 6= 59 757 7 q = 59
769 28·3 none 823 2·3·137 none 853 22·3·71 none
859 2·3·11·13 q 6= 13 859 11 q = 13 877 2·32·73 none
883 2·32·72 q 6= 71 883 7 q = 71 907 2·3·151 none
937 23·32·13 q 6= 13, 23 937 18 q = 13 937 24 q = 23
967 2·3·7·23 none

By N-C Theorem, the factor group NG(P )/CG(P ) is isomorphic to a subgroup
of Aut(P ) ∼= Zp−1. Thus, |NG(P )/CG(P )|

∣∣(p − 1). By Table 1, if there exists

a prime q, where 5 ≤ q < p and q ∈ π(Ap+3), such that qs(q)
∣∣|NG(P )|, then

q
∣∣|CG(P )|. Hence deg(p) ≥ 2, a contradiction, and so (i) is proved.

We next assume that

p ∈ {103, 109, 163, 193, 223, 229, 277, 349, 439, 463, 499,
613, 643, 739, 769, 823, 853, 877, 907, 967}.

If p
∣∣|NG(Q)|, by Table 1, and Exp(|Ap+3|, q) < p, then p

∣∣|CG(Q)|, which leads to
a similar contradiction. Thus (ii) holds. The remaining parts of (iii) follows at
once from Table 1. This completes the proof of Lemma 3.6.

Lemma 3.7 ([4], [21]) Let M be a finite nonabelian simple group with order
having prime divisors at most 997. Then M is isomorphic to one of the simple
groups listed in Table 1-3 in [21]. Particularly, if | π(Out(M)) |6= 1, then π(Out(M)) ⊆
{2, 3, 5, 7}.
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Lemma 3.8 ([22]) Let S = P1 × P2 × · · · × Pr, where Pis are isomorphic non-
abelian simple groups. Then Aut(S) = (Aut(P1)×Aut(P2)× · · · ×Aut(Pr))oSr.

4. OD-Characterization of Alternating Group Ap+3

We again recall that all the alternating groups Ap, Ap+1 and Ap+2, where p is
a prime number, are OD-characterizable (see Proposition 1.3 (1)). On the other
hand, it has been shown that all the alternating groups Ap+3 with 7 6= p ∈ π(100!)
are OD-characterizable (see Proposition 1.3 (2)). It is worth to mention that al-
ternating group A10 is 2-fold OD-characterizable (see Proposition 1.4). Moreover,
So far we have not found an alternating group which is not OD-characterizable.
Hence, Professor Moghaddamfar, A. R. in [11] put forward the following conjec-
ture 1 of this article:

Conjecture 1 ([11]) All alternating groups Ap+3 with p 6=7 are OD-characterizable.

In this section, we are going to give an affirmative answer to this conjecture
for all the alternating groups Ap+3, where p + 2 is a composite number and p + 4
is a prime and 7 6= p ∈ π(1000!). In other words, we will prove the following Main
Theorem. We need to mention that this result not only generalizes the results in
[1] but also gives an affirmative answer to the Question of this article for the
alternating group Ap+3.

Main Theorem All alternating groups Ap+3, where p+2 is a composite and p+4
is a prime and 7 6= p ∈ π(1000!), are OD-characterizable.

Proof. Let G be a finite group satisfying the conditions: (1) |G| = |Sp+3| and (2)
D(G) = D(Sp+3), where p + 2 is a composite number and p + 4 is a prime and
7 6= p ∈ π(1000!). By [10], we only discuss the alternating groups Ap+3, where p+2
is a composite and p+4 is a prime and 97 < p ∈ π(1000!). By these hypotheses, we
deduce that {r}∪{rs|r + s ≤ p+3} ⊆ πe(G) and {rs|r + s > p+3}∩πe(G) = ∅,
where r, s ∈ π(G). By Lemma 3.4, the prime graph of G is connected since
deg(3) = |π(G)| − 1. Moreover, by the structure of D(G), it is easy to check that
Γ(G) = Γ(Ap+3). In the following, we write the proof in a number of separate
cases.

Case 1. Let K be the maximal normal solvable subgroup of G. Then K is a
{2, 3}-group. Particularly, G is nonsolvable.

Proof. We first assert that K is a p′-group. If not, let p divides the order of K.
Set P ∈ Sylp(G). By Lemma 3.6 (i), one has that qs(q) - |NG(P )| for each prime
q ∈ π(G) and 5 ≤ q < p. If q

∣∣|NG(P )|, then either q
∣∣|CG(P )| or q ∈ π(K). For

the former, by Lemma 3.4 (iii), this leads to an obvious contradiction since q ∼ p.
In the latter case, i.e., q ∈ π(K). In this case, by Table 1, it is easy to check
that there necessarily exists such a prime r such that r 6∼ q, where 5 ≤ r < p
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and r ∈ π(K). In fact, by Lemma 3.2 (1), it is sufficient to find such a prime r
such that r + q > p, then r 6∼ q. Since K is solvable, it possesses a Hall {p, q, r}-
subgroup T . It follows that T is solvable. Since there exists no edge between p, q
and r in Γ(G), all elements in T are of prime power order. Hence |π(T )| ≤ 2 by
Lemma 3.3, a contradiction. Thus K is a p′-group.

Next, we show that K is a q′-group for each q∈π(G)\{2, 3, p}. Set Q∈Sylq(K),
where q ∈ π(K). Suppose that the order of q modulo p is h(q). By the
Frattini argument, G = KNG(Q), hence p divides the order of NG(Q). By
Lemma 3.6 (ii) and (iii), it is easy to see that p is one of the possible primes:
127, 307, 313, 379, 397, 457, 487, 673, 757, 859, 883 and 937. In this case, there
necessarily exists at least a prime, say q, such that h(q) < p − 1. We prove the
lemma up to choice of p one by one. The proof is divided into 3 cases.

Case 1.1. p = 127.

By Table 1, If there exists a prime q such that p
∣∣|NG(Q)|, where Q ∈ Sylq(G),

then q = 19. Now, by N-C Theorem, NG(Q)/CG(Q) . Aut(Q). By Lemma 3.4

(v), we have Exp(|G|, 19) = 6, thus |NG(Q)/CG(Q)|
∣∣ 6∏

i=1

1915 · (19i − 1). It is to

check that 113 -
6∏

i=1

1915 · (19i − 1). If 113
∣∣|NG(Q)|, then 113 ∈ π(CG(Q)). Thus

19 ∼ 113, a contradiction. Therefore, 113 ∈ π(K). Since K is a solvable group, it
possesses a Hall {19, 113}-subgroup H of order 196 · 113. Clearly, H is nilpotent,
so 19 ∼ 113, which leads to a contradiction as above.

Case 1.2. To prove the lemma follows if p = 307.

It is easy to see that there exists a prime, say q, such that p
∣∣|NG(Q)|, where

Q ∈ Sylq(G). Then q = 17 by Table 1. Since NG(Q)/CG(Q) . Aut(Q) by N-C

Theorem and Exp(|G|, 17) = 19 by Lemma 3.4, we have |NG(Q)/CG(Q)|
∣∣ 19∏

i=1

17171·
(17i− 1). Using Magma soft, one has that 31 -

19∏
i=1

17171 · (17i− 1). If 31
∣∣|NG(Q)|,

then 31 ∈ π(CG(Q)). Set N = NG(Q), C = CG(Q) and K31 ∈ Syl31(CG(Q)).
By Lemma 3.4, we have Exp(|G|, 31) = 9. By the Frattini argument, we can
obtain that N = CNN(K31), and hence p - |NN(K31)|. Thus p

∣∣|CG(Q)|, and so
deg(p) ≥ 3, which is a contradiction. Therefore, 31 - |NG(Q)| and 31 ∈ π(K). Set
P31 ∈ Syl31(K). Then P31 ∈ Syl31(G). Since G = KNG(P31), then p

∣∣|NG(P31)|.
By Table 1, we see that this is impossible.

Case 1.3. Till now we have proved that K is a q′-group while p = 127 or 307.
Assume that p is equal to one of the remaining primes. Now, we have to discuss ten
cases up choice of p one by one. If K is a q-group for each q ∈ π(G)\{2, 3, p}, we
can prove that this is impossible by checking each choice of p. Since the methods
used below is completely the same as in Case 2, hence, we omitted the detailed
processes. Therefore K is a {2, 3}-group. Since K 6= G, it follows at once that G
is a nonsolvable group, which completes the proof of Case 1.3 and also completes
the proof of Case 1.
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Case 2. G/K is an almost simple group. In other words, there exists a nonabelian
simple group S such that S . G/K . Aut(S).

Proof. Let G := G/K and S := Soc(G). Then S = P1 × P2 × · · · × Ps, where Pi

(i = 1, 2, ..., s) are nonabelian simple groups and S . G . Aut(S). We will show
that s = 1, and hence S = P1.

Suppose that s ≥ 2. We assert that p does not divide the order of S. Other-
wise, there exists a prime r such that r ∼ p, where 5 ≤ r < p and r ∈ π(G), an ob-
vious contradiction to Lemma 3.4 (iii). Hence, for every i we have Pi ∈ Fp (cf.[21]).
By Lemma 3.7, we observe that p ∈ π(G) ⊆ π(Aut(S)). Thus p

∣∣|Out(S)|. But
Out(S) = Out(S1) × Out(S2) × · · · × Out(Sr), where the groups Sj are direct
products of all isomorphic P

′
i s such that S = S1 × S2 × · · · × Sr. Therefore, for

some j, p divides the order of an outer automorphism group of a direct product Sj

of t isomorphic simple groups Pi for some 1 ≤ i ≤ s. Since Pi ∈ Fp, it follows that
|Out(Pi)| is not divided by p by Lemma 3.7. Now, by Lemma 3.8, we obtain that
|Aut(Sj)| = |Aut(Pi)|t · t!. Therefore, t ≥ p and so 22p must divide the order of G.
However, Exp(|Sp+3|, 2) ≤ p+3 < 2p by Lemma 3.4 (iv), which is a contradiction.
Thus s = 1 and S = P1. This completes the proof of Case 2.

Case 3 G ∼= Ap+3. In other words, Ap+3 is OD-characterizable.

Proof. By Lemma 3.7 and Case 1, we may assume that |S| = |G|
2k1 · 3k2

· 2β1 · 3β2 ,

where 2 ≤ β1 ≤ Exp(|Ap+3|, 2) = k1, 1 ≤ β2 ≤ Exp (|Ap+3|, 3) = k2. Let
p1, p2, p3, ..., ps be distinct consecutive primes and 2 = p1 < p2 < p3 < · · · < p = ps,
then |G|pj

= Exp (|Ap+3|, pj) for any j ≥ 3. Using Table 1-3 in [21], we deduce
that S can only be isomorphic to one of the simple groups: Ap, Ap+1, Ap+2 and
Ap+3.

If S ∼= Ap, then K is a 2-group. In this case, it is easy to see that 3p ∈
πe(G)\πe(Sp), a contradiction.

By the similar reason as above, S 6∼= Ap+1 or Ap+2. Therefore, S ∼= Ap+3.
According to the consequence of Case 2, one has that

Ap+3 . G/K . Aut(Ap+3) ∼= Sp+3.

If G/K ∼= Sp+3, then 2Exp(|Sp+3|,2)
∣∣|G|, a contradiction.

If G/K ∼= Ap+3, then |K| = 1. Therefore G ∼= Ap+3. This completes the
proof of Case 3 and also the proof of Main Theorem.

In 1989, in [2] Professor Shi, W. J. put forward the following conjecture.

Conjecture 1 [2] Let G be a group and M a finite simple group. Then G ∼= M
if and only if

(1) |G| = |M |, and

(2) πe(G) = πe(M).
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The above Conjecture 1 was proved by joint works of many mathematicians,
the last part of the proof was given by V.D. Mozurov et al. in [23]. That is, the
following theorem holds.

Theorem 4.1 [23] Let G be a group and M a finite simple group. Then G ∼= M
if and only if

(1) |G| = |M |, and

(2) πe(G) = πe(M).

In fact, Theorem 4.1 is valid for alternating group Ap+3 since πe(G) = πe(Ap+3)
implies G and Ap+3 have the same prime graph. Thus they have the same degree
pattern. Therefore, we can get the following corollary.

Corollary 4.2 If G is a finite group such that

(1) |G| = |Ap+3|,and

(2) πe(G) = πe(Ap+3), where 7 6= p ∈ π(1000!),

then G ∼= Ap+3.
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Abstract. In this paper, we wish to present some simplified cases of discrete Bak-
Sneppen models in which explicit computations via Markov chains are possible, hence
reaching a better understanding of some rather hidden phenomena of the general case:
in particular ”avalanches” can be read in terms of mean waiting times and in terms of
transitions between structures. The simple models allow us to introduce new frames
that do not seem to have been considered in the previous literature, namely the case of
partitioned Bak-Sneppen frames, that appear more realistic from the point of view of
speed of evolution and do not present a unique criticality level, but a staircase tending
towards a final equilibrium level, cadenced by an increasing sequence of footholds. The
introduction summarizes Bak-Sneppen models, starting from the central model due to
Bak and Sneppen, and recalls their use in applied sciences. The first section gives the ge-
neral frame of models where locality and globality coexist, the second section shows the
simplest case of a matching between locality and globality, that will become exemplar
in the most complex frames of Bak-Sneppen processes. The main quantitative theorems
are stated and proved in the third section and finally the fourth section presents exam-
ples that illustrate the more sophisticated points of our paper and the use (and limits)
of experimental results, while the fifth section considers real world situations where Bak
Sneppen partitioned schemes can be tailored to represent the core of their evolution.

Keywords: Self organizing criticalities, Markov Chains, Bak Sneppen processes, Econo-
physics, Socio-economic evolution staircase.
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Introduction

Bak-Sneppen ([1], [2]) original model (BS) can be defined as follows. There are
n species arranged on a circle, each of which has been assigned a random fitness.
The fitness values are independent and uniformly distributed on (0; 1). At each
discrete time step the system is updated by locating the lowest fitness and repla-
cing this fitness, and those of its two neighbors, by independent and uniform (0; 1)
random variables. This model is the result of a powerful synthesis of non equili-
brium systems displaying self organized criticality, a concept introduced by P. Bak,
C. Tang and K. Wiesenfeld [3]. One of the most fundamental characteristics of
a system in a self-organized critical state is to exhibit a stationary state with a
long-range power law decay of both spatial and temporal correlations.

Usually, the self organized state is attained only after a very long period
of transient, a minor change in the system can cause colossal instabilities called
avalanches. Intermittent burst of activity separating long periods of quiescence is
called punctuated equilibrium.

An f0-avalanche is defined as the event when all fitness initially above a
threshold f0 are perturbed such that for a certain time there are some below f0.
The event ends as soon as all fitness are again above f0. For a certain value of
f0, namely f0 = fc one obtains scale free avalanches, i.e. their distribution in size
and duration follows a power law. The exponent of this power law is not easy
to measure and still debated ([12], [23]). The distribution above fc seems to be
uniform, and asymptotically one expects a step function for the distribution of
fitness. The value of fc is given in ([33], [23]) as fc = 0, 66702 (a simulation value).

BS models can be defined on a wide range of graphs using the same update
rule as above. What the BS model illustrates is that even random processes can
result in self-organization to a critical state, see [31] for a discussion. We cannot
describe the many studies that have arisen in physics, probability, econophysic
following the first paper; we just recall some developments that are connected
with the present paper. There is anyhow a strong believing in the power of
these methods for constructing economic models that should suggest what actually
happens in many-agent phaenomena. Though the provisional validity is small,
these models can be richer than many econometric sophisticated simulations.

The authors in particular think that a sound basis for applying BS model
of contact with neighbors is given by Duesenberry demonstration effect. Its first
presentation can be found in Duesenberry’s [17], while many application in con-
sumer’s economy and sociology can be found for example in Cavalli [6]. We may
also recall Cuniberti et al. [11] and Rotundo–Scozzari [38], Rotundo–Ausloos [37].

It has been debated if changing the microscopic dynamical rules in BS model
does or does not change the self organized universality class of the system [34],
[15]. It is therefore interesting to study the robustness of BS-type models when
the interaction rules are changed. A number of variants of Bak and Sneppen
original model have been introduced which evolve according to different criteria.
One variant is the anisotropic Bak Sneppen model [26], [30], [22], in which, in
addition to the least fit species, only its right-hand nearest neighbor is replaced.
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This model also gives rise to a threshold value fc = 0.724 [22]. Another variant
on the BS model which eliminates topology is the mean-field version analysed in
[21], [13], [29], in which one replaces the smallest fitness and a fixed number of
randomly chosen other ones.

In [22] the authors perform a detailed investigation of the effect of symmetry
on the scaling behavior of the BS model. In their generalized model, the site with
the minimum fitness plus a neighbors on the left side and b neighbors on the right
are replaced with independent random numbers. If a = b = 1 it is recovered the
original model; if a = 0 and b = 1 the anisotropic BS model; if a 6= b is obtained
the modified BS models with asymmetric dynamics. They conjectured that all
dynamics which preserve the reflection symmetry of the original BS model possess
the same critical exponents as the original model, while asymmetric dynamics lead
to the exponents of the anisotropic BS model, reinforcing the evidence for two
symmetry-based universality classes [26]. We suppose that, apart segmentation,
that obviously perturbs also the symmetric class, the asymmetric models do not
belong to a unique class, but rather to a certain number of slightly differentiated
classes as it is shown in the examples of 19 and 24 nodes (see Example 3).

Motivated by the difficulty of analyzing rigorously even the one-dimensional
version of the BS model, J. Barbay and C. Kenyon [5] proposed a still simpler
model with discrete fitness values.1 In their model, each species has fitness 0 or
1, and each new fitness is drawn from the Bernoulli distribution with parameter
p. Since there are typically several least fit species, the process then repeatedly
chooses a species at random for mutation among the least fit species. They proved
bounds on the average numbers of ones in the stationary distribution and pre-
sented experimental results. Parameter p can substitute up to a certain level
a plurality of values, but it cannot explain the staircase phenomenon of Exam-
ple 1 in Section 5. Hence binary structure, though simple and appealing, is not
sufficient for a thorough description of what may happen.2

In the first section we give a frame for studying local and global evolution.
Section 2 discusses a basic model of teleological local-global evolution, that

will be used to clarify the content of Sections 3 and 4 (the first example, where
overtaking and footholds arise).

Partitioned BS frames are the object of Section 3, while Section 4 shows how
this model clearly explains the overtaking of competitors with respect to species
that seem to be well assessed and recalls some of our experimental data.

Finally, Section 5 considers real world situations where Bak Sneppen parti-
tioned schemes can be tailored to represent the core of their evolution.

1Also this case is by no means trivial, as it was shown by Meester and Znamenski (see [32]).
2A further case is dealt by C. Bandt in [4], who shows that the discrete BS model behaves

exactly like the contact process, on an arbitrary graph, thus all results which have been shown
for Contact process will immediately extend to discrete BS model.
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1. A frame for studying local and global evolution

The idea of BS model is to glue globality with locality. For this reason in this
section it is pointed out the way how locality and globality coexist in the same
system and how they interact. For sake of simplicity the present paper will deal
with finite graphs and with discrete time evolution systems.

Let us consider a finite set of nodes

X = {K1, K2, ..., Kn}

To each node it is appended a unique cell that contains the node itself and
in general some other nodes. This will be called locality cell of the node:

Lk = {Kk, K(k1), ..., K(kh)}

The node that labels the locality cell is called the kernel. Remark that unlike
in a partition the cells usually overlap, so that a node could belong to different
locality cells, but in particular it belongs to its own cell, in which it is the kernel.
The two trivial cases are the atomistic locality system, where h = 0 for all k, so
that each cell is built only by its kernel and the cells form a partition of the set
X, and the totally global system where all cells coincide with the whole set X.
To each node Kk, a vector of features is associated. The dimension of the vector
does not need to be the same at all nodes, and it can reduce to 1. In many cases,
the features are expressed by values taken from some ordered set, or even from
numeric sets, discrete or continuous. In order to apply the scheme to numerical
calculus, it is useful to associate a duplicate of the vector that registers the next
step of the evolution.

The meaning of the cell is that all evolutions in the cell depend only on the
data contained in the cell, and affect only elements of the cell. Generally the
evolution affects only the features of the kernel of the cell, but sometimes it can
affect also other elements, as it happens in BS processes. Usually more than one
type of evolution can affect a cell, or a parametric evolution, so when the cell is
chosen for evolution it must receive also the information of the action that it must
perform.

Globality is controlled by the Global Controller (GC). He has at least some
counters and can access all data stored in the kernels and using these data he
can perform global operations, if it is required. According to the counters and
the result of operations he will define the next cell that will evolve, the choice of
the type of evolution and its parameters, if any. For example the approximate
solution of a differential equation (using for example fourth order Runge Kutta
method) has at least one more parameter, namely the length of the step. More
sophisticated controls arise when there is a guess of the error by dividing the step
and comparing the solutions. The choice of the step may thus become adaptive.

A case in which globality performs a fundamental task is when the choice of
the evolving cell is no longer sequential, but is connected to some global evalua-
tion of all the cells. This happens for example in DNA analysis, where longest
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matching is chosen for improvement. The simplest case is the random maximiza-
tion, that is performed on atomistic local system: a cell is chosen randomly and
then to its kernel is assigned a random number. After a transitory phase in which
some memory of the original values still survives, it is obtained a purely random
distribution of values, that coincides in probability with a casual extraction with
replacement. The process becomes much more interesting if some rule for the
choice of the evolution cell is added. Till now, no local relation is at hand. The
idea of Bak and Sneppen is to join each kernel with two adjacent nodes, getting
three-node local cells. The cell that evolves is the one whose kernel is minimum,
but all the three nodes, not only the kernel, will receive a new value. In this case,
very interesting connection structures tend to become more likely than purely
casual distributions, usually long chains of high values, alternated with shorter
chains of lower values is obtained.

An interesting process can arise also without ordered structures of values.
It is enough to choose a cell where the value is not modal, and replace it at
random. The structure will converge anyhow to a mode involving all kernels but
one; in particular if, at the starting time, more than half of the kernels have the
same value, this will also be the final mode, otherwise we have some function
of membership depending on the original distribution of features. A somewhat
opposite process arises when it is chosen one of the modal cells; in this case the
evolution tends to a division into groups that have all the same mode, or a mode
differing by one. Both schemes arise in political analysis (band-wagon in one case,
segmentation in the other case, see [36])

2. Binary Bak Sneppen linear models

Let us introduce a modified discrete BS process denoted by (l1, l2)−BS. Let
X = {0, 1, ..., n− 1} be the set of nodes in the global system. The nodes will be
arranged on a circle (the operation are mod n), each of which has been assigned a
random fitness. The fitness values are independent and uniformly distributed on
the set {0, 1, ..., s−1}. Sometimes it will be useful to think the set {0, 1, ..., s−1}
as a partition of the unitary interval [0, 1] so that the element i ∈ {0, 1, ..., s− 1}
will be identified with the central value

i

s
+

1

2s
. Let l1 and l2 be natural numbers

(l1 < l2).

(l1, l2)−BS is a process such that at each discrete time step, the node
i ∈ X with the lowest fitness (in the case of more then one element the
choice will be made randomly between all the candidates) is chosen.
Then the fitness of i, i + l1 and i + l2, (so the locality cell of i is
Li = {i, i + l1, i + l2}) will be replaced by independent and uniform
{0, 1, ..., s− 1} random variables.

Since the states may be described by a number of n digits in base s, the total
number of states is sn and the evolution of the system beginning from an initial
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state chosen randomly to the successive one, according to the law just described,
can be modeled by an irreducible Markov chain with transition matrix, say M
(to simplify the reading we will consider the transposed matrix of the usual one).
Let us recall, for the convenience of the reader, some important definitions about
Markov chains.

Definition 1 Two states x and y communicate each other, and we write x ↔ y,
if they are equal or if it is possible (with positive probability) to get from either
one to the other in a finite amount of time. This is an equivalence relation and
the equivalence classes are called communication classes.

There are two types of communication classes: recurrent and transient.

Definition 2 A communication class Z is called transient if, starting from any
x ∈ Z, it is possible to return to x only a finite number of times with probability
one, otherwise it is called recurrent or persistent.

It is also useful to remaind the following result.

Theorem 1 Given an irriducible Markov chain with transition matrix M , there
is a unique probability distribution π on the state space such that

(1) Mπ = π

π is called the stationary distribution of the Markov chain.

It is easy to see that every stochastic matrix has the all-1 vector as a left
eigenvector corresponding to the eigenvalue 1. The above theorem says that the
corresponding right eigenvector is also non-negative, and that there is only one
eigenvector corresponding to eigenvalue 1 if the matrix corresponds to an irre-
ducible Markov chain.

The mean waiting time from state x to state y is the expected number of
iterations for reaching state y for the first time starting from state x.

Definition 3 Let Z be a communication class, a state e ∈ Z will be called an
exchange state of Z if it is the unique state such that Z\{e} is not a communication
class.

From a theoretical point of view, it is possible to construct the transition ma-
trix M of the process for any finite dimension, but dimension grows as sn. Hence
the most critical factor is the number of sections, and this explains the importance
of two section frame, where critical information are left to the probability of the
digits as in [5]. The authors have developed a computer program that draws the
transition matrix. From this matrix many information can be derived: the most
important parameter associated to the process is its average:

(2) As(n; l1, l2) =
sn−1∑
i=0

π(i)w(i)
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where w(i) is the value of the state, in particular, in the standard case of sections
on the unitary interval, denoting by Cs(i, j) the number of j-digits present in the
representation of i in base s, it amounts to

(3) w(i) =
1

s

s−1∑
j=0

Cs(i, j)j +
1

2s

When the number of states is greater than 2 an important value is also the fre-
quency of the sections (associated to the digit j ranging from 0 to s− 1):

(4) Fs(j; n; l1, l2) =
1

n

sn−1∑
i=0

π(i)Cs(i, j)

2.1. Example

As an example of non trivial discrete (l1, l2)−BS model we choose what seems
to be the simplest meaningful case: 6 nodes and 2 values. In this case, when
we identify the states apart the rotation, the 64 states can be reduced to the
following 14:

0=000000 1=000001 3=000011 5=000101 7=000111 9=001001
11=001011 13=001101 15=001111 21=010101 23=010111 27=011011
31=011111 63=111111

The transition matrix depends on the probability of each digit and on the
system of locality cells. Since many minima may arise, we suppose that the
locality cell is chosen at random among the candidates (different rules give rise to
different transition matrix and may even be not consistent with a representation
of states reduced by rotation, these evolutions will be discussed in another paper).

For sake of simplicity, we consider only the case of constant probability. For
the couples (l1, l2) there are the following cases:

• (1, 5) (that is equal to the classical BS model)

• (1, 2) (that a posteriori coincides with the results of (1,3) and of (2,3))

• (1, 4) (that a posteriori coincides with the results of (2,5))

• (2, 4) (that as shown later allows also a more suitable state representation)

Next table will summarize the results, the first part shows the frequencies of
each state, the second one shows the averages. We have added also a non BS case,
namely the random one, where the locality cell coincides with the whole space for
each kernel, and the two neighbors are chosen at random (compare [21], [13], [29]).
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Confi- Structure Structures Structures Structure Structure
guration (1,5) (1,2),(1,3),(2,3) (1,4),(2,5) (2,4) Random

0 0,002643 0,0033320 0,004112 0,000000 0,003662
1 0,024136 0,0304099 0,035908 0,000000 0,032801
3 0,049081 0,0446415 0,050715 0,000000 0,050041
5 0,035378 0,0446415 0,050715 0,000000 0,050041
7 0,108473 0,0626871 0,069095 0,000000 0,079790
9 0,016208 0,0280814 0,028844 0,000000 0,025020

11 0,060323 0,1002903 0,076068 0,000000 0,079790
13 0,060323 0,0742085 0,098396 0,000000 0,079790
15 0,167864 0,1221499 0,120348 0,000000 0,128153
21 0,016527 0,0208957 0,023032 0,125000 0,026597
23 0,122677 0,1221499 0,120348 0,375000 0,128153
27 0,044115 0,0798766 0,074824 0,000000 0,064076
31 0,230218 0,2115085 0,197502 0,375000 0,201231
63 0,062034 0,0551272 0,050093 0,125000 0,050854

l1 l2 A2(6; l1, l2)
1 5 0,568695
1 2 0,560366
1 4 0,553865
2 4 0,625
random random 0,556145

Table 1. Binary BS model on a frame of 6 nodes:
frequencies and averages

The most striking value is the case of (2,4) and will be discussed in detail
below. Usually it is expected that in BS processes (self organizing criticality) the
average is higher than in a random process, since BS lets arise chains of adjoining
high values and chains are in some sense stable. Table 1 shows that, in a structured
process, it is possible to get an average lower than in a random process, namely the
strongly asymmetric case (1,4) in which the two operating cells are just opposite,
hence tend to break long chains of maximums wherever they could be located.

In the case (2,4), the set of nodes is split in two subsets: even E = {0, 2, 4}
and odd O = {1, 3, 5}. For each even kernel its locality cell is given by E, while
for odd kernels their locality cell is given by O. There is no overlapping between
the two sets of locality cells. Hence the system operates as if it was built by two
subsystems of three nodes each. Until both in E and in O there exist 0’s, the
change may happen in any of the two sets, and the probability is given according
to the frequency of 0’s (in a set of three elements BS is trivial since it coincides
with random process). When the state 111 is reached in one of the subsets, only
the other one may be changed, until the exchange state 111, 111 is reached. From
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this state the process will go on in one of the two subsets, but the other one will
maintain the values of 111, so that 0’s can appear at most in one of two subsets.
This means that the original set of 14 states reduces to a persistent class formed
only by states 21, 23, 31, 63, that is one set with three 0’s, one set with two 0’s,
one set with one 0 and the exchange state of all 1’s. This reduced system does
not give a complete information since it identifies the two subsets O and E, that
up to a rotation are coincident.

An equivalent (but more expressive) transition matrix could be derived from
the 14-element matrix taking into account only the couples of numbers of 1’s in
the two sets. We get the following 10 states

00 10 11 20 21 22 30 31 32 33

where ij means i ones in one set and j ones in the other. The correspondences are
obtained by direct check: 00={0}; 10={1}; 11={3, 9}; 20={5}; 21={7,11,13};
22={15,27}; 30={21}; 31={23}; 32={31}; 33={63}.

Gluing together the rows and columns in the 14 nodes transition matrix
actually we get the reduced transition matrix M , given by:

00 10 11 20 21 22 30 31 32 33
00 1/8 2/40 0 1/32 0 0 0 0 0 0
10 3/8 9/40 1/8 3/32 1/24 0 0 0 0 0
11 0 9/40 3/8 0 3/24 0 0 0 0 0
20 3/8 6/40 0 6/32 2/24 1/8 0 0 0 0
21 0 9/40 3/8 9/32 9/24 3/8 0 0 0 0
22 0 0 0 9/32 6/24 3/8 0 0 0 0
30 1/8 2/40 0 1/32 0 0 1/8 1/8 1/8 1/8
31 0 3/40 1/8 0 1/24 0 3/8 3/8 3/8 3/8
32 0 0 0 3/32 2/24 1/8 3/8 3/8 3/8 3/8
33 0 0 0 0 0 0 1/8 1/8 1/8 1/8

Table 2. Transition matrix of the reduced representation
for the (2, 4)-BS process of 6 nodes.

Let us remark that from all the six non persistent states (00, 10, 11, 20, 21, 22)
the total probability of reaching a persistent state (30, 31, 32, 33) is 1/8, but it is
not possible to reach directly the exchange state 33, that can be attained only
starting from a persistent state.

In the next section we shall review this example in the context of a general
theory of partitioned structures. This section ends with some remarks about
equivalence of different (l1, l2)-BS like processes. In fact a condition of equivalence
is the possibility of rearrangement of rows and columns of the transition matrix.
A trivial condition of equivalence is symmetry: in a non symmetric BS process
such as (1,2), this is equivalent to (n − 1, n − 2). A more sophisticate condition
can be achieved when a Hamiltonian permutation of the nodes is available. In
order to avoid complication due to partitioned frames, consider a prime number of
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nodes n. Then, for any given couple (l1, l2), all the couples ([(k l1) mod n],[(k l2)
mod n]) are obtained by a Hamiltonian permutation that allows to rearrange the
transition matrix so that it coincides with the original matrix associated to (l1, l2).
Let us remark that this result does not require the actual construction of the
transition matrix, and it holds for any dimension of nodes and sections. Consider,
for example, the case of 5 nodes: the couples are (1,2); (1,3); (1,4) (equivalent
to standard BS); (2,3); (2,4); (3,4). The couple (3,4) is the symmetric of (1,2)
and (2,4) is the symmetric of (1,3). We get (1, 2) ≡ (2, 4), hence (1, 2) ≡ (1, 3).
Finally, (1, 4) ≡ (2, 3); the latter equivalence is usually read as (1,−1) ≡ (2,−2)
(that is a formal extension of symmetric BS, compare [22]).

A somewhat more complex model is obtained for a higher prime number
of nodes. For example, in the case of 19 nodes there are at most 9 possible
equivalent structures. We list them according to decreasing (statistical) average.
There is statistical evidence that the two couples (1,2), (1,17) and (1,3), (1,16) are
actually different even if it is not proved that the two components of the couple
are different. On the contrary, there is no statistical evidence that the last four
cases have really different averages.

For reader’s information, next table gets the statistical average values for 19
nodes. Even if this section is dealing with binary processes, it is added also infor-
mation about the division in 4 sections. The frequencies in the case of 2 sections
are immediately recovered from the average subtracting 0.25 and multiplying by
2. The first five structures are kept distinct, while the remaining 4 are merged
into the class ”other”.

Name Av. 2 sect. Av. 4 sect. Fs(0) Fs(1) Fs(2) Fs(3)
(1,18) 0.67826 0.70015 0.045065 0.090301 0.383608 0.481026
(1,2) 0.653533 0.66260 0.049383 0.156482 0.387682 0.406453
(1,17) 0.640368 0.661908 0.050324 0.157052 0.388094 0.40453
(1,3) 0.62702 0.64451 0.052896 0.195466 0.373361 0.378277
(1,16) 0.62455 0.64583 0.053179 0.191047 0.37481 0.380964
other 0.621289 0.64137 0.05363 0.20193 0.36977 0.37468

Table 3. Statistical results for a frame of 19 nodes,
2 (respectively 4) sections.

The reader can make many remarks. The most obvious is that passing from 2
sections to 4 sections the average is increased; this fact depends from the central
value that is assigned to each section. Recall that the limit distribution in Bak
and Sneppen infinite dimensional model is a step function of 0 value up to the
critical value, and then it is constant. In general, it is a monotone function that
becomes asymptotically constant. Giving the central value to each interval it is
obtained a good estimate for the asymptotical section of the distribution, but we
underestimate the lower sections, the more the less is the number of sections.
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3. Partitioned frames

In this section we will analyze a much more interesting phenomenon, that may
arise only in the case of a non prime number of nodes (hence the reason for
choosing 6 nodes for the simplest case). In Table 1 the average of the last case
(2,4) is much greater than all the remaining averages. In the transition matrix of
the associated Markov chain there exists a persistent class that is smaller than the
whole set of 14 structures. Namely it contains only 4 structures (apart rotation):
01 01 01, 01 01 11, 01 11 11, 11 11 11, while the remaining 10 form a transient class:
this means that there exist sets of transformations that allow to pass from any of
them to any other, but there is the possibility of falling outside into the persistent
class without the possibility of returning back. In this simple case the analysis is
straightforward: nodes 2 and 4, together with the minimum conventionally placed
at 0, form a subset that has no interference with nodes 1-3-5, that, on the contrary,
are activated when the minimum is attained in one of those nodes. Whenever an
operation is performed, one 3-element subset is left unchanged, while the other
one is totally changed at random. The trick is that in this case the two subsets
do not change between different operations, what on the contrary happens in all
the remaining cases. The process cannot anyhow be divided into two independent
subprocesses, since the minimum must be looked for among the elements of both
subsets (for example a subset containing 011 enters in this search, while a subset
111 enters in the search only if also the other one is a 111 subset, in which case
there are 6 minima of value 1). During the transient phase a further interaction
is given by the number of minima; for example in the case 000 011 the first subset
has probability 3/4 of being chosen, while the other one only 1/4. When one set
reaches the configuration 111 (probability 1/8) the transient phase is terminated
and the process becomes stable, in the sense that it can be changed only if the
global minimum is 1, that is the configuration 111 111. This is the exchange state.
In this case at least one of the two subsets will save the configuration 111, that
can no longer be destroyed. The four structures above in fact can be read, using
the reduced state description of the last section, as 03= 000 111, 13 = 001 111,
23 = 011 111, 33 = 111 111. In the particular case of 6 nodes the transition
matrix becomes trivial since there is no longer a BS structure.

In particular the mean waiting time for reaching the persistent class starting
from any configuration of the transient class is 8, and does not depend on the
initial structure. The mean waiting time for reaching the top (and exchange)
configuration 111 111 starting from 000 000 (or any other transient) is 16. Remark
that in the standard BS process this last mean waiting time is 23.07572. The
increase in time is due to the impossibility of protecting the structure 111 from
decay once it is achieved for the first time.

A richer, but similar situation, arises in the binary case of 8 nodes. The
subsets are formed by four elements and the different structures are 0000, 0001,
0011, 0101, 0111, 1111; the persistent class is thus formed by a subset 1111 coupled
with any of these six structures. The estimations become less trivial because the
structure with four elements is already BS non trivial, inasmuch one element
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is not changed at random and preserves memory of the past. The average is
therefore somewhat increased, up to 0.63785. Using the transition matrix, one
can compute the mean waiting time. In particular, in this case it depends on the
starting configuration, in particular from 0000 0000 it is 14.79873, while it attains
a minimum from 0011 0011 or 0111 0111 where anyhow the 1 is saved. In this
case the mean waiting time is 10.98887.

We wish now to state formally the theorems that describe the main factors
of partitioned frames. In the first theorem there is no need to define explicitly
what a partitioned frame is, since it is simply built by the distinct cosets of the
cyclic group of n elements when n is not prime. In the general case of the second
theorem some definition will be needed, and also more information about the
substructures will be required.

Theorem 2 Let n be a non prime number of nodes. Let m = MCD(n, l1, l2)
3 be

the greatest common divisor, and denote by Max = (s− 1/2)/s the central value
of the upmost section, then the average is

(5) As(n; l1, l2) =
m− 1

m
Max +

1

m
As

(
n

m
;
l1
m

,
l2
m

)

and the frequencies of the single sections are

(6) Fs(j; n; l1, l2) =
1

m
Fs

(
j;

n

m
;
l1
m

,
l2
m

)

for j < s− 1, and

(7) Fs(s− 1; n; l1, l2) =
m− 1

m
+

1

m
Fs

(
s− 1;

n

m
;
l1
m

,
l2
m

)

Proof. The theorem is a particular case of Theorem 2. Symmetry considerations
would allow a straightforward proof, but we prefer to use the proof of the much
more powerful Theorem 2. As for the numerical aspect see the comment after the
proof of theorem 2.

We give now a formal definition of partitioned scheme.

Definition 4 Let X be the space of nodes on which a locality cell system Li is
given; X is said to be partitioned into a subsystem (X1, X2, ..., Xk) if for any cell
Lh it holds

#{i : Xi ∩ Lh 6= } = 1 4

3Of course, if m = 1, the formulas still hold, but are not meaningful.
4That is, each locality cell is contained exactly in one subset of the partition.
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With ni we will denote the cardinality of set Xi and so n =
k∑

i=1

ni.
5

In a partitioned scheme, the configurations may be rearranged in order to be
consistent with the partition in subsets. To a set Xk we associate a set Sk formed
by the configurations that involve the nodes of the component Xk. A set of confi-
gurations suitable for the construction of the transition matrix is thus represented
by the Cartesian product

S = S1S2...Sk
6

The use of a reduced transition space is allowed by the fact that changes
can happen only inside one subspace at each time. When the maximum is the
same for the whole system (as it usually happens) the exchange configuration is
E = m1m2...mh, where mi denotes the state in which all nodes in the subset
Xi attain the maximum value. If in the punctuated k-dimensional structure we
associate the state mi with the plane xi = 0, then the persistent class is formed by
the coordinate axes and the exchange configuration is the origin. In the partitioned
BS scheme the transition matrix thus assumes the form given in the following
table.

E C1 C2 ... Ch Z
E ∗ ∗ ∗ ∗ ∗ 0
C1 ∗ ∗ 0 0 0 ∗
C2 ∗ 0 ∗ 0 0 ∗
... ∗ 0 0 ∗ 0 ∗
Ch ∗ 0 0 0 ∗ ∗
Z 0 0 0 0 0 T

Table 4. Transition matrix in a partitioned BS scheme.

Let us remark that Ci denotes the set of states derived from the exchange
state E changing only the i-th component of the Cartesian product, and leaving
all the remaining components at the value ms.

7 For passing from one state to
another it is compulsory to pass through the exchange state E. Here ∗ denotes
the elements that can be non zero, while 0 indicates the components that are
necessarily 0. T is the transition matrix of the transient class Z in itself, and
also can be built up by a recursive matrix of partitioned frames. This happens
in particular whenever the sections are more than 2, as it will be shown in the
examples of the next section.

5Very often it may be convenient to look for the finest partition available, but our results do
not require minimality conditions.

6An example was given for the case of 6 nodes when we passed from the 14 state full repre-
sentation to the 10 state reduced representation.

7Hence it must not be confounded with Si since it is a proper subset of the whole Cartesian
product.
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The restrictions of the process to each subset Xi can be described using a
transition matrix Mi defined on the system of configurations Si. Thus we get the
usual information such as frequencies of each configuration yi that we shall denote
by Fi (yi), in particular we shall be particularly interested to Fi (Ei), where Ei

denotes the projection of E on the space Xi. Another important information is
of course the average value Ai. When we pass from the partitioned matrixes Mi

to the global matrix M , we require one more information, namely the probability
pi of going from the exchange state E to each state of the subsystems Ci. Let
us remark that in BS processes this is given by the ratio between the number of
maximum elements in each set (i.e ni/n). In particular if all the sets Xi have the
same number of nodes, pi is constant. We describe the persistent matrix, dropping
the transitions described by the last column and the last row. All data outside
the first column of the transition matrix of Table 4 are the same as in the single
transition matrixes Mh, and a formal change is the addition of the full description
of the other subsets that remain unchanged. The only change happens in the first
column, where the terms outside the first row are the corresponding terms of the
first rows of matrixes Mi multiplied by pi, and M(E, E) is the complement to 1 of
the column. Different schemes of course could be foreseen, provided the exchange
rule is maintained.

The most interesting results allow to calculate global frequencies and averages
from the frequencies and averages of the single subsystems, taking obviously into
account the cardinality of the subsets, the value of the exchange state (usually
the maximum) and the probability of different exits from the exchange state. For
sake of generality we denote by Vi the value of each component of the exchange
state, hence its value is given by the sum of these items.

Theorem 3 Let M be the transition matrix of a partitioned frame generated by
matrixes Mi. Let E be the exchange state, pi the probability of different exits from
the exchange state, Fi the family of frequencies for each subsystem. Then the av-
erage A is a weighted sum of the single averages according to the formula

(8) A =
1

N

k∑
i=1

pi

Fi(Ei))

( ∑

j 6=i

nj

n
Vj +

ni

n
Ai

)

where the normalization factor satisfies the relation

(9) N =
k∑

i=1

pi

Fi(Ei)

The frequency of the global configurations is 0 for the transient configurations. As
for the persistent configurations, we denote by Bi the configuration

(E1, ..., Ei−1, bi, Ei+1, ..., Ek)
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and we get

(10) F (Bi) =
1

N

pi

F (Ei)
Fi(bi)

for Bi 6= E, and

(11) F (E) =
1

N
·

Proof. For sake of simplicity, we can consider the case of two subsets, since the
general case may be proved by induction. We represent the transition matrixes
M1 and M2 by the following notations

Ma Ea a1 ... ar

Ea ea0 a01 ... a0r

a1 ea1 a11 ... a1r

... ... ... ... ...
ar ear ar1 ... arr

Mb Eb b1 ... bs

Eb eb0 b01 ... b0s

b1 eb1 b11 ... b1s

... ... ... ... ...
bs ebs bs1 ... bss

Let v0 = F (Ea), v1 = F (a1),..., vr = F (ar), and w0 = F (Eb), w1 = F (b1), ...,
ws = F (bs), and denote by A the submatrix of Ma without the first row and the
first column, and similarly by B the submatrix of Mb without the first row and
the first column, by ea the column vector (ea1, ..., ear)*, by eb the column vector
(eb1, ..., ebs)*, an eigenvector associated to eigenvalue 1 is given by (x0, x1, ..., xr)
where x0 = 1 and x1, ..., xn satisfy the system

(12) (A− I)x = −ea

Normalizing, the frequency vector is given by v ≡ (v0, x1v0, ..., xrv0) or
x = v/F (Ea). Respectively, let y1, y2, ..., ys satisfy the system

(13) (B − I)y = −eb

Normalizing, we get w ≡ (w0, y1w0, ...ysw0), or y = w/F (Eb)
In the complete system, we are interested only to the part that corresponds

to the persistent class. The matrix is thus

M E A1 ... Ar B1 ... Bs

E paea0 + pbeb0 a01 ... a0r b01 ... b0s

A1 paea1 a11 ... a1r 0 ... 0
... ... ... ... ... ... ...
Ar paear ar1 ... arr 0 ... 0
B1 pbeb1 0 ... 0 b11 ... b1s

... ... ... ... ... ... ...
Bs pbebs 0 ... 0 bs1 ... bss

Table 5: Joint transition matrix of a partitioned process
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In order to obtain the eigenvectors we solve thus the system

{
(A− I)x′ + 0y′ = −paea

0x′ + (B − I)y′ = −pbeb

obtaining

x′ = pax = pa/F (Ea)v, y′ = pby = pb/F (Eb)w.

The normalization of the vector leads to the normalizing factor N given in equation
(9) that appears in the statement of the theorem.

1 +
r∑

i=1

x′i +
s∑

j=1

y′i = 1 +
pa

Fa(Ea)

r∑
i=1

vi +
pb

Fb(Eb)

s∑
i=1

wi

= 1 +
pa

Fa(Ea)
(1− Fa(Ea)) +

pb

Fb(Eb)
(1− Fb(Eb))

= 1 +
pa

Fa(Ea)
+

pb

Fb(Eb)
− pa − pb

=
pa

Fa(Ea)
+

pb

Fb(Eb)
= N

(14)

Once formulas (10) and (11) are proved, the main formula (8) is easily derived
keeping in mind that the average value of the configuration is the weighted sum
of the averages of the single cartesian components, and the weight is just given
by the proportion of configurations that belong to each Si.

We wish to remark that there is an essential difference between the two theo-
rems: in fact in Theorem 1 in order to get the average it is not required to know
the frequencies Fi(Ei). From a numerical point of view these frequencies, very
near to 0, are difficult to be experimentally determinated, while on the contrary
the averages in non partitioned schemes can be easily experimentally estimated.
Let us remark that this is not true for the case of partitioned schemes, where
transitory phase may be very long. A computational trick is thus to start directly
from the exchange configuration or anyhow from the interior of the persistent
class, so that transitory period is skipped away.

4. Examples and staircase of critical configurations with overtaking

In this section, we give some examples for the theorems of the previous section,
but before we highlight the main features of the partitions that do not allow to
study these processes simply using binary representations joint to a change in the
probability system.



partitioned frames in discrete bak sneppen models 477

4.1. Example 1

We come to a more general case of partition of the BS process. The simplest case
that shows the main features requires 2 subsets of 3 nodes each, and we consider a
ternary set of values, say 0,1,2 8. This corresponds to 6 nodes and displacements
of 2-4. A simplified analysis is the following: we attach label 0 to any subset
in which the minimum is 0 (not regarding their number), label 1 to any subset
in which the minimum is 1 (not regarding their number), and label 2 to the set
{2, 2, 2}.

Next table shows the transition matrix.

00 01 10 11 02 20 12 21 22
00 38/54
01 7/54 38/54 19/54
10 7/54 38/54 19/54
11 14/54 14/54 14/54
02 1/54 38/54 38/54 19/54
20 1/54 38/54 38/54 19/54
12 2/54 1/54 14/54 14/54 7/54
21 2/54 1/54 14/54 14/54 7/54
22 2/54 2/54 2/54 2/54 2/54

Tab le 6. Transitions in a 6 node bipartite Bak Sneppen set with 3 values.

There is one transient class (01, 11, 10) with exchange state 11 and one
persistent class (20, 02, 22, 21, 12) with exchange state 22. The asymptotic
average, normalized to the scale [0, 1] is thus 0.667, since one subset has the
form {2, 2, 2}, that corresponds to 0.8333 and the second one is random on the
three values 012 and corresponds to 0.5. A more complex frame with a ternary
partition, but in reduced form, was introduced in [35] and [36]. From states 00,
01, 10, 11 the mean waiting time to the persistent class is 27. Let us remark
that the topological structure of our representation is the same as what would
be achieved in section 3 when dealing with random optimization for the case of
three values on three nodes, and becomes exactly the same if we set p(0) = 19/27,
p(1) = 7/27, p(2) = 1/27.

Unlike the ternary partition there exists a path that touches all states even
if mean waiting time between non persistent states still remains infinity. This
remark a peculiar ”overtaking law”, that namely concerns the transition from 10
to 12 and from 01 to 21. The subset that is changed into the optimal label 2 is
not one labeled with 1, but one that is labeled with 0, since its minimum must
be lower than that of the best subset. For example, in a situation A = {1, 2, 2},
B = {0, 1, 1}, it is impossible that A is transformed into {2, 2, 2}, while this is
possible, even if unlikely, for B.

8The example was first presented during the AMASES meeting of 2011 [35], see also [36]
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4.2. Example 2

We go back now to the examples that illustrate theorems 1 and 2. We give an
example of a non symmetric partitioned frame in which BS processes happen. We
suppose that the total number of nodes is n = 8, and that we have a subset Xa

of na = 5 nodes and a subset Xb of nb = 3 nodes. The number of sections is 2.
On both subsets the locality cells are whose of the standard BS process, namely
each cell contains the kernel and the right and left neighbor; obviously in the case
of three nodes (random case) the locality cell is the same for all the kernels and
coincides with the subset.

We write down separately the two evolution matrixes and we make the usual
computations of frequency and of average. The representation is minimal, hence
Sa contains 8 items instead of 32 and Sb contains 4 items instead of 8. In the case
of Sa we get the transition matrix of Table 7, while the trivial transition matrix
of Sb in presented in Table 8.

31 0 1 3 5 7 11 15 F ]1′s
31 0 0 0 0.0416667 0 0.125 0 0.125 0.071267 5
0 0 0.125 0.0625 0 0.0416667 0 0 0 0.0098982 0
1 0.125 0.375 0.25 0.0833333 0.2083333 0 0.125 0 0.0735294 1
3 0 0.25 0.1875 0.125 0.1666667 0.125 0.125 0.125 0.1348982 2
5 0.25 0.125 0.1875 0.1666667 0.2083333 0 0.25 0 0.0975679 2
7 0.125 0.125 0.125 0.1666667 0.125 0.25 0.125 0.25 0.196267 3

11 0.375 0 0.125 0.2083333 0.1666667 0.125 0.25 0.125 0.1589367 3
15 0.125 0 0.0625 0.2083333 0.0833333 0.375 0.125 0.375 0.2576357 4

Average 0.549095

Table 7. Transition matrix for Bak Sneppen binary process on five nodes.

7 0 1 3 F ]1′s
7 0.125 0.125 0.125 0.125 0.125 3
0 0.125 0.125 0.125 0.125 0.125 0
1 0.375 0.375 0.375 0.375 0.375 1
3 0.375 0.375 0.375 0.375 0.375 2

Average 0.5

Table 8. Trivial transition matrix of binary BS process on three nodes.

The exchange state is (31, 7), that corresponds to section 1 in all the 8 nodes.
The probability of changing state Sa (resp. Sb) is proportional to the number
of nodes, so we have pa = 0.625, pb = 0.325, na = 5, nb = 3. The remaining
coefficients are already known from the elaboration of the transition matrixes,
we have namely F (Ea) = 0.071267, F (Eb) = 0, 125, ma = 0.5491 and mb = 0.5
(obviously, since it is a random process). We get thus the coefficients pa/F (Ea) =
8.76984, pb/F (Eb) = 3, N = 11.7698. We recall that, in view of our convention
about the middle of the sections, Va = Vb = 0.75. Finally we get from theorem
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2, formula (8), the final value A = 0.632544. The case is simple enough that
it can be handled directly by constructing the transition matrix. We obtain the
following table:

31-7 0-7 1-7 3-7 5-7 7-7 11-7 15-7 31-0 31-1 31-3 F 1′s
31-7 0.125 0 0 0.041 0 0.125 0 0.125 0.125 0.125 0.125 0.084 8
0-7 0 0.125 0.062 0 0.041 0 0 0 0 0 0 0.007 3
1-7 0 0.375 0.25 0.083 0.208 0 0.125 0 0 0 0 0.055 4
3-7 0.078 0.25 0.187 0.125 0.166 0.125 0.125 0.125 0 0 0 0.100 5
5-7 0 0.125 0.187 0.166 0.208 0 0.25 0 0 0 0 0.072 5
7-7 0.156 0.125 0.125 0.166 0.125 0.25 0.125 0.25 0 0 0 0.146 6

11-7 0.078 0 0.125 0.208 0.166 0.125 0.25 0.125 0 0 0 0.118 6
15-7 0.234 0 0.062 0.208 0.083 0.375 0.125 0.375 0 0 0 0.191 7
31-0 0.046 0 0 0 0 0 0 0 0.125 0.125 0.125 0.031 5
31-1 0.140 0 0 0 0 0 0 0 0.125 0.125 0.125 0.095 6
31-3 0.140 0 0 0 0 0 0 0 0.375 0.375 0.375 0.095 7

Average 0.632

Table 9. The transition matrix of an asymmetrically partitioned Bak Sneppen frame

A further comparison of the frequencies is consistent with formulas (10)
and (11).

We end this example comparing the result with the symmetrical partition
of the 8 nodes system as given by formula (5) in Theorem 1. We need to know
A2(4; 1, 3).

The transition matrix is given below and the average is 0.525735.

15 0 1 3 5 7 F ]1′s
15 0.125 0 0.041667 0.125 0 0.125 0.088235 4
0 0 0.125 0.083333 0 0.125 0 0.036765 0
1 0.125 0.375 0.291667 0.125 0.375 0.125 0.198529 1
3 0.25 0.25 0.25 0.25 0.25 0.25 0.25 2
5 0.125 0.125 0.125 0.125 0.125 0.125 0.125 2
7 0.375 0.125 0.208333 0.375 0.125 0.375 0.301471 3

average 0.525735

Table 10. Transition matrix for BS binary process on four nodes

By this computation we also know F (15), but we do not require it 9. We
remark that, as usual, V (Ea) = V (Eb) = 0.75. Hence we get

A4(8; 2, 6) = [0.75 + A2(4; 1, 3)]/2 = 0.637868.

The symmetrical partition gives an average slightly greater than the un-
balanced partition, according to the general conjecture of [26] and to some ex-
perimental results we recall now in the end of this section.

9The advantage of not requiring the knowledge of F (E) will become evident in the next
example.
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4.3. Example 3

This example shows a partitioned frame in a case particularly rich, namely 24
nodes. Here also some of the partitions may still be decomposed. The results of
Theorem 2 do not depend on the number of sections, but the numerical simulation
can become heavily unstable, since it can take a very long transient period before
the exchange state is reached for the first time. If the numerical simulations
are needed for analyzing the persistent state, the best strategy is to start the
simulation from the exchange state or anyhow from the inside of the persistent
class. Since in Theorem 1 all the partitions are equal, there is no problem if it
takes a great number of iterations to rejoin the exchange state in order to pass to
another partition.

The problem would arise in the case of Theorem 3, where the single partitions
must necessarily be simulated separately, and the further estimate of the frequency
of exchange state for each partition would be needed.

We describe now the structure of the 24 node system. The experimental data
(*) are referred to 4 sections, where in particular M = 0.875. In the next table
we report only the reduced classical BS of each partition.
8 subsets of 3 elements, 6 subsets of 4 elements, 4 subsets of 6 elements, 3 subsets
of 8 elements, 2 subsets of 12 elements:

As(24, 8, 16) = 7/8M + 1/8As(3, 1, 2) A4(24, 8, 16)* = 0.828166
As(24, 6, 18) = 5/6M + 1/6As(4, 1, 3) A4(24, 6, 18)* = 0.817772
As(24, 4, 20) = 3/4M + 1/4As(6, 1, 5) A4(24, 4, 20)* = 0.802184
As(24, 3, 21) = 2/3M + 1/3As(8, 1, 7) A4(24, 3, 21)* = 0.789492
As(24, 2, 22) = 1/2M + 1/2As(12, 1, 11) A4(24, 2, 22)* = 0.768288
A4(24, 1, 23) = 0.715446

For reader’s convenience we add also

A4(24, 1, 2)∗ = A4(24, 5, 10)∗ = A4(24, 7, 14)∗ = A4(24, 11, 22)∗ = 0.676339

The remaining non reducible structures have averages ranging between 0.649575
and 0.663925.

The 19 (prime number) case is non decomposable and its range should be
compared only with non decomposable cases of 24; but the whole range reaches,
as shown before, 0.8281, hence much greater than the case of 19 nodes. These
results are to be compared with the case of a prime number of nodes, where the
dependence on the structure has much smaller effects. In the case of 19 nodes
the total range is between 0.640 and 0.700, while here the average ranges between
0.660 and 0.828. While the non decomposable frames show only small differences
due to the increase in the number of nodes, the main differences arise as the
dimension of the subsets diminishes down to the elementary case of 3 elements.
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5. Examples from the socio-economic world

As mentioned in the introduction, the BS model is suitable to analyze multi-agent
economic and social phenomena. Many variations are obtained by structuring the
network of connections differently, giving different laws of transition, establishing
different criteria for choosing the item that has to undergo the change. In the
case of partitioned schemes the basic element is the segmentation of the system
of nodes, which may possibly accompany the other structural changes. The si-
tuation presented in the theoretical sections and in the section of mathematical
examples is clearly an extreme situation, but it summarizes trends that can be
found in the external reality: the links that join subsets can become very weak
at the level of connection between different sets, while can remain strong within
the subsets. An analysis of the fundamental components then leads to an ap-
proximation of the model that ends up consisting of separate components as it
happens in Hsu technique of generalized cell-mapping ([27]), used by the authors
in territorial analysis ([9]). Example 3 of the previous section shows that there are
large differences in mean values as the division into subsets becomes finer, while
in the absence of splitting the average values are much lower. Actually the process
of approximation is more articulated, because the transition takes place progres-
sively changing the laws of proximity between nodes. In the examples there was
a pure dichotomy, with the node connected or not connected without gradients,
while it could be supposed that the transition to the partitioned cases occurs by a
progressive change of the probability of proximity. So the model provides a useful
partitioned limit-schema for understanding (but not for quantitative prediction).

An aspect of particular interest was highlighted in Example 1 where the
phenomenon of overtaking is presented. It is typically characterized by a low
probability, but becomes gradually higher as the set shrinks. The phenomenon
of overtaking can occur along a scale of discrete values more complex than the
ternary system (and as it is obvious it cannot be recognized in the binary system),
and as the steps go up it becomes more and more unlikely, but instead acquires
great stability. A first discussion of the phenomenon was given in [36].

The territorial systems are those which because of their nature are more sub-
jected to segmentation, both for the influence of metric distance, and for the effect
of border barriers, that may be physical but also regulatory, economic, social. In
urbanism the various districts are subject to town plans that generally do not in-
terface with their neighbors (even if it seems absurd), and thus to a BS evolution
model that is subject to segmentation. This encourages overtaking, which often
is found in the restoration of old urban centers or deteriorated areas of the city, as
has often occurred in the case of the old port areas (Liverpool, Valencia, the East
End of London.) The drag effects fall in the broader study of spontaneous syn-
chronization phenomena that characterize complex systems. A regional system
of central places (as proposed by Christaller and perfected by many geographers)
can enter in the pattern of BS models provided the local districts are normalized
to make them balanced in dimensions (combinations of secondary sites or sub-
divisions of the central place) or in connections (asymmetrical links). However,
when the system is substantially changed, becoming a lattice, it is necessary to
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pass to a partitioned model, where the restricted set of nodes in the network is
separate from the system of central places (which is rated lower). All the same,
if in this system subsystems of small size are created, it is possible that in turn
some of them can perform overtaking. That is the case for many small coun-
tries that were not originally nodes in the network system, such as Luxembourg,
San Marino, Monaco, United Arab Emirates, where the ability to get out of law
restrictions allows the creation of nuclei inserted in a strong economic system
both because of the connections with the rich system and for the possibility of
tax havens. Singapore has not been added to this list, as it, like other strategic
ports, has always represented an exceptional situation, so it would be improper
to speak of overtaking, while it is more correct to see a continuity in its position
of privilege.

Partitioned models typically represent abnormal situations, as the evolution
of the individual subsets may differ significantly. At the global level between the
US and Europe there are sensitive differences in terms of the law even where
there are international rules. An interesting case concerning different rules for the
production of compost was discussed in [20], particularly about the rights on the
green waste, where a standard obedience was expected. Even at the local level BS
models of evolution bring to unexpected gradients as soon as region borders are
overcome ([28]) and it seems that these gradients may not be statistically included
in a simple random fluctuation.

Economic interdependence is a field that suggests various applications. There
is a horizontal network of relationships between companies operating in the same
industry and a network of vertical relations of sale and purchase between the
different branches. This is assessed at national level through various types of
input-output matrices based on Leontiev Model. The input-output matrices cor-
respond to an oriented network connecting the various nodes (branches) of the
economy and allow to study how internal relations influence economic evolution.
There are several ways to reorder the matrix and then to analyze the interrela-
tionships between the subsystems of the network. This leads to the possibility
of comparisons between different countries, as was done in section 3 of [10]. You
may recall that in theory the French model emphasizes the Hamiltonian circuit, so
aims to an economy in which the structure should recall the basic circular model
of BS. However, the partitioned models can lead to higher average returns even if
the imbalances between single subsets may be higher.

The segmentation is due to different skills and different technologies but also
to the entry barriers that individual subsystems seek to set up for their own de-
fense. On the other side they evaluate the possibility of overcoming thus becoming
aggressive and the effects of this unstable equilibrium can be evaluated by means
of dedicated indicators (see for example [7]). At the horizontal level the slight
initial segmentation due to natural aggregations disappears along the trend to-
wards oligopoly, which creates a smaller number of subsets, moreover strongly
segmented between them. The vertical expansion of these oligopolistic subsets is
not very strong but it is an important phenomenon in terms of the BS model,
as it enhances concentration and promotes the tendency to a network system of
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oligopolists that crosses the widespread system of small agents. The problem has
been studied in particular in two fields where the concentrated system coexists
with the distributed system, namely in the field of hotels and restaurants by [16]
and in the agrifood chain by [8].

In a socio-cultural context, interesting cases occur in the evolution of science
when overtaking happens in those areas where large investments of capital are
not required. Mathematics is one of these areas. Countries with good basic
skills but no former tradition of innovative research may suddenly succeed since
there is the possibility to bypass the plethora of detailed information by directly
accessing the nodal points of the evolution of the search. According to some
scholars, in particular Guerraggio (see [25]), that is what happened in the golden
age of Italian mathematics in the years 1880 to 1910, when the new state saw
active almost simultaneously U. Dini, V. Volterra, G. Peano, F. Enriques, Severi
F.G. Castelnuovo, just to remember some of the famous names who were honored
by the greatest international appraisal. The importance of Italy was confirmed
by the allocation of the third International Congress (Rome 1908) and by the
astonishing development of Mathematical Circle of Palermo. In its acts (e.g. [24])
the formidable team of world-famous associates at the beginning of the century
can still be read: among them Poincaré considered Palermo Circle as the most
important mathematical organization in the world. It is worth to mention the
sudden overtaking in regularity theorems performed by De Giorgi in the 50’s of last
century (De Giorgi-Nash theorem). The very De Giorgi in a private conversation
said he had profited of his restricted knowledge of the relevant literature, so that he
did not follow the paths already beaten. In fact he pointed strongly on the know-
ledge of Caccioppoli inequality and on the isoperimetric refinement of Sobolev
inequality, adding the construction and the solution of an ingenious system of
finite difference equations that allowed him to close the chain of inequalities.

In the world economic development, the examples of sudden overtaking are
very common. Starting two centuries ago from Germany industry, when England
compelled German production to advertise that it was ”made in Germany”, and
not in England, passing through Japan and, again, Germany after the Second
World War, and arriving at the emerging economic and industrial powers of China,
India, Brazil, South Africa. Self defense of the leading countries creates the seg-
mentation that can lead to the overtaking, that will be discovered only when it is
actually too late. A counterpart can be found in protectionism, that encourages
the first phases of development, defending from the risks of global, and mostly
unfair, competition, but according to Example 1 bears the risk of stopping a long
time on one of the lower steps of the development staircase, without the incen-
tive to new (and perhaps risky) steps in connection with global evolution. Bak
and Sneppen partitioned schemes are sensitive to these real world situations. In
these models, as sometimes in the real life, the principle is quieta non movere (Let
quiet things stay). The idea is that movement requires material or intellectual
dissatisfaction, while further movements are caused by some form of nested neigh-
borhood, with unsatisfied people that can in turn generate new dissatisfaction.
To this purpose we can remind the happiness paradox of Easterlin ([18], [19]).
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6. Conclusions

In this paper, the authors have shown that discrete models of local-global pro-
cesses may give relevant information on systems where self organizing criticalities
arise. They have shown that a relevant feature is the existence of sequences
of footholds that allow also long time persistency, but are subjected to pheno-
mena of overtaking (what has also a very important economical and behavioural
meaning). From a technical point of view the authors have shown that among the
many generalizations of BS processes, there exist a lot of cases where some form
of decomposition is possible, allowing optimization at higher levels. Random opti-
mization, that seems to represent the simplest form of local-global process, allows
a comparison with BS processes on partitioned frames, even if it does not allow
sharp estimates on the average time required to ascend all the scale of increasing
footholds. The definition of partitioned frames is somewhat more general than
the pure definition that arises from BS models. The main theorems give a sharp
information about the average and the frequencies of the states of the global pro-
cesses when the single processes that are glued together are known, thus allowing
in particular a reduction of the numerical instabilities that conflict with a good
knowledge of self organizing criticalities.

This scheme could be used in very general partitioned processes; in some
cases two processes could coexist independently from each other, if the transition
matrix of the system Sk does not depend from the remaining Si’s, but this case
would have little interest. In general the evolution depends also on what is the
actual global state of the system even if it perturbs only one subset at a time.
The single transition matrix might even not depend explicitly on the rest of the
system, but it is enough that some selection rules are given from the GC that
allow or forbid some subsystems to evolve, according to a suitable law of choice,
deterministic or probabilistic. Actually when dealing with BS processes, much
harder bounds are put on partitioned schemes. In fact a subset can be changed
only if it has at least one node that attains the minimum. When in a configuration
all the nodes of a subset attain the maximum, they cannot be changed until some
lower term exists in the system. This means that in this terminal (persistent) class
the only admissible configurations are those in which all the subsets but one get
the maximum value. In particular should it happen that some subset can attain
values greater than the rest of the system, then when it attains this ”exceptional”
maximum it will never change any longer. The socioeconomic examples of Section
5 suggest the use of these generalizations.

In our numerical simulations we experimented mainly the case of four va-
lues since for lower number of values the standard BS distribution is anyhow
too concentrated on the top value, hence the different steps are confounded with
the casual fluctuation. As soon as the dimension of the subsets is increased it
becomes more and more difficult to reach the stable steps; for example already
subsets of 18 nodes very often require more than 100,000 iterations in order to
reach the persistent class. Let us remark that the transition, when it happens, is
very similar to an ”avalanche” and average suddenly increase. In some cases the
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process is not complete, hence it can be reverted, but finally it happens that the
threshold is reached. Increasing the number of values, multiple thresholds arise;
the lower levels can be easily overcome, while the top levels can prove to be almost
unreachable. This is for example the case of ten values and forty nodes, in which
the top level has never been reached in ten simulations of 1,000,000 iterations.

A further remark is that in complex cases (more than two subsets, more than
two levels) the evolution staircase can change between simulations, since each step
is not reversible, but different steps have different compatibility, so that different
development paths can arise starting from similar original situations.

The experienced reader can remark that the Global Controller is not a new
concept, since such a figure was introduced in full detail already in the Middle
Ages by Dante’s poetry, and was called Fortuna (Fortune):

”He made earth’s splendors by a like decree
and posted as their minister this high Dame,
The Lady of Permutations. All earth’s gear
she changes from nation to nation, from house to house,
in changeless change through every turning year.”

Dante, Inferno, 7, 77-81 translation J. Ciardi
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Abstract. In this paper, we establish the existence of at least three solutions to a
Dirichlet boundary problem involving the (p1, ..., pn)-Kirchhoff type systems. Our tech-
nical approach is mainly based on the general three critical points theorem obtained by
Ricceri.
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1. Introduction and main results

In the present paper, we deal with the existence of at least three solutions for
nonlinear elliptic equations of (p1, ..., pn)-Kirchhoff type under Dirichlet boundary
conditions:
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(1.1)





−
[
M1

(∫

Ω

|∇u1|p1

)]p1−1

∆p1u1=λFu1(x, u1, ..., un)+µGu1(x, u1, ..., un),

in Ω,

−
[
M2

(∫

Ω

|∇u2|p2

)]p2−1

∆p2u2=λFu2(x, u1, ..., un)+µGu2(x, u1, ..., un),

in Ω,

· · ·

−
[
Mn

(∫

Ω

|∇un|pn

)]pn−1

∆pnun=λFun(x, u1, ..., un)+µGun(x, u1, ..., un),

in Ω,

ui = 0 for 1 ≤ i ≤ n, on ∂Ω,

where Ω ⊂ RN(N ≥ 1) is a non-empty bounded open set with a sufficient
smooth boundary ∂Ω, λ, µ ∈ [0, +∞), pi > N , ∆p is the p-Laplacian operator
∆pu = div

(|∇u|p−2∇u
)
. F, G : Ω×Rn 7→ R are functions such that F (·, t1, ..., tn),

G(·, t1, ..., tn) are measurable in Ω for all (t1, ..., tn) ∈ Rn and F (x, ·), G(x, ·) are
continuously differentiable in Rn for a.e. x ∈ Ω. Fui

is the partial derivative of
F with respect to ui, 1 ≤ i ≤ n, so does Gui

. Mi : R+ → R, i = 1, 2, ..., n are
continuous functions, which satisfy the bounded conditions as follows.
(M) There are two positive constants m0, m1 such that

(1.2) m0 ≤ Mi(t) ≤ m1, ∀t ≥ 0, i = 1, 2, ..., n.

In what follows, |Ω| denotes the Lebesgue measure of Ω, X denotes the
Cartesian product of Sobolev spaces W 1,p1

0 (Ω), . . . , W
1,pn−1

0 (Ω) and W 1,pn

0 (Ω), i.e.,
X = W 1,p1

0 (Ω)× · · · ×W 1,pn

0 (Ω). The space X is endowed with the norm

‖(u1, . . . , un)‖ =
n∑

i=1

‖ui‖pi
, ‖ui‖p =

(∫

Ω

|∇ui|pi

)1/pi

, 1 ≤ i ≤ n.

Let

(1.3) C = max



 sup

ui∈W
1,pi
0 (Ω)\{0}

max
x∈Ω̄

{|ui(x)|pi}
‖ui‖pi

pi



 .

Since pi > N , W 1,pi
0 (Ω) → C0(Ω̄), 1 ≤ i ≤ n, are compact, and one has C < +∞.

As usual, a weak solution of system (1.1) is any (u1, ..., un) ∈ X such that

(1.4)

n∑
i=1

[
Mi

(∫

Ω

|∇ui|pi

)]pi−1 ∫

Ω

|∇ui|pi−2∇ui∇ξi

−
n∑

i=1

λ

∫

Ω

Fui
(x, u1, ..., un) ξidx−

n∑
i=1

λ

∫

Ω

Gui
(x, u1, ..., un) ξidx = 0

for all (ξ1, ..., ξn) ∈ X.
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The system (1.1) is related to the stationary version of a model, the so-
called Kirchhoff equation which was introduced by [1]. More precisely, Kirchhoff
proposed the following mathematical model.

(1.5) ρ
∂2u

∂t2
−

(
P0

h
+

E

2L

∫ L

0

∣∣∣∣
∂u

∂x

∣∣∣∣
2

dx

)
∂2u

∂x2
= 0,

which generalizes the D’Alembert’s wave equation involving free vibrations of
elastic strings, where ρ is the mass density, P0 is the initial tension, h is the area
of the cross-section, E is the Young modulus of the material, and L is the length
of the string.

Later, (1.5) was developed to the following result

(1.6) utt −M

(∫

Ω

|∇u|2
)

∆u = f(x, u) in Ω,

where M : R+ → R is a given function. After that, some authors studied the
following problem

(1.7) −M

(∫

Ω

|∇u|2
)

∆u = f(x, u) in Ω, u = 0 on ∂Ω,

which is the stationary counterpart of (1.6). By using variational methods and
other techniques, many results of (1.7) were obtained, please refer to [2]-[12] and
the references therein. In particular, Alves et al. [2, Theorem 4] assumed that M
satisfies bounded condition (M) and f(x, t) satisfies the following condition.

0 < υF (x, t) ≤ f(x, t)t, for all |t| ≥ R, x ∈ Ω for some υ > 2 and R > 0, (AR)

where F (x, t) =
∫ t

0
f(x, s)ds. One positive solutions for (1.7) was obtained.

In [13], applying Ekeland’s Variational Principle, the authors established the
existence of a weak solution for boundary problem involving the nonlocal elliptic
system of p-Kirchhoff type

(1.8)





−
[
M1

(∫

Ω

|∇u|p
)]p−1

∆pu = f(u, υ) + ρ1(x), in Ω,

−
[
M2

(∫

Ω

|∇υ|p
)]p−1

∆pυ = g(, u, υ) + ρ2(x), in Ω,

∂u

∂η
=

∂υ

∂η
= 0, on ∂Ω,

where η is the unit exterior vector on ∂Ω, and Mi, ρi(i = 1, 2), f , g satisfy suitable
assumptions.

In [14], when µ = 0, n = 2 in (1.1), Cheng et al. studied the existence of two
solutions and three solutions of the following nonlocal elliptic system

(1.9)





−
[
M1

(∫

Ω

|∇u|p
)]p−1

∆pu = λFu(x, u, υ), in Ω,

−
[
M2

(∫

Ω

|∇υ|q
)]q−1

∆qυ = λFυ(x, u, υ), in Ω,

u = υ = 0, on ∂Ω.
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In [15], when n = 2 in (1.1), Chen et al. proved the existence of three solutions
of the following problem

(1.10)





−
[
M1

(∫

Ω

|∇u|p
)]p−1

∆pu = λFu(x, u, υ) + µGu(x, u, υ), in Ω,

−
[
M2

(∫

Ω

|∇υ|q
)]q−1

∆qυ = λFυ(x, u, υ) + µGυ(x, u, υ), in Ω,

u = υ = 0, on ∂Ω.

In this paper, our objective is to prove the existence of three solutions of
problem (1.1) by applying three critical points theorem introduced by Ricceri
[16]. Our result, under some suitable conditions, ensures the existence of an open
interval Λ ⊂ [0, +∞) and a positive real number ρ such that, for each λ ∈ Λ,
problem (1.1) admits at least three weak solutions whose norms in X are less
than ρ. The purpose of the present paper is to generalize the main result of [15]
to the general case.

Now, for every x0 ∈ Ω and choosing R1, R2 with R2 > R1 > 0, such that
B(x0, R2) ⊆ Ω, where B(x,R) =

{
y ∈ RN : |y − x| < R

}
, let

(1.11)
αi = αi(N, pi, R1, R2) =

C1/pi(RN
2 −RN

1 )1/pi

R2 −R1

(
πN/2

Γ(1 + N/2)

)1/pi

,

1 ≤ i ≤ n,

where Γ is the Gamma function. Moreover, assume that a, c are positive constants,
define

y(x) =
a

R2 −R1


R2 −

{
N∑

i=1

(xi − xi
0)

2

}1/2

 , ∀x ∈ B(x0, R2)\B(x0, R1),

A(c) =

{
(t1, . . . , tn) ∈ Rn :

n∑
i=1

|ti|pi ≤ c

}
,

M+ = max

{
mpi−1

1

pi

, i = 1, ..., n

}
, M− = min

{
mpi−1

0

pi

, i = 1, ..., n

}
.

Our main result is the following theorem.

Theorem 1.1 Let R2>R1>0, such that B(x0, R2) ⊆ Ω. Assume that there exist

n+2 positive constants a, b, γi for 1 ≤ i ≤ n, with γi < pi,
n∑

i=1

(aαi)
pi > bM+/M−,

and a function α(x) ∈ L∞(Ω) such that

(j1) F (x, t1, ..., tn)≥0, for a.e. x∈Ω\B(x0, R1) and all (t1, ..., tn)∈ [0, a]×· · ·× [0, a];

(j2)
n∑

i=1

(aαi)
pi |Ω| sup

(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, ..., tn) < b
∫

B(x0,R1)

F (x, a, ..., a)dx;
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(j3) F (x, t1, ..., tn) ≤ α(x)

(
1 +

n∑
i=1

|ti|γi

)
for a.e. x ∈ Ω and all (t1, ..., tn) ∈ Rn;

(j4) F (x, 0, ..., 0) = 0, for a.e. x ∈ Ω.

Then there exist an open interval Λ ⊆ [0,∞) and a positive real number ρ with
the following property:

for each λ ∈ Λ and for Carathéodory functions Gui
: Ω×Rn 7→ R satisfying

(j5) sup
{|ti|≤ξ,1≤i≤n}

(
n∑

i=1

|Gui
(·, s, t)|

)
∈ L1(Ω) for all ξ > 0,

there exists δ > 0 such that, for each µ ∈ [0, δ], problem (1.1) has at least three
weak solutions wi = (ui1, ..., uin) ∈ X (i = 1, 2, 3) whose norms ‖wi‖ are less
than ρ.

2. Proof of the main result

Our analysis is based on the following modified form of Ricceri’s three critical
points theorem (Theorem 1 in [16]) and Proposition 3.1 of [17], which is our
mainly tool in proving our main result.

Theorem 2.1 ([16], Theorem 1) Let X be a reflexive real Banach space and Φ :
X 7→ R be a continuously Gâteaux differentiable and sequentially weakly lower
semicontinuous functional whose Gâteaux derivative admits a continuous inverse
on X∗ and Φ is bounded on each bounded subset of X; Ψ : X 7→ R is a continuously
Gâteaux differentiable functional whose Gâteaux derivative is compact; I ⊆ R an
interval. Suppose that

lim
‖x‖→+∞

(Φ(x) + λΨ(x)) = +∞

for all λ ∈ I, and that there exists h ∈ R such that

(2.1) sup
λ∈I

inf
x∈X

(Φ(x) + λ(Ψ(x) + h)) < inf
x∈X

sup
λ∈I

(Φ(x) + λ(Ψ(x) + h)).

Then, there exists an open interval Λ ⊆ I and a positive real number ρ with the
following property: for every λ ∈ Λ and every C1 functional J : X 7→ R with
compact derivative, there exists δ > 0 such that, for each µ ∈ [0, δ] the equation

Φ
′
(x) + λΨ

′
(x) + µJ

′
(x) = 0

has at least three solutions in X whose norms are less than ρ.
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Proposition 2.1 ([17], Proposition 3.1) Suppose that X is a non-empty set and
Φ, Ψ are two real functions on X. Assume that there exist r > 0 and x0, x1 ∈ X
such that

Φ(x0) = −Ψ(x0) = 0, Φ(x1) > 1, sup
x∈Φ−1([−∞,r])

−Ψ(x) < r
−Ψ(x1)

Φ(x1)
.

Then, for each h satisfying

sup
x∈Φ−1([−∞,r])

−Ψ(x) < h < r
−Ψ(x1)

Φ(x1)

one has

sup
λ≥0

inf
x∈X

(Φ(x) + λ(Ψ(x) + h)) < inf
x∈X

sup
λ≥0

(Φ(x) + λ(Ψ(x) + h)).

Before giving the proof of Theorem 1.1, we define a functional and give a
lemma.

The functional H : X → R is defined by

(2.2)

H(u1, ..., un) = Φ(u1, ..., un) + λJ(u1, ..., un) + µψ(u1, ..., un)

=
n∑

i=1

1

pi

M̂i

(∫

Ω

|∇ui|pi

)
−λ

∫

Ω

F (x, u1, ..., un)dx−µ

∫

Ω

G(x, u1, ..., un)dx

for all (u1, ..., un) ∈ X, and where

(2.3) M̂i(t) =

∫ t

0

[Mi(s)]
pi−1 ds, 1 ≤ i ≤ n, for all t ≥ 0.

By the conditions (M) and (j3), it is easy to see that H ∈ C1(X,R) and a critical
point of H corresponds to a weak solution of the system (1.1).

Lemma 2.2 Suppose that there exist two positive constants a, b with
n∑

i=1

(aαi)
p > bM+/M−, such that

(j1) F (x, t1, ..., tn)≥0, for a.e. x∈Ω\B(x0, R1) and all (t1, ..., tn)∈ [0, a]×· · ·× [0, a];

(j2)
n∑

i=1

(aαi)
pi |Ω| sup

(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, ..., tn) < b
∫

B(x0,R1)

F (x, a, ..., a)dx.

Then there exist r > 0 and ui0 ∈ W 1,pi
0 (Ω), 1 ≤ i ≤ n, such that

Φ (u10, ..., un0) > r

and

|Ω| sup
(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, . . . , tn) ≤ bM+

C

∫
Ω

F (x, u10, ..., un0)dx

Φ(u10, ..., un0)
.
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Proof. Let

w0(x) =





0, x ∈ Ω̄\B(x0, R2),

a

R2 −R1


R2 −

{
N∑

i=1

(
xi − xi

0

)
}1/2


 , x ∈ B(x0, R2)\B(x0, R1),

a, x ∈ B(x0, R1).

and u10(x) = · · · = un0(x) = w0(x). It is obvious to verify (u10, ..., un0) ∈ X, and
in particular, we have

(2.4) ‖ui0‖pi

pi
= (RN

2 −RN
1 )

πN/2

Γ(1 + N/2)

(
a

R2 −R1

)pi

, 1 ≤ i ≤ n.

Hence, it follows from (1.11) and (2.4) that

(2.5) ‖ui0‖pi

pi
= ‖w0‖pi

pi
=

(aαi)
pi

C
, 1 ≤ i ≤ n.

Under condition (M), by a direct computation, one has

(2.6) M−

(
n∑

i=1

‖ui‖pi

pi

)
≤ Φ (u1, . . . , un) ≤ M+

(
n∑

i=1

‖ui‖pi

pi

)
.

Put r =
bM+

C
, and using the assumption of Lemma 2.2

n∑
i=1

(aαi)
pi > bM+/M−,

it follows from (2.5)and (2.6) that

Φ (u10, . . . , un0) ≥ M−

(
n∑

i=1

‖ui0‖pi

pi

)
=

M−
C

n∑
i=1

(aαi)
pi >

M−
C

bM+

M−
= r.

Since, 0 ≤ ui0 ≤ a, 1 ≤ i ≤ n, for each x ∈ Ω, condition (j1) ensures that

∫

Ω\B(x0,R2)

F (x, u10, . . . , un0)dx +

∫

B(x0,R2)\B(x0,R1)

F (x, u10, . . . , un0)dx ≥ 0.

Hence, from condition (j2), we get
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|Ω| sup
(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, . . . , tn) <
b

n∑
i=1

(aα1)p

∫

B(x0,R1)

F (x, a, ..., a)dx

=
bM+

C

∫
B(x0,R1)

F (x, a, . . . , a)dx

M+
n∑

i=1

(aα1)p/C

≤ bM+

C

∫
Ω\B(x0,R1)

F (x, u10, ..., un0)dx +
∫

B(x0,R1)
F (x, u10, ..., un0)dx

M+

(
n∑

i=1

‖ui0‖pi

pi

)

≤ bM+

C

∫
Ω

F (x, u10, ..., un0)dx

Ψ(u10, ..., un0)
.

Next, we can give the proof of our main result.

Proof of Theorem 1.1. For each (u1, . . . , un) ∈ X, 1 ≤ i ≤ n, assume that

Φ(u1, ..., un) =
n∑

i=1

M̂i(||ui||pi
pi

)

pi

,

Ψ(u1, ..., un) = −
∫

Ω

F (x, u1, ..., un)dx,

J(u, v) = −
∫

Ω

G(x, u1, ..., un)dx.

based on conditions of Theorem 1.1, it is easy to know that Φ is a continuously
Gâteaux differentiable and sequentially weakly lower semicontinuous functional.
Additionally from Lemma 2.2 the Gâteaux derivative of Φ has a continuous inverse
on X∗. Ψ and J are continuously Gâteaux differential functionals whose Gâteaux
derivatives are compact. Obviously, Φ is bounded on each bounded subset of X.
In particular, for each (u1, . . . , un), (ξ1, . . . , ξn) ∈ X, we have

〈
Φ
′
(u1, ..., un), (ξ1, ..., ξn)

〉
=

n∑
i=1

[
Mi

(∫

Ω

|∇ui|pi

)]pi−1 ∫

Ω

|∇ui|pi−2∇ui∇ξi

〈
Ψ
′
(u1, ..., un), (ξ1, ..., ξn)

〉
= −

n∑
i=1

∫

Ω

Fui
(x, u1, ..., un)ξidx,

〈
J
′
(u1, ..., un), (ξ1, ..., ξn)

〉
= −

n∑
i=1

∫

Ω

Gui
(x, u1, ..., un)ξidx.

Hence, it follows from (1.4) that the weak solutions of problem (1.1) are exactly
the solutions of the following equation

Φ
′
(u1, ..., un) + λΨ

′
(u1, ..., un) + µJ

′
(u1, ..., un) = 0 .
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Thanks to (j3), for each λ > 0, one has

(2.7) lim
‖(u,v)‖→+∞

(λΦ(u1, . . . , un) + µΨ(u1, . . . , un)) = +∞,

and so the first condition of Theorem 2.1 holds.

By Lemma 2.2, there exists (u10, ..., un0) ∈ X such that

(2.8)

Φ(u10, ..., un0) =
n∑

i=1

M̂i(||ui0||pi
pi

)

pi

≥ M−

(
n∑

i=1

||ui0||pi
pi

)
=

M−
C

n∑
i=1

(aαi)
pi

>
M−
C

bM+

M−
=

bM+

C
> 0 = Φ (0, ..., 0)

and

(2.9) |Ω| sup
(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, . . . , tn) ≤ bM+

C

∫
Ω

F (x, u10, . . . , un0)dx

Φ (u10, . . . , un0)
.

From (1.3), we have

max
x∈Ω̄

{|ui(x)|pi} ≤ C ‖u‖pi

pi
, 1 ≤ i ≤ n,

for each (u1, . . . , un) ∈ X. One has

(2.10) max
x∈Ω̄

{
n∑

i=1

|ui (x)|pi

pi

, 1 ≤ i ≤ n

}
≤ C

{
n∑

i=1

‖u‖pi

pi

pi

, 1 ≤ i ≤ n

}
,

for each (u1, . . . , un) ∈ X.

Suppose that r =
bM+

C
, for each (u1, ..., un) ∈ X such that

Φ(u1, ..., un) =
n∑

i=1

M̂i(||ui||pi
pi

)

pi

≤ r.

Thanks to (2.10), we get

(2.11)
n∑

i=1

|ui(x)|pi ≤ C

n∑
i=1

‖ui‖pi

pi
≤ Cr

M−
=

C

M−

bM+

C
=

bM+

M−
.
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Then, from (2.9) and (2.11), we obtain

sup
(u1,...,un)∈Φ−1(−∞,r)

(−Ψ(u1, . . . , un)) = sup
{(u1,...,un)|Φ(u1,...,un)≤r}

∫

Ω

F (x, u1, . . . , un)dx

≤ sup{
(u1,...,un)|

n∑
i=1

|ui(x)|pi≤bM+/M−
}

∫

Ω

F (x, u1, . . . , un)dx

≤
∫

Ω

sup
(t1,...,tn)∈A(bM+/M−)

F (x, t1, . . . , tn)dx

≤ |Ω| sup
(x,t1,...,tn)∈Ω×A(bM+/M−)

F (x, t1, . . . , tn)

≤ bM+

C

∫
Ω

F (x, u10, . . . , un0)dx

Φ(u10, . . . , un0)

= r
−Ψ(u10, . . . , un0)

Φ(u10, . . . , un0)
.

Consequently we have

(2.12) sup
{(u1,...,un)|Φ(u1,...,un)≤r}

(−Ψ(u1, . . . , un)) < r
−Ψ(u10, . . . , un0)

Φ(u10, . . . , un0)
.

Fix h such that

sup
{(u1,...,un)|Φ(u1,...,un)≤r}

(−Ψ(u1, . . . , un)) < h < r
−Ψ (u10, . . . , un0)

Φ (u10, . . . , un0)
,

by (2.8), (2.12) and Proposition 2.1, with (u11, . . . , vn1) = (0, . . . , 0) and
(u∗1, . . . , u

∗
n) = (u10, . . . , un0), we have

(2.13) sup
λ≥0

inf
x∈X

(Φ (x) + λ (h + Ψ (x))) < inf
x∈X

sup
λ≥0

(Φ (x) + λ (h + Ψ (x))) ,

and so the condition (2.1) of Theorem 2.1 holds.
Now, all the conditions of Theorem 2.1 hold. Hence, applying Theorem 2.1,

our conclusion is obtained.
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