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Abstract. The Lusternik-Schnirelmann category of a topological space X, denoted
catX, is the least integer n such that X can be covered by n + 1 open sets, each of
them contractible in X. This is a homotopical invariant. We give dualisation of this
invariant in the sense of Eckmann-Hilton and we show that the nilpotent class of the
space [G, X| is a lower bound.

Résumé. La catégorie de Lusternik-Schnirelmann d’un espace X, notée catX, est le
plus petit entier naturel n tel que X soit recouvert par n + 1 ouverts contractiles dans
X. C’est un invariant topologique. Des définitions équivalentes ont été données dans
la littérature, en particulier au sens de Whitehead et de Ganea. De méme plusieurs
résultats donnent le lien entre la catégorie de Lusternik-Schnirelmann et d’autres inva-
riants topologiques: Invariant de Toomer, nilpotence de la cohomologie. Nous donnons
une dualisation de cet invariant au sens d’Eckmann-Hilton et nous le minorons par la
classe de nilpotence de l'espace [G, X] des classes d’homotopies d’applications continues
de G dan X.

Mots clés: L.S.catégorie, co-H-espace.
Mathematical Subject Classification: 55P30, 55P50.

1. Introduction

Dans cet article, nous nous intéressons a des invariants de type d’homotopie: L.S.
cattégorie et L.S. cocatégorie des espaces topologiques simplement connexes. Rap-
pelons que la L.S.catégorie de Lusternik-Schnirelmann d’un espace X, notée cat X,
est le plus petit entier naturel n tel que X soit recouvert par n+1 ouverts contrac-
tiles dans X. T. Ganea et G.W. Whitehead ont donné d’autres descriptions de
cet invariant en termes de sections de fibrations g, : G,,(X) — X appelées fibra-
tions de Ganea et relévement§ de la diagonale A : X — X"*! via des applications
T X" ot T™ est le n'®™€ bouquet garni de X.
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Une dualisation des deux approches Ganea et Whitehead donnent naissance
a deux invariants topologiques: les cocatégories de Ganea et Whitehead. L’égalité
entre ces deux invariants n’est pas établie et reste un probleme ouvert. Ce qui
rend 1’étude de ces invariants difficiles.

Notre contribution consiste a établir une liaison entre les cocatégories de
Ganea et Whitehead et la classe de nilpotence de 'espace [G, X] des classes
d’homotopies d’applications continues de GG dans X.

Dans la suite nous donnons les définitions des cocatégories au sens de Ganea
et Whitehead, et nous démontrons les deux théoremes suivants:

Théoreme 4 Soit X un espace 1-connexe et G un co-H-espace. St la cocatégorie
de Whitehead cocatw X < n alors Uespace |G, X| des classes d’homotopie d’appli-
cations continues de G dans X est nilpotent de classe n.

Théoreme 7 Soit X un espace 1-connexe et G un co-H-espace. Si la cocatégorie
de Ganea cocate X < n alors l'espace |G, X| des classes d’homotopie d’applications
continues de G dans X est nilpotent de classe n.

1) La Cocatégorie cocatw

Soit X un espace topologique 1-connexe. D’abord on définit, par récurrence, des
n+1

espaces W, X, n > 0 et des applications continues w,(X) : \/ X = W,X:

n+1
wo(X) : X — WpX = % est application triviale et w,(X) : \/ X = WX
n+1 n n
est le cojoint des applications évidentes \/ X ~ (\/ X) \/X — \/X\/* et
n+1 n

\/ X ~ (\/ X) \/ X =W, X \/X (cette construction est fonctorielle).

Rappelons que le cojoint de 2 applications A — B et A — C' est le produit
fibré homotopique (homotopy pullback) de B — S et C'— S, ou S est la somme
amalgamée homotopique (homotopy pushout) de A — B et A — C.

n+1
Définition 1 cocatyy X < n si et seulement si 'application V : \/ X — X se
n+1
factorise, a homotopie prés, a travers w, (X) : \/ X — W, X, c’est a dire il existe
une application continue f: W, X — X telle que le diagramme suivant:

Vn+1 X Vi1 X
I
WX

soit homotopiquement commutatif.
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2) La Cocatégorie cocatg

Soit X un espace topologique 1-connexe. On définit d’abord par récurrence, pour
tout n > 0, des espaces G, X et des applications continues g,(X) : X — G/ X :

go(X) : X — G{X = * est application triviale et g,(X) : X — G/, X par le
cojoint de g,—1(X) : X = G _; X et go(X) : X — *.

Les cofibrations de Ganea sont: X — G/ X — C,(X) ou C,,(X) est la cofibre
de go(X) : X — G X.

Notons que G! X est la fibre homotopique de G!,_; X — C,_1(X)

Définition 2 cocat; X < n si et seulement si application g, : X — G, X admet
une rétraction 7,,.

Proposition 3
1) 1l eziste un diagramme:

n+1

\/ X —E

Vn-}—l

gn(X)

X G (X)

quit commute a homotopie pres.

2) cocatyw X < cocatg X

Preuve.
1) C’est une dualisation immédiate du Théoreme 5.5 dans [3].

2) L’inégalité suit a partir des définitions. .

Théoreme 4 Soit X un espace 1-connexe et G un co-H-groupe. Si cocaty X <n
alors Uespace |G, X] des classes d’homotopie d’applications continues de G dans
X est nilpotent de classe n.

a) Définition du commutateur [, ], : G — G\ G:

Posons 4 : G — G\ G la loi du co-H-groupe G, j : G — G linverse et
pr: GV G — G,k = 1,2 les restrictions des projections py de G x G sur G.

Posons V¢ : G\/ G — G l'application qui envoie (z,*) et (*,z) sur .

On apjop ~ pyou ~ 1g et les applications Vgo(5\ 1g)opet Vao(lg \ j)op
sont homotopiquement triviales.

On définit alors [,]x par la composée Vaya(pu\ Tpju, ou T : G\ G —
G\ G est la restriction de I'application de transposition T': G x G — G x G
définie par T'(x,y) = (y, z).
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Lemme 5 Si k est linclusion de G\/ G dans G X G alors ko[,]x est homotopique-
ment triviale.

Preuve. D’apres la propriété universelle du produit fibré homotopique, il suffit
de montrer que pj o [, |4 est triviale pour k£ = 1, 2.
I1 est facile de voir que

mVavalf\ 9) = VoS \/ pg), ¥f9:G—G\/G.

Ainsi:
prol ]y =Veayae(n\ T = Vealper \/ pTui)e = Va(le \/ j)n ~ &,
ou € est 'application triviale. .

b) Définition des &, : G — \/ G:
On définit &, : G — \/ G par induction,

(I)l = idg, (I)Q = [,]# et (I)n+1 = (1qu)n) e} (I)Q.

n+1

Proposition 6 Soit w,(G) : \/ G — W,G. On aw,(G)o®, 1 ~ *.

Preuve. Par récurrence:
Le cas n = 0 est trivial.
Le cas n = 1 est donné par le Lemme 5.
Supposons w,_1(G) o ®, ~ % par une homotopie H.
n

On peut supposer que w,_1(G) : \/G — W,_1G une fibration et de la

il existe une application continue ¥ : G x [ — \/G telle U'(.,0) = &, et
Wy o W'(,1)=H(.,1)=x%

Soit alors W : (G\/G) x I — G\/\/G par

U((x,%),t) = (x,%) et U((x,2),t) = (%, ¥ (x,1)).

On a alors ¥y =1 \/@n et posons ' = Uy,

On a: Vo € G: F(x,%) = (z,%) et F(x,2) = (%, V'(2,1)) = (*, ¥ (2)).
En considérant le produit fibré homotopique:

W, G *\/\TL/G

pfh *an—l(G)

*Vlg

G\/Wn_lG *\/Wn—lG
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Les applications (x,V]): G x G — *\/\/G et (1,%):GxG—G\VW,.1G

induisent une application U, : G x G — W,,G telle que le diagramme suivant

*\/\/G

4%/£i;;? \Q@L
>WG *\/anlG
m %

G\ W,1G
commute a homotopie pres.

De méme, les restrictions de (%, U}) et (1,%) a G'\/ G déterminent I’ applica-
tion w, o F': G\ G — W, G telle que le diagramme suivant

*\/\/G

(%, / w‘l

¢ lw, G s« \/ Wiy
(1,%) \ %
G\/Wn—l

commute a homotopie pres.
Ainsi par unicité, w, o F' se factorise a travers V,, via l'inclusion

k:G\/G—GxG.
D’ou
Wy, © Ppyy1 > wy 0 1g\/<1> )o®y >~ w, o0 Fody~ U, 0ko®y ~ x
(d’aprés le Lemme 5). .
Démonstration du théoréme. Soit I' = [G, X].
On pose Z1(I') =T et Z;11(T") = [T, Z;(T")] pour ¢ > 1.

" est nilpotent si et seulement sil existe ¢ > 1 tel que Z..1(I') = 0.
On pose, par induction, pour tout {f;}; dans I":

1, forooos Jora] = [Tl fal foalll:

On a: I' est nilpotent de classe < n si et seulement si tous les commutateurs
[f1, fas -y fra1] sont nuls.
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Supposons que cocatyy X < n et montrons que ces commutateurs sont nuls:
Soit le diagramme commutatif

n+1 n+1

G\ @\ x X

nG n(X
w wn, (X) ;

W,G on W, X

ou v, =fi\V 2V V fur1, &n est Papplication induite par fonctorialité et f est
la factorisation.
Le commutateur [fi[fa]... fus1]]] est représenté par:

o n+1 n+1 -
+1 ®n +1
SRS PR v S

Ainsi
Vn—‘,—l O ¥n O (I)n—i—l - fwn(X)SDn(I)n—i-l = f@nwn(G)q)n—l—l = % u

Théoreme 7 Soit X un espace 1-connexe et G un co-H-groupe. Si cocatgX < n
alors Uespace |G, X] des classes d’homotopie d’applications continues de G dans
X est nilpotent de classe n.

Avant de démontrer ce théoreme, nous allons donner quelques résultats généraux:

Soit une fibration F — E —» B. 1l existe une opération d’holonomie
h : QB x F — F appelée holonomie de la fibration [3], [4]. Elle est définie a
homotopie pres.

L’application h induit une action de [G, QB] sur [G, F]. On la notera “.”.

D’autre part, considérons 'application ¢, : [G,QB] — [G, F| induite par
I’application g dans la suite

() — F E B

L’application ¢ est appelée 'application connectante de la fibration et est la
composée de QB — QB x F avec h.

En notant par + les opérations du groupe dans [G,QB] et [G, F, il est facile
de voir que: Va,b dans [G,QB] et Vz,y dans [G, F] on a:

(1) (a+b).(x+y) = (ax)+ (by).

Finalement, si on note par € la classe d’homotopie de I'application constante.
En appliquant I'égalité (1) a b = éet x = é et a a = € et y = €, on obtient
a.y = g«(a) +y et a.y = y + g.(a) et ainsi 'image de ¢, est dans le centre de
G, F].
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Démonstration du théoréme. Montrons d’abord que nil[G, G}.(X)] < k.
Par induction sur k = cocatgX:
Si k=0, nil|G, G(X)] <0 car GfH(X) = .
Supposons que le résultat est vrai a 'ordre k — 1.
Considérons la suite

QCL_1(X) : F(X)

G (X)

Cr-1(X)

ot FJ(X) est la fibre homotopique de G},_(X) — Cr_1(X).
On déduit la suite exacte de groupes:

(G, Q01 (X)] =[G, F(X)] — [, G}y (X)] — [, Cp1 (X))

D’apres ce qui précede, I'image de ¢, est dans le centre de [G, F(X)].
Comme, par hypothese,

nil [G, G (X)] <k —1,

il suit que
nil [G, G (X)] = nil [G, FL(X)] < k.

Maintenant, supposons que cocatgX < n. Il existe alors une rétraction
rn » G (X) — X de lapplication ¢, : X — G/ (X) et par suite application
(rn)« 1 [G, Gl X] — [G, X] est surjective.

Finalement, nil[G, G (X)] < n acheve la démonstration du théoreme. .

Remarque. Le premier théoreme est une dualisation de celui de Whitehead dans
[11], et le deuxieme est une dualisation d'un résultat d’Arkowitz dans [1]. Bien
que le Théoreme 4 entraine le Théoreme 7, nous avons trouvé qu’il est intéressant
de donner deux démonstrations complétement différentes.
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Abstract. Let R be a 2-torsion free semiprime ring in which 22 = 0 implies = = 0.
Let g be a generalized Jordan left (right) derivation associated with Jordan left (right)
derivation d on R. Then g is a generalized left (right) derivation on R. It is proved
that if @,(S) is the Martindale quotient ring of .S then there exists ¢ € Q,-(.S) such that
g(x) = qr +d(z) for all x € R. (In right derivation case).

Keywords and Phrases: semiprime ring, biadditive mapping, generalized left deriva-
tion, left centralizer, martingale quotient ring, extended centroid, central closure.
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1. In this paper, R will denote a 2-torsion free semiprime ring. A ring R is said
to be semiprime if xtRx = 0 with x € R implies x = 0. An additive subgroup
U of R is said to be a Lie ideal of R if [U, R] C U, where [z,y] denotes the Lie
product xy — yx of x and y. A mapping A : R x R — R is said to be biadditive
if it is additive in both the variables. Let C' be the extended centroid of R and
S = RC' be the central closure of R. The notion of extended centroid and central
closure of semiprime ring R are given by Amitsur in [1]. It can also be found in
[5]. Let @,(S) be the Martindale quotient ring corresponding to S. An additive
mapping ¢t : R — R is said to be a left centralizer (resp. Jordan left centralizer) if
t(xy) = t(z)y (resp. t(x?) = t(x)z) for all z,y € R. Clearly, every left centralizer
is a Jordan left centralizer but the converse may not be true in general. In [19], it
is proved that if the ring is 2-torsion free semiprime then the converse is also true.
An additive mapping d : R — R is said to be a derivation (resp. Jordan derivation)
if d(zy) = d(x)y + xd(y) (resp. d(z?) = d(x)x + zd(z)) for all x,y € R. Clearly,

every derivation is a Jordan derivation but converse need not be true. A counter

LCorresponding author.
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example is a reverse derivation given by Herstein in [12]. An additive mapping
% : R — R is said to be a reverse derivation if (ab)* = b*a + ba*. However, if ring
is 2-torsion free prime or semiprime then Jordan derivation is also a derivation
[12], [8]. An additive mapping d : R — R is said to be a left derivation (resp.
Jordan left derivation) if d(zy) = zd(y) + yd(z) (resp. d(z?) = 2zd(zx)) for all
x,y € R. Every left derivation is a Jordan left derivation but the converse is not
true. If the ring is 2-torsion free, prime then every Jordan left derivation is a
left derivation [2]. An additive mapping ¢g : R — R is said to be a generalized
derivation (resp. generalized Jordan derivation) associated with the derivation d if
g(zy) = g(z)y + xd(y) (vesp. g(z?) = g(z)x + zd(z)) for all x,y € R. An additive
mapping g : R — R is said to be generalized left derivation (resp. generalized
Jordan left derivation) associated with the Jordan left derivation d : R — R if
g(zy) = zg(y) +yd(z) (g(z*) = zg(z) + xd(x)) for all z,y € R. Every generalized
left derivation is a generalized Jordan left derivation but converse is not true.
An example is given by Ashraf and Ali in [2]. In [2] a question asked: "Is every
generalized Jordan left derivation on semiprime ring generalized left derivation?”
We show here that if a ring is 2-torsion free semiprime in which 22 = 0 implies
x = 0 the above question has affirmative answer.

2. To prove our theorems we need some results.

Lemma 1 ([3]). Let R be a 2—torsion free ring and U be a Lie ideal of R such
that 2> € U for allx € U. If d: R — R is an additive mapping satisfying
d(z?) = 2xdz for all x € U, then

(i) d(zy + yzx) = 2zdy + 2ydx for all x,y € U.
(ii) .d(xyz) = 2*dy + 3wydr — yxdx for all x,y € U.
(ili) d(zyz+zyzr) = (vz2+42x)dy+3vydz+3zyde —yxdz—yzdz for allx,y,z € U.
(iv) [z,y]|edr = [z, y|dx for all z,y € U.
(v) [z, y]A(z,y) =0 for all z,y e U.
Here A(x,y) = d(zy) — yd(z) — zdy.

From Lemma 1, one can easily see that

Az, y) + A(y,z) = 0 and A(z,y) — Ay, z) = d[x, y].

Lemma 2. Let R be a 2—torsion free semiprime ring in which x* = 0 implies
x = 0. Let U be a Lie ideal of R such that 2> € U for all v € U. Let A, B :
UxU — U are biadditive mappings such that A(z,y)B(z,y) =0 for all z,y € U
then A(x,y)B(u,v) =0 for all x,y,u,v € U.

Proof. Replace x by  +u in A(x,y)B(z,y) = 0 to get

A(z,y)B(u,y) = —A(u,y) B(z, y).
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Now, by the above relation, we have

{A(z,y)B(u,y)}* = A(z,y)B(u,y)A(z,y)B(u,y)
= —A(m,y)B(x,y)A(u,y)B(u,y)

Thus, by given hypothesis, we get {A(z,y)B(u,y)}?> =0, for all z,y,u € U. We
get A(x,y)B(u,y) = 0. Again, replacing y by y + v in A(x,y)B(u,y) = 0 and
using the same argument, we get the required result. n

Lemma 3. Let R be a semiprime ring and x,y € R such that [u,v]A(z,y) =0
for all u,v € R, then A(z,y) € Z(R).

Proof. Let z,w € R be arbitrary elements

o Al )uf Alry)] = 2 Al y)wzA(z,y) — [ Az, y)|wA(z,y)z
— o Az, p)wed Az, ) — Ale, 1)l wel Alz,y)
~ [z Al )0l Az, )2 + Al e, wAlr, )z
= [z, A(z,y)|w(z, A(z,y)] = 0 for all w, z € R.

Since R is semiprime, we get [z, A(x,y)] = 0for all z € R and so A(x,y) € Z(R). =

Theorem 1. Let R be a 2—torsion free semiprime ring in which x* = 0 implies
x = 0. Let U be a Lie ideal of R such that x*> € U for allx € U. Ifd: R — R is an
additive mapping satisfying d(z*) = 2xdx for all x € U, then d(zy) = zdy + ydx
forallz,yeU.

Proof. By Lemma 1 (v), [z,y]A(x,y) = 0 for all z,y € U. Since both [z, y] and
A(z,y) are biadditive mappings, so by Lemma 2, we get that [u, v]A(x,y) = 0 for
all x,y,u,v € U. Now for fixed =,y in U, A(x,y) € Z(U) by Lemma 3. And this
is true for all z,y € U.

Now, we have

2(A(z,y))? = Alr,y)(Alz,y) + Az, y))
Az, y)(A(z,y) — Ay, z)), since A(z,y) = —A(y, z)
= A(:L’, y)d[l’, y]? since A(‘T7 y) - A(y7 $) = d[.’L’, y],
that is

2(A(w,y))* = A(x, y)dlz, y].
Since [z, y]A(z,y) = 0 and A(x,y) € Z(U), we have

Az, y)lz,y] + [z,y]Alz,y) = 0
and, by Lemma 1(i), we get

2A(z,y)d[z,y| + 2[z,y|dA(z,y) = 0.
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Since R is 2—torsion free, A(z,y)d[z,y] = —[x,y]dA(x,y). Thus, we get
2A(z,y))* + . yldA(z, ) = 0.

Multiplying by A(x,y) on left and using the fact that A(x,y) € Z(U), we get
2(A(x,y))* = 0, since [z,y]A(x,y) = 0. Again, using the fact that R is 2—torsion
free, we get (A(x,y))® = 0. Now, since we are assuming z? = 0 implies x = 0, so
we have A(z,y) = 0, and thus, d(zy) = xdy + ydzx, for all z,y € U. .

Corollary 1. Let R be a 2—torsion free semiprime ring with unit element. Then,
every Jordan left derivation is a left derivation.

Proof. Since R is semiprime ring with unity, the assumption 22 = 0 implies z = 0
is clearly satisfied. ]

Corollary 2. Let R be a 2—torsion free semisimple ring in which x* = 0 implies
x =0 (or R has unity). Then, every Jordan left derivation is a left derivation.

Proof. Since every semisimple ring is semiprime, the result follow from Theo-
rem 1. n

Lemma 4 ([19] Proposition 1.4). Let R be a 2—torsion free semiprime ring and
T : R — R an additive mapping which satisfies T(x?) = T(x)x for all x € R.
Then T is a left centralizer.

Lemma 5. An additive mapping g : R — R is a generalized left (right) derivation
if and only if g is of the form g = d +t, where d is a left (right) derivation and t
is a right (left) centralizer.

Proof. Let g be a generalized left derivation on R ie. g(xy) = xg(y) + yd(x)
where d is a left derivation on R. Suppose t = g — d, then

txy) = (9—d)(zy) = 2g(y) +yd(z) — zd(y) — yd(x)

This shows that ¢ is a right centralizer. Hence g = d + t.
Conversely, suppose g = d + t. Then,

glzy) = (d+1)(zy) = zd(y) + yd(z) + xt(y)
= z(d+t)(y) + yd(z) = 29(y) + yd().

+
8 <

Thus, g is generalized left derivation. .

Theorem 2. Let R be a 2-torsion free semiprime ring in which x* = 0 implies
x =0. Let g : R — R be a generalized Jordan left derivation associated with
Jordan left derivation d : R — R then g is a generalized left derivation on R.
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Proof. Since g is a generalized Jordan left derivation, we have
g(2*) = xg(z) + 2d(v), Vr € R

Since d is given to be a Jordan left derivation, by Theorem 1, it is a left derivation
on R. Let us denote g — d by t. Then, we have

t(2?) = (9-d)(2*) = g(2®)—d(2*) = wg(2)+rd(z) —22d(x) = (9—d)(z) = at(),

which shows that ¢ is a Jordan right centralizer. By Lemma 4, ¢ is a right centra-
lizer. Hence, g is of the form g = d+t, where d is a left derivation and t is a right
centralizer. By Lemma 5, g is a generalized left derivation on R. This proves the
theorem. 0

The third theorem is inspired by T.K. Lee [16].
We prove here that every generalized Jordan right derivation on semiprime
ring has the form g(z) = qx + d(x) for all z € R for some ¢q € Q.,.(S).

Remark 1. The concept of left derivation (left centralizer) and right derivation
(right centralizer) are analogues.

Corollary 3. Let R be a 2-torsion free semiprime ring with unity then every
generalized Jordan left derivation is a generalized left derivation.

Corollary 4. Let R be a semisimple ring in which x? = 0 implies x = 0 (or R has
unity) then every generalized Jordan left derivation is a generalized left derivation.

Lemma 6 ([15] Lemma 2). Let f : R — S be an additive map satisfying f(xy) =
f(@)y for all x,y € R. Then there exists ¢ € Q,(S) such that f(x) = qx for all
x € R.

Theorem 3. Let R be a 2-torsion free semiprime ring in which x> = 0 implies
x=0. Let g : R — R be a generalized Jordan right derivation associated with
Jordan right derivation d : R — R. Then there exist ¢ € Q,(S), the Martindale
quotient ring of S, such that g(x) = qv + d(x) for all x € R.

Proof. Since g is a generalized Jordan right derivation associated with the Jordan
right derivation d on R, by Theorem 2, g is a generalized right derivation on R.
Hence g is of the form g = d + t, where d is a right derivation and ¢ is left
centralizer. That is, (¢ — d)(zy) = t(zy) = t(z)y. Now, by Lemma 6, there exists
q € Q.(S) such that (g — d)(x) = t(z) = qx for all x € R. Thus g(z) = qx + d(x)
for all x € R. Hence the theorem. n

Remark 2. Corollaries 3 and 4 are also hold true for Theorem 3.

3. Example. Semiprimeness of ring R is essential in Theorem 1. For, let S be a
commutative ring. Suppose

R=¢(X= |a,b,ce S

—a

0

o O OO
o O O e
o O oo
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R is not a semiprime ring, since

0 00 a 00 0 a 0000
0000 v 0000} [0O00O0O
0000 0O000O0O]} |0O0OOTO
0 00O 0000 0 00O
0z vy =z 000 a 00 00
1000 y 0000 00 00
where Y=o g g 2o 1P g 000|700 0 o0
0 00 O 0 00O 00 00
Defined: R — R as
0 a b c 0 0 0 ¢
d 000 b 1000 b
000 —a| | 000 —a
000 O 000 O
Then, clearly, d is an additive mapping.
Now,
0 0 0 ab—ba 0000
000 0 0000
2y _ _
dX7) = 000 0 1 0000
000 0 0000
0 0 0 ab—"ba
000 0
= 2 00 0 0 =2XdX,
0 00 0

for all X € R, since S is commutative. This means that d is a Jordan left
derivation.

But
0 0 0 ay—obx 0000
000 0 0000
d(XY) = 00 0 0 # XdY +YdX = 0000 |
000 0 0000

since S is commutative. That is d is not a left derivation.
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Introduction

Let (X,7) be a topological space and A C X. The complement of A in X,
the closure of A, the interior of A and the power set of A will be denoted by
X — A=A Cl(A), Int(A) and P (A), respectively. The subject of ideals in
topological spaces has been studied by Kuratowski [9] and Vaidyanathaswamy
[13]. An ideal on a topological space (X, 7) is defined as a non-empty collection I
of subsets of X satisfying the following two conditions:

(1) If Ae I and B C A, then B € I;
(2) fAcTand Bel, then AUB € 1.

!Samer Al Ghour did this research during the sabbatical leave which was given from De-
partment of Mathematics and Statistics, Jordan University of Science and Technology, Irbid,
Jordan.
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An ideal topological space is a topological space (X, 7) with an ideal I on X and
is denoted by (X, 7,I). For a subset A C X, A*(I) ={x € X : UNA ¢ I for
every U € 7 with 2 € U} is called the local function of A with respect to I and 7
[9]. We simply write A* instead of A*(I) in case there is no chance of confusion.
It is well known that Cl*(A) = AU A* defines a Kuratowski closure operator for
7*(I). First, we shall recall some definitions used in the sequel.

Definition 1.1. Let A be a subset of a topological space (X, 7). Then
(a) A is called semi-open [10] if A C Cl(Int(A)).
(b) A is called pre-open [11] if A C Int(CI(A)).

)
)

(¢) Ais called b-open [1] if A C Cl(Int(A)) U Int(CI(A)).

(d) A is called semi-closed [2] if it is the complement of a semi-open set.
)

(e) The semi-closure of A [2], denoted by sC1(A), is the smallest semi-closed
set that contains A.

Definition 1.2. A subset A of an ideal topological space (X, 7, I) is said to be

2. Weakly b-I-open sets

Definition 2.1. A subset A of an ideal topological space (X, 7, I) is said to be
weakly b-I-open if A C ClI*(Int(CI(A))) U Cl(Int(Cl*(A))).

The family of all weakly b-I-open sets of the space (X, 7, ) will be denoted
by WBIO(X, 7).

Theorem 2.2. For a subset of an ideal topological space, the following properties
hold:

(a) Fwvery b-I-open set is weakly b-I-open.
(b) Every weakly semi-I-open set is weakly b-I-open.

(c) Every weakly pre-I-open set is weakly b-I-open.
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The converse of each part in the above theorem need not be true as shown in
the following three examples.

Example 2.3. Let X = {1,2,3}, 7 = {¢, X,{1,2}} and I = {¢,{1}}. Then
A = {1} is weakly b-I-open but not b-I-open.

Example 2.4. Let X = {1,2,3}, 7 = {¢, X, {1}, {3},{1,3}} and I = {¢, {1}}.
Then A = {1, 2} is weakly b-I-open but not weakly semi-I-open.

Example 2.5. Let X = {1,2,3,4}, 7 = {¢, X, {1,2},{3,4}} and I = P (X).
Then A = {2,3} is weakly semi-I-open and so weakly b-T-open but not weakly
pre-I-open since sCl(Int(Cl*(A))) = ¢.

Lemma 2.6. [8] Let A and B be subsets of an ideal topological space (X, T,1).
(a) If AC B, then A* C B*.
(b) IfU €1, then UNA* C (UNA)*.
(c) A* is closed in (X, T).

Theorem 2.7. Let (X, 7,1) be an ideal topological space and A, B subsets of X.

(1) IfU, € WBIO(X, ) for each a € A, then | J{U, : « € A} € WBIO(X, 7).
(2) If Ae WBIO(X,7) and B € T, then AN B € WBIO(X, ).

Proof. (1) Since U, € WBIO(X, 1), we have
U.. U CU,__ [C(Int(CUU,))) U CLInt(Cl*(Ua)))]

C U, AUnt(ClLU))) U (Int(CL(Ua)))" T U [CLInt(Ua U UZ))T}

C [Int(CUU,_, Ua))U(Int(CUU,_, Ua)))JV[CUInt((U,_, Ua)U(U,, Ua)))]
= Cl[Int(CU(U,_, Ua))] U CUInt(Cl( U Ua))).

Hence |J _, Us € WBIO(X, 7).

(2) Let AeWBIO(X, 1) and BeT. Then A C CI*(Int(CI(A)))UCI(Int(Cl*(A)))

and so
AN B C [Cl(In
= [Cl*(Int(CIl(A

I)f (%))UCl(fnt(Cl*(A)))] B
[Int(CI(A)) U

n

N

N
)N BJU [Cl(Int(Cl*(A))) N B
Int(CI(A)))*| n B]U[Cl(Int(AU A*)) N B]
[(Int(Cl(A)) N B) U ((Int(Cl(A))) N B)*]U[Cl(Int[(AN B) U (A* N B)])]
C [(Int(Cl(A)) N B)) U (Int(Cl(A)) N B)*|U[Cl(Int[(AN B)U (AN B)*])]
C[(Int(CI(ANB)))U (Int(CI(AN B)))*|U[Cl(Int[(AN B)U (AN B)*])]
= ClI*[Int(CI(AN B))]UCl[Int(Cl*(AN B))].
This shows that AN B € WBIO(X, ).

(C
)
(

ANl

The following example shows that the finite intersection of weakly b-I-open
sets need not be weakly b-I-open.
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Example 2.8. Let X = {1,2,3,4}, 7 = {¢, X, {1,2},{1,2,3}} and I = {¢, {3}, {4},
{3,4}}. Then A = {2,4} and B = {1,4} are weakly b-I-open but AN B = {4} is
not weakly b-I-open.

Definition 2.9. A subset A of an ideal topological space (X, 7, 1) is said to be
weakly b-1-closed if its complement is weakly b-I-open.

Theorem 2.10. If a subset A of an ideal topological space (X, 7,1) is weakly
b-I-closed, then Int(Cl(Int(A))) C A.

Proof. Since A is weakly b-I-closed, X — A € WBIO(X, 7). Then
X —-ACCrHInt(Cl(X —A)))UCI(Int(Cl*(X — A)))
CCl(Int(Cl(X — A))) U Cl(]nt(Cl(X A)))
= Cl(Int(Cl(X — A))
=X — Int(Cl(Int(A )

3. Weakly b-I-continuous functions

Definition 3.1.

(1) A function f : (X, 7,I) = (Y,p) is called b-I-continuous [4] if the inverse
image of each open set in Y is a b-I-open set in X.

(2) A function f: (X, 7,1) — (Y, p) is called weakly semi-I-continuous [5] if the
inverse image of each open set in Y is a weakly semi-I-open set in X.

(3) A function f : (X, 7,1) — (Y, p) is called weakly pre-I-continuous [6] if the
inverse image of each open set in Y is a weakly pre-I-open set in X.

Definition 3.2. A function f : (X, 7,1) — (Y, p) is called weakly b-I-continuous
if f=1(V) is weakly b-T-open in (X, 7,I) for every open set V in (Y, p).

Remark 3.3.

(1) Every b-I-continuous function is weakly b-I-continuous.
(2) Every weakly semi-I-continuous function is weakly b-I-continuous.

(3) Every weakly pre-I-continuous function is weakly b-I-continuous.

The converse in each part of the above remark need not be true as shown in
the following three examples.

Example 3.4. Let (X, 7) be the real line with the indiscrete topology and (Y, p)
the real line with the usual topology. Then the identity function f : (X, 7, P(X))
— (Y, p) is weakly b-I-continuous but not b-I-continuous.
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Example 3.5. Let X =Y = {1,2,3}, 7 = {¢, X, {1}, {3},{1,3}}, I = {0, {1}}
and p = {¢,Y,{1,3}}. Define a function f : (X,7,I) — (Y,p) as follows:
f(1)=1, f(2) = 3 and f(3) = 2. Then f is weakly b-I-continuous but not
weakly semi-I-continuous.

Example 3.6. Let X=Y={1,2,3,4}, 7={¢, X, {1}, {3}, {1,3}}, p = {9, Y, {1},
{3},{1,3}}, and I = {¢, {3}}. Define a function f : (X,7,1) — (Y, p) as follows:
f(1) = f(3) =4 and f(2) = f(4) = 2. Then f is weakly b-I-continuous but not
weakly pre-I-continuous.

Theorem 3.7. For a function f: (X, 7,I) — (Y, p) the following are equivalent:

(1) f is weakly b-I-continuous.

(2) Foreachz € X and eachV € p with f(x) € V, there exists U € WBIO(X, T)
with x € U such that f(U) C V.

(3) The inverse image of each closed set in'Y is weakly b-I-closed in X .

Proof. Straightforward.

Definition 3.8. Let A be a subset of a space (X, 7,I) and let z € X. Then A
is called a weakly b-I-neighborhood of x, if there exists a weakly b-I-open set U
containing x such that U C A.

Theorem 3.9. For a function f: (X, 7,1) — (Y, p), the following statements are
equivalent:

(1) f is weakly b-I-continuous.

(2) For each x € X and each open set V in'Y with f(x) € V, f~1(V) is weakly
b-I-neighborhood of x.

Proof. (1) = (2). Let € X and let V' be an open set in Y such that f(z) € V.
By Theorem 3.7, there exists a weakly b-I-open set U in X with x € U such that
f(U)CV. SoxeUC f (V). Hence f~1(V) is a weakly b-I-neighborhood of
x.

(2) = (1). Let V be an open set in Y and let f(x) € V. Then by assumption,
F7YV) is a weakly b-I-neighborhood of x. Thus for each x € f~!(V) there

exists a weakly b-I-open set U, containing z such that x € U, C f~*(V). Hence
YV)=u{U, :z € f~4(V)} and so f~1(V) € WBOI(X, ).

Definition 3.10. A function f: (X, 7,1) — (Y, p) is called weakly b-I-irresolute
if f=1(V) is weakly b-I-open in (X, 7, I) for every weakly b-T-open set V in (Y, p).

Theorem 3.11. Let f: (X, 7,I) = (Y,p,J) and g : (Y,p,J) = (Z,0,K) then
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(1) gof is weakly b-I-continuous if f is weakly b-I-continuous and g is con-
tinuous.

(2) gof is weakly b-I-continuous if f is weakly b-I-irresolute and g is weakly
b-1-continuous.

We note that Theorem 3.11(1) is not true if g is assumed to be only b-I-
continuous as it is shown in the next example.

Example 3.12. Let X =Y = 7 = {1,2,3,4}, 7 = {¢, X, {1},{3},{1,3}},
p =10 Y,{1},{3},{1.3}}, o0 = {9, 2,{1,2}}, I = {¢,{3}} and J = {¢,{2}}.
Define a function f : (X, 7,I) — (Y, p,J) by f(1) = f(3) =4 and f(2) = f(4) = 2.
Also let g : (Y,p,J) — (Z,0) be the identity function. Then f is weakly b-I-
continuous and ¢ is b-I-continuous but gof is not weakly b-I-continuous since
(gof)~1({1,2}) = {2,4} is not weakly b-TI-open.

Corollary 3.13. If f: (X,7,1) = [[ _, Xa is a weakly b-I-continuous function
from a space (X,7,1) into a product space HaGA Xo then p,of is weakly b-I-
continuous for each o € A, where p_ is the projection function from the product
space HaeA X, onto the space X, for each a € A.

If (X,7,1) is an ideal topological space and A is a subset of X, we denote
by 74 the relative topology on A and I}y = {AN1 : 1 € I} is obviously an ideal
on A.

Lemma 3.14. [8] Let (X, 7,1) be an ideal topological space and A, B be subsets
of X such that B C A. Then B*(1a,114) = B*(1,1) N A.

Lemma 3.15. [5] Let (X, 7,I) be an ideal topological space, A C X and U € 1.
Then CI*(A) MU = CL(ANU).

Theorem 3.16. Let (X,7,1) be an ideal topological space, A C U € 7. If
A€ WBIO(X,7) then A € WBIOU, 7, Iiy).

Proof. Since U € 7 and A € WBIO(X, 1), we have
A=UNACUN[CI*(Int(CI(A)))UCl(Int(CI*(A)))]
= [UN(Cr(Int(CI(A))]U[UN(Cl(Int(Cl*(A))))]
COrUNInt(ClL(A))UCHU N Int(Cl*(A)))
=Cl*(Int(UNCI(A)))UCl(Int(UNCI*(A)))
= Cl*(Inty(UNCI(A))) U Cl(Inty (U N Cl*(A)))

Since U € 7 C 7%, we obtain
A=UNACUN[CIr(Inty(UNCI(A)))UCl(Inty(UNCI*(A)))]
= [UN(Clr(Inty(UNCI(A)))]UUN(Cl(Inty(UNCI*(A))))]
= Cl;(Intg(UNCI(A))) U Cly(Inty (U NCI*(A)))

= Cl};(Inty(Cly(A))) U Cly(Inty (Cl(A)))

Then A € WBIO(U, T|A; [|A)-
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Corollary 3.17. Let (X, 7,1I) be an ideal topological space. U € T and A €
WBIO(X,7), then UN A € WBIO(U, 1y, Ijp).

Proof. SinceU € 7and A € WBIO(X, 1), by Theorem 2.7, UNA € WBIO(X, 7).
Since U € 7, by Theorem 3.16, UNA € WBIO(U, 1y, Ijy).

Theorem 3.18. Let f : (X, 7,1) — (Y, p) be a weakly b-1-continuous function and
U € 7. Then the restriction fiu : (U, nw, Ljy) — (Y, p) is weakly b-I-continuous.

Proof. Let V be any open set in (Y, p). Since f is weakly b-I-continuous, we
have f~%(V) € WBIO(X,7). Since U € 7, by Theorem 3.16, we have U N
(V) e WBIO(U, 7y, Iiy). On the other hand, (fiy)™*(V)=Un f"4V) and
(fiv) (V) € WBIO(U, 1y, I;y). This shows that fiy : (U, i, [jy) — (Y, p) is

weakly b — I — continuous.

Theorem 3.19. A function f: (X, 7,1) — (Y, p) is weakly b-1-continuous if and
only if the function g : X — X XY, defined by g(z) = (x, f(z)) for each x € X,
15 weakly b-1-continuous.

Proof. =) Let f be weakly b-I-continuous. Let z € X and W be an open set
in X x Y with g(z) € W. Then there exists a basic open set U x V such that
g(x) = (z, f(x)) €e U x V C W. Since f is weakly b-I-continuous, there exists a
weakly b-T-open set Uy in X with x € Uy such that f(Uy) C V. By Theorem 2.7,
Up N U is weakly b-T-open and g(Uy NU) C U NV C W. This shows that ¢ is
weakly b-I-continuous.

<) Suppose that g is weakly b-I-continuous. Let x € X and V be any open
set in Y with f(z) € V. Then X x V is open in X x Y. Since g is weakly
b-I-continuous, there exists a weakly b-I-open set U in X with x € U such that
g(U) € X x V. Therefore, we obtain f(U) C V. This shows that f is weakly
b-I-continuous.

Definition 3.20. An ideal topological space (X, 7, 1) is said to be weakly b-I-
normal if for each pair of non-empty disjoint closed subsets A and B of X, there
exist two weakly b-I-open subsets U and V of X such that A C U, B C V and
Unv =g.

Theorem 3.21. If f: (X, 7,1) — (Y, p) is weakly b-I-continuous, closed injection
and Y 1is normal, then X 1is weakly b-I-normal.

Proof. Let A and B be two disjoint closed subsets of X. Since f is closed and
injective, f(A) and f(B) are disjoint closed subsets of Y. Since Y is normal,
there exist two open subsets U and V of Y such that f(A) C U, f(B) C V and
UNV =¢. Now f~}U) and f~1(V) are weakly b-I-open in X with A C f~1(U),
BC fY(V)and f~HU)N f~YV) = ¢. Thus X is weakly b-I-normal.

Definition 3.22. An ideal topological space (X, 7, 1) is said to be weakly b-I-
connected if X can’t be written as a union of two disjoint weakly b-I-open subsets
of X.
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Theorem 3.23. The weakly b-1-continuous image of a weakly b-I1-connected space
15 connected.

Proof. Let f: (X, 7,I) — (Y, p) be a weakly b-I-continuous function of a weakly
b-I-connected space X onto a topological space Y. Assume that Y is disconnected,
then Y = AU B where A and B are non-empty clopen with AN B = ¢. Since f is
weakly b-I-continuous, f~!(A) and f~!(B) are non-empty weakly b-I-open in X.
Also, X = f71(Y) = fTH(AUB) = fTH(A) U fH(B) and f1(A) N fH(B) = ¢.
Hence X is not weakly b-I-connected which is a contradiction. Therefore, Y is
connected.

Lemma 3.24. [12] For any function f : (X, 7,1) — (Y, p), f(I) is an ideal on Y .

Definition 3.25. [12] An ideal topological space (X, 7, 1) is said to be I-compact
if for every open cover {W,, : @ € A} of X, there exists a finite subset Ay of A
such that (X —U{W, :a € Ay}) € 1.

Definition 3.26. An ideal topological space (X, 7, 1) is said to be weakly b-I-
compact if for every weakly b-I-open cover {IWW, : @ € A} of X, there exists a
finite subset Ag of A such that (X —U{W, :a € Ay}) € I.

Theorem 3.27. The image of a weakly b-I-compact space under a weakly b-1-
continuous surjective function is f(I)-compact.

Proof. Let (X, 7, ) be a weakly b-I-compact space and f : (X, 7,1) — (Y, p) be a
weakly b-I-continuous surjection. Let {V,, : @ € A} be an open cover of Y. Then
{f7YV,) : a € A} is a weakly b-TI-open cover of X. Since X is weakly b-I-compact,
there exists a finite subset Ag of A such that (X — U{f"Y(V,) : a € Ag}) € I.
Therefore (Y — U{V,, : a« € Ag}) € f(I). This shows that (Y, p, f(I)) is f(I)-
compact.

4. Weakly b-I-open functions

Recall that a subset F' of a space (X, 7, 1) is said to be weakly semi-I-closed [5] if
its complement is weakly semi-I-open.

Definition 4.1. [5] A function f : (X,7) — (Y, p, J) is called weakly semi-I-open
(resp., weakly semi-I-closed) if the image of every open (resp., closed) set in (X, 7)
is weakly semi-I-open (resp., weakly semi-I-closed) in (Y, p, J).

Definition 4.2. A function f: (X, 7) — (Y, p, J) is called weakly b-I-open (resp.,
weakly b-I-closed) if the image of every open (resp., closed) set in (X, 7) is weakly
b-I-open (resp., weakly b-I-closed) in (Y, p, J).

Remark 4.3. Every weakly semi-I-open (resp., weakly semi-I-closed) function is
weakly b-I-open (resp., weakly b-I-closed).
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The converse of the above remark need not be true as shown in the following
example.

Example 4.4. Let X = {1,2,3} and 7 = {¢, X, {1,3}}. Alsolet Y = X, p =
{6,Y,{1},{3},{1,3}} and J = {¢, {1}}. Define a function f : (X,7) — (Y, p, J)
as follows: f(1) =1, f(2) =3 and f(3) = 2. Then f is weakly b-I-open but not
weakly semi-I-open.

Theorem 4.5. A function f : (X,7) — (Y, p,J) is weakly b-I-open if and only
if for each x € X and each neighborhood U of x there exists V. € WBJO(Y, p)
containing f(x) such that V C f(U) .

Proof. = Suppose that f is a weakly b-I-open function. For each x € X and each
neighborhood U of z, there exists U, € 7 such that z € U, C U. Let V = f(U,).
Since f is weakly b-I-open, V.€ WBJO(Y, p) and f(z) € V C f(U).

< Let U be an open set in (X, 7). For each x € U, there exists V,, € WBJO(X, 1)
such that f(z) € V, C f(U). Now f(U) = U{V, : x € U} and so f(U) €
WBJO(Y, p). This shows that f is weakly b-I-open.

Theorem 4.6. Let [ : (X, 1) — (Y, p,J) be a weakly b-I-open function. If G is
any subset of Y and C is a closed subset of X with f~1(G) C C, then there exists
a weakly b-I-closed subset H of Y with G C H such that f~'(H) C C.

Proof. Suppose that f is a weakly b-I-open function. Let G be any subset of
Y and C a closed subset of X with f~1(G) C C. Then X — C is open. Since f
is weakly b-I-open, f(X — C) is weakly b-I-open in Y. Let H =Y — f(X — C).
Then H is weakly b-I-closed in Y. Since f~1(G) C C, G C H. Also, we obtain
i) cC.

Theorem 4.7. Let f: (X, 7) — (Y, p,J) be weakly b-I-closed. If G is any subset
of Y and U is an open subset of X with f~Y(G) C U, then there exists a weakly
b-I-open subset H of Y with G C H such that f~'(H) C U.

Proof. Similar to that used in Theorem 4.6.

Theorem 4.8. For any bijective function f: (X,7) — (Y, p, J), the following are
equivalent:

(1) f71: (Y, p,J) = (X, 7) is weakly b-I-continuous.
(2) [ is weakly b-I-open.

(3) f is weakly b-I-closed.

Proof. It is straightforward.
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Theorem 4.9. Let f: (X, 7) = (Y,p,J) and g : (Y,p,J) = (Z,0,K).
(1) gof is weakly b-I-open if f is open and g is a weakly b-I-open.

(2) f is weakly b-I-open if gof is open and g is a weakly b-I-continuous injection.
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1. Introduction

Algebraic structures play a prominent role in mathematics with wide ranging
applications in many disciplines such as theoretical physics, computer sciences,
control engineering, information sciences, coding theory, topological spaces and so
on. This provides sufficient motivations to researchers to review various concepts
and results from the realm of abstract algebra in the broader framework of fuzzy
setting.

A near-ring satisfying all axioms of an associative ring, expect for commuta-
tivity of addition and one of the two distributive laws. Abou-Zaid [1] introduced
the concept of fuzzy subnear-ring and studied fuzzy ideals of near-rings. The
concept was discussed further by many researchers, for example [3]-[7], [10], [11].
After the introduction of fuzzy sets by Zadeh, there have been a number of ge-
neralizations of this fundamental concept. A new type of fuzzy subgroup, that
is, the (€, € V q)-fuzzy subgroup, was introduced in an earlier paper of Bhakat

!Corresponding author. E-mail address: zhanjianming@hotmail.com (J. Zhan).
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and Das [2] by using the combined notions of “belongingness” and “quasicoinci-
dence” of fuzzy points and fuzzy sets. In fact, the (€, € V q)-fuzzy subgroup is
an important generalization of Rosenfeld’s fuzzy subgroup. It is now natural to
investigate similar type of generalizations of the existing fuzzy subsystems with
other algebraic structures, see [3], [4], [8], [9].

By means of a kind of new idea, we redefine generalized fuzzy R-subgroups
of a near-ring and investigate some of its related properties. In particular, we
introduce the concepts of strong prime (semiprime) (€, €V q)-fuzzy R-subgroups
of near-rings, and discuss the relationship between strong prime (resp., semiprime)
(€,€ Vq)-fuzzy R-subgroups and prime (resp., semiprime) (€, € V q)-fuzzy R-
subgroups of near-rings.

2. Preliminaries

A non-empty set R with two binary operation “+ 7 and “-” is called a near-ring
if it satisfies:

(1) (R+) is a group,
(2) (R,-) is a semigroup,
B)z-(y+z2)=x-y+x-z foralzyzeR.

We will use the word “near-ring” to mean “ left near-ring” and denote zy
instead of x - y.
An R-subgroup H of a near-ring R is a subset of R such that

(i) (H,+) is a subgroup of (R,+),
(i) RH C H,
(i) HR C H.

If H satisfies (i) and (ii), then it is called a left R-subgroup of R. If H satisfies
(i) and (iii), then it is called a right R-subgroup of R.

If I and J are R-subgroups of near-ring R. An R-subgroup P of R is called
prime if IJ C P implies I C P or J C P for all R-subgroups [ and J of R. An R-
subgroup P of R is called semiprime if 1?2 C P implies I C P for all R-subgroups
I of R.

We next state some fuzzy logic concepts. Recall that a fuzzy set is a function
p: R —0,1]. For any A C R, the characteristic function of A is denoted by X 4.
We define u~ by p=(z) = p(—=z), for all z € R.

A fuzzy set p of S of the form

wn={ o7 § ey
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is said to be a fuzzy point with support x and value t and is denoted by x;. A
fuzzy point z; is said to belong to (resp. be quasi-coincident with ) a fuzzy set
W, written as x; € p (resp., xiqu) if p(x) >t (resp., p(x) +t > 1). lf &y € por
Ty q p, then we write z, € Vqu. If pu(z) < t (resp., u(x) +t < 1), then we call
xy €p (resp., xy ¢ u). We note that the symbol €V q means that € V q does not
hold.

Definition 2.1. [1] A fuzzy set u of R is called a fuzzy right (resp., left) R-sub-
group of R if

(Fla) p(z +y) > p A p(y),Vo,y € R,

(Fla’) p(—=x) = p(z), Vo € R,

(F1b) p(zy) > p(x) (resp.,u(yr) > p(x)), Yo,y € R.

In what follows, a (fuzzy) R-subgroup means a (fuzzy) right R-subgroup and
R is a near-ring unless otherwise specified.

Definition 2.2. [4] A fuzzy set p of R is called an (€, €V q)-fuzzy R-subgroup of
R if for all t,r € (0,1] and z,y € R,

(F2a) v, € p and y, € p imply (x + y)inr €V aqpu,

(F2a’) x; € p implies (—x); €V qu,

(F2b) z; € p implies (zy); €V qu.

Theorem 2.3. [4] A fuzzy set u of R is an (€, €V q)-fuzzy R-subgroup of R if
and only if for any x,y,a € R,

(F3a) p(z +y) > p(z) A ply) A0.5,
(F3a?) p(—z) = p(x) A 0.5,
(F3b) p(xy) > p(z) A0.5.

Naturally, we consider the concept of (€, € V §)-fuzzy R-subgroup of R by
means of Davvaz’s way.

Definition 2.4. A fuzzy set p of R called an (€, € V §)-fuzzy R-subgroup of R if
for all t,r € (0,1] and for all z,y € R,

(F4a) (x + y)in-€Ep implies 24,€ V Gu or y,.€ V qu,
(F4a’) (—z),Ep implies (—x)€ V qpu,
(F4b) (xy)ia-€Ep implies z,€ V Gu.

Example 2.5. Let R = {a,b,c,d} be a set with two binary operations as follows:

_|_

QO o

QL O QR
o L e ol
SRS I <TN oN Io
Q Q@ O QX
ISURIGUIES Sl ot

Q@ & |2
SIS SIS RS
SR Q2 2|0
S Q Q9
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Then (R,+,-) is a near-ring. Define a fuzzy set u of R by p(a) = 0.9,
w(b) = 0.8, u(c) = 0.4 and pu(d) = 0.6. Thus, u is an (€, € V §)-fuzzy R-subgroup
of R.

Theorem 2.6. A fuzzy set u of R is an (€,€ V q)-fuzzy R-subgroup of R if and
only if for any x,y € R,

(F5a) p(z +y) V0.5 > p(z) A p(y),

(F5a’) p(—x) vV 0.5 > u(x),

(F5b) p(zy) V0.5 > p(z).

Proof. We only prove (F4a) < (Fba). The others are similar.

(F4al)= (Fba) If there exist z,y € R such that u(z +y) V0.5 <t = p(z)A
w(y), then 0.5 <t < 1,(z +y)i€u, but x; € p,y; € u. By (F1), we have z,qu or
yiqp. Then, (t < p(z) and t 4 p(x) < 1) or (¢t < p(y) and ¢t + p(y) < 1). Thus,
t < 0.5, contradiction.

(Fha)= (F4a) Let (z + y)inrEp, then p(x +y) <t Ar.

(1) If p(x +vy) > plz) A u(y), then u(x) A p(y) < t Ar, and consequently,
u(x) < tor p(y) <r. It follows that x;€u or y.Ep. Thus, x,€ V qu or y,.€ V Gu.

(2) If p(x+y) < p(x) Ap(y) then by (F4), we have 0.5 > p(x) Au(y). Putting
T €p or, yEp, then t < p(x) < 0.5 or r < p(y) < 0.5. It follows that x,qu or
yrqit, and thus, x,€ V gu or y,.€ V gu. This completes the proof. .

3. Main results

In this Section, we introduce the concepts of generalized fuzzy R-subgroups of
near-rings by means of a new way, which is different with the related topic.

Remark 3.1. Let ¢ and v be any two fuzzy sets of R. Then

(i) If z; € p implies 2, e Vq v for all x € R and t € (0, 1], then we can write
p< Vg,

(i) If 2,€ p implies ;€ VG v for all x € R and t € (0, 1], then we can write
w2Vqu.
Proposition 3.2. For any two fuzzy sets p and v of R.
(i) p CV qv if and only if v(x) > min{u(z),0.5},V € R;

(ii) u 2V q v if and only if max{pu(z),0.5} > v(x),Vx € R.

Proof. (i) Let pn C Vq v. If there exists € R such that v(z) <t = u(xz) A 0.5,
then x; € u, but x;€V qu, contradiction.

Conversely, let v(x) > u(z) A0.5, Vo € R. If uC Vqu, then there exists z; € u,
but z,€V qr, and so u(x) >t and v(z) < t < 0.5, contradiction.
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(i) Let p O v g v. If there exists € R such that u(z) V0.5 <t = v(x), then
x; € v, but x,€p and t > 0.5. Hence 2,€ V Gv, and so x,qv, that is, G(z) +t < 1,
and so t < 0.5, contradiction.

Conversely, let u(z) V0.5 > v(x),Vx € R. If u2 V qu, then there exists ;€ u,
but ;€ V guv. Hence p(z) < t,v(z) >t and v(z) +t > 1.

Case (1). p(z) > 0.5. Then u(x) > v(z), contradiction.

Case (2). p(z) < 0.5. Then 0.5 > v(z). By v(z) > t,0.5 > v(z) > t. But
2v(z) > v(x)+t > 1, and so v(x) > 0.5, contradiction. .

Now, we give the concepts of the product and sum of two fuzzy sets of R.

Definition 3.3. Let p and v be fuzzy sets of R. Then the sum of x and v is
defined by
(mov)(x)="\/ (u(a) Av(b))
r=ab

and (pov)(z) =0 if x cannot be expressed as = = ab.

Definition 3.4. Let p and v be fuzzy sets of R. Then the sum of p and v is
defined by

(+v)@)=\/ (u(a) Avb)

r=a+b

and (u + v)(x) = 0 if & cannot be expressed as z = a + b.

Now, by means of a new way, we consider another generalized fuzzy R-
subgroup of near-rings, which is called a new (€, €V q)-fuzzy R-subgroups.

Definition 3.5. A fuzzy set u of R is called a new (€, €V q)-fuzzy R-subgroup of
R if it satisfies:

(F6a) (1 +p) C Vg,
(F6a’) p=' C vapu,
(F6b) (uoXgr) C Vap.

Theorem 3.6. A fuzzy set p of R is a new (€, €V q)-fuzzy R-subgroup of R if
and only if it satisfies (F3a), (F3a’) and (F3b).

Proof. Let u be a new (€, €V q)-fuzzy R-subgroup of R. If there exist z,y € R
such that pu(z +vy) < t < p(z) A u(y) A0.5, then t < 0.5,24 € p,y; € p, but

(z +y)€p, and so (z +y)€Vau. But, (u+ p)(z+y) = +\:/ +b(u(a) A p(d)) =

w(x) A p(y) > t, and so (z +y); € (u+ p). Thus, (x +y); €V qu, contradiction.
This proves (F3a) holds.

Now, if there exists z € R such that u(—x) <t < u(x) A 0.5, then u(x) >t
and t < 0.5, but (—z)€u. Thus, (—z);€Vqu. But p~(—z) = u(z) > t, and
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so (—x); € p~', which implies, (—z); € V qu, contradiction. This proves (F3a’)
holds.

The proof of (F3b) is similar to the proof of (F3a).

Conversely, p satisfies (F3a), (F3a’) and (F3b). Let x; € (u+p), but z,€V qu.

Then p(x) < t and p(z) < 0.5. By definition, (u+u)(z+y) =V  (u(a)Ap(d)).
r+y=a+b
Since 0.5 > pu(x) = pla+0b) > u(a) A u(b) A0.5, and so pu(x) > p(a) A u(b). Thus,
t<(u+p)(x) < V pl@)=p(x), that is, u(x) > t, contradiction. This proves
b

r=a+
that (F6a)holds.
Now, let z; € u=t, but ;€ V qu, then p(z) < t and p(z) < 0.5. Thus pu(—z) >

() A 0.5 = p(z), and so u(—z) = p(z). Hence t < p=(z) = u(—x) = p(x),
contradiction.

The proof of (F6b) is similar to the proof of (F6a).

Therefore, 11 is a new (€, € V q)-fuzzy R-subgroup of R. .

The following is a consequence of Theorem 2.3 and 3.6.

Corollary 3.7. The concepts of new (€, €V q)-fuzzy R-subgroups of R and (€, €
V q)-fuzzy R-subgroups are equivalent, respectively.

Next, by means of a new way, we consider another a generalized fuzzy R-
subgroup of near-rings, which is called a new (€, € V q)-fuzzy R-subgroup.

Definition 3.8. A fuzzy set u of R is called a new (€, € V q)-fuzzy R-subgroup of
R if it satisfies:

(F7a) p 2 Va(p + p),
(F7a) 2 vau™,
(F7b) 1 2 vg(p o Xg).

Theorem 3.9. A fuzzy set p of R is a new (€, € V q)-fuzzy R-subgroup of R if
and only if it satisfies (Fba), (F5a’) and (F5b).

Proof. Let u be a new (€, €V q)-fuzzy R-subgroup of R. If there exist z,y € R
such that p(x +y) V0.5 <t < p(x) A u(y)A, then t > 0.5, 2, € p,y € p, but
(z 4+ y)i€p, and so (x + y),€ V q(p + p). Thus,

(%) (n+p)(z+y) <t

and

() (Lt p)(z+y)+t<1

But, (1 +p)(z+y) = Hy\_/m(u(a) A () = pl(x) A p(y) > t, which implies,

(u+ p)(z+y) >t By (%) and (*x), we have (u + p)(z +y) +¢t < 1, and so
t < 0.5, contradiction. This proves (Fba) holds. Similarly, we can prove (F5a’)
and (F5b).
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Conversely, p satisfies (Fba), (Fba’) and (F5b). Let 2, € u, but z,€ V q(pu+p).
Then p(z) < t, but (u+p)(z) > tand (p+p)(x)+¢ > 1, and so (u+p)(x) > 0.5.
By definition, (u+u)(z) = V (u(a) Awp(d)). Since 0.5V p(x) = p(a+b) V0.5 >

r=a+b

p(a)Ap(d), and so 0.5V u(x) > u(a)Ap(b). Thus, t < (u+p)(x) < '\ w(x)v0.5.
r=a+b
Since (u + p)(x) > 0.5, then u(x) > 0.5, and so u(z) > t, contradiction. This
proves that (F7a) holds. Similarly, we can prove (F7a’) and (F7b) hold. Therefore,
i is a new (€, € V q)-fuzzy R-subgroup of R. .
The following is a consequence of Theorem 2.5 and 3.9.

Corollary 3.10. The concepts of new (€,€ V q)-fuzzy R-subgroups of R and
(€, € V q)-fuzzy R-subgroups are equivalent, respectively.

4. Strong prime (semiprime) (€, €V q)-fuzzy R-subgroups
In this Section, we introduce the concepts of strong prime (semiprime) (€, €V q)-
fuzzy R-subgroups of near-rings. In particular, we discuss the relationship between

strong prime (resp., semiprime) (€, € V q)-fuzzy R-subgroups and prime (resp.,
semiprime) (€, €V q)-fuzzy R-subgroups of near-rings.

Definition 4.1. [§]

(i) An (€, €V q)-fuzzy R-subgroup u of R is called prime if for all z,y € R and
t € (0, 1], we have

(P) (zy): € p= 2 €Vqu or y €V qpu.

(ii) An (€, € Vq)-fuzzy R-subgroup p of R is called semiprime if for all x €
R,t € (0, 1], we have

(SP) (2?), € u = x, €V qu.
Theorem 4.2. [§]

(i) An (€, €V q)-fuzzy R-subgroup p of R is prime if for all z,y € R, it satisfies:

(P7) u(@) v puly) = plzy) A0.5.

(ii) An (€,€ Vq)-fuzzy R-subgroup i of R is semiprime if for all v € R, it
satisfies:

(SP) () > pu(a?) A 0.5,
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For a fuzzy set pu of R and t € (0, 1], the crisp set uy = {x € R|u(x) >t} is
called the level subset of p.

Theorem 4.3. [8] An (€, €V q)-fuzzy R-subgroup p of R is prime (semiprime)
if and only if uy(# 0) is a prime (semiprime) R-subgroup of R for all t € (0,0.5],
respectively.

Now, we give the concept of strong prime (semiprime) (€, € V q)-fuzzy R-
subgroups of near-rings.

Definition 4.4.

(i) An (€, € VvV q)-fuzzy R-subgroup p of R is called strong prime if for every
(€,€eV q)-fuzzy R-subgroups p and v of R, it satisfies:

(P”) pov C pimplies u C p or v C p.

(ii) An (€, €V q)-fuzzy R-subgroup p of R is called strong semiprime if for every
(€, €V q)-fuzzy R-subgroup p of R, it satisfies:

(SP”) pop C pimplies u C p.

Theorem 4.5. Let p be a strong prime (semiprime) (€, €V q)-fuzzy R-subgroup
of R. Then p,(# 0) is a prime (semiprime) R-subgroup of R for all t € (0,0.5],
respectively.

Proof. We only consider strong prime (€, € V q)-fuzzy R-subgroups. The case
for strong semiprimeness is similar.

Let ¢t € (0,0.5] be such that p; is non-empty. Then y, is an R-subgroup of
R. Now we show that p; is prime. Let I and J be two R-subgroups of R such
that IJ C py. Then it is easy to see that ¢; and t; are two (€, € V q)-fuzzy
R-subgroups of R and that t; ot; C p. In fact, let x € R. If (¢; oty)(x) = 0,
then (ty oty)(x) = 0 < p(z). Otherwise, there exist a,b € R such that x = ab
and t;(a) Aty(b) # 0. This implies a € I and b € J, hence x € I.J C p, that is,
p(x) > t. Hence (troty)(z) = V tr(y) Ats(2) <t < u(x). Therefore, t;ot; C p.

=Yz
Since p is a strong prime (€, € V q)-fuzzy R-subgroup of R, we have t; C u or
t; C u, this implies I C py or J C ;. This completes the proof. u

The following is a consequence of Theorems 4.3 and 4.5.

Theorem 4.6. FEvery strong prime (semiprime) (€, €V q)-fuzzy R-subgroup of a
near-ring is a prime (semiprime) (€, €V q)-fuzzy R-subgroup, respectively.

Remark 4.7. The converse of Theorem 4.6 is not true in general as shown in the
following example.

Example 4.8. Let (Z,+,-) be the near-ring (it is also a ring) of all integers.
Then 0.4(2) is an (€, € V q)-fuzzy R-subgroup of Z and non-empty subset (0.42));
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is a prime R-subgroup of R for all ¢t € (0,0.5]. By Theorem 4.3, we know that
0.4(2) is a prime (€, € V q)-fuzzy R-subgroup of Z, but it is not strong prime.

In fact, 0.4(3) 0 0.54) C 0.4y, but 0.4 g 0.4(2) and 0.5(4) g 0.4(2), where
both 0.4(3) and 0.5¢4) are (€, €V q)-fuzzy R-subgroups of Z.

5. Conclusions

In study the structure of a fuzzy algebraic system, we notice that the (fuzzy)
R-subgroups with special properties always play an important role. In this paper,
by means of a kind of new idea, we redefine generalized fuzzy R-subgroups of a
near-ring and investigate some of its related properties.

We hope that the research along this direction can be continued, and in
fact, some results in this paper have already constituted a platform for further
discussion concerning the future development of near-rings. In our future study
of fuzzy structure of near-rings, may be the following topics should be considered:

(1) To describe soft near-rings and its applications;

(2) To establish an (€, €V q)-fuzzy spectrum of near-rings.
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1. Introduction

The study of algebraic hyperstructures (or hypersystems) is a well established
branch of classical algebraic theory. Hyperstructure theory was born in 1934 when
Marty [19] defined hypergroups, began to analyse their properties and applied
them to groups, rational functions and algebraic functions. Later on, people

!Corresponding author. E-mail address: zhanjianming@hotmail.com(J. Zhan).
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have observed that hyperstructures have many applications to several branches
of both pure and applied sciences, for example, semihypergroups are the simplest
algebraic hyperstructures which possess the properties of closure and associativity.
A comprehensive review of the theory of hyperstructures appears in [5], [6], [23].

After the introduction of fuzzy sets by Zadeh [26], reconsideration of the
concept of classical mathematics began. On the other hand, because of the im-
portance of group theory in mathematics, as well as its many areas of application,
the notion of fuzzy subgroups was defined by Rosenfeld [22] and its structure
was investigated. Algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as theoretical physics, com-
puter sciences, control engineering, information sciences, coding theory, topologi-
cal spaces and so on. This provides sufficient motivations to researchers to review
various concepts and results from the realm of abstract algebra in the broader
framework of fuzzy setting, see [20]. In 1975, Zadeh [27] introduced the concept
of interval valued fuzzy subset, where the values of the membership functions are
intervals of numbers instead of the numbers. In [4], Biswas defined interval valued
fuzzy subgroups of the same nature of Rosenfeld’s fuzzy subgroups. A new type
of fuzzy subgroup (viz, (€, € Vq)-fuzzy subgroup) was introduced in an earlier pa-
per of Bhakat and Das [3] by using the combined notions of “belongingness” and
“quasicoincidence” of fuzzy points and fuzzy sets, which was introduced by Pu
and Liu [21]. In fact, (€, € Vq)-fuzzy subgroup is an important and useful gene-
ralization of Rosenfeld’s fuzzy subgroups. Recently, Davvaz ([13]) introduced the
concept of (€, € Vq)-fuzzy subnear-rings(ideals) and investigated some interesting
results.

Fuzzy sets and hyperstructures introduced by Zadeh and Marty, respectively,
are now used in the world both on the theoretical point of view and for their ap-
plications. The relations between fuzzy sets and algebraic hyperstructures (struc-
tures) have been already considered by Corsini, Davvaz, Leoreanu, Ameri, Vou-
giouklis, Zahedi, Zhan and others, for instance, see [1], [5]-[18], [23]-[25], [28]-[33].
In Section 2, we recall some basic defnitions and results about algebraic hypersys-
tems. In Section 3, we discuss entropy of interval valued (o, §)-fuzzy subalgebraic
hypersystems in an algebraic hypersystem. Since the concept of interval valued
(€, € Vq)-fuzzy subalgebraic hypersystems is an important and useful generaliza-
tion of ordinary fuzzy algebraic hypersystem in an algebraic hypersystem, some
fundamental aspects of interval valued (€, € Vq)-fuzzy subalgebraic hypersystems
in an algebraic hypersystem have been discussed in section 4. Finally, in section
5, we consider the concept of implication-based interval valued fuzzy subalgebraic
hypersystems.

2. Preliminaries

General algebraic hypersystems and some of their related concepts are introduced
in this section. Examples of some familiar algebraic hypersystems are given.

Let H be a non-empty set and f a mapping f : H x H — P*(H), where
P*(H) is the set of all the non-empty subsets of H. Then f is called a binary
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hyperoperation on H. In general, a mapping f : H" — P*(H) is called an n-ary
hyperoperation and n is called the order of hyperoperation.

A non-empty set and one or more n-ary hyperoperations on the set will be
called an algebraic hypersystem. We shall denote an algebraic hypersystem by
< H,T' >, where H is a non-empty set and I' = {fi, fo,...} is a set of hyper-
operations on H.

The algebraic hypersystem (H, {f;};>1) induces a universal algebra

(P*(H),{Fi}i>1)
with the operations
E(Al, ,An) = U{fi(al, ...,an) | ar € Ak, 1 S ) S n}

for Al, ey An S P*(H)

If T is a singleton ' = {f} and f is a 2-ary hyperoperation, the algebraic
hypersystem is called hypergroupoid, the hyperoperation is denoted by o and
the image of the pair (x,y) is denoted by = o y. Hypergroups, polygroups and
hyperrings are algebraic hypersystems.

Let (H,T') be an algebraic hypersystem. A subset S of H is said to be closed
under the n-ary hyperoperation f if (z1,...,x,) € S xS x ... x S( where S occurs
n times) implies f(z1,...,x,) € P*(S). S is called a subalgebraic hypersystem of
H if S is closed under any hyperoperation in I'.

Now, we give the following concept:

Definition 2.1. Let (H,I') be an algebraic hypersystem and F' a fuzzy subset
of H. Then F is called a fuzzy subalgebraic hypersystem of H, if for any n-ary
hyperoperation f € I and for all x; € H(i = 1,2, ...,n),

(HF1) inf F(y) > min{F(z1), F(z2), ..., F(z,)}.

Example 2.2.
(i) Consider H = {e, a,b} and define o on H with the following table:
o ‘ e a b
el {ey {of {0}
a|{a} {ab} {e a}
b|{b} {ea} {e}

Define a fuzzy set F': H — [0,1] by F(a) < F(b) < F(e). Then F' is a fuzzy
subalgebraic hypersystem of H.

(ii) Let (H ={1,—1,4,—i},0), where o defined on H with the following table:

o 1 -1 v =1
1 1 -1 T =1
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Note that every algebraic system is an algebraic hypersystem. Define F' :
H —[0,1] by F(1)=1, F(—=1) = 0.5 and F(i) = F'(—i) = 0. Clearly F'is a
fuzzy subalgebraic system of H.

(iii) Let (H ={xz,y, z,t},{f1, f2}) be an algebraic hypersystem, where

il =z Y z t folx y 2z t
| {z} {yy  {z} {t} vz oy 2t
y | {y} {zyp {2} {t} y|lz y 2t
z 1 {2} Az} A=ty {zt) zlr oy 2t
t e { =0 {wyz tle y 2z ¢

We define a fuzzy set F' : H — [0,1] by F(z) = 0.7, F(y) = 0.5 and
F(z) = F(t) = 0.3. Routine calculations give that F is a fuzzy subalgebraic
hypersystem of H.

Let F' be a fuzzy set. For every t € [0, 1], the set U(F;t) = {x € H|F(x) > t}
is called the level subset of F.

Theorem 2.3. Let H be an algebraic hypersystem and F a fuzzy set of H.
Then F' is a fuzzy subalgebraic hypersystem of H if and only if for any t € [0, 1],
U(F;t)(# 0) is a subalgebraic hypersystem of H.

By an interval number @ we mean (cf. [27]) an interval [a~,a™], where 0 <
a” < a’ < 1. The set of all interval numbers is denoted by D[0, 1]. The interval
[a, a] is identified with the number a € [0, 1].

For interval numbers @; = [a;, ], b; = [b;,b7] € D[0,1], i € I, we define

177

rmax{ﬁi,gi} = [max(a;, b; ), max(a;", b )],

1 Y 7070

rmin{&},gi} = [min(a;,b; ), min(a;, b )],

7 Y (AR )

rinfa; = [/\ a; , /\ af] , rsupa; = [\/ a; , \/ af]

iel el iel el
~ - — + +
1) a1 <ay <= a] <a; and ai < ay,

(1)
(2) @ =ay < a] =a,; and af = a7,
(3)
(4)

3

Zil <ag <:>51§52 andZil 7&52,

4) ka = [ka~, ka*], whenever 0 < k < 1.

It is clear that (D[0,1],<,V,A) is a complete lattice with 0 = [0,0] as the least
element and 1 = [1, 1] as the greatest element.

Interval valued fuzzy sets provide a more adequate description of uncertainty
than traditional fuzzy sets; it is therefore important to use interval valued fuzzy
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sets in applications. One of main applications of fuzzy sets is fuzzy control, and
one of the most computationally intensive part of fuzzy control is defuzzification.
Since a transition to interval valued fuzzy sets usually increase the amount of com-
putations, it is vitally important to design faster algorithms for the corresponding
defuzzification.

By an interval valued fuzzy set F' on X we mean the set

F={(z,[pp(@), pp(@)]) |2 € X},

where py and p} are two fuzzy subsets of X such that pn(z) < pjf(z) for all
r € X. Putting up(x) = [up(z), uj(x)], we see that F' = {(z, ur(z)) |z € X},
where pp : X — D[0, 1].

If A, B are two interval valued fuzzy sets of X, then we define

A C B if and only if for all z € X, u,(z) < pgz(z) and pfh(z) < ph(z),

A = B if and only if for all z € X, pu,(z) = pgz(z) and p}(z) = ph(z).

Also, the union, intersection and complement are defined as follows: let A, B
be two interval valued fuzzy sets of X, then

AU B = {(x, [max{ i (), jp(x)}, masc{uh (2), 1 ()

AN B = {(z, [min{yi; (x), 5 (2)}, mind e (), b ()}

48 = {(@,[1 — (@), 1 — iz ()] € XV,
where the operation “c” is the complement of interval valued fuzzy set in X.

T

(z)}]x € X},
)}

v e X},

3. Entropy of interval valued (o, 5)-fuzzy subalgebraic hypersystems

Based on [2], [3], we can extend the concept of quasi-coincidence of fuzzy point
with a fuzzy set to the concept of quasi-coincidence of a fuzzy interval value with
an interval valued fuzzy set as follows.

An interval valued fuzzy set F' = {(z, ur(z)) | z € H} of an algebraic hyper-
system H of the form

ey = { 1(£[0,0]) if y=u=
[0,0] if y#a

is said to be fuzzy interval value with support x and interval value t and is denoted
by U(z;t). A fuzzy interval value U(z;t) is said to belong to (resp. be quasi-
coincident with) an interval valued fuzzy set F, written as U(x;t) € F (resp.
Ul(z;t)qF) if pp(x) >t (vesp. pp(x) 4+t > [1,1]). If U(x;t) € F or (resp. and)
Ul(z;t)gF, then we write U(z;t) € Vq (resp. € Ag) F. The symbol € Vg means
€ Vq does not hold.

In what follows, let (H,I') be an algebraic hypersystem, f € I' any n-ary
hyperoperation on H, and a and § will denote any one of €,¢q,€ Vq or € Aq
unless otherwise specified. Also we emphasis ir(z) = [pp(x), uf(z)] must satisfy
the following properties:

[1p(2), pi(x)] < [0.5,0.5] or [0.5,0.5] < [ug(x), up(x)], for all x € H.
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Definition 3.1. An interval valued fuzzy set F' of H is called an interval valued
(e, B)-fuzzy subalgebraic hypersystem of H with o #€ Ag, if it satisfies for all
t;i € (0,1 and z; € H(i = 1,2,...,n),

(HF2) U(xy;t;)aF implies U (y; rmin{ty, ta, ..., t, })GF, for all y € f(z1, o, ..., ).

Let F' be an interval valued fuzzy set of H such that pp(z) < [0.5,0.5] for all
€ H. Let z € H and t € (0,1] be such that U(z;t) € AgF, then jip(z) >t and
pr(z) 4+t > [1,1]. It follows that [1,1] < up(z) +t < jur(z) + ur(z) = 2up(z),
which implies iz (z) > [0.5,0.5]. This means that {U(z;1)|U(z;t) € AgF} = 0.
Therefore, the case @ =€ Aq in Definition 3.1 will be omitted.

Proposition 3.2.

(i) Ewvery interval valued (€ Vq, € Vq)-fuzzy subalgebraic hypersystem of H is
an interval valued (€, € Vq)-fuzzy subalgebraic hypersystem of H;

(ii) Ewvery interval valued (€, €)-fuzzy subalgebraic hypersystem of H is an in-
terval valued (€, € Vq)-fuzzy subalgebraic hypersystem of H.

The converse of Propositions 3.2 is not true. Consider Klein’s 4-group H =
{e,z,y, z}. Defined an interval valued fuzzy set F' of H by

fr(e) = [0.6,0.7], fr(z) =[0.7,0.8] and [r(y) = ir(z) = [0.4,0.5].

Then, F' is an interval valued (€, € Vq)-fuzzy subalgebraic hypersystem of H. We
note that F' is not an interval valued (o, 3)-fuzzy algebraic hypersystem of H,

where (o, 8) # (€,€), (¢.€ Vg), (€ Vg, € Vq).

Lemma 3.3.

(i) If A is a subalgebraic hypersystem of H, then the characteristic function X4
of A is an interval valued (€, €)-fuzzy subalgebraic hypersystem of H;

(ii) For any subset A of H, X 4 is an interval valued (€, € Vq)-fuzzy subalgebraic
hypersystem of H if and only if A is a subalggebraic hypersystem of H.

Now, we give the main result on a general interval valued («, §)-fuzzy sub-
algebraic hypersystem of algebraic hypersystems.

Theorem 3.4. Let F' be a non-zero interval valued (o, B)-fuzzy subalgebraic hyper-
system of H. Then the set U(F;[0,0]) ={z € H|ur(x) > [0,0]} is a subalgebraic
hypersystem of H.

Proof. Let z;€U(F}]0,0]), for all i=1,2,...,n, then pgp(z;)>[0,0], i=1,2,...,n.
Assume that pr(y) = [0,0], for some y € f(xy,z9,...,x,). If & € {€, € Vq}, then
Ul pip(x))aF, for some i = 1,2,...,n, but U(y;rmin{uz(21), ..., gr(2,)})BF,
for every 8 € {€,q,€ Vg, € Ag}, a contradiction. Note that U(z;;[1,1])gF
(1 =1,2,...,n), but, for all y € f(x1,29,...x,),U(y, rmin{[1, 1], [1,1],...[1,1]}) =
Ul(y;[1,1])BF for every B € {€,q,€ Vq,€ Aq}, this is a contradiction. Hence,
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for all y € f(x1,29,...,2,), ur(y) > [0,0], that is, y € U(F;[0,0]), and so
f(zq,x9,...,2,) CU(F;[0,0]). This completes the proof. .

Entropy and similarity measure of fuzzy sets are two important topics in
fuzzy set theory. Entropy of a fuzzy set describes the fuzziness degree of fuzzy
set. Many scholars have studied it from different points of view. We denote [IVFSs
for the sets of all interval valued («, §)-fuzzy subalgebraic hypersystems of H.

A real function E : IVFSs — [0,1] is called an entropy on IVFSs, if £
satisfies the following properties:

(1) E(A) =0 if and only if A is a crisp subalgebraic hypersystemn,
(2) E(A) =1 if and ouly if i3 (x) + 5 () = 1,

(3) E(A) < E(B) if A is less fuzzy than B,

(4) B(A) = E(A).

For M = {zy,...,z,}, we can give the following formulas to calculate the entropy
of interval valued («, 5)-fuzzy subalgebraic hypersystem A:

Fu(A) = 1= 3 [a(a) + i) — 1,

i=1

Ba(A) = 1= [ 3 (aa) + s ) — 12

A real function ¢; IVEFSs x IVFSs — [0,1] is called similarity measure of
interval valued (o, 3)-fuzzy subalgebraic hypersystems, if ¢ satisfies the following
properties:

(1) p(A, A°) =0 if A is a crisp subalgebraic hypersystem,

@)

(3) @(4, B) = o(B, A),

(4) if AC B C C, then p(A,C) < ¢(A, B) and ¢(A,C) < p(B,C).

9(A,B)=1< A= B,

Based on the point of view, then we have the following statement:

Theorem 3.5.

(i) @(A™, (AT)%) is entropy of interval valued (o, B)-fuzzy subalgebraic hyper-
system A;

(ii) Suppose ¢ be similarity measure of interval valued (o, B)-fuzzy subalgebraic
hypersystems and A € IV FSs, then p(A, A°) is entropy of interval valued
(o, B)-fuzzy subalgebraic hypersystem A.
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4. Interval valued (€, € Vq)-fuzzy subalgebraic hypersystems

In this section, we mainly discuss some fundamental aspects of interval valued
(€, € Vq)-fuzzy subalgebraic hypersystems of an algebraic hypersystem H. First,
we can extend the concept of fuzzy subalgebraic hypersystems to the concept of
interval valued fuzzy subalgebraic hypersystems in an algebraic hypersystem as
follows:

Definition 4.1. An interval valued fuzzy set F' of H is said to be an interval
valued fuzzy subalgebraic hypersystem of H, if for all z; € H (i = 1,2,...,n),

(HF3) rinf ) pr(y) > rmin{ e (zq), pr(xs), ..., wr(,)}-

Example 4.2. Consider Example 2.2 (ii). Define an interval valued fuzzy set F
by ur(l) = [1,1], prp(—1) = [0.5,0.6] and pr(i) = prp(—i) = [0,0]. Then F is an
interval valued fuzzy subalgebraic hypersystem of H.

Let F be an interval valued fuzzy set. For every t € [0, 1], the set U(F;t) =
{x € H|pp(z) >t} is called the interval valued level subset of F. Now, we charac-
terize interval valued fuzzy subalgebraic hypersystems by their level subalgebraic
hypersystems.

Theorem 4.3. An interval valued fuzzy set F' of H is an interval valued fuzzy
subalgebraic hypersystem of H if and only if for any [0,0] < ¢ < [1,1], U(F;t)(# 0)
1s a subalgebraic hypersystem of H.

Proof. For every x1,s,...,x, € U(F;t), we have rmin{jiz(z1), ..., fip(zn)} > 1,
and so rinf {11z (y)|y € f(x1, %2, ..., x,)} > t. Therefore, for every y € f(x1, s, ...2n),
we have y € U(F;1), so f(z1, T, ...,z,) C U(F;1).

Conversely, assume that for every [0,0] < ¢t < [1,1] , U(F;t)(# 0) is a sub-
algebraic hypersystem of H. For every x,xs,...,z, € H, we have up(z;) >
rmin{ig(z1), ..., g (x,)} = to. Then, z; € U(F;ty), for i = 1,2,....,n. So,
f(x1, @9, .. m,) C U(F;ty). Therefore, for every y € f(z1,s,...,%,), we have
1ir(y) > to implying

rinf{ur(y)|y € f(x1, 22, ..., x,)} > rmin{ F(x1), ..., F(x,)} >t .
Further, we define the following concept:

Definition 4.4. An interval valued fuzzy set F' of H is said to be an interval
valued (€, € Vq)-fuzzy subalgebraic hypersystem of H if for all ¢; € (0,1] and
v € Hii=1,2,....n),

(HF4) U(2y; t;)€F implies U (y; rmin{ty, ta, ..., t,})EVq F, for all y& f (1, 2, ...2).

Note that if F' is an interval valued fuzzy subalgebraic hypersystem of H accor-
ding to Definition 4.1, then F' is an interval valued (€, € Vq)-fuzzy subalgebraic
hypersystem of H according to Definition 4.4. But the converse is not true shown
by the following example:
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Example 4.5.
(i) Let H = {e,a,b} be an algebraic hypersystem defined by the following table:

o ‘ e a b

e | {et {a} {b}
a|{a} {eb} {a,b}
b | {b} {a,b} {e a}

Define an interval valued fuzzy set F' by pr(e) = [0.8,0.9], ur(a) = [0.7,0.8]
and pp(b) = [0.6,0.7]. Then it is easy to see that F'is an interval valued
(€, € Vq)-fuzzy subalgebraic hypersystem of H, but is not an interval valued
fuzzy subalgebraic hypersystem of H.

(ii) Consider Example 2.2 (ii), and define

—~

[0.4,0.5] < pup(i) = pr(—i) < pr(=1) = pe(l).

Then, F not only is an interval valued (€, € Vq)-fuzzy subalgebraic system
of H, but also is an interval valued fuzzy subalgebraic system of H.

(iii) Consider Example 2.2 (iii), define an interval valued fuzzy set F' by pr(z) =
[0.7,0.8], urp(y) = [0.5,0.6] and pr(z) = up(t) = [0.3,0.4], then F is an
interval valued (€, € Vq)-fuzzy subalgebraic system of H.

Theorem 4.6. An interval valued fuzzy set F' of H is an interval valued (€, € Vq)-
fuzzy subalgebraic hypersystem of H if and only if for all x; € H(i = 1,2,...,n),

(HF5)  rmin{pp(z1), pr(xs), ..., pr(x,), [0.5,0.5]} < , rinf wr(y).

€f(x1,22,..,%n)

Proof. Assume that F'is an interval valued (€, € Vq)-fuzzy subalgebraic hyper-
system of H. Let z; € H(i = 1,2, ...,n), we consider the following cases:

(1) rmin{pp(z1), pr(xs), ..., wr(zr,)} < [0.5,0.5],

(i) rmin{pr(z1), pr(z2), ..., wr(z,)} > [0.5,0.5].
Case (i): Assume that there exists y € f(x1, s, ..., 2,) such that
%(y) < rmin{ﬁ}(ajl), /E(IQL ] /E(xn)u [057 05]}7

which implies ur(y) < rmin{pg(x1), ..., wr(x,)}. Choose t such that

pr(y) <t <rmin{pp(zy), me(es), .. ip(zn)}.

Then, U(x;;t) € F, but U(y;t)€ VgF, which contradicts (HF4).
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Case (ii): Assume that pp(y) < [0.5,0.5] for some y € f(xy,x9,...,x,). Then,
U(z:;]0.5,0.5]) € F,i = 1,2,...,n. But U(y;[0.5,0.5])€ VgF, a contradiction.
Hence (HF5) holds.

Conversely, let U(z;;t;) € F(i = 1,2,...,n), then pp(x;) >t (i = 1,2,...,n).
For any y € f(x1, s, ..., z,), we have

rmin{ g (xy), wr(xs), ..., pr(z,), [0.5,0.5] }
rmin{ty, s, ..., t,, [0.5,0.5]}.

pr(y) =
>

If rmin{ﬂLgL...,tn} > [0.5,0.5], then up(y) > [0.5,0.5], which implies
pr(y) +rminfty, to, ..ot} > [1,1]. o

If rmm{tl,tg, ot} <[0.5,0.5], then up(y) > rmin{ty, to, ..., t,}. Therefore,
Uly;rmin{ty, ts,....t,}) € Vq F for all y € f(z1, s, ...,x,). This completes the
proof. .

Theorem 4.7. Let F' be an interval valued (€, € Vq)-fuzzy subalgebraic hypersys-
tem of H. Then for all [0,0] < t < [0.5,0.5], U(F;t) is an empty set or a subalge-
braic hypersystem of H. Conversely, if F' is an interval valued fuzzy set of H such
that U(F;t)(# 0) is a subalgebraic hypersystem of H for all [0,0] <t < [0.5,0.5],
then F' is an interval valued (€, € Vq)-fuzzy subalgebraic hypersystem of H.

Proof. Let F' be an interval valued (€,€ \/q)—Nfuzzy subalgebraic hypersystem of
H and [0,0] < t < [0.5,0.5]. Let x; € U(F;t),i = 1,2,...,n, then pp(z;) > t.
Now,

rmin{ g (xq), pr(xs), ...pur(x,),[0.5,0.5]}
rmin{z, [0.5,0.5]} =

rinf{1ir(y)|y € flz1,22,....20)} >
>

Therefore, for every y € f(x1, s, ..., Zn), we have g (y) > t, and so y € U(F;t),
which implies, f(x1,2s,...,2,) € U(F;t). Therefore U(F;t) is a subalgebraic
hypersystem of H.

Conversely, let F be an interval valued fuzzy set of H such that U(F;?)
(# ) is a subalgebraic hypersystem of H for all [0,0] < ¢ < [0.5,0.5]. For every
x; € H(i=1,2,...,n), we can write

pir (i) > rmin{ip (1), fip (22), - fip(2,), [0.5,0.5]} = to, i = 1,2,....m,

then z; € U(F;ty), and so f(x1,s,...,x,) 2 U(F;ty). Therefore, for every
y € f(x1,s,...0,), we have fip(y) > to, which implies ip(y) > to for all y €
f(zq,x9,...,2,). Therefore, F' is an interval valued (€, € Vq)-fuzzy subalgebraic
hypersystem of H. .

Naturally, a corresponding result should be considered when U (F f) is a sub-
algebraic hypersystem of H for all [0.5,0.5] < ¢ < [1,1].

Theorem 4.8. Let I be an interval valued fuzzy set of H. Then U(F;t)(#0) is
a subalgebraic hypersystem of H for all [0.5,0.5] <t < [1,1] if and only if
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(HF6) rmin{ﬁ}(xl)ﬁ}(@), oy ip () }
< rinf{rmax{ur(y),[0.5,0.5]}|y € f(x1,x2,...,xn)},
forallz; e H, i=1,2,...,n.

Proof. Assume that U(F';t) is a subalgebraic hypersystem of H. If there exist
x,y € Hi=1,2,...,n) with y € f(x1, s, ..., z,) such that

rmax{ur(y), [0.5,0.5]} < rmin{ur(z1), pr(z2), ..., pr(x,) } = ¢,

then [0.5,0.5] < ¢ < [1,1],up(y) < t,a; € U(F;t) (i = 1,2,...,n). Since x; €
U(F;t) and U(F't) is a subalgebraic hypersystem, so f(zy,zs,...z,) C U(F};1)
and pp(y) > tforally € f(x1, 2, ..., x,), which is a contradiction with ur(y) < t.

Therefore,

rmin{ pp(z1), pr(xs), ..., pr(r,)} < rmax{ur(y),[0.5,0.5]},

for all z;,y € H (i =1,2,...,n) with y € f(x1, 22, ..., x,), which implies,

rmin{ g (x1), pr(x2), ..., pp(r,) } <rvinf(rmax{ur(y), [0.5,0.5] }ye f(x1, xa, ..., 21)),

for all z; € H. Hence (HF6) holds. _
Conversely, assume that ([0.5,0.5],[1,1]] and x; € U(F;t) (i = 1,2,...,n).
Then,

[0.5,0.5] <t rmin{ g (xy), pr(xe), oy e (Tn) }

<
< rinf{rmax{ur(y),[0.5,0.5]}y € f(z1,za,...,2,)}.

It follows that, for every y € f(x1, Z2, ..., Tn),
[0.5,0.5] < t < rmax{ip(y), [0.5,0.5]},

and so t < jip(y), which implies y € U(F;t). Hence f(21,s,...,x,) C U(F;t),

that is, U(F';t) is a subalgebraic hypersystem of H. .

Let F be an interval valued fuzzy set of an algebraic hypersystem H and
J = {aja € (0,1] and U(F;[0.5,0.5]) is an empty set or a subalgebraic hyper-
system of H}. In particular, if J = (0, 1], then F' is an ordinary interval valued
fuzzy subalgebraic hypersystem of H (Theorem 4.3); if J = (0,0.5), F is an
interval valued (€, € Vq)-fuzzy subalgebraic hypersystem of H (Theorem 4.7).

In [25], Yuan et al. gave the definition of a fuzzy subgroup with thresholds
which is a generalization of Rosenfeld’s fuzzy subgroup, and Bhkat and Das’s
fuzzy subgroup. Based on [25], we can extend the concept of a fuzzy subgroup
with thresholds to the concept of fuzzy sublagebraic hypersystems with thresholds
in the following way:

Definition 4.9. Let s,t € [0,1] and 5 < ¢, then an interval valued fuzzy set F
of H is called an interval valued fuzzy subalgebraic hypersystem with thresholds
(s,t) of H if it satisfies:
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(HF7) rmin{ﬁ}(wl)ﬂ?(wg), o Jip (), T}
< inf{rmax{ur(y), s}y € f(x1, 22, ..., 25)},

forall z; € H, i =1,2,....n.

Remark. If F'is an interval valued fuzzy subalgebraic hypersystem with thresholds
of H, then we can conclude that F'is an ordinary interval valued fuzzy subalgebraic
hypersystem when 5 = [0, 0], = [1,1]; and F is an interval valued (€, € Vq)-fuzzy
subalgebraic hypersystem when 5 = [0,0],¢ = [0.5,0.5].

Now, we characterize interval valued fuzzy subalgebraic hypersystems with
thresholds by their level subalgebraic hypersystems.

Theorem 4.10. An interval valued fuzzy set F' of H is an interval valued fuzzy

subalgebraic hypersystem with thresholds (s,t) of H if and only if U(F;a) (# ()
is ,a subalgebraic hypersystem of H for all s < a <t.

Proof. Let F be an interval valued fuzzy subalgebraic hypersystem with thresh-
olds (3,t) of H and 5§ < & < t. Let x; € U(F; &), then pip(z;) > &,i=1,2,...,n.
Now _

rmin{pp(21), pr(22), . fip (Tn), t}

< rinf{rmax{pur(y),s}ty € f(x1,za,...,7,)}
> rmin{a,t} > a > 3.

So, for every o € f(x1, 9, ..., x,), we have rmax{ur(y),s} > & > 5, which implies
pr(y) > a, and so y € U(F;a). Hence f(xy,22,...,x,) C U(F;a). Therefore,
U(F;a) is a subalgebraic hypersystem of H for all & € (3, 1].

Conversely, let ' be an interval valued fuzzy set of H such that U(F;aq)
(# () is a subalgebraic hypersystem of H for all 3 < @ < t. If there exist
z (1 =1,2,...,n), y € H with y € f(z1,22,...,2,) such that rmax{ur(y),s} <
rmin{ g (x1), ..., pp(en),t} = @&, then & € (3,4, ur(y) < a@z; € U(F;a),
i=1,2,...,n. Since U(F'; @) is a subalgebraic hypersystem of H and x; € U(F; @)
for all y € f(x1,22,...,2,), so f(x1,29,....,2,) € U(F;a). Hence pur(y) > a,
for all y € f(x1,29,...,2,). This is a contradiction with pr(y) < a. There-
fore rmin{pp(z1), ..., ip (2,), 1} < rmax{pp(y),3}, for all z;,y € H with y €
f(zq,x9,...,2,). This proves that F' is an interval valued fuzzy subalgebraic hy-

persystem with thresholds (s,t) of H. .

5. Implication-Based interval valued fuzzy subalgebraic hypersystems

Fuzzy logic is an extension of set theoretic variables (or terms of the linguistic
variable truth). Some operators, like A, V, =, — in fuzzy logic are also defined by
using truth tables, the extension principle can be applied to derive definitions of
the operators.

In the fuzzy logic, truth value of fuzzy proposition P is denoted by [P]. In the
following, we display the fuzzy logical and corresponding set-theoretical notions:



GENERALIZED FUZZY ALGEBRAIC HYPERSYSTEMS 55

[z € A] = A(z);

[z ¢ Al =1 — A(x);

[P A Q] = min{[P], [Q]};
F-D vV Q] = max{[P], [Q]};

P — Q] =min{1,1 — [P] + [Q]};
VzP(x)] = inf[P(x)];
= P if and only if [P] = 1 for all valuations.

Of course, various implication operators have been defined. We only show a
selection of them in the next able, a denotes the degree of truth (or degree of
membership) of the premise, 5 the respective values for the consequence, and
the resulting degree of truth for the implication:

Name Definition of Implication Operators
Early Zadeh I, (e, ) = max{1l — o, min{ev, B} }
Lukasiewicz I(a,f) =min{l,1 — a+ 8}

1 ifa < B

Standard Star(Godel) I(a,B) = { 3 ifa>p

" _J1 ifa<p
Contraposition of Godel I 4(a, ) = { I —a ifa>8
) 1 ifa<lp
Gaines-Rescher I (o, B) = { 0 ifasf
Kleene-Dienes Iy(a, ) = max{l — «a, 5}

The “quality” of these implication operators could be evaluated either empirically
or axiomatically.

In the following definition, we considered the implication operators in the
Lukasiewicz system of continuous-valued logic.

Definition 5.1. An interval valued fuzzy set F' of H is called an interval valued
fuzzifying subalgebraic hypersystem of H if it satisfies, forall z; € H,i = 1,2, ..., n,

= [rinf{x; € F'} — [Vy € f(z1,22,...,20), y € F]].

Clearly, Definition 5.1 is equivalent to Definition 4.1. Therefore, an interval
valued fuzzifying subalgebraic hypersystem is an ordinary interval valued fuzzy
subalgebraic hypersystem.

Now, we introduce the concept of interval valued t-tautology, i.e.,

=7 P if and only if [P] > t for all valuations.

Based on [25], we can extend the concept of implication-based fuzzy subalgebraic
hypersystems in the following way:
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Definition 5.2. Let F' be an interval valued fuzzy set of H and ¢t € (0, 1] is a fixed
number. Then F' is called a t-implication-based interval valued fuzzy subalgebraic
hypersystem of H, if for all x; € H, 1 =1,2,...,n,

|:t~ [rinf{xi € F} — [vy S f('xlwr% "'an)7 Y S FH
Now, let I be an implication operator, then we have

Corollary 5.3. An interval valued fuzzy set F of H is a t-implication-based
interval valued fuzzy subalgebraic hypersystem of H if and only if, for all x; € H,
1=1,2,...,n,

I(rinf{pr(x;) }, rinf{pr(v)|y € f(z1, 22, ..., 2,)}) > 1.

Let F be an interval valued fuzzy set of H, then we have the following results:

Theorem 5.4.

(i) Let I = Iy, then F is an 0.5-implication-based fuzzy interval valued sub-
algebraic hypersystem of H if and only if F' is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (7 = [0,0],5 = [1,1]) of H;

(i) Let I = I,, then F is an 0.5-implication-based interval valued fuzzy sub-
algebraic hypersystem of H if and only if F' is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (¥ = [0,0],s = [0.5,0.5]) of H;

(iii) Let I = Iy, then F is an 0.5-implication-based interval valued fuzzy sub-
algebraic hypersystem of H if and only if F' is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (r = [0.5,0.5],5 = [1,1]) of H.
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Abstract. A set E in a Banach space X is called remotal if for each x € X, there exists
an e € E such that ||z — e|| = sup{||z —e]| : e € E}. If e is unique, E is called uniquely
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1. Introduction

Let X be any normed space and let F be a closed bounded subset of X. For
xr € X we define D(z, E) = sup{||z —¢|| : ¢ € E}. We say that F is remotal in X
if, for every x € X there exists e € F such that ||z —e|| = D(z, E). It is clear that
if X is finite dimensional then any closed bounded (compact) subset E is remotal.
In fact, it is proved in [8] that “Every closed bounded subset of the normed space
X is remotal if and only if X is finite dimensional”. Many questions regarding
remotality have been raised and some partial results are available, we refer the
reader to [3], [8] and [7].

For x € X, we shall denote by F'(x, E) the set of all e € E such that ||z —el| =
D(x,E). For aset E C X we denote the convex hull of E by [E], the closed convex

hull by [E] and the weak closed convex hull of E by Ew. For z,y € X we denote
the set {tx+ (1 —t)y:t € (0,1)} by L(z,y) and the set {tx+ (1 —t)y: t € [0,1]}
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by L[z,y]. For z € X and r > 0, S(z,r) = {y € X : ||y — z|| = r} and
B(z,r)={y € X : |ly—=z| <r}. Apoint e € E is called an extreme point of E if
whenever e € L[x,y] for some z,y € E we have e = x = y. The set of all extreme
points of F is denoted by Ext(F). Finally, for a closed bounded set £ C X we
denote the set {e € E : there exists x € X such that e € F(z, )} by F(E).

A strongly related concept is the proximinality concept; a set £ C X is said
to be proximinal if for each x € X there exists e € F such that ||z —e| =
inf{f|lz -yl : y € E}.

2. Basic results
The proof of the following Lemma can be found in [8].

Lemma 2.1 Let X be a Banach space, x € X and let E be a closed bounded
subset of X. Then D(x, E) = D(z, [E]).

A similar result for [E] is valid, namely we have the following result:

Lemma 2.2 Let E be a closed bounded subset of the Banach space X, then
D(z,E) = D(z,[E] ) for allz € X.

Proof. Since E C [E] we clearly have D(z, E) < D(z,[E] ). On the other
hand, let z € [E]" and let (z,) C [E] be such that z, — z, then ||z — z|| <
liminf ||z — 2,| < D(z,[E]). Since this is true for any z € [E] , we infer that
D(z,[E]") < D(x,[E]). But, by Lemma 2.1 we get that D(xz,[E] ) < D(z, E).
This completes the proof of the lemma. .

The proof of the following Lemma can be found in [3].

Lemma 2.3 Let x € X and suppose that D(x, E) is attained by a unique element
e € E, then e is an extreme point of E.

The proof of the following Corollary can be found in [8].

Corollary 2.4 Let FE be a closed bounded subset of the normed space X and let
x € X be such that F(z,E) # ¢. If e € F(x, E) is such that e € L(y, z) for some
y,z € B, theny,z € F(x, F).

The following proposition gives us more.

Proposition 2.5 Let E be a closed bounded convex subset of the normed space
X and let e € F(x,E) for some x € X. If e € L(y, z) for some y,z € E then
Ly, z] C F(z,E).

Proof. By Corollary 2.4 we know that y,z € F(z, E). So, let ¢/ € L(y, z) and
suppose that ¢’ # e. Let t,t € (0,1) be such that

(2.1) d=y+t(z—y)ande=y+t(z —y).
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We assert that ¢/ € F(z, E). For, we have three cases: either t =t or t < ¢’ or
t>t.
If t =t then e = ¢’ and we are done. If £ < ¢/, then (2.1) implies that

t
e:y—l—y(e’—y) = e e L(c,y).

But according to Corollary 2.4 we have ¢’ € F(x, E). As for the third case, if t >t/
then (2.1) implies
1-—-1¢
1 -7

e=z+ (¢ —2)=eecL(,2).
Again Corollary 2.4 gives ¢’ € F(x, E'). This completes the discussion of the three
cases and finishes the proof. .

Observe that the convexity condition in proposition 2.5 can be removed to
get the following Corollary.

Corollary 2.6 Let E be a closed bounded subset of the normed space X and let
e€ F(x,E) for somex € X. Ife € L(y, z) for somey,z € E, then L[y, z] N E C
F(z, E).

It is trivial to show that if e € F'(x, F) then e is a boundary point of £. This
observation together with Corollary 2.4 gives the following result.

Proposition 2.7 Let X be a normed space, x € X and E be a closed bounded
convex subset of X. If e € F(x, E) is such that e € L(xy,z3) for some z1,29 € E
then L[z, x5] C OF; the boundary of E.

Proposition 2.8 Let X be a normed space, x € X and let E be a closed bounded
subset of X. If e € F(x,E) thene € F(x+t(x —e), E) for allt > 0.

Proof. Denote x + t(x — €) by z and Observe that for any ¢’ € E we have

lz=€ll < [lz =€l +tlz—ell < |z —ell +tllz—el

= (I+t)lz—el=le+tlz—e)—ell =z—el.
This completes the proof. .

The following proposition gives us an equivalent condition that a point e € £
is a farthest point from other points of X. We leave the easy proof to the reader.

Proposition 2.9 Let E be a closed bounded subset of a normed space X and
let e € E. Then e € F(E) if and only if there exists o € X and r > 0 such
that e € S(xg,7) and E C B(xg,r). In this case we have e € F(xo, E) and
D(xo, E) =r.

Observe that Corollary 2.6 and propositions 2.7 and 2.9 give us a clear image of
farthest points.
The proof of the following proposition is left to the reader.
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Proposition 2.10 For x € X, a normed space, let

Ax:m{zEE:Hz—xHEHx—eH}.

eck

Then

i) F(z,E) = A,; including the case when they are both empty.

i) F(E) = Uy As.

3. Convexity results

Convex sets play an important rule in the subject specially when X is a reflexive
space. The following result gives us the relationship between remotality of the set
and of its convex hull. We remark that the result of the Proposition is known in
the literature, see [1].

Proposition 3.1 Let E be a closed bounded subset of the normed space X. Then
E is remotal if and only if [E] is remotal.

Proof. Suppose that E is remotal, then [E] is remotal by virtue of lemma 2.1.
For the converse suppose that [E] is remotal and let z € X and y € F(x, [E]).
If y € Etheny € F(z.E). If y ¢ E then there exist ay,...,a,, € (0,1) and
Y1,y Yn € E such that y = >, opys. But then

D(z,B) = lz—yll=1) arlz =yl <D aullz =yl
k=1 k=1

If ||z — yi|| < D(x, E) for any k then we would have D(z, E) < D(z, E). Thus,
|lx — yx|| = D(z, F) for all k = 1,...,n. This proves that y; € F(x, E). Since this
is valid for all z € X we infer that E is remotal. .

Since [E] is not necessarily closed even if E is closed, a natural question that
comes to mind is: Is it true that E is remotal if and only if [E] is remotal?
In [8], this question was answered affirmatively when X is a reflexive space. Un-
fortunately, we do not have an answer for the general case.

Uniquely remotal sets are of special interest because of their connection to
the geometry of Banach spaces. One conjecture concerning the problem is the

following.

Conjecture 3.2 Let X be a Banach space and let E be a closed bounded subset
of X. If E is uniquely remotal in X then E is a singleton.
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Many attempts were made to solve this conjecture and many partial results were
obtained. We refer the reader to [7] and [4] for some results.

The following two results discuss the relation between unique remotality of
the set and the convex hull of it. The importance of these two results is a natural
consequence of the easiness of studying convex sets rather than studying general
sets. For example, closed bounded convex sets are weakly compact in reflexive
spaces. In fact this observation was the key in proving that every closed bounded
convex set in a reflexive space is proximinal.

Proposition 3.3 Let E be a closed bounded subset of the Banach space X. Then
E is uniquely remotal if and only if [E] is uniquely remotal.

Proof. If [E] is uniquely remotal then trivially E' is uniquely remotal by virtue of
lemma 2.1 and proposition 3.1 and the fact that E' C [E]. For the converse, suppose
that E is uniquely remotal and let & € F(z, F) for given € X. Then surely [E]
is remotal and & € F(z,[E]). Let y € F(z,[FE]). We assert that y € F(z, E) and
this will finish the proof. If y € E then we are done. If y € [E]\ F then there exist
at, ..., o € (0,1) with the property that > " | a; = 1 and ey, ..., e, € E such that
y =y, ae;. Now,

Dz, E) = |z -yl =

n n
Zai(:ﬁ—ei) SZain—eiH.
i=1 i=1

We know that |z —e;|| < D(x, E) for each i. If for any ¢ we have ||x—e¢;|| < D(z, F)
then we would have D(x, E) = ||« — y|| < D(z, E') which is a contradiction. This
proves that e; € F(z, E),Vi. Since E is uniquely remotal we have e; = Z for all 1.
That is y = 2. This completes the proof. .

We remark that the result of this result in known in the literature, see [6].

Observe that this result says nothing about the relationship between unique
remotality of £ and of E, the closed convex hull of E! In the following result
we prove this relation but under the conditions that X is reflexive and that FE is

weakly closed.

Theorem 3.4 Let X be a reflexive Banach space and let E be a weakly closed

bounded subset of X. Then, E is uniquely remotal if, and only if [E]w 18 uniquely
remotal.

Proof. Suppose that [E]" is uniquely remotal and let 2 € X. We assert that
F(z,FE) is attained by a unique element & € E. Indeed, let = € Ew be the
unique element of [E]  such that D(z,[E] ) = ||z — &||. But according to lemma
2.3, 2 is an extreme point of Ew Since X is reflexive and F is weakly closed, we
infer that all extreme points of Ew are elements of F, see [5]. Hence & € E. By
lemma 2.2 we get & € F(z, E).

It is clear that F(z, E) is a singleton or otherwise F(x, [E] ) would have more
than one element which is a contradiction.
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For the converse, suppose that E is uniquely remotal and let x € X. Since
D(z,E) = D(z,[E]"), by Lemma 2.2, we have F(z,[E] ) # ¢. Let y € F(z, E)N
F(z,[E]") and note that this intersection is a singleton because E is uniquely
remotal. Let r denote D(z, E) and let § € F(z,[E] ). We assert that § = . If
7 is an extreme point of Ew then ¢ € E, hence y = y. Thus, it suffices to show
that g is an extreme point of Ew.

Let H be the hyperplane that supports S(z,r) at ¢ and let f € X* be such
that H = {w € X : f(w) = A} where A € IR. Without loss of generality, assume
that S(z,7) C {z € X : f(z) < A}. We assert that M := F(z,[E] )N H is a
weakly closed convex subset of X. Indeed, let (m,,) C M be such that m,, — m
weakly. We claim that m € M: Since f € X* and m, — m we infer that
f(myp) — f(m). But f(m,) = X\ because m,, € H. Hence f(m) =X and m € H.
Further, |m, — z|| = r, Vn. But since m, — m we have |m — z|| < r. If
|lm — z|| < r then we have a contradiction to the facts that H supports S(z, )
and m € H. Hence, ||[m — z|| = r. This completes the proof that m € M and
M is weakly closed. For convexity, suppose that wy,ws € M and let o € (0, 1)
and let w = aw; + (1 — a)wy. Since wy,wy € H we have f(w;) = f(wy) = A
and hence f(w) = X. That is w € H. Moreover, since w € (wy,wy) we have
necessarily w € F(z,[E] ) by virtue of Corollary 2.4. This proves our claim that
M is convex.

In fact, M is an extremal subset of F(z,[E] ). Indeed, if w € M is such
that w € (wy, w,) for some wy, wy € F(z,[E]" ) then wy, wy € S(x,r) and f(w) =
af(w)+ (1 —a)ws for some o € (0,1). But f(w) = X and f(w;) < Afori=1,2.
Hence f(wy) = f(wg) = A. That is, wy, ws € H hence they are in M. This proves
that M is extremal.

Now being weakly closed and bounded in a reflexive space, M is the closed
convex hull of its extreme points. But the extreme points of M (an extremal set)
are extreme points of Ew, hence of F because X is reflexive and E is weakly
closed.

So, if M contains more than one element then the set of extreme points of
M contains more than one element, say y; and ys. Then yy,y2 € E and yq,ys €
S(z,r). This contradicts the fact that E is uniquely remotal. This shows that M
is a singleton. In fact, M = {g}. Consequently, ¢ is an extreme point of M, hence
[E]"

of [E] . This completes the proof of the Theorem. .

Question: If E' is a closed bounded subset of the normed space X, is it true that

F is uniquely remotal if and only if [E] is uniquely remotal?

4. Further results

Definition 4.1 If F is a subset of the Banach space X, we say that E is sectio-
nally uniquely remotal (s.u.r.) if £ NY is uniquely remotal in Y for every finite
dimensional subspace ¥ C X. Here we use the convention that ¢ is uniquely
remotal in any space.
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Proposition 4.2 FE is s.u.r. if and only if E is a singleton.

Proof. If E is a singleton then the result is clear. For the converse, suppose
that £ NY is uniquely remotal in Y for every finite dimensional space ¥ C X.
Suppose n the way of contrary that F contains two elements, say e;,e; € F and
let Y = span{e;, es}. By assumption, ENY is uniquely remotal in Y. But ENY
is compact in Y, hence FNY is a singleton [4]. But ENY D {ey,e2} which is a
contradiction. This proves that £ must be a singleton. u

Proposition 4.3 If E C X is such that span(E) is finite dimensional and if E
1s uniquely remotal in X, then E is a singleton.

Closed bounded subsets E of Banach spaces need not be remotal, however ele-
ments x € X which attains their farthest distance from E always exist. In the
sequel, we give some criteria for elements x € X which attains their farthest
distance.

Definition 4.4 Let X be a Banach space and let £/ be a closed bounded subset of
X. If z € X, we say that E is x—compact if diam (E\B,(z)) — 0 as n — oc.
Here B,(z) ={y € X : |ly—z| < D(2,E) — L }.

Proposition 4.5 Let E be a closed bounded subset of a Banach space X. If E is
x—compact, for some x € X, then D(zx, E) is altained.

Proof. Let (e,) C E be such that ||z — e,|| — r := D(z, E). The sequence
(e,) can be selected so that ||z — e,|| 1 7. Let € > 0 and let N € IN be such that
diam (E\By(z)) < €. Such N exists because E is x—compact. Now let M € IN be
such that ||z — e,|| > 7 — %. Then for n,m > M we have e, — €,,|| < € because
en,em € E\By(z). This shows that (e,) is a Cauchy sequence is a Banach space
E. Hence e, — e € E and ||z — ¢|| = lim ||z — e,,|| = r. In other words, D(z, F)
is attained by e. u

Corollary 4.6 Let E be a closed bounded subset of a Banach space X. If E is
x—compact for every x € X, then E is remotal.

We should remark that the converse of this Corollary is not necessarily true. That
is, there are remotal sets which are not x—compact for some x € X. The unit
sphere provides a good and easy example on this observation. In fact, the unit
sphere in any any Banach space is remotal but is not 0—compact.

Proposition 4.7 If the closed bounded set E is x—compact for some x in the
Banach space X, then D(x, E) is attained by a unique element e € E.

Proof. Let x € X and suppose that E is x—compact. We know that D(x, F) is
attained by some e € E, see proposition 4.5. Suppose that D(x, E) is attained
by e and ¢’ and we are to show that e = ¢/. We now that ||z —¢| = ||z — €| >
D(z,E) — + for all N € IN. But this implies that diam (E\By(z)) > |le — €.
But since E is x—compact, diam (E\By(z)) — 0. This implies that |[e—¢|| =0
as claimed. u
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The converse of this proposition is not necessarily true as can be seen from
the following example: Let X = /2 and let

E:{E%T%}Uwﬁ.

It can be easily seen that E is not 0—compact. However, D(0, E) is attained by
the unique element 6; € E.

Definition 4.8 Let X be a Banach space, E be a closed bounded subset of X
and let z € X. We say that E is partially x—compact if there exists F' C E such
that D(z, F) = D(z, E) := r and such that F' is x—compact.

Theorem 4.9 The closed bounded set E is partially x—compact for some x in
the Banach space X if, and only if D(x, E) is attained.

Proof. Suppose that D(x, F) is attained by some element e € FE and take
F ={e}. Then D(z,E) = D(z, F) and, clearly, F' is x—compact. For the con-
verse, suppose that F is partially z—compact and let F' be as in Definition 4.8.
Then since F' is z—compact, D(z, F') is attained by some e € F C E. This
completes the proof. .
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1. Introduction

Hyperbolic Geometry appeared in the first half of the 19" century as an attempt
to understand Fuclid’s axiomatic basis of Geometry. It is also known as a type of
non-Euclidean Geometry, being in many respects similar to Euclidean Geometry.
Hyperbolic Geometry includes similar concepts as distance and angle. Both these
geometries have many results in common but many are different.

There are known many models for Hyperbolic Geometry, such as: Poincaré
disc model, Poincaré half-plane, Klein model, Einstein relativistic velocity model,
etc. The hyperbolic geometry is a non-euclidian geometry. Menelaus of Alexandria
was a Greek mathematician and astronomer, the first to recognize geodesics on a
curved surface as natural analogs of straight lines. Here, in this study, we present
a proof of Menelaus’s theorem in the Poincaré disc model of hyperbolic geometry.
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The well-known Menelaus theorem states that if [ is a line not through any vertex
of a triangle ABC' such that [ meets BC in D, CA in E, and AB in F, then
DB FEC FA
DC  EA_FB
interest. We just mention here few different proofs given by A. Johnson [2], N.A.
Court [3], C. Cosnita [4], A. Ungar [5]. F. Smarandache (1983) has generalized
the Theorem of Menelaus for any polygon with n > 4 sides as follows: If a line [
intersects the n-gon A;As...A, sidj\eis ﬁlAng A124A3, ey z?\r}d ;14”141 respectively in the
points My, Ms, ..., and M, then MiA; . MiAz MZAT =1 [6].

We begin with the recall of some basic geometric notions and properties in
the Poincaré disc. Let D denote the unit disc in the complex z-plane, i.e.

= 1 [1]. This result has a simple statement but it is of great

D={zeC:|z| <1}
The most general Mobius transformation of D is

eie ZO + z

10
=€ Z 4
1+7%2 (20 @ 2),

Z —r
which induces the Mobius addition & in D, allowing the Mobius transformation
of the disc to be viewed as a Mdbius left gyro-translation

20+ 2
14+ %z

Z2—20D 2=

followed by a rotation. Here # € R is a real number, 2,z € D, and Z; is the
complex conjugate of zy. Let Aut(D, @) be the automorphism group of the grupoid
(D, ®). If we define

a@b_ 1+ ab

gyr : D x D — Aut(D, ®), gyr|a,b] = T oo 1xab

then is true gyro-commutative law
a®b=gyr[a,b](b® a).

A gyro-vector space (G, @, ®) is a gyro-commutative gyro-group (G, ®) that
obeys the following axioms:

(1) gyr[u,v]a: gyrju,vlb =a-b for all points a,b,u,v €G.

(2) G admits a scalar multiplication, ®, possessing the following properties.
For all real numbers r,ry, 75 € R and all points a € G:
(Gl) 1®a=a
(G2) (m4+rm)Ra=rmEadrsa
(Gg) (7’17’2)@827"1@(7’2@8)
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Ir| ® a a
G4 —
) real = Tal
(G5) gyrlu,v](r®a)=r® gyrfu,vl]a

(G6) gyr[r®@v,rm @v| =1

(3) Real vector space structure (||G||, ®,®) for the set ||G]| of one-dimensional
"vectors”
Gl = {*la]]:ac G} CR

with vector addition @ and scalar multiplication ®, such that for all r € R
and a,b € G,

(G7) |lr@al =[] |al
(G8) [la@b| < [lafl @ bl

Theorem 1 (The law of gyrosines in M&bius gyrovector spaces). Let
ABC' be a gyrotriangle in a Mdbius gyrovector space (Vi, @, ®) with vertices
A, B,C €V, sidesa,b,c € V, and side gyrolengths a,b,c € (—s,s),a=oB®C,
b=60C®A c=0A®dB,a=|al,b=]|Db|, c=|c]|, and with gyroangles a, j3,
and v at the vertices A, B, and C. Then

Qry b, Cy

. - . - . 9
sinaw  sinf  sinvy

where v, = N ! — [7, p. 267].

52

Definition 2 The hyperbolic distance function in D is defined by the equation

d(a,b) = la S b =

a—2>b
1—ab|
Here, a ©b=a @ (=b), for a,b € D.

For further details we refer to the recent book of A.Ungar [5].

2. Main results

In this section, we prove the Menelaus’s theorem in the Poincaré disc model of
hyperbolic geometry.

Theorem 3 (The Menelaus’s Theorem for Hyperbolic Gyrotriangle).
If 1 is a gyroline not through any vertex of an gyrotriangle ABC' such that | meets
BC in D, CA in E, and AB in F, then
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Figure 1

Figure 2

Proof. In function of the position of the gyroline [ intersect internally a side of
ABC triangle and the other two externally (See Figure 1), or the line [ intersect
all three sides externally (See Figure 2).
If we consider the first case, the law of gyrosines (See Theorem 1), gives for
the gyrotriangles AEF, BF D, and CDE, respectively
(AE), sinAFE

1 - —_—
@ (AF)’Y sin AEF

(BF), sin FDB
(BD% sinﬁ’\B’

(CD), sin DEC
(CE )'y sin ﬁD\C’7
where sin AFE = sin D/F\B, sin EDC = sin F/D\B, and sin AEF = sin D/E\C, since
gyroangles AEF and DEC' are suplementary. Hence, by (1), (2) and (3), we have

n (AE), (BF), (CD), sinAFE sinFDB sinDEC ,
(AF>“/ (BD>7 (CE>7 sinA/E?' sinﬁ?\B sinfD\C

the conclusion follows. The second case is treated similar to the first. "
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Naturally, one may wonder whether the converse of the Menelaus theorem
exists.

Theorem 4 (Converse of Menelaus’s Theorem for Hyperbolic Gyro-
triangle). If D lies on the gyroline BC, E on CA, and F on AB such that

5 (AF), (BD), (CE), _
(BF), (CD), (AE),

then D, E, and F are collinear.

Proof. Relabelling if necessary, we may assume that the gyropoint D lies beyond
B on BC. If E lies between C' and A, then the gyroline ED cuts the gyroside
AB, at F' say. Applying Menelaus’s theorem to the gyrotriangle ABC' and the
gyroline £ — F' — D, we get

(AF), (BD), (CE),

o) (BF), (CD), (AB), "

(AF), _ (AF), . .
= . This equation holds for FF = F’.
(BF), _ (BFY),

Indeed, if we take x := |©A® F'| and ¢ := |©A @ BJ, then we get co x =
|©F" @ B|. For z € (—1,1) define

From (5) and (6), we get

x ) coOx
(M) f(x)zl—:pQ'l—(c@x)Q'
Because cOr = 10__;, then f(z) = c f(xl)(_lcj)cx) Since the following equality
holds
_ 2 _
) fo) — fy) = 0Ny

(e = )1 = cx)(c—y)(l - cy)

we get f(z) is an injective function and this implies F' = F’, so D, E, F are
collinear.

There are still two possible cases. The first is if we suppose that the gyropoint
F lies on the gyroside AB, then the gyrolines DF' cuts the gyrosegment AC' in
the gyropoint E’. The second possibility is that £ is not on the gyroside AC, E
lies beyond C. Then DFE cuts the gyroline AB in the gyropoint F’. In each case
a similar application of Menelaus gives the result. u

References

[1] HONSBERGER, R., Episodes in Nineteenth and Twentieth Century Euclidean
Geometry, Washington, DC: Math. Assoc. Amer., 1995, 147.

[2] JonNsoN, R.A., Advanced Euclidean Geometry, New York, Dover Publica-
tions, Inc., 1962, 147.



72 FLORENTIN SMARANDACHE, CATALIN BARBU

[3] Court, N.A., A Second Course in Plane Geometry for Colleges, New York,
Johnson Publishing Company, 1925, 122.

[4] CogNITA, C., Coordonnées Barycentriques, Paris, Librairie Vuibert, 1941, 7.

[5] UNGAR, A.A., Analytic Hyperbolic Geometry and Albert Einstein’s Special
Theory of Relativity, Hackensack, NJ:World Scientific Publishing Co.Pte.
Ltd., 2008, 565.

[6)] SMARANDACHE, F., Généralisation du Théoréme de Ménélaus, Rabat, Se-
minar for the selection and preparation of the Moroccan students for the
International Olympiad of Mathematics in Paris - France, 1983.

[7] UNGAR, A.A., Analytic Hyperbolic Geometry Mathematical Foundations and
Applications, Hackensack, NJ:World Scientific Publishing Co.Pte. Ltd., 2005.

[8] GOODMAN, S., Compass and straightedge in the Poincaré disk, American
Mathematical Monthly 108 (2001), 38-49.

9] COOLIDGE, J., The Elements of Non-FEuclidean Geometry, Oxford, Claren-
don Press, 1909.

[10] STAHL, S., The Poincaré half plane a gateway to modern geometry, Jones
and Barlett Publishers, Boston, 1993.

[11] BARrBU, C., Menelaus’s Theorem for Hyperbolic Quadrilaterals in The FEin-

stein Relativistic Velocity Model of Hyperbolic Geometry, Scientia Magna,
Vol. 6, No. 1, 2010, p. 19.

Accepted: 04.06.2010



ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 30—2013 (73—78) 73

ON THE FINITE GROUPS WITH AVERAGE LENGTH 3
OF CONJUGACY CLASSES!

Xianglin Du

School of Mathematics and Statistics
Chongqing Three Gorges University
Wanzhou, Chongqing, 404100

P.R. China

e-mail: duzianglin2003@yahoo.com.cn

Abstract. This article studies the problem of average length of conjugacy classes of
finite groups, and classifies all finite groups with the average length 3 of conjugacy
classes.

Keywords: finite groups, conjugacy class, conjugacy class number.
2000 Mathematics Subject Classification: 20D10, 20D60.

1. Introduction

Let G be a finite group, k(G) be the conjugacy number of G. Let u(G) =
|G|/k(G). By classes equation: |G| = ¢; + ¢2 + ... + ¢, where ¢; are length
of conjugacy classes of elements of G,i = 1,2,....k. In fact u(G) = |G|/k(G)
is average length of conjugacy classes of the finite group G. We know that con-
jugacy classes length can show some character of the group. Further more, the
average length of a group has strong restriction to the group. Shi ([1]) proved
that if Z(G) = 1, then pu(G) = 2 if and only if G/Z(G) = S;. Du ([2])
generalized this result that: if |Z(G)| is a odd, then p(G) = 2 if and only if
G/Z(G) = S3. Du and Qian ([3]) proved that if G’ % Zs, then pu(G) = 3
if and only if G/Z(G) = A4, Dis, Gis and for any z,y € G, [z,y] € Z*(G)
(where Gig = (a,b,c | a® = b® = ¢ = 1,ab = ba,ctac = a ',clbe =
b~1), Gig is a group of order 18, it contains six conjugacy classes, there are
{1}, {a,a?}, {b,b*}, {ab, a®b?*}, {ab? a®b}, {c, ca,ca?, cb, cb*, cab, ca®b, cab?, ca®V*})

This paper generalizes the results of [3], we will get rid of the condition of
G’ # Zg in paper [3] and have the same results as paper [3].

!Supported by Chongqing Education Committee (No:KJ091104).
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For the sake of convenience, let Gig = (a,b,c | a® = 1® = ¢ = 1, ab = ba,
ctac = a™, ¢lbe = b7Y), G* = G — {1}, k(G) be the number of conjugacy
classes of elements of G, a® be the conjugacy class containing a, Irr(G) be the
set of all irreducible characters of G, Irr*(G) be the set of nonlinear irreducible
characters of G. Let Xp be the character of P by X restricting on P, #% be the
induced character of G, where X € Irr(G), 6 € Irr(G). Throughout this paper, all
groups are finite.

2. Preliminaries
We need the following lemmas in this paper.
Lemma 2.1. [1]
(1) Let G be a finite nonAbelian group, then p(G) > 8/5.

(2) Let G = A x B, where A and B are finite groups. Then u(G) = p(A)u(B).

Lemma 2.2. [3] Let H be a subgroup of a finite group G. Then

(1) u(H) < w(G), and the equality holds if and only if for any X € Irr(G),
Xg € Irr(H), and H = G'.

(2) If H<QG, then w(G/H) < u(G). w(G/H) = u(G) if and only if H < Z(G),
and moreover, for any x,y € G, [x,y] ¢ H*.

Lemma 2.3. [4] Let G be a finite group. Then |G| = xc1,q) X2(1).
Lemma 2.4. Let G is a finite group. Then
(1) u(G) =2 if and only if G/Z(G) ~ Ss.

(2) Suppose G' # Zg. Then u(G) = 3 if and only if G/Z(G) = A4, Dis, Gis,
and for any x,y € G, [z,y] ¢ Z(G) — {1}.

Proof. See [3], Theorem 3.3.

3. Main theorem
Theorem 3.1. Suppose that G is a finite group, if u(G) = 3, then G’ % Zs.

Proof. If G' = Zs = Zy x Z3, then Zy < Z(G). Since G' = Zg, G is solvable.
Let G = HL, where H is a {2,3}-Hall subgroup, L is a {2,3}-Hall subgroup. It
is easy to see that H <t G and L is an Abelian group. Moreover, we prove that
L<Z(G).
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Let @ € Sly3(G) and let Z3 = QNG’ = (u), then (u) char G'<G. So (u) <G.

Firstly, we prove that L = Cf(u) <G. Because (u) <G, we have C(u) <G.
By n-c theorem, L/C(u) < Aut({u)) = Zs, it follows that Cp(u) = L since L is
a {2,3}-group.

Secondly, we prove that L < Z(G).

For any element a € L, g € G, Since a™*a? € G' = Z, x (u), we have a? = ab,
where b € Z x (u). Since Zy < Z(G) and L = Cp(u), we have ab = ba. If b # 1,
then a9 is a {2, 3}'- element, and the order of ab can be divided by 2 or 3, this is
a contradiction. So b =1, a? = a, and L < Z(G) follows.

Therefore, G = H x L. By Lemma 2.1, we have u(G) = u(H)u(L) = p(H).

In the following proof, we only consider G = H = PQ, where P € Syly(G),
Q € Syl3(G), clearly, Q@ < G. Let |G| = 2™.3™. We will complete the proof of
Theorem 3.1 in four steps.

Step 1. (u) £ Z(G).

Proof. Because G' = Zy x Z3, we have P’ = Z, = (z) < Z(G). If (u) < Z(G),
for any a € P, g € G, g taga™ € G' = Zy x (u). Tt implies that g~lag = axy,
where x € Zs, y € (u) and zy € Z(G). Since (u) is a subgroup of order 3, we have
g 'a*g = (ax)® € P. P is Sylow-2 subgroup of G implies that g~'ag € P. So
P <G, and G = P x @. In this case P and @ are not Abelian since G' = Zy X Z3.
Furthermore, we have P’ = Z5, Q' = Z3. Now we compute k(Q), the number
of conjugacy classes of Q. Since |Q/Q'| = 3™ ! we have k(Q) > 3™ L. Let
k(Q) = k, clearly, for any a € Q, |a®] = 1, or 3, and the number of conjugacy
classes of elements with length 1 of @ is |Z(Q)|. Therefore,

3" = [Q| = 2(Q)] + 3(k = [2(Q)]) = 3k — 2|2(Q)]

So we can conclude that u(Q) = |Q|/k = 3 — 2|Z(Q)|/k. Since |Z(Q)| < 3m2
and k > |Q/Q'| = 3™, we have

Q) =1Q|/k >3—-23m"2/3"1 =3-2/3>2.
We know from Lemma 2.1 (1) that u(P) > 8/5, therefore

3=u(G) =uP xQ)=puP).u(@Q) > pu(P)>(8/5).2=16/5> 3,
a contradiction.

Step 2. @ is an Abelian subgroup.

Proof. We have know that (u) < G, so for any g € G, w9 = v’ € (u), i = 1,2.
It follows that |G : Cg(u)| = |u®] = 2. Let Cg(u) = P,Q, where |P : P| = 2,
which implies that P, < P. Let P = (a, P;). For any x € P, y € @, we have
rl2v € QNG = (u). Thus ¥ = u'. If i # 0, then the left is an elements of
order 2 and the right is an element of order 6. Therefore, i = 0 and zy = yx.
That means that Cg(u) = PQ = P, X Q. Since P = (a, P;) and a ¢ Cg(u),
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la%| = 3, or 6. Therefore 31| |Cq(a)|. Let Q; is a Sylow-3 subgroup of Cg(a),
then |Q : Q1| = 3. We prove @ is an Abelian subgroup. For any z, y € Q1,
vy =u' € QNG < (u). i # 0 means that u € Q; < Cg(a), and a € Cg(u)
follows, it is a contradiction. So ¢ = 0, that is zy = yx. Therefore @, is an
Abelian. Clearly, u € Z(Q). So Q = (u, @), and @ is an Abelian subgroup.

Step 3. G = (P(u)) x Q.

Proof. Since Q; < Cg(a) and P,Q = P, x Q, Q1 < Cg(P). Therefore, Q1 < G.
Clearly, Q1N (u) = 1,80 Q = (u) x Q1 and Q1 <Z(G). Therefore G = (P(u)) x Q1.

Step 4. The finial contradiction.

Proof. By Step 3, G = (P{u)) x Q1, by Lemma 2.1, u(G) = u(P(u)).u(Q1) =
u(P{u)). So in the following proof, we can think G = P(u). Because (u) is an
abelian normal subgroup of G, for any X € Irr(G), we have X(1) | |G : (u)| =
(See [4].)
Remember that
7= (2) < Z(G).

Now, we compute the number of irreducible characters of G.

The irreducible characters of G = G/Z, may be identified as irreducible
characters of G. For any X € Irr(G), if z € kerX, then X € Irr(G/Z,). Therefore,
Irr(G) = Irr(G/Zy)U{X € Irr(G) | z ¢ kerX}. It X(1) = 1, since z € G', X(2) = 1
and z € kerX, it follows that X € Irr(G/Z;). So for any X € Irr(G), if z ¢ kerX,
then X(1) > 1.

Let G = G/Zy, A = P,Q, then A is an Abelian normal subgroup of GG. Hence
X(1) |G : Al = |P : P| = 2 ([4]). Therefore any X € Irr(G), X(1) = 1, or 2.
Thus

2" 13 = |G| = |G/G| + |Irr*(G)].2%.

Since |G/G'| = |P| = 2"71, it is easy to see that
|Irr*(G)| = 2" 2.

Therefore G has exactly 271 +2"~2 = 3.2"~2 irreducible characters. We know that
G has exactly |G|/3 = 2" irreducible characters, therefore G has 2" —3.2""2 = 2n~2
other irreducible characters X with z ¢ kerX.

Let X € Irr(G) with z ¢ kerX, p be the irreducible C-representation affor-
ding X.

Since P' = Zy = (2) < Z(G), for a ¢ Z(P), there exists g € P such that
a¥ = az. z € Z(G) implies that p(z) = wl, where I is an unit matrix with X(1)
degree, w is a root of unity. So

X(a)=trp(a)=trp(a?)=trp(az) =tr(p(z)p(a))=tr(wp(a))=wX(a).

z ¢ kerX implies that w # 1. Therefore X(a) = 0.
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We restrict X in subgroup P. Then we have

() (G0p = = 3 X(a@)X(a) = !Z<P&l>‘< (1)

Hence
X2(1) = |PI/|Z(P)|(X,X)p.

Since P is non-Abelian,
|P: Z(P)|=2""° >4,

where |Z(P)| = 2°. If (X,X)p > 1, then X(1) > 2% If X(1) = 2, then (X,X)p =1
and X € Irr(P).
If any X € Irr(G) with z ¢ kerX, X(1) > 2% Then we have

32" =G| =|G/Z|+ Y X*(1) =32 42022
z¢kerX

Thus 3.2"7! > 8.2"71 a contradiction.

Therefore there exists at least one X € Irr(G) with z ¢ kerX, X(1) = 2.

Now we prove, for any X € Irr(G) with z ¢ kerX, X(1) =2 or X(1) = 4. Let
0 € Irr(G) with 0(1) = 2, z ¢ kerf, we have known that 6 € Irr(P), and by (*),
|P: Z(P)| =4. Also by (*), for any 6 € Irr*(P), we have 6(1) = 2.

Since |P|/|Z(P)| = 4, by (*) for any X € Irr(G) with X(1) > 2, z ¢ kerX,
we have (X,X)p > 1. Restricting X on subgroup P, let Xp = ni6; + ... + n0;,
where 6; € Irr(P). Then there is a 6;(1) = 2 since z ¢ kerX. Let it be 6 = 0,
by Frobenius Reciprocity theorem, the induced character 0 = niX + ..., +m;X;.
We know that (1) = |G : P|f;(1) = 3.2 = 6, X(1) > 2 and X(1) is power of 2,
therefore the only possible is X(1) = 4.

Suppose that there exists ny irreducible characters X € Irr(G) with X(1) = 2,
z ¢ kerX, ny irreducible characters X € Irr(G) with X(1) = 4, z ¢ kerX, then
ny + ne = 2772, Therefore we have

32" =G| =|G/Z| + > X*(1)=32""
z¢kerX

+ ) (1) =327 40y 22 4 mp 2t
2¢kerX

From here we have 273 = 3.n,. It is a final contradiction.

Theorem 3.2. Suppose that G is a finite group, Then u(G) = 3 if and only if
G/Z(G) = Ay, Dis, Gis, and for any x,y € G, [z,y] & Z*(G).

Proof. By Theorem 3.1, G’ % Zs. So by Lemma 2.4(2), the Theorem is true.
The proof is completed.
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Abstract. We first introduce the concepts of (A, p)-fuzzy subhyperlattices and (A, p)-
fuzzy ideals. Secondly, we list some equivalent conditions of them. Lastly, we prove
that the Cartesian product of two (A, p)-fuzzy subhyperlattices is still a (A, p)-fuzzy
subhyperlattice. This paper can be seen as a generalization of [1].
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1. Introduction and preliminaries

The concept of fuzzy sets was first introduced by Zadeh [18] in 1965. The theory of
fuzzy sets has been developed fast and has many applications in many branches
of sciences. In mathematics, the study of fuzzy algebraic structures was first
initiated by pioneer paper of Rosenfeld[11]. He first studied the fuzzy subgroup
of a group and since then, many researchers have been engaged in extending the
concepts and results of abstract algebra based on fuzzy sets.

Hyperstructure theory was first introduced in 1934 by Marty at the 8th
Congress of Scandinavian Mathematicians (see [10]). Later on, hyperstructures
have been developed in both pure and applied sciences. A comprehensive review
of the theory of hyperstructures can be found in [2, 3]. Hyperstructures are gene-
ralizations of classic structures. For example, hypergroup [2] is a generalization of
group, hyperlattice[9] and superlattice[6] are generalizations of lattice and so on.

Fuzzy hyperstructures have been introduced rather recently. Corsini and To-
fan studied fuzzy hypergroups in [4], Hasankhani and Zahedi studied fuzzy hyper-
rings in [8], Serafimidis, Konstantinidou and Kehagias studied fuzzy hyperlattices
in [12] and so on.

IPart of the results of this paper was presented at the 5th Conference on Fuzzy Information
and Engineering, Huludao, P.R. China, 23-27 September, 2010.
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Recently, Yuan [17] introduced the concept of fuzzy subgroup with thresholds.
A fuzzy subgroup with thresholds A and p is also called a (A, p)-fuzzy subgroup.
Yao continued to research (A, p)-fuzzy normal subgroups, (A, p)-fuzzy quotient
subgroups and (A, p)-fuzzy subrings in [14, 15, 16]. Ali and Ray discussed the
product of fuzzy sublattices in [1].

In this paper, we introduced the concept of fuzzy hyperlattice with thresholds.

Let us recall some definitions and notions.

By a fuzzy subset of a nonempty set X we mean a mapping from X to the unit
interval [0, 1]. If A is a fuzzy subset of X, then we denote A, = {z € X|A(z) > a}
for all o € [0, 1].

A partial hypergroupoid < H;* > is a nonempty set H with a function from
H x H to the set of subsets of H, i.e.,

s HxH — P(H)
(x,y) — xxy.

A hypergroupoid is a nonempty set H, endowed with a hyperoperation, that
is a function from H x H to the set of nonempty subsets of H.

If A,B € P(H) — {0}, then we define Ax B = U{a xbla € A, b € B},
x+xB={x}*xBand Axy=A=x{y}.

Definition 1.1 ([5],[7]) Let H be a nonempty set , U: H x H — P*(H) be a
hyperoperation, where P(H) is the power set of H and P*(H) = P(H)— {0} and
A : H x H — H be an operation. Then (H, LU, A) is called a hyperlattice if for all
a,b,ce H:

(1) acala, a=aAa

(2) aUb=bUa,aNb=bAaq

(3) (aub)Uec=al(bUc),(anb)ANc=aAN (bAc);

(4)a€(aUb)Na,a€ (aNdb)Ua;

B)bealbsa=aNbs a<b.

The readers can consult [2],[13] to learn more about hyperstructures and
fuzzy sets.
Throughout this paper, we will always assume that 0 < A\ < pu < 1.

2. (A, p)-fuzzy subhyperlattices

Throughout this section H always denotes a hyperlattice. The meet, hyper-
join and partial order of H, will be denoted as A, U, and <, respectively.

Definition 2.1 A fuzzy subset A of a hyperlattice H is said to be a (A, u)-fuzzy
subhyperlattice of H if Va,b € H,

A@AB) VA > (A(a) AAD) A g

and
inf A(t) VA > (A(a) A AD)) A p.

teallb
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Remark 2.2 From the previous definition, we know that a fuzzy subhyperlattice
is a (0, 1)-fuzzy subhyperlattice.

Theorem 2.3 Let A be a fuzzy subset of H. Then the following are equivalent:
(1) A is a (N, p)-fuzzy subhyperlattice of H;
(2) Aq is a subhyperlattice of H, for any o € (X, p], where A, # 0.

Proof. 1. (1) = (2). Let A be a (A, p)-fuzzy subhyperlattice of H. For any
a € (A, u], such that A, # 0, we need to show that z Ay € A, and z Uy C A,,
for all z,y € A,.

From z € A, we know that A(z) > a. And similarly we obtain that A(y) > a.
Thus A(z Ay) VA > (A(x) NA(y)) Ap > a A p = a. Note that A < a and so
TAY € A,

From A(x) > o and A(y) > a we know that tgpléy A(t) VA > (A(z) NA(y)) A

1> aAp=caand A < o, we conclude that tin|£ A(t) > . So A(t) > « for any
cxly

texUy. ThuszUy C A,.

2. (2) = (1). If there exist xg,yo € H such that A(zg Ayo) VA < a =
(A(xo) AN A(yo)) A, then av € (A, ], A(zo) A A(yo) > . So xg € A, and yg € A,.
But A(xg A yo) < a, that is zg A yo &€ A,. This is a contradiction with that A,
is a subhyperlattice of H. Thus A(z Ay) VA > (A(z) V A(y)) A 1 holds for all
x,y € H.

Again, if there exist zg,y9 € H such that inf A(t) VA < a = (A(z) A

texolyo
A(yo)) A i, then o € (A, ], A(zo) A A(yo) > a. So zp € A, and yo € A,. But
inf A(t) < a, that is A(t) < « for some t € xg U yo. So o Uyg € A,. This

texoUyo

is a contradiction with that A, is a subhyperlattice of H. Thus tinlf At)V A >
cxlly

(A(x) A A(y)) A g holds for all z,y € H. .

3. (A, p)-fuzzy ideals

Definition 3.1 Let (H,U,A) be a hyperlattice. A nonempty subset [ of H is
called an ideal of H if for all a,b € H,

a,bel=alUbC I

and
aceHbel=aNnbe

Proposition 3.2 Suppose I is a subset of a hyperlattice H, then the following
are equivalent for all a,b € H,

()ae Hbel=aNnbel;

(2)ael andb<a=bel.

Proof. (1) = (2). If b < a, then b = a A b. From (1) we know that a Ab € I.
Andsobe [.

(2) = (1). FromaAb<be I and (2) we know that a Ab € I. .
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Definition 3.3 A fuzzy subset A of a hyperlattice H is a (\, p)-fuzzy ideal of H
if for all a,b € H,
Ala Nb)V A > (A(a) V A(b)) A

and

i >

tg:fle(t) VA > (A(a) ANA(D)) A p.
Proposition 3.4 Suppose A is a fuzzy subset of a hyperlattice H, then the fol-
lowing are equivalent for all a,b € H,

(1) A(lanb) V> (Ala) V AD)) A u;

(2) a<b= Ala)VA>AD) Au
Proof. (1) = (2). If @ < b, then a Ab = a. Thus A(a) VA = A(aAb) VA >
(Ala) vV A(b)) A = A(D) A p.

(2) = (1). From a Ab < a we know that A(a Ab) VX > A(a) A p and
from a A b < b we conclude that A(a Ab) VA > A(b) A p. Thus A(aAb) VA >
(Ala) A ) V (A(B) A ) = (Ala) V A(B)) A p.

Hence, we complete the proof. n

Theorem 3.5 Let A be a (A, pu)-fuzzy subhyperlattice of H. Then the following
are equivalent:

(1) A is a (N, pu)-fuzzy ideal of H;

(2) Aq is an ideal of H, for any « € (\, ], where A, # 0.

Proof. (1) = (2). Let A be a (A, u)-fuzzy ideal of H. For any a € (A, pl, such
that A, # (0, we need to show that xt Ay € A, , for all z € A, and y € H.

From A(x) > a we obtain that A(z Ay) VA > (A(z) V A(y)) A u > . Note
that A\ < a, we conclude that A(x Ay) > a. Sox Ay € A,.

(2) = (1). If there exist xg,yo € H such that A(zg Ayo) VA < a = (A(xg) V
A(yo)) A p, then a € (A p], A(xo) V A(yo) > . So g € A, or yo € A,. But
A(zo A yo) < v, that is g A yo € A,. This is a contradiction with that A, is an
ideal of H. Thus A(z Ay) VA > (A(x) V A(y)) A p holds for all z,y € H.

The proof is ended. .
Example 3.6 Let H = {0, a,b, 1} and deﬁne Ll and A as following

AlOlalbl|1l U b 1

0]0/0[0]0 0 {o} {a} oy {0

al|0la|0|a a|{a} | {0,a}| {1} | {b,1}

b|O[0O|b|b b |{b}| {1} |{0,b}|{a,1}

1{0ja|b|1l 1 {1} | {b1} |{a,1}| H
Then (H,LU, A,0,1) is a bounded distributive hyperlattice (see Example 1.8

of [9]).
Consider the following fuzzy subset of H, defined by

H| 0 a b 1
A11.0]/02(10.3]0.2
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Then A is a (0.2, 1.0)-fuzzy ideal of H. Also A is a (A, 1.0)-fuzzy ideal of H,
where 0 < X\ <0.2.

We give the definition of (A, )-fuzzy prime ideal as following.

Definition 3.7 A proper (A, p)-fuzzy ideal of H is called a (A, p)-fuzzy prime
ideal, if for all a,b € H,

(A(a) V A(b)) VA > A(a Ab) A p.

Example 3.8 Consider the bounded distributive hyperlattice H of the previous
example, and consider the following fuzzy subsets of H defined by

H| 0 a b 1
A10.2510.16|0.25|0.16

Then A is a (0.16,0.25)-fuzzy prime ideal of H.

Theorem 3.9 Let A be a (A, pu)-fuzzy subhyperlattice of H. Then the following
are equivalent:

(1) A is a (N, pu)-fuzzy prime ideal of H;

(2) A, is a prime ideal of H, for any a € (A, p], where A, is a proper ideal
of H.

Proof. (1) = (2). Let A be a (\, p)-fuzzy prime ideal of H. For any a € (A, ],
such that A, is a proper ideal of H, we need to show that t Ay € A, =z € A,
ory € A,. From z Ay € A, we obtain that A(x Ay) > a. So (A(z) V A(y)) VA >
A(x ANy) A > a A= a. Note that A < a, we conclude that A(x) vV A(y) > a.
Thus x € A, ory € A,.

(2) = (1). If there exist xg, yo € H such that (A(zo)VA(yo)) VA < a = A(zgA
Yo) A, then av € (A, p], A(zo Ayo) > a. So xg Ayo € An. But A(zo) V A(yo) < «,
that is zo € A, and yg € A,. This is a contradiction with that A, is a prime ideal
of H. Thus (A(z) V A(y)) VA > A(x Ay) A p holds for all z,y € H.

The proof is ended. n

4. Cartesian product of (), u)-fuzzy subhyperlattices

Let Hy and Hs; be two hyperlattices. The Cartesian product of H; and Hs is
defined by Hy x Hy = {(z,y)|x € Hy,y € Hs}.
For (a,b), (c,d) € Hy x Hy, we define

@ <en={ =5
(a,b) A (¢,d) = (a Nec,bAd)
and
(a,b) U (¢, d) = Uy catictsebua(ts, t2)
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Proposition 4.1 Let Hy and Hy be two hyperlattices. Then (Hy x Hy, U, A) is a
hyperlattice.

Proof. For all (a,b), (c,d), (e, f) € H; x Hy, we have

(1) From (a,b) U (a,b) = Ut catiatsebn(ti, t2), a € alla and b € b b we know
that (a,b) € (a,b) U (a,b).

It is obvious that (a,b) A (a,b) = (a Aa,bAb) = (a,b).

(2)

(a, b) L (C, d) = Utleauc,tgebud(tla t2> UtlECLIa tQEdUb(t]-? t2) (C d) (CL, b)
(a,b) A (¢,d) = (aNe,bANd) = (cANa,dNb) = (c,d) A (a,b).
((a

(3) ( ’ b)|_|(C, d))|—|<67 f) Ut1€auc ta€bld (tla 2)|—|(€a ) Ut1€ allc)Ue to€(bUd)Uf (tb t2)
= Ut eali(clie) taebli(duy) (th t2) ( ) L ((C, d ( ))
) pu—

L
(DA D) (o) = @AcbrD A e = (@A neBADA =
(aA(cAe)bAWAS)) = (a,b) Al(e,d) A e, f)):

(4) ((CL, b) U (C’ d)) A (av b) = (Utleauc,tzebud<tlat2)) A (CL, b) = Ut1€auc,t2€bud(t1 A
a,ta AD) = Uy e(atie)natacuann(ti, t2) 2 (a,b).

((a,b) A (c,d)) U (a,b) = (a Aec,bAd)U (a,b) = Upe(ane)uatacadun(ts, ta)
> (a,b).

a€calc
(5) (a,b) € (a,b) U (c,d) < (a,b) € Utleauc,tgebud(t17t2> < { bebld }

{ ZZZ/A\Z }@(Cad)=(a,b)A(c,d).

(c,d)Z(a,b)/\(Qd)‘:*{ 22222 }(:){ ccl

Theorem 4.2 Let A be a (A, u)-fuzzy subhyperlattice of the hyperlattice Hy and
B be a (A, p)-fuzzy subhyperlattice of the hyperlattice Hy. Then A X B is a (A, p)-
fuzzy subhyperlattice of the hyperlattice Hy x Hs, where

Cb‘ }@(c,d) <(a,b). =

IA IA

(A x B)(z,y) = A(xz) A Bly), V(z,y) € H x Hs.

Proof. Let (a,b), (c,d) € Hy x Hy. Then

(A x B){(a,b) A (c,d)} V A (Ax B)(aNe,bAd)V A
{A(aANc)NB(OANA)} VA
{A(anc) VA}AN{B(bAd)V A}
{(Aa) A A(c)) Ay A{(B(b) A B(d)) A i}
{A(a) NAle) N B(b) AB(d)} A
[A(a) A B(b) A A(c) A B(d)} A p
[(A4 x B)(a,b) A (A x B)(c,d)} A

v

and
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(tG(a,b)u(c,d)

inf

MxBWOvA

(t1 Ealle,to€blid

(t1 Ealle,toeblid

t1€alle,to€blid

inf

inf

inf

85

(Amehm)vA

(Al A B} ) v

{(A(t) VA A (B(t2) V A}

> {(A(a) A A() A} A {(B(b) A B(d)) A i}
= {A(a) N A(c) ANB(b) ANB(d)} A

= {A(a) NB(L)ANA(c) ANB(d)} A

= {(Ax B)(a,b) N(Ax B)(c,d)} N

Hence A x B is a (A, p)-fuzzy subhyperlattice of the hyperlattice H; x Ho. n

The following example shows that the product of two (A, u)-fuzzy ideals is

not necessarily a (A, p)-fuzzy ideal.

Example 4.3 Let H = {a,b,c,d,e}. U and A are given by the following tables

olalo|lse >

S QU RS o

DI O ||

OR[N0

SHESHESHESH S RSN
DR[O [ DD

L

a

b

Cc

d

e

{a, e}

{a,e}

{a, e}

{a; e}

{a,e}

{a,e}

b

{a,e}

b

{a,e}

{a,e}

c

C

{a,e}

{a,e}

{a,¢}
b

d

{a,e}

QIO |

{a,¢}

{a,e}

{a

C
e}

{a,e}

{a,e}

It is easy to verify that H is a hyperlattice.
Consider the following fuzzy set A and B of H, respectively.

H

a

b

C

d

e

A

0.2

0.2

0.9

0.4

0.2

H

a

b

C

d

e

B

0.4

0.4

0.8

0.8

0.4

Clearly, A and B are (0, 1)-fuzzy ideals of H. For (b,¢), (c¢,d) € H x H, we have

and

Therefore

On the other hand, we have

(A x B){(b,c) A (c,d)} VO = (Ax B)(bAc,cAd)(Ax B)(d,d)V

(A x B)(b,c) = A(b) A B(c) = 0.2

(A x B)(c,d) = A(c) N B(d) = 0.8.

{(Ax B)(b,c) V(A x B)(c,d)} Al =0.8.

0=04.

Thus (A x B){(b,¢) A(¢,d)} VO # {(Ax B)(b,c)V(Ax B)(c,d)} A1. Hence
A x Bis not a (0, 1)-fuzzy ideal of H x H.
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Abstract. The paper presents necessary and sufficient condition on the number of
parity-check digits required for the existence of a linear code capable of correcting
errors in the form of 2-repeated low-density bursts occurring within a sub-block. An
illustration of a code of length 24 correcting all 2-repeated low-density bursts of length
3 or less with weight 2 or less occurring within a sub-block of length 12 has also been
provided.

Keywords: error locating codes, error correction, burst errors, repeated burst errors,
low-density repeated burst errors.
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1. Introduction

In the theory of error control coding, codes have been developed to detect, correct
and/or to locate various kinds of errors. Amongst these, burst errors have played
a dominant role and have been studied extensively by many authors. Most of
the earlier studies in this direction have been made with respect to the following
definition of a burst:

Definition 1. A burst of length b is a vector whose all non-zero components are
among some b consecutive components, the first and the last of which is non-zero.

LCorresponding author.
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Depending upon the type of channel used during the process of transmission
the nature of burst errors differ. It has been observed that in very busy commu-
nication channels, errors repeat themselves. Recently, repeated bursts have been
introduced and studied by Berardi, Dass and Verma [1]. An m-repeated burst of
length b is defined as follows:

Definition 2. An m-repeated burst of length b is a vector of length n whose only
non-zero components are confined to m distinct sets of b consecutive components,
the first and the last component of each set being non-zero.

Certain situations like lightening or other disturbances which induce burst
errors usually operate in a way that over a given length some digits are received
correctly whereas others are corrupted. Such situations led to the development of
codes dealing with errors that are bursts of length b or less with weight w or less
(w < b), known as low-density bursts (refer Wyner [14]). A study of low-density
burst error detecting and correcting linear codes has been made by Sharma and
Dass [12] and Dass [2]. Different situations demanded the development of codes
which correct those errors that are repeated low-density burst errors of length b
or less with weight w or less. A study of such codes was initiated by Dass and
Verma [6]. A 2-repeated low-density burst of length b with weight w (w < b) is
defined as follows:

Definition 3. A 2-repeated low-density burst of length b with weight w is a vector
of length n whose only non-zero components are confined to two distinct sets of b
consecutive components, the first and the last component of each set being non-
zero, with w (w < b) non-zero components within each set of such b consecutive
components.

For example, (01023000132400) is a 2-repeated low-density burst of length 4
with weight 3 over GF(5).

Wolf and Elspas [13] introduced the coding technique called error-locating
codes (EL Codes). The concept of error location coding lies midway between er-
ror detection and error correction. Error location technique provides an attractive
alternative to the conventional error detection in decision feedback communica-
tions. Wolf and Elspas [13] obtained results in the form of bounds over the number
of parity-check digits required for binary codes capable of detecting and locating
a single sub-block containing random errors. Further, Dass [3], [4] studied codes
locating burst errors and low-density burst errors. In our earlier papers [7], [9] the
authors have obtained bounds for codes locating 2-repeated burst errors and 2-
repeated low-density burst errors occurring within a single sub-block. This paper
extends the study further to the correction of 2-repeated low-density burst errors
occurring within a sub-block. The development of codes correcting repeated low-
density burst errors within a sub-block economizes in the number of parity-check
digits in comparison to the usual low-density burst error locating codes.

In this paper lower and upper bounds on the number of parity check digits
required for the existence of such a code are obtained. The paper concludes with
an illustration of such a code. Throughout the paper, we consider a block of n
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digits, consisting of r check digits and k = n — r information digits, subdivided
into s mutually exclusive sub-blocks, each sub-block contains ¢ = n/s digits.

2. Bounds for linear codes correcting 2-repeated low-density bursts

An (n, k) linear EL code over GF(q) capable of detecting and locating a single
sub-block containing 2-repeated low-density burst of length b or less with weight
w or less must satisfy the following two conditions:

(i) The syndrome resulting from the occurrence of any 2-repeated low-density
burst of length b or less with weight w or less within any one sub-block must
be non-zero.

(ii) The syndrome resulting from the occurrence of any 2-repeated low-density
burst of length b or less with weight w or less within a single sub-block
must be distinct from the syndrome resulting likewise from any 2-repeated
low-density burst of length b or less with weight w or less within any other
sub-block.

Further, an (n, k) linear code over GF'(q) capable of correcting an error requires
the syndromes of any two vectors to be distinct irrespective of whether they belong
to the same sub-block or to different sub-blocks. So, in order to correct 2-repeated
low-density bursts of length b or less with weight w or less lying within a sub-block
the following conditions need to be satisfied:

(iii) The syndrome resulting from the occurrence of any 2-repeated low-density
burst of length b or less with weight w or less within a single sub-block
must be distinct from the syndrome resulting from any other 2-repeated
low-density burst of length b or less with weight w or less within the same
sub-block.

(iv) The syndrome resulting from the occurrence of any 2-repeated low-density
burst of length b or less with weight w or less within a single sub-block
must be distinct from the syndrome resulting likewise from any 2-repeated
low-density burst of length b or less with weight w or less within any other
sub-block.

Remark 1. We observe that condition (iv) is the same as condition (ii). Also,
for computational purposes condition (i) is taken care of by condition (iii). So we
need to consider conditions (iii) and (iv) or equivalently conditions (ii) and (iii)
for correction of the said type of errors.

We first obtain a lower bound over the number of parity check digits required for
such a code.
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Theorem 1. The number of check digits r required for an (n, k) linear code over
GF(q), subdivided into s sub-blocks of length t each, that corrects 2-repeated low-
density bursts of length b or less with weight w or less lying within a single cor-
rupted sub-block is bounded from below by

t—2b+-2
2

(@-Dit+a-n)¢

t—2b+1 —1,min(w,b—
+( ) )[H(q—l)](“’ ot

t—b—w+1 ' t—b+1 '
4 Z [1 + (q . 1)](tfsz+1,w) + Z qtzb+1>

i=t—2b+2 i=t—b—w+2

SNG4 [0 e

=0 74,r5,76 i=t—2b+3 ki1=0 7T4,75,76 5

r> logq{1+8 )(q—l){lJr(q—l)](b_l’w_l)

(g — 1)7~4+T5+7’6+2
+ (t ) ?Jr 1) (q = D[L+ (g — 1)~ HomnGu=to=)

+[1 + (q _ 1)](b—1,min(2w,b—1)) - 1] }’

where 0 < ry <w—1,1<r5 <2w—2,0<rg <w—2,r4+7r5 > w, ra+r5+rg < 2w—2.

Proof. Let V be an (n, k) linear code over GF(q) that corrects 2-repeated low-
density bursts of length b or less with weight w or less within a single corrupted
sub-block. The maximum number of distinct syndromes available using r check
digits is ¢". The proof proceeds by first counting the number of syndromes that
are required to be distinct by the two conditions and then setting this number
less than or equal to ¢".

Since the code is capable of correcting all errors which are 2-repeated low-
density bursts of length b or less with weight w or less within any single sub-block,
the syndrome produced by a 2-repeated low-density burst of length b or less with
weight w or less in a given sub-block must be distinct from any such syndrome
likewise resulting from another 2-repeated low-density burst of length b or less
with weight w or less in the same sub-block(refer to condition (iii)). Moreover,
syndromes produced by 2-repeated low-density bursts of length b or less with
weight w or less in different sub-blocks must also be distinct by condition (iv).
Thus, the syndromes of vectors which are 2-repeated low-density bursts of length
b or less with weight w or less, whether in the same sub-block or in different
sub-blocks, must be distinct. Since there are

(g — D1+ (¢ — 1)]-Lw=b ((t—22b+2) (g — D1+ (g — 1)]C-tw=D

t_Qb—i—l —1,min(w,b—
+< | )[H(q—l)}(“’ (b=t
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t—b—w+1 t—b+1
+ Z [1+(q_1)](zt—i—b+1,w)+ Z qt—i—b-',-l)

i=t—2b+2 i=t—b—w+2
t—i—b

R (G PP vSp ol v o) [ )] (el [ B3]

k1=074,r5,76 i=t—2b+3 k1=0 r4,r5,76

(q . 1)T4+T5+7’6+2
t—b+1 sw,mi
+( 1+')@—1mﬂwq—nW””““”4#”)

+[1 + (q . 1)](b71,min(2w,b71)) -1

2-repeated low-density burst of length b or less with weight w or less within one
sub-block of length ¢ excluding the vector of all zeros [5], where 0 < ry < w — 1,
1<r; <20w—-2,0<rg<w—2,1r4+1r5 >w, ry+7r5+1rs < 2w — 2, and as there
are s sub-blocks in all, we must have at least

t—2b+2

1
+ s 9

(0= 11+ (g - Dj

(t—2b+1
+ 1

)(q —D[1+ (¢ — 1)](b—1,w_1)

>[1 + (q . 1)](b—1,min(w,b—l))

t—b—w+1 t—b+1
+ Z [1+(q_1)](t7i7b+1,w)+ Z qtib+1)

1=t—2b+2 i=t—b—w+2

(L z s 2 2 2000

=074,r5,T6 i=t—2b+3 k1=0 r4,7r5,76

.(q . 1)T4+7'5+7'6+2
tF—b+1 qw,mi
+( 1 . ) (g = DL+ (g — 1)) tromnGe1=D)

+[1 + (q . 1)](b—1,min(2w,b—1)) . 1]

where 0 < ry K w—-1,1 <15 <2w—2,0<1rs <w-—2,ry+1r5 > w,
ry + 15 + 16 < 2w — 2, distinct syndromes including the all zeros syndrome.
Therefore, we must have

(g—D[1+ (¢— 1)](b—1,w—1) ((t — 22b + 2> (=11 +(g— 1)](b71,w71)

>[1 + (q - 1)](b71,min(w,b71))

t—b—w+1 t—b+1
+ Z [1+(q—1)](t—i—b+1,w)+ Z qt—i—b+1)

1=t—2b+42 i=t—b—w+2
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— t—i—b

(IEE-EEDIOCC)

k1=074,r5,16 i=t—2b+3 k1=0 74,75,76

.(q o 1)7‘4+7'5+"'6+2
t—b+1 wani
+( 1 ' ) (g = DL+ (g — 1)) teomnGemiml)

+[1 + (q _ 1)](b—1,min(2w,b—1)) _ 1]

Taking logarithm on both the sides we get the result as stated in (1). n

Remark 2. By taking s = 1 the bound obtained in (1) reduces to

log, ((q —1)[1+ (¢ — 1)](6—1711)—1) ((t — 226 + 2) (=Dl +(g— 1)](b—l,w—1)

(t—2b+1
+

1 -1 (b—1,min(w,b—1))
M TR

t—b—w+1 t—b+1
+ Z [1+(q_1)](t—i—b+1,w)+ Z qt—i—b—i-l)

i=t—2b+2 i=t—b—w+2
— t—i—b

R (G D o5 SES0 i 3 oB [ Gy [

k1=07r4,r5,16 i=t—2b+3 k1=0 7r4,75,76

(q . 1)7‘4+7’5+T6+2
t—b+1 jw,mi
+( L )<q ~ D[L+ (g — D] tminEetob)

+[1 + (q _ 1)](b—1,min(2w,b—1)) _ 1)
which coincides with the result for correction of 2-repeated low-density bursts
obtained by Dass and Verma [5].

Remark 3. For w = b the bound obtained in (1) reduces to

q2b—2{q+(q—1)2(t_226+2) +(q_1)(t—21b+ 1)} _1]}.

which coincides with the lower bound on the number of parity check digits required
for the blockwise correction of 2-repeated bursts [8].

logq{l +s

Several other particular cases by fixing up the parameters may also be deduced
which would result into known results obtained earlier by various authors.

In the following result, we derive another bound on the number of check digits
required for the existence of such a code. The proof is based on the technique
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used to establish Varshamov-Gilbert-Sacks bound by constructing a parity check
matrix for such a code (refer Sacks [11], also Theorem 4.7, Peterson and Weldon
[10]). This technique not only ensures the existence of such a code but also gives
a method for the construction of the code.

Theorem 2. An (n,k) linear code over GF(q) capable of correcting 2-repeated
low-density burst of length b or less with weight w or less or less occurring within
a single sub-block of length t (4b < t) can always be constructed using r check
digits, where r is the smallest integer satisfying the inequality

¢ > {[H(q—l)]“’ b

03 3 e (1 e L

ki=17r1,12,13

Sl 1 G 1 G

k1=1r4,r5,76,r7,r8

_ {\ratrs+re+rr+rs+l _bw
X (C] 1) T1t—3b42

Bl S 61 [ [ [y

ki=179,m10,---,

. ( h ) (b - f;- 1) IR
N G I

k1=1716,7175--,
7’16+7’17+7’18+7"19+7'20+1
X (¢—1)

b—Fki—1\ [k b—k1—1 ra1rasr bw
+Z Z ( ) ) ) _1)2+22+23+1ﬂ.1t _—

k1=17r21,r22,723

b—1
b—k‘l—l kfl b— kl r24+725+726 W
EE (L e
k1,1 724,725,726
) )(b—]ﬁ—l)(lﬁ)(b—]ﬁ_l)
T30 31

b—Fk —1
oy (TR
kl - 1) _ 1)r32+7”33+7"34+1

ki=1r27,r28,...,
7’27+7’28+T29+7"30+7"31+1
X (q - 1)

B e

k1=11732,r33,T34

b—1
—1;w,2w— baw b,w
T T (2w -y,
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b—Jy— 1\ (ki (b~ ki —1 e e
+Z Z ( 1 )( 1)( 1 > _1)30+36+37+17T117t -

k1 1 735,736,737

S IR0

k1=11r38,r39,...,
7"38+T’59+7‘40+7‘41+7’42+1
X (q - 1)

+ Z 3 (b —ky — 1) (kl) (b — k1 — 1> (g — 1)rastraatrastl

T T
k1=11743,744,745 44 45

b—1
—1;2w,3w— b,w w—1_bw
b = Dt (P Y- ety

N Z 3 <b — k1 — 1) (/ﬁ) <b — k1 — 1) (g — 1ywtrartrat

T T
k1=1r46,r47,748 47 48

+ [1 + <q o 1)](b—l;3w,min(4w—l,b—l))}

+ { ([1 + (g =D (g = Dt —b—w+1)+1)

b 2w—1

+(g—12 > (t—b—i+ L+ (¢— 1)) 2}+ > (b_.l) (¢—1)
i=w—+1 i=w
b—k—1 k b—k—1 Ty +rytry+l
DI G (G TG
< (s 1)- <<q ol -0 (TR g i - e
n (t - 21b + 1) 1+ (g — 1)]¢-tmin(wo=1) 4 szlfﬂ[l + (g — 1))t

t—b+1
+ Z qt—z—b—i-l)

i=t—b—w-+2
t—i—b

(G Dop Sp ol wip o) [ )] Gt 43

k1=07v)rlrk  i=t—2b+3 k1=0 v/ rkr}

. (q — 1)T4+7'5+7"6+2

t_b+1 —1Lw,min(2w—1,b—
(T - D1 g - e

+ {1 + (q . 1)](b71,min(2w,b71)) . 1) },
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where 0 < rp <w—2,1<1r <2w—-2,0<r3 <w-—-1, ro+r3 > w,
ri+ro+r3 <2w—-2,0<ry <w—-2,1<r; <2w—-2,0<r; <2w-3,
0<rm {2w—-2,0<rg<2w—2,2<rs+1r<2w—2, w<ry+7rg <2w—2,
20 <rg+reg+rr+rs <3Ww—2, 20w <ry+r5+... +rg <3w—2; 0< g <w—2,
1 <rpp<2w—2,0<r1 <2w—-3,0<rp, <2w—-2,0<r3 < 2w-—2,
0<ru<2w—2,0<r; <2w—2,2 <ryp+rn <2w—2,2 <rp+rg < 2w—2,
w S T14+7T15 S 2w—2, 2w S T12+7r13+7r14+715 S 371)—2, 3w S riot+riit...+7rs S
qw—2,3w <rg+rig+...+r5 <4dw—2;,1<rg<2w—-2,0<r; <2w-—2,
0§r18§2w—2,0§r19§2w—2,O§r20§2w—2,2§r17+7‘18§2w—2,
w < g+ ryg < 2w—2, 2w < ri7 + g + r9 1o < 3’LU—2, 3w —1 <
rigt+rirt.. . +ro <4dw—2;1<ry C2w—3,0<ro <2w—2,0 <193 <2w—2,
UJS’/’QQ‘FTQ:;SQU)—Q, 2w—l§r21+r22—|—7‘23§3w—3;w§r24§2w—2,
0<1ryp <2w—2,0 <1y <2wW—2, w < ro5+ry < 2W—2, Tog+To5+7T26 = 3W—2;
0§r27§w—2, 1 Sng §3w—2,0§r29 §3w—3,0§7“30 S 2’[1)—2,
0 <131 2wWw—2, w+2 < rgg+199 < 3w —2, w < 130+ 7131 < 20 — 2,
3w < rog + 199+ 130+ 131 < 4w — 2, 3w < ror Frog + ...+ 3 < 4w — 25
Ww+1<ryp <3w—2,0<r33<2w—2,0<rg3y <2w—2, w <rzg3+ry < 2w—2,
3w —1 S T39 + T'33 + T34 S 411)—2,' 0 S T35 S w—2, 1 S T'sg S 3w—2,
0 <rgr <3w—3, 136 + 737 = 2w, r35 + 136 + 7137 < 3w—2;,0< 1z <w-—2,
1 §T39 §2w—2,0§r40 §2w—3, O§7"41 §3w—2, 0§7"42 §3’LU—2,
2 <r39+140 S2W—2, 2w <1y 740 < 3W—2, 3w < r3g+ry+ra+re <4w—2,
3w < rgg+1r39+ ...+ 1 < 4dw —2;1 < ry3 <2w—2,0<ry < 3w-—2,
0§7’45§3w—2, 2w§7’44—|—7“45§3w—2, 3w—1§7“43+7"44+7"45§4w—2;
0 <ryg Sw—2,1 <1y dw-—2,0 < rgg < 3w —1, my7 + 148 > 3w,
r46+7‘47+r48§4w—2;

0<7r] <w-2,1<r),<2w-2,0<7r; <w-—1,ry+r; >w, ri+ri+r, <2w—-2;
0<ry<w-1,1<r, <2w—-2,0<7ri <w—=2,7r)+r; >w, ri+ri+rg < 2w—2
and Wfﬁ% denotes the number of m-repeated low-density bursts of length b or less
with weight w or less (w < b) in a vector of length n, [1 4+ z]™") denotes the
incomplete binomial expansion of (1 + x)™ upto the term x" in ascending powers
of x and [1+xz]™"2) denotes the incomplete binomial expansion of (14+z)™ from
the term x™ to the term x" (r; < rs).

Proof. We shall prove the result by constructing an appropriate (n—k) x n parity
check matrix H for the desired code. Suppose that the columns of the first s — 1
sub-blocks of H and the first 7 — 1 columns hy, hg, -+, hj_; of the st" sub-block
have been appropriately added. We lay down conditions to add the j™ column h;
to the s sub-block as follows:

Since the code is to correct 2-repeated low-density bursts of length b or less
with weight w or less within a single sub-block, therefore, by condition (iii), the
syndrome of any 2-repeated low-density burst in any sub-block must be different
from the syndrome resulting from any other such burst within the same sub-
block. Therefore the j™ column h; can be added provided that h; is not a linear
combination of w — 1 or fewer columns from the immediately preceding b — 1 or
fewer columns of H together with any w or fewer columns chosen from three sets
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of b or fewer consecutive columns each amongst the first 7 — 1 columns. In other
words,

h; # (onh; + aohipr + -+ + Qw1 Pigw—2)
+(Brhiy + Bahiyr1 + -+ Buwhiyw-1)
+(nhiy, +y2his + o+ Yehiprw1)
+(01his + 02hizy1 + -+ + dwhigrw—1),

(3)

where «;, f;,7; and §; € GF(q) and the h; are any w — 1 or less columns amongst
hj—ps1,+- ,hj—1 and hy, hy, and h,, are any w or less columns each from three
sets of b or less consecutive columns amongst all the preceding j — 1 columns.

The number of linear combinations corresponding to the right hand side of
(3) is (refer Dass and Verma [5])

— 1. w— bw
L+ (g =D tetagy,

b—kl—l k?1 b_kl_1 ri+ro+tr W
(R (O e e,

ki=17r1,r2,r3

O (TR

k1=174,75,76,77,78

_ 1\ratrstretrrtrs+1,_buw
X (q 1) T15—3b+2

I G [0 G [

ki1=179,r10,---,

% (kl) (b — kl - 1) (q _ 1)7~9+r10+...+1“15+1
14 15
b—k1—1> <k1) (b—k1—1> <k1) (b—k1—1>
_|_
(4) Z Z ( 16 ri7 18 19 20

ki=1716,717,---,
7“1o+7“17+r18+1”19+1”20+1
X (q - 1)

b—ky — 1 b—k1—1 v rae b
+Z Z ( )( ) ) -y +3+1”Ify 3b+2

kl 1 721,722,723

b—Fk —1 b— kl roa+ros+r w
+ Z Z ( > ( ) > _ 1) 24+T25+ 26+17T117J -

k1=11724,725,726

b—k1—1)< )(b—k1—1)<kz1>(b—k1—1>
+
];—1 roT 7‘;,..‘,7‘31 ( r TSO T31
X (q _ 1)T27+7‘28+r29+7‘30+r31+1

N Z 3 (b — k- 1) ( ) b— ’ﬁ - 1) e

k1=1r732,r33,r34
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b—1
—1lw,2w— b,w w—1,_bw
+ 1+ (q— 1)](1) 1w,2 2)7T2,j72b+1 + (Qw B 1) (q — 1)2 17T27] ,

£ )

k1 1 735,736,737

o
Er e e

k1=11r38,r39,.

—hki—1 _ 1)7”55+T56+7”57+17.‘.bw
1,j—2b+1

% (C] _ 1)T38+1”39+7“40+7’41+7“42+1

N Z 3 <b — ki — 1) (kl) <b — ki — 1) (g — 1)ritrasrist

T T
k1=1743,744,745 44 45

—1;2w,3w— w b—1 w— w
+ [1+(q—1)](b 1;2w,3 2)7r’1’j o1 T <3w )(q 1)3 17T112] ,

N Z 3 (b — ki — 1) (kl) (b — ki — 1) (g — 1)t

T T
k1=1 746,747,748 AT 48

+ [1 + (q _ 1)](b—1;3w,min(4w—1,b—1))

where conditions on ry - - - ryg are as stated in (2).

Further, by condition (iv), h; can be added to the s sub-block provided
thath; is not a linear combination of w or fewer columns out of the immediately
preceding b — 1 or fewer columns together with w or fewer columns out of one set
of b or fewer consecutive columns from amongst the first j — 1 columns together
with linear combinations of w or fewer columns out of any two sets of b or fewer
consecutive columns each within any other sub-block, i.e.,

h.

j arh; + ahhigy + - 4 &yt hirw-2)

# (
+  (Brhi, + Byhiy1 + -+ Bihi,)

+ (Ml +Plp1 + -+ Vol tw-1)
+ (01 hpy + 05hpyi1 + -+ O Ry 1),

where o, 81,71, 0; € GF(q), not all 4/, 6 zero and h; are any w—1 columns amongst
hj_py1, hj—pyo, -+, hj—1 and h;ls are any w columns from a set of b consecutive
columns from the previously chosen j — 1 columns of s sub-block and both h,,’s

and h,,’s are sets of w columns from any b consecutive columns each from any
other sub-block.

The number of ways in which the coefficients o, and 3} can be chosen is |2, 6]
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([1 + (g =) (- DG —b—w+ )+ 1)+

IRV DECET I PRI PR ) B Ol G [P

i=w+1 i=w

b—k—1\ [k b—k—1 .
T (N0 e e)
k,lrlrlrl /r.2 T?)

where conditions on 7,75, 7% are as stated in (2).

Also, the number of linear combinations corresponding to the last two terms
on the right hand side of (5) is the same as the number of 2-repeated low-density
bursts of length b or less with weight w or less within a sub-block of length ¢,
excluding the vector of all zeros and this number in a sub-block of length ¢, is [5]

s IRV IETE

)[1 + <q . 1)}(b71,min(w,b71))

(0= 1l + (- D)

<t—2b+1
+ 1

t—b—w—+1 t—b+1
+ Z [1+(q_1)](t—i—b+l,w)+ Z qt—i—b+1)

i=t—2b+2 itbw+2

(6) t—ib

R(Gu D>P osp ol v o) [ )] G [ 83}

=0174,75,T6 i=t—2b+3 k1=0 r4,7r5,76

(g — Lyrerretrers
t—b+1 wni
+< 1+ ) (g = DL+ (g — 1)) temmnemtimt)

+[1 + (q o 1)](b—1,min(2w,b—1)) . 1’

where conditions on 7, L, g are as stated in (2).
Since there are s — 1 previously chosen sub-blocks, therefore number of such
linear combinations becomes

(7) (s — 1) - expr(6).

Thus, according to condition (iv), the number of linear combinations to which h;
can not be equal to is the product computed in expr (5) and expr (7). i.e.

(8) expr(5) - expr(7).

Thus, for blockwise correction of 2-repeated low-density burst errors, the total
number of linear combinations that h; can not be equal to is the sum of linear
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combinations in (4) and (8). At worst, all these combinations might yield a
distinct sum. Therefore, h; can be added to the st" sub- block of H provided that

q" > expr(4) + expr.

For completing the s sub-block to length ¢, replacing j by t gives the result as
stated in (2). -

Remark 4. By taking s = 1 in (2), the bound obtained in (2)coincides with the
condition for existence of a code correcting 2-repeated low-density bursts of length
b or less with weight w or less [5].

Remark 5. For w = b the bound in (2) reduces to the upper bound on the
number of parity-check digits for the existence of a code correcting 2-repeated
bursts of length b or less occurring within a sub-block [8].

We conclude this section with an example.

Example 1. Consider a (24, 10) binary code with a 14 x 24 parity-check matrix
H given by

(100000000000
010000000000
001000000000
000100000000
000010000000
000001000000
000000100000
000000010000
000000001000
000000000100
000000000010
000000000001
000000000000

1000000000000

00100000000 0]
001000000000
001000000010
000000011001
000001101100
000010100100
000010101001
001100100100
000111001011
000101011010
000101111100
000110010011
100011011101
010011110010,

This matrix has been constructed by the synthesis procedure outlined in the proof
of Theorem 2 by taking b = 3, w = 2, s = 2, t = 12 over GF(2). It has been
verified though MS Excel program that the syndromes of all distinct 2-repeated
bursts of length 3 or less with weight 2 or less whether in the same sub-block or in
different sub-blocks are different, thereby ensuring that the code that is the null
space of this matrix corrects all 2-repeated bursts of length 3 or less with weight
2 or less occurring within a sub-block. It should be noted that this code may not
correct 2-repeated bursts of length 3 or less which are not 2-repeated low-density
bursts of length 3 or less and weight 2 or less, e.g. the code does not correct
the error (000000011111 000000000000) as its syndrome is the same as that of
(000000000000 000100000000).
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1. Introduction and notations

We define the generalized hypergeometric series 4 Fp [6] with A numerator and B
denominator parameters by

m

(aa)
(bm)

m L

(1.1) aFg(aq); (bp)iz] =)

m=0

where (a4) = a1, a9,...,a4 ;b; #0,—-1,-2,..; (j = 1,2,..,B) and (a), denotes
the Pochhammmer symbol given by

—, x€(C,
m m!

(a)o=1 and (a), =ala+1)...(a+n—-1), (n=1,2,3,..).
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A generating function for hyper-Bessel function J,, ,,(z) due to Pathan [3,
p. 40-41, Eq. (2.1)] is recalled here in the following form:

1 mn
(1.2) exp{x(y—irs—l—t—ﬁ)}: Z Jmnp(T P,

m,n,p=—00

where

xm—&-n—&-p
I'm+1DI(n+1)I(p+1)

Motivated by the aforementioned work of Pathan [3], we aim here at presen-
ting a new general theorem on multidimensional generating relations with essen-
tially arbitrary coefficients. Many earlier (known) results given by [3], [4], [7] and
[8] are shown to be special cases of our main result.

For convenience, a few conventions and some notations are introduced here:

(1.3) Jm,n,p(x) =

ks [——;m+1,n+1,p+1;—x4].

(1) Boldface letters (p,) and (ks) denote vectors of dimension r and s, respectively;
for instance, we have

(1.4) pr = (p1, .-, pr) and kg = (K1, ..., k).
(2) The symbol Q(p, k) denotes a double sequence and the symbol Q(p,,ks) de-

notes a multiple (r + s)-dimensional sequence as follows:

(1.5) Qpr, ks) = QUp1, ooy Dy K1y oy k).

(3) Throughout our present investigation, sufficient conditions to ensure absolute
convergence of the series involved are understood to hold true for the essentially
arbitrary double sequences and the essentially arbitrary multiple sequences of the
types described above.

(4) Quite frequently, multiple series are written in simplified notation. Thus

[o¢] (o]
Z means Z ,
pr=0 p1,..,pr=0

(1.6) Zmeansz Z and

p1=0  pr=0

o o o
Z means Z X Z
Pr,ks=0 P1;-pr=0  k1,..,ks=0

(5) The symbols M} , Njand R; are defined by
(1.7) Mi=mp+..+ms,Np =np+..+nsand R, =r, + .. + 14
respectively. In particular, we have

(1.8) Mi=mi+..+mgNi=n1+..+nsand R =r, + ... + 15
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2. A class of multidimensional generating relations

Our main results on generating functions involving bilateral series are given by
the following theorem:

Theorem. Let Q(p, k) be a suitably bounded double sequence of complex numbers

then

k
) up( <y+5+t+yst>>
b k!
p,k=0
=y - i (zy)™ (xs)" (xt)"
m,n,r=—0o F(m + 1) F(n + l)F(T + 1)

uP 2k Lk

Qp, 4k +m+n+r)— :
p;o v mtnr) p! (m+ 1)g(n+ Dg(r+ 1)kk!
provided that each member of (2.1) exists.

More generally, let Q(p,, ks) be a suitably bounded multiple (r + s) dimen-
stonal sequence of complex numbers, then

k;
o () e | (s )
Z Q(praks)H{ﬁ}H k]' Y

e

pr,ks:() ]:1 ]:1
> H{ (395)™ (55)" (5t5)" }
(2.2) e oo o WL + 1) Ty + (1 + 1)

> Qpr, 4k, + my + ng + 1)

pryks:()

. P s dks ks
SILERA 5 |
et L A Dy (g 4 D, (g + D !

provided that each member of (2.2) exists.

Proof. Denote, for convenience, the first member of (2.1) by f(u,x,y,s,t,z).
Then, as a consequence of the binomial theorem, it is easily seen that:

upxk-i—m—i-n—krym—k Sn—k;tr—kzk

(2.3) f(u,z,y,s,t,z) = Z Qp,k+m+n+r)

plkim!in!r!
p,k,;m,mn,r=0

Upon replacing the summation indices m, n and r in (2.3) by m + k, n + k and
r + k, respectively, if we rearrange the resulting series (which can be justified by
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absolute convergence of the series involved), we are led finally to assertion (2.1).
The derivation of assertion (2.2) runs parallel to that of (2.1). We skip the details
involved.

3. Applications of the theorem

First, in its special case when
ur— 0, z=—-1 and Q(p, k) =1,

assertion (2.1) would obviously correspond to the generating function (1.2).
Secondly, upon setting

ur— 0, z=—-1 and Q(p, k)= Q(p) Qa(k),

where ]
O (p)=1 and (k) = ——.
1(p> 2( ) (bB)k:

we shall obtain an extension of the result of Pathan (1.2) in the following form:

1 0o
( ) 04'B |: 301,02, ..., 0B (y+3+ yst)] Z n, (bB .T)y st

m,n,r=—00
where

Dp Dp+1 Dp+2 Dp+3

4 ) A ) 4 ) 4 ,m+1,n+1,7‘+1;—x4 3

(32) Jm,n,r(bB; w):0F4B+3|:__;
(Dp = (bg) +m+n+r1).
Now, we consider some applications of assertion (2.2). By setting
zi——1, (j=12,..,s8), uu—0,(i=1,2,..,r) and Q(p,, ks) =1,

(2.2) immediately yields the following simple consequence of Pathan’s generating
function (1.2):

- 1
. . St —
exp [Z Zj (y] +s;+1; yjsjtj>]

j=1
(3.3) o
= 2 @y}
mg,Ng,rs=—00 j=1
where S
ij,nj,rj (xj> == J

0F3 [——;mj -+ 1,nj + 1,7’j + 1; —iL‘;L] ) (] = 1727 e 8)'



MULTIDIMENSIONAL GENERATING RELATIONS... 105

Next, if we let
zj —zjsgtj , xj—=1 and t; =0, (j=1,2,...,s),

in (2.2) and making use of the series rearrangement technique illustrated fairly
fully in [10, Ch. 2], then we shall obtain a generating relation in the following

form
r uP s (y + 5 — zj?j)kj
3 ok -H{p;}n{ e

pr.ks= j=1 j=1 7

-y iH{ Y Sn }ZZQpr,k Fm, +n,)

mg=—00 ng=0 j= 0 kg

H{—}n{u—}

7=1

Indeed, except for some obvious notional variations, it is the main generating
relation of Srivastava et al. [7, p. 10, Equation (2.2)], which is a generalization of
another known result of Srivastava et al. [8, p.477, Eq. (2,2)]. Further, according
to the multinomial expansion [9, p. 329, Eq. 9.4(220)]:

o k1 k
_ Z Xz X"
k1,...kr=0 ’ ’

(2.2) with z; — z;s;t;, (j=1,2,...;s), and

Q(pr, ks) = (@)k1+...+kz;rf)1:.:.jré;;f)bp1)pl...(br)pr

9

would yield a generating relation involving Lauricella function FXL) of n-variables

(see [10, p. 35, Eq. 1.4(1)]) and Exton function of n-variables ) (" (see [1, p.97,
Eq. 3.4(3.5.2)])

—a n(r) Uy Uy
1-X F bi,...b.c1, ..., Cp; -
=07 R { ittt g g
mJ n]t mJ+nJ+T]

r) py(r+s) . .
( )H4 [G/MerNerRfabl; ...,br,,ml + 1, ey Mg + 1,C1, vy Cp g
2 2
Z1TYy ey BsT g, U, ...,u,«} ,

where

(3.6) X=> u (yj+sj+tj+ﬁ)
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and M7, Ny and R are given by (1.8). Furthermore, if in assertion (2.2) we set

u.
s=r, zj—> zjyisjtj, (s5,t;) — (0,0), u; — j, (1=1,2,...,r),
j

and

(3.7) Qpr, ke) = (@) k14.tky (01)py - (0r) s

we obtain a generating relation for Lauricella function Fj")

(Somee) T{(3)} - 2 T

Jj=1 my=—o00 j=1

in the form

(3.8) FIE{) [CLer, by, .ybymy+ 1, omy + Luge (14 21), .., wp, (1 + zr)] )

Equation (3.8) provides a generalization of a known result [9, p. 325, Eq. 6.5(91)].
In order to derive another consequence of assertion (2.2), we now set

s=r, zj = 2;5itj, (s5,t;) = (0,0) and wu; — wy;, (7 =1,2,3,...,7).

We thus obtain the following elegant result

Z QUpr K, H { (wy);” (y; + 2;) ’}

P, k= j=1 piths!
(39) - Z H ijj Z Z pr> kr + m, — pr)
=0 j=1 ’ =0P,=

E{(Z? ) () S
(@) kb (01) ey - (00 )y, (1 ) py - (),

Now, if in (3.9), we set Q(py, k) =
(01>P1+k1 T (CT>pr+kr
we find for the Erdélyi series H,,, (see [9, p. 36, Eq. 1.4(19)]; see also [6]) that

i lf[ { (bj)k‘j [xj(yj + Zj)]kj 2F1 [bj + kj’ dj; K * kj]} (a)K{

Y

— T (ﬁjyj)mj(bj)m}
3.10 = { = o (@)
oo =S,
HQr,r [aMfabl +m17 "'7b7" + My, =M1, ..., _mradla -"7dr;
CL A My ey Cp My 2181 ooy 20Ty — U [Ty ooy — Uy [T

For Exton$ functions Elf))Egl) and g))Egl) (see [1, p. 104, Eq. (3.6.1) and p. 89,

Eq. 3.4(3.4.2)]), formula (3.9) similarly yields the following generating relations:
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r q
of1 zi(y; +25) | oFy Zujyj oF Z u;Y;
j=1 j=1 j=q+l
a; c d;
Z H{ nyJ 37]2]) } 1
il e (a) — M{ + K7
3.11 DED |1 —a— M — K], —my, ..., —mys e, d; — .., =
( ) (1)~D a 1 1> maq, , —My; C, 71’1’ ’-Tr 9

(g < r,qg=123,..),

[1 - Z“jyj] [1 - ijj] [1 - Z%‘(yj + )

—C

Jj=q+1
L y LjZj )k r r
= > T{EE R o -k
my k=0 j=1
(3.12) Eg;Eg) [a, b,,—my,....my; 1 —c— M| + K7; %, o %] ,
1 T

(g < r,qg=1,23,..),

Moreover, if in the formula (3.9), we let

(313) Q<pr7 kr) = Ql(pr)92<kr)

the left-hand side of (3.10) would reduces at once to a product of two multiple
series with essentially arbitrary coefficients. Thus, by assigning suitable special
values to the coefficients Q; (p,) and s (k,), we can derive a number of generating
functions involving the product of multiple functions and polynomials.

For instance, in view of the following definition of the multiple Bessel poly-
nomials introduced by Pathan and Bin-Saad [4, p. 91, Equation (2.1)]:

(B14) ey a) =S ZHBWMHMH{(Z% )}
ki=0  kn=0 _ J

where v = aymy + ... + a,,m,, by appropriately choosing the multiple sequences
Q(pr, ky) in accordance with the definition (3.14), we shall find

Yo (x (y1+z1) (e 4 2)) X Y (g, uyy)

Z H{ i) ]j!kj! S (14 B+ v1)mrykr

my. k=0 j=1



108 M.A. PATHAN AND M.G. BIN-SAAD

(3.15)
1+0+uv: —li,—mq;...; =1, —my;
Flli:12.;..-;12 w.o . U
- —B—Vl—M{—K{ : 1+51—m1—k1,...,1+31—mr—kr;

=151+ ...+ S, vo=ml+...+%l, (s;0)=1,2,3,...,(=1,2,3,.,r),

where Fé”}lqﬁ” [T1, ..., 2] is the generalized Kampé de Fériet series of n-variables
[9, p. 38, (24) and (25)].

We find it worthwhile to conclude by mentioning that the general assertion
(2.2) can be applied further fairly easily to derive a considerable wide variety of
generating functions for double, triple and several multivariable hypergeometric
polynomials including, for example, Hermite polynomials, Whittaker’s function,
Humbert’s function, the generalized Kampé de Fériet function of two variables,
the general triple hypergeometric series (cf. [5] and [9]) and Exton’s triple series
(see [2]).
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1. Introduction and preliminaries

In 1979, Popa [15] introduced the notion of rarely continuous functions as a ge-
neralization of weak continuity. The function has been further investigated by
Long and Herrington in [12] and by various authors [5], [6], [7], [8], [9], [16].
The first author of this article introduced and investigated weak b-continuity [17]
as a generalization of weak continuity. The purpose of the present paper is to
introduce concept of rare b-continuity in topological spaces as a generalization of
rare continuity and weak b-continuity. We investigate several properties of rarely
b-continuous functions. Rare b-continuity implied by rare precontinuity and rare
quasi continuity and implies rare S-continuity. The notion of I.b-continuity is also
introduced which is weaker than b-continuity and stronger than b-continuity. It is
shown that if Y is a regular space, then the function f : X — Y is I.b-continuous
on X if and only if f is rarely b-continuous on X.
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Throughout this paper, X and Y are topological spaces. Recall that a rare set
R is a set R such that int(R) = @. A subset S of a space (X, 7) is called regular
open [18] (resp. regular closed [18]) if S = int(cl(S)) (resp. S = cl(int(S)).

A subset S of a space (X, 7) is called semi-open [11] (resp.preopen [13], a-
open [14], semi-preopen [2] or S-open [1], b-open [3] or y-open [4]) if S C cl(int(S))
(resp. S Cint(cl(S)), S C int(cl(int(S))), S C cl(int(cl(S))), S C cl(int(S)) U
int(cl(S))) The complement of a semi-open (resp.preopen, a-open, [-open, b-
open) set is said to be semi-closed (resp., preclosed, a-closed, -closed, b-closed).

The family of all open (resp., regular open, semi-open,preopen, a-open, (-
open, b-open) sets of X denoted by O(X) (resp., RO(X), SO(X), PO(X), aO(X),
pO(X), BO(X)).

The family of all b-closed sets of X is denoted by BC'(X) and the family of all
b-open (resp. open, regular open) sets of X containing a point x € X is denoted
by BO(X,z) (resp., O(X,z), RO(X,x))

If S is a subset of a space X, then the b-closure of S, denoted by bcl(.S), is
the smallest b-closed set containing S. The b-interior of S, denoted by bint(S) is
the largest b-open set contained in S. Our next definition contains some types of
functions used throughout this paper.

Definition 1 A function f: X — Y is called:

(a) Weakly continuous [10] (resp. weakly b-continuous [17]) if for each z € X
and each open set G containing f(x), there exists U € O(X,x) (resp.,
U € BO(X,x)) such that f(U) C cl(G).

(b) b-continuous [4] if f~1(V) is b-open in X for every open set V of Y

(c) Rarely continuous [15] (resp., rarely precontinuous [8], rarely quasicontinuous
[16], rarely S-continuous [7]) at z € X if for each G € O(Y,, f(x)), there exists
a rare set Rg with GNel(Rg) = @ and U € O(X, z) (resp., U € PO(X, x),
UeSO(X,x), U € O(X,z)) such that f(U) C GU Rg.

2. Rarely b-continuous functions

Definition 2 A function f : X — Y is called rarely b-continuous at x € X
if for each open set G C Y containing f(z), there exists a rare set Rg with

GNcl(Rg) =@ and U € BO(X, ) such that f(U) C G U Rg.

Theorem 3 The following statements are equivalent for a function f: X — Y :
(a) The function is rarely b-continuous at v € X.

(b) For each G € O(Y, f(x)) , there exists a rare set Rg with G N cl(Rg) = O
such that
z € bint(f (G URg)).
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(c) For each G € O(Y, f(x)), there exists a rare set Rg with cl(G)N Rg = & such
that
x € bint(f(cl(G) U Rg)).

(d) For each G € RO(Y, f(x)), there exists a rare set Rg with G N cl(Rg) = &
such that
z € bint(f1(GURg)).

(e) For each G € O(Y, f(x)), there exists U € BO(X,x) such that
nt(f(U) N (Y = G)) =

(f) For each G € O(Y, f(x)), there exists U € BO(X, ) such that
int(f(U)) C cl(G).

Proof. (a) = (b): Let z € X and G € O(Y, f(z)). Then, there exists a rare set
set Rg with G Ncl(Rg) = @ and U € BO(X,z) such that f(U).C GU Rg. It
follows that x € U C f~1(G U Rg), then we have x € bint(f~1(G U Rg)).

(b) = (c): Suppose that G € O(Y, f(z)). Then there exists a rare set Rg
with G N cl(Rg) = @ such that x € bint(f~'(G U Rg)). Since GNcl(Rg) = 2,
Re CY -G where Y —G = (Y —cl(G))U(cl(G) —G). Now, we have Rg C (RgN
(Y —cl(G))U(cl(G)—G). Set R* = RgN(Y —cl(G)). It follows that R* is a rare set
with cl(G) N R* = @. Therefore, x € bint(f~(GU Rg)) C bint(f~(cl(G) U R¥)).

(c) = (d): Assume that € X and G € RO(Y, f(z)). Then, there exists a
rare set Rg with cl(G) N Rg = @ such that z € bint(f 1 (cl(G) U Rg)). Set R* =
Rc U (cl(G) — G). It follows that R* is a rare set and GNcl(R*) = @. Hence x €
bint(f~1(cl(G) U Rg)) = bint [f 71 (G U (cl(G) — G) U Rg)] = bint [f~(G U R*)].

(d) = (e): Let G € O(Y, f(x)). Then, using f(z) € G C int(cl(Q))
and the fact that int(cl(G)) € RO(Y, f(z)), there exists a rare set Rg with
int(cl(G)) N cl(Rg) = @ such that z € bint [f~(int(cl(G)) U Rg)]. Suppose
U = bint[f~'(int(cl(G)) U Rg)]. Then, U € BO(X,z) and, therefore, f(U) C
int(cl(G)) U Rg. We have int[f(U) N (Y — G)] = int(f(U)) N (int(Y — G)) C
int[cl(G) URg| N (Y —cl(G)) C ((cl(G) Uint(Rg))) N (Y —cl(GQ)) = 2.

(e) = (f): Since int(f(U)N(Y —G)) = int(f(U))Nint(Y —G)) = int[f(U)]N
(Y — cl(GQ)) = @, we have int[f(U)] C cl(G).

(f) = (a): G € O(Y, f(z)). Then, by (f), there exists U € BO(X,z) such
that int[f(U)] C cl(G). Then, f(U) = [f(U) — int(f(U))] Uint(f(U)) C [F(U) —
int(f(U)]|Uc(G) = [f(U) —int(f(U))]UGU (c(G) — G). Set R* = [f(U) —
int(f(U)] N (Y —G) and R*™ = (cl(G) — G). Then, R* and R*™ are rare sets.
Moreover, Rg = R*UR™ is a rare set and cl(Rg) NG = @ and f(U) C GURg. m

Theorem 4 A function f : X —Y is rarely b-continuous if and only if f~(G) C
bint(f~*(G U Rg)) for every open set G in'Y, where Rg is a rare set with G N
Cl(Rg) =
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Proof. Clear from the Theorem 3. m

Remark 5 Rare b-continuity is implied by rare quasi-continuity and rare precon-
tinuity, and implies rare [-continuity, but the converse implications are not true
in general as the following examples shows.

Example 6 Let 7 be the usual topology for R and for A = [0, 1]U((1, 2)NQ) define
o = {a,R, A,R—A}. Then, the identity function f : (R,7) — (R, 0) is rarely

b-continuous but it is neither rarely quasi-continuous nor rarely precontinuous.

Example 7 Let 7 be the usual topology for R and 0 = {@,R,[1,2) N Q}. Then,
the identity function f : (R, 7) — (R, o) is rarely S-continuous but it is not rarely
b-continuous.

Definition 8 A function f: X — Y is called I.b-continuous at z € X if for each
open set G C Y containing f(x), there exists a b-open set U containing = such
that int[f(U)] C G.

If f has this property at each point z € X, then we say that f is I.b-continuous
on X.

Remark 9 It is clear that I.b-continuity is weaker than b-continuity and stronger
than rare b-continuity.

Theorem 10 Let Y be a regular space. Then the function f : X — Y s I.b-
continuous on X if and only if f is rarely b-contiuous on X.

Proof. Necessity is clear.

Sufficiency. Let f be rarely b-continuous on X. Suppose that f(x) € G,
where G is an open set in Y and x € X. By the regularity of Y, there exists
an open set G in Y such that f(z) € G; and cl(G;) C G. Since f is rarely
b-continuous, then there exists U € BO(X, z) such that int[f(U)] C ¢l(G;). This
implies int[f(U)] C G which means that [.b-continuous on X. m

Definition 11 A function f : X — Y is called strongly b-open if for every
U e BO(X), f(U) is open.

Theorem 12 [f a function f: X — Y 1is strongly b-open and rarely b-continuous
then f 1s weakly b-continuous.

Proof. Suppose that z € X and G is any open set of Y containing f(z). Since
f is rarely b-continuous, there exists a rare set Rg with G N cl(Rg) = @ and
U € BO(X,z) such that f(U) C GURg.Then f(U)N (Y —cl(G)) C Rg. Since f
is strongly b-open f(U)N (Y —cl(G)) is open. But the rare set R has no interior
point. Then f(U)N (Y — ¢l(G)) = @. This implies that f(U) C cl(G). Hence f
is weakly b-continuous. m
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Lemma 13 (Andrijevic [3]) The intersection of an open set and a b-open set is
a b-open set.

Theorem 14 If a function f : X — Y is rarely b-continuous at x and for each
open set G containing f(z), f~(cl(Rg)) is closed in X, then f is b-continuous at
x where Rg is a rare set with G N cl(Rg) = @.

Proof. Let G € O(Y, f(z)). Since f is rarely b-continuous at z, there exist a rare
set Rg with GNecl(Rg) = @ and U € BO(X, x) such that f(U) C GU Rg. Since
GNecl(Rg) = 9, we have

f(x) ¢ cl(Rg) and z € X — f~Y(cl(Rg)).
Set V= U N (X — f~Y(cl(Rg))) then, by Lemma 13,
V € BO(X,z) and f(V) C f(U)N(Y —c(Rg)) C G.
Therefore, f is b-continuous at z. m

Theorem 15 If a function f : X — Y is rarely b-continuous then the graph
function g : X — X XY, defined by g(x) = (z, f(x)) for every x € X is rarely
b-continuous.

Proof. Suppose that x € X and W is any open set containing g(z). Then there
exist open sets U and V' in X and Y respectively such that (z, f(z)) € UxV C W.
Since f is rarely b-continuous, there exists G € BO(X, ) such that int[f(G)] C
cl(V). Let O =U NG. By Lemma 13, O € BO(X, z) and we have

int[g(O)] C int[lU x f(G)] CU x (V) C cl(W).
Therefore, g is rarely b-continuous. m

Definition 16 A topological space (X, T) is said to be b-compact [4] if every b-
open cover of X has a finite subcover.

Definition 17 Let A = {G;} be a class of subsets of X.By rarely union sets
[5] of A we mean {G; U Rg,}, where each Rg, is a rare set such that each of
{GiN¢cl(Rg,)} is empty.

Definition 18 A topological space (X, 7) is called rarely almost compact [5] if
each open cover of X has a finite subfamily whose rarely union sets cover the
space.

Definition 19 A subset K of a space X is said to be:

(a) b-compact relative to X [4] if for every cover {V, : a € I} of K by b-open
sets of X, there exists a finite subset I of I such that K C U{V,, : a € Iy},
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(b) rarely almost compact relative to X [5] if for every cover of K by open sets
of X, there exists a finite subfamily whose rarely union sets cover K.

Theorem 20 Let f: X — Y be rarely b-continuous and K be a b-compact set in
X. Then f(K) is a rarely almost compact subset of Y.

Proof. Suppose that G is an open cover of f(K). Set G* = {V € G : VN
f(K) # @}. Then G* is an open cover of f(K). Hence for each z € K, there is
some V, € G* such that f(z) € V,. Since f is rarely b-continuous there exist a
rare set Ry, with V, Ncl(Ry,) = @ and a b-open set U, containing = such that
f(U;) C V, U Ry,. Hence there is a subfamily {U,,}.,cx, which covers K, where
Ky is a finite subset of K. The subfamily {V., U Ry, }..cx, also covers f(K). m

Lemma 21 If g : Y — Z is continuous and one-to-one, then g preserves rare
sets [12].

Theorem 22 If f: X — Y is a rarely b-continuous surjection and g : Y — Z is
continuous and one-to-one, then gof : X — Z is rarely b-continuous.

Proof. Suppose that x € X and g(f(z)) € V, where V is open set Z. By
hypothesis, ¢ is continuous, therefore there exists an open set G C Y containing
f(x) such that g(G) C V. Since f is rarely b-continuous, there exists rare set Rg
with GNcl(Rg) = @ and a b-open set U containing z such that f(U) C GURg. It
follows from Lemma 21 that g(R¢) is a rare set in Z. Since R is a subset of Y — G
and ¢ is injective, we have cl(g(Rg)) NV = @. This implies that ¢(f(U)) C VU
g(R¢). Hence the result follows. m

Definition 23 A function f : X — Y is called pre-b-open if for every U €
BO(X), f(U) € BO(Y).

Theorem 24 If f: X — Y is a pre b-open surjection and g : Y — Z a function
such that gof : X — Z is rarely b-continuous. Then g is rarely b-continuous.

Proof. Let y € Y and € X such that f(x) = y. Let G be an open set containing
g(f(x)). Then there exists a rare set Rg with G N cl(Rg) = @ and a b-open set
U containing z such that g(f(U)) C GU Rg. But f(U) is a b-open set containing
f(z) = y such that g(f(U)) = (gof)(U) C GU Rg. This shows that g is rarely
b-continuous at y. m

Definition 25 A function f : X — Y satisfies interiority rare b condition if
bint(f~1(G U Rg)) C f~1(G) for each open set G in Y, where Ry is a rare set
with GNcl(Rg) = 2.

Theorem 26 If f: X — Y is rarely b-continuous and satisfies interiority rare b
condition then f is b-continuous.



RARELY b-CONTINUOUS FUNCTIONS 115

Proof. Since f is rarely b-continuous by Theorem 4, we have

f7HG) C bint(f~(G U Rq)),

where G is an open set in Y and R is a rare set with G N cl(Rg) = @. On the
other hand by the interiority rare b condition we have bint(f~'(GURg)) C f~1(G).
Therefore f~1(G) is b-open in X and consequently f is b-continuous. =
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1. Introduction

Let G be a group with identity e. A ring R is said to be G-graded ring if there
exist additive subgroups R, of R such that R = @ R, and R, R;, C R, for all

geG

g,h € G. The G-graded ring is denoted by (R, G). We denote by supp(R, G) the
support of G which is defined to be {g € G : R, # 0}. The elements of R, are
called homogeneous of degree g and R, (the identity component of R) is a subring

of Rand 1 € R, (see [4]). For z € R, x can be written uniquely as ng where
geG
x, is the component of x in R,. Also we write h(R) = U R,.

geG
One of the most important problems in graded ring theory is to study the

link between a certain property for R or (R,G) and R, (the identity component
of R). One can think about grading R, by a group G. These types of rings appear
naturally when we deal with the group ring of G over a G-graded ring R.

In [5], we studied the G-graded rings in which the identity component is itself
a G-graded ring satisfying some related conditions with the graduation of G.
We called these rings augmented G-graded rings. Also, we gave the relationship
between these new rings and the stronger properties of G-graded rings given in [6].

I This research was supported by Yarmouk University.
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This simple effort is useful for studying those rings in detail and that is a good
tool to solve many problems in Graded Ring Theory. In [6], we defined three
successively stronger properties that a grading may have and investigated the
relationship between these new strongly gradings and the stronger nondegenerate
and faithful properties which are motivated by the work of Cohen and Rowen.
In this paper, we follow the work done in [5], [6] to give further properties of
augmented graded rings. Also, we give some relationships between these rings and
other types of graded rings like nondegenerate, faithful, strong, first strong, etc.

2. Preliminaries

In this section, we give some preliminaries concerning graded rings. For more
details, one can look in [4], [5], [6], [8].

Definition 2.1. Let R be a G-graded ring. Then (R, G) is said to be left (resp.,
right) nondegenerate if for every r € R — {0}, (rR). = {(rz). : « € R} # 0 (resp.,
if for every r € R — {0}, (Rr). = {(zr). : © € R} # 0. Otherwise, (R, G) is left
degenerate (resp., right degenerate). Also, (R, ) is nondegenerate if it is both
left and right nondegenerate.

Lemma 2.2. Let R be a G-graded ring and ay € R, with g € G. Then
1. (agR)e = agRy-1.
2. (Rag)e = Ry-1a,.

Proposition 2.3. Let R be a G-graded ring. Then (R, G) is nondegenerate if and
only if Ry-1ay # 0 and azR,~1 # 0 for all ay € R, — {0}.

Corollary 2.4. Suppose (R, Q) is nondegenerate. If g € supp(R,G) then g~' €
supp(R, G).

Definition 2.5. Let R be a G-graded ring. Then (R, G) is said to be left (resp.,
right) faithful if for each a, € R, — {0}, a,Ry, # 0 for all g, h € G (resp., Rpa, # 0
for all g, h € G). We say that (R, G) is faithful if it is both left and right faithful.

Definition 2.6. A G-graded ring (R, G) is said to be strongly graded if R R, =
Ry, for all g, h € G.

Proposition 2.7. Let R be a G-graded ring. Then, (R, G) is strong if and only
if RgRy— = R, for all g € G. This is equivalent to 1 € RyRy—1 for all g € G.

Definition 2.8. Let R be a G-graded ring. Then, (R,G) is first strong if
1 € RyRy-1, for all g € supp(R,G), or, equivalently, if R;R,~1 = R., for all
g € supp(R, G).

Remark 2.9. Every strongly graded is first strong and faithful but the converse
is not true (see [6]). Indeed, (R, ) is strong if and only if it is first strong and
supp(R,G) = G.
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Proposition 2.10. If (R, G) is first strong then supp(R,G) is a subgroup of G.

Proposition 2.11. Let R be a first strongly graded ring. Suppose R, is simple
R.-submodule of R for all g € G. Then R is gr-simple.

Proof. Suppose R, is simple R.-module for all ¢ € G. Let 0 # Y C R be a
graded R-submodule of R. Then there exists g € G such that Y, = Y R, # 0.
But Y, C R, is a nonzero R.-submodule. Hence Y, =Y (R, = R;or R, C Y
and then R, = R,-1 R, € R,Y CY. Thus 1 € Y. Since 1 is invertible we get
Y = R. Therefore, R is gr-simple. .

Definition 2.12. Let R be a G-graded ring. Then (R, G) is said to be second
strong if supp(R, G) is a monoid in G and R,R;, = Ry, for all g, h € supp(R, G).

Remark 2.13. Every first strongly graded ring is second strong but the converse
is not true in general (see [6]).

Definition 2.14. A G-graded ring R is said to be left semifaithful if

1. supp(R, G) is a subgroup of G.

2. For all g, h € supp(R,G) and a, € R, — {0} we have a,R);, # 0.

Similarly we define right semifaithful graded rings. So, (R, ) is called
semifaithful if it is both left and right semifaithful.

Proposition 2.15. Fvery semifaithful graded ring is nondegenerate.

Proof. Suppose (R,G) is semifaithful. Let g € supp(R,G). Then g7' €
supp(R, G) and hence a;,R,~1 # 0 for all a; € R, — {0}. Thus (R,G) is left
nondegenerate. Similarly we prove the right nondegeneracy. u

Corollary 2.16. FEvery first strongly graded ring is semifaithful.

Proof. Assume (R,G) is first strong. By Proposition 2.10, supp(R,G) is a
subgroup of G. Let ¢g,h € supp(R,G) and a, € R, — {0}. Suppose for the
contrary agR, = 0. Thus 0 = ay R, Ry = ay,R.. Hence a; = 0 which contradicts
the fact a; # 0 and hence R is left semifaithful. Similarly, we show R is right
semifaithful. .

Proposition 2.17. Let R be a G-graded ring. Then (R, Q) is faithful if and only
if (R, Q) is semifaithful and supp(R,G) = G.

Definition 2.18. A ring R is said to be augmented G-graded ring if it satisfies
the following conditions:

1. R =P R, where R, is an additive subgroup of R and R,R; C R, for all

geG

g,h € G.
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2. If R, is the identity component of the graduation, then R, = @ R._, where

geqG
R._g4 is an additive subgroup of R, and R._gR._, C R._g, for all g,h € G.

3. For each g € G, there exists v, € R, such that R, = @ R._pry. We assume

heG
re = 1.

4. If g, h € G and rgy, 7, are both nonzero, then 47, = 14, and for all z,y € R,
we have (xry)(yry) = Tyrg.

Remark 2.19. By the last definition we have:

1. Condition 3 of the definition implies R, = R.r, for all h € G.

2. R, is a G-graded R.-module with the usual multiplication on R and with
the graduation R,_j, = R._pry for all h € G.

3. Ry_nRy_p C Rygy_pp forall g, ¢, h, 1 € G.
AISO, Rg—hRg’—h’ = Re_thRe_h/’]”g/,

4. If ry,r4—1 are both nonzero, then ryR. = R.ry = R,.

Corollary 2.20. Let R be an augmented G-graded ring where supp(R,G) = G.
Then (R, G) is strong and hence faithful.

3. Properties of augmented graded rings

In this section, we give some properties of the augmented graded rings as well as
its relationships to other kinds of graded rings.

Proposition 3.1. Let R be a G-graded ring such that supp(R,G) is a subgroup
of G. Then (R,G) is first strong.

Proof. Let g € supp(R,G). Then g~! € supp(R, G), i.e., R, # 0 and R,-1 # 0.
Since Ry, = Rery and Ry1 = Rerg—1, we get vy # 0 and rg1 # 0. Hence
TgTg-1 = Tgg—1 =T, = 1 and then 1 € RgR,-1. Therefore, R is first strong. u

Proposition 3.2. Suppose R is augmented G-graded ring such that supp(R,G)
is a monoid in G. Then (R,G) is second strong.

Proof. Let ¢g,h € supp(R,G). Then r, # 0 and 7, # 0. So, ryr, = 1y, implies
Tgh S Rth and hence Rgh = ReTgh Q ReRth = Rth Q Rgh. Thus Rth = Rgh
for all g, h € supp(R,G). Since supp(R,G) is a monoid in G we have R, G) is
second strong. n

Corollary 3.3. If (R, G) is augmented graded ring then R,Ry = Ry, for all
g9, h € supp(R, G).



A STUDY ON AUGMENTED GRADED RINGS 121

Corollary 3.4. Suppose (R,G) is augmented graded ring such that R has no zero
divisors in h(R). Then (R,G) is second strong.

Proof. If g,h € supp(R,G) then ry, # 0 and r, # 0 and hence ry, = ryr, # 0
where 7,4, 7, € h(R). Thus gh € supp(R, G) and hence supp(R, G) is a monoid in
G. By Proposition 3.2, (R, G) is second strong. n

Proposition 3.5. Let R be an augmented G-graded ring. Then, the following are
equivalent:

1. (R, Q) is nondegenerate.

2. supp(R, G) is a subgroup of G.
3. (R, Q) is first strong.

4. (R, G) is semifaithful.

Proof. (1) implies (2): Assume (R, &) is nondegenerate graded ring. Let g, h €
supp(R,G). Then ¢g~* € supp(R, G) and hence ryry-1 = r. = 1 where R, = R.ry
for g € G. Suppose for the contrary gh ¢ supp(R,G). Then ry, = 0. But ry, =
rery, implies 747, = 0 and hence rg-1ry7, = 0 or 7, = 0 and then h ¢ supp(R, G)
which is a contradiction. Therefore, supp(R, G) is a monoid in G. By Corollary
2.4, supp(R, G) is a subgroup of G.

(2) implies (3): Follows from Proposition 3.1.
(3) implies (4): Follows from Proposition 2.15.
(4) implies (1): Follows from Proposition 2.14. n

Corollary 3.6. Let (R,G) be an augmented G-graded ring. Then the following
are equivalent:

L. supp(R,G) = G.

2. (R, Q) is strongly graded.

3. (R, Q) is faithful.
Proof. Follows directly from Remark 2.9 and Proposition 3.5. n

Proposition 3.7. Let R be an augmented G-graded ring such that supp(R,G) =
G. Then the following are equivalent:

1. (R, Q) is faithful.

2. (R, G) is semifaithful.
3. (R, G) is nondegenerate.
4. (R, Q) is first strong.

5. (R, G) is second strong.
6. (R,G) is strong

Proof. (1) implies (2): Follows from Proposition 2.17.
(2) implies (3): Follows from Proposition 2.14.
(3) implies (4): Follows from Proposition 3.5.
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(4) implies (5): Follows from Remark 2.13.
(5) implies (6): Follows from Corollary 2.20.
(6) implies (1): Follows from Remark 2.9. n

Corollary 3.8. If (R,G) is augmented and supp(R,G) = G, then by Corollary
2.20, (R, G) is faithful, semifaithful, nondegenerate, strong, first strong and second
strong at the same time.

After giving the relationships between the augmented graded rings and other
types of strongly graduations, in addition to, nondegeneracy, faithfulness and
semifaithfulness, we present some properties of the augmented graded rings.

Proposition 3.9. Let R be an augmented G-graded ring such that r, is an R.-
torsion free element (i.e., mry, # 0 for all m € R.) for all g € supp(R,G). Then
R, is cyclic projective R.-submodule of R and hence R is projective R.-module.
In particular, R and R, are free R.-modules.

Proof. Let g € G. If g ¢ supp(R,G), then done. Suppose g € supp(R,G).
Then 7, # 0 and R, = R.ry. Since 1,4 is Rc-torsion free element, r, is linearly
independent over R, and then R, is cyclic projective R.-module being free R,-
module. Since R = @ R, the set F' = {r, : g € supp(R,G)} forms a basis of R
geG
as an R.-module. Thus R is free and hence projective. u
Corollary 3.10. By Proposition 3.9, if supp(R, G) is finite, then R is finitely ge-
nerated free Re-module. Clearly, R=RE"P P = RIF where F={r,:g € supp(R, G)}.

Proposition 3.11. Let R be an augmented G-graded ring such that suppR,G)
is a monoid in G. Then R is commutative if and only if R. is commutative and
supp(R, G) is abelian.

Proof. Suppose R is commutative. Then clearly R, is commutative. Let g, h €
supp(R,G). Then r, # 0 and r, # 0. But ry, = rgrp, = rpry = r3y. Since
gh,hg € supp(R,G), rgp = 1y # 0. Thus gh = hg and supp(R, G) is abelian
monoid in G. For the converse, suppose R, is commutative and gh = hg for all
g,h € supp(R, G). We prove R is commutative step by step.

Step 1: We show z,y, = ypz, for all g,h € G. Let g,h € G, , € Ry = Rery,
yn € Ry, = Rery. If either g ¢ supp(R, G) or h ¢ supp(R, G), then done. Suppose
g,h € supp(R,G). Then gh = hg and hence ry, = rp,. Suppose z, = zr, and
yn = yrp, for some x,y € R.. Then

Tgyn = (219)(yrn) = xyrgn = yarng = (yrn)(zry) = ynty.

Step 2: We claim that 2y, = y,o forall z € R, y, € R;and g € G. Fix g € G.
Suppose x € R and y, € R,. If g ¢ supp(R,G), then y, = 0 and done. Assume

g € supp(R,G) and let x = th where x, € Ry, for all h € G. Then
heG

TYg = (Z Th)Yg = Z(mhyg> = Z(ygmh) =Yg (Z xh) =Yg

heG heG heG heG
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Step 3: We now show that xy = yx for all x,y € R. Let x,y € R and suppose
Y= Z y, where y, € R, for all g € G. Then we have

geG
g€G geG geG geG
Therefore, R is commutative. u

Proposition 3.12. Let R be an augmented G-graded ring. Then R, is simple left
R.-module for all g € G if and only if R is simple left R.-module.

Proof. Suppose R, is simple left R.-module and g € G. If ¢ ¢ supp(R,G),
then R, = 0 is simple R.-module. Suppose g € supp(R,G) and let r, € R,
such that R, = R.ry # 0. Let M C R, be a nonzero R.-submodule. We show
M = Xr, where X is an R.-submodule of R, i.e., X is a left ideal in R.. Let
X ={x € R. : zr, € M}. Then clearly, 0 € X, and hence X # (). Since
M C R, and M # 0, there exists a, € M — {0} such that a, = zr, for some
r € R.. So, v € X — {0}, ie, X # 0. Let z,y € X. Then ar,yr, € M.
Hence (x — y)ry = g —yry € M. Sincez —y € R, v —y € X, ie, X
is a subgroup of R.. Let x € X and y. € R.. Then xr, € M and hence
(yex)ry = ye(ary) € R.M = M. Since y.xr € R, yoxr € X. Thus X is an R.-
submodule of R.. Now, if m € M C Ry, then m = yr, for some y € R.. So,y € X
and m € Xr,. If m € Xry, then m = ar, for some x € X. By the definition of
X we have m € M. Therefore, M = Xr,. Since R, is simple R.-module, X = R,
and hence M = R.r, = Ry, ie., R, is simple R.-module for all ¢ € G. The
converse is obvious. .

Corollary 3.13. Let R be an augmented G-graded ring. If R is gr-simple, then
R, is simple left R.-module for all g € G.

Proof. Follows directly from Proposition 3.12. n

Corollary 3.14. Suppose R is an augmented G-graded ring and N C Ry is R.-
submodule. Then N = Xr, where X is a left ideal in R, for all g € G.

Corollary 3.15. Suppose R is an augmented G-graded ring such that supp(R, G)
1s a subgroup of G. Then the following are equivalent:

1. (R, G) is gr-simple.
2. R, is simple ring (R.-module).
3. Ry is simple R.-module for all g € G.
Proof. (1) implies (2): Trivial.
(2) implies (3): Follows from Proposition 3.12.
(3) implies (1): Follows from Proposition 2.11. .
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Remark 3.16. Suppose R is an augmented G-graded ring such that supp(R, G)
is a subgroup of G. Then we have the following:

R is simple ring = R is gr-simple ring < R, is simple R.-module for all
g € G & R, is simple ring.

Proposition 3.17. Let R be an augmented G-graded ring such that supp(R,G) = H
15 a subgroup of G and M be a G-graded left R-module. Let x be a homogeneous
element in M. Then x is R-torsion free if and only if x is R.-torsion free.

Proof. Suppose x € h(M) and z is R-torsion free. Then z is R.-torsion free.
Conversely, suppose z € h(M) and x is R.-torsion free. Let w € R such that
wz = 0. Suppose w = ng = ng. Hence ngx = 0 and so wyz = 0 for all
geG geEH geH
g€ H. Let g € H and assume w, = rg)\(g) = /\(g)rg where A9 € R, for all g € H
(Notice that H is a subgroup of G). So, (r,A9)z =0 or r,(A\9z) = 0 and hence
Rer,(A9z) =0, i.e., Ry(A\9x) = 0. Thus R,-1R,(A9z) = 0. So, R.(\Wx) = 0,
ie., A9z =0. Hence A9 =0 for all ¢ € H. Therefore, wg = 0 for all g € H and
hence w = 0, i.e., x is R-torsion free. n
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1. Introduction

Let (L,<) be a poset. For x,y € L let U(x,y) respectively L(z,y) denote the
set of all upper respectively lower bounds of {z,y}. The poset (L, <) is called
up-directed respectively down-directed if U(x,y) # () respectively L(z,y) # 0 for
all z,y € L. A lattice may be regarded as an up- and down-directed poset where
for each x,y € L the set U(x,y) has a smallest and the set L(z,y) a greatest
element.

Several generalizations of lattices can be found in literature, see e. g. [5] and
[6]. Let (L,<) be a poset being both up-directed and down-directed. For each
x,y € L we can pick up an arbitrary element x Uy of U(x,y) and x My of L(x,y)
with the only constraint that xlly = y and My = x whenever x < y. The resulting
algebra is the so-called A-lattice introduced by V. Snésel in [6]. A-lattices can be
axiomatized as follows:

Definition 1.1 (cf. [6]) A A-lattice is an algebra (L, L, 1) of type (2, 2) satisfying
the following axioms:

(L1) zUx=2x (L") zMNz==x

(L2) zUy=yUx (L2) zMNy=yNzx

(L3) zU((zUy)Uz)=(zUy)Uz (L) zN((zNy)Nz)=(zNy)MNz
(L4) zU(xNy) == (L4) zN(zUy) ==z

A-lattices are applied e. g. in the theory of so-called non-associative MV-
algebras (cf. e. g. [3]) where it is shown that every non-associative MV-algebra is
a A-lattice with respect to the induced order.

Another interesting structure on an up-directed poset (or, alternatively, on
a down-directed poset) was introduced by J. Jezek and R. Quackenbush (cf. [5]),
namely a so-called directoid (more precisely, a join-directoid) which is defined as
follows:

Definition 1.2 (cf. [5]) A directoid (more precisely, a join-directoid) is a groupoid
(L, L) satisfying the following axioms:

(D4) zU((zUy)Uz)=(zUy)Uz

Dually, one can define so-called meet-directoids. Directoids can be character-
ized by the existence of a certain partial order relation.

Lemma 1.1 A groupoid (L,U) is a (join-)directoid if and only if there exists a
partial ordering < on L satisfying

(JD1) z,y<zUy

(JD2) Ifx<ythenzUy=yUz=y.
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Proof. First assume (L,Ll) to be a join-directoid. Define x < y by x Uy = y.
(D1) implies reflexivity of <. If x < y < zthenzlUy =yand yUz =
and hence r = yUx = (yUz) Uy = z Uy = y according to (D2). If, finally,
r<y<zthenzUy =yand yUz =z and hence x Uz =z U (yU z2) =
zU((zUy)Uz) = (xUy)Uz = yUz = 2z according to (D4) showing x < z. Since
zU(zUy)=zU((zUz)Uy) = (rUz) Uy =2 Uy according to (D1) and (D4)
we have x < x Uy. Moreover, y U (x Uy) = x Uy according to (D3) and hence
y < xUy. Finally, x <y implies x Uy = y according to the definition of < and
yUzr = (xUy)Uzx =xUy =y according to (D2) and the definition of <. The
rest of the proof is clear. .

Remark 1.1 Obviously, the partial order relation < on a (join-)directoid men-
tioned in Lemma 1.1 is uniquely determined by (L,U) via z < y if z Uy = v.
(L, <) is called the poset corresponding to (L,L).

It is immediately clear that in a directoid, x LI y is an arbitrarily chosen
element of U(z,y) having the property that x Uy = y Uz = y whenever x < y.
But, contrary to the case of A-lattices, Uy need not coincide with yLz in general.
In other words, for any x,y € L there are picked up some elements x Uy and y LIz
of U(x,y) such that z Uy =y Uz =y in case z < y.

2. Weak semilattices

It turns out that also the concept of a directoid is not general enough for some
investigations of algebras of non-classical logic (cf. [2]). Let us recall the necessary
concepts. In logics, BCK-algebras play an important role. They reflect certain
properties of the implication operation and are defined as follows:

Definition 2.1 (cf. [4]) A BCK-algebra is an algebra A = (A, —, 1) of type (2,0)
satisfying the following axioms:

(x—=y) = (y—=2) = (r—2)=1

r— ((z—=y) —y =1

r—x=1

r—y=1and y — x =1 together imply =z = y.

In [2] the following was proved:

Proposition 2.1 (cf. [2]) If (A, —, 1) is a BCK-algebra and xy := (x — y) = y

then
(W1) zUz=uz.
(W2) xzUy =y and yUx = x together imply x = y.
(W3) zU(zUy)=yU(zUy)=(zUy)Uy=aUy.
(W4) (zUz)U((zUy)U2)=(zUy)Uz.
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This motivates the following

Definition 2.2 A weak join-semilattice is a groupoid (L, L) satisfying (W1)-
(W4).

Now we characterize weak join-semilattices by the existence of a certain par-
tial order relation.

Theorem 2.1 A groupoid (L,U) is a weak join-semilattice if and only if (P1)
holds:

(P1) (zUy)Uy=zUy

and if there exists a partial ordering < on L satisfying (P2)—(P4):
(P2) z,y<zUy

(P3) = <y impliesx Uy =y.

(P4) z <y impliesz Uz <yl z.

Proof. Let a,b,c € L.

First, assume (L, L) to be a weak join-semilattice.

(P1): follows from (W3).

Now, define x < y by z Uy = y. Then < is reflexive and because of (W2) it
is antisymmetric. If a < b < ¢ then a Ub =0 and b U c = ¢ and hence

aldec = (aUec)Uc=(aUc)U(bUc)=(alc)U((aUb)Uc)
= (aUb)Uc=bUc=c
according to (W3) and (W4), i. e. a < ¢ showing transitivity of <. Hence (L, <)

is a poset.

(P2): follows from (W3).
(P3): follows from the definition of <.
(P4): If @ < b then alUb = b and hence

(aUeo)U(bUce)=(alUc)U ((alb)Uc)=(aUb)Uc=0bUc

according to (W4),i.e.allc<bUec.

Conversely, assume (L,U) to satisfy (P1) and assume there exists a partial
ordering < on L satisfying (P2)-(P4).

(W1): follows from reflexivity of < and (P3).

(W2): If aUb = b and bU a = a then, according to (P2), a < alb =10 and
b < bl a = a and hence by antisymmetry of <, a = b.

(W3): Because of (P2), a < alb which according to (P3) implies all(allb) =
alUb showing the first part of (W3). Analogously, the second part of (W3) follows.
The last part of (W3) follows from (P1).

(W4): a < alb according to (P2) whence by (P4) allc < (aUb) Ll c showing
(aUc)U ((aUb)Ue) = (alb)U c according to (P3). .
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Remark 2.1 Obviously, the partial order relation < on a weak join-semilattice
mentioned in Theorem 2.1 is uniquely determined by (L,U) viaz < y if zUy = y.
(L, <) is called the poset corresponding to (L,U).

Next, we define a bounded weak join-semilattice with sectionally antitone
involutions.

Definition 2.3 A bounded weak join-semilattice with sectionally antitone invo-
lutions is an algebra of the form (L,U,0,1,(%a € L)) where (L,U) is a weak
join-semilattice with corresponding partial ordering <, 0 is the smallest and 1 the
greatest element of (L, <) and for every a € L, x +— z is an antitone involution
of ([a,1], <), 1. e. < y implies y* < 2* and (z*)* = z for all z,y € [a, 1].

3. Skew basic algebras

Now we introduce total algebras which will turn out to correspond to bounded
weak join-semilattices with sectionally antitone involutions in a natural bijective
way.

Definition 3.1 A skew basic algebra is an algebra (A, ®,—,0) of type (2,1,0)
satisfying (A1) — (A8):

(Al) -z =2

(A2) vz =1

(A3) 2 0=002=2x

(Ad) ~(m(zdy) By By =2dY

(AS) =(—z@®y) Dy =2 and =(—y & ) ® x =y together imply x = y.
(AG) =(z& (m(z@y)dy))d(-zdy) @y =~(rDy) By

(A7) ~(-z@y) @y =2 and —(z @ x) © v = -z together imply
“(H(roy e (zey)d(0y) =Dy

(A8) ~(=(~(z0(~(y©2)©2)) O (~(y©2)©2)) O (~(2©2) D2)) B (~(z®2)D2) =
(@ (-(y©2)©2) ©(~(yD2) D 2)

Here and in the following, 1 is an abbreviation for —0.

Now, one can formulate and prove the mentioned natural bijective correspon-
dence.
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Theorem 3.1 If L = (L,U,0,1,(%a € L)) is a bounded weak join-semilattice
with sectionally antitone involutions and one defines

v @y = (yUad)

-z = z°

then S(L) := (L,®,—,0) is a skew basic algebra. If, conversely, A = (A, ®,—,0)
is a skew basic algebra and one defines

rUy ==(-ydx)de
1:=-=0

i =—-xdy

then L(A) := (A,1,0,1,(%a € A)) is a bounded weak join-semilattice with sec-
tionally antitone involutions. Moreover, L(S(L)) = L for every bounded weak
join-semilattice L with sectionally antitone involutions and S(L(A)) = A for
every skew basic algebra A.

Proof. Let a,b,c € L.
First, assume £ = (L, U, 0,1, (% a € L)) to be a bounded weak join-semilattice
with sectionally antitone involutions and define

vy = (yUa")

-z = 2°

Let (L, <) denote the poset corresponding to (L, Ll). Then
(1) a®b>b.

Moreover, =(=b@® a) B a = (aU (aUb)*)* = (aUb)* = aUb and if a > b then
—a®b=(bUa)®=a’ We check axioms (A1)-(AS8):

Al) ——a=a"=a

(

(A2) ra®a=a"=1

(A3) a®0=(0Ua") ' =a"=aand 0P a= (a0 =(alU1)*=1"=aq
(Ad) =(-(a@b)®db)Db=bU(a®b) =a®b according to (1)

(A5) =(ma®b) @b = a and =(=b @ a) & a = b together imply b U a = a and

allb = b whence a = b according to (W2)

(A6) —=(a®(—=(a®b)®b))®(—=(a®b)®b) = —(a®d (bUa’))® (bUa") = (bUa’)Ua’ =
bUa® = —(a®b) ® b according to (W3)

(A7) =(ma®b) b = a and —(c @ a) ® a = —c together imply b L a = a and
allc® = c® whence b < a < ® which implies (°)® < a’. Hence —(—(—a @
D) D(cdb)®(cdb)=()PUa’=a’=-adb.
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(A8) —(—(=(a® (—(bdc)®c)®(~(b@c)®Bc)) B (~(a®c)Pc)) B (~(a®c) o)
~(=(~(a @ (e U b)) @ (c b)) @ (cUa’)) @ (cUa’) = =(=((cub’)

a®) @ (cUa)) @ (cua®) = (cUa) U ((cUb)Ua®) = (cub’) Ua’
(a® (~(bDc) D) ®(—(bDc) D c) according to (W4)

|l

Hence, S(£) is a skew basic algebra.
Conversely, assume A4 = (A, @, —,0) to be a skew basic algebra and define

Uy ==(-ydzx)dz
1:=-0

=By

Then a® = —=a®0 = —a according to (A3) and (bLia®)® = —(=(a®b)®b) Db = ad®b
according to (A4). We check axioms (W1)-(W4):

(W1) aba==(-a®a)Ba=-1®a=06&a=a according to (A2), (Al) and
(A3)

(W2) allb = b and blUa = a together imply —(—b®a)®a = b and ~(—adb)Bb = a
whence according to (A5) b=a, i. e. a =b.

(W3) al(alb) ==(=(=(-bBa)®a)®a)Ba=-(-bDa)da=alb according
0 (A4). Now put z = 0 in (A8). Then one obtains —(=(=(x & —y) & —y) &
—z)® -z = 2(x@-y)®—y. Hence bU (allb) = = (—(—(-bDa)Da)Db)dDb =
—(=b@a)®a=alb Finally, (aUb)Ub= =(=b& (=(-bDa)®a)) ®
(~(-b®a)®a)=—(-bPa)®a=albaccording to (A6).

(W4) (aUc)u((alb)Ue) = ~(=(=(mc@ (=(~b®a)Da)) ®(~(-bDa) ©a)) (~(-c®
a)®a)) (= (~c@a)®a) = =(=cd(~(7bDa)®a))®(~(~bda)®a) = (alb)Uc
according to (A8)

Hence (L, L) is a weak join-semilattice. Let (L, <) denote its corresponding poset.
Then
a > bimplies blUa® = =(=(=a®b) ®b) &b = —a®b = a® according to (A4) which
implies b < a’.
¢ < a < bimplies cUa = a and alUb = b whence —(—a @ ¢) ® ¢ = a and
—(=b @ a) @ a = b = ——-b according to (A1) and hence b U a® = —(—=(—a @ ¢) &
(mb® ) ® (mb® c) = —a @ c = a according to (A7) whence b° < a°.
OUa=-(-a®0)®0=--a®0=—--a=a according to (A3) and (Al) whence
0<a.
aldl==(-1®a)®a==(0Pa)®a=-ad®a=1 according to (Al), (A3) and
(A2) whence a < 1.

Finally, b < a implies a”® = =(=a © b) ® b =blla = a.

Hence, L(A) is a bounded weak semilattice with sectionally antitone involu-
tions.

Conversely, let £ = (L,,0,1, (% a € L)) be a bounded weak semilattice with
sectionally antitone involutions and put L(S(£)) = (L,U, 0,1, (,;a € L)). Then

aUb==(-bda)®a=(ad(allb)*) = (allb)* =allb.
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Hence the posets corresponding to (L, L) respectively (L, U) coincide.

Let (L, <) denote this poset.

Moreover, 1 = =0 = 0" = 1.

If @ <bthen allb= b whence b, = -bP a= (allb)® =0

Hence L(S(£)) = L.

Now let, finally, A = (A4, ®, —,0) be a skew basic algebra and put S(L(A)) =
(A,+,,0). Then
a+b=bUAa)’ = ~(=(=(-a®0)®Bb) Db Bb=(~(-—aDb) &b &b =
—(=(a®b) ®b) ®b=adbaccording to (A3), (Al) and (A4).

Finally, @’ = a° = =a ® 0 = —a according to (A3).

Hence S(L(A)) = A. .

Dually to the notion of a weak join-semilattice we define the notion of a weak
meet-semilattice:

Definition 3.2 A weak meet-semilattice is a groupoid (L,M) satisfying (W1')-

(W4'):
(W) zNz=x
(W2) zMy =z and yMNx =y together imply x = y.
(W3) (zMNy)Nz=(xNy)Ny=xN(xNy)=xMy
(W4) (zN(zNy))N(zNy)=zMN(zMNy)

Corollary 3.1 Dually to the case of weak join-semilattices it can be proved that
a groupoid (L,M) is a weak meet-semilattice if and only if (P1") holds:

(P1) zN(xzNy)=zNy
and if there exists a partial ordering < on L satisfying (P2") — (P4):

(P2) xNy<w,y.
(P3) x <y implies x My = x.
(P4") o <y implies zMx < zMy.

< is uniquely determined by (L,M) via x <y if x My = x. (L,<) is called the
poset corresponding to (L, ).

4. Weak lattices
Now, we define the notion of a weak lattice.

Definition 4.1 A weak lattice is an algebra (L,L, M) of type (2,2) satisfying
(W1)-(W5) and (W1)-(W5’) where

(W5) zn(zUy) ==,
(W) (zNy)Uy=y.
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Weak lattices can also be characterized by the existence of a certain partial
order relation.

Lemma 4.1 An algebra (L,1U, M) of type (2,2) is a weak lattice if and only if (P1)
and (P1") hold and if there ezists a partial ordering < on L satisfying (P2)-(P4)
and (P2')-(P4).

Proof. Let a,b € L.

First assume (L, L, M) to be a weak lattice and define z < y by x Uy = y and
x CybyaxMNy =x. Then a < bimplies alUb = b and hence aMb=aM(aUb) =a
according to (W5), i.e., a C b, and, conversely, a C b implies a M b = a and hence
alb= (aMb)Ub = b according to (W5), i.e., a < b. This shows that both
partial orderings coincide. According to Theorem 2.1 and Corollary 3.1, (P1) and
(P1’) hold and there exists a partial ordering < on L satisfying (P2)-(P4) and
(P2)-(P4"). The rest of the proof follows from Theorem 2.1 and Corollary 3.1. =

Remark 4.1 Obviously, the partial order relation < mentioned in Lemma 4.1 is
uniquely determined by (L, U, M) via z < y if and only if x Uy = y if and only if
xMy =z (L, <) is called the poset corresponding to (L,L,M).

Example 4.1 Consider the four-element chain 0 < a < b < 1 and define the
operations U and Mon L :={0,a,b, 1} as follows:

Ui0o a b 1 M0 a b 1
010 a b 1 0/0 0 0 O
ala a b 1 al0 a a «a
blb 1 b 1 bl10 0 b b
111 1 11 110 a b 1

It is easy to check that (L, LU, M) is a weak lattice which is not a directoid (neither
w. T. t. Unor w. r. t. M) since e. g. a < band allb = b, but bla = 1 # b. Of course,
the order of the original chain coincides with the order induced by (L, L, ).

Example 4.2 If (L, <,0,1) is a bounded poset and one defines

y fx<y
Uy =

1 otherwise

r ifx<y
Ty =

0 otherwise

then (L,U, M) is a weak lattice. This can be seen as follows:

Let a,b,c € L. We check (P1)-(P4):

(P1): If @ < b then (aUb)Ub =0bUb=0>b=alUband if a £ b then
(aUb)Ub=1Ub=1=alb.
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(P2): Ifa <bthena <b=alUband b=aUbandifa £ bthena <1 =alb
and b<1=qalb.

(P3): If a <bthenallb=0».

(P4): If a < b < cthena <cand henceallc=c=bUcandifa <b<c
thenalc<1l=bUc

The dual conditions follow analogously.
According to Lemma 4.1, (L,L,M) is a weak lattice.

Now, we introduce a unary operation on weak lattices.

Definition 4.2 A weak lattice with an antitone involution is an algebra (L, LI, M,")
of type (2,2, 1) such that (L, L, M) is a weak lattice and ’ is an antitone involution.
If, in addition, (L,U,MN,) satisfies the de Morgan laws (z U y) = ¢’ M2’ and
(x My) = ¢ Ua then it is called a weak lattice with an antitone involution
satisfying the de Morgan laws.

Example 4.3 Consider the weak lattice (L,U, M) of Example 4.1 and define a
unary operation " on L by 0/ := 1, @’ := b, ¥ := a and 1’ := 0. One can easily

verify that (L, ) is a weak lattice with an antitone involution.

Remark 4.2 That ’ is antitone follows from the de Morgan laws: If x < y then
x Uy =y which implies ¥/ M2’ = (x Uy)" = v whence 3/ < 2.

That there exist weak lattices with an antitone involution not satisfying the
de Morgan laws is shown by the following example:

Example 4.4 Let L and U be defined as in Example 4.1, (L, M) a meet-semilattice,

ie.,
M0 a b 1
0|0 0 0 O
al0 a a a
b0 a b b
110 a b 1

and ' be defined as in Example 4.3. Then (L,U, M) is a weak lattice with an
antitone involution not satisfying the de Morgan laws since (bl a)’ = 1" = 0 #
a=bMNa=adnv.

Now, it can be proved that every weak join-semilattice together with an anti-
tone involution induces in a natural way a weak lattice with an antitone involution
satisfying the de Morgan laws:

Theorem 4.1 Let (L,U) be a weak join-semilattice and ' an antitone involution
of the corresponding poset (L, <). Define x My := (y' Ux'). Then (L,U,MN,) is a
weak lattice with an antitone involution satisfying the de Morgan laws.
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Proof. There hold (W1)-(W4). (W1)-(W4’) can be easily proved, e.g.:

(W1'): x Mz = (o' Ua') = 2" = x according to (W1).

Now

(W5): zM(zUy) = (zUy) Ua') =a” = since x < z Uy and hence
(zUy) <

(W5): (zMy)Uy = Uz) Uy =vy" =ysince y <y Uz and hence
(y/ |_| x/)/ S y//'

(I |_| y>/ — (:I/J/ |_| y//)/ — y/ |—| x/

(xNy) =@ ua) =y U .

Remark 4.3 It was proved in [2] that in a BCK-algebra (A, —, 1) one can define
a partial ordering < by x < y if x — y = 1 and it holds z < y if and only if
x Uy =y where x Uy = (x — y) — y. Moreover, 1 is the greatest element of
(A, <). If (A, <) has a smallest element 0 then the term operation " defined by
x' := 1z — 0 is antitone.

Now, we introduce BCK-algebras with 0 satisfying the double negation law.

Definition 4.3 (cf. [1]) A BCK-algebra (A, —,1) with 0 is said to satisfy the
double negation law if (x — 0) — 0 = x.

In fact, in logics represented by BCK-algebras the unary operation —x =
x — 0 is considered as the connective negation . Thus the double negation law
expresses the fact that ——x = 2 (contrary to the intuitionistic case where only
——-z = -z and where it can happen that ——z # z). BCK-algebras satisfying
the double negation law were treated in [1]. Here we can state

Theorem 4.2 [f (A, —,1) is a BCK-algebra with 0 satisfying the double negation
law and

Uy =(x—y)—vy

zMNy:=(((y—0) — (r—0)) = (x—=0) =0

r =z —0

then (A,U,N,) is a weak lattice with an antitone involution satisfying the de
Morgan laws.

Proof. This follows from Proposition 2.1. u

Theorem 4.3 Up to isomorphism there exist exactly one one-element weak lat-
tice, one two-element weak lattice, four three-element weak lattices and 74 four-
element weak lattices.
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Proof. The case concerning weak lattices of cardinality less than three is trivial.
Let us first assume L = {0,a,1} with 0 < a < 1.

(P2), (P3), (P2’) and (P3’): These conditions hold if and only if operation
tables for LI, respectively M, look as follows:

where b € {a,1} and ¢ € {0,a}.
(P1): This condition holds if x € {0,1} or y =1 or x < y.

If (z,y) = (a,0) then (zUy)Uy=(aU0)LUO=0U0=b=al0=aUy.

Hence (P1) holds.
(P1’): This condition holds if x =0 or y € {0,1} or z < y.

If (z,y) =(1,a) thenzM(zNy)=1MN(1MNa)=1MNc=c=1MNa=xMy.

Hence (P1’) holds.
(P4) and (P4’): These conditions can be easily checked.

Since all four possibilities for b, ¢ yield pairwise non-isomorphic weak lattices,
up to isomorphism there exist exactly four three-element weak lattices.

Now we turn to the four-element case. Let L = {0,qa,b,1}.

First we consider the case 0 < a,b < 1 with a and b being incomparable.

(P2), (P3), (P2') and (P3'): These conditions hold if and only if operation
tables for LI, respectively I, look as follows:

Ui0 a b 1 N0 a b 1
0/0 a b 1 0(0 0 0 O
alc a 1 1 al0 a 0 a
bld 1 b 1 b0 0 b b
111 1 11 110 e f 1

where ¢ € {a,1}, d € {b,1}, e € {0,a} and f € {0,b}.
(P1): This condition holds if x € {0,1} or y =1 or x < y.

If (z,y) = (a,0) then (z Uy) Uy =(aU0)UO0=cUO0=c=alU0=xUy.
If (z,y) = (a,b) then (zUy)Uy=(alb)Ub=1Ub=1=aUb=alUy.
If (z,y) = (b,0) then (zUy)Uy=(bUO)UO=dU0=d=bU0=aUy.
If (z,y) = (bya) then (x Uy)Uy = (bUa)Ua=1Ua=1=bUa=zUy.

Hence (P1) holds.
(P1’): This condition holds if z =0 or y € {0,1} or z < y.
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If (z,y) = (a,b) then z M (zMy)=aM(aMNb)=aN0=0=aNb=xMy.
If (x,y) = (bya) then x M (zMy) =0 (bMNa)=bMN0=0=bMNa=xMy.
If (z,y) =(1,a) thenzMN(zNy)=1MN(1MNa)=1MNe=e=1MNa=xMNy.
If (z,y) = (1,b) then zM(zMy) =1 (AN =1Nf=f=1Nb=zNy.

Hence (P1’) holds.

Since every homomorphism of a weak lattice is order-preserving, the only
non-trivial isomorphism between our algebras could be the interchanging of a and
b. We have the following cases: (¢, d, e, f) € {a,1} x {b,1} x {0,a} x {0,b}. Now
the weak lattices corresponding to the following quadruples are isomorphic:

(a,b,0,b), (a,b,a,0)
(a,1,0,0),(1,5,0,0)

(a,1,0,0),(1,b,a,0)

(a,1,a,0),(1,b,0,b)

(a,1,a,b),(1,b,a,b)

(1,1,0,0),(1,1,a,0)

So we have 10 pairwise non-isomorphic four-element weak lattices whose corre-
sponding order is not a chain.

Finally, consider the case 0 < a < b < 1.

(P2), (P3), (P2’) and (P3’): These conditions hold if and only if operation
tables for LI, respectively I, look as follows:

Uio a b 1 M0 a b 1
010 a b 1 0{0 0 0 O
alc a b 1 al0 a a a
bld e b 1 b0 f b b
111 1 11 110 g h 1

where ¢ € {a,b,1}, d,e € {b,1}, f,g € {0,a} and h € {0, a, b}.
(P1): This condition holds if x € {0,1} ory =1 or z < y.

If (z,y) = (a,0) then (zUy) Uy =(aU0)UO=cUO0and zUy=al0=c.

If (z,y) = (b,0) then (zUy)Uy=(bUO)LUO=dU0=d=bU0=aUy.

If (x,y) = (bya) then (x Uy)Uy = (bUa)Ua=ela=e=bUa=xUy.
Hence (P1) holds if and only if (¢,d) # (b, 1).

(P1’): This condition holds if z =0 or y € {0,1} or z < y.

If (,y) = (bya) then x M (zMy) =bN(bMNa)=0Nf=f=0bNa=zNy.
If (z,y)=(1,a) then M (zMNy)=1MN(1MNa)=1MNg=g=1MNa=xMNy.
If (z,y) = (1,b) then aM(xzMNy)=1MN(1MNb)=1MNhand xMNy=1Mb = h.



138 I. CHAJDA, H. LANGER

Hence (P1’) holds if and only if (g,h) # (0, a).
(P4): This condition holds if and only if (¢, d) # (1,b).
(P4’): This condition holds if and only if (g, h) # (a,0).

Summing up, we have that the algebra with the above operation tables is a
weak lattice if and only if

((c.d).e, f,(g,h)) € {(a,b),(a,1),(b,b), (1,1)} x {b,1}
x{0,a} x {(0,0), (a,a),(0,b),(a,b)}.
Hence we have 4-2-2-4 = 64 possibilities. The corresponding algebras are pairwise

non-isomorphic. Together this yields 10 4+ 64 = 74 pairwise non-isomorphic four-
element weak lattices. n

Finally, we introduce some axioms.

Definition 4.4 For an algebra (L, U, M) we define (W6), (W6’), (W7) and (WT’)
as follows:

(W6) (zUy)Uz=xUy
(W) yn(zny)=azNy
(W7) yn(zUy) =y
(W7) (zNy)Uz=x

Next, we show some implications between some axioms:
Lemma 4.2 There hold (i)-(v):

(i

(ii

) (W3) and (W5) together imply (W7).
) (
(iii) (W1) and (W5) together imply (W1’).
) (
) (

W3’) and (W5’) together imply (WT’).

W2) and (W5’) together imply (W2’).

(iv

(v) (W6) implies (W2).

Proof. (i): yM(zUy)=yN(yU (zUy)) =y.

(ii): (zxMNy)Uz = ((xMNy)MNz)Ux ==z This follows analogously.

(iii): zNx=2zN(zUz) =z

(iv): My = x and y Mz = y together imply z Uy = (x My) Uy = y and
yUz = (yMaz)Uz =2 whence z = y.

(v): zUy = y and yUz = x together imply x = yUzr = (zUy)Uzr = zUy = y. =

Lemma 4.3 There hold (i) and (ii):

(i) Any join-directoid satisfying (W4) is a join-semilattice.
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(ii) Any weak join-semilattice satisfying (W6) is a join-semilattice.

Proof. (i) If (L,U) is a join-directoid, (L, <) denotes the corresponding poset,
a,b,c € L and a,b < ¢ then

(aUb)Uc = (allb)U(cUb)
(aUb)U ((aUc)LIb)
= (aUc)Ub=cUb=c,

Leealb<e.

(ii) If (L, ) is a weak join-semilattice, (L, <) denotes the corresponding poset,
a,b€ Land a <bthenblla = (alb)Ua = allb= b and according to Lemma 1.1
and Theorem 2.1, (L,LJ) is a join-directoid and according to Lemma 4.3 (i) a
join-semilattice. .

Corollary 4.1 There hold (i) and (ii):

(i) If (L,U) is a weak join-semilattice satisfying (W5) and (W6), (L, <) denotes
the corresponding poset, ' is an antitone involution of (L, <) and one defines
My = (2’ Uy forall z,y € L then (L,U,N) is a lattice.

(ii) Any weak lattice satisfying (W6) and (W6’) is a lattice.

Proof. (i): According to Lemma 4.3 (ii), (L,L) is a join-semilattice and hence
(L,M) a meet-semilattice. Because of (W5) one absorption law holds. The other
one follows by duality.

(ii): Let (L,U, ) be a weak lattice. According to Lemma 4.3 (ii) and its dual

(L,U) and (L,M) are semilattices. Because of (W5) and (W5’) the absorption
laws hold. -

Remark 4.4 Since (W3) and =z Uy = y U x together imply (W6), according
to Lemma 4.3 (ii) it follows that any commutative weak join-semilattice is a
join-semilattice and according to Corollary 4.1 (ii) that every commutative weak
lattice is a lattice. If in Definition 2.2 (W2) is replaced by the stronger axiom
(xUy) Uz =xUy or if the axiom (x Uy) Uz = x U (x U y) is included, then the
weak join-semilattice becomes a join-semilattice.
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1. Introduction

The study of BC K-algebras was initiated by Y. Imai and K. Iséki [4] in 1966
as a generalization of the concept of set-theoretic difference and propositional
calculi. The hyperstructure theory (called also multialgebras) was introduced
in 1934 by F. Marty [7] at the 8th Congress of Scandinavian Mathematiciens.
Since then many researchers have worked on algebraic hyperstructures and de-
veloped it. A recent book [3] contains a wealth of applications. Via this book,
Corsini and Leoreanu presented some of the numerous applications of algebraic
hyperstructures, especially those from the last fifteen years, to the following sub-
jects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough sets,
automata, cryptography, codes, median algebras, relation algebras, artificial in-
telligence and probabilities. Hyperstructures have many applications to several
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sectors of both pure and applied sciences. In [1], Y.B. Jun et al. applied the
hyper structures to BC K-algebras, and introduced the notion of a hyper BCK-
algebra which is a generalization of BC K-algebra and investigated some related
properties. In [6], X.X. Long applied the hyper structure to BC'I-algebras and
introduce the concepts of hyper BC'I-algebras which is a generalization of BC'I-
algebras. Now, in this note we define the notions of weak hyper BC'[-algebras
and strong hyper BC'I-algebras and we obtain some related results which have
been mentioned in this paper.

2. Preliminary

Definition 2.1. [6] An algebra (X, *,0) of type (2,0) is called a BC'I-algebra if
it satisfies the following conditions:

(BCI-1): ((zxy)*(x*2))x(z2xy) =0,

(BCI-2): %0 =z,

(BCI-3): zxy =0 and y*xx = 0 imply x = v,
for any x,y,z € X. A BCI-algebra X is called p-semisimple BCI-algebra if
0% (0xx) ==z, for all z € X.

Definition 2.2. [6] Let H be a nonempty set and ” o” be a hyper operation on
H. Then H is called a hyper BC'I-algebra, if it contains a constant 0 and satisfies
the following conditions:

(B1) (zoz)o(yoz) <oy,

(By) (woy)oz=(roz)oy,

(B3) r L,

(By) z<yandy<z = x =y,

(Bs) 0o (0oz) <z, x#0,
for all z,y,z € H.

By a hyper BCK -algebra we mean a nonempty set H endowed with a hyper
operation ” o” and a constant 0 which satisfy axioms (B;), (Bs), (By) and z0 H <
{z}, for all z € H. It is easy to see that every hyper BCK-algebra is a hyper
BCI-algebra.

Let (H,0,0) be a hyper BCI-algebra. By H" we mean

H"={zxe€eH|0€0oxz}.
We note that 0 € H', thus H+ # ().

Definition 2.3. [5] Let I be a nonempty subset of hyper BCI-algebra H and
0 € I. Then I is called a
(i) weak hyper BCI-ideal of H if zoy C I and y € I imply that = € I, for all
x,y € H,
(ii) hyper BCI-ideal of H if zoy < I and y € I imply that x € I, for all
r,y € H,
(iii) strong hyper BCI-ideal of H if zoy ~ I and y € I imply that = € I, for all
x,y € H, where xoy ~ I means xoy NI # ().
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By W(H) we means the class of all weak hyper BC'I-ideals, by I(H) we mean the
class of all hyper BCI-ideals and by S(H) we means the class of all strong hyper
BCI-ideals of H.

Theorem 2.4. [2] There are 19 hyper BCK -algebras of order 3 up to isomor-
phism.

Proposition 2.5. [6] In any hyper BCI-algebra, the following hold:
(i) r<zoo,
(i) A<KA,
(i) y < z implies xoz K x oy,
for all x,y,z € H and for all nonempty subsets A and B of H.

Definition 2.6. [2] Let (Hy,01,01) and (Hs,02,03) be two hyper BCI-algebras
and f : Hy — Hj be a function. Then f is said to be a homomorphism if and
only if

f(xoyy) = f(x)oy f(y), for all x,y € Hj.

If f is one to one (onto) we say that f is a monomorphism (epimorphism) and if
f is both one to one and onto, we say that f is an isomorphism and (Hj, oy, 0;)
and (Hj, 09, 05) are isomorphic.

3. Some properties of hyper B(C[-algebras

Remark 3.1. We note that if (H,*,0) is a BC[-algebra and we define z oy =
{z %y}, then (H,0,0) is a hyper BCI-algebra. Hence hyper BC'I-algebras are a
generalization of BC'[-algebras

Theorem 3.2. In any hyper BC'I-algebra, the following hold:
(i) ifz <0, then z =0,
(ii) if A< {0}, then A ={0},
(iii) if Ao A= {0}, then A is singleton,
(iv) z€x00,
(v) €000 imply that x € HT,
(vi) if H" = {0}, then 000 = {0},
(vii) if 000 = {0}, then 0o x = {0}, for allz € HT,

for all x € H and for all nonempty subset A of H.
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Proof. (i) Let 2 < 0. Thus 0 € x00. By (B;),0€ 000(s)(000) o (z00) <
0 o z. Hence there is t € 0 oz such that 0 < t and so 0 € 0ot. By (Bs),
0€0o0t(s)0o(0oz) < {x}. Hence 0 < z. By (By), we imply that x = 0.

(ii) Let A <« {0}. Then for all « € A, a < 0. By (i), we imply that a = 0.
Hence A = {0}.

(iii) Let AoA = {0} and z,y € A. Then zoy = {0} and yox = {0}. By (By),
x = y. Therefore, A is singleton.

(iv) By (B2) and (B3), 0 € 000(s)(xoz)o0 = (x00)ox. Thus thereist € x00
such that 0 € t oz and so t < z. On the other hands 0 € (xo00)ot = (xot)o0.
Hence there is an element a € x ot such that 0 € a0 0. Thus a < 0. By (i),a =0
and so 0 € z ot. Hence z < t. By (By), © = t. Therefore, x € z 0 0.

(v) Let x € 000. By (B3) and (Bs2),0€ (000)ox = (0oxz)o0. Thus there
exist a € 0 o x such that 0 € a0 0 and so a < 0. By (i), a = 0. Hence 0 € 0o x.
Therefore, x € H™.

(vi) By (v), the proof is easy.

(vii) Let 000 = {0} and x € H*. By (B;), (0ox)o(0oxz) < 000 = {0}.
By (ii), (0o z) o (0ox) = {0}. By (iii), 0oz is singleton. Since x € H*, 0 € 0o x.
Thus 0 oz = {0}. n

Theorem 3.3. Let H be a hyper BCI-algebra and x o x = {0}, for all x € H.
Then H 1s a BCI-algebra.

Proof. By Remark 3.1, it is sufficient to prove that = o y is singleton, for all
x,y € H. By (By),
(zoy)o(roy) <wox={0}.
By Theorem 3.2(iii), x o y is singleton. Therefore, H is a BC'I-algebra. .
Lemma 3.4. Let H be a hyper BCI-algebra and H = {0}. Then the following
hold:
(i) ifx <y, then x =y,

(i) if A< B, then A(s)B,

(iii) 0o (0oxz) = {z},

(iv) xox={0},
for all x,y € H and for all nonempty subsets A, B of H.
Proof. (i) Let H be a hyper BCI-algebra, H* = {0} and z < y. By Theorem
3.2(vi), 000 = {0}. By 0 € zoy, (By) and (B3), {0} = 000(s)(yoy)o(xoy) <K yox.

Hence there exist a € yox such that 0 < a and so 0 € 0oa. Thus e € H* = {0}.
Hence a = 0 and so y < z. By (By), z = ».

(ii) Let A < B. Then, for all a € A there exist b € B such that a < b.
By (i), @ = b. Therefore, A(s)B.

(iii) By (Bj) and (ii), the proof is easy.
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(iv) By (iii), 0o (0ox) = {x}, for all x € H. Thus Ooy = {z}, for ally € Oox.
By (iii), 0ox =00 (0oy) = {y}. Thus 0oz = {y} and 0oy = {z}. By 000 = {0}
and by (By), zox=(0oy)o(0oy) <000 = {0}.

Now, by Theorem 3.2(ii), z o x = {0}. ]

Theorem 3.5. Let H be a hyper BCI-algebra and HY = {0}. Then H is a
p-semisimple BC'I-algebra.

Proof. Let H be a hyper BCI-algebra and Ht = {0}. By Lemma 3.4(iv),
zox = {0} and so by Theorem 3.3, H is a BCI-algebra. By Lemma 3.4(iii),
0o (0ox) ={z}. Therefore, H is a p-semisimple BC'I-algebra. n

Theorem 3.6. If f : (Hy,01,01) — (Ha,09,0) is an isomorphism of hyper
BCI-algebras, then

(i) if 010101 = {01}, then f(01) = 0o,

(ii) if x € 0y 01z, for all x € 01 01 04, then f(0;) = 05.
Proof. (i) Let (Hj,o1,01) and (Hj,02,05) be two hyper BCI-algebras. Then
f(01) = f(01 01 01) = f(01) o2 f(01) and 02 € f(01) o f(01). Thus f(01) = 02.

(11) Let f(y) = 0, and f(01) = . By 0y € f(Ol) 09 f(()l) = f(01 01 01),
we imply that y € 0; oy 0;. By hypothesis, y € 0; o y and by Theorem 3.2(iv),

y € yo101. Thus f(y) € f(01) 02 f(y) and f(y) € f(y)os f(01). Hence 0z € 2050,
and 0y € 03 07 z. By (By), = 05. Therefore, f(0;) = 0s. .

In what follows, first we introduce the concepts of weak hyper BC'[-algebras
and strong hyper BC'I-algebras. Then, we find some results on (strong) weak
hyper BC'I-algebras of order 3. Finally, we characterize the hyper BCI-algebras
of order 3.

Definition 3.7. Let H be a hyper BCT-algebra. Then the set Sy = {x € H :
xo H < {z}} is defined as hyper BCK-part of H. If H # Sj, then H is known
as a proper hyper BC'I-algebra.

A hyper BCI-algebra H is called a

(i) weak proper hyper BCI-algebra if H is proper and H™ = H. In other word
if 0 is the smallest element of H,

(i) strong proper hyper BCI-algebra if H™ # H. We note that if z ¢ H™, then
0¢0ox. Thus Oox £ {0}. Therefore, 0o H « {0} and (H, o,0) is proper.

4. Characterization of weak proper hyper B(CI-algebra of order 3

Lemma 4.1. Let H = {0,a,b} be a weak proper hyper BCI-algebra. Then, the
following hold:

(i) 000 % {0,a,b},
(ii) if 000 ={0,a}, then a <K b,
(iii) if 0oa = {0}, then 000 = {0}.
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Proof. (i) Let 000 = {0,a,b}. Since H is a weak proper hyper BCI-algebra,
then 0 € 00 b. By (Bs),

{0,a,b} =000(s)00 (00b) <« {b}.

Thus a < b. By the similar way, b < a. By (B4), a = b, which is a contradiction.
(ii) Let 000 = {0,a}. By b€ H* and (Bs), {0,a} =000(s)00 (00b) <« {b}.
Therefore, a < b.
(iii) Let 0oa = {0}. By (B;1),000(s)(0ca)o(0oa) < aoa = {0}. Now, by
Theorem 3.2(ii), 0 0 0 = {0}. n

Lemma 4.2. Let H = {0,a,b} be a weak proper hyper BCI-algebra. Then the
following hold:

(i) f 000 & {0}, then (H,o0,0) is a chain,
(ii) if0oa & {0}, then 000 & {0},
(iii) ifao0 & {a}, then a < b,
) ifaoa % {a}, then ao0 £ {a},
(v) ifaob {a}, then ao0 £ {a}.

Proof. (i) Let H = {0, a, b} be a weak proper hyper BCI-algebra. Then 0 < a
and 0 < b. It is remind to prove that a and b are comparable. If 0 o 0 &« 0,
then 0 00 = {0,a} or {0,b} or {0,a,b}. By Lemma 4.1(i), 000 # {0, a,b}. Thus
000 = {0,a} or {0,b}. If 000 = {0,a}, then by Lemma 4.1(ii), a« < b and if
000 =1{0,b}, b < a. Therefore, H is a chain.

(ii) If 0o a <« {0}, then 0 oa # {0}. By Theorem 3.2(vii), 000 # {0} and so
000« {0}.

(iii) If ao0 & {a}, then b € ao0 and b &« a. By Theorems 3.2(i),(iv), a € ao0
and 0 € ao0. Thus ao0 = {a,b}. By (Bz), 0 € bob(s)(ac0)ob=(aob)o0.
Hence 0 € (aob)o0. It means that there is an element = € aob such that 0 € 00
and so z < 0. By Theorem 3.2(i), x = 0 and so 0 € a o b. Therefore, a < b.

(iv) If aoa & {a}, then b € aoa and b €« a. By Theorem 3.2(iv) and (B),

(iv

bebol(s)(aca)o(0oa) <K aol.

Thus there is an element ¢ € a o 0 such that b < t. From b € a and b € 0 we
imply that ¢ = b. Hence b € a0 0 and b « a. Therefore, a o 0 £« {a}.

(v) If aob &« a, then b € aob and b & a. We have b € bo0(s)(aob)o(0ob) <
a o 0. Thus there is an element ¢t € a o 0 such that b < ¢t. From b &« a and b « 0
we imply that t = b. Hence b € a0 0 and b <« a. Therefore, a o0 < a. n

Theorem 4.3. Fvery weak proper hyper BCI-algebra of order three is a chain.
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Proof. Let H = {0,a,b} be a weak proper hyper BCI-algebra. It is clear that
0 < aand 0 < b. It is remind to prove that a and b are comparable. Since H is
proper, then

0o H &« {0} orao H &« {a} or bo H £« {b}.

So we will investigate three cases.

Case 1. If 0o H « {0}, then 000 &« {0} or 0oa <« {0} or 00 b £« {0}. By
Lemma 4.2(i) and (ii), we imply that H is a chain.

Case 2. If ao H £ {a}, thenaoco &« {a} oraoa & {a} or aob & {a}. By
Lemma 4.2(iii),(iv) and (v), we imply that H is a chain.

Case 3. bo H « {b} is similar to the case two.
Therefore, in every case H is a chain. n

Proposition 4.4. Let H = {0,a,b} be a weak proper hyper BCI-algebra. Then,
the following hold:

(i) if000=1{0,a}, then0oa=00b={0,a},
(i) 0oc0=00a=00b= {0} or{0,a} or{0,b}.

Proof. (i) Let 000 = {0,a}. By Lemma 4.1(ii), a < b. If 0 0 a = {0}, then by
Lemma 4.1, 00 0 = {0} which is a contradiction. By the similar way 0o b # {0}.
Thus a € 0oaorb € 0oa and a € Ooborb € 0ob. If b € 0o a, then
0ob(s)00(0oca) < {a}. From a < b we imply that a € 0ob and b ¢ 00b. Hence
0ob={0,a}. Thusb € 0oa(s)(0ob)o(0ob) < 000 = {0,a}. It means that b < 0
or b < a which is a contradiction. Thus b € 0oa. By 0oa # {0} we conclude that
Ooa={0,a}. fbe0ob, thenbe 00b(s)(0ob)o(0ob) <000 =1{0,a}. Hence
b < 0 or b < a which both of them are contradiction. Therefore, 00 b = {0, a}.

(ii) By (i) and Lemma 4.1(i),(iii), the proof is easy. n

Theorem 4.5. Let H = {0, a,b} be a weak proper hyper BCI-algebra. Then the
following hold:

(i) if 000 = {0}, then ao 0 = {a,b} and bo 0 = {b} or ao0 = {a} and
bo0 = {a,b},

(ii) if 000 ={0,a}, then ao0={a} and bo 0 = {b}.

Proof. (i) Let 000 = {0}. Then, by Proposition 4.4, 0oca=00b=000 = {0}.
Thus 0o H < {0}. Since H is proper, then ao H <« {a} or bo H &« {b}. Without
loss of generality, let a o H &« {a}. By Lemma 4.2(iii),(iv),(v), we imply that
ao0 £ {a} and a < b and so a0 0 = {a,b}. By Theorem 3.2, b € bo 0 and from
0 < b we conclude that 0 € bo0. If a € bo0, then 0 € aca(s)(bo0)oa = (boa)o0.
Hence 0 € (boa)o0. Since 0 ¢ ao0 and 0 ¢ bo0, 0 € boa and so b < a which is a
contradiction. Thus a ¢ bo0 and so bo0 = {b}. By the similar way if bo H £« {b},
then a o0 = {a} and bo 0 = {a, b}.
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(ii) Let 000 = {0,a}. By Lemma 4.4, 0ob =00a = {0,a} and by Lemma
4.1, a < b. By Theorem 3.2, a € ao0and b€ bo0. If b € ao0, then

beaol(s)(0oa)o(0oa) <000 =1{0,a}.

Hence b < 0 or b < a which is a contradiction. Thus b € ao0 and so ao0 = {a}.
If a € bo0, then

0O€c€aoa(s)(bo0)oa=(boa)oO.

Thus there is an element x € boa such that 0 € x o0 and so x < 0. By Theorem
3.2, x =0 and so 0 € boa. Hence b < a which is a contradiction. Therefore,

0ob={b}. "

Theorem 4.6. Let H = {0, a,b} be a weak proper hyper BCI-algebra, 000 = {0}
and ao0 = {a,b}. Thenb€ aoa,beboa,aob+#{0,a} andbob+#{0,a}.

Proof. By Propositions 4.5 and 4.4,
0Ooa=00b=000={0}, ao0={a,b}, bo0={b} and a < b.

Thus b € ao0(s)(boa)o(aoa) < boa. From a < b and 0 < b we imply that
beboa. By (By),beboa(s)(ao0)o(ao0) < aoa. Therefore, b € aoa. To
prove aob # {0,a} and bob # {0,a} we will prove that if a € aob, then b € aob
and if a € bob, then b€ bob. Let a € aob, then

(1) beaol(s)(aob)o(bob) <aob.

Since a < b and 0 < b, then by (1), b € aob.
Let a € bob, then b€ ao0(s)(bob)o (bob) < bob. Hence b € bob. .

Theorem 4.7. Let H = {0,a,b} be a weak proper hyper BCI-algebra and 000 =
{0,a}. Then

(i) aca=aob={0,a},
(i) a€bob,
(ili) ifbebobd, thenb e boa.
Proof. (i) By Propositions 4.5 and 4.4 we conclude that
0Oca=00b=000={0,a}, aoc0=1{a}, bo0={b} and a < b.

By (B1),a€000(s)(aob)o(aob) < aoa. Hence a < aoa and so a € aoa or
beaoa. If b€ aoa,then

beaoa(s)(000)o(000) <000 ={0,a}.

Thus b < 0 or b < a which both of them are contradiction. Hence b &€ a o a and
so aoa = {0,a}. Also by (By), {0,a} =00 (boa)(s)(aoa)o(boa) < aob.



CHARACTERIZATION OF HYPER BCI-ALGEBRA OF ORDER 3 149

Hence a < a ob. Therefore, a € aobor b € aob. If b € aob, then b €
boO(s)(aob)o(0ob) < aol = {a}. It means that b < a which is a contradiction.
Thus b€ aob. Since a € aob and a < b, aob={0,a}.

(ii) By (B2), a € 000(s)(bob)o0=(bo0)ob=>bob. Thusa € bob.
(i) If b€ bob, then b € bob(s)(bo0)o (ao0) < boa. Therefore, b € boa. m

Theorem 4.8. Let H = {0,a,b} and f : (H,01,0) — (H, 09,0) be a non identity
isomorphism of weak proper hyper BC'I-algebras, then

(i) f(0)=0,
(i) ifa <1 b, then b <5 a.

Proof. (i) By Lemma 4.4 and Theorem 3.6, the proof is clear.

(ii) Let a <; b. Since f(0) = 0 and f is not identity, then f(a) = b and
f(b)=a. By 0 €aoyb, f(0) € f(a)oy f(b) and so 0 € boya. Therefore, b <5 a. m

By Theorems 4.8 and 4.3 any weak proper hyper BC'I-algebra is a chain and
any chain 0 < a < b is isomorph by a chain 0 < b < a. So if we let H = {0,a,b}
and 0 < a < b, then we can find all weak proper hyper BC'I-algebra of order 3
up to isomorphism.

According Theorems 4.4, 4.5, 4.6 and 4.7 we have two following structures:

o ‘ 0 a b
0] {0} {0} {0}
a|{a,b} {0,b} or {0,a,b} {0},{0,b} or {0,a,b}
b| {b} {b} or {a,b}  {0},{0,b} or {0,a,b}
ol 0 a b
01| {0,a} {0,a} {0,a}
a| {a} {0,a} {0,a}
b| {b} {a},{b} or {a,b} {0,a} or {0,a,b}

Case 1. Let 000 =00a=00b= {0}, a0 0= {a,b}, bo0 = {b}.
Let aoa = {0,b}. If a € boa, then

a€boa(s)(ac0)oa=(aoca)o0=000Ubo0={0,b}.
which is a contradiction. Hence boa = {b}. If ao b= {0}, then
bob(s)(aoa)o(boa) < aob=1{0}.

By Theorem 3.2, bo b = {0} and we get the following Cayley table which is a
weak proper hyper BC'I-algebra.

01‘ 0 a b
0 {0y {0} {0}

a |{a,b} {0,0} {0}
b {0} {6} {0}
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W(H) = I(H) = S(H) = {{0},{0,a}, H}.
If aob=1{0,b}, then by {0} =00b(s)bob and (Bs),

bob=00bUbob={0,b}ob=(aca)ob=(aob)oa={0,b}0a={0,b}.
Thus bo b= {0,b} and we get the following weak proper hyper BC'I-algebra.

09 ‘ 0 a b

0| {0y {0}y {0}

a |{a,b} {0,0} {0,b}
b {0y {b} {0,b}

W(H)=1(H)=5(H)={{0},{0,a}, H}.
If aob={0,a,b}, then

bob=00bUbob={0,b}ob=(aca)ob=(aob)oa=1{0,a,b}oa={0,b}.
Thus bo b= {0,b} and we get the following weak proper hyper BCI-algebra.

O3 ‘ 0 a b

0o {0} {0} {0}
a |{a,b} {0,0} {0,a,b}
b | {6}  {o} {00}

](H) = S(H> = {{0}7 {O,CL},H} and W(H) = {{0}7 {O7b}v {O,CL},H}.

Let aoa ={0,a,b} and boa = {b}. If aob = {0}, then bob(s)(ao0)o (ho0) <«
aob={0}. By Theorem 3.2, bob = {0} and we get the next weak proper hyper
BCI-algebra.

04 ‘ 0 a b

o {or {0} {0}
a |{a,b} {0,a,b} {0}
b | {b} {o} {0}

W(H) = I(H) = 5(H) = {{0},{0,a}, H}.

Ifaob=1{0,b}, thenaobUbob={a,b}ob=(aoc0)ob=(aob)o0={0,b}.
Hence {0,b} Ubob = {0,b}. which means that bob = {0} or bob = {0,b} which
both of them are weak proper hyper BC'[-algebras.

05‘0 a b 06‘0 a b
0 | {0y {0} {0} 0 | {0y {0} {0}
o [{ab} {0,006} {0.b} o [{ab} {0,006} {0.b}

b [ {0y {0} {0} b [{oy {0} {0,b}
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W (H,o5)=I(H,o05)=S(H,o05)=W (H,06)=I(H,o05)=5S(H,0s)={{0},{0,a}, H}.

If aob={0,a,b}, then bob = {0},{0,b}or {0,a,b} which all of them are weak
proper hyper BC'[-algebras.

o7 ‘ 0 a b og ‘ 0 a b

0 1 {0} {0} {0} 0 {0} {0} {0}

a |{a,b} {0,a,b} {0,a,b} a |{a,b} {0,a,b} {0,a,b}
b [ {0y {0} {0} b [ {0y {0} {0, b}

I(H7O7) = S(H7 07) = ](H7 08) = S<H7 08) = {{0}7{070'}7]{}7
W(H> 07) = W(H, OS) - {{0}7 {07 b}7 {O,CL}, H}

o ‘ 0 a b

0 {0} {0} {0}

a |{a,b} {0,a,b} {0,a,b}
b | {b}  {b} {0,a,b}

[(H) = S(H) = {{0}7 {O,CL},H} and W(H) = {{0}7{0’[)}7 {O,CL},H}.

Let aoa = {0,a,b} and boa = {a,b}. By (By), (aca)o(boa) < aob.
Hence {0,a,b} < aob. We imply that b € aob. Thus aob = {0,b} or
{0,a,b}. If aob = {0,b}, then by (aoa)ob = (aob)oa we conclude that
{0,b} Ubob = {0,a,b}. Hence a € bob. By Theorem 4.7(iii), b o b = {0, a, b}.
But in this case (a 00)ob # (aob)o0. Hence aob # {0,b}.

If aob={0,a,b}, then bob = {0}, {0,b} or {0,a,b}. If bob = {0}, then
(boa)ob# (bob)oa. If bob={0,b} or {0, a,b}, then we get two following weak
proper hyper BC'I-algebras.

010 ‘ 0 a b 011 ‘ 0 a b

0 |{oy {0} {0} 0 {0y {0} {0}

a |{a,b} {0,a,b} {0,a,b} a |{a,b} {0,a,b} {0,a,b}
b |{b} {a,b}  {0,0} b [{b} {a,b}  {0,a,b}

I(H,010) = S(H,010) = I(H,011) = S(H,011) = {{0}, {0, a}, H},
W(H,010) = W(H, o) = {{0},{0,6},{0,a}, H}.
Case 2. Let 000 =00a =00b = {0,a}, ao0 = {a}, bo0 = {b} and
aoa=aob={0,a}.
If bob = {0,a}, then boa = {b}, {a} or {a,b}. If boa = {a,b}, then
(boa)o(boa) &« bob. The other cases are weak proper hyper BCI-algebras with
the following Cayley tables.

019 ‘ 0 a b 013 ‘ 0 a b
0 [{0,a} {0,a} {0,a} 0 [{0,a} {0,a} {0,a}
a |{a}  {0,a} {0,a} a [{a}  {0,a} {0,a}

b [{oy  {op  {0,a} b1 {by  {a}  {0,a}
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](H7 012) = S(Hv 012) = {{0}7 {O,G},H}, I(H7 013) = S(H7 013) = {{0}>H}7
W(H, 012) = {{0},{0,0},{0,a}, H} and W(H, 013) = {{0},{0,b}, H}.

If bo b={0, a, b}, then by Theorem 4.7, b € bo a. Thus bo a={b} or {a, b}, which
both of them are weak proper hyper BC'[-algebra with the following Cyley tables:

o14 ‘ 0 a b 015 ‘ 0 a b

0 |{0,a} {0,a} {0,a} 0 [{0,a} {0,a} {0,a}
a |[{a}  {0,a} {0,a} a [{a}  {0,a} {0,a}

b [{b} {b}  {0,a,b} b [ {b}  {a,b} {0,a,b}

I(H,014) = S(H,014) = I(H,015) = {{0},{0,a}, H}, S(H, o015) = {{0}, H},
W<H7 014) = W<H7 Ol5> = {{0}7 {07 b}7 {07 CL}, H}

5. Characterization of strong proper hyper B('[-algebra of order 3

Let H = {0,a,b} and (H,0,0) be a strong proper hyper BCI-algebra. By
definition of strong proper hyper BCTI-algebra, H # H. Thus HT = {0} or
H* ={0,a}.

Theorem 5.1. Let H = {0,a,b} be a strong proper hyper BCI-algebra and Ht =
{0,a}. Then, the following hold:

(i) 0ob={b},
(i
(ii
(iv
(v

(vi

—

000 = {0} or{0,a},

—

if 000 ={0,a}, then 0 oa = {0,a},

)
)
) if000={0}, then 0oa = {0},
)
) 0ca=000={0} or{0,a},

)

if 000 ={0,a}, thena € bob anda € aoa.

Proof. (i) Since b € H", 0 ¢ 0ob. If a € 00 b, then by a € H' and (Bs),
0 €0oa(s)0o(00b) < {b}, which is a contradiction. Hence a ¢ 0o b. Since
beg H", 0 ¢ 00b. Therefore, 00 b = {b}.

(ii) If b € 00 0, then by Theorem 3.2(i) and (Ba),

0Z€bo0=(00b)o0=(000)obDbob>0,

which is a contradiction. Thus b € 000 and so 000 = {0} or 000 = {0,a}.

(iii) By Theorem 3.2(vii), the proof is easy.

(iv) Let 000 = {0,a}. If 0 0 a = {0}, then by (iv), 000 = {0} which is a
contradiction. Since a € H', 0 € 0 o a. It is sufficient to prove that b € 0 oa. On
the contrary let b € 0 o a. By (i) and (Ba),

boa=(0ob)oa=(0ca)obD00b U bob> {0,b}.
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Thus b € boa and 0 € boa. Hence b < a and so a <K b.
By (B1) and (Bs),

a€000(s)(aoca)o(boa) <K aob.

Thus a € aob. On the other hand,
{0,a} =000(s)(bob)o (bob) < bob.

Hence a € bo b. By (By),

a€aob(s)(bob)o(0ob) <boO.
Since b < a, then a € bo 0. By Theorem 3.2, bo 0 = {a,b}. By (B;) and (i),

0caoa(s)(000)o(bo0) K 0ob={b}.

Thus 0 < b, which is a contradiction. Hence b & 0 o a. Therefore, 00 a = {0,a}.
(v) By (iii) and (iv), the proof is easy.
(vi) Let 000 = {0,a}. By (v), 0oa = {0,a}. By (By),

{0,a} =000(s)(aca)o(aca) K aoa.

Hence there is ¢t € a o a such that a < t.
Let t=band so b€ aoaand a < b. Thus b € a. By (Bs),

0OZboa=(0ob)oa=(0oa)obDaob>0,
which is a contradiction. Thus t = a and so a € a o a. By similar way from
{0,a} =000(s)(bob)o(bob) <bob,
we imply that a € bo b. n

Theorem 5.2. Let H = {0,a,b} be a strong proper hyper BCI-algebra and H* =
{0,a}. If 000 ={0,a}, then the following hold:

e
(ii

—

boa = {b},
aob={b},
(iii) bo0={b},
(v

(vi

)
)
)

(iv) ao0={a},
) aoca={0,a},
)

bob={0,a}.
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Proof. If 000 = {0,a}, then by Theorem 5.1, 0ca = {0,a}, 00b = {b}, a € bob
and a € aoa.

(i) By (Ba),
(1) boa=(0ob)oa=(0oa)ob={0,a}ob={b} Uaob.

Thus b € boa. If 0 € aob, then by (1), 0 € boa. It means that a < b and
b < a. Therefore, a = b which is a contradiction. Hence 0 ¢ aob and 0 € boa. If
boa={a,b}, then aoa(s)(0oa)o(boa) < 00b={b}. Hence aoa = {b} which
is a contradiction. Therefore, b o a = {b}.

(ii) By boa = {b} and (1), ao b = {b}.

(iii) By Theorem 3.2(i),(iii), b € bo 0 and 0 € bo 0. By (B,),

boO=(boa)o0=(bo0)oa.

If @ € bo0, then we conclude that 0 € b o 0 which is a contradiction. Hence
bo0 = {b}.
(iv) By Theorem 3.2, a € ao0 and 0 € a0 0. If b € a0 0, then

b=000b(s)(000)o(ao0) <0oa=1{0,a}.

Thus b < a. But in (1) we proved that a « b and b &« a. Thus b € a o0 and
ao0={a}.
(v) By Theorem 5.1(vii), a € aoca. If b € a o a, then

beaoa(s)(0oa)o(0oa) << 000=1{0,a},

which is a contradiction. Thus a o a = {0, a}.
(vi) By Theorem 5.1(vii), a € bob. If b € bo b, then

bebob(s)(0ob)o(0ob) <000={0,a},
which is a contradiction. Thus bo b = {0,a}. ]

By Theorem 5.2, if 0 0 0 = {0, a} we just have one weak proper hyper BC'I-
algebra with the following Cayley table:

O1g ‘ 0 a b

0 [{0,a} {0,a} {0}
a | {a} {0,a} {0}
bl {by  {b} {0,a}

W(H) = I(H) = S(H) = {{0},{0,a}, H}.

Theorem 5.3. Let H = {0,a,b} and (H,0,0) be a strong proper hyper BCI-
algebra and H* = {0,a}. If 000 = {0}, then the following hold:
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() boa={b},
(ii) bob={0},
(iii) bo0 = {b},
(iv) ao0={a},
(v) aob={b},
(vi) aoa={0,a} or {0}.

Proof. If 000 = {0}, then by Theorem 5.1, 0 o a = {0} and 00 b = {b}.

(i) By (Ba), boa=(0ob)oa=(0oa)ob=00b={b}. Thus boa = {b}.

(ii) By (B1), bob(s)(0ob)o(00b) < 000 = {0}. By Theorem 3.2(ii),
bob={0}.

(iii) By Theorem 3.2, b € bo 0 and we have (bo0)o (bo0) < bob= {0}. By
Theorem 3.2(ii), (bo0)o(bo0) = {0} and so by Theorem 3.2(iii), bo0 is singleton.
By Theorem 3.2(iv), we imply that bo 0 = {b}.

(iv) By Theorem 3.2, a € ao0. If b € ao0, then b = 00b(s)(000)o (a00) <
0oa = {0}. It means that b < 0 which is a contradiction. Hence a o 0 = {a}.

(v) By (By), (i) and (ii), 0o (aob) = (bob)o(aob) < boa = {b}. Thus
0o (aob) = {b} or {a}. From 000 =00a = {0} and 00 b = {b} we conclude
that a o b = {b}.

(vi) By (By), (ii) and (v), 0 =bob=(aob)o(aob) <aoa. Sincebeg HT,
aoa={0} or {0,a}. .

By Theorem 5.3, if 00 0 = {0} we can have two strong proper hyper BCI-
algebras and we get two following strong proper hyper BC'I-algebras.

oi7[0 a b oi5[0 a b

0 {0} {0} {o} 0 {0} {0}y {o}
a |{a} {0} {o} a |{a} {0,a} {b}
b [{or {6 {0} b [{or {o} {0}

W(H7 017):[(H7 017):S(H7 017):W(H7 018>:I(H7 018>:S(H> 018):{{0}’ {07 CL}? H}

Theorem 5.4. Let H = {0,a,b} and f : (H,01,0) — (H, 05,0) be a non identity
isomorphism of strong proper hyper BC'I-algebras, then

(i) f(0)=0,
(i) if (H,01)" ={0,a}, then (H,o2)* = {0, b}.

Proof. (i) By Theorems 5.2, 5.3, 3.5 and 3.6, the proof is routine and we are
omitted.

(ii) Let (H,o01)* = {0,a}. Since f(0) = 0 and f is not identity, f(a) = b
and f(b) =a. By 0 € 001 a, f(0) € f(0) oy f(a) and so 0 € 0 0y b. Therefore,
(H,o09)t = {0,b}. .
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Let H = {0,a,b} and H be a strong proper hyper BCI-algebra. Then
H* = {0} or {0,a} or {0,b}. If (H,0,)" = {0,a}, then by Theorem 5.4, (H,o;)
is isomorph by a strong proper hyper BC'I-algebra (H,o5) (H,o09)" = {0, b}.

Let (H,o0,0) be a strong proper hyper BCI-algebra and H™ = {0}. Then by
Theorem 3.5, H is p-semisimple BC'I-algebra and we get the only p-semisimple
BCI-algebra of order 3 with the following Cayley table:

019 ‘ 0 a b
0 [{0} {b} {a}
a |{a} {0} {b}
b | {b} {a} {0}

S(H) ={{0},H}.

=
=z
||
~
=
||

6. Characterization of hyper B('I-algebra of order 3
Theorem 6.1. The number of proper hyper BCI-algebra of order 3 is 19.
Theorem 6.2. The number of hyper BCI-algebra of order 3 is 38.

Proof. By Theorem 2.4, there are 19 hyper BC' K-algebra of order 3 up to iso-
morphism. In this note we proved that there are 19 proper hyper BC'[-algebra of
order 3 up to isomorphism. Also every hyper BC K-algebra is hyper BC'[-algebra.
Thus there are 38 hyper BC'I-algebra of order 3. n
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Abstract. Haar wavelet is the simplest and computer oriented tool for solving ordinary
differential equations and partial differential equations. Numerical solution of Series
L—C—R is very useful in many engineering branches. In this paper we shall discuss
the numerical solution of series L—C—R circuit with Haar wavelet method. We shall
find charge in series L—C'—R circuit at different times. Two different cases show the
accuracy of Haar method.
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1. Introduction

Wavelet transform and wavelet analysis are recently developed as mathematical
tools. The roots of wavelet find in various disciplines such as image compression,
data compression, denoising data, solution of initial & boundary value problems
etc. First Chen and Hsiao [1] gave a method for solving linear systems of ordinary
differentia equations and partial differential equations based on haar wavelet. Haar
wavelet is the simplest orthonormal wavelet with compact support. Lepik [6], [7],
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[8] applied Haar wavelet in solving nonlinear integro-differential equation and
partial differential equations. In recent years wavelet transform is very useful in
the field of numerical approximation. Due to simplicity, Haar wavelet had become
an effective tool for solving ordinary differential equations and partial differential
equations.

Haar wavelet can be applied to compute the charge on the capacitors and
currents as function of time. A simple electrical circuit consists of the following
elements connected in series with a key K.

(i) A battery which supplied an electromotive force (E.M.F).
(ii) An inductor that has inductance L.

(iii) a resistance R and

(iv) a capacitor that has capacitance C.

L
OO Qo —

Series L—C'—R Circuit

— NV VNN
=)
| |
O

The differential equation of above figure is

& d ,
(1.1) Ld—ngRd—Cer%:E Q0)=0,Q(0)=0. I

_ dQ
Cdt

where () is charge, R is resistance, L is inductance, C' is capacitance, w is angular
velocity and E is electromotive force.

2. Haar wavelet

The Haar wavelet was first introduced by Alfred Haar [5] in 1910. Haar wavelet
is a certain sequence of rescaled “square-shaped” function which together forms
a wavelet family or basis. Haar wavelet is defined for t€ [0 1)

1
1 0<t< =
- 2

(r) =9 _1 %§t<1

0 otherwise
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Haar wavelet

Haar wavelet family is defined for ¢ € [0 1) as follows:

1 for t € [771’ 72 )
(2.1) hi(t)= { —1 forte [n, n3)

0 otherwise

K K+0.5 K+1 )

wherey; = —,np = +—, N3 = At . The integer m = 27 (j=0, 1,..., J)
m m m

indicates the level of the wavelet; £k = 0,1,...,m —1 is the translation parameter.

The maximal level of relation is J. The index i in (1) is calculated according to
the formula ¢ = m 4+ k 4+ 1; In the case of minimal values m = 1,k = 0, we have
i = 2. The maximum value of i is i = 2971 = M It is assume that the value i = 1
corresponding to the scaling function for which oy =1 for t € [0 1).

3. Approximation of function

Any square integrable function @(t) can be expanded by haar series of infinite
terms in the interval [0, 1)

Qt) = Zaz—hxt)

where a;, i = 1,2..., are haar coefficients. If Q(¢) be is approximate as piecewise
constant during each subinterval, then Q(¢) will be terminated at finite M terms,
that is

Q(t) = Zaihi(zﬁ).
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4. Haar wavelet method

We follow work done by Phang Chang and Phang Piau [2], for solving n'* order
linear ordinary differential equation

a1 Q™ (1) + axQ" D (1) + - + anQ (t) = (1),
where t € [A, B).
Let M = 27, The interval [A, B) will be divided into M subintervals, hence

A—
At = i

, the values at each point can be estimated by following 5 stapes.

M

1. Let Q™ (t) = Z a;h;(t) where h is haar wavelet and a;, i = 1,2..., are the
wavelet Coefﬁcién%s.

2. Obtain appropriate v order of Q(t) by integration of Q™ () with respect to
t from O to t.

3. Substitute value of Q™ (¢) and all the values of Q™ (¢) into the given dif-
ferential equation.

4. Calculate the wavelet coefficients a;.

5. Obtain the numerical solution for Q().

5. Computing p;,(t)

By Hsiao-Chen [1] method we know that
t
(5.1) pLi(t) = / hi (t) dt,
0

t
(52) Do (t) = / Pv—1, (t) dt, V= 2, 3,
0

Carrying out these integrations with the aid equation (2.1), we have

( t_nl for le [771’772)7
prat) = § m—t  for L€ nm),
( 0 elsewhere,
4 1 )
E(t_nl) for t € [7717772)7
1 1 )
T3 5 —t for t € ,
pai(t) = 4m?2 2 (15 = 1) or [12,73)
1
A2 for t e [n& 1)7
0 elsewhere.

\

Similarly, we can find other values of p.
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6. Solution of Series L—(C'—R equation using Haar wavelet

The calculation is done by using 3 levels of Haar wavelet.
If an alternating E.M.F. E'sin(wt) is applied to an inductance L and a ca-
pacitance C' in series, then the differential equation will be (where R = 0)

(6.1) LC%? + % = Esinwt Q(0) =0, Q'(0) = 0.

Now, the complete solution of differential equation (6.1) is

Q(t) = Ci cos (\/%_0) + Cysin ( \/z_0> ta _ELchz) sin(wt)

Also at Q(0) = 0 and Q'(0) = 0 we have,

Cy = 0
ECw

G2 = (1= LCw?)

Therefore, the exact solution of equation (6.1) is

ECw . t EC .
(6.2) Qt) = A= Iowd LC sin (\/T_C> + msm(wt}
Haar solution
Let
M
(6.3) Q" (t) = aihi(t)

Now integrating above equation with respect to ¢ from 0 to ¢ then we have
M
Q' ()= apri(t)+ Q (0)
i=1
Again integrating above equation with respect to ¢ from 0 to ¢ then we get

After using boundary condition we get following result

(6.4) Qt) = [ ZaiPQ,z’<t) ]



162

Now, from equation (6.1)

(6.5)

After solving system of linear differential equation we get wavelet coefficients a;.

Case I. If £ = 2v,w = 2 radian, C' = 2uF', and L = 1 H. Then equation (6.5)

- 1
=1

M

i=1

M
Z a;pa,;i(t)
i—1

N. BERWAL, D. PANCHAL, C.L. PARIHAR

= Esin(wt)

> a; [h (t) +

_ Esin(wt)
L

becomes

M ;

> a; {hi (t) 4 10° ] = 25in(21).

i=1

Numerical solution of Case 1

Haar solution Exact solution
t /32
1 0.00000025 0.00000025
3 0.00000074 0.00000074
5 0.0000012 0.0000012
. 0.0000017 0.0000017
9 0.0000022 0.0000021
11 0.0000025 0.0000025
13 0.0000028 0.0000029
15 0.0000031 0.0000032
17 0.0000035 0.0000035
19 0.0000037 0.0000037
21 0.0000036 0.0000038

0.0000038 0.0000039
23
95 0.0000039 0.0000040

) 4 )

o7 0.0000040 0.0000039
29 0.0000039 0.0000038
31 0.0000038 0.0000037
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Case II. If £ = 4v,w = 1 radian, C' = 0.3uF, and L = 2H. Then equation (6.5)

becomes
M

=1

Table I1

Numerical solution of Case 11

¢ /32 Haar solution Exact solution
1 0.000000036 0.000000037
3 0.00000011 0.00000011
5 0.00000018 0.00000018
. 0.00000026 0.00000026
9 0.00000033 0.00000033
11 0.00000039 0.00000040
13 0.00000047 0.00000047
15 0.00000055 0.00000054
17 0.00000064 0.00000060
19 0.00000065 0.00000067
21 0.00000069 0.00000073
23 0.00000077 0.00000079
25 0.00000087 0.00000084
o7 0.00000091 0.00000089
29 0.00000098 0.00000094
31 0.00000099 0.00000098
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7. Conclusion

The main goal of this paper is to demonstrate the Haar wavelet method is a
powerful tool for solving linear ordinary differential equation by taking series
L—C'—R equation. The algorithm and procedure have been applied by using Haar
wavelet method for solving ODE’s. The result is compared with the exact solution.
It is worth mentioning that Haar solution provides excellent result even for small
values of M (M = 16). For large values of M(M = 32, M = 64), we can also
obtain the results closer to exact values.
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Abstract. In this paper, a simplified marginal linearization method in autonomous
Lienard systems is proposed. The new method simplified coefficients of each equation,
leads to little calculation, and the time and space complexity are reduced. At last, the
simulation results show that the simplified marginal linearization method in autonomous
Lienard systems is of high approximation precision.
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1. Introduction

In the fields of science and technology, many theoretical issues in physics have been
summarized into a large number of ordinary differential equations, most of them
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are nonlinear differential equations. In the history of radio and vacuum tube tech-
nology, Lienard systems (equations) were intensely studied as they can be used to
model oscillating circuits. H. Cartan and E. Cartan [1] first studied the existence
of periodic solutions for differential equation Li(t) 4 (r — (t))i(t) + £=01in
telecommunications technology issues, where L,r, C' are positive constant, repre-
senting inductance, resistance and capacitance respectively. Van der Pol [2] first
proposed the famous Van der Pol equation §j(¢)+u(y*—1)y(t)+y = 0 (1 > 0) when
he studied the equal-amplitude oscillation of triode. In 1928, a French engineer
Alfred-Marie Lienard [3] generalized an extensive one: §j(t) + f(y)y(t) + g(y) = 0,
i.e., so-called Lienard systems. Lienard systems are widely applied to atmospheric
dynamics, physics, biology and other fields. Unfortunately, it is difficult to use it
for the simple reason that analytical solutions can’t be presented for majority of
them. Meanwhile many experts have made great efforts to solve this nonlinear
systems problem from different aspects, such as stability of the solution [4], [5],
boundedness of solution [6], [7], limit cycle [8], [9], etc.

Since Zadeh [10] first presented the concept of fuzzy sets in 1965, a variety of
applications of fuzzy logic have been implemented in various fields ranging from
industrial control to financial management. For example, there is a considerable
amount of work on hyperoperations defined through fuzzy sets. This study was
initiated by Corsini in [14] and then continuated by him together with Leoreanu
in [15], [16]. Most notably, fuzzy systems have been successfully applied to control
vague, incomplete, and ill-defined systems. Li [11] revealed interpolation mecha-
nism of fuzzy control, i.e., the fuzzy control algorithms used commonly at present
are all regarded as some interpolation functions. Li [12] first proposed modelling
method based on fuzzy inference (MMFTI) for fuzzy control systems, i.e., fuzzy
inference is used on a controlled object, and fuzzy inference rule base is trans-
ferred into HX equations. It has shown that the mathematical model of a system
formed by MMFI can approximate the real mathematical model of the system
that is formed by mechanism modelling method. In order to solve the problem
that each HX equation is a nonlinear equation, marginal linearization method
in modeling on fuzzy control systems is proposed in [13]. This method turned
HX equations into some kind of linear differential equations of linear differential
equations with constant coefficients. So it provides a way to get approximately
analytical solution of nonlinear equations initial value problem.

In this paper, we introduce a simplified marginal linearization method in au-
tonomous Lienard systems. Simplified coefficients of the equations are given, and
it needs to solve p — 1 equations in each segment instead of solving (p — 1)(¢ — 1)
equations in each piece. So the problem of autonomous Lienard systems is par-
tially resolved from marginal linearization aspect.

The rest of the paper is organized as follows. Some useful concepts and
notations are briefly reviewed in Section 2. In Section 3, the proposed simplified
marginal linearization method in autonomous Lienard systems is discussed in
detail. The simulation experiments of the new method is described in Section 4.
Finally, conclusions are drawn in Section 5.
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2. Preliminaries
In this section, some useful concepts and notations are introduced.

Definition 2.1. ([6], [9]) Let f and g be two continuous functions on R, with ¢
satisfies Lipschitz condition in any finite interval then the second order ordinary
differential equation of the form §(¢)+ f(y)y(t)+g(y) = 0 is called the autonomous
Lienard systems(equations).

Note 2.1. In the previous definition, the hypothesis of f and g are two continuous
functions on R, with g satisfies Lipschitz condition in any finite interval guarantees
the existence and uniqueness of autonomous Lienard equations.

Lemma 2.1. ([11],[12],[13]) Let Y=[ay,b1], Y=[as,bs] and Y =[as, bs] respecti-
vely be the universe of y(t), y(t) and §(t), and o/ ={A;}a<i<p), B={B;}a<i<q)
C={Cj}a<i<p 1<j<q) Tespectively be the fuzzy partition(a group of base elements)
of corresponding universe, where A; € F(Y), B; € F(Y) and Cy; € F(Y), which
are called base element and y;, y;, Ui; are respectively the peakpoints of A;, Bj,
Cij, and with the condition: a1 < y1 < Yo < -+ < Yp < b, a2 <Y1 <P < -+ <
Uy < bo, o, B, € are regarded as linguistic variables so that a group of fuzzy
inference rules is formed as follows:

(1) If y(t) is A; and y(t) is B;, then §(t) is Cyj,
where it =1,2,....p, j=1,2,....q.

Theorem 2.1. ([13]) The fuzzy logic system based on (1) can be represented as a
binary piecewise interpolation function F(-,-)

(2) i(t) = Fy(t),9(1) = Z Z Ai(y(8)B;(9()) yis-

Here, A; are taken as “rectangle wave” membership functions, B; are taken as
“triangle wave” membership functions (see Fig 1 and Fig 2).

r 11
r 3 u
4, 4, 4,
Lirrr— 77— B B, B,
Lo : :
] ] ] ] ] ] ] N 1 1
1 1 1 1 1 1 1 Y({»‘) II II )
R SN T SN SR T S : 00000 ()
0 v v . , ) ) ; . . . ] o
Sowh Yoy v Vg Yo 3 Oy Jp o Fm Jy
Fig 1 Rectangle wave membership Fig 2 Triangle wave membership

functions of A; functions of B;
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{ 17 yz—% S y(t> < yi—}-%a

0, otherwise.

(y(t) — Y1 . ) .
= g1 <y(t) <7,
Yi —Yj—1 ’ ’
4 Bi(y(t)) = y(t) — Yjr1 . . .
(4) i) —() S gy <) < g,
Yy = Yin1
L 0, otherwise.

where 1 = 1,2,...,p. We stipulate that Yiol = YL Yprd = Yy and also stipulate
yO = ?)1; qurl = yq'

Theorem 2.2. ([13]) (marginal linearization method) Under the previous
assumptions and conditions of Theorem 2.1, the input-output model of the second

order system based on eq. (1) can be represented as a second order differential
equation with variable coefficients:

(5) gt) + Pi(y(t) ,9()y(t) = Qi(y(t) . 9(t)),
where
(6) Pi(y(t),y(t) = ZZPF’”,

(7) Quy(0),90) =D > Q.

i=1 j=1

and Pl(i’j), Qgi’j) are defined as local coefficients on the (i, j)-th piece as follows:

Yij+1 — Yij . o
) i) yj——yﬂj’ (y(t),9(t)) € [?Ji_%ayz’Jr%] X W5, Ui,
1 ’ = J J
0, otherwise.

. PRI (y(6),9(8)) €y, 1 wies] X (950 G5,
O Q=0 b 2

0, otherwise.

Theorem 2.3. ([13]) Under condition of Theorem 2.2, when (y(t), y(t))e[yi_%,yH%]
X [Uj,Yj+1] 5 i-€., when on the (i,j)-th piece, equation (5) degenerates into a local
equation

(10) i(t) + PUg() = QY.
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3. Simplified marginal linearization method in autonomous Lienard
systems

In order to deal with the nonlinear system with variable coefficients, marginal
linearization method in modeling on fuzzy control systems is proposed in [13].
This method can turn a nonlinear system with variable coefficients into a linear
model with variable coefficients in the way that the membership functions of the
fuzzy sets in fuzzy partitions of the universes are changed from triangle waves into
rectangle waves.

Observe the coefficients in Theorem 2.2, the expression of coefficients in the
equations are too complex. And it need to solve (p — 1)(q — 1) local equations.
Therefore, it brings a lot of inconvenience. In this section, we have made an
attempt to simplify the calculation process of the autonomous Lienard systems.

Theorem 3.1. (Simplified marginal linearization method in autonomous
Lienard system) Under the condition of eq. (10), autonomous Lienard system
J(t)+f(y)y(t)+g(y) = 0 can be simplified represented as a second order differential
equation with variable coefficients:

(11) §(t) + Pily@))g(t) = Qu(y(1)),

where

(12) Pi((t) =3 P

(13) Quy(®) =>_ Q.

and P}, QY are defined as local coefficients in the i-th segment as follows:

(14) P :{ FWi), t€ lyi gl

0, otherwise.

(15) .
0, otherwise.

Q(i) . { —9(vi), t€ [YisYir),
V=

Proof. Here we only proof the expression of @}, P} can be proved similarly.
According to definition 2.1, we have that 4(¢) + f(y)y(t) + g(y) = 0, therefore,

(1) = =fW)y(t) — g(y)-
Then, by Lemma 2.1

(16) i = =Wy — 9(ya)-
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According to Definition 2.2, when (y(t),y(t)) € [Z/F%a yH%} X [0y Yit1)s

(17) ng‘,j) Yilij+1 — yj-l—lyij‘
Yj — Yjr1

From (16) and (17), we obtain that

Qi) — ng'/.ij‘.+1 _.yj+1yij _ il S )i — 9] 4 G5 [ (1) 95 + 9()]
Yi —Yjm y - y]+1
g(ﬂz)(?/ Yit1)

= = —9(vi)-
Ui — Yitr1

Since v( <t>7y< )) S [yi—lhyi—l—l] X [ylva] [yi—lvyi+%] X [92793]7”'7[:%—%73/2'—&-%]

X [Yg—1, Yql, Ql(”) = —g(yz) always holds, i.e., when

(y(®),9(1)) € [yi1, yiy 11X ([91, 92]U [yz,ys]U---U[yq—uyq])z[yi_%7yi+;]><[a2,bz],

2

17 =~

when (y(t), (1)) & [y 1, iy 1] % [a2, ba], Q1" = 0.
Since y(t) € [ag, bo] holds inevitably, we only consider the value of y(t). Therefore,

() _{ _g(yz)7 le [y17y2+1]7
=

0, otherwise.

Corollary 3.1. As to autonomous Lienard systems (t) + f(y)y(t) + g(y) = 0,
when y(t) € [y, Yit1], a local equation can be simplified as follows:

(18) ii(t) + PVi(t) = QY.
Its coefficients have nothing to do with ;.

Proof. The assertions are trivial consequences of Theorems 2.2 and 3.1.

Corollary 3.2. As to autonomous Lienard systems 4(t) + f(y)y(t) + g(y) = 0,
Let Y = [ay,by], Y = [ag, by] and Y = [ag, bs| respectively be the universe of y(t),
y(t) and §(1), and o = {A;} 1<y, € = {Cit1cicyp ) respectively be the fuzzy
partition(a group of base elements) of corresponding universe, where A; € F(Y),
C,e 7 (Y), which are called base element and y;, ij; are respectively the peakpoints
of A;, C;, and with the condition: a1 < y1 <y < -+ <y, < by, & and € are
regarded as linguistic variables so that a group of fuzzy inference rules is formed
as follows:

(19) If y(t) is A;, then §(t) is C;,

where © = 1,2, ..., p.
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Proof. According to Theorem 3.1, in each segments, local coefficients have
nothing to do with y;, and §(t) € [ag, b2] holds inevitably. As a result, it don’t
need to fuzzy inference on 7(t).

Corollary 3.3. As to autonomous Lienard systems 4(t) + f(y)y(t) + g(y) = 0,
when applying the simplified marginal linearization method, it doesn’t need fuzzy
inference on y(t), so the partition of rectangular region [ay, by] X [az, ba] in (y(t), §(t))-
plane can be simplified as the partition of closed interval [ay,b1] in a real line.
Then, it needs to solve p — 1 linear time-invariant equations in each segments
instead of solving (p — 1)(q¢ — 1)p equations in each piece.

Proof. It is obvious from Theorem 3.1 and Corollary 3.2.

Note 3.1. Solving autonomous Lienard systems 3(t) + f(y)y(t) + g(y) = 0 by
using the method in [13], we have (p — 1)(¢ — 1) linear time-invariant equations
to solve. With p and ¢ increase, the number of the equations grows rapidly. So
it is difficult to solve these equations (e.g., when p = 7,¢ = 8, it needs to solve
42 equations). According to Corollary 3.3, as to autonomous Lienard systems
y(t) + f(y)y(t) + g(y) = 0, it only needs to solve p equations (e.g., when p = 7,
q = 8 still holds, it only needs to solve 6 equations). The number of equations
to be solved are reduced significantly and makes the program simple, so the time
complexity is reduced.

Note 3.2. As to autonomous Lienard systems ij(t) + f(y)y(t) + g(y) = 0, it
doesn’t need to calculate the value of ¢;; when applying the simplified marginal
linearization method. So the space complexity is reduced for it doesn’t need to
open memory space for ;;.

4. Simulation experiments

The novel method proposed in Section 3 has showed that the simplified marginal
linearization method in autonomous Lienard systems lead to little calculation,
and the time and space complexity are reduced. This section presents whether
the novel method is right and effective.

Given a system, for example, we still regard Van der pol equation in [12] as
the real model of the system.

(20) () + uly*(t) — Dy(t) +y(t) =0,

where ;1 = 1. It’s a special autonomous Lienard system.
The program design of the simulation follows the following steps:

Step 1. Determine the universes Y and Y. By using solution (20), find respecti-
vely the maximum and the minimum of y(¢) and y(¢): Ymax = max{y(t)}, Ymm =
min {y(t)}, Ymax = max {y(t)}, Ymin = min {g(¢)}. In order to allow an acceptable
range of error, these maximum and minimum values should be extended to such

an extent that we can get the universes: Y = [ay,b1], Y = [ag, by, where
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a1 = Ymin — 0‘1|ymin|7 bl = Ymax + 0-1|ymax|7

Ay = ymin - 0‘1|ymin|7 b2 - ymax + 0~1|ymax|-
Step 2. Calculate the peakpoints. Given a natural number p > 1, take h; =
(by —aq)/(p—1). And the isometry partition nodal points y; are computed by
the following equation: y; = a; + (i — 1)hy, i =1,2,...,p.
Step 3. According to (11)-(15), calculate the coefficients in each segment, Pl(i), Qgi),
i=1,2,...p.
Step 4. Given initial values y(0) = yo, ¥(0) = 9o, solve the local equation (18)
segment by segment, and p local equations should be solved. For this purpose,
let z1(t) = y(t) and z5(t) = y(t), so the local equation (18) becomes a system of
local first order differential equations:

ZL’l(t) = l’g(t),
(21) { ) = ~P{'ra(t) + Q)

By using Matlab 6.5, we can easily find the solution to the whole and draw the
plots for the curves of z;(t), x5(t) and of the phase plane (x1(t),z2(t)). At the
same time, draw the plots for the solution to the real model (20) and the curves
of its phase plane, and compare these plots.

Example 1. Take the initial values z1(0) = 2, 22(0) =0, and let T =20, p = T7;
Here the state curves xq(t) and x(t), phase plan curves (z;(t),x2(t)) and the
comparison with corresponding curves on real model are shown in Fig 3-Fig 5.

2.5 T

T T T
— Real model's x, ()
— Approximate model's X t)

X,

25 1 I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

Timels

Fig 3 Simulation curves of state x1(¢) under p =7
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3 T T I T T
—— Real model's xz(t)
— Approximate model's xz(t)

2 b |

1 b [
=, 0
>

A =

wDil =

_3 | | | | 1 | | | |

0 2 4 6 8 10 12 14 16 18 20
Time/s
Fig 4 Simulation curves of state x2(t) under p =7
3 T T T T T
—— Real model's
—— Approximate model's

2 b =

1 b -
S or -
>

Ak =

2P ol

_3 1 | | 1 | | 1 | |

-2.5 -2 -1.5 -1 0.5 0 05 1 15 2 25

Fig 5 Simulation curves of phase plane (x(t),z2(t)) under p =7
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Example 2. Let p = 14 and other parameters be the same as ones in the former
example. The simulation results are shown in Fig 6-Fig 8. It has shown that
more fuzzy inference rules are used in simulation, the error will be smaller. It’s
obvious that the curves of approximate model almost coincide with the ones of
real model, which means that the simplified marginal linearization method in
autonomous Lienard systems is of high approximation precision. In other words,
it is reliable algorithm.

25 T

T T T
—— Real model's x1(t)
— Approximate model's X t)

x,®

L
2 4 6 8 10 12 14 16 18 20
Time/s

Fig 6 Simulation curves of state () under p = 14

3 T

1 1 I
—— Real model's xz(t)

— Approximate model's xz(t)

X0

| 1 1 | |
0 2 4 6 8 10 12 14 16 18 20
Timels

Fig 7 Simulation curves of state z2(t) under p = 14
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T T
— Real model's
—— Approximate model's

X, (0

0 05 q 1.5 2 25
X,

Fig 8 Simulation curves of phase plane (x1(t),z2(t)) under p = 14

5. Conclusions

In this paper, the simplified marginal linearization method in autonomous Lienard
systems is proposed. The novel method simplified coefficients of the each equa-
tions, leads to little calculation, and the time and space complexity is reduced.
From the perspective of fuzzy inference, two-dimensional fuzzy inference of Y and
Y is simplified as fuzzy inference of Y only. The simulation results show that
simplified marginal linearization method in autonomous Lienard system is high
approximation precision. Consequently, the theory of marginal linearization is
riched.
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Abstract. In [22], authors investigate the diffraction Fresnel transform on certain space
of tempered distributions. Further, they extend their results to a context of Boehmian
spaces. In this paper, we discuss various spaces of Boehmians. Spaces, so obtained,
can handle the Fresnel transform in some approach. The extended transform and its
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are also established in some detail.
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1. Window on diffraction Fresnel transform

The diffraction Fresnel transform (optical Fresnel transform) is introduced as a
four parameter class of linear integral transforms [22]. The diffraction Fresnel
transform is adopted to express mathematically the Fraunhofer diffraction, when
the kernel is expi¢7 and, it describes a Fresnel diffraction, when the kernel is
exp(c — 7)% [10] . Moreover, the transform under consideration is of great impor-
tance in electromagnetic, acoustic, and other wave propagation problems which
represent the solution of the wave equation under a variety of circumstances.

At optical frequencies, the diffraction Fresnel transform can model a broad
class of optical systems including thin lenses, sections of free space, in the Fresnel
approximation, and arbitrary concatenations, which, sometimes, referred to as
first order optical systems; see, for example, [12], [16], [20], [21].
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It is necessary to know that the transform under consideration has been
referred to by various names such as: quadratic-phase integrals; see, for example,
[16], fractional Fourier transform; see, for example [5], [6], [11], [12], [13] and [17],
generalized Fresnel transforms; see [10], and some others.

The classical diffraction Fresnel transform of a function f () is defined by

(1) Faf <7_) - / 5(()41,71,72,042;g,7)f(g) ds.
R
where
1 i
(2)  E(ar,m,72, 006,7) =& = \/mexp <2—% (o1s® — 27 + a272)>

is the transform kernel with real parameters, oy, 7, s and v,. The parameters
(1,1, agand 72) are elements of more ray transfer matrix M describing optical
systems, ajag — 41772 = 1. For more details, if the parameters (g, y1, asand vs)
are written in matrix form

ar o\ cosf sinf
( Yo Qi > o ( —sinf cos@)
then the diffraction Fresnel transform becomes a fractional Fourier transform [24].

In an earlier paper [22], authors have established that the diffraction Fresnel
transform maps the space of rapidly decreasing functions into itself and further
applied it to a space of Boehmians. The present work represents an effort of us
to obtain more general spaces of Boehmians that can adequately handle the four
parameters with a different approach. We build upon analysis of [22]. We describe
four spaces of Boehmians for the diffraction Fresnel transform with careful atten-
tion. An avenue towards this end is to first define the diffraction Fresnel transform
for Boehmians and derive its properties. Definition of the inverse transform, when
it exists, is also established.

Let S be the space of rapidly decreasing functions over R (the space of rapid
descent) [7]. Then the diffraction Fresnel transform of ) € S (R) is also in S (R)
[22, Theorem 2.1]. The Parseval relation for the diffraction Fresnel transform,
compared to Fourier transforms, is interpreted to mean

(3) (Faf, o) = (f, Fa)

where ¢ € S, f € S (R), S’ (R) being the dual space of S (R) of distributions of
slow growth over R. Hence, from equation (3), it may be noted that F,f € S’ (R)
for every f € S’ (R).

In brief details, we spread the paper over six sections. The diffraction Fresnel
transform is reviewed in Section 1. Section 2 presents a general construction of
Boehmians. The first Boehmian space is presented in Section 3. The tempered
distributional diffraction space of Boehmians is given in Section 4. The extended
diffraction Fresnel transform of a Boehmian and its properties are established
in Section 5. In Section 6, we give another approach of the cited transform to



DISTRIBUTIONAL AND TEMPERED DISTRIBUTIONAL DIFFRACTION FRESNEL ...181

Boehmian spaces. With regret to have some repetition in the analysis due to their
necessity.

2. Boehmian Spaces and General Construction

To make this work self contained as much as possible we recall the following: Let
G be a linear space and H be a subspace of G. Assume, to each pair (f,¢) of
elements, f € G and ¢ € H, is assigned the product f *x ¢ such that the following
conditions are satisfied:

(1) g, e H= ¢pxp €H and ¢p*x1p =1} * .
2) feg, o veH=(fxd)xtp=[x(ox1).
() If f,g€ G, oM, then (f+g)xdp=[fxd+gxo
(4) If k€ R, then k(f x¢) = (kf) x ¢ = f (ko).
Let A be a family of sequences from H such that:
(1) If f,g€G,(en) EAand fre, =g*e, (n=1,2,...), then f =g.
(2) (€n), (1) € A= (e, %) € A.

Each element of A will be called delta sequence.
Consider the class A of pairs of sequences defined by

A={((fa):(€n)) : (fu) S GV, (en) € A},

for each n € N, the set of natural numbers. The pair ((f,.), (€,)) € A is said to

be a quotient of sequences, denoted by &, if
n

(4) S % €m = [ * €y, YV, m € N.
: fn In . , o Gn .
Two quotients of sequences — and = are said to be equivalent, — ~ —, if
(5) fr * €m = Gm * T, Vn,m € N.
The relation ~ is an equivalent relation on 4 and hence, splits A into equivalence
classes. The equivalence class containing & is denoted by E] . These equi-
€n €n
valence classes are called Boehmians and the space of all Boehmians is denoted

by 7‘[5.
The sum and multiplication by a scalar of two Boehmians can be defined in

a natural way
& + In | _ Jn * T+ gn % €,
€n ol €n ¥ Th
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and
fn] _ lafn
a|—|=|—1|,a € C, the field of complex numbers.
En n
. . . Jn G| [ Ja*on
The operation x and differentiation are defined by |—| x |—| = . and
€n Tn €n * Tn

671 67’1
The intrinsic relationship between the notion of convergence and the product *
are given by:

n D f,, : : . . .
D~ {f—] = [ / } . Many a time, G is equipped with a notion of convergence.

(1) If fu = f as n— o0 in G and, ¢ € H s any fized element, then
faxdp— fxopinG (asn — 00).

(2) If fo — fasn — 00 in G and (e,) € A, then f,x€, — f in G (as n — 00).

The operation * can be extended to Hg x ‘H by the following definition.

Definition 2.1. If {ﬁ} € Hp and ¢ € H ,then {&] * P = {f”: ﬂ .

€n €n

In Hg, two types of convergence, d—convergence and A—convergence, are
defined as follows:

Definition 2.2. A sequence of Boehmians (3,,) in #Hz is said to be d-convergent

to a Boehmian 3 in Hg, denoted by S, 2 B, if there exists a delta sequence (¢,)
such that (5, x€,), (B *€,) € G, Vk,n € N, and

(Bn *€x) — (B*€x) asn — o0o,in G, for every k € N.

The following lemma is equivalent for the statement of §-convergence.

Lemma 2.3. 3, 2 B (n— o0) in Hg if and only if there is for, fr € G and
e € A such that 5, = [fnk] B = {&] and for each k € N,

€k €k
fok = frasn — oo in G.

Definition 2.4. A sequence of Boehmians (5,,) in Hs is said to be A-convergent

to a Boehmian [ in ‘Hg, denoted by 3, Y B, if there exists a (e,) € A such that
(Bn — B) x€, € G,Yn € N, and (5, — ) x€, — 0as n — oo in G.
See, for examples, [1]-[4], [8], [14]-[15] and [22]-[23].

3. The tempered space Hg, (S, D, A, ) of Boehmians

To start our mission of extending diffraction Fresnel transforms to Boehmian
spaces we first discuss the space Hg, (S/, D, e, A) of Boehmians with the notation
e described by [23, Definition 2.2]

(6) (foa )= (fYx0)
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for every f € S', 0 € D, the Schwartz space of test functions of bounded supports,
g(t) = o(—t),t € R, € S is arbitrary and * acts for the usual convolution
product. The righthand side of Equ.(6) is clearly well-defined, since ¢ x & € S.
Hence, f e o € S’ is justified.

Following, are results proved for defining Hg, .

Theorem 3.1. Let f €S and 0 € D then fx5 €S,
Proof. By aid of [18, Theorem 1.14.1 (iii), p. 26], f & € Oy C S, Oy is the

space of multipliers of S". Hence the theorem.
By A we denote the subset of D of all sequences with the following properties:

(1) /Ren(g)dgz 1,n e N.

2) / e ()| ds < M,0 < M € R.
R

(3) suppe, — 0 as n — oo, suppe, = {< : €, () # 0,Vn € N}.

Each member (¢,) in A is said to be delta sequence.
Following are needful:

(1) If (€,) , () € A, then

[ eran@d= [ e©d [ o=

(2) If (en), () € A then
/R (e % ) ()] ds < /R o0 ()] ds /R (G ()] dr < My My,

for some constants M; and M, where / len| < Ml,/ |, | < M.
R R

(3) supp (€, * &v,) C suppe, + suppd,, — 0 as n — oo.
Moreover, it is easy to see that for each (e,) € A, (¢,) € A as well.

Lemma 3.2. If f € S and 01,05 € D then the following hold:
(1) o100s=01%x09=02001; (2) fe(d1009) =(fe01)e0m.

For proof see [23, Lemma 2.5].

Lemma 3.3. Let f,g €S ,(e,) €A and fee, =gee, then f =g in S, for
every n € N.



184 S.K.Q.AL-OMARI

Proof. At first, certainly ¢ x ¢, — ¢ as n — oo for each (¢,) € A and ¢ € S.
Hence, from the hypothesis of this lemma, (f e €,,1) = (g ® €,,1) ,9 € S. There-
fore, by equation (6), we get

(i xén) = (g, % &)

Thus
(f,0) =(9,¢).

for all ¢ € §. This completes the proof of the lemma.
The desired space Hg, (S/, D, A, o) , briefly Hp,, of Boehmians is described.

Addition, multiplication by a scalar and the operation e, in Hg, (S/, D, A, 0) , are
respectively defined in the usual way:

£] 2] - [z

677, an en L4 an

k[&]: %1,f0rallk€72,

€n L €n

12 s
€n a,|  lenean]’

Lemma 3.4. Let f, - f €S ,0 €D then f,e0 — feo as n — oo.

and

Proof. Let ¢ € S be arbitrary then the fact that ¥ x & € S suggests to write

(fnoo—feoy) = ((fu—f)eoy)
= <fn_f7w*6>'

— 0asn — oo.
This completes the proof.

Lemma 3.5. Let f, — f in S, (e,) € A then f, e, — f as n — oco.

Proof. Using properties of delta sequences and the integral operator / , we get

(fnoen—f0)

— 0 asn— oo.

This completes the proof of the lemma.

n

Theorem 3.6. The mapping S - Hs, (S',D7A7.) defined by f — [f o €n] is
€

a continuous imbedding with respect to & convergence.
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Proof. Let {foen] _ |9

ETL n
(foc,) @, =(gea,)ec,. Allowing n — oo and using Lemma 3.5 implies that
the mapping is one-to-one. Next, let f,, — 0 as n — oo in &', then, (f,, 1) — 0
for all ¢ € S. Hence, (f,, ® €,0) = (fn, ¥ *x &) — (fo,¥) = 0asn — coin S

Therefore, [f *n —0asn — ooin Hg, (Sl, D, A, o) . This establishes that the

€n
mapping is continuous with respect to  convergence. The proof is completed.

} then (fee€,) o, = (gea,)ec,. In particular,

4. The Diffraction Space Hg, (Sl,D, A, )\) of Boehmians

In this section we present a space of Boehmians by a different operation.
Between S" and D we define a mapping A by

(f 2 o) /fdfT— o (y) dy

where f € S and o € D are arbitrary.
Lemma 4.1. Let f € S and o € D then Fy(feo) (1) = (f L o) (7).
Proof. Let f € S'. Employing equation (3) and equation (6) yield

(Fa(feo)(r),¥(r)) = <f°0( ), Fatb (7))
= (f (1), (Fapx05) (7)),

= < /Fdwg §—7’)d§>

The substitution ¢ — 7 = y and, the translation property of distributions, through
y, jointly with equation (3), yield

(Fa(fo0) (r) (7)) = <f(7), /R fdw<T+y>a<y>dy>
- /R<f<7—y>,fdw<f>>a<y>dy
- /<fdf<7—y>,w<r>>a<y>dy

. </ Faf (7= 9)o (). (7))

= ((fro)(1), 4 (1),

where ¢y € § is arbitrary. The proof of this theorem is completed.
Lemma 4.2. f Ao €S, for every f € S,0 € D.

Proof. Let f € S', 0 € D then feo € S', by equation (6). Hence, f A 0 =
Fi(feo)e S’. This completes the proof of the lemma.
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Lemma 4.3. If f € S',01,05 € D then the following are true:
(1) oy Aog =09 A 01; (2) f A(o2 Aoy) =(f Aoy1) A o.

Proof. We attempt to proof the first part of this lemma since the proof of second
part is similar. For, let 01,09 € D. Using Lemma 3.2, 01 A 09 = Fy (01 @ 03) =
Fi(og @01) = 09 A 1. Hence the lemma.

Lemma 4.4. If fi,f, €S, (€,) € A and fi A e, = fa A€, then f1 = fo.

Proof of this lemma follows from Theorem 4.1 and the fact that

i 2
———— (T~ as n — OQ.
271/ 2mim

The relationship between convergence and the operation A is given by:

./—"dén —

Lemma 4.5. If f, - f€S,0 €D then f, Ao — f, Ao as n — oo.
Lemma 4.6. If f, — f €S8, (e,) € A then f, ke, — [ as n — oo.

Proof of Lemma 4.4 and Lemma 4.5 is straightforward from Lemma 4.1, detailed
proof thus avoided.

Theorem 4.7. The mapping S — Hp, (5',D7A’.) defined by f — [f ° En:| is
€n
a continuous imbedding with respect to & convergence.

Proof. (See Theorem 3.6.)

By the above conclusions, the desired space Hpg, (S', D, A, A) is considered.
We preserve the operations of addition, multiplication by a scalar and the opera-
tion A between Boehmians.

The operation A can be extended to Hg, x D by the following definition:

Definition 4.7. If {&} € Hp, and ¢ € D , then {fn] A= [fn - ﬂ .

€n €n €n

In Hp,, convergence is defined as:

Definition 4.8. A sequence of Boehmians (3,) in Hg, is d convergent to a
Boehmian 3 in Hg,, if there exists (e,) such that (B, A €,),(8 A €,) € Hpg,, Vk,
n € N, and (8, A ) = (B A €) as n — oo, in Hpg,, for every k € N.

The following lemma is equivalent to § convergence.

Lemma 4.9. [, KN B in Hpg, if and only if there is fur, fr €S and () € A
such that (3, = [fnk] B = {ﬁ] and Vk € N, f,, = fr asn — oo in S

€k €k
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Definition 4.10. (3,) in Hg, is A convergent to § in Hpg, if there is a (¢,) € A
such that (5, — B) A€, € Hp,,Vn € N, and (8, — ) L €, = 0 as n — oo in Hg,.

5. The Diffraction transform of Hg, (S',D, A, o)

Let {&] € Hp, (S',D,A, o) . Since operations we introduced on Hg, and Hpg,
€

(e and A, respectively ), are mathematically not equal, the typical Boehmian

*

{&] € Hp,, is denoted by [&} in the space Hg,. We may agree this will make
€n

n
no confusion in notations. Restrictions on parameters here are that a; = as.

Definition 5.1. The diffraction Fresnel transform Fi : Hg, — Hg, of {f"]
€n
Hg, (S/,D,A, o) is defined by

(1)) -]
in Hs,.

Theorem 5.2. F; : Ha, — Hp, is well-defined, linear and independent of the
representative.

Proof. Let [&] € Hp, then f, e €, = f, ®€,,Vn,m € N. Applying the
€n
diffraction Fresnel transform and using Theorem 4.1 yield f A €, = f A €,

*

for every m,n € IN. Therefore [Q} € Hg,. To show Fi is well defined, let
€n

A,
Fresnel transform and Theorem 4.1 yields f A o, = ¢, A €,,Vn,m € N. Hence,

5)-[2)

Let kq, ko € R. Theorem 4.1. implies
A n ki fr N en + kagh, A
o[£l - piess)
€n (079 €n A Qp

2 (u[2] 4 ) 2] n ).

This completes the proof of the theorem.

[g"] = {&] in Hpg, then, f, ®a,, = g, ®¢€,. Once again, applying the diffraction
€

That is

Theorem 5.3. .7:"; : Hp, — Hp, s a bijection map.
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*

Proof. Let [ﬁ = g—"} € Ha,, then [ X oy, = g5 A €, V1. From Theorem 4.1,

ETL n

Fi(fnoay) = j—"_d (gﬂ-o €,) . Since Fy is one-one, on S, we get f,, ® (i = G ® €,.
In | Finally, let {&} € Hp, then the Boehmian {&} € Hp,

€n | On | €n €n

satisfies F; (L—ﬂ) = {g} .

Proof is, therefore, completed.
~ 1 A
The inversion formula <]:C’l‘ ) for F is defined by the following definition:

Hence,

Definition 5.4. Let [&} € Hp, then the inverse transform of Fr is defined by
€n
T -1 f; fn
i = (D)= [2]

in Hpg,.
N1
Theorem 5.5. (f;) : Hp, — Hp, is well-defined, linear and bijection.

This theorem can be proved by analysis which is alike to that employed for
Theorem 5.2.

. L\ -1
Theorem 5.6. F; : Hg, — Hp,, (f;) : Hp, — Hp, are continuous with

respect to § convergence.

Proof. Let (8,) € Hg,, 8 € Hgp, be such that 3, 2 [ then, using Lemma 2.3, we
can find fo, fr € S, (€,) € A, such that 3, = {M} LB = [ﬁ] and for — fx
€

n n

for every k € N asn — oo in S'. Since Fy is continuous from S into S, it follows

Fa (for) = Fa(fr) as n — oo in S'. Hence, [M} — &} as n — 0o.
€n L €n

To prove the second part of the theorem, let 3, (5@) € Hg, then, as above,

there are f*,, fi € S’ such that B, = {M} B = {f_’“
k) En

n J
k, as n — oo. Hence f, 1 — fx as n — oo for every k € N in S'. Thus,

-G () - L] e ()

as n — oo for every k.
Hence, the theorem.

and, fy, — fi for every

. L\ -1
Theorem 5.7. F; : Hg, — Hp,, (f;) : Hp, — Hp, are continuous with
respect to A convergence.
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Proof. We prove the first part of the theorem since the second part of the theorem

can be proved similarly. Let (3, A B € Hgp, as n — oo then there is (f,) € S
such that

(B —B) e, = [f"; Ek} — 0 and f, — 0 as n — o0, (¢,) € A. Thus,
k
(Fibu=FiB) hew = Fi(Bu—B)her
ANt
- [
= fa

— 0asn— oo.

This completes the proof of the theorem.

6. The diffraction Fresnel transform of Hg, (£,D, A, o)

By & we denote the space of smooth functions of arbitrary support on R and, &
its strong dual of distributions of compact support. By aid of the kernel method,
the diffraction Fresnel transform of f € £ has been extended to [22]

- 2 2
) Faf (1) = b {1 (0 exp MO 2T 0T )
where f € £ is arbitrary.

Let Hg, (5’, D, A, 0) be the Boehmian space with £, as linear space, D, as a
subspace of £, and e , as an operation between £ and D. Denote by Dy the set of
analytic functions that are diffraction Fresnel transforms of compactly supported
distributions in & .

Convergence in Dy is defined as follows:

T, — T in Dp if there are distributions v,,v € £ such that T, = Fyu,,
T =Fwandv, - vin €.

Between Dp and D we introduce a mapping defined by

(10) (T o)) = [ T=)o
where 7 € Dp and o € D are arbitrary.

Theorem 6.1. Let T € Dp, T = Fyu,v €E, and 0 € D then

Fa(feo)(r)=(TYo)(r).
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Proof. Let T € Dy, T = Fqu,v € £ then, employing Equ.(10) yields

Fo(veo)(r) = <(voa)(g),\/ﬁexp<#(§2_2g7'—|—7-2))>

where 7 = Fyu,0 € D and * is the convolution product.
The proof of this theorem is therefore completed.

Lemma 6.2. 7 Y o0 € Dy, for every T € Dr and o € D.

Proof. Let v € £,0 € D, then ve o € £ . From Theorem 6.1 we get T Y 0 =
Fi(veo) € D, T = Fqu. Hence, we proved the lemma.

Lemma 6.3. If T € Dg,01,09 € D then the following are true:
(DoyYoas=02Y01; (2)T Y (02 Y 01) = (T Y 01) Y 0.

Proof of this theorem is a straightforward consequence of Theorem 6.1 and prop-

erties of the integral operator / :

Lemma 6.4. If 71,72 € Dp,(€,) € A and T1 Y €, = T3 Y €, then T1 = Ts.
Lemma 6.5. If 7,, =T € Dp,c € D then T, Y 0 — T, Y 0 as n — oo.
Lemma 6.6. If T, > T € Dg,(€,) € A then T, Y €, = T as n — 0.
Proofs of Lemma 6.4-Lemma 6.6 are straightforward.

From the above conclusions, the space Hg, (Dp,D, A, Y), Hg,, can be con-
sidered as a Boehmian space. In Hpg, , as earlier, addition, multiplication by a
scalar, the operation Y and differentiation are normally defined.

The operation Y : Hg, x D — Hg, is given by the following definition:

AT Y

n

Definition 6.7. [E] Y ¢ = [

n
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Definition 6.8. A sequence (5,,) € Hp, is d-convergent to 5 € Hpg,, if there exists
(€n) such that (8, Y €,), (B Y €,) € Hg,, Vk,n € N, and (5, Y e,) = (BY €;) €
Hp, as n — oo, for every k € N.

In other words,

Lemma 6.9. 3, 2, B in Hg, if and only if there is Tk, Tr € Dp and (&) € A
such that (8, = {%k] , 0= {E} and Yk € N, T, — T, € Dp as n — 0.
€L

€k

Definition 6.10. (5,) € Hp, is A-convergent to € Hp, if there is a (¢,) € A
such that (5, — B) Y €, € Hp,,Vn € N, and (8, — ) Y €, = 0 as n — oo in Hg,.

Definition 6.11. The extended diffraction Fresnel transform of {&] is defined by
€n

(11) ‘;Ad (|:/Un:|> |: n:| 3
€n €n
where 7,, = Fyu,,.

Theorem 6.12. F : Hp, — Hg, is well-defined, linear and independent of the
representative.

Proof. Let %} € Hgp, then v, ¢, = v, ®¢,, Vn,m € N. Applying the
€n

diffraction Fresnel transform and using Theorem 6.1 yield

ﬁYem:TmYem

where T, = Fqu,, Ty = Fqum, for every m,n € N. Therefore [E] € Hp,. To

en
show F; is well defined, let {gn = &} in Hp, then v, ® a,, = g, @ €.
QU €n
Once again, applying the diffraction Fresnel transform and using Theorem
6.1 yield 7, Y oy, = H,,, Y €, where, T,, = Fyu, and H,, = F;9,,Yn € N. Hence,
BN
Next, let ki, ks € R then, using Theorem 6.1, we have

Fu (kl {%} + ko {g_”}> _ [kl,ﬁb Y €, + koH, Y&n} '

n o, € Y Qp
- n n n Hn
That is fd <I€1 |:z—] + k‘Q |:gg_:|> = ]Cl |:€I:| + k?2 |:C¥_:| s 7:7, = deTL)Hn = fdgn'

This completes the proof of the theorem.

Theorem 6.13. The mapping Fy: Hp, — Hp, is bijection.
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H.
Proof. Assume that {E} = [—n} , where T, = Fqu,, H, = Fyqgn,Vn, then
€n Qly,
Tn Y @ = Hp, Y €,. By Theorem 6.1, Fy (v, ® ) = Fy (g, ®€,) and hence
Up @y, = g, ® €,. Hence, {ﬁ] = [g—n} . Finally, let [E] € Hp, then 7, = Fyu,,
En an En
for some v,, and all n.
Un, . - Un, 771
Therefore, [—} € Hp, satisfies Fy ([—]) = [—] € Ha,.
€n €n €n

The theorem is completely proved.

Definition 6.14. Let [E] € Hg,. The inverse of F, is defined by

€n

-\ L 7:1 Un,
12 n - |
w @) () -]
in ,H,Bplﬁz = ﬁd'l)n,’l)n € 5/.
N\ -1
Theorem 6.15. (]—"d> : Hp, — Hp, is well-defined, linear and bijection map-

ping.

This theorem can be proved easily by using the same analysis employed for
Theorem 6.12. Detailed proof is, thus, avoided.

. N\ -1
Theorem 6.16. F; : Hg, — Ha,, (-Ez) . Hp, — Hp, are continuous with

respect to § convergence.

Proof. Let (8,) € Hp,,8 € Hgp, be such that 3, LN B. By using Lemma 2.3,
there can be found v, 4, vr € £, (e,) € A, such that 8, = [U"k} B = [%}

n En

and v, — v for every k € N as n — oo in g Continuity of Fy; implies

Fi(Ung) — Fa(vg) as n — oo in Dp. Hence, {nk] — {E} , where T, =

€n €n

Fa(Ung), Te = Fa(vg). Next, let B, (Bn> € Hp, then, there are T, %, T, € Dp

such that Bn = {Ek} ,B = {?

n

} s Toge = Fa(Ung) , Te = Fa(vk), and Tpp — T

n
for every k, as n — oo. Hence v, — v as n — oo for every k € N in E'. Thus,

-0 () [z (2

as n — oo for every k. Hence, the theorem.

. N\ -1
Theorem 6.17. F; : Hg, — Ha,, (fd> . Hp, — Hp, are continuous with
respect to A convergence.
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Proof of this theorem follows from repeated analysis employed for Theorem 5.6.

TY €,

€n

Theorem 6.18. The mappings Dp — Hgp,, T — [ } and, & — Hg,,

°c
f— [f n} are continuous imbedding mappings with respect to 6 convergence.
€n

See Theorem 3.6 for similar proof.

Conclusion.

The diffraction Fresnel transform which is a generalization of the Fresnel transform
is extended to spaces of generalized functions, namely, Boehmian spaces. The
extended transform maintains most of its general properties which have in the
classical sense.

Acknowledgment. The author would like to thank the referee for his valuable
suggestions towards the improvement of the content of this article.
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Abstract. In this paper, we first introduce a new class of closed map called p-closed
map. Moreover, we introduce a new class of homeomorphism called a p-homeomorphism.
We also introduce another new class of closed map called p*-closed map and introduce
a new class of homeomorphism called a p*-homeomorphism and prove that the set of
all p*-homeomorphisms forms a group under the operation of composition of maps.
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1. Introduction

The notion homeomorphism plays a very important role in topology. By defini-
tion, a homeomorphism between two topological spaces X and Y is a bijection map
f: X — Y when both f and f~! are continuous. In the course of generalizations
of the notion of homeomorphism, Maki et al. [35] introduced g-homeomorphisms
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and ge-homeomorphisms in topological spaces. Devi et al. [13], [14] studied semi-
generalized homeomorphisms and generalized semi-homeomorphisms and also they
have introduced a-homeomorphisms in topological spaces. Jafari et al. [28] intro-
duced g-homeomorphisms in topological spaces.

In this chapter, we first introduce p-closed maps in topological spaces, p-open
maps and then we introduce and study p-homeomorphisms. We prove that the
concepts of p-homeomorphism and of homeomorphism (resp. g-homeomorphism,
semihomeomorphism, prehomeomorphism) are independent. We also introduce
p*-closed map and p*-homeomorphism. It turns out that the set of all p*-homeo-
morphisms forms a group under the operation of composition of maps.

2. Preliminaries

Throughout this paper (X, 7), (Y,0) and (Z,n) will always denote topological
spaces on which no separation axioms are assumed,unless otherwise mentioned.
When A is a subset of (X, 7), cl(A) and int(A) denote the closure and the interior
of the set A, respectively.

We recall the following definitions and some results, which are used in the
sequel.

Definition 2.1. Let (X, 7) be a topological space. A subset A of a space (X, )
is called:

1. preopen [20] if A C int(cl(A)) and preclosed if cl(int(A))C A.

2. semiopen [18] if A C cl(int(A)) and semiclosed if int(cl(A))C A.

3. semipreopen [1]if A C cl(int(cl(A))) and semipreclosed if int(cl(int(A))) C A.
4. regular open if A=int(cl(A)) and regular closed if A=cl(int(A)).

Definition 2.2. Let (X, 7) be a topological space. A subset A of a space (X, 7)
is called:

1. generalized closed (briefly g-closed) [19] if cl(A) C U whenever A C U and
U is open in (X, 7).

2. generalized preclosed (briefly gp-closed) [25] if pcl(A)CU whenever A C U
and U is open in (X, 7).

3. generalized preregular closed (briefly gpr-closed) [13] if pcl(A) C U whenever
A C U and U is regular open in (X, 7).

4. mgp-closed [27] if pcl(A) C U whenever A C U and U is m-open in X.
5. w-closed [32] if cl(A)CU whenever A C U and U is semi open in X.

6. “g-closed [33] if cl(A) C U whenever A C U and U is semi open in X.
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10.

11.

12.

*g-closed [36] if cl(A) C U whenever A C U and U is “g-open in X.

#g-semi closed(briefly #gs-closed) [35] if scl(A) C U whenever A C U and
U is *g-open in X.

g-closed set [16] if cl(A) € U whenever A C U and U is #gs-open in X.
p-closed set [6] if pcl(A) CInt(U) whenever A C U and U is g-open in (X, 7).

ps-closed set [6] if pcl(A) Clnt(cl(U)) whenever A C U and U is g-open in
(X, 7).

m-open [37] if it is a finite union of regular open sets. The complement of a
m-open set is said to be m-closed.

The complements of the above mentioned sets are called their respective open set.

Definition 2.3. A function f: (X,7) — (Y, 0) is called :

1.

semi-continuous [18] if f~'(V) is semiopen in (X, 7) for every open set V in
(Y, 0);

. pre-continuous [20] (resp. g-continuous [4], w-continuous [32], gp-continuous

[2], gpr-continuous [12], mgp-continuous [28], #g-semicontinuous [35], §-
continuous [30]), if f~'(F) is Preclosed (resp. g-closed, w-closed, gp-closed,
gpr-closed, mgp-closed, #gs-closed, g-closed) in (X, 7) for every closed set
Fin (Y,0);

. contra-continuous [9] if f~1(V) is closed in (X, 7) for every open set V in

(Y,0);

M-precontinuous [38] if f~1(V) is preclosed in (X, 7) for every preclosed set
Vin (Y,0);

RC-continuous [12] if f~'(V) is regular closed in (X, 7) for every open set
Vin (Y, 0);

. p-continuous [7] (resp. ps-continuous [7]) if f~1(V) is p-closed (resp. ps-

closed) in (X, 7) for every closed set V in (Y, 0);

p-irresolute [7] (resp. g-irresolute [30]), if f~!(A) is p-closed (resp.g-closed)
in (X, 7) for every p-closed (resp. g-closed) set A in (Y, 0);

. contra-open [4] if (V') is closed in (Y, o) for every open set V in (X, 7);

M-preclosed [22] if f(V') is preclosed in (Y, o) for every preclosed set V' in
(X, 7);
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10. preclosed [46] (resp. w-closed [59], g-closed [37], gp-closed [46], gpr-closed
[47], mgp-closed [50], gs-closed, g-closed [27]), if f(F}) is preclosed (resp.
w-closed, g-closed, gp-closed, gpr-closed, mgp-closed, gs-closed, g-closed), in
(Y, o) for every closed set Fy in (X, 7).

Definition 2.4. A space (X, 7) is called: a Tj,, space [32] (resp. T, space [59],
gsT#1/2 space [71], Tg-space [56], p-T, space [10]), if every g-closed (resp. w-
closed, #g-semi-closed, ~¢g -closed, ps-closed) set is closed in (X, 7).

Definition 2.5. A bijective function f: (X,7) — (Y, 0) is called a
1. homeomorphism if f is both open and continuous.

2. generalized homeomorphism (briefly g-homeomorphism) [35] if f is both
g-open and g-continuous.

3. semi-homeomorphism [13] if f is both continuous and semi-open.

4. pre-homeomorphism [40] if f is both M-precontinuous and M-preopen.

5. gp-homeomorphism if f is both gp-continuous and gp-open.

6. gpr-homeomorphism if f is both gpr-continuous and gpr-open.

7. mgp-homeomorphism if f is both mgp-continuous and wgp-open.
Definition 2.6.

(i) Let
[10]

X, 7) be a topological space and A C X. We define the p-closure of A
briefly p-cl(A)) to be the intersection of all p-closed sets containing A.

/N T

(i) Let
[10]

X, ) be a topological space and A C X. We define the p-interior of A
briefly p-int(A)) to be the union of all p-open sets contained in A.

—

(iii) A topological space (X, 7) is p-compact [11] if every p-open cover of X has
a finite subcover.

(iv) Let (X, 7) be a topological space. Let x be a point of (X, 7) and V' be a sub-
set of X. Then V is called a p-open neighbourhood (simply p-neighbourhood)
[11] of z in (X, 7) if there exists a p-open set U of (X, 7) such that z € U C V.

Proposition 2.7. [10] Let (X, ) be a topological space and A C X. The following
properties are hold:

(i) If A is p-closed then p-cl(A) = A. The converse is not true.
(ii) If A C B then p-cl(A) C p-cl(B).
Theorem 2.8.

(i) [10] Every open and preclosed subset of (X, T) is p-closed.
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(ii) [10] Ewvery p-closed set is gp-closed (resp. gpr-closed, mwgp-closed, ps-closed)
set.

(iii) [11] If f = (X,7) — (Y,0) is g-irresolute and M -preclosed function, then
f(A) is p-closed in (Y, o) for every p-closed set A of (X, ).

(iv) [11] Every p-continuous function is gp-continuous (resp. gpr-continuous,
Tgp-continuous, ps-continuous) function.

(v) [11] Every p-closed subset of a p-compact space X is p-compact relative to X .

(vi) [11) If f - (X, 1) — (Y, 0) is p-irresolute and a subset A of X is p-compact
relative to X then its image f(A) is p-compact relative to Y.

(vii) [B3] If ACY C X where A is g—open in'Y and Y is g-open in X then A is
g-open in X.

3. p-closed maps

Definition 3.1. A map f: (X,7) — (Y, 0) is said to be p-closed if the image of
every closed set in (X, 7) is p-closed in (Y, o).

Example 3.2.

(i) Let X =Y ={a,b,c,d, e}, 7 = {¢p,{a,b},{c,d},{a,b,c,d}, X}, 0 = {9, {b},
{d,e}, {bd,c}, {a,c,d, e}, Y'}. Define amap f - (X,7) > (V) by f(a) =
d, f(b) =e, f(c) =0, f(d) = ¢, f(e) =a. Then f is a p-closed map.

(ii) Let X=Y={a,b,c,d,e}, 7={¢,{a,b},{c,d},{a,b,c,d}, X}, o = {o,{b},
{d,e} ,{b,d,e} {a,c,d,e},Y}. Let f:(X,7) = (Y,0) be the identity map.
Then f is not a p-closed map. Since for the closed set V = {e} in (X, 7),
f(V) ={e}, which is not a p-closed set in (Y, o).

Theorem 3.3. Every Contra-closed map and Preclosed map f : (X,7) — (Y,0)
1s p-closed map.

Proof. Let V be a closed set in (X, 7). Then f(V') is open and preclosed in
(Y,0). Hence by Theorem 2.4(i), f(V) is p-closed in (Y,0). Therefore f is a
p-closed map. .

The converse of this theorem need not be true as seen from the following
example.

Example 3.4. As in Example 3.2(i), f is a p-closed map but neither contra-
closed map nor preclosed map. Since for the closed set V = {a,b,e} in (X, 7),
f(V) ={a,d, e} is neither preclosed nor open in (Y, o).

Theorem 3.5. Every p-closed map f : (X,7) — (Y,0) is a gp-closed (resp.
gpr-closed, wgp-closed) map.



200

C. DEVAMANOHARAN, S. PIOUS MISSIER, S. JAFARI

Proof. Let V be a closed set in (X, 7). Then f(V) is a p-closed set in (Y, o). By
Theorem 2.4(ii), f(V) is gp-closed in (Y, o) (resp. By Theorem 2.4(ii), f(V) is
gpr-closed in (Y, o), by Theorem 2.4(ii), f(V') is mgp-closed in (Y, 0)). Hence f is

a gp-closed (resp. gpr-closed, mgp-closed) map. .
The converse of this theorem need not be true as seen from the following

examples.

Example 3.6.

(1)

(i)

(iii)

map

Exa

(i)

(if)

Let X =Y ={a,b,c,d, e}, 7 ={¢,{a,b},{a,b,d},{a,b,c,d}, {a,b,d e}, X},
o = {¢,{b,c,d},{a,b,c,d} ,{b,c,d,e},Y}. Define f : (X,7) = (Y,0) by
fla) =c; f(b) =e; f(c) =a; f(d) =b; f(e) = d. Then the function f is
a gp-closed map but not p-closed map. Since for the closed set V' = {e} in
(X, 1), f(V)={d}, is a gp-closed set but not a p-closed set in (Y, o).

Let X =Y ={a,b,c,d, e}, 7 ={¢,{a,b},{a,b,d},{a,b,c,d}, {a,b,d, e}, X},
o = {¢,{a,b},{c,d},{a,b,c,d} ,Y}. Define f as in Example 3.6(i), the
function f is gpr-closed map but not p-closed map. Since for all the closed
sets in (X, 7), its images are all gpr-closed sets in (X, o) but no one is
p-closed set in (Y, o).

As in Example 3.6(i), define f : (X,7) — (Y,0) by f(a) = ¢ f(b) =
b; f(c)=a; f(d) =e; f(e) =d. Then the function f is a Tgp-closed map
but not p-closed map. Since for the closed set V' = {a,d} is mgp-closed set
but not a p-closed set in (Y, 0).

The following examples show that the concepts of closed map and of p-closed
are independent.

mple 3.7.

As in Example 3.2(i), f is a p-closed map but not a closed map. Since for
the closed set v = {e} in (X, 7), f(V) = {a} is p-closed but not closed in
(Y. 0).

Let 7 be the collection of subsets of N consisting of ¢ and all subsets of NV
of the form {n,n + 1,n+ 2,...}, n € N. Then 7 is a topology for N. Let
(Z, k) be the digital topology. Let f : (N,7) — (Z, k) be the constant map
defined by f(z) = {4} for each # € N. The image of each closed set in (N, 7)
is {4} which is closed in (X, k), but not p-closed in (X, k), because there is
a g-open set U = {1,2,3,4} containing {4}, is not open in (X, ) such that
pcl({4}) = {4} € int(U) = {1,2,3}. Therefore f is a closed map but not a

p-closed map.

The following examples show that the concepts of g-closed map and of p-

closed map are independent.
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Example 3.8.

(i) Let X =Y = {a,b,c}, 7 = {¢,{a,c}, X}, 0 = {p,{a},{a,b},Y}. Define
amap f: (X,7) = (Y,o0) by f(a) = ¢ f(b) = b; f(¢) = a. Then f is
a p-closed map but not g-closed map. since for the closed set V' = {b} in

(X, 7), f(V) ={b} is p-closed but not g-closed in (Y, o).
(ii) Asin Example 3.7(ii), f is a g-closed map but not a p-closed map.

The following example shows that the composition of two p-closed maps need
not be p-closed.

Example 3.9. Let X=Y=7={a,b,c}, 7={¢,{a},{b,c}, X}, o={p,{a,c},Y},
n=1{¢,{a} {a,b},Z}. Define f: (X,7) = (Y,0) by f(a) = f(b) =b; f(c) =a
and define g : (Y,0) — (Z,n) by g(a) = ¢; g(b) =b; g(c) = a. Then both f and g
are p-closed maps but their composition go f : (X,7) — (Z,n) is not a p-closed
map, since for the closed set V = {b,c} in (X, 7), go f(V) = {a, b}, which is not
a p-closed set in (Z,n).

Theorem 3.10. If f : (X, 7) — (Y,0) is p-closed, g : (Y,0) = (Z,n) is p-closed
and (Y, o) is a p-Tsspace then their composition go f = (X, 1) — (Z,n) is p-closed.

Proof. Let V' be a closed set in (X, 7). Then f(V) is a p-closed set in (Y, o).
Since (Y, 0) is p-Ts and by Theorem 2.4(ii), f(V') is a closed set in (Y, o). Hence
g(f(V))=(go f)(V)is a p-closed in (Z,n). Therefore g o f is a p-closed map. =

Theorem 3.11. If f : (X,7) — (Y,0) is a g-closed (resp. g-closed, w-closed,
gs-closed) map, g : (Y,0) = (Z,n) is a p-closed map and Y is Tg-space (resp.
Ty space, T, space, gsTfé/E2 space) then their composition go f : (X, 1) — (Z,n)
15 a p-closed map.

Proof. Let V be a closed set in (X, 7). Then f(V') is a g-closed (resp. g-closed,
w-closed, gs-closed) set in(Y, o). Since (Y, 0) is a T'g-space (resp. Ti/2 space, T,
space, gsTf#/é2 space), therefore f(V) is a closed set in (Y, ). Since g is p-closed,
g(f(V))=1(go f)(V)is p-closed in (Z,n). Therefore g o f is a p-closed map. =

Theorem 3.12. If f : (X,7) — (Y,0) is a g-closed and contra-closed map,
g:(Y,0) — (Z,n) is an M-preclosed and open map then their composition go f :
(X,7) — (Z,n) is p-closed map.

Proof. Let V be a closed set in (X, 7). Then f(V) is g-closed and open in (Y, o).
Since every g-closed is preclosed and g is M-preclosed and open, hence g (f(V)) =
(go f) (V) is preclosed and open in (Z,n). By Theorem 2.4(i), (go f) (V) is p-
closed in (Z,n). Therefore g o f is a p-closed map. n

Theorem 3.13. Let f: (X,7) = (Y,0) be a closed map and g : (Y,0) — (Z,n)
be a p-closed map then their composition go f: (X, 7) — (Z,n) is p-closed.
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Proof. Let V be a closed set in (X, 7). Then f (V) is a closed set in (Y, o). Hence
g(f(V))=(go f)(V)is p-closed set in (Z,n). Therefore go f is a p-closed map.m

If f is p-closed map and g is closed, then their composition need not be a
p-closed map as seen from the following example.

Example 3.14. Let X=Y=Z={a,b,c},7={¢,{a},{b,c}, X}, o={¢,{a,c},Y},
n:{gba{c}’{a?C}vz}' Define f : (XvT) - (}/,0') be f(a) = f(b) =G f(C) =b

and define g : (Y,0) — (Z,n) be the identity map. Then f is a p-closed map and g

is a closed map. But their composition gof : (X, 7) — (Z,n) is not a p-closed map.

Since for the closed set V' = {a} in (X,7),(go f) (V) =g (f(V)) = g(c) = {c},

which is not is p-closed set in (Z, 7).

Theorem 3.15. If [ : (X,7) — (Y,0) is a p-closed, g : (Y,0) — (Z,n) is
M -preclosed and g-irresolute map then go f: (X, 7) = (Z,n) is p-closed.

Proof. Let V' be a closed set in (X, 7). Then f(V) is a p-closed set in (Y, 0).
Hence by Theorem 2.4(iii), g (f(V)) = (go f) (V) p-closed in (Z,n). Therefore
go fis a p-closed map. .

Theorem 3.16. Let [ : (X,7) = (Y,0) and g : (Y,0) = (Z,n) be two mappings
such that their composition go f : (X,7) — (Z,n) be a p-closed mapping. Then
the following statements are true if:

1. f is continuous and surjective then g is p-closed.

2. g is p-irresolute, injective then f is p-closed.

3. f is “g-continuous, surjective and (X, T) is a T'g-space, then g is p-closed.
4. f is g-continuous, surjective and (X, 7) is a T/ space then g is p-closed.
5. f is p-continuous, surjective and (X, 1) is a p-Ts space then g is p-closed.

Proof. 1. Let A be a closed set in (Y, o). Since f is continuous, f~!(A) is closed
in (X, 7) and since go f is p-closed, (go f) (f71(A)) = g (A) is a p-closed in (Z, ),
since f is surjective. Therefore, g is a p-closed map.

2. Let A be a closed set in (X, 7). Since g o f is p-closed, then (go f) (A) is
p-closed in (Z,7n). Since g is p-irresolute, then g=* (g o f) (A) is p-closed in (Y, o),
since ¢ is injective. Thus, f is a p-closed map.

3. Let A be a closed set of (Y, o). Since f is g-continuous, f~(A) is g-closed
in (X, 7). Since (X,7) is a Tg-space, f~!(A) is closed in (X,7), since g o f is
p-closed, (go f) (f71(A)) = g (A) is p-closed in (Z,n), since f is surjective. Thus
g is a p-closed map.

4. Let A be a closed set of (Y, o). Since f is g-continuous, f~'(A) is g-closed
in (X, 7). Since (X, 7) is a Tjo-space, f~'(A) is closed in (X,7), since g o f is
p-closed, (go f) (f~1(A)) =g (A) is p-closed in (Z,n), since f is surjective. Thus
g is a p-closed map.
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5. Let A be a closed set (Y, o). Since f is p-continuous, f~*(A) is p-closed in
(X, 7). Since (X,7) is a p-T, space and by Theorem 2.4(ii), f~!(A) is closed in
(X, 7). Since go f is p-closed, (go f) (f~*(A)) = g (A) is p-closed in (Z,n). Since
f is surjective. Thus, g is a p-closed map. .

As for the restriction f4 of amap f: (X, 7) = (Y,0) to a subset A of (X, 7),
we have the following.

Theorem 3.17. Let (X, 7) and (Y, o) be any topological spaces, Then if:

L. f:(X,7) = (Y,0) is p-closed and A is a closed subset of (X,T) then
fa:(A,ma) = (Y,0) is p-closed.

2. f:(X,7) = (Y,0) is p-closed and A = f~1(B), for some closed set B of
(Y,0), then fa: (A, Ta) — (Y,0) is p-closed.

Proof. 1. Let B be a closed set of (A,74). Then B = AN F for some closed set
F of (X, 7) and so B is closed in (X, 7). Since f is p-closed, then f(B) is p-closed
in (Y,0). But f(B) = fa(B) and therefore f, is a p-closed map.

2. Let F be a closed set of (A,74). Then F = AN H for some closed set H
of (X,7).Now fa(F) = f(F)= f(AnH)= f(f~(B)NH) = BN f(H). Since
f is p-closed, f(H) is p-closed in (Y,0) and so BN f(H) is p-closed in (Y, o).
Therefore f4 is a p-closed map. n

Theorem 3.18. A map [ : (X,7) — (Y,0) is p-closed if and only if for each
subset S of (Y, o) and for each open set U containing f~*(S) there is a p-open set
V of (Y,0) such that S CV and f~4(V) C U.

Proof. Suppose that f is a p-closed map. Let S C Y and U be an open subset
of (X, 7) such that f~1(S) C U. Then V = (f(U®)) is a p-open set containing S
such that f~!(V) C U. For the converse. Let S be a closed set of (X, 7). Then
F7H((f(s))) € S¢ and S¢ is open. By assumption, there exists a p-open set V
of (Y, o) such that (f(S)°) C V and f~1 (V) C S¢and so S C (f~1(V))". Hence
vec f(S)cC f(f~Y(V)¢) c V¢ which implies f (S) = V¢. Since V¢ is p-closed in
(Y,0), f(S) is p-closed in (Y, o) and therefore f is p-closed. .

Theorem 3.19. If a mapping f (X, 7) — (Y, 0) is p-closed then p-cl(f(A)) C f(cl
(A)) for every subset A of (X, T).

Proof. Suppose that f is p-closed and A C X, then f(cl(A)) is p-closed in (Y, o).
Hence by Proposition 2.7(i), p-cl(f(cl(A))) = f(cl(A)). Also (A) C f(cl(A)), and
by Proposition 2.7(ii), we have, p-cl(f(A)) C p-cl(f(cl(A)) = f(cl(A)). .

The converse of this theorem need not be true as seen from the following
example.

Example 3.20. Let X={a,b,c} =Y, 7={¢,{a},{b,c}, X}, o0={0p,{a},{a,b},Y}.
Define f : (X,7) — (Y,0) by f(a) = ¢; f(b) = a; f(c) = b. For every subset A
of X, we have p-cl(f(A)) C f(cl(A)). But f is not a p-closed map. Since for the
closed set V- ={b,c} in (X, 7), f(V) = {a,b} is not a p-closed set in (Y, o).
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4. p-Open maps

Definition 4.1. A map f: (X,7) — (Y, 0) is said to be p-open map if the image
f(A) is p-open in (Y, o) for every open set A in (X, 7).

Theorem 4.2. For any bijection f : (X,7) — (Y,0), the following statements
are equivalent.

1. f71:(Y,0) = (X, 7) is p-continuous
2. f is a p-open map and
3. f is a p-closed map.

Proof. (1)—+(2). Let U be an open set of (X, 7). By assumption, (=)~ (U) =
f(U) is p-open in (Y, o) and so f is a p-open map.

(2)—(3). Let V be a closed set of (X, 7). Then V¢ is open in (X,7). By
assumption f (V) = (f(V))" is p-open in (Y, o) and therefore f (V) is p-closed in
(Y,0). Hence f is a p-closed map.

(3)—(1) Let V be a closed set of (X, 7). By assumption f(V) is p-closed in
(Y,0). But f(V) = (f1)"" (V) and therefore f~! is p-continuous on (Y,c). =

Theorem 4.3. Let [ : (X,7) — (Y,0) be mapping. If f is a p-open mapping,
then for each xeX and for each neighbourhood U of x in (X, T), there exists a
p-neighbourhood W of f(z) in (Y, o) such that WC f(U).

Proof. Let xeX and U be an arbitrary neighbourhood of x. Then there exists
an open set V in (X, 1) such that zelV C U. By assumption, f (V') is a p-open set
in (Y,0). Further, f(z)ef(V) C f(U), clearly f(U) is a p-neighbourhood of f(x)
in (Y, o) and so the theorem holds, by taking W = f(V). .

The converse of this theorem need not be true as seen from the following
example.

Example 4.4. As in example 4.4, Let U = {a, b, ¢,d} be an open set in (X, 7) and
f(a) = a. Then aeU and for each a = f(a)ef(U) = {a,c,d, e}, by assumption,
there exists a p-neighbourhood W, = {a,c,d,e} of a in (Y, o) such that W, C
f(U). But f(U) is not a p-open set in (Y, o).

Theorem 4.5. A function f : (X,7) — (Y,0) is p-open if and only if for any
subset B of (Y,c) and for any closed set S containing f~'(B), there exists a p-
closed set A of (Y,0) containing B such that f~'(A) C S.

Proof. Similar to Theorem 3.18. "
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5. p-Homeomorphisms

Definition 5.1. A bijection [ : (X,7) — (Y, 0) is called p-homeomorphism if f
is both p-continuous and p-open.

Example 5.2. Let X=Y={a,b,c}, 7={¢,{a},{a, b}, X}, o={o, {b},{b,c},Y}.
Define a map f : (X,7) — (Y,0) by f(a) =¢, f(b) =b, f(¢) =a. Then fis a

p-homeomorphism.

Theorem 5.3. Every p-homeomorphism is a gp-homeomorphism (resp. gpr-
homeomorphism, Tgp-homeomorphism).

Proof. By Theorem 2.4(iv), every p-continuous map is gp-continuous (resp. gpr-
continuous,wgp-continuous) and also by Theorem 2.4(ii), every p-open map is
gp-open (resp. gpr-open,mgp-open), the proof follows. n

The converse of the above theorem need not be true as seen from the following
example.

Example 5.4.

(i) Let X =Y ={a,b,c,d, e}, 7 = {p,{b,c,d},{a,b,c,d},{b,c,d, e}, X} and
o = {6, {a,b,e}, X}. Define f : (X,7) — (X,0) by f(a) = e, f(b) = c
fle) =d, f(d) = a, f(e) = b. Then f is gp-homeomorphism but not p-
homeomorphism. Observe that for the closed set V = {¢,d} in (X,0),
F7HV) = {b,c} is gp-closed but not p-closed in (X, 7), that is f is not
p-continuous.

(ii) Let X=Y={a,b,c}, 7 ={¢,{a},{a,b},{c,a},X}, 0 = {¢,{b},{c,a},Y}. Let f
(X,7) = (Y,0) be an identity map. Then f is mgp-homeomorphism but
not p-homeomorphism. Since for the closed set V = {c.a} in (Y, o), {71(V)
= {c,a} is not p-closed in (X, 7), that is f is not p-continuous.

(i) Let X ={a,b,c,d,e}, Y ={a,b,c,d}, 7 ={o,{c},{e},{a,b},{c, e}, {a,b,c},
{a,b,e},{a,b,c,e}, X}, 0 = {¢p,{c.d},Y}. Define f : (X,7) — (Y,0) by
fla) = f(c) =a, f(b) = f(e) =0b, f(d) = c. Then f is gpr-homeomorphism
but not p-homeomorphism. Since for the closed set V = {a,b} in (Y,0),
Y V) ={a,b,c,e} is not p-closed in (X, 7), that is f is not p-continuous.

Theorem 5.5. Let f : (X,7) — (Y,0) be both a contra-open and contra-con-
tinuous function; further let f be a gp-homeomorphism.Then f is a p-homeo-
morphism.

Proof. Let U be open in (X, 7). Then f(U) is gp-open in (Y, o). Hence Y — f(U)
is gp-closed in (Y, o). Since f is contra-open, then f(U) is closed in (Y, o) and so
Y—f(U)isopenin (Y,o). By Theorem 2.2 [29], Y — f(U) is preclosed in (Y, ) and
by Theorem 2.4(i), Y — f(U) is p-closed in (Y, o), that is f(U) is p-open in (Y, o).
Hence f is p-open. Let V be closed in (Y, ). Then f~1(V) is gp-closed in (X, 7).
Since f is contra-continuous, then f~!(V') is open in (X, 7). By Theorem 2.2 [29]
and by Theorem 2.4(i), f~'(V) is p-closed in (X, 7). Hence f is p-continuous.
Since f is p-continuous and p-open, therefore f is p-homeomorphism. .
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Definition 5.6. A function f: (X, 7) — (Y, 0) is called

1. contra-m-open (resp.regular-contra-open), if f(U) is m-closed (resp. regular
closed) in (Y, o) for every open set U in (X, 7).

2. contra-m-continuous, if f~1( V) is 7-open in (X, 7) for every closed set V in
(Y, 0).

Theorem 5.7. Let [ : (X,7) — (Y,0) be both a contra-m-open and contra-m-
continuous function; further, let f be a mwgp-homeomorphism. Then f s a p-
homeomorphism.

Proof. Let U be open in (X, 7). Then f(U) is mgp-open in (Y, o). Hence Y — f(U)
is mgp-closed in (Y, o). Since f is contra-m-open, then f(U) is w-closed in (Y, o)
and so Y — f(U) is m-open in (Y, ). By Theorem 2.4 [53], Y — f(U) is preclosed in
(Y, o) and since every m-open is open and by Theorem 2.4(i), Y — f(U) is p-closed
in (Y,0), that is f(U) is p-open in (Y, o). Hence f is p-open. Let V be closed in
(Y,0). Then f1(V) is mgp-closed in (X, 7). Since f is contra-r-continuous, then
f7YV) is m-open in (X, 7). By Theorem 2.4 [53] and since every m-open is open
and by Theorem 2.4(i), f~'(V) is p-closed in (X, 7). Hence f is p-continuous.
Since f is p-continuous and p-open, therefore f is p-homeomorphism. .

Theorem 5.8. Let f : (X,7) — (Y,0) be both a contra-regular open and RC-
continuous function; further, let f be a gpr-homeomorphism. Then f is a p-
homeomorphism.

Proof. Let U be open in (X, 7). Then f(U) is gpr-open in (Y, o). Hence Y — f(U)
is gpr-closed in (Y, o). Since f is contra-regular open, then f(U) is regular closed
in (Y,0) and so Y — f(U) is regular open in (Y, 0). By Theorem 3.10 [22], Y — f(U)
is preclosed in (Y, o) and since every regular open is open and by Theorem 2.4(i),
Y — f(U) is p-closed in (Y, o), that is f(U) is p-open in (Y,0). Hence f is p-
open. Let V be closed in (Y,0). Then f~*(V) is gpr-closed in (X, 7). Since f is
completely contra-continuous, then f~!(V) is regular open in (X, 7). By Theorem
3.10 [22] and since every regular open is open and by Theorem 2.4(i), {~1(V) is
p-closed in (X, 7). Hence f is p-continuous. Since f is p-continuous and p-open,
therefore f is p-homeomorphism. u

Theorem 5.9. Let f : (X, 1) — (Y, 0) be both a contra-open and contra-continuous
function; let f be a pre-homeomorphism. Then f is a p-homeomorphism.

Proof. Let U be open in (X, 7). Then f(U) is preopen in (Y, o). Hence Y-f(U)
is preclosed in (Y,0). Since f is contra-open, then f(U) is closed in (Y, o) and
so Y-f(U) is open in (Y, ). By Theorem 2.4(i), Y-f(U) is p-closed in (Y, o), that
is f(U) is p-open in (Y,0). Hence f is p-open. Let V be closed in (Y, o). Then
f=1(V) is preclosed in (X, 7). Since f is contra-continuous, then (V') is open in
(X, 7). By Theorem 2.4(i), f~1(V)is p-closed in (X, 7). Hence f is p-continuous.
Since f is p-continuous and p-open, therefore f is p-homeomorphism. .

The concepts of p-homeomorphism and of homeomorphism are independent
as can be seen from the following examples.
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Example 5.10.

(i) Let X = {a,b,c} =Y, 7 = {¢,{a, b}, X} and 0 = {¢,{a},{a,b},Y}. The
identity map f on X is p-homeomorphism but not a homeomorphism, be-
cause it is not continuous.

(ii) Let (R,7) be a usual topology and ((0,1),7*), where 7% denotes that rela-
tivized usual topology on (0,1). Let f : (R,7) — ((0,1),7") be a map
defined by f(x) = 2x-1/x(x-1). Then f is a homeomorphism but not a p-
homeomorphism, because it is not p-continuous.

The concepts of p-homeomorphism and of g-homeomorphism are independent
as can be seen from the following examples.

Example 5.11.

(i) Let X ={a,b,c} =Y, 7 ={¢,{a},{a,b},{a,c}, X}, 0 = {¢,{b},{a,b},Y}.
Define f : (X,7) — (Y,0) by f(a) = b, f(b) = a, f(¢) = c¢. Then f
is a p-homeomorphism but not g-homeomorphism. Since for the open set
V ={a,c} in (X,7), f(V)={b,c} is not g-open in (Y, o).

(ii) Asin Example 5.10(ii), f is a g-homeomorphism but not p-homeomorphism,
because it is not p-continuous.

The concepts of p-homeomorphism and of semi-homeomorphism are indepen-
dent as can be seen from the following examples.

Example 5.12.

(i) Let X =Y = {a,b,c},7 = {¢p,{a,b}, X}, 0 = {¢,{a},{a,b},Y}. Let f:
(X,7) = (Y,0) be an identity map. Then f is a p-homeomorphism. But f
is not a semi-homeomorphism. Since for the closed set V={b,c} in (Y,0),
f=1(V)={b, ¢}, which is not closed in (X, 7). Therefore f is not a continuous
map.

(ii) Let X =Y = {a,b,c}, 7 = {¢,{a},{b,c}, X}, 0 = {¢,{c},{a,b},Y}.
Define f : (X,7) — (Y,0) by f(a) = ¢, f(b) = a, f(c) =b. Then f is a
semihomeomorphism. But f is not a p-homeomorphism. Since for the closed
set V={c} in (Y,0), 71(V)={a}, which is not p-closed in (X, 7). Therefore
f is not a p-continuous map.

The concepts of p-homeomorphism and of pre-homeomorphism are indepen-
dent as can be seen from the following examples.

Example 5.13.

(i) Let X =Y = {CL, b, 0}7 T = {(bv {CL} ) {av b} 7X}7 0= {(bv {CL}, {b}7 {av b},
{b,c},Y}. Define f: (X,7) — (Y,0) by f(a) =b, f(b) =a, f(c) =c. Then
f is a p-homeomorphism. But f is not a pre-homeomorphism. Since for the
closed set V = {b,c} in (Y,0), f~(V) = {c,a}, which is not preclosed in
(X, 7). Therefore f is not a pre-continuous map.
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(ii) Let X = {a,b,c,d, e} with the topology 7 = {¢, {b, ¢, d},{a, b, c,d},{b, c,d, e},
X} and Y = {a, b} with the discrete topology o. Define f: (X, 7) — (Y, 0)
by f(c) = f(d) = a, f(a) = f(b) = f(e) =b. Then f is pre-homeomorphism
but not p-homeomorphism. Since for the closed set V = {a} in (Y,0),
FHV) = {c,d} is not p-closed in (X, 7), that is f is not p-continuous.

Theorem 5.14. Let [ : (X,7) — (Y,0) be a bijection p-continuous map. Then
the following statements are equivalent.

1. f is a p-open map.
2. f is a p-homeomorphism.
3. f is a p-closed map.

Proof. (1)—(2) By hypothesis and by assumption, proof is obvious.

(2)—(3) Let V be a closed set in (X, 7). Then V€ is open in (X,7). By
hypothesis, f(V¢) = (f(V))° is p-open in (Y, o). That is, f(V) is p-closed in (Y, o).
Therefore f is a p-closed map.

(3)—(1) Let V be a open set in (X, 7). Then V¢ is closed in (X,7). By
hypothesis, f(V¢) = (f(V))¢ is p-closed in (Y, o). That is, f(V') is p-open in (Y, o).
Therefore f is a p-open map. u

The composition of two p-homeomorphism maps need not be a p- homeomor-
phism as can be seen from the following example.

Example 5.15. Let X =Y = Z = {a,b,c}, 7 = {¢,{a, b}, X}, 0 = {o, {a}, {a, b},
Y}, n={o,{a},{b},{a,b},{b,c},Z}. Let f:(X,7) = (Y,0) be an identity
map and define g : (Y,0) — (Z,n) by g(a) =0, g(b) = a, g(c) = c¢. Then both f
and g are p-homeomorphisms, but their composition go f : (X, 7) — (Z,n) is not
a p-homeomorphism. Since for the closed set V={a} in (Z,n), (go f)~(V) = {b},
which is not a p-closed set in (X, 7). Therefore g o f is not a p-continuous map
and so g o f is not a p-homeomorphism.

Theorem 5.16. Let f : (X, 7) — (Y,0) be a p-homeomorphism. Let A be an
open p-closed subset of X and let B be a closed subset of Y such that f(A)=B.
Assume that pC(X, T) (the class of all p-closed sets of (X, T)) be closed under finite
intersections. Then the restriction fa : (A,74) = (B, 0p) is a p-homeomorphism.

Proof. We have to show that f4 is a bijection, f4 is a p-open map and f,4 is a
p-continuous map.

(i) Since f is one-one, fa is also one-one. Also since f(A) = B we have
fa(A) = B so that f4 is onto and hence f,4 is a bijection.

(ii) Let U be an open set of (A, 74). Then U = A H, for some open set H in
(X, 7). Since f is one-one, then f(U) = f(ANH) = f(A)f(H) = B f(H).
Since f is p-open and H is an open set in (X, 7), then f(H) is a p-open set in
(Y, o). Therefore f(U) is a p-open set in (B, o). Hence f4 is a p-open map.
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(iii) Let V' be a closed set in (B,op). Then V = B[ K, for some closed set
K in (Y,0). Since B is a closed set in (Y, o), then V' is a closed set in (Y, ). By
hypothesis and assumption, f~}(V)( A = H; (say) is a p-closed set in (X, 7).
Since f;*(V) = Hy, it is sufficient to show that H; is a p-closed set in (A,74).
Let G; be g-open in (A, 74) such that H; C G;. Then by hypothesis and by
Lemma 2.4(vii), Gy is g-open in X. Since H; is a p-closed set in (X, 7), we
have Pclx(H;) Clnt(Gy). Since A is open and by Lemma 2.10 [23], Pcly(H;)
= Pclx(H1) N A Clnt(G1) N A =Int(Gy) NInt(A) =Int(G1 (N A) C Int(Gy) and
so H = f;(V) is p-closed set in (A,74). Therefore f4 is a p-continuous map.
Hence f4 is a p-homeomorphism. u

Definition 5.17. A topological space (X, 7) is called a p-Hausdorff if for each
pair z, y of distinct points of X, there exists p-open neighbourhoods U; and Us of
x and y, respectively, that are disjoint.

Theorem 5.18. Let (X, 7) be a topological space and let (Y, o) be a p-Hausdorff
space. Let f: (X, 1) — (Y,0) be a one-one p-irresolute map. Then (X, 1) is also
a p-Hausdorff space.

Proof. Let z1,z9 be any two distinct points of X. Since f is one-one, z7 # 9
implies f(z1) # f(z2). Let y1 = f(x1), yo = f(xs) so that z; = f~!(y;) and
1y = [~Yyz). Then y;,y, € Y such that y; # yo. Since (Y, 0) is p-Hausdorff,
then there exists p-open sets U; and U, of (Y, o) such that y; € Uy, y2 € Us
and U; N U, = ¢. Since f is p-irresolute, f~1(U;) and f~1(U,) are p-open sets of
(X, 7). Now f~H(U)Nf~H(Us) = fH({UiNU2) = f1(¢) = ¢, and y; € Uy implies
Yy € fYUy) implies 1 € f1U,), yo € Uy implies f~1(yo) € f71(Usy)
implies x5 € f~1(U,). Thus it is shown that for every pair of distinct points @1, 25
of X, there exists disjoint p-open sets f~(U;) and f~(Uy) such that xy € f~1(Uy)
and x5 € f~1(Uy). Accordingly, the space (X, 7) is a p-Hausdorff space. .

Theorem 5.19. Fvery p-compact subset A of a p-Hausdorff space X is p-closed.
Assume that pO(X, T) (the class of all p-open sets of (X, 7)) be closed under finite
intersections.

Proof. We shall show that X — A is p-open. Let z € X — A. Since X is p-
Hausdorff, for every y € A, there exists disjoint p-open neighbourhoods U, and
V, of x and y such that U, (| V, = ¢. Now the collection {V,/y € A} is a p-open
cover of A, since A is compact, there exists a finite subcover {y;, i = 1,...,n} such
that A C U{V,,, i =1,...,n}.

Let U ={U,,,i=1,...,n} and V = U{V,,, i = 1,...,n}. Then, by assump-
tion, U is an p-open neighbourhood of z. Clearly, U NV = ¢, hence U N A = ¢,
thus U C X — A, which means X — A is p-open, therefore A is p-closed. .

Theorem 5.20. Let (X, 7) a topological space and let (Y,o) be a p-Hausdorff
space. Assume that pO(X,T) (the class of all p-open sets of (X, 7)) be closed
under finite intersections. If f, g are p-irresolute maps of X into Y, then the set

A={zre X : f(x)=g(x)} is a p-closed subset of (X, T).
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Proof. We shall show that X — A is an p-open subset of (X, 7). Now X — A =
{r € X1 f(z) # g(o)}. Let p € X — A Set y1» = f(p), v» = g(p). By the
definition of X — A, we have y; # ys. Thus y;,ys are two distinct points of Y.
Since (Y, o) is a p-Hausdorff space, there exists p-open sets Uy, Uy of (Y, o) such
that y; = f(p) € Uy, yo = g(p) € Uy and Uy N Uy = ¢. Therefore p €f~1(U),
p € g Y(Us,), so that p ef~1(U;)Ng~1(Uy) = W (say). Since f and g are p-irresolute
maps, [~!(U;) and ¢g7'(Us) are p-open sets of (X, 7) and by assumption W is a
p-open set containing p. We will now show that W C X — A. Let y € W, since
UiNUy = ¢, then f(y) # g(y) and hence from the definition of X — A, y € X — A.
Therefore W C X — A, which means X — A is a p-open set. It follows that A is
a p-closed subset of (X, 7). .
We define another new class of maps called p*-closed maps.

Definition 5.21. A map f: (X,7) — (Y, 0) is said to be a p*-closed map if the
image f(A) is p-closed in (Y, o) for every p-closed set A in (X, 7).

Example 5.22. As in Example 3.2(i), f is a p*-closed map.

Theorem 5.23. If f: (X,7) — (Y, 0) is g-irresolute and M-preclosed functions
then f is a p*-closed map.

Proof. By Theorem 2.4(iii), the theorem follows. n
Theorem 5.24. Every p-closed map is a p*-closed map if (X, 1) is p-Ts space.

Proof. Let f : (X,7) — (Y,0) be a p-closed map and V be a p-closed set in
(X, 7). Since (X, 7) is a p-Ts space and by Theorem 2.4(ii), V' is a closed set in
(X, 7) and since f is p-closed, then f(V') is a p-closed set in (Y, o). Hence f is a
p*-closed map. .

We next introduce a new class of maps called p*-homeomorphisms. This class
of maps is closed under composition of maps.

Definition 5.25. A bijection f : (X, 7) — (Y, 0) is said to be p*- homeomorphism
if both f and f~! are p-irresolute.

Example 5.26. Let X =Y = {a,b,c}, 7 = {¢,{b},{c}.{a, b} ,{b,c}, X}, 0 =
{6,{b},Y}. Let f: (X, 7) — (Y,0) be defined by f(a) = f(b) = a, f(c) = ¢. Then
f is a p*-homeomorphism.

Theorem 5.27. A bijective p-irresolute map of a p-compact space X onto a p-
Hausdorff space Y is a p*-homeomorphism.

Proof. Let (X, 7) be a p-compact space and (Y, o) be a p-Hausdorff space. Let
f:(X,7) = (Y,0) be a bijective p-irresolute map. We have to show that f is a
p*-homeomorphism. We need only to show that f~! is a p-irresolute map. Let F
be a p-closed set in (X, 7). Since (X, 7) is a p-compact space, then by Theorem
2.4(v), F is a p-compact subset of (X, 7). Since f is p-irresolute and by Theorem
2.4(vi), f(F) is a p-compact subset of (Y, o). Since (Y, 0) is a p-Hausdorff space
and assume that pO(X,7) be closed under finite intersections, then by Theorem
5.19, f(F') is a p-closed set in (Y, o). Hence f is a p*-homeomorphism. .
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Theorem 5.28. If f : (X,7) — (Y,0) and g : (Y,0) — (Z,n) are p*-homeo-
morphisms then their composition gof : (X, 1) — (Z,n) is also p *-homeomorphism.

Proof. Let V be a p-closed set in (Z,7n). Now (go f)~1(V) = f~(g7(V)). Since
g is a p*-homeomorphism, then g=*(V) is a p-closed set in (Y, o) and since f is a
p*-homeomorphism, then f~1(g71(V)) is a p-closed set in (X, 7). Therefore go f
is p-irresolute. Also for a p-closed set F'in (X, 7), we have (go f)(F) = g(f(F)).
Since f is a p*-homeomorphism, then f(F') is a p-closed set in (Y, o) and since g is
a p*-homeomorphism, then g(f(F)) is a p-closed set in (Z, n). Therefore (go f)~!
is p-irresolute. Hence g o f is a p*-homeomorphism. n

Let T be a collection of all topological spaces. We introduce a relation, say
“=,,”, into the family I" as follows: for two elements (X, 7) and (Y,0) of I', (X,7)
is p*-homeomorphic to (Y, o), say (X,7) =, (Y,0), if there exists a p*-homeo-
morphism f : (X,7) — (Y,0). Then, we have the following theorem on the

relation “=,.”

Theorem 5.29. The relation =, above is an equivalence relation in the collection
of all topological spaces T'.

Proof. (i) For any element (X,7) € I', (X,7) =, (X, 7) holds. Indeed, the
identity function I, : (X, 7) — (X, 7) is a p*-homeomorphism.

(ii) Suppose (X,7) =, (Y,0), where (X,7) and (Y,0) € I'. Then, there
exists a p*-homeomorphism f : (X,7) — (Y,0). By definition it is seen that
/1 (Y,0) = (X,7) is a p*-homeomorphism and (Y, o) =, (X, 7).

(ili) Suppose that (X, 7) =, (Y,0) and (Y,0) =,. (Z,7), where (X, 7),(Y,0)
and (Z,n) € I'. By Theorem 5.28, it is shown that (X, 7) =,. (Z,n). .

We denote the family of all p*-homeomorphism of a topological space (X, 7)
onto itself by p*-h(X, 7).

Theorem 5.30. The set p*-h(X,T) is a group under the composition of maps.

Proof. Define a binary operation Y : p*-h(X,7) x p* — h(X,7) — p* — h(X, T)
by Y(f,g9) = go f (the composition of f and g) for all f,g € p*-h(X,7). Then
by Theorem 5.28, g o f € p*h(X,7). We know that the composition of maps
is associative and the identity map I : (X,7) — (X, 7) belonging to p*-h(X, )
serves as the identity element. If f € p*-h(X,7) then f~' € p*-h(X,7) such
that fo f~' = f~1o f = I and so inverse exists for each element of p*-h(X, 7).
Therefore (p*-h(X,7),0) is a group under the operation of composition of maps.m

Theorem 5.31. Let f: (X, 7) — (Y, 0) be a p*-homeomorphism. Then f induces
an isomorphisms from the group p*-h(X,T) onto the group p*-h(Y, o).

Proof. We define a map xy : p*h(X,7) — p*h(Y,0) by k() = fobo
71, for every 6 € p*-h(X,T), where f is a given map. By Theorem 5.28, k¢
is well defined in general, because f oo f~! is a p*homeomorphism for every
p*-homeomorphism 0 : (X,7) — (Y,0). We have to show that xy is a bijective
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homomorphism. Bijection of x; is clear. Further, for all 61,0, € p*h(X,7),
k(B oby) = fo(Bioby)oft=(fobiof o(fobyof™)=rs(b1)0rs(ba).

Therefore, x is a homomorphism and so it is an isomorphism induced by f. =

Converse of this theorem need not be true as seen from the following example.
That is, there exists a map f : (X,7) — (Y, o) which induces an isomorphism
kg p*-h(X,7) = p*-h(Y,0), but not p*-homeomorphism.

Example 5.32. Let X=Y={a,b, ¢} with 7={¢, {a,b}, X} and ¢ = {¢,{b,c},Y}.
Let f: (X,7) — (Y,0) be the identity function. Then f is not a p*-homeo-
morphism. But the induced homeomorphism ry : p*-h(X,7) — p*-h(Y,0) is an
isomorphism, because p*-h(X,7) = {I,,0.} = p*h(Y,0) = {1,,0.}.

Corollary 5.33.
(i) If p*h(X,7) 2 p*h(Y,0), then (X,7) 2 (Y,0).

(i) Let f: (X,7) = (Y,0) and g : (Y,0) — (Z,n) be two p*-homeomorphisms.
Then, Kgof = kg © Ky holds and Ky, =1 is the identity isomorphism.

Proof. (i) (resp.(ii)) It is obvious from Theorem 5.31 (resp. the definition of x;
ete). .
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1. Introduction

The concept of hyperstructure was first introduced by Marty at the eighth Congress
of Scandinavian Mathematicians in 1934 when he defined hypergroups and started
to analyse their properties ([14]). Because there are extensive applications in
many branches of mathematics and applied sciences, the theory of algebraic hy-
perstructures (or hypersystems) has nowadays become a well-established branch
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in algebraic theory. Later on, people have developed the semi-hypergroups, which
are the simplest algebraic hyperstructures having closure and associativity prop-
erties. A comprehensive review of the theory of hyperstructures can be found in
[6], [7] and [20].

The theory of fuzzy sets, proposed by Zadeh [22] in 1965, has provided a useful
mathematical tool for describing the behavior of systems that are too complex or
illdefined to admit precise mathematical analysis by classical methods and tools.
Murali [17] proposed a definition of a fuzzy point belonging to fuzzy subset under
a natural equivalence on fuzzy subset. The idea of quasi-coincidence of a fuzzy
point with a fuzzy set, which is mentioned in [18], played a vital role to generate
some different types of fuzzy subsets. It is worth pointing out that Bhakat and
Das [3,4] initiated the concept of (o, §)-fuzzy subgroup by using the “belong to”
relation (€) and “quasi-coincident with” relation (q) between a fuzzy point and
a fuzzy subgroup, and introduced the concept of an (€, € Vq)-fuzzy subgroup.
In fact, these notions were originally introduced by Pu and Liu in [18]. The
(€, € Vq)-fuzzy subgroup is an important generalization of the fuzzy subgroups
defined by Rosenfeld [19] and their structure was described by Bhakat and Das
in [4].

In recent years, there has been considerable interest in the relationships be-
tween the fuzzy sets and the algebraic hyperstructures. Fuzzy hyperstructures
are a direct generalization of the concept of fuzzy algebras (fuzzy groups, fuzzy
rings, fuzzy modules etc). This approach can be extended to fuzzy hypergroups.
For example, given a crisp hypergroup (H, o) and a fuzzy subset p in H, then we
say that p is a fuzzy subhypergroup of H if every level set of u say p, is a (crisp)
subhypergroup of H. This was initiated by Zahedi et al. [24] and continued by
Ameri and Hedayati [2], Davvaz and Corsini [8], Davvaz et al. [9], Zhan et al.
[25], [26] and so on.

In this paper, we consider more general form of the notion of quasi-coincidence
of a fuzzy point with a fuzzy set. Thus, this is a natural generalization of the fuzzy
sub-hypermodules. As a generalization of (€, € Vq)-fuzzy sub-hypermodules, we
introduce the notions of (€, g )-fuzzy sub-hypermodules and (€, € Vg )-fuzzy sub-
hypermodules and investigate some of the interesting properties of (€,€ Vgx)-
fuzzy sub-hypermodules. Finally, we consider (€ Vg )-level sub-hypermodule of a
fuzzy set, and prove some related results.

2. Preliminaries

A hyperstructure is a non-empty set H together with a mapping “o” : H x H —
P*(H), where P*(H) is the set of all the non-empty subsets of H. If + € H and
A, B € P*(H), then by Ao B, Aox and x o B, we mean Ao B = U aob,
a€AbEB
Aox=Ao{z} and z o B = {x} o B, respectively (For more details see [6], [7]).
Now, we call hyperstructure (H,+) a canonical hypergroup ([16]) if the fol-
lowing axioms are satisfied:
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1) For every x,y,z€ H,x + (y+2) = (x+y) + 2;

3

(1)

(2) Forevery z,y € H,x +y =y + x;

(3) There exists an element 0 € H, such that 0 + = = z, for all x € H;
(4)

4) For every x € H, there exists a unique element 2’ € H, such that 0 € = + 2’
(we call the element z’ the opposite of x and it is denoted by —x).

Definition 2.1. [26] A hyperring is an algebraic hyperstructure (R, +,-) which
satisfies the following axioms:

(i) (R,+) is a canonical hypergroup;
(ii) (R,-) is a semigroup having zero as a bilaterally absorbing element;
(iii) The multiplication is distributive with respect to the hyperoperation “+ ".

Let (R, +,-) be a hyperring and A a non-empty subset of R. Then A4 is called
a sub-hyperring of R if (A, +, ) itself is a hyperring.

Definition 2.2. [1] A non-empty set M is called a left hypermodule over a hyper-
ring R (R-hypermodule) if (M, +) is a canonical hypergroup and there exists the
map “-”7 : Rx M — P*(M) by (r,m) + r - m such that, for all ,r, € R and
my, mo € M, we have

(1) rl(m1+m2) :rlml—l—rlmz;
(ii) (11 +ro)my = rimy + romy;
(111) (7’17"2)7711 =T (T’le).

Example 2.3. Let M be an R-module over a unitary ring R and G a subgroup
of the multiplicative semigroup of R satisfying the condition aGbG = abG, for
every a,b € R. Note that this condition is equivalent to the normality of G only if
R\{0} is a group which appears in the case of division rings. Now, we introduce
in M an equivalence relation “ ~ 7 defined as follows:

r~y<=—x=ty, ted.

Let M be the set of the equivalence classes of M with respect to ~. Then, a
hyperoperation “ @ ” can be endowed in M by

Toy={we M| wC7T+7},

i.e., T ® 7 consists of all the classes w € M which are contained in the set-wise
sum of T and 7. Thus, (M, ®) becomes a canonical hypergroup. Now, we suppose
that R is the quotient hyperring of R by G. Consider an external composition
from R x M to M defined by

a-T=azx forall aec R,ze M.
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Then the above composition satisfies the axioms of the hypermodule and so M
becomes a hypermodule over hyperring R. It was proved by Massouros ([15])
that this hypermodule is strongly related with the analytic projective geometries
as well as with the Euclidean spherical geometries (for details see [15]).

In what follows, all hypermodules are left hypermodules. Recall that a non-
empty subset A of a hypermodule M is a sub-hypermodule if (A, +,-) is a hyper-
module.

Definition 2.4. [26] A fuzzy subset p of a hypermodule M over a hyperring R is
a fuzzy sub-hypermodule of M if

(1) inf p(z) > min{u(z), p(y) }, for all 2,y € M;
z€x+y

(2) p(—x) > p(z), for all z € M;
(3) p(ax) > p(z), for all a € R and z € M.

If i is a fuzzy sub-hypermodule of M, clearly we have

p(—x) = p(x), inf p(z) > min{u(z), u(y)}, for all z,y € M.

zET—Y

Let M be an R-hypermodule. Then, for a fuzzy subset p of M, the level subset
1t is defined by
= {zeM|p() =ty telo1).

Theorem 2.5. [26] Let p be a fuzzy subset of an R-hypermodule M. Then the
following are equivalent:

(1) wis a fuzzy sub-hypermodule of M;

(2) Fach non-empty level subset of p is a sub-hypermodule of M.
A fuzzy set p of a hypermodule M of the form
t(#£0), if z=y

{ 0, if vy

is said to be a fuzzy point with support x and value t and is denoted by (z);. A
fuzzy point (x), is said to " belong to” (resp. be quasi-coincident with) a fuzzy set
w, written as (x); € p (resp. (x); qu) if p(z) >t (resp. p(z) +t>1). If (x); € p
or (x); qu, then we write (z); € vVgu. If (z); € p and (x); qu, then we write
(x); € Aqu. The symbol € Vg means that € Vg does not hold.

wy) =

3. Generalization of (€, € V¢)-fuzzy sub-hypermodules

Let k denote an arbitrary element of (0, 1] unless otherwise specified. To say that
()¢ qrp, we mean p(x) +t 4+ k > 1. To say that (z); € Vagpu, we mean (x); € p
or (x); - The symbol € Vg, means that € Vg, does not hold.
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Definition 3.1. A fuzzy set p of Mis called an (€, € Vi) — fuzzy sub-hypermodule
of Mif, for all t;,t, € [0,1), a € Rand z,y € M

(1) (@) € ps Wty € 1= (2)min(tr,t2) € Varp, for all 2z € z +y;
(2) (@) € p = (=), € Vari;
3) (@), € p = (az)y, € Vaup.

Similarly, (€,€ Vq)-fuzzy sub-hypermodule, (€, q)-fuzzy sub-hypermodule
and (€, €)-fuzzy sub-hypermodule are defined (see [26]).

Theorem 3.2. A fuzzy set u of hypermodule M over hyperring R is an (€, € Vqy)-
fuzzy sub-hypermodule of M if only if, for all x,y € M and a € R the following

conditions hold:

(1) u(z) > min {u(x),,u(y), %}, forall z € x+vy;

@ (o) 2 min {1

2

) nla) > min {5

Proof. Let u be an (€, € Vqi)-fuzzy sub-hypermodule of M. Assume that (1) is
not valid. Then there exist a,b € M and z € a + b such that

1—k

() < min { u(a) ).~ 55}

1—
If min {p(a), n(d)} < Tk, then

p(z) < min{p(a), u(b)}-

Hence p(z) < t < min{u(a), u(b)} for some t € (0,1). It follows that (a); € u and

_ 1-k 1—-k&
(b): € p, but (2); Eu. Moreover, pu(z) +t < 2t < 5 + — = 1 —k, and so
(2)¢ Qep. Consequently, (z); € Vi, this is a contradiction.

If min{pu(a), u(b)} > %, then

1—-k 1-% 1—-%
> > andu(z)<T‘
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ie., (z)% qrpr. Hence (z)% € Vqrp, again, a contradiction. Therefore (1) is
valid.
Assume that (2) is not valid. Then there exists a € M, such that

o) <min {ua), 5 1

1—k
If u(a) < —5 then p(—a) < p(a). Hence pu(—a) <t < p(a) for some t € (0, 1).

It follows that (a); € p, but (—a); €u. Moreover, p(—a) +t < 2t <1 —k and so
1—k
(—a): @eu. Consequently (—a); € Vi, this is a contradiction. If u(a) > 5

then p(—a) < 3£, Thus (a)% € u, but (—a)% €. Also,

1-k 1-k 11—k
— —1—
u(—a) + 5 < 5 + 5 k,

ie., (—a)% eyt Hence (—a)% € Vg, again, a contradiction. Therefore, (2)
is valid. Similarly, (3) is valid.

Conversely, suppose that (1), (2) and (3) are valid. Let z,y € M and t;,t; €
(0, 1] be such that (x);, € p and (y)¢, € p. Then, for all z € x + y,

u(z) > min{u(ﬂf),u(y), ﬂ} > mm{tl,tz, L }

2
Assume that t; < L- or ty < l%k Then p(z) > min(ty,t3), which implies
that (2)mint,t,) € p. Now, suppose that t; > Lk and ty > # Then
u(z) > Lk and thus
w(z) + min(ty, ty) > % + %k =1-k,

i.e., (2)min(tsto) Qept- Hence (2)min(e 1) € VL.
Let x € M and t € (0, 1] be such that (z); € p. Then

Ji(—2) > min {t, %}

1—k
Assume that ¢ < — Then p(—z) > ¢, which implies that (—z); € pu. Now,
11—k

1—k
suppose that ¢ > — Then pu(—x) > , and so

1-k 1—-k
B I L Ry
ie., (—x); guu. Hence (—x); € Vqgp. Similarly, (z); € p implies (ax); € Vagp for
all a € R. Therefore p is an (€, € Vgi)-fuzzy sub-hypermodule of M. u
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Corollary 3.3. A fuzzy set p of M is an (€, € Vq)-fuzzy sub-hypermodule of M
iof only if for all z,y € M and a € R the following conditions hold:

(1) wu(z) = min{ pu(x), u(y),0.5 }, for all z € v +y;
(2) “(_aj) > mzn{ u(x),0.5 }f
(3) wu(az) > min{ pu(x),0.5 }.

Proof. It follows taking £ = 0 in Theorem 3.2. .

Theorem 3.4. Let u be a fuzzy set of M. Then p is an (€,€ Vqy)-fuzzy sub-
hypermodule of M if only if the level subset uyy = { = € M | p(z) >t } is a

1—k
sub-hypermodule of M for all t € (O, T} :

Proof. Assume that p is an (€, € Vgg)-fuzzy sub-hypermodule of M. Let t €
1—k
(O, —] and z,y € uy. Then (z); € p and (y); € p. Let z € p; for some

2
_ 1-k 1—-k
z € v+y. It follows that (2);€u. Moreover, p(z)+t < 2t < 5t = 1—-k,

and so (z); gep. Consequently, (z); € Vqgu, this is a contradiction. Hence, z €
for all z € x + y. Therefore x +y C py.
Let « € py. Then u(x) > t. It follows from Theorem 3.2 that

p(—z) > min {u(ﬂf), %} > min {t, %} =,

so that —z € p;. Consequently (p,+) is a sub-hypergroup of (M, +). Similarly,
for all x € y; and a € R, we have ax € p;, by Theorem 3.2. Therefore y; is a
sub-hypermodule of M.

1—k
Conversely, suppose that y; is a sub-hypermodule of M for all ¢ € (0, T] )

Let (1) of Theorem 3.2 be not valid, then there exist a,b € M and z € a + b

such that -
u(z) < min {ma), u(). %} .

Hence we can take ¢ € (0,1) such that

1—k

) < ¢ < min { (e n(0). S5 |

1—k
Then t € (0, T} and a,b € p;. Since p; is a sub-hypermodule of M, it follows

that z € p, so that u(z) > ¢. This is a contradiction. Therefore (1) of Theorem
3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently, p is
an (€, € Vg )-fuzzy sub-hypermodule of M by Theorem 3.2. .
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Corollary 3.5. Let u be a fuzzy set of M. Then p is an (€,€ Vq)-fuzzy sub-
hypermodule of M if only if the level subset uy = {x € M | p(x) > t} is a
sub-hypermodule of M for all t € (0,0.5].

Proof. In Theorem 3.4, taking k = 0. u

Example 3.6. Consider the set M = {0, a, b, c} with the following table:

olo|e o+
ol oo
joul Ho il Nan) el )
QIO |
ol|so|o

Hence (M, +) is a commutative group. Since every commutative group is a Z-
module therefore M is a Z-module (Z is the set of all integers). By Example 2.3,
consider M = {0, @, b,c} with the following table:

al0]alb]e
0|0|al|bl|e
alal0|c|b
blble|0|a
clelblalo

Thus (M, ®) is a canonical hypergroup. Therefore, (E, @, ) is a hypermodule
over hyperring Z. Let u be a fuzzy set of hypermodule M = {0,a,b, ¢} defined by

w1(0) = 0.5, p(a@) =0.8, and u(b) = pu(c) = 0.3.

(1) If £ = 0.4, then p :_M for all t € (0,0.3]. Hence p is an (€, € Vqo.4)-fuzzy
sub-hypermodule of M by Theorem 3.4.

(2) If k = 0.2, then B
M, if ¢e(0,0.3]
e = _
{0,a}, if te(0.3,04].
Since M and {0, a} are sub-hypermodule of M, pis an (€, € Vqo)-fuzzy
sub-hypermodule of M by Theorem 3.4.

Example 3.7. Let M be _the hypermodule given in Example 3.6. Let p be a
fuzzy set of hypermodule M defined by u(0) = 0.45, u(@) = p(c) = 0.4, and
p(b) = 0.48. If k = 0.04, then

M, if +€(0,0.4]
=14 {0,b}, if t € (0.4,0.45]
{b}, if t € (0.45,0.48].
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Note that y, is not a sub-hypermodule of E for t € (0.45,0.48]. Hence p is not
an (€, € Vqo.o4)-fuzzy sub-hypermodule of M.

Theorem 3.8. FEvery (€, €)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

Proof. Let u be an (€, €)-fuzzy sub-hypermodule of M. Let (1) of Theorem 3.2
is not valid, then there exist a,b € M and 2z € a + b such that

) < min { (e n0). -5 |

Hence we can take ¢ € (0,1) such that

1—k

() < ¢ < min { e, n0). -5 |

Thus (a); € p and (b); € u, then p(z) > t. This is a contradiction. Therefore
(1) of Theorem 3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid.
Consequently p is an (€, € Vg )-fuzzy sub-hypermodule of M by Theorem 3.2. =

The next corollary immediately follow from theorem 3.8, by taking k£ = 0.

Corollary 3.9. Every (€, €)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

The converse of Theorem 3.8 is not true as seen in the following example.

Example 3.10. Consider the (€, € Vqo4)-fuzzy sub-hypermodule of E given
in Example 3.6. Then p is not an (€, €)-fuzzy sub-hypermodule of M since,

(@_0.62 € pand (@)oe6 € s but (0)min(0.62,066) = (@B @)min(0.62,0.66) € K, because
1(0) = 0.5 < 0.62.

4. Properties of (€, € Vg;)-fuzzy sub-hypermodules

Definition 4.1. A fuzzy set p of M is called an (€, qx)-fuzzy sub-hypermodule of
M if for all t,t, € (0,1], a € Rand z,y € M

(1) (33)151 S 2 (y)tg S 2 — (Z)min(tl,tg) qr b, for all z cx+ Y;
(2) () € p = (—2)¢ qrp;
(3) (2): € p = (az): qp.

Theorem 4.2. Every (€, qx)-fuzzy sub-hypermodule of M is an (€, € Vqyi)-fuzzy
sub-hypermodule of M.
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Proof. Let p be an (€, gy)-fuzzy sub-hypermodule of M. If (1) of Theorem 3.2 is
not valid, then there exists a,b € M and z € a + b such that

1—k

) < min { ). ut). 5 }.

Hence we can take t € (0, 1) such that

1—k

(o) < ¢ < min futa), ), 5 }.

1-k 11—k
Thus (a); € p and (b); € p, then (2); qrp, but p(z) +t < 2t < — t 5 =

2
1 — k, this is a contradiction. Therefore (1) of Theorem 3.2 is valid. Similarly,
(2) and (3) of Theorem 3.2 are valid. Consequently p is an (€, € Vgy)-fuzzy
sub-hypermodule of M by Theorem 3.2. n

Taking £ = 0 in Theorem 4.2, we have the following corollary.

Corollary 4.3. Every (€, q)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

The next example shows that the converse of Theorem 4.2 does not hold.

Example 4.4. Consider the (€, € \/qo.g)—fu_zzy sub-hypermodule of M given in
Example 3.6. Note that (@)os € p and (b)o2s € p, but (@ @ b)min0.4,0.25) =
(€)o.25 Jozpt, because u(¢) + 0.25 + 0.2 < 1. Therefore, p is not an (€, go2)-fuzzy

sub-hypermodule of M.

Theorem 4.5. Let M be a hypermodule. If 0 < k < r < 1, then every (€, € Vqy)-
fuzzy sub-hypermodule of M is an (€, € Vq,)-fuzzy sub-hypermodule of M.

Proof. Straightforward. n

The following example shows that if 0 < k < r < 1, then an (€, € Vg, )-fuzzy
sub-hypermodule of M may not be an (€, € V¢ )-fuzzy sub-hypermodule of M.

Example 4.6. Let M and u be as in Example 3.7. If r = 0.16 and k = 0.04,
then o
M, if t e (0,0.4]
He = {

{0,b}, if t€(0.4,0.42].

Since M and { 0,0 } are sub-hypermodules of M, then p is an (€,€ Vqo.i6)-
fuzzy sub-hypermodule of M by Theorem 3.4. But p is not an (€, € Vqo.oa)-fuzzy
sub-hypermodule of M (see Example 3.7).

Let S be a subset of hypermodule M. Consider a fuzzy set us in M where for
all x € M defined by
1, if zeS

ps() = .
0, otherwise.
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Theorem 4.7. A non-empty subset S of hypermodule M is a sub-hypermodule
of M if and only if the fuzzy set ps in M is an (€, € Vqy)-fuzzy sub-hypermodule
of M.

Proof. Let Sbe a sub-hypermodule of M. Then (us); is clearly a sub-hypermodule

1—k
of Mfor all t € (O, T] . Hence pu; is an (€, € Vg )-fuzzy sub-hypermodule of

M by Theorem 3.4.

Conversely, assume that ps is an (€, € Vqi)-fuzzy sub-hypermodule of M.
Let x,y € S. Then for all z € z 4y

1—-k 1—-k 1—-k
(2) 2 min o)), -5 b =i (1.158) = 15K

Since k € [0,1), ps(z) =1 forall z € x +y and so z € S. Hence z +y C S.
Let z € S. Then

pl=a) 2 min { o). 5 | = min (1,255) = 225,

2 2 2

Since k € [0,1), us(—z) = 1 and so —z € S. Similarly, az € S for all a € R.
Therefore S is a sub-hypermodule of M. .

1—k
Theorem 4.8. Let S be a sub-hypermodule of M. Then for everyt € <O, T} ,

there exists an (€, € Vqyi)-fuzzy sub-hypermodule p of M such that p; = S.

Proof. Let u be a fuzzy set of hypermodule M defined by

t, if ze€8
px) =

0, otherwise

1—k
for all z € M, where t € (0, T] . Obviously, u; = S.

If (1) of Theorem 3.2 is not valid, then there exist a,b € M and z € a + b
such that

) < min { ). ut). 5 }.

Hence we can take ¢ € (0,1) such that

) < ¢ < min futa), ). 5 ).

1—k
Since #Im(p) = 2, it follows that u(z) = 0 and min {u(a),,u(b), T} = t.
w(b), and so a,b € S. Since S is sub-hypermodule of M,

t, which is a contradiction. Therefore (1) of Theorem 3.2

Hence p(a) =t =
z € S. Thus u(z)
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is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently p is an
(€, € Vqi)-fuzzy sub-hypermodule of M by Theorem 3.2. n

Taking k = 0 in Theorem 4.8, we have the following corollary.

Corollary 4.9. Let S be a sub-hypermodule of M. Then for every t € (0,0.5],

there exists an (€, € Vq)-fuzzy sub-hypermodule p of M such that p, = S.

Theorem 4.10. Let pu be an (€, € Vqi)-fuzzy sub-hypermodule of M such that
1—k

u(x) < — for allx € M. Then p is an (€, €)-fuzzy sub-hypermodule of M.

Proof. Let (z):, € i, (y)s, € p and 2z € x + y. By assumption, we have

1—k

u@zﬁm{M@w@rG—}ZMMM@M@HZmM%E)

Thus (2)min(tsts) € H-
Let (z); € u. By assumption, we have

(=) 2 min {ue), 25 b = o) 2 ¢

Thus (—x); € p. Similarly, for all (z); € pand r € R we have (rz); € u. Therefore
wis an (€, €)-fuzzy sub-hypermodule of M. .

Taking £ = 0 in Theorem 4.10, we have the following corollary.

Corollary 4.11. Let p be an (€, € Vq)-fuzzy sub-hypermodule of M such that
u(x) < 0.5 for all x € M. Then u is an (€, €)-fuzzy sub-hypermodule of M.

Theorem 4.12. Let { p; |i € A} be a family of (€, € Vqi)-fuzzy sub-hypermodules
of M. Then u = ﬂ Wi is an (€, € Vqi)-fuzzy sub-hypermodule of M.

icA
Proof. Let x,y € M and t;,t, € (0,1] be such that (z);, € p and (y):, € p.

Assume that (2)min(t, o) € V@it for some z € x +y. Then p(z) < min(ty,t2) and
p(z) + min(ty, t5) < 1 — k, which imply that

pz) < —— ()

Let

{Z €A | ( )nnn (ti,ta) € Hi } and

={i € A| (Dmin(tr,t) Wt N {J € Al (2)mintr 1) €M }-
Then, A = U, UW, and WMV, = 0. If ¥y = 0, then (2)min(e, 1,) € i foralli € A,
that is, p;(z) > min(tq,t9) for all ¢ € A, which yields p(z) > min(ty, ;). This is a
contradiction. Hence, ¥y # (), and so for every i € Uy we have p;(2) < min(¢q, ts)
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11—k
and p;(z) + min(ty,t2) > 1 — k. It follows that min( t1,¢5 ) > — Now,

for

x)y, € pimplies p(x) >ty and thus p;(x) > p(x) >t > min(ty, ty) >
1

all i € A. Similarly, p;(y) > for all i € A.

1-k 1-k
Next, suppose that t = p;(2) < —5 Takingt < r < —5 e get (), €
and (y), € p;, but (2), € Vggu,;. This contradicts that p; is an (€, € Vqy)-fuzzy

1—k
sub-hypermodule of M. Hence, p;(z) > for all i € A, and so p(z) > 5

which contradicts (*). Therefore, (2)min(t, 1) € V@rpt for all z € x +y. Similarly,

(—x); € Vgrp and (az), € Vapp for all z € M and a € R. Consequently, u = m L
icA

is an (€, € Vqy,)-fuzzy sub-hypermodule of M. .

Taking k = 0 in Theorem 4.12, we have the following corollary.

Corollary 4.13. Let {u; | i € A} be a family of (€, € Vq)-fuzzy sub-hypermodules
of M. Then p = ﬂ Wi is an (€, € Vq)-fuzzy sub-hypermodule of M.
icA

The following example shows that there exists k& € [0, 1) such that the union
of two (€, € Vqy)-fuzzy sub-hypermodules of M may not be an (€, € Vg )-fuzzy
sub-hypermodule of M.

Example 4.14. Let M = {0,a,b,¢} be a hypermodule given in Example 3.6 and
pan (€, € Vqoa)-fuzzy sub-hypermodule of M described in Example 3.6. Let v
be a fuzzy set in M defined by v(0) = 0.4, v(a) = v(¢) = 0.3, and v(b) = 0.5.
Then

M, if ¢te(0,0.3]
l/ - —
{0,0}, if t€(0.3,0.4]

Since M and {0,b} are sub-hypermodules of M, so v is an (€,€ Vqog)-fuzzy
sub-hypermodule of M by Theorem 3.4. The union pUv of p and v is given by
pUr(0)=0.5 pUv(a) =08, pUr(b) =0.5, and pUrv(c) = 0.3. Hence

M, if t€(0,0.3]
(pUv)e = {

{0,a,b}, if t€(0.3,0.4]

Since {0,a,b} is not a sub-hypermodule of M, it follows that 4 U v is not an
(€, € Vqo.2)-fuzzy sub-hypermodule of M by Theorem 3.4.
For any fuzzy set p in M and ¢ € (0,1] , we denote

(), ={z e M| (z) qup} and [p]; = {2z € M | (2); € Varu}.

Obviously, [ule = pe U (1),
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Theorem 4.15. Let p be a fuzzy set in hypermodule of M. Then u is an
(€, € Vai)-fuzzy sub-hypermodule of M if and only if [u]; is a sub-hypermodule
of M for all t € (0,1].

We call [u]; an (€ Vgy)-level sub-hypermodule of .

Proof. Assume that hen p is an (€, € Vgi)-fuzzy sub-hypermodule of M and let
x,y € [u]s for t € (0,1]. Then (x); € Vgrp and (y); € Varp, that is, u(z) > ¢ or
p(z) +t>1—k, and pu(y) >t or pu(y) +t > 1 — k. Using Theorem 3.2, for all
x,y € M, and a € R the following axioms are satisfied:

(Uu@)me{Mwwmmlgﬁ};Vzew+m

11—k
Case 1. u(z) >t and u(y) >t If t > —5 then for all z € x +y

1—k

f(2) = min {M(I),M(y), T} =—.

11—k 1-k
Hence u(z) +t > — t—5 = 1 — k, and so (2); qxp. Moreover,

p(—2) > min {u(ﬂf), L k} —

2 2

1-k 1—-k
Thus pu(—z) +t > —t—5 = 1 —k, and so (—z)¢ qpu. Similarly, (az)s qrp

1—k
for all a € R. Ifth,thenforaHZEw—i-y

o) 2 min fue) ), 254 | 21

and thus (z); € p. Similarly, (—z); € p and (ax); € p for all @ € R. Therefore
(2): € Var, (—2); € Varp, and (ax); € Vapu for all a € R. Hence x +y C [u);,
—x € [u]t, and ax € [u); for all a € R.

1—k
Case 2. p(z) >t and p(y) +t>1—k. Ift>T, then for all z € x +y

#(z) 2 min {M(l‘)au(y), %} > min {M(y), %}

>min<1—k—t,¥):1—k—t
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and so (2); qru. Moreover,

. 1-k . 1—-k 11—k
p(—z) > min ,u(x),T > min | ¢, =

2 2

1—k
and thus (—x); gpu. Similarly, (az); gpp for all a € R. If t < —5 then for all
zEeET+Y

1—k 1—-k

4(z) > min {,u(:v),,u(y), T} > min {t, 1—k—t, T} — 1.

Hence (z); € p. Furthermore, (—z); € p and (az); € p for all « € R. Thus
(2): € Varp, (—2)¢ € Vi, and (ax); € Vapp for all @ € R. Then x +y C [u)s,
—x € [u]t, and ax € [u); for all a € R.

Case 3. p(z) +t>1—Fk and pu(y) > t. Similar to the case 2.

11—k
Case 4. p(x)+t >1—kand u(y)+t>1—k. Ift > T,then forall z € x+y

1—k 1—k

4(2) > min {,u(x),,u(y),T} > min (1 Sy T) —1- k-t

1—k
Thus (2); gxu. Moreover, (—x); qpp and (ax); grp for all @ € R. If t < 5

then for all z € x +y

M@)me{MﬂJMMl:E}me<1—k—t1_k)=1_k>t

2 2

and so (z); € p. Similarly, (—z); € p and (ax); € p for all @ € R. Hence
(2): € Varp, (—2)¢ € Vi, and (ax); € Vapp for all @ € R. Then x +y C [u)s,
—z € [u]y and az € [u]; for all @ € R. Consequently, [u]; is a sub-hypermodule
of M.

Conversely, let p be a fuzzy set in hypermodule of M and t € (0, 1] be such
that [u]; is a sub-hypermodule of M. Let there exists a,b € M and z € a + b
such that

) <t < min {0 ), -5}

for some t € (0,1). Then a,b € p; C [p]s, which implies that z € [u]: (since
a+b C [p)s). Hence p(z) > t or u(z) +t+ k > 1, a contradiction. Thus

p(z) > min {,u(a),u(b), 5 for all a,b € M and z € a + b. Therefore (1) of

Theorem 3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently
i is an (€, € Vqi)-fuzzy sub-hypermodule of M by Theorem 3.2. n

A fuzzy set p of hypermodule M is said to be proper if Im(u) has at least
two elements. Two fuzzy sets are said to be equivalent if they have same family
of level subsets. Otherwise, they are said to be non-equivalent.
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Theorem 4.16. Let pu be an (€, € Vqi)-fuzzy sub-hypermodule of M such that
1—k
#{,u(x) | () < T} > 2.  Then there exist two proper non-equivalent

(€, € Vai)-fuzzy sub-hypermodule of M such that p can be expressed as the union
of them.

1—k
Proof. Let {,u(x) | pu(z) < T} = {t1, 19, ..., .}, where t; >ty > ... > ¢, and
r > 2. Then the chain of (€ Vg)-level sub-hypermodules of p is

[Woe C© ple, € [, © o S [y, =M

Define two fuzzy sets v and v of M by

A plz), if z €[l
1, I xr & t1
.y MG[Z] " o) B ey
=T B T h i ae i\ e
ty, if € [uly, \ (1,
L tr, if @€ [ule, \ 1,

respectively, where t3 < k < t5. Then v and v are (€, € Vqi)-fuzzy sub-hyper-
modules of M, and v,y < u. The chain of (€ Vg)-level sub-hypermodules of v
and v are, respectively, given by

(e € [ule, © o © lpl, and [pice © [pl, © 0 C [pde,

Therefore v and v are non-equivalent and clearly p = v U~. This completes the
proof. u
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Abstract. On page 90 of his first notebook, S. Ramanujan records Schlafli-type mo-
dular equations for degrees 3, 5, 7, 11, 13, 17 and 19. In this paper, we establish
Schlafli-type modular equations for degrees 11, 13, 17 and 19 which are recorded by
Ramanujan in his first notebook. We also establish several new Schléfli-type modular
equations of degrees 2, 4, 9, 15, 23, 25, 29, 31, 47 and 71. As an application, we deduce
some explicit evaluations of Ramanujan-Weber class invariants.

Keywords: Schlafli-type modular equation, Class invariant.
2010 Mathematics Subject Classification: 11B65, 33D15, 11F27.

1. Introduction

In [13], Schléfli established modular equations for degrees 3, 5, 7, 11, 13, 17 and
19 which were also recorded by S. Ramanujan on page 90 of his first notebook
[12]. In [11], Ramanathan gave a proof of the equation of degree 11. In [14],
G.N. Watson gave a proof of Schlafli-type modular equation of degree thirteen
and also examined Schléfli-type modular equations in [15]. Using the theory of
modular forms, Berndt [2, pp. 231, 282, 315], [3, pp. 378-379] has verified these
modular equations. Recently, William Hart [6] has proved several Schlafli-type
modular equations of degrees 2, 3, 5, 7, 11, 13 and 17 by using modular forms in
different levels.

Research supported by DST grant SR/S4/MS:509/07, Govt. of India.
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We define

3 do - 1 11
1.1 K(k) := - 2%2"— Fil= =1k
1) K= [T =TS ke = DR (55,

:O

where 0 < k < 1 and oF} is the ordinary or Gaussian hypergeometric function
defined by

n=0 (C n n!
where
(a)o=1, (a)p =ala+1)---(a+n—1) for n a positive integer
and a, b, ¢ are complex numbers such that ¢ # 0,—1,—2,... . The number

k is called the modulus of K, and k' := /1 — k? is called the complementary
modulus. Let K, K’', L and L' denote the complete elliptic integrals of the first
kind associated with the moduli k, &/, [ and [’, respectively. Suppose that the
equality

K L
1.2 i
(1.2) N =7
holds for some positive integer n. Then a modular equation of degree n is a relation
between the moduli k£ and [ which is induced by (1.2). Following Ramanujan, set
a = k? and B = [®>. Then we say 3 is of degree n over a. The multiplier m is
defined by

K
1.3 = —.
(13) m=7
Ramanujan’s class invariant G,, is defined by
(1.4) G =274 Y2X(¢) = {4a(1 — o)} V2,
where

X(q) = (4%, q = exp(—my/n)

and
0

(a; @)oo = [ (1 —ag™), gl <1.
n=0

M.S. Mahadeva Naika [8] and Mahadeva Naika and K. Sushan Bairy [9] have
obtained several new explicit evaluations of the Ramanujan-Weber class invariants
using modular equations.

In this paper, we establish several modular equations in the form of Schlafli
for degrees 2, 4, 9, 11, 13, 15, 17, 19, 23, 25, 29, 31, 47 and 71. As an application,
we obtain several explicit evaluations of Ramanujan-Weber class invariants.
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2. Preliminary results

In this section, we collect several results which are useful in proving our main
Schlafli-type modular equations.

Lemma 2.1. [2, Eq. (24.21), p. 215] If 5 is of degree 2 over «, then

(21) ﬁ—(l‘”‘“)Q

’ S \1l+vVi—-a/
Lemma 2.2. [2, Eq. (24.22), p. 215] If 5 is of degree 4 over «, then
(22) 5—(““”)4

' C\1+vVi—-a/)

Lemma 2.3. [3, Entry 62, 63, 64, 65, Ch.36, pp. 387-388] Let

(23) w = 1-Vaf—/(1-a)(1-p),

@4) v = 64[Vai+ /=)= 8) - vap(l-a)l-5),
(2.5) w = 32v/ap(l—a)(l - 7).

1. If B is of degree 9 over ., then

(2.6) u® — w (14u® 4+ w) — 3w* = 0.

2. If B is of degree 13 over «, then

(2.7) Vu (v + 8w) — vw (11u® + v) = 0.

3. If B is of degree 17 over «, then

(2.8) u? — w'? (10u® + v) + 13w*?u + 12w = 0.

4. If B s of degree 29 over a, then

(2.9)  Vu(u® + 1Tuw'® — 9w*?) — w' (9u® + v — 13uw'’® + 150*?%) = 0.
Lemma 2.4. [3, Entry 53, 54, 55, 56, Ch.36, p. 385] Let

(210)  U=1+(af)"® £ [(1-a)(1 - B,

@11)  V=4[@)"*+{(1 - a)(1 - AP+ {aB(l - a)(1 - B},
(212) W =4{aB(1 —a)(1 - B},
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1. Let U, V and W be given by (2.10)—(2.12), with the plus signs taken. If 3 is of
degree 15 over a, then

(2.13) UU?=V)+W=0.

2. Let U, V and W be given by (2.10)—(2.12), with the plus signs taken. If B is of
degree 31 over «, then

(2.14) U? -V =vVUW.

3. Let U, V and W be given by (2.10)—~(2.12), with the plus signs taken. If B is of

degree 47 over a, then
(2.15) U2 -V —UWY3 — 2?3 = .

4. Let U, V and W be given by (2.10)—(2.12), with the minus signs taken. If 5 is of
degree T1 over «, then

(2.16) U — W' (WU + V) +2UW?3 —W = 0.

Lemma 2.5. [2, Entry 7, Ch. 20, p. 363] If 3 is of degree 11 over a, then
(217) (@) +{(1 - a)(1 = B} +2[16a8(1 — a)(1 - B)]/** = 1.
Lemma 2.6. [3, Entry 58, Ch. 36, p. 386] Let

(218)  A=1-(a®)" = [(1-a)(1- )",

(219)  B=16 |(aB)”* +{(1 —a)(1 = B)}* = {ap(1 — a)(1 = B)}'/*],
(2.20)  C =16{af(1—a)(1 - B)}Y4

If B is of degree 19 over a, then

(2.21) A® —TA*C — BC = 0.

Lemma 2.7. [2, Entry 15, Ch. 20, p. 411] If 3 is of degree 23 over «, then
(222)  (aB) P +{(1—a)(1 =B} + 2P {aB(l - a)(1 - B)}/* = 1.

Lemma 2.8. [2, Entry 15 (i), (ii), Ch. 19, p. 291] If 5 is of degree 25 over a,
then

o ()" () (8) 4 () e

o (5)"+(2) " (=) ()" e

e

Q
Q
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Lemma 2.9 (Identity Theorem). Suppose f(z) is analytic in a domain D, and
that {z,} is a sequence of distinct points converging to a point zo in D. If f(z,) =0
for each n, then f(z) =0 throughout D.

3. Main results

In this section, we prove Schlafli-type modular equations of degrees 11, 13, 17
and 19 recorded by Ramanujan in his notebooks. We also establish several new
Schlafli-type modular equations of degrees 2, 4, 9, 15, 23, 25, 29, 31, 47 and 71.
First, we set

(3.1) P = {16a8(1 — a)(1 — B)}/*

and

(32) Q= {—

where 3 is of degree n over a.
Using (3.1) and (3.2), we obtain the following lemma.

Lemma 3.1. We have

147
(3.3) a=—
and

1+ s
(3.4) B = 5

P12
where, r = 441 — @ and s = +4/1 — P12Q".

Theorem 3.1. If B is of degree 2 over «, then

26 1 28 , 15
(3.5) o [Q” + @} + [P“ — ﬁ] — 16 {213 - ﬁ} = 0.

where P and @ are defined as in (3.1) and (3.2) respectively.
Proof. Equation (2.1) can be written as
(3.6) 1—a—b=ab,

where a = /1 —a and b = /. Squaring both sides of equation (3.6), we find
that

(3.7) 1 —2a —2b+ a® + 2ab + b* — a*V? = 0.
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Isolating the terms containing a on one side of the equation (3.7), squaring both
sides and then using (3.3) and (3.4), we deduce that

(3.8) r—2rs 415’ 4 33 + 52 — 48b + 30s — 16sb = 0.

Again isolating the terms containing b on one side of the equation (3.8), squaring
both sides and then using (3.3) and (3.4), we find that

56rsP12Q* + 8P — 16Q" 4 16Q"s — 16rQ" — 8Ps + 16rsQ*?
(3.9) + 80P2Q* — 2PM Q% 4 4sPH Q" — 48rP2Q* — 725 P2 Q%

_ 2TP24Q36 _ 8P24Q12 + p36Q24 —0.
Eliminating r and s in the same manner, we deduce that

(_256Q12 + P24Q12 + 64P4 + 240@12P8 o 32Q12P16

+64Q* P1)(—15360P2Q" + PPQ* 4 32Q*' PY + 784Q* P
(3.10)  —64Q%°P* — 64P*Q" + T168P*'Q*! — 4096Q™ P* — 4096Q"* P*°

+49408Q* P — 15360Q°° P2 + 4096Q " P* + 69632Q** P*

+ 4096 P® + 16384Q%° P* + 16384Q" P* 4 65536Q**) = 0.

By examining the factors near ¢ = 0, it can be seen that there is a neighbourhood
about the origin, where the first factor vanish but the second factor does not. By
the Identity Theorem 2.9, the first factor vanishes identically. Hence, we obtain
(3.5). .

Theorem 3.2. If B is of degree 4 over «, then

P* + 256 (Q8 + i) <2575 — 2—12)
QS P24

1 36864
4 12
+128 (Q +—Q4) (17P + 51 )
16384

e () o ()

1
— 16384 (Qlﬁ + —) — 1855488 = 0.

(3.11)
_|_

Q16
where P and @ are defined as in (3.1) and (3.2) respectively.

Proof of the identity (3.11) is similar to the proof of the identity (3.5) given
above except that in place of result (2.1), result (2.2) is used.

Theorem 3.3. If 3 is of degree 9 over «, then
1 1
12 3
64 (P +_F12) |:1+Q —F—;g]

= 9324 + <Q18 + &) + 28 (Q15 + &)

+ 298 (Q” + é) + 1548 (Q9 + é)

+ 4383 (Q6 + %) + 7704 (Q3 + é) ,

(3.12)
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where P and Q are defined as in (3.1) and (3.2) respectively.

Proof. Using (3.1) in (2.3) — (2.5), we find that

(3.13)

(3.14)
(3.15)

P12
= 1—a3 — —
Uu aq 40,1 s
16 P2
v = 64a; + —16P*,
a1
w = 8P,

where a; = {a3}'/2. Using (3.13)-(3.15) in (2.6), we deduce that

(3.16)

428032a5a, P*? — 782336a5a, P'* — 195584a5a, P*

+ 6688asa; P*® — 42803243 P'? — 195584a3a, P** — 6144a3a, P*
— 48896a2a, P*° — 81920a3a; — 1280aya, P*° + 4889643 P>°

+ 3840a5 P** + 240a, P*® + 121344a3 P** + P™ — 24a, P%°

4 7823360, P'? — 24576a5a, + 3840a; P*

+ 6144a5 P'? + 128043 P* + 240a3P*®

+ 24a, P — 24576a3a, + 409643 + 61440a;

+ 6144045 + 409605 = 0,

where as = «af. Isolating the terms involving a; on one side of the equation,
squaring both sides and eliminating r and s, we find that

(3.17)

(_64P24Q18 + 64P24Q21 _ 64@18 + 64@15 _ 28P12Q33 + P12Q36
+298P12Q6 _ 28P12Q3 + 64P24Q15 + 64@21 _ 7704]312@21 4 pL2
+4383P12Q" — 1548 P12(QY + 9324 P12Q'® — 7704 P12Q"°

—1548 P12Q%7 4 298 P12(Q%° + 4383 P12(Q%*)(—3456 P3°Q'8 — 4096
+196812P%4Q'® + 10882 P Q' 4 4096 P Q% + 188 P*4(%
+493551 P4 Q** — 1048968 P40 — 623232 P30 + 778752 P12()%6
+188P%Q5 + P?* 4 4096 P Q*? + P*Q™ + 778752 P36()%
+493551 P4 Q*® + 10882 P> Q% — 4096 P43 + 163584 P36()**
1163584 P36 4 2030364 P43 4 163584 P12(Q*® — 3456 P12Q'®
+4096Q%° + 4096Q*% — 623232 P30(*? — 1048968 P?*()*?
—623232P12Q% 4 163584 P12Q** + 196812 P Q% — 623232 P12(Q*2
_3456]336@54 _ 3456]312@54)(_64]324@18 _ 64P24Q21 _ 64@18
—64QY + 28 P12Q3% + P23 4 208 P12(Q5 + 28 P12 ()?

—64P24Q15 _ 64@21 + 7704]312@21 4+ P2y 4383]312@12

+1548 P12QQ° + 9324 P12Q'® + 7704 P12Q" + 1548 P12Q%"

+298 P12(Q30 4 4383 P12QQ*) = 0.
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Putting n = 1/9 in (3.1) and (3.2), we find that

1
(3.18) P=— and Q=1

Gy
Using (3.18) in (3.17), we find that the last factor vanishes for the specific value
of ¢ = e ™V1/? then the last factor vanishes in a neighbourhood of ¢ = eV /9.
This proves the theorem. n

Theorem 3.4. [12, p. 90|, [3, Entry 41, p. 378] If B is of degree 11 over «, then

11 22
6, + _ e M ee 3
(319  Q+5 =2v/2 (P5 55 T 2P+ 11P° —2P )
where P and Q are defined as in (3.1) and (3.2) respectively.
Proof. Using (3.1) in (2.17), we find that

PG
3.20 ) A R — R} - 2
(3.20) T
Squaring both sides of (3.20), we find that

12

{1603}/
Again squaring both sides of (3.21), we find that

(3.21) {ap}* + — (1-2P%* - P°,

24

{1605}
Using (3.3) and (3.4) in (3.22), we find that

—((1-2P)"- P6>2 _re

(3.22) {aB} + —— 5

32P20Q12 _ 4576P14Q12 _ P10Q24 - 352P2Q12 - 352P18Q12
(3.23) +8096 P12Q1? — P + 1672P0Q" + 1672P*Q'? — 9746 POQ1?
+8096 P8Q'? + 32Q'2 — 4576 PSQ'? = 0

Simplifying the above equation, we obtain the required result (3.19).

Theorem 3.5. [12, p. 90], [3, Entry 41, p. 378] If 5 is of degree 13 over a, then

(@ v ) (@) (@)
1 1
+78(Q+§):8(P6—ﬁ)

where P and Q are defined as in (3.1) and (3.2) respectively.

(3.24)
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Proof. Using (3.13)—(3.15) in (2.7), we deduce that

(3.25)

11712512a3a; P** + 15610880a2a; P36 — 2030144a3a, P*
+15610880a3a, P3¢ + P3* + 249774080a3a, P2

+13590528a5a; P12 + 16384al + 53088aqa; P — 21504a3a, P*
+13590528a3a, P'? — 32482304a3a; P?* — 28a; P™ — 16384a3a,
+28672a3 P12 + 12992921643 P12 + 32482304a3 P + 8960a3 P3¢
+129929216a5 P12 — 11712512a3 P** — 292812843 P3¢ — 344064a3a,
—573440a3a; — 114688aSa; + 2030144a3 P*® + 28672a5 P*2
+21504a3 P* + 8960a3 P3¢ 4 2240a3 P*® + 33643 P% + 114688a;
+573440a5 + 34406405 — 2240 P8 aqa; + 28a, P™ + 336a, P9 = 0.

[solating the terms involving a; on one side of the above equation, squaring on
both sides and then eliminating r and s, we find that

(3.26)

(8Q7P™ 4 P® — 8Q7 4 52Q*P® + PSQ™ + 52P%Q"" 4+ 13Q*P°

+ 78Q°PS + 13P5Q" + 78P°Q®)(—8Q" P + P® 4 8Q" + 52Q" P°
+78P%Q% + PSQM + 52P°Q1 + 13Q*PS + 78Q° PS

+ 13P%Q"?) (15574 P Q" + 4888Q° P'? 4 64Q" P** — 26(Q)* P**

+ 64QM — 26Q% P12 + P2 4 273Q% P2 + Q% P'? + 15574Q0 P2

— 1508Q* P'? — 10244Q'8 P'? — 1508Q° P'? — 18044 P2 Q™"

+ 4888Q% P'? — 10244Q" P2 + 273Q* P'?)(1378 P2Q'? — 624P°Q"®
+1612Q%P'? + 64Q" P* 4+ 104Q° P'® — 13Q*P"? + 64Q"

+ 624@13}718 + 8Q7P18 o 2080@10}312 + 117Q4P12 o 13Q26P12

+ 8Q21P18 _ 8Q21P6 _ 624Q15P6 + 624Q15P18 + 117QQ4P12

+ Q28P12 _ 520@22}712 _ 2080QI8P12 _ 104P6Q9 + p2_ 520Q6P12
— 974P12QM 4+ 832P%QM + 104Q° P*® + 1612Q*° P2 — 104Q° P°
+ 1378Q1 P2 — 832011 P1® — 83207 P1® — 87 PS

+ 832Q'7 P%) (1378 P2 Q" + 624 P°Q" + 1612Q° P** + 64Q" P*

— 104Q°P™ — 13Q*P" + 64Q" — 624Q" P'® — 8Q"P™®

N 2080@10P12 + 117Q4P12 N 13Q26P12 o 8Q21P18 + 8Q21P6

+ 624@15[’6 _ 624Q15P18 + 117QQ4P12 + QQSPIQ _ 520@22[’12
—2080Q" P +104P%Q° 4+ P'* — 520Q° P'? — 974 P12Q™

— 832P%Q" — 104Q" P 4+ 1612Q*° P + 104Q" P® + 1378Q"'° P'?
+ 832Q" P8 + 8320 P'® 4 8Q" P° — 832Q'7 P%)(4096Q* P*® + p*
+2200848Q P** — 17472P3°Q* 4 26Q*P* 4 96512Q* P36

+ 655616Q%* P'? + 5115604Q' P! 4 625664Q*> P3¢ — 3328Q1¢ P3¢
+96512P%5Q% + 5115604Q*° P** 4 4096Q% — 2309632P3¢()*

+ 8411936Q' P* — 17472Q' P + 11103846 P Q** + 655616Q* P3¢
+167752Q1° P?* + 403Q* P** + 30433Q* P* + 23542962 P**
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— 64Q*P"? — 996736Q*° P'? — 64Q"* P* + 18564676Q* P**
+167752Q* P** — 3328 P*Q™ + 6556160 P2 + 2200848Q*2 P**
+11103846Q% P** — 2309632Q°° P'* + 18564676Q°° P**

+ 704444@12]324 + 625664@22]312 _ 64P36Q42 _ 17472Q18P12
+625664Q% P + 26Q™ P* + 655616Q P*° + 9171448 P**
+9835644Q* P?* — 64P™2 Q™ — 996736Q°P'? + 4082Q™ P**

— 996736Q°° P* — 996736 P* Q™ + 9171448Q% P** + 4082Q° P**
— 17472Q% P'? + 96512Q* P'? + 8411936Q** P** + 625664Q* P'2
+ 403@52}324 4 96512Q36P12 - 3328Q16P12 - 3328Q4OP12

+ 7()4444@44]324 + 9835644@201324 + 30433Q8P24 + Q56P24) —0.

By examining the factors near ¢ = 0, it can be seen that there is a neighbourhood
about the origin, where the first factor vanish but the other factors does not.
By the Identity Theorem, the first factor vanishes identically. This proves the

theorem.

Theorem 3.6. If 8 is of degree 15 over a, then

(3.27)

1 1
g ) )

1 1
+ 11580 <P6 + ﬁ) +40328v/2 (P3 + ﬁ) + 939151

(Q12 Qu) l32 {32f <P21 P12 > — 720 <P18 + %)
+25201/2 (P15 Pl ) — 5430 <P12 + %)
+5195v/2 (P9 + %) — 13815 <P6 + %)
+22590/2 (P3 + %) } + 34993]

1 1
— 3 6
=16 {49050\/5 (P + PB) — 112365 (P + Fﬁ)

1 1
9 12
+ 1077302 (P + —Pg) — 34200 (P + _P12)

1 1
15 18

1 1
+2880v/2 (P21 o ) — 256 (P24 - ﬁ)} — 5028660,

where P and Q are defined as in (3.1) and (3.2) respectively.
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Proof of the identity (3.27) is similar to the proof of the identity (3.24) given
above except that in place of result (2.7), result (2.13) is used.

Theorem 3.7. [12, p. 90|, [3, Entry 41, p. 378] If B is of degree 17 over «, then

. (Q9 - é) + 119 <Q3 ) 34 <Q6 + ) — 16 <P8 - %)

+ 68 (Q3+é) (P4+—>+136(P4+ )+340—0

where P and Q are defined as in (3.1) and (3.2) respectively.

The proof of the identity (3.28) is similar to the proof of the identity (3.24), except
that in place of result (2.7), result (2.8) is used.

Theorem 3.8. [12, p. 90], [3, Entry 41, pp. 378, 379] If 5 is of degree 19 over
a, then

1 1 1
Ql°+@+1l4 <Q6 Q6)+190\/_(Q +Q ) (P3—ﬁ>

(3:29) 1 8 419
+19 (Q2 + —) (——5+8P6) — 42 (— + — —19P% — 4P ) =0,

QQ P3
where P and Q are defined as in (3.1) and (3.2) respectively.
Proof. Using (3.1) in (2.18)—(2.20), we find that

1 PS
: A= 1-¢—=-—
(3.30) =g
Pﬁ
(3.31) B = 16c1+80——8P6,
1
(3.32) C = 8PS,

where ¢; = {a8}"*. Using (3.30)~(3.32) in (2.21), we find that

— 130240a, P*ay — 640ayP**a; + 5120a, a3 P°® + 8064a, P*’a2

+ 15360a, a3 P'® — 1161088a, P**a3 + 1024a3 + 2078720a3 Pa;

+ 129920a, P*a; + 119808a5P%a; — 2083840a, a3 P

+ 2966528a3 P'%a; — 1932288a3 P"a; + 960a; P*ay — 1024a,a3
(3.33) +10240a5 + 5120a3 + 1280a3P** + 351232a3 P'® + 160a, P*°

— 834176a3P** + 1404928a3 P® — 3336704a3 P*? — 10240a,

+ 9152a, P*? + 46105603 P> + 184422443 P*® + 20a, P**

— 5120a, a5 + 180P*®ay + 3360 P a3 + 13440a3 P**

+ 585728a5 P° + 11520a5 P — 20a1P48 + P% = 0.

[solating the terms involving a; to one side of the above equation and squaring
both sides, substituting as = (147)(1+s)/4 and eliminating r and s, we find that
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(—37240 P2 Q%+ P18 4+41344Q%° P30 +41344Q% P5—208848Q%° P*
1+449388Q%° P18 —208848Q% P'24+-304Q% P?* +12806(Q% P'8+304Q°% P'?
+10944Q%* P54-149321Q%* P'®—39824(Q** P12 4+10944 P30()**
—37240P12Q12—37240Q" P**4+228 P1¥()%0 —5120Q*°+ P18Q*°

—39824 P24 (Q** +122550Q 12 P18 +304 P?4()32 —39824Q'6 P12 +10944(Q'6 P°
—39824Q"'6 P24 +10944Q'6 P39+149321Q'0 P184+2280Q* P1¥412806 P18()3?
—512Q2° P364-304 P12Q*2 —37240Q%8 P124+122550Q%8 P18) (—8137026944 P> ()*8
+ P35 45807166992 P30 Q% 13769395456 P43 (36 4-39178 P36 Q™
—13769395456 P>*(%6+16270080 P*3(Q%° 4100704256 P Q**
—46751414915 P30 Q*+100704256 P'2(Q** 416270080 P> Q%

—1895116544 P?*()*® 472858624 P9 ()36 —8137026944 P43 (Q*®
+15801984144 P36(%*—1479092392 P36 (% +16316592 P42 ()5

+136087747 P35 Q5% 481472 P48 Q%4 +74749420608 P8 ()10 — 472858624 P Q**
—16857729024 P54 Q40 +727401472 PP*Q*8 +5603328 P9 ()36 — 3210240 P54 Q%
+421689344Q% P30 +16270080Q2° P2 +512Q%* P'® —13769395456 P48
—8618720720P*2(QQ?* +31548679200 P*2Q*8+5603328 PS5 (Q** —3210240Q° P'®
+3193459200 P 8Q** +512 P54 ()%04-31761710544 P30()36 4727401472 P18 ()*8
+421689344 P2 Q% + 5603328 PSQ* + 31761710544 P30 Q*
+421689344P12Q% — 304(Q3 P30 + Q3P + P3Q™ + P12Q™)
+39178Q3 P30 + 31761710544 P*2Q** + 31548679200 P30 (Q*®
—13769395456 P?*Q** — 43661221076 P6Q* 4 814726 P>
+136087747Q' P36 + 81472Q'6 P*® + 16316592Q'6 P+

+31761710544 P42Q% + 419578368Q%2 P1® — 311296 (% P%°

+Q"?P'?) — 3210240Q% P8 4 512 P8Q%° — 10043781520Q°% P36
+5807166992Q°2 P30 — 8618720720 P3°Q** — 22870 P36

+3193459200( P*Q* + P>(%) — 42336256 P%6Q*

+3193459200P'8(Q)3¢ + 1803415552 P90Q% + 249431687698 P36()*0
—183111246912P3°Q%0 + 512Q2%° P5* + 74749420608 P?*Q*°
—16857729024 P*¥Q* + 1249370688 P**()%* 4 262144Q*
—8618720720Q%° P30 + 15801984144(°0 P36 4 1803415552 P12(Q*
+81472Q% P?* — 1895116544Q°% P*® + 5807166992Q°% P*?
+419578368Q%2 P%* — 42336256 PSQ* — 143792Q'2 P30

—8137026944 P?*()*? — 8137026944Q% P*® — 4675141491532 P36
—143792Q"2 P*2 4 419578368 P4 (Q?® — 10043781520 P36 ()8
+5807166992P*2(QQ%® — 1895116544 P*8()*® — 311296 P (%
—43661221076 P30 + 1249370688 P*8(Q)** 4 16316592()*0 P3

—228Q* P36 — 472858624 P12()36 + 727401472 P18()3% + (80 P36
—1479092392Q2° P36 4+ 100704256 P12Q%? — 311296Q2¢ P'2
+419578368Q% P1® — 2674668(Q5%8 P36 + P36(Q12) — 143792Q% P
+5603328Q3¢ P — 143792Q% P*? 4 16270080 P*3
+31548679200Q32 P42 + 10070425632 P 4 727401472Q%2 P>
+16316592Q%4 P30 + 1249370688Q)°0 P24 — 3210240Q°¢ P>*
—8618720720Q°° P*2 + 1249370688(Q°0 P*® — 1895116544Q%2 P
+262144Q*° P™ + 31548679200 P3°Q)32 + 4216893440 P*2
—183111246912P*2Q* — 472858624 P12Q**) = 0.
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By examining the factors near ¢ = 0, it can be seen that there is a neighbourhood
about the origin, where the first factor vanish but the other factors does not.
By the Identity Theorem, the first factor vanishes identically. This proves the
theorem. n

Theorem 3.9. If B is of degree 23 over a, then

1 1 1
Q24 44223122 = 8 {4\/5 (P“+—) —92 (P1°+—)

Q12 J2 pio
1 1 1
9 8 -
+506v/2 (P +ﬁ> —3588 (P +ﬁ> +9292v/2 (P +ﬁ)

(3.35)
1 1 1
6 5 4
—37605 (P +ﬁ) +61916v/2 (P +ﬁ) —170292 (P +ﬁ>
1 1 1
19904 S+ — | —4001 *+— | +348404 =
+1990 2\/§(P +P3) 00 08<P +P2)+380\/§<P+P>],

where P and Q are defined as in (3.1) and (3.2) respectively.

The proof of the identity (3.35) is similar to the proof of the identity (3.19), except
that in place of result (2.17), result (2.22) is used.

Theorem 3.10. If 5 is of degree 25 over «, then

) oo 2) ()] (07 )

+ 26 <Q14 + é) + 301 <Q13 + %) + 2076 <Q12 + %)

+ 9726 <Q“ + %) + 33880 (Qlo 1 %) + 94480 (Qg + é)

+ 222580 (Q8 + é) + 456305 (Q7 + %) + 827530 <Q6 + &)

1 1 1
1 1346255 <Q5 + —5) + 1985080 (Q4 + —4) + 2668655 (Q3 1 —3)
Q Q Q
1 1
+ 3285730 <Q2 + @) + 3718805 (Q + §> + 3875380,

(3.36)

where P and @ are defined as in (3.1) and (3.2) respectively.

Proof. Using (3.2) in (2.23) and (2.24), we find that

201Q° + di — df — 2d1Q + Q° — Q*dy — 2Q*dy — Q%) — Q*]
+2Q*? — 2Q°d, — 2Q*d} + 2Q*d? = 0,

1/8
where d; = (g) . Substituting d3 = dy and isolating the terms involving d;

(3.37)

on one side of equation, squaring both sides and again substituting d3 = d3 and
d3 = dy, we find that
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— 4d3Q*dy — 4d3dsQ — 4d3daQ° — 4d3Q dy — d3drQ® — 2d3Q° — 6d2Q°d
(3.38) — 4Q%d3—4Q" d3—2d3Q> —dads+dy—6d2Q° —6d3Q° —4Q™dy—4Q%d,
— daQ® — 4dyQ™ — dyQ"? — 4d,QM 4+ Q' — 8d5Q7 — 8d3Q° = 0.
Now isolating the terms involving dy on one side of the above equation, squaring
both sides, we find that
— duds — Q2dy — d3Q** — 48d3Q%" — 104d5Q' — 114d;Q*® + 2d,Q*®
— 80Q%°d; + Q* — 80Q'%d;y + 2d4Q° — 48d;Q"° + 2d,Q? — 104Q"d,
(3.39)  —24Q"ds — 8Q"d3 — 24d3Q* — 8d3Q* — 8d,dzQ™ — 104d3Q°d,
— 80Q*d3dy — 48d5Q%ds — 80Q%dsd, — 104d,dsQ” — 48d5Q%d,
— 114d3Q°%dy — 24Q*dyds — 8d4dsQ — dydsQ? — 24d,dsQ™ + d3 = 0,

where dy = E Isolating the terms involving ds on one side of the above equation
and squaringa on both sides and eliminating r and s, we find that

(—64Q" — 64Q' — 64Q"° — 64Q™ — 64Q" + 2668655 P2Q*? 4 P2

+ 94480 P12Q* + 2076Q3 P'% + 26Q P'? + 222580Q7 P2

+ 456305Q° P2 4 9726Q* P'? + 301Q*P'? + 1346255Q° P2

+ 827530Q° P2 + 94480Q° P2 + 1985080Q P'? + 33880Q0° P2

+ Q%P + 2668655Q° P'% + 26Q%° P2 + 33830Q% P'? + 2076Q*" P
+9726Q%° P'? + 222580Q* P'? + 827530Q% P'? + 456305Q** P'?

+ 3718805Q™ P2 4- 3718805Q"° P2 + 1346255Q%° P + 1985080Q" P*?
+ 3285730Q" P12 4 3875380Q'° P2 + 301Q* P'? 4 3285730Q'7 P*2

. 64P24Q14 . 64]324@16 . 64P24Q13 . 64P24Q15 _ 64@17P24)

(@+Q+ DY Q*+DHQ* - Q'+ DX (Q"+ D*(Q+1)* =0.

By examining the factors near ¢ = 0, it can be seen that there is a neighbourhood
about the origin, where the first factor vanish but the other factors does not.

By the Identity Theorem, the first factor vanishes identically. This proves the
theorem. .

Theorem 3.11. If 5 is of degree 29 over «, then
1 1 1 1
15 14 2 12
. 9, 1 6 1 6, 1
3.41
1 1 1
8 4 3
+ 58 {184 (P + ﬁ) — 394 (P + ﬁ) +649} (Q + @)

1 1 1
2 6 10
= 24940 (P ——2) — 10672 (P ——F6) + 6496 (P __p1()>’

where P and Q are defined as in (3.1) and (3.2) respectively.

(3.40)



SOME MODULAR EQUATIONS IN THE FORM OF SCHLAFLI 247
Theorem 3.12. If § is of degree 31 over «, then

Q' + L + 775 (Q12 + L) + 38657 (QS + é)

Q16 Q12
1 1
4 _ 15
— 252526 (Q + —Q4> + 537726 = 128v/2 (P + ﬁ>
1 1 1
12 9 4
— 5952 (P + ﬁ) - (P + ﬁ) [6448\/5 (Q + —Q4) -~ 31744x/§]

(3.42) 1 1 A 1
- (P6 + ﬁ) [1984 (Q8 + @) — 50840 (Q + @) + 157976]

- <P3 + %) {62\/5 (Q” + &) — 15872v/2 (QS + é)

1
) - 274660\/51 :

+119536v/2 <Q4 o

where P and Q are defined as in (3.1) and (3.2) respectively.

Theorem 3.13. If 5 is of degree 47 over «, then

QM+ 4188 (Q” —~ i) [8\/5 (P” + i)

Q24 Q12 Pll
1 1 1
10 9 8
+ 744 (P + ﬁ) + 11048\/§ (P + ﬁ) + 168664 (P + ﬁ)
1 1
7 6
+ 805016\/5 (P + ﬁ) + 5327756 <P + ﬁ)

1 1
5 4
+ 13001656 v/2 (P - —PS) + 48683888 <P - —P4)

1 1
3 2
+ T1813704v/2 (P + ﬁ) + 169828168 (P + ﬁ)
1
(3.43)  4162800104v2 (P + F) + 254642055}

1 1
_ 23 21
= 2048v/2 (P + P23> — 96256v/2 (P + Pﬂ)

1 1
20 19
— 240640 {P + ﬁ} + 1756672v/2 [P + ﬁ}

1 1
18 17
+9072128 {P + Pis 18} — 9709824+/2 {P + —17}

1 1
16 15
125866752 [P + 16] 101562112v/2 [P + —15}

1 1
14 13
+ 625579776 {P + 14} + 1536739072v/2 {P + ?}
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+ 1149034944 [P” + i} — 5082091200v/2 [P“ + —}
— 17928597440 _Pw + i} — 8133057472V/2 [Pg + _}
+ 23387154880
+ 61416509280
+ 11813501888

— 40687005120
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1
P12 pil
1

P1o P9

T 1
+ 43138741696v/2 {P7 + ﬁ}

T 1
+ 21302177782 [P5 + ﬁ}

T 1
1+ 4974868032v/2 [P?’ + ﬁ}

] 1
— 96512465088v/2 {P + F}

— 189300816838,

where P and Q are defined as in (3.1) and (3.2) respectively.

Theorem 3.14. If § is of degree T1 over «, then

(3.44)

1 1 1
Q¥+ — + 142 <Q24+—) (401715285197—250672328128\/5 {P%—]—D}

6236

1 1

+ 243012755392 [PZ + ﬁ] — 90783237160v/2 [P?’ + —]
1 1

+ 51543826752 {P‘* + —} — 10877163840v/2 [P5 + —}
1 1

+ 3301519972 [PG + ﬁ} — 342806080v/2 [P7 + —}

1 1
+ 45053504 [PB + ﬁ} — 16439122 {Pf’ + —}

Q21
P3
Pt P>

})7

})9

1 1
10 11
+ 51914 [P + —Pm} ~192v/2 [P + _“D
1 1 1
12 23 22
+71 (Q - W) (2048\/5 {P + —23} + 942080 {P + E}

+ 56760322 {Pﬂ + i} — 187541504 [PQO + i}

1 1097148416+/2 {Plg i L} 9176226304 { PS4 L]
1 1

+ 3258519961612 [P” + —} — 204517744640 [Plﬁ + —}

1 1
+ 566617288448v/2 {Pw + —} — 2751003146240 {PM + —}

P21 P20

P P18
P17 P16

P15 P14
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1
1+ 5807932620800/2 {Pl?’ ] 21186828070080 {Pm 1}

P P12

1
+ 331862283535361/2 {P“ } — 88563043373568 [Pw

i =

1
+ 98954852869312v/2 [Pg 55 } — 176963128626688 [ P°

1 1 1
108271940623872v/2 | P* + — | — 7129338452448 | P° + —
+P8}+ 087906387f[ P] 712933845 48{P +P6]

1 1
— 221694467125760v/2 {P5 + ﬁ} + 819155626103296 [P“ + ﬁ}
1 1
— 10262921948787841/2 {P?’ + ﬁ} + 2083094118350336 {PQ + ﬁ}
1
—1805589616637440v/2 [P + ]—3} + 2727816983432377)

1 1 1
= 131072v2 [P&” } — 9306112 [P34 P34] +153550848v/2 {P33 + —}

P35 P33

1 1
— 3150118912 [Pf’ﬁ + ﬁ} +22730178560v/2 [P?’l + ﬁ} — 248314986496 [ P*

1
+—} + 1082027458560v/2 {PQQ

1
D } — 7839822381056 {P% +

P2 PQS}

1 1
+ 24407413309440v/2 [PW + —} — 133963714543616 {P%‘ + —}

P27 P26

25
1 330092418940928+/2 [P 5 i

1 1
] — 1479732762742784 {P% + —}

1
1+ 3046058228477952+/2 [P% P }—11604272147963904 [P?? P22]
+ 20576178256737280v/2 {Pﬂ Pl] 68251974000062464 {PQO PQO}

1

+ 106291599722672128+/2 [Plg P ]—311894723269365248 [Pw P18]
1

+432349292593594368+/2 lP” B }—1135412123693654016 {Plﬁ Pm}

[ 1] 1

+ 1415543996178500096v/2 | P'° + P 3358715145903804416 [PM + ﬁ]
i 1 1

+ 3800077608784535552/2 | P13 + 5|~ 8218354561861466496 {P” + ﬁ}
i 17 1

+ 8512046427768020736v/2 | P!t + + 5|~ 16925549916428891904 {Pw ﬁ}

1
+ 16187505728909967008+/2 {Pg + ﬁ] — 29846446514225130752 {PS + %]
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+ 26572617280356920576+/2 -P7 + % — 45769170606955635920 -Pﬁ + %
+ 38178953157178087680+/2 _P5 + % — 61755339772352116992 -PA‘ + %_
+ 48456136115051360544v/2 _P3 + % — 73802624665517984512 -P2 + %
+ 54558586002509042432+/2 _P + % — 78308975348446520116.

where P and Q) are defined as in (3.1) and (3.2) respectively.

Proofs of the identities (3.41)—(3.44) are similar to the proof of (3.24), except that
in place of result (2.7), result (2.9) is used to prove (3.41); result (2.14) is used to
prove (3.42); result (2.15) is used to prove (3.43) and the result (2.16) is used to
prove (3.44).

Remark 3.1. The identities (3.19), (3.24), (3.28) and (3.29) have been verified
using modular forms in [3, Entry 41, pp. 378, 379] and other identities (3.5),
(3.11), (3.12), (3.27), (3.35), (3.36), (3.41)—(3.44) are appears to be new.

4. Explicit evaluations of class invariants

In this section, we establish several explicit evaluations of Ramanujan-Weber class
invariants (G,, using modular equations obtained in Section as an application.

Theorem 4.1. We have

(4.1) G = \/5; L

(12 61— 3 (1 *f)Q,

(4.3) G, = (ﬁjl) <8+4\/§+ \‘75(6¢§+3)),
(4.4) G — \/g\g L

(45) Gy = g |3V — VIDY* + (3v3 + VI
(4.6) G, = %1—3

(4.7) s =2 (1 T/i\/g>2

1/2

1 V17 1 /1 V17

4. — X 4 4/ Y
(4.8) Gy 4+ 1 +2\/2+ 5 )
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L 23 57\ (23 7\ 7\
10 e (ovma (2 g 5T (2B [T |
149) Gu=—- (ﬂ ,/2) <¢§ 2)
1/2
(410) o= (2\/§+ (25v2 - 3v/138)° + (25\/§+3,/_138)1/3>
: 23 — 7
3
1
(4.11) G25:\/52+ |
1
Gl =5 {9487 (207 — 16VET) /% 4 (207 + 16V/8D) |
(4.12)

+\/36 + (—9 _ 318 [(207 — 16V/87)1/3 — (207 + 16\/@1/3]>2} ,

(@13 @=L VAt (aTva - sVIER 1 (47v2 4 316 )
4 = (47-2v5) 23 (%)
(4.14)
- (47 - 2\/§> v (%) +3+2V/3,
Guar = 35 [4V2+ 211 ((7 = 3v5)' 4 (7 + 3V3) ")
(4.15)

+\/144 + [—4f — 25/6111/3 ((7 — 3V3)1/3 — (T+ 3¢§)1/3>} 2] .

1
Proof of (4.1). Putting n = 3 using the fact that G, = Gy, and by the

definition of G,, in (3.5), we find that

(4.16) (4G" —4G® —1) (2G5 +1)* (26" —=1)* (2G* +1)* =0,

where G := G5. But

(4.17) 4G —4G® -1 =0.

Solving the above equation and Gs > 1, we obtain the required result (4.1). .

Proofs of the identities (4.2)—(4.15) are similar to the proof of (4.1), except
that in place of result (3.5), result (3.11) is used to evaluate (4.2) and (4.3); result
(3.12) is used to prove (4.4) and (4.14); result (3.19) is used to prove (4.5) and
(4.15); result (3.24) is used to prove (4.6); result (3.27) is used to prove (4.7);
result (3.28) is used to prove (4.8); result (3.29) is used to prove (4.9); result
(3.35) is used to prove (4.10); result (3.36) is used to prove (4.11); result (3.41) is
used to prove (4.12) and result (3.42) is used to prove (4.13).

Acknowledgement. The authors are thankful to referee and Prof. Bruce C.
Berndt for their useful comments.
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Abstract. In this note, we establish a common fixed point theorem for a quadruple of
self mappings on a complete metric space satisfying weak compatibility and a generalized
®-contraction. Our main result improves and extends some known results. As an
application, we use our main result to obtain common solutions of certain functional
equations arising in dynamic programming. We also discuss an illustrative example to
validate all the conditions of the main result in dynamic programming.
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1. Introduction

In 1986, the notion of compatible mappings which generalizes commuting map-
pings, was introduced by Jungck [6]. Further, in 1998, the more general class
of mappings called weakly compatible mappings was introduced by Jungck and
Rhoades [7]. Recall that self mappings S and T of a metric space (X, d) are called
weakly compatible if Sz = Tx for some x € X implies that STx = T'Sx.

Bellman and Lee [1] initiated the basic form of the functional equation arising
in dynamic programming as follows:

f(z) = sup{A(z,y, f(a(z,y))}, z€S

yeD

LCorresponding author.
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In 1984, Bhakta and Mitra [2] obtained some existence theorem for the fol-
lowing functional equation which arises in multistage decision process related to
dynamic programming

f(z) = sup{r(z,y) + flc(z,y))}, v €S

yeD

In 2003, Liu and Ume [8] provided sufficient conditions which insure the
existing and uniqueness for solution for the functional equation

f(x) = optyep{ulp(z,y) + fla(z,y))] +v optlq(z,y), f(b(z,y))]}, = €S.

Several existence and uniqueness results of solution and common solution
for some functional equations and systems of functional equations in dynamic
programming are discussed by Liu et al. [9].

In 2010, Singh and Mishra[13] established coincidence and fixed point theo-
rems for a new class of contractive, nonexpansive and hybrid contractions map-
pings. Applications regarding the existence of solutions of certain functional equa-
tions are also discussed.

Recently, Jiang et al. [5] studied the properties of solutions of the following
functional equation arising in dynamic programming of multistage decision pro-
cess:

f(@)=optyep{p(z,y), q(z,y) f(a(z,y)),(z,y), f(b(z,y)), s(z,y) f(c(z,y))}, VTES.

Bondar et al. [3] proved some common fixed point theorems for two pairs of
mappings and some applications are given in dynamic programming.

Most recently, Pathak et al. [10] introduced the following two functional
equations arising in dynamic programming of multistage decision process:

f(x)=optyepopt{p(z,y) + Az, y, f(a(z,y))),q(z,y))}, Vo € S,

and

f(x)=optycpopt{p:(x,y) + q(x,y) f(a(x,y)),p2(x,y) +r(z,y) f(b(z,y))}, Vo € S.

In this paper, we prove some common fixed point theorem for a quadruple
of self mappings of a complete metric space satisfying weak compatibility con-
dition and a generalized ®-contraction. Subsequently, we use our main theorem
to obtain common solutions of certain functional equations arising in dynamic
programming.

2. Preliminaries

In what follows, we denote by & the collection of all the functions
¢ :[0,00) — [0, 00) which are upper semicontinuous from the right, non-decreasing
and satisfy lirlBr sup p(s) < t, p(t) <t, forall t > 0.

s—
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Let X denote a metric space endowed with metric d and let N denote the set
of natural numbers.
Now, let A, B, S and T be self-mappings of X such that

(2.1) AX) € T(X) and B(X) C S(X)

[dP(Az, By) + a d?(Sz, Ty)]d?(Az, By)

< a max{d?(Ax, Sz)d?(By, Ty),d*(Ax, Ty)d? (By, Sz)}
(2.2) +max {901(d2”(5$, Ty)), 2(d"(Az, Sx)d" (By, Ty)),

@s(d*(Az, Ty)d* (By, St)),

1 ’ ’

904<§[d’(z4x, Ty)d' (Av, Sz) + d'(By, Sz) ) d" (By, Ty) },
forallz,y € X, € ® (i =1,2,3,4),a,p,q,¢,7,7",8,5,1,' >0and 2p = qg+¢' =
r+r =s+s =141 < 1. Condition (2.2) is commonly called a generalized
®-contraction.

Now, we pick zy € X. Since A(X) C T(X), we can choose a point z; € X

such that Azxy = Txy. Again, since B(X) C S(X) for x; € X, we can choose a

point x5 € X such that Bx; = Sx,. Continuing in this way, we can construct a
sequence {y,} in X such that

(2.3)  yon = T4 = Azop, and yony1 = STonio = Brony1 (n € NU{0}).
First, we prove the following lemmas:

Lemma 2.1. Let us suppose d,, = d(Yn,Yn—1),n € N. Then, lim d, = 0.

n—oo
Proof. In (2.2), putting x = x4, and y = 9,4, and using (2.3), we get
[dP(Azopn, Bxoni1) + a dP(Sxey, Txopi1)|dP (Ao, Bronit)
<a max{dp(Axgn, Sxoy)dP(Bxony1, TTon11), dI( Ao, TTon11)

d? (Bxap i1, Stan)} + max{p1 (d*(Szan, Tant1)), po(d" (Ao, Saay,)
A" (Baani1, Tx2n41)), 03(d* (A, Toan11)d* (Ban i1, St2,)),

04 (%[dl(AfL’gn7 Txopi1)d" (Agn, Stan) 4+ d'(Boni1, Stan)d' (BEony1, T$2n+1)]) }>
or
0+ adf )5,y < 0 max{dh, 8,0} + max {1 (d), ea(dh, i),
23(0)s 04 (3 s + o)}
< adf, oy, + max {1 (d3), 0o ),

1 ! !
@3(0)7 904 <§[dl2n+1d12n+l + dl?nden—f—l]) }7
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which implies

r T’/ 1 / !
(24) iy < max {1(d2), pa(dsdy ), 0300, o (15 + db,ds, ) }-

If doiq > da, then, we have

r r/ 1 / /
dgfwfl < max {901<d§fz+1)7 902<d2:f+1)7 ©3(0), ¢4 <§[dl2::l+1 + déﬁd]) } < 4Pz‘(d§fz+1)
(1=1,2,4).

This, together with a well known result of Chang [4], which states that, if ¢; € @,
where i € I (some indexing set), then there exists a ¢ € ® such that max{¢;,
i €I} < o(t), for all t > 0, imply d>?_, < d3-.,, a contradiction. Consequently,
we have da, 1 < da,, for all n € N, and

(2.5) dont1 < @(dy,) for all n € N and some ¢ € ®.

Similarly, for © = x9,,2 and y = x9,,1, we have

1 i !
26) e < max{ i (@), 200 a0 n (510580 + ] ) |

A similar argument applied to (2.6) will give
(2.7) dont2 < @(dopyq) for all n € N,

where ¢ € ® is assumed to be same as in the previous case. Therefore, for all
n € N, we have d,.;1 < ¢(d,), and by Lemma 2 of [4], we have lim d,, = 0.
n—oo

Lemma 2.2. The sequence {y,} defined in (2.3) is a Cauchy sequence.

Proof. We prove that the subsequence {y,,} of the sequence {y,} is a Cauchy
sequence. On the contrary, let us suppose that {y2,} is not Cauchy. Then, there
exists an € > 0 such that for each even integer 2k there exist even integers 2m(k),
2n(k) (n € N) with 2m(k) > 2n(k) > 2k, such that

(2.8) d(Yan(k), Yom(r)) > € and  d(Yan(r)s Yamk)—2) < €
that is, 2m(k) is the least positive even integer such that 2m(k) > 2n(k) and
A(Yon(k)s Yom(k)—2) < €.
Hence, for each even integer 2k, we have
€ < d(Yan(k)> Yam(k))

< d(Yonk)s Yomk)—2) + A(Yomk)—2: Yomk)—1) + A(Yamk)—1, Y2m(k))
< €+ dom(k)—1 + dam(k)-
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Hence, by Lemma 2.1 and (2.8) it follows that

(2.9) lingo A(Yan(k), Yam(k)) = €

n—

By making use of the triangle inequalities, for p € [0, 1], we have

dp(y2m(k)+2a y2n(k)+1) < dp<y2m(k)+27 y2m(k)+1) + dp(y2m(k)+17 yZm(k))
+ d” (Yom (k) Yonk)) + A° (Yon(k)> Yon(e)+1)

or

d”(Yom(k)+2> Yon(k)+1) — A (Yom@k)s Yonk)) < dome)+2 + dome)+1 + dange)+1

And
d? (Yam(k) Yon(k)) < AP (Yom(r)> Yom(i)+1) + A (Yome)+1> Yom(k)+2)

dp(y2m(k:)+27 y2n(k)+1) + dp(y2n(k)+17 yzn(k)),

or

dp(me(k)a y2n(k’)) - dp(y2m(k)+27 y2n(k)+1) < dgm(k)+1 + dgm(k)+2 + dgn(k)+1

Thus, we obtain

257

(2.10) |d”(Y2m(r)s Y2nk)) — A (Y2mr) +25 Yon(k)+1)] < dgm(k)Jrl + dgm(k)JrQ + dgn(k)Jrl

Similarly we have

(2.11) |7 (Yam ) +1 Yon() — @ (Yoniry: Yomi))| < dgm(k)w

(2.12) |d° (Y2m(i)+1> Yon(ry+1) = @ (Yo Y2mm) | < o0 + Doy
and

(2.13) |d° (Yamr)+2 Yan(k)) — A (Yan(k)> Y2mr) | < Doy i1 + Doy

By Lemma 2.2 and inequalities (2.10)—(2.13), we have

imy oo AP (Yomk)+25 Yon(k)+1) = khm d? (Yam(k)+15 Yon(k))
= lim dp(y2m(k)+1 Yon(k )+1)
(2.14) =
= ,}LH; d? (Yam(k)+25 Yon(k))

= €.

Now, using (2.2) with z = Zom@)12 and y = Zopmy41 along with (2.3) and a

rearrangement, we obtain
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[dP(AZom(k)+2, BTany+1) + @ dP(STom)+2, TTonk)+1)]d (AZomr)+2, BTon(k)+1)
< amax{d”(Azomk)+2: STom)+2) A" (BT on(k)+1, T Ton(k)+1)
AU AZamiys2, TTonky+1)dY (BTon(ry+1, STamky+2) }
+ max {@1(d2p(5$2m(k)+2, TxQn(k)—H))a

o (d" (AT (k)42 Sx2m(k)+2>dr/ (Bxan)+1: TTonk)+1)),
903(ds(14$2m(k)+2, TxQn(k)+1)dS/ (Bx2n(k)+17 S$2m(k)+2>)7

1 /
©4 (5 [d (Aot +2, Ton()+1)d" (ATomk) 42, STom(k)+2)

+ dl(Blﬂzn(k)H, Sx2m(k)+2)dll(Bx2n(k)+17 T$2n(k)+1)]> }7

or

(AP (Yom(k)+2> Yon(k)+1) T @ AP (Yom@k) 115 Yone)) | A (Yomk)+25 Yon(k)+1)
< amax{d” (Yom(k)+2> Yom()+1) A (Yon(k)+1, Yon(k))

A (Yam(k) 125 Yo () +1) A7 (Yan() 41, Yo +1) }
+ max {801(d2p(yzm(k)+1a Yon(k)))s

7J

902(dT(y2m(k)+2, y2m(k)+1)d (an(k)—I—la y2n(k)))7
<P3(ds(3/2m(k)+27 y2n(k))d8/ (an(k)—i-b y2m(k)+1))7

1 /
©4 (5 [ (Yam(k)+2 Yon ) A (Yom()+25 Y2m(iy+1)

+ dl(an(k)H, y2m(k)+1)dl,(y2n(k)+1a an(k))]> }

Letting k¥ — oo and using Lemma 2.1, (2.9) and (2.14) and the fact that ¢; € ®
(Z = 17 27 37 4)7 we have €2p + a€2p <a €q+q' + HlaX{(pl (62p)7 902(0)7 903(€S+S/>7 ()04(0)}7
or €2 < max{; (%), v2(0), w3(e7"), 04 (0)}, or € < () < €, a contradic-
tion. Hence, {y2,} is a Cauchy sequence in X. This proves that {y,} is Cauchy
in X.

3. Main results
The following theorems are our main results of this section.

Theorem 3.1. Let A, B,S and T be self mappings of a complete metric space
X satisfying (2.1) and (2.2). If the pairs (A, S) and (B,T) are weakly compatible
and T(X) or S(X) is closed, then A, B, S and T have a unique common fized
point i X.

Proof. Since X is complete, it follows from Lemma 2.2 that the sequence {y,}
converges to a point z in X. Consequently, the subsequences {Axs,}, {Bxa,-1},
{Szan}, {Txon4+1} of {y,} also converge to the same limit z.
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Now, suppose that T'(X) is closed. Then, since {Tx9,+1} C T(X), there
exists a point u € X such that z = Tu. Then, by using (2.2) with = = x4, and
y = u, we have

[dP(Azyy,, Bu) + adP (Sxey,, Tu)|dP(Azs,, Bu)
< gmax {dp(A:cgn, Sw9,)dP(Bu, Tu), d?( Axgy, Tu)d? (Bu, S:cgn)}
+ max {cpl(dQP(SxQn, Tw)), po(d" (Azgy, Stop,)d" (Bu, Tu)),
©3(d®*(Azgy,, Tu)d® (Bu, Sta,)),
o5 L0 (Ao, Tu)d! (Azan, Szan) + d'(Bu, Szan))d (B, ru))) ).
letting k — oo, we obtain
[dP(z, Bu) 4+ a dP(z, 2)]dP(z, Bu) < amax{d?(z,z)d"(Bu, z),d%(z, z)d" (Bu, z)}
+ max {gol(dQP(z, 2)), a(d' (2, 2)d" (Bu, 2)),
oald (2, ) (Bu, 2)), a5l (2, ) (2, 2)
+d'(Bu,2)d" (Bu, 2))) },
or
d*(z, Bu) < max {801(()), ©2(0), p3(0), ¢4(%dl+l/(3% z)) }7

or

d**(z,Bu) <n {(pl (d?(z, Bu)), o (d™*" (2, Bu)),

oald (2, Bu)), oa (5" (Bu 2)) }
< ¢(d*(z, Bu))
< d*(z, Bu),
a contradiction. This implies that z = Bu. Therefore, Tu = z = Bu. Hence, it
follows by the weak compatibility of the pair (B,T) that BTu = T Bu, that is
Bz=T-x.
Now, we shall show that z is a common fixed point of B and T'. For this put
T = Z9, and y = z in (2.2), we have
[dP(Axy,, Bz) + a dP(Sxoy,, T2)|dP(Azy,, Bz)
< amax {dp(Axgn, S29,)dP(Bz,Tz),d(Atry,, T2)d? (Bz, St,)}
+ max{w, (d* (Sxon, T2)), 0o (d" (Azay, S2o,)d" (Bz, Tz)),
©3(d°(Agn, T2)d* (Bz, Sta,)),

1 / /
21(51d (Azn, T2)d" (Awsn, Sw20) + d!(Bz, Swan))d' (B2, T2)) |.
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Letting n — oo, we get
(@P(2, B2) + ad (2, T2)dP (2, Bz) < amax{d’(z, 2)d*(Bz, T2), (2, T2)d? (Bz, 2)}
+max Big{p1(d®(z,T%)), pa(d" (2, 2)d" (Bz,Tz)), p3(d*(z, T2)d* (Bz, 2)),
o5l (= T2 (2, 2) + d(Bz, 2)d! (B=, =) ),
or

d*(z,Bz) + a d*(z, Bz)
<a qurql(Bzv z) + max{gol(dZP(z, BZ)), 502(0)7 903(d8+8/(27 BZ)), 904(0)}7

> (1+a)d*(z,Bz) < a di*7 (Bz, z)}
+max{p1 (d (2, Bz)), 2(0), p3(d*** (2, B2)), 04(0)},
or ,
d*(z, Bz) < T ad"+q (Bz,2)
e max (=, B2)), 92(0), 05(@ (2, B)), 24(0)
< d*(z, Bz),

a contradiction. So z = Bz = T'z. Thus z is a common fixed point of B and T

Similarly, we can prove that z is a common fixed point of A and S. Thus, 2
is the common fixed point of A, B, S and T. The uniqueness of z as a common
fixed point of A, B, S and T can easily be verified.

Remark 3.2 If we assume S(X) to be closed then the above theorem also remains
valid. We find the same result if A(X) or B(X) is assumed to be closed by (2.1).

Remark 3.3 Our Theorem 3.1 extends Theorem 2.1 of Pathak et al.[7].

In Theorem 3.1, if we put a = 0 and ¢;(t) = ht (i=1,2,3,4), where 0 < h < 1,
we get the following corollary:

Corollary 3.4. Let A, B, S and T be self mappings of a complete metric space
X satisfying (2.1) and (2.2).

@¥(Az, By) < h max {(@*(Sz, Ty), & (Az, S2)d"' (By, Ty), d*(Az, Ty)
(2.2)) 1
d*(By, Sz)), 5 [d'(Az, Ty)d" (Az, Sx) + d'(By, Sx))d" (By, Ty)}

forallz,y € X, p, € ® (i =1,2,3,4),a,p,q,¢,r,7",s,5,[,I'! >0 and2p =q+q =
r+r=s+s =1+1<1. If the pairs (A,S) and (B,T) are weakly compatible
and T(X) or S(X) is closed, then A, B, S and T have a unique common fized
point in X.
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Especially, when max{d?(Sxz, Ty), d" (Ax, Sz)d" (By, Ty), d*(Az, Ty)d* (By, Sz)),
Hd'(Az, Ty)d" (Az, Sz)+d'(By, Sz))d" (By, Ty)} = d*»(Sz,Ty), we get Corollary
3.9 of Pathak et al.[9].

In Theorem 3.1, if we take S =T = Iy (the identity mapping on X ), then we
have the following corollary:

Corollary 3.5. Let A and B be self mappings of a complete metric space X
satisfying the following condition:

[dP(Az, By) + a dP(x,y)]dP(Ax, By)
< a max{d’(Az,x)d?(By,y), dq(Aa:,y)dq/(By,x)}
+max {901(d2p(9:, Y)), pa(d"(Az, x)d" (By,y)), ps(d*(Az, y)d* (By, x)),
(1 (A, ) (Az, 1) + By, o) (By,) |

for all x,y € X,p; € ® (i = 1,2,3,4), a,p,q,¢,r,7",s,8,1,I' > 0 and 2p =
g+q =r+1r=s+s=1+1 <1, then A and B have a unique common fized
point i X.

As an immediate consequences of Theorem 3.1 with S = T, we have the
following;:

Corollary 3.6. Let A, B, and S be self-mappings of X such that

(2.1) A(X)UB(X) € S(X)

[d*(Az, By) + a d?(Sz, Sy)|dP(Az, By)
< amax{d?(Ax, Sz)dP(By, Sy), d*( Az, Sy)d? (By, Sx)}
+ max {gpl(dzp(Sx, Sy)), wa(d"(Az, Sx)d™ (By, Sy)),
eald Az, Sy)d* (By, 52), (5]
+d!(By, Sx))d" (By, Sy)) }

forallx,y € X, € ® (i =1,2,3,4),a,p,q,¢,r,r", 8,8, 1,I' >0 and 0 < 2p =
qg+q =r+1r =s+s =1+1 < 1. If the pairs (A,S) and (B, S) are weakly
compatible and S(X) is closed, then A, B and S have a unique common fized
point i X.

(2.2")
d'(Az, Sy)d" (Azx, Sz)

The following theorem is an immediate consequence of Theorem 3.1.

Theorem 3.7. Let S, T and A, (n € N) be self mappings of a complete me-
tric space X. Suppose further that the pairs (As,_1,S) and (As,,T) are weakly
compatible for any n € N and

Ao 1(X) C T(X) and Asn(X) C S(X).
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If S(X) or T(X) is closed and that for any i € N, the following condition is
satisfied for all x,y € X

[dp(AZ‘.T, Ai+1y)—|—a dp(SZL’, Ty)]dp<AIZE, Ai+1y)
< amax{d?’(A;x,Sx)d’(Ai1y, Ty),

dq(Ai'xa Ty)dq/ (AiJrly? S$)} + maflf{‘ﬁl (dZP(Sma Ty))7

po(d (A, S2)d” (Aii1y, Ty)), pald* (A, Ty)d” (Aisay, Sz),
1 / /

pu(5ld (Aix, Ty)d' (Asz, S2) + d'(Aisay, S2))d" (A, Ty)) }

where @; € ® (i = 1,2,3,4), a,p,q,¢,r,r',s,8,[,I' >0 and 0 < 2p =q+¢ =
r+r'=s+s=10+10'<1, then S, T and A,(n € N) have a common fized point
m X.

4. Applications to existence theorems for functional equations arising
in dynamic programming

Throughout this section, we assume that X and Y are Banach spaces, S C X is
the state space and D C Y is the decision space. Let R = (—o0,00) and B(S5)
denote the set of all bounded real valued functions on S.

The basic form of the functional equation of dynamic programming is given
by Bellman and Lee [1] as follows:

f(x) = opt,H(z,y, [(T(z,y))),

where x and y represent the state and decision vectors respectively, T' represents
the transformation of the process and f(x) represents the optimal return with
initial state = (where opt denotes max or min).

In this section, we study the existence and uniqueness of a common solution
of the following functional equations arising in dynamic programming.

(4.1)  fi(z) = sup Hy(w,y, fi(T(x,y))),v € S,

yeD
(42)  gi(z) = sugﬂ(x,y,gi(T(x,y))),x € s,
ye

where T': Sx D — Sand H,F;: SxD xR —=R,i=1, 2.
Suppose the mappings A; and T; (i =1, 2) are defined by
Azh(x> = supHi(x,y,h(T(x,y)),
yeD
(4.3)
T’zk(x) = SupFl(x,y,k(T(x,y))),
yeD
for all x € S;h, k € B(S),i=1,2.

Now, we present our main theorems of this section.

Theorem 4.1. Suppose that the following conditions are satisfied:
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(i) H; and F; are bounded fori =1,2.

(i) [Hi(z,y, h(t))—Hs(z, y, k(L ))|<M‘ (amax{|Tyh(t)—A ( )| Tok(t) = Ask(1)],
I Tuh(t) = Aok (t)|| Tok () — Auh(t)]} + max{ion (|TaA(t) — Tok(t )’)7‘;02<|T1 (t) -

Arh(t)]), ps3(|T2k(t) — Azk(t )|) a(5[|TuR(t) = Ak(t) )+ (|T2 (t)—=Aih(@)[]))}),
forall (x,y) € Sx D, k € B(S), te S, a>0, where

M =1+ asup |Tik(t) — Toh(t)|], pi€ ® (i=1,2,3,4)

tes
and the mappings A; and T;(i = 1,2) are defined as in (4.3).
(iii) For sequences {hy},{k,} C B(S) and h,k € B(S) with

lim sup |h,(x) — h(z)| = 0, lim sup|k,(z) — k(z)| =0,

n—oo zeS n—oo €S
there exist h;, k; € B(S) such that k = Tyh; and h = Tik; fori =1 or 2.

(iv) For any h € B(S), there exist ki, ke € B(S) such that Aih(z) = Toks(z),
Agh(l’) = le’l(l’), r €S

(v) For any h,k € B(S), with Aih = T1h, we have Ty A1h = ATih and with
AQ]C = Tgk?, we have TQAQ]C = AQTQk’.

Then, the system of functional equations (4.1) and (4.2) have a unique common
solution in B(S).

Proof. Obviously, B(S) endowed with the metric

d(h,k) = sup |h(x) — k(x)| for any h,k € B(S)

zeD

is a complete metric space. Moreover, by condition (i), A; and T; are self mappings
of B(S) and by condition (iv) it is clear that

A1(B(S)) C To(B(S)) and Ay(B(S)) C T1(B(S5)).
Also, by condition (v), the pairs (A;,T;) are weakly compatible for i = 1, 2.
Moreover, by (4.3) and (i) we have for any n > 0 there exist y; € D (i = 1,2) such
that

(4.4) Aihi(x) < Hi(2i, 95, hi(x)) + n,

where x; = T'(z,y;), i = 1,2. Also,

(4.5) Arhi(z) = Hi(z, y2, ha(22)),
(4.6) Asha(x) > Ho(x, Y2, hao(21)),
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Then, from (4.4), (4.5), (4.6) and (ii), we have

Aihi(2) — Asho(z) < Hi(z,y1, ha(21)) — Ha(z,y1, ha(21)) + 1
< [Hi(z,y1, h(21)) — Ha(, 51, ho(21))] + 1
<M1 (a max{|T1h1(x1) — Arhi(x1)|.|Toha(x1) — Ashs(x1)],
[ Tihy (1) — Asha(a1)].|Toha(z1) — Arha(21)[}
+ max {@1(|T1h1(931) — Trha(21)]), 2(|Tihi(z1) — Arha(z1)]),
@3(|T2ha(w1) — Asha(z1)]), 904(%[|T1h1(931) — Azhs(z1)]
+|Tzho (1) — Alhl(fl)”)}),
< M (@ max{d(Tihy, Aiha)d(Tsha, Ashs),
d(Tihy, Ashse)d(Tohs, A1hy)}
o+ masx { g1 (d(Tihr, Toha), a(d(Tih, Arhy)),

(4.7)

1
@3(d(Tahy, Ashs)), §04(§[d(T1h1, Ashy) + d(Trho, A1hy)]) }) +1.
From (4.4), (4.5) and (ii), we have
A1h1<.’L’> — Aghg(iﬂ)
E—M_l <a max{d(Tlhl, Alhl)d(Tth, Aghg), d(Tlhl, Ath)d(Tth, Alhl)}

(4.8) +max{%(d(TIhhTm)),@2(d(TIh1,A1h1>>,

1
@3(d(Tzhg, Azhs)), 904(§[d(T1h1, Ashg) + d(Trhe, Athy))) }) -
Using (4.7) and (4.8), we obtain

|Arhi(z) — Agha(z)|

SM_I <CL n1ax{d(T1h1, Alhl)d(Tth, Aghg), d(Tlhl, Aghg)d(TQhQ, Alhl)}
4.9
U { (AT, Toho)), @ald(Tihr, Aihy)). @a(d(Toho, Ashs).
1
e1(51d(Tih1, Ahz) + (d(Tsha, Aih)))) }) + 1.

Since (4.9) is true for any x € S and n > 0 is arbitrary, by taking sup over all
x € S we have,

[1 +a d(Tlhl, Tghg)]d(Alhl, Aghg) S (CL max{d(Tlhl, Alhl)d(TQhQ, AQhQ),
d(Tyhr, Ash)d(Tsho, Ath1)} + max {%(d(ﬂhl, Tyhs)),

QDQ(d(Tlhl, Alhl)), QOg(d(Tghg, Aghg)), @4(%[d(T1h1, Aghg) + (d(TQhQ, Alhl))]) }) .
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Therefore, condition (2.2) is satisfied by mappings A;, A, T} and T and hence by
Theorem 3.1, they have a common fixed point h* € B(S), i.e. h*(z) is a unique
common solution of the functional equations (4.1) and (4.2).

As an immediate consequence of Theorem 4.1 and Corollary 3.5, we have the
following;:

Theorem 4.2. Suppose the following conditions are satisfied:
(i) H; is bounded fori=1,2.

(ii) [Hi(z,y, h(t)) — Ha(z, ya k(t)] < N™Hamax{|h(t) — A;h(t)|-|k(t) — A2k(t)],
(1) = Ak (t)|.|k(t) — Arh(t)[} + max{p: ([h(t) — k(0)]), 2(]h(t) — (t)l),
p3([k(t) — A2k(1)]), ¢ ( [|h() Ak (t)| + k() — Arh()[1})), for all( Y) €
Sx D, hke B(S),te€S,a>0, where N = [1 4+ a supes|h(t) — k(t)|],
w; € P (i =1,2,3,4) and the mappings A; are defined as in (4.3).

Then, the functional equations (4.1) and (4.2) have a unique common solution in
B(S).

Now, we furnish an example to validate Theorem 4.1.

Example 4.3. Let X =Y = R be two Banach spaces endowed with the standard
norm || - || defined by ||z|| = |z| for all z € R. Let S = [0,1] C X be the state
space, D = [1,00) C Y the decision space and T represents the transformation of
the process. Define T': S x D — S by

? 1 forallx € S,y € D.

T(x,y) =
(z,9) o

For any h,k € B(S), define f;,g;: S — R (i =1, 2) by

x
filz) = gi(z) = Z( +1>'
Define H;, F; : Sx D xR — R (i = 1,2) by

1 T ) Y
H; t)=- t—2— ) +1

1 T Y
F; t) = - t- ———— 1].

Clearly, ||H;|| < % and ||Fj|| < 3 . By varying y over D and taking supremum,
we see that H; yield f; and H; yield g;, respectively (i = 1,2), as defined above.
Define mappings A; and T; (i =1, 2) by
Alh(x) = SU.B Hl($7 Y, h(T(.’ﬂ, y))> AQk($) = sup HQ(ma Y, /{(T(.’L’, y)))>
ye

yeD
Tlh(x) = sup Fl('ra Y, h(T(I,y))), TZk('x) = sup F2('r7 Y, k(T(;U,y)),
yeD yeD

and

for all z € S; h, k € B(S5).
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Then, we see that

AQk(x) = sup HQ(x7y7 k(T({E,y)) = sup H2 <xay7

yeD yeD

k
—sin (k( ) =) +1 _ !
z+1 y2+17y+1 4

X
x,y,h(T(w,y)) :SupFl ($7y7h(y2 )

yeD ( yeD +1
—su1 ‘ cos(h( ’ )L>+1 _1 1) =gi(x)
[ Pr1y+1 T a\zt1 = IE
x
Tak(a) = sup Fa(o, KT, 0) = sup o (k1))
yeD yeD y*+1
1 x x Y 1 x
iggél{:vﬂCOS( (y2+1)y+1 i } 4<w+1+ ) (%)

for all z € S;h, k € B(S). Also, we see that

M= [1 +a sup [Tik(t) - Tgh(t)]} - [1 +asuplg(r) - gg(ac)\} ~ 1.
Further, for any k € B(S), define
ho(z) = (1 - 1) h(z) and kn(z) = (1 - )k:(x)

n

so that

lim sup |h,(z) — h(z)| =0 and lim sup|k,(z) — k(z)| = 0.

n—00 1§ n—=00 g8

t
Now, we observe that, for ¢;(t) = 3

(i) H; and F; are bounded for i = 1, 2.

(ii) [Hi(z,y,h(t)) — Ha(z,y, k(t))|

1| = . Yy Iy = Yy

— h(t)—— 1| — - k(t)—— 1

4[:¢+1sm(()y+1)+} 4L+1sm(()y+1>+”
y ) y

1

—- in ( h(t)—L— ) — sin ( k(t)—L—
4|z +1 Sm<(>y+1 Sm(”yﬂ)’

e || (Mg -k || (g ko
41z+1 2 2
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1| =« Y
< 1|5 | e - ke
< 1|5 10 - 0] < Jirthto) - o),

Finally, for any h € B(S), there exist ki, ke € B(S) such that

Also,

Alh(l’) = TQkJQ([E), Agh(l') = lel(l‘), r €S.

for any h,k € B(S), with Ayh = T1h, we have Ty A1h = A;T1h and, with

Aok = Tyk, we have To Aok = AsTyk. Thus, all the assumption of Theorem 4.1
are satisfied. So, the system of equations (4.1) and (4.2) have a unique common
solution in B(S).
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Abstract. In this work we prove that, if A is an alternative semi-prime algebra, which
is considered as a complete convex bornological vector space (respectively, completely
bornological locally convex space) and its bornology has a net, then there is equivalent
between separating boundedness (resp. separating continuity) of Jordan, ordinary pro-
duct and quadratic product. If A is again topological, then the boundedness is global
and if A is Fréchet space, there is an equivalence between the continuity of these three
products.

Keywords: bornological algebras, boundedness, Jordan product, quadratic product,
derivation, alternative semi-prime algebra, Mackey-convergence, separating space, net
in bornological space.

1. Introduction

Let A be an alternative semi-prime K-algebra with K =R or C.

In [5], A. Rodriguez Palacios proved that if A is Banach space then the
continuity of Jordan product implies those of ordinary product. After, he extended
this results in case of Fréchet space by similar techniques.

The goal of this work is to extend this result to class of alternative algebras
which are also convex bornological vector space (cbs), [3], [4].

The paper is organized as follows. In the next section we recall some pre-
liminaries. In Section 3, we extend some results defined in normed spaces onto
bornological vector spaces case. In particular, we extend the notion of separating
space of a linear map between Banach spaces [7] to the case of linear map 7'



270 A. TAJMOUATI

between bornological vector spaces (Definition 3.1). We give the necessary condi-
tions for an operator that is bounded (Corollary 3.1). In Section 4, we prove some
properties of derivations which are necessary in the following. Next, in Section 5,
inspiring of Rodriguez Palacios’s technical, we prove the main theorem (Theorem
5.1) and, consequently, we generalize Rodriguez Palacios’s theorem (Corollary
5.3). Also, in Section 6, we prove the equivalence between the boundedness of
Jordan product and the boundedness of quadratic product (Theorem 6.1).

Furthermore, we study the continuity problem of this products (Theorem 6.2).
In the Fréchet case, we conclude the equivalence between the global continuity of
ordinary product and quadratic product (Corollary 6.2).

2. Preliminaries

Recall that a bornology on a set X is a family B of subset X such that B is a
covering of X, hereditary under inclusion and stable under finite union.

The pair (X, B) is called bornological set.

A subfamily B of B is said to be base of bornology B, if every element of B
is contained in an element of B'.

Let X and Y be two bornological set, a map X — Y is called bounded if
the image of every bounded subset of X is bounded in Y.

A bornology B on K-vector space E is said to be vector bornology on E if
the maps (z,y) — = +y and (A, z) — A.x are bounded.
We called a bornological vector space(b.v.s) any pair (X, B) consisting of a vector
space F and a vector bornology B on E.

A vector bornology on a vector space is called a convex vector bornology if it
is stable under the formation of convex hull.

A bornological vector space is said a convex bornological vector space (cbvs)
if its bornology is convex.

A sequence (,),>0 in bornological vector space (b.v.s) E is said Mackey-
convergent to 0 (or converge bornologically to 0) if there exists a bounded set
B C E such that

(Ve > 0) (Ing € N)/ (n > ng) implies (z, € eB).

If E is (cbvs) then (z,,),>0 is Mackey-convergent to 0 if there exists a bounded
disk B C E such that (x,)n,>0 C Ep and (x,),>0 converges to 0 in Ep.

A set B in a (bvs) E is said M-closed (or b-closed) if every sequence
(xn)n>0 € B Mackey convergent in E its limit belongs to B.

Let E be a (cbvs) and A is a disk in E. A is called a completant disk if the
space (E4,pa) is a Banach space.

A (cbvs) E is called a complete convex bornological vector space if its bor-
nology has a base consisting of completant disks.

Let E be a (bvs) and A C E, the bornological closure (briefly b-closure or
M-closure) of A denoted A is the intersection of all bornologically closed subsets
of E containing A.
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If (E,B) is a (cbs) then, there exists on E a locally convex topology de-
noted tg.

Let (E,T) be a topological vector space (tvs) we denotes by bg its von Neu-
mann bornology given by the topology 7. Then (E,bg) is a (cbvs).

Generally we have T' # t;,,, if there is equality, we say that the topology T is
bornological.

Let (E, B) be a (cbvs). The bornology B is said topological if B =b;,,.

Let E and F be two (les) and v : E — F a bounded linear map. If the
topology of E is bornological then w is continuous.

Let (E,T) be a (lcs), E is called completely bornological if there exists a
complete convex bornological space (E;, B) such that T' = tyy,, algebraically and
topologically. Evidently, in this case E is bornological.

Since every Fréchet space is completely bornological, then it is bornological [2].

Recall that if £ is a (cbvs), a net in E is a family R of disks of E, V,,, .,
with k,ni,ne, ..., ni € N, satisfying the condition

k

E = U Vi and Vi, oy = U Voi...m, for all & > 1.

ni1>1 ng>1

If B is a separated convex bornology on E, we say that R and B are compatible
if the following two properties are verified:

(i) For every sequence (ng)r>1 of integers, there exists a sequence (ay)g>1 of

positive reals such that, for each f; € V,,, ., and for each p € [0, o]

the series Z i fr converges bornologically in (£, B) and its sum satisfies
k=1

Z,ukfk € Viyy ooy g for every kg € N.
k=1

(ii) For every pair (ng, A\x)r>1 consisting of a sequence (ny)x>1 of positive integers

is bounded

and a sequence (A\g)r>1 of a positive reals, the set ﬂ MV

k>1

in (E,B).

We say that a convex bornological space (E, B) has a net, or that its bornology
has a net, if there exists in £ a net R compatible with B. In this case we also say
that R is a net in (£, B) and that (£, B) is a space with a net, see [1], [2].

Recall that every bornology of a (cbvs) having a countable base has a net.
Consequently the von Neumann bornology by of a Fréchet space has a net.

The bornologically closed graph theorem. [4] Let (E, B) be a complete (cbvs)
and (E',B') be a (cbvs) such that B' has a net. Then, every linear map u : E — E'
with a bornologically closed graph in E x E is bounded.

Let K be a commutative field of characteristic 0. An algebra over K is a K-
vector space A with a bilinear map (z,y) — z.y of A x A into A. If this product
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is associative (resp commutative), we say that the algebra is associative (resp.

commutative).
Let x,y € A, define the following maps:
Ry(y) = yx
La(y) = xy
U(y) = 2z(zy) — 22y
1
Uﬂmy = E(Uaﬂry - U — Uy)

It is well-known that x — U, is quadratic. U,(y) is called a quadratic product of
x and .
Let A be an algebra, we denote by A™ the algebra A equipped with its vector
space structure and the product o defined by
1
Toy = §(scy+yx) for all z, y € A.

The product o is called the Jordan product.
In AT, we have the remarkable identities

roy=yox and (z’oy)oxr =2z%0(youx).
Let A be an algebra, A is called Alternative algebra if
Va,y € A, z(zy) = 2%y and (yx)r = yz*.

It follows that U,(y) = xyx.
Denotes [z, y] = xy — yx, it is easy to verify that:

e, ley]] = Alyo(rox) — (yor)ox) and
[z,yoz] = yolr, 2]+ [x,y]oz.

An alternative algebra A is semi-prime if {0} is the only two sided ideal J of
A with J? = 0. This is equivalent to aAa = 0 implies that a = 0.

On the other hand, an alternative algebra A is semi-prime if, and only if, A"
is semi-prime.

A linear mapping D on an algebra A is called a derivation if:

D(zy) = D(z)y + xD(y) for all z, y € A

Let D be a derivation on an algebra A, we have the Leibnitz rule:
Va,y € A, D"(xy) = Y  CiD'(z)D"(y).
i=0

For details, we can see [3].

3. Separating space and properties

In [7], Sinclair studied the necessary conditions for continuity of homomorphisms,
derivations and pair of operators acting on a Banach space.
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The aim of the present paper is to extend some of this results in case of
bornological vector space (bvs) and consequently obtains some techniques to an-
swer the boundedness problem for linear operators.

We extend naturally the notion of separating space of some linear operator .S
between (bvs) X and (bvs) Y. The notion of separating space characterizes the
continuity of linear operators (Corollary 3.1).

Definition 3.1. Let X and Y be two bornological vector spaces, let T' be a linear
map of X into Y. We called the separating space of T', the subset o(T") of Y
defined by:

o(T)={yeY/IHry)n C X :x, M0 and Tz, %y}

Proposition 3.1. Let X and Y be two bornological vector spaces andT : X —'Y
a linear map. Then o(T) = {0} if, and only if, the graph of T is b-closed.
Proof. Let G(T') be the graph of T" and suppose that o(7") = {0}.

Let (z,, T(x))n>0 C G(T') such that (z,,T(z,)) R @y eXxxy,

Then, z,, > 2 and T(xy) 2y, but T(x, —z)=T(z,) —T(x).

Hence T'(z,, — x) My— T(x).

Consequently, (y — T'(z)) € o(T) and y = T'(z).

Conversely, assume that G(T") is b-closed.

Let y € o(T). There exists a sequence (z,),>0 C X such that z, Mo
and T(z,) 2 y. Since (z,, T(z,))n C G(T) and (@, T(2n) )n>0 2 (0,y), then
(0,y) € G(T). Therefore y = 0. .

Corollary 3.1. Let X be a complete convex bornological vector space (ccbvs)
and Y be a bornological vector space (bvs) such that its bornology has a net, let
T:X =Y alinear map. Then, T is bounded if, and only if, o(T) = {0}.

Proof. Using the bornologically closed graph theorem and Proposition 3.1. n

4. Properties of derivations

Proposition 4.2. Let A be an alternative algebra, assume that A is considered
as a bornological vector space (bvs). Let D be a derivation on A. If the ordinary
product of A is separating bounded, then the separating space o(D) of D is two-
sided ideal in A.

Proof. Let a € A and b € (D). Then there exists a sequence (by,),>0 C A such

that b, —» 0 and D(b,,) 2 b. By definition of derivation we have
D(ab,) = aD(b,)+ D(a)b,
D(b,a) = b,D(a)+ D(b,)a
Since the ordinary product of A is separating bounded, by taking the limit we

have: D(ab,) 2 ab, D(b,a) X ba, ab, 20 and bya 2 0.
Therefore, ab € o(T) and ba € o(D). .
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Proposition 4.3. Let A be an alternative algebra, assume that A is considered as
a bornological vector space (bvs). Let D be a derivation on A such that its square is
bounded. If the ordinary product of A is separating bounded, then [o(D)]* = {0}.

Proof. Let a € A and b € (D). Then there exists (b,)n,>0 C A such that

b, 24 0 and D(b,) 5 b.
By Leibnitz rule, it follows that
D?(ab,) = aD?(b,) + 2D(a).D(b,) + D*(a)b,.

Since D? is bounded and the ordinary product of A is separating bounded, taking
the limit in sense of Mackey we obtain

(Va € A), (Vb € o(D)), D(a)b=0.
This shows that [o(D)]* = {0}. .

Corollary 4.2. Let A be an alternative semi-prime algebra, assume that A is
considered as a complete convex bornological vector space (cbvs) and its bornology
has a net. If the ordinary product of A is separating bounded, then every derivation
having a bounded square is bounded.

Proof. By Corollary 3.1, it suffices to prove that (D) = {0}.
By Proposition 4.1, o(D) is two sided ideal, and from Proposition 4.2 we have

[o(D))* = {0}

Since A is semi-prime, then o(D) = {0}. n

5. Boundedness and continuity of Jordan and ordinary products

Theorem 5.1. Let A be an alternative semi-prime algebra, assume that A is
considered as a complete convex bornological vector space and its bornology has a
net. Then, the Jordan product is separating bounded if, and only if, the ordinary
product is separating bounded.

Proof. Clearly, if the ordinary product is separating bounded then Jordan prod-
uct is separating bounded.

Conversely, assume that the Jordan product is separating bounded.

Since A is semi-prime, AT is again semi-prime [5].

Consider an arbitrary element a € A, and define the map D, on A:

D.(z) =[a,z] =axr —xa forallz € A
D, is derivation in A", indeed:

Do(zoy) = [a,z0y] =z 0a,y] + [a, 7] oy = x 0 Dyu(y) + Da(x) 0 y.
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D? is bounded, indeed:
D2(e) = o, [a,4]) = 4(r o (a.0.0) — (zoa) o).

Since AT satisfies the conditions of corollary 4.1, it follows that D} is bounded.
On the other hand, consider the bilinear mapping ¢ defined on A x A by

o(r,y) = [z,y].

Therefore, ¢ is separating bounded.
Since ab=ao b+ %gp(a, b), then ordinary product is separating bounded. m

Remark 5.1. For example of complete convex bornological vector space (cbvs)
such its bornology has a net, we take Fréchet space and complete convex borno-
logical vector space with a countable base.

Lemma 5.1. Let E be a Mackey-complete convex bornological vector space, F' be
a topological convex bornological space and G be a bornological vector space. Let
Y EXF — G be a bilinear map separating bounded. Then, v is globally bounded.

Proof. It is immediate by Theorems 5 and 8 of [1]. .

Corollary 5.3. Let A be an alternative semi-prime algebra, assume that A is con-
sidered as a complete topological convex bornological vector space and its bornology
has a net. Then, the Jordan product is bounded if, and only if, the ordinary product
s bounded.

Proof. It is immediate application of Lemma 5.1 with £ = F =G = A. u

Corollary 5.4. Let A be an alternative semi-prime algebra, assume that A is
considered as a completely bornological locally convex space and its bornology has
a net. Then, the Jordan product is separating continuous if, and only if, the
ordinary product is separating continuous.

Proof. Assume that Jordan product is separating continuous. Then it is is separa-
ting bounded. Since A is completely bornological, there is on A a complete convex
bornology B. By Theorem 5.1, it follows that ordinary product is separating
bounded. Consequently, it is separating continuous.

A similar argument shows that if the ordinary product is separating conti-
nuous then also the Jordan product is separating continuous. .

Corollary 5.5. ([Rodriguez-Palacios’s theorem|) Let A be an alternative semi-
prime algebra, assume that A is considered as a Fréchet space. Then, the Jordan
product is separating continuous if, and only if, the ordinary product is separating
continuous.

Proof. Since A is a Fréchet space, then it is completely bornological and its
bornology has a net [2].

We conclude the result by Corollary 5.2 and Theorem 2.17 of [6]. n
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6. Boundedness and continuity of quadratic product

Theorem 6.2. Let A be unital alternative algebra, assume that A is considered
as a bornological vector space. Then, the Jordan product is bounded if, and only
if, the quadratic product is bounded.

Proof. Since A is unital alternative algebra, then
(z,y € A), Usly) = U (y) =2z 0 (zoy) — (zox)oy
Therefore, Jordan product is bounded implies that the quadratic product

(z,y) = Us(y)

is bounded.
Conversely, assume that the quadratic product is bounded. Consider the
bilinear map defined by:

1
Ua,b = é(Ua—l—b U, — Ub)
Denotes by e the unit of A and let x € A. We have:
1
Rfi=LI=U,.= i(Uere - U, —U,).

Hence
(Va,y € A) w0y = S(Unsely) — Ualy) ~ Uey)).

Since A is bornological vector space the map = +— x + e is bounded, consequently
the Jordan-product is bounded. n

Corollary 6.6. Let A be an unital alternative algebra, assume that A is considered
as a complete bornological vector space (respectively, topological) and its bornology
has a net. Then, the ordinary product is separating bounded (respectively, bounded)
if, and only if, the quadratic product is separating bounded (respectively, bounded).

Theorem 6.3. Let A be an unital alternative algebra, assume that A is considered
as a bornological locally convexr space. Then, the Jordan product is separating
continuous if, and only if, the quadratic product is separating continuous.

Proof. Denotes by by the von Neumann bornology of a locally convex topology
of A. It follows that (A,b4) is a convex bornological space. We have

(Vz,y € A), Up(y) =US(y) =220 (xoy)— (xox)oy.

T

From this, if the Jordan product is separating continuous then the quadratic
product is separating continuous.

Conversely, assume that quadratic product is separating continuous. For a
fix y € A consider the map ¢, : x — U,(y). Thus, ¢, is separating continuous.
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We claim that ¢, is bounded.
Let B be a bounded subset of A and W a neighbourhood of 0 in A. Then
there is a neighbourood V' of 0 and a positive real number « such that

0, (V) C W and B C aV.

But ¢, is quadratic, hence p,(ax) = a?p,(z).

Therefore, ¢, (B) C o*W, and consequently ¢, is bounded.

On the other hand, the map y — U,(y) is linear and continuous, then it is
bounded. We conclude that, (x,y) — U,(y) is separating bounded.

By Theorem 5.1, we conclude that the Jordan product is separating bounded.

By hypothesis A is bornological, then the Jordan product is separating con-
tinuous. So the proof is complete. .

An immediate consequence, we have the following theorem.

Corollary 6.7. Let A be unital alternative semi-prime algebra, assume that A is
considered as a Fréchet space. Then, the ordinary product is continuous if, and
only if, the quadratic product is continuous.

Proof. It is clear that if the ordinary product is continuous then the quadratic
product (z,y) — U,(y) = zyx is continuous.

Conversely, suppose that the quadratic product is continuous. Since A is a
Fréchet space then it is bornological. Thus, by Theorem 6.2, the Jordan product
is separating continuous, and, consequently, it is continuous [6, Theorem 2.17].
By Corollary 6.1, we conclude that the ordinary product is continuous. u

References

[1] AvLAIN FAURE, C., FROLICHER, A., The uniform boundedness principle
for bornological vector spaces, Arch. Math., vol. 62 (1994), 270-277.

[2] HOGBE-NLEND, H., Bornologies and Functional Analysis, Amsterdam, 1977.

[3] JACOBSON, N., Structure theory for Finite dimentional Jordan Algebras,
Amer. Math. Soc. Coll Publications, vol. 39 (1968).

[4] Popa, N., Le théoréme du graphe b-fermé, (CRAS) Paris, Ser. A-B, 273
(1971), A 294-A 297.

[5] RODRIGUEZ PALACIOS, A., La continuidad del producto de Jordan implica

la del ordinario en el caso completo semi-primero, Contrib. en Prob. y Est.
Mat. Ens. de la Mat. y Analysis, 1979, 280-288, Univ. de Granada.

6] RupIN, W., Functional Analysis, Mc Graw-Hill, Series in Higher Mathe-
matics.



278 A. TAJMOUATI

[7] SINCLAIR, A.M., Automatic continuity of linear operators, Lectures Notes,
serie 21, Cambridge Univ. Press, 1976.

[8] WAELBROECK, L., Topological Vector Spaces and Algebras, Springer Lec-
ture Notes In Math, n. 230 (1971).

Accepted: 05.06.2012



ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 30-2013 (279—288) 279

ON HYPERRINGS ASSOCIATED WITH BINARY RELATIONS
ON SEMIHYPERGROUP

Sanja Janci¢ Rasovié

Faculty of Natural Sciences and Mathematics
University of Montenegro

DzZordzZa Vasingtona bb, 81000 Podgorica
Montenegro

e-mail: sabu@t-com.me
http://www.pmf.ac.me/

Abstract. In this paper we construct a class of hyperrings associated with binary
relations on a semihypergroup. We establish a connection between the constructed hy-
perring (H, +,,,0p,) and the hyperring of multiendomorphisms of hypergroup (H,+,,).
Also, we analyze subclasses of the constructed class, which are associated with partial
orderings on a set of multimappings.

1. Introduction

The hyperstructure theory was introduced by F. Marty at the 8 Congress of
Scandinavian Mathematicians held in 1934. A semihypergroup (H, o) is a nonempty
set H equipped with a hyperoperation o, that isamap o : H x H — P*(H), where
P*(H) denotes the family of all nonempty subsets of H, and for all (z,y, z) € H?:
zo(yoz) = (zoy)oz. A semihypergroup is called a hypergroup in the same sense
of Marty [1] if for every a € H : ao H = H oa = H. In the above definitions, if
A,B € P*(H), then Ao B is given by:

Ao B = U aob

acAbeB

xo Ais used for {x} o A and Aoz for Ao {z}.

A comprehensive review of the theory of hyperstructures appears in Corsini
[2], Corsini and Leoreanu [3] and Vougiouklis [4].

Similar to hypergroups, that are algebraic structures more general than groups,
the hyperrings extend the classical notion of rings, substituting both or only one
of the binary operations of addition and multiplication by hyperoperations. The

principal notion of hyperring theory can be found in Krasner [5], Davvaz [6], [7],
[8], Dasic [9], Rota [10], Spartalis [11] and Vougiouklis [12].
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The association between hyperstructures and binary relations had been stu-
died mainly in [13], [14], [15], [16], [17], [18]. Chvalina [13], [14] and Hort [19] use
ordered structures for the construction of semigroups and hypergroups. Rosenberg
[17] associated with any binary relation p of the full domain, a hypergrupoid H,
and found conditions on p, such that H, is a hypergroup. Corsini and Leoreanu
[20] study hypergroups and binary relations.

In Section 3 of this paper we obtain a class of strongly distributive hyper-
rings associated with binary relations on semihypergroup. We investigate their
morphisms and we also establish connection between the constructed hyperring
(H,+,,,0p,) and the hyperring of multiendomorphisms of a hypergroup (H,+,,).
Schweizer and Sklar [21], has given a set of postulates designed to describe the
algebraic behaviour of ordinary functions under any one of the three operations:
addition, multiplication or composition. These postulates define a system which
is a partially ordered semigroup with identity, where semigroup operation and
the partial order relation are related with certain conditions. We show that these
systems generate a subclass of a class that we constructed in Section 3.

2. Preliminaries

In this Section, first we recall some notions, notations and results.
Definition 2.1. A multivalued system (H,+, ) is a hyperring if:
1) (H,+) is a hypergroup
2) (H,-) is a semihypergroup
3) () is a distributive with respect to (+), i.e. for all (z,y,2) € H® we have:
a) - (y+z2)Cx-y+a-z
and
b) (y+2) 2 Cy-atsom

If in conditions 3a) and 3b) the equality is valid, then the hyperring is called
strongly distributive.

Definition 2.2. Let (A4, +,-) and (B, +',) be two hyperrings. Amap f: A — B
is called an inclusion homomorphism if the following conditions are satisfied:

fle+y) C flx)+ fly)
and
flz-y) C flz) fy)

for all z,y € A. A map f is called a strong homomorphism if in the previous
conditions the equality is valid.
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Definition 2.3 (and Theorem). Let (H,+) be a commutative hypergroup, and
F(H) the set of multiendomorphisms of H, i.e.

F(H) = {h H - P*(H)‘(Vx,y e ) |J hlu) Chz) + h(y)}.

ucr+y

Let’s define for all (f,g9) € F(H) x F(H) :

feg={heF(H)|(Vz € H)h(z) C f(z) & g(x)}

fog={heF(H)|vae @) C flgl) = | fw)}.
)

ueg(z

Then the structure (F(H),®,®) is a hyperring. This hyperring is called a hyper-
ring of multiendomorphisms of hypergroup (H, +). The each binary relation p on
a set H, a partial hypergroupoid H, = (H;o0) is associated [17], as follows:

V(z,2) € H*,xox ={y € H|(z,y) € p},roz=20xUz02.

By a partial hypergrupoid we mean a non-empty set H endowed with a function
from H x H to the set of subsets of H.
Let

D(p) ={x € H]y € H : (x,y) € p}
R(p) ={x € H|F3z € H: (2,2) € p}.

An element z € H is called an outer element of p if there exists y € H such that
(y,2) & p.

Theorem 2.1. [[17]] H, is a hypergroup if and only if:

1) H = D(p);
2) H = R(p);
3) p Cp%

4) if z is an outer element of p, then Vx € H, (z,2) € p* = (z,2) € p.

3. Hyperrings associated with binary relations on semihypergroup

In this Section we construct a class of hyperrings associated with binary relations
on semihypergroup. We establish connection between the constructed hyperring
(H,+,,,0,,) and the hyperring of multiendomorphisms of hypergroup (H,+,,).
Also, we analyze morphisms of obtained class and subclasses which are associated
with partial orderings on a set of multimappings.
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Theorem 3.1. Let (H,o) be a semihypergroup equipped with binary relations py
and py such that p1 C po. Let pi(i = 1,2) be a reflexive and transitive relation
such that, for all x,y,z € H,

(x,y) epp=—= (Mbeyoz)(Faczoz)(ab)ecp and
(Vb€ zoy)(Ja € zox)(a,b) € p;.

(1)
We define hyperoperations +,, and o,, on H, as follows:

x—i_Ply:{Z ‘ (:C?Z) Epl or (y,Z) Epl}
and
x+pzy: {Z ‘ EIaExoy,(a,z) EpQ}
for all (z,y) € H x H.
The structure (H,+,,,0,,) is a strongly distributive hperring.

Proof. By Theorem 2.1, (H,+,,) is a hypergroup. Let us prove that (H,o,,) is

a semihypergroup. Since p; is reflexive, then for any a € x oy it holds a € x o, y

ile. x o,y #0.
Let x,y,z € H. Set:

L:(xOpr)OpQZ: U UOCp, 2

UETOpy Y

and
D =wo, (yom z) = U L Opy V-
VEYOpy 2

Suppose w € L. Then there exists u € z o,, y such that w € uwo,, 2. Thus,
there exists a € x oy such that (a,u) € ps and there exists ¢ € u o z such that
(c,w) € py. By condition (1) from (a,u) € py and ¢ € uo z it follows that there
exists ¢ € a o z such that (¢, c) € pe. Since py is transitive, then (¢, w) € py. On
the other hand, ¢ € a0z C (roy)oz =x0(yoz) and so ¢ € x ov for some
veyozCyo, 2. S0, weE xo, vwhileveyo,zie weD.

Thus, L C D. Similarly, we obtain D C L.

Now, we prove the right distributivity of o,, with respect to +,,.

Let x,y,z € H. Set:

L= (x4, y)o, z=Uuo, z, while uwex+,vy
and

D = (zop, 2) 4, (yop, 2) =Ua+, b, while a€xo,z and becyo,, 2.

P2
If w € L then there exists v € uo z such that (v, w) € py for some u € z +,, y.
We have two possibilities:

(1) If (z,u) € py then by condition (1), there exists a € z o z such that (a,v) €
p1 C p2. As po is transitive we obtain (a,w) € py. Since a € x o z then
w € v o, z. Forany b € yo,, z is holds w € w+,, b, and so w € D.

(2) If (y,u) € p; we can similarly prove that w € D. Thus, L C D.



ON HYPERRINGS ASSOCIATED WITH BINARY RELATIONS ... 283

Suppose now w € D. Then, there exist a,b € H such that w € a +,, b while
a € xo,, zand b € yo,, z. That means, (a,w) € p; or (b,w) € p; while (d’,a) € po
and (I',b) € py for some o’ € xozand V/ € yo 2.

If (a,w) € p1 C po, since (a’,a) € ps we obtain (a’,w) € py while @’ € x oz
ie. w€wopy z. Asx € x4+, y it follows w € L.

If (b,w) € p;y similarly we obtain w € L. Thus, D C L.

The left distributivity of o,, with respect to +,, can be proved in a similar
way. Thus, (H,+,,,0,,) ia a strongly distributive hyperring. n

Corollary 3.1. Let (H,-) be a semigroup equipped with binary relations p; and

p2 such that py C po. Let p; (i = 1,2) be a reflexive and transitive relation such

that for all x,y,z € H, (x,y) € p; implies (x - z,y-2) € p; and (z-x,2z - y) € p;.
If we define hyperoperations +,, and o,, on H as follows:

x+ply:{z|(:(:,z) epl or (y,Z) Gpl}

and
T Op, Y = {Z‘(l"y,Z) € p2}

for all (z,y) € H x H, then the structure (H,+,,,0,,) is a strongly distributive
hyperring.

Throughout the following text the quadruple (H, o, py, p2) will denote a semi-
hypergroup (H, o) equipped with binary relations p; and ps such that p; and po
satisfy the conditions of Theorem 3.1.

Definition 3.1. Let the triples (Hy, p1, p2) and (Hs, 01, 02) denote the nonempty
set Hy equipped with binary relations pi, po and nonempty set H, with binary
relations o1, 0s.

(a) The map « : H; — Hj is said to be isotone if
zpiy = a(z)da(y)
for all z,y € Hy and i € {1,2}.
(b) The map a : Hy — H, is said to be strongly isotone if
a(z)oy < (32’ € Hy)zpix' Na(z') =y
for all (x,y) € Hy x Hy and i € {1,2}.
The next theorem is generalization of Theorem 4.5 [22].

Theorem 3.2. Let (Hy,+,,,0,,) be a hyperring associated with (Hy,o, p1,p2)
and (Hy, +4,,95,) be a hyperring associated with (Hy,0,01,09). If f: (Hy,0) —
(H,, 0) is an isotone (strongly isotone) homomorphism of semihypergroups (Hy, o)
and (Hsy,0), then f is an inclusion (strong) homomorphism of a hyperring
(Hi,4p,,0p,) into hyperring (Ha, +4,,00,).
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Proof. Let f: (Hy,0) = (Hs,0) be an isotone homomorphism and z,y € Hy. If
w € f(z +,, y) then there exists z € Hy such that w = f(z) while (z,2) € p; or
(y,z) € p1. Since f is isotone, then (f(x), f(z) = w) € oy or (f(y), f(2) =w) € 0y
and so w € f(z) 44, f(y).

Now, let we f(xo,,y). Then there exist a, z € H; such that a € zoy, (a, z)€ps
and w = f(z). As f is an isotone homomorphism then f(a) € f(x) o f(y) while
(f(a), f(z) =w) € 09 and so w € f(x) oy, f(y). Thus f : (Hy,+p,0p,) —
(Ha, +4,,094,) is an inclusion homomorphism.

If f:(Hy,0) — (Hs,o0) is a strongly isotone homomorphism, then obviously
[ is isotone and as we proved for all x,y € H; it holds: f(x+,,y) C f()+s, f(y)
and f(z o,, y) C f(2) oy, f(y). We will prove the converse inclusion.

Suppose w € f(x)+,, f(y). Then (f(x),w) € oy or (f(y),w) € oy. It implies
that there exists z € Hy such that (x,2) € p; or (y,2) € p; while f(z) = w, as f
is strongly isotone. Thus, w = f(z) € f(x +,, y). So, f(x)+o, f(y) C f(z +,, V).

Now, let w € f(z) oy, f(y). Then there exists u € f(x)o f(y) = f(xoy) such
that (u,w) € oy. So, there exists z € x oy such that u = f(z) while (u,w) € .
As f is strongly isotone, there exists a € H; such that (z,a) € ps and w = f(a).
Thus, a € x0,,y and w = f(a) € f(xo,,y). Therefore f(x)o,, f(y) C f(z o, y).

This completes the proof. u

Let (H, o) be a semihypergroup and p be a binary relation on H. If {A, B} C
P*(H) we write ApB to denote that: (Va € A)(3b € B) such that (b,a) € p and
(Vb € B)(Ja € A) such that (a,b) € p.

Theorem 3.3. Let (H,+,,,0,,) be a hyperring associated with (H, o, p1, p2) and
(F(H),®,®) be a hyperring of multiendomorphisms of hypergroup (H,+,,).
If we define a mapping V : (H,+,,,0,,) = (F(H),®,®) by
U(a) = fo,Va € H,
where f, : H— P*(H) is defined by:
fa(x) =ao,, z,Vo € H,

then:

(1) W is an inclusion homomorphism.

(2) If there ezists at least one element x € H such that

aoxpbor = a=">
for all a,b € H, then ¥ is injective.

Proof. As (H,+,,) is a commutative hypergroup there exists the hyperring of its
multiendomorphisms (F(H), ®, ®).
Let a € H. We verify that f, € F(H). Let z,y € H.
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Then:
U fulw) = | aopu= a0, (@+,y) = (a0,2)+p, (@0py) = fal@)+p, fuly).
u€rtp, Yy UET+py Y

(1) Let a,b € H. Set:
L=Y(a +1 b) = {f0|(a70) €pr or (b€ pl}

and
D=V(a) ®V(b) = fa® fo = {h|(V)h(z) C fu(x) +p fo(2)}.
Let ¢ € H such that (a,c) € py and x € H. Then:

fc(x) = COpy T = {y|E|Z ccor, (Zay) S p2}‘

If y € fo(x), then (z,y) € py for some z € cox and as (a,c) € p; there exists
w € aox such that (w, z) € p1 C py. By transitivity of ps we obtain (w,y) € po
ie.y€ao, xC f,(x)+, fulz).
If ¢ € H such that (b,c) € py, similarly we obtain f. € D. Thus, L C D.
Now, assume:

L=Y(ao,b)={flc€ao,, b} ={f|3dcaob,(dc) € ps}

and
D = {n[(Vz)h(z) C fu(fo(z))}.

Let ¢ € H such that (d,c) € py for some d € aoband z € H. If y € fo(x)
then (z,y) € py for some z € cox, as (d,c) € py and z € co z, there exists
w € d oz such that (w,z) € py and by transitivity of ps we obtain (w,y) € po.
Thus, y € do,, x C (aob) o, & C (aoy, b)o, v =ao, (bo,, x) = fu(fo(z)).
Therefore, f.(z) C fo(fo(x)) ie. fo € D.

So, L C D.

(2) Let a # b. Then there exists + € H such that one of the following is valid:
(i) (3c€aox)(Vdebox)(d,c) ¢ pa

or
(ii) (3d € box)(Vec e aox)(c,d) ¢ po.

If (i) is valid, then there exists ¢ € a o x such that ¢ ¢ bo,, x = f(z). Since
ceaox Caoy x= f,(x),it follows fo(z) € fi(z).
If (ii) is valid, then similarly f,(z) € f.(x). Hence, f, # fp i.e. U(a) # V(D).

Remark 3.1. If (H,+,,,0,,) is a hyperring associated with (H,-, p1, p2) where
(H,-) is a semigroup with at least one reductive element and p, is the partial
order then V¥ is an inclusion monomorphism of a hyperring (H,+,,,0,,) into

(F(H),®,0).



286 SANJA JANCIC RASOVIC

Now, we deal with some classes of hyperrings associated with partial orderings
on a semihypergroup (semigroup). Schweizer and Sklar [21] postulated a system
(S,-, <) where (5,-) is semigroup with identity where partial order < satisfies
certain conditions, such that these systems are natural generalization of certain
algebras of functions. In that case, the set of mappings from the reals to the reals
is partially ordered by restriction, i.e. ordinary set inclusion, where the function
being regarded as sets of ordered pairs of numbers. We show that such systems
generate a suitable subclasses of a class constructed in Theorem 3.1.

Theorem 3.4. Let (H,o) be a semigroup with identity e and let < be the partial
order on H, connected with semigroup operation with next conditions:

(1) If a < b then there exists an element ey < e such that a =bo ey
(2) Ifes <ethenaoey <a andeyoa < a.
Then, there ezists a hyperring (H,+<,o<) associated with (H,-, <, <).

Proof. From Theorem 1 [21] it follows that the quadruple (H, o, <, <) satisfies
the conditions of Corollary 3.1. .
Example 1.

(a) Denote by P*(R) the set of all nonempty subsets of reals R. Let M(R) be
the set of all multimappings from relas to reals, i.e.

M(R) = {f:A— P*[R) | ACR, A% 0}.

We can consider function f as the set {(z, f(z)) | = € Domf}. Denote by
© the empty multimapping, i.e. the multimapping that contains no ordered
pairs. If f,g € M(R) and Domf N Domg # (), define:

f+g= {(w,f(m) + g(x))|x € Domf N Domg}.
If f,g € M(R)U ¢ and Domf N Domg = (), we define:

frg=ew
Obviously, (M(R) U ¢, +) is a semigroup with identity element o : R — R
defined by o(z) = 0 for all z € R.
If we define:

f<g<= Domf C Domg and (Vx € Domf)f(x)=g(x),

then M (R U ¢, +, <) satisfies conditions of Theorem 3.4. The restriction of
o which has the same domain as f serves as element e; < o such that f <g
implies f = g+e;. Condition (2) of Theorem 3.4 is, obviously, satisfied. So,
there exists a hyperring associated with (M (R) U ¢, +, <, <).

It can be noted that condition (1) in Theorem 3.4 is symmetric in this case.
Generally, it is not valid (see [21]).
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(b) Now, we will define a hyperoperation @ on a set M(R) U ¢, as follows:

fog = {u|Domu = DomfnDomg, and Yz € Domu,u(z) C f(z)+g(z)}

for all f,g € M(R) such that Domf N Domg # 0, and f @ g = ¢ for all
f,9 € M(R)U ¢ such that Domf N Domg = (.

Then, (M(R) U ¢, ®) is a semihypergroup. If we define a binary relation <
as in a Example 1(a), then, obviously, < is a partial order. Let us verify
that (M(R) U ¢, @, <, <) satisfies condition (1) of Theorem 3.1. Let f < g
and b€ g® h.

If Domg N Domh = () then Dom f N Domh = () and b = . If we put a = ¢
then a € f @ h.

If Domg N Domh # () and b € g ® h then Domb = Domg N Domh and for
all z € Domb it holds b(z) C g(x) + h(x). Now, we have two possibilities:

(1) If Domf N Domh = ) then we put a = ¢ and obviously a € f & h and
a < b.

(2) If Domf N Domh = A # (), then we put A = Doma and a(z) = b(x)
for all z € A.

As Domf C Domg, then A C Domb and we obtain a < b.

As a(x) = b(z) C g(z) + h(z) = f(x) + h(z) for all x € A, it follows
a € f@h. As @ is commutative hyperoperation it follows that condition (1)
of Theorem 3.1 is satisfied. Thus, there exists a hyperring associated with
(MR)Ug, &, <, <).
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1. Introduction

Let M and I' be additive abelian groups. If there exists a mapping (z, a, y) — zay
of M xT'x M — M, which satisfies the conditions

(i) zaye M
(i) (z +y)az=raz+yaz, z(a+ B)z=raz+rfz, xaly + z)=ray+raz
(iii) (ray)Bz=xa(yBz) for all z,y,z € M and o, B € T,

then M is called a I'-ring.

Every ring M is a I'-ring with M =I". However a I'-ring need not be a ring.
Gamma rings, more general than rings, were introduced by Nobusawa [11]. Bernes
[1] weakened slightly the conditions in the definition of I'-ring in the sense of
Nobusawa.
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Let M be a I'-ring. Then an additive subgroup U of M is called a left (right)
ideal of M if MT'U c U(UT'M C U). If U is both a left and a right ideal , then
we say U is an ideal of M. Suppose again that M is a ['-ring. Then M is said to
be a 2-torsion free if 2z = 0 implies z = 0 for all x € M. An ideal P; of a ['-ring
M is said to be prime if for any ideals A and B of M, AT'B C P, implies A C P,
or B C P;. Anideal P, of a I'-ring M is said to be semiprime if for any ideal U of
M, UTU C P, implies U C P,. A I'-ring M is said to be prime if aI'MTb = (0)
with a,b € M, implies a = 0 or b = 0 and semiprime if al'MT'a = (0) with a € M
implies a = 0. Furthermore, M is said to be commutative I'-ring if ray = yax
for all z,y € M and a € I'. Moreover, the set Z(M) = {x € M : xay = yax for
all « € ',y € M} is called the centre of the I'-ring M.

If M is a ['-ring, then [z, y],=ray —yax is known as the commutator of z and
y with respect to o, where z,y € M and a € I'. We make the basic commutator
identities:

[zay, 2] = [z, Z|gay + z|a, By + xaly, 2] and
[z, yazls = [z, y]gaz + yla, Bl.z + yalz, 2]s ,
forall z,y,z € M and o, 3 € T.

We consider the following assumption:
(A) zayBz = zfyaz, for all x,y,z € M, and o, 5 € T
According to the assumption (A), the above two identities reduce to
[zay, z]g = [z, z]pay + zaly, 2|3 and
[z,yaz|p = [z, y]saz + yaz, 2],
which we extensively used.

An additive mapping T : M — M is a left (right) centralizer if
T(ray) =T(x)ay (T(ray) = zaT(y))

holds for all x,y € M and o € I'. A centralizer is an additive mapping which is
both a left and a right centralizer. For any fixed a € M and « € I', the mapping
T(x) = aax is a left centralizer and T'(z) = zaa is a right centralizer. We shall
restrict our attention on left centralizer, since all results of right centralizers are
the same as left centralizers.

An additive mapping D : M — M is called a derivation if
D(zay) = D(z)ay + xaD(y)
holds for all x,y € M, and a € I" and is called a Jordan derivation if
D(zaz) = D(z)azx + zaD(z)

forallz € M and o €.
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An additive mapping 7' : M — M is Jordan left(right) centralizer if
T(xax) =T(z)ax(T(zax) = zaT (z))

forall z € M, and a € T'.

Every left centralizer is a Jordan left centralizer but the converse is not in
general true.

An additive mappings T : M — M is called a Jordan centralizer if
T(xay + yax) = T(x)ay + yoT (),

for all z,y € M and o € I'. Every centralizer is a Jordan centralizer but Jordan
centralizer is not in general a centralizer.

Bernes [1], Luh [9] and Kyuno [8] studied the structure of I'-rings and obtained
various generalizations of corresponding parts in ring theory.

Borut Zalar [15] worked on centralizers of semiprime rings and prove that Jor-
dan centralizers and centralizers of this rings coincide. Joso Vukman [12], [13], 14]
developed some remarkable results using centralizers on prime and semiprime rings.

Y. Ceven [5] worked on Jordan left derivations on completely prime I'-rings.
He investigated the existence of a nonzero Jordan left derivation on a completely
prime ['-ring that makes the I'-ring commutative with an assumption. With the
same assumption, he showed that every Jordan left derivation on a completely
prime I'-ring is a left derivation on it.

In [6], Fazlul Hoque and A.C. Paul proved that every Jordan centralizer of a
2-torsion free semiprime I'-ring is a centralizer. Here they also gave an example
of a Jordan centralizer which is not a centralizer.

In this paper, we develop some results of J. Vukman [14] in T-rings. If M is a
2-torsion free semiprime I'-ring satisfying the assumption (A) and if 7: M — M
is an additive mapping such that

(1) T(zaypr) = xal (y)fx

for all z,y € M and «, 8 € I', then T is a centralizer. Also, we prove that T is a
centralizer if M contains a multiplicative identity 1.

2. Centralizers of Semiprime Gamma Rings

For proving our main results, we need the following Lemmas:

Lemma 2.1 Suppose M is a semiprime T-ring satisfying the assumption (A).
Suppose that the relation aaxSb+baxSc = 0 holds for allx € M, some a,b,c € M
and o, 8 € T'. Then (a + ¢)axBb = 0 is satisfied for all x € M and o, B € T".
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Proof. Putting x = xfbay in the relation

(2) acx b+ baxfc =0
We have
(3) aaxSbayBb + baxfbayfc =0

On the other hand, a right multiplication by aysb of (2) gives
(4) aaxfbaypb + baxfeayfb = 0.

Subtracting (4) from (3), we have

(5) bazB(bayfc — caypb) = 0.
Putting x = ySeax in (5) gives

(6) bayfeaz(bayfe — cayfh) =0
Left multiplication by cayp of (5) gives

(7) cayPbaxf(bayfc — cayfb) =0

Subtracting (7) from (6), we obtain

(bayBe — caypb)azB(bayfe — cayBb) =0
which gives
(8) bayfBe = caypb,

y € M and «, 8 € T'. Therefore, baxfc can be replaced by caxfb in (2), which
gives

aaxfb+ caxfb =0
ie.
(a+c)axpb =0
Hence, the proof is complete. .

Lemma 2.2 Let M be a 2-torsion free semiprime U'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zayBz) = zaT(y)Bs
holds for all x,y € M and o, 8 € I'. Then

(1) [[T(z), 2], 2] =0
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(i) 2B[T(x), z]ayz =0

(iii) zB[T(z),z]o =0

(iv) [T(x),z]ofx =0

(v) [T(x),2]a =
Proof. We prove that (i)
(9) [T(x), z]a, 2]5 = 0.
For linearization, we put « + z for = in relation (1), we obtain
(10) T(xaypBz + zayfz) = zaT(y)Bz+ zaT(y)sw.
Replacing y for x and z for y in (10), we have
(11) T(zazBy + yaxfr) = zod(x)py + yal(x)p.

For z = (za)%z relation (10) reduces to
T(zayB(ra)’s + (ra)’rayBr)
(12) = zaT (y)B(za)’z + (va)*zaT (y) B,
Putting y = zayfz in (11), we obtain
T((za)*zByBz + xByB(za)’z)
(13) = zaT (z)frayfz + xayfzad (z)Px.
The substitution xaxSy + yaxfx for y in the relation (1) gives
T((xa)?xByBx + (va)’xPfypr) = raT(vazBy + yBraz)Bx

which gives because of (11),

T((ve)*zByBz + 2ByB(va)’z)

(14) = (za)*T(z)ByBx + zayBT (z)axf.
Combining (13) with (14), we arrive at
(15) xoz[T(x), x]aﬂyﬂx - :L‘Oéyﬂ[T(l'), x]aﬁx = 0.

Using (8) in the above relation, we have

zayPT (x)axfr — xayPfral (z)fx — xa[l(x), x],fybr = 0

T(x)azxaypxfr — xaT (x)fraybr — xa[T(x), x| fybr =0

T(x)axfrayfx — xad (x)Srayfr — xa[T(x), ]aﬁyﬁx =0
(16) (T(x)ax — zaT(z))Prayfr — xalT (), ], fyfr =0

[T'(x), z]aBroyBr — xB[T(x), m]aayﬁﬂc =0
([T(2), zlafx — xB[T (), 2]o)oy Sz = 0
[T (x), #la, x]gayfz = 0.
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Let y = ya|T'(z), z], in (16), we have

(17) [T'(x), z]a, 2]goyalT (z), zlafz = 0.
Right multiplication of (16) by «[T'(x), x], gives
(18) ([T'(2), 2]a, 2] sy Bra[T (z), 2]la = 0.

Subtracting (18) from (17) one obtains
[T(2), #la, €]geya[T(x), 2]a, #]s - = 0.
Since M is semiprime, so (9) follows i.e.
[T'(2), #]as 2] = 0.
Now, we prove the relation (ii):

(19) xf[T(x),x]oyz =0.

The linearization of (9) gives

([T(z), o, yls + [T (W), ]as 2] + [[T(y), 2]a, Y]
+ [[T(®), Ylas yls + [T (), Ylas 7]

Putting x = —x in the above relation, we have

[T(z), ©]a, ylg + [T (W), 2las 2l — [T (W), ¥]as yls + [T(2), Yla,
— [[T(2), Y]as ¥lg — [T (¥), Yla

Adding the above two relations, we have

2[[T(l‘), x]aa y]ﬁ + 2[[T(l‘), y]av CL’]@ + 2[[T(y)’ x]av 11]3 = 0.

Since M is 2-torsion free semiprime ['-ring, so, we have

(20) (T (), 2las yls + [[T(2), Yla x]p + [[T(Y), 2la; 2] = 0.
Putting zfy~vyx for y in (20) and using (1), (9),(20) and assumption (A), we have
0 = [[T(x),x

]
= xf[[T(x),
+ [[T(2),

ERESS
I
o

SR
B, 5
>
|
(@]

o> TByvzl + [[T(2), 2Byy2]as ¥l + [2BT (y)V2, T]a, 7]s
o, Ylpyw
zloByvz + 2B[T (), ylavz + 2Byy[T(2), 2]a, 2]p
[T(y), z]avz, x]s
(), o, ylgve + [T(2), 2]aBly, 2]p7x + 2B[[T(2), Ylas Tlp72
+ [y, 2]sBT (2), 2] + 2B[[T(y), z]a, x]s7®
= [T(),2]aBly, ¥lgyz + 27[y, 2]sB[T (2), 7]a
= [T(2), z]oafypryr — vyafyBT(z), v]a
+ ayyPaBI(z), zla — [T(x), 2]a Bz Byyz.
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Therefore, we have

[T'(x), v)aByBryr — vyxfyB[T (), x]o + vyyBrB[T(x), 7]a
_[T(x)?x]aﬁxB97$ =0,

for all z,y € M, «a, 8 € ', which reduces because of (10) and (15) to
[T(z), 2] fyBryr — 2yxByB(T(2), 2]a = 0.
Left multiplication of the above relation by z3 gives
2B[T (x), x)ofyBrye — xfxyeByB[T (), x]a = 0.

One can replace in the above relation according to (15), xf[T(z),z|.BySlx
by xpyB|T(z), x],fx which gives

(21) 2ByBT (x), x]afryr — xBrBryyB[T(x), x]o = 0.
Left multiplication of the above relation by T'(z)a gives
(22)  T(z)ozpyp(T(z), zlafryr — T(x)ozfrBryybT(z), z]a = 0.
The substitution T'(x)ay for y in (21), we have
(23)  zpT(2)ayB(T(x), 2]a By — 2Bz v T (x)ayBlT (z), z]a = 0.
Subtracting (23) from (22), we obtain
[T'(x), 2]aByBIT (x), 2lafzye — [T(x), vBzy2]afyb[T (), 2]a = 0.

From the above relation and Lemma 2.1, it follows that

([T(2), 2Bayala — [T(x), z]afry) ByBSIT (x), 2la = 0,
which reduces to

(@[T (x), z]avz + xfzy[T(2), 7]a) ByB[T (2), 2]o = 0.

Relation (9) makes it possible to write [T'(x), ],z instead of zv[T'(x), z|,, which
means that xzfzy[T(x), x], can be replaced by z5[T(z), z],yx in the above rela-
tion. Thus we have

2BIT (), )12 ByBIT (x), 2]a = 0.

Right multiplication of the above relation by vz and substitution yfSx for y gives
finally,

zB[T (), z]oayrByBrB[T (x), z]ayx = 0.
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Hence, by semiprimeness of M, we have
xf[T(x),x]ayz =0.
Next, we prove the relation (iii):
(24) zp[T(z),z]a =0, x € M, a €.
First, putting yax for y in (15), gives because of (19)
(25) za[T(x), z|oPyaxfx = 0.
The substitution yaT'(x) for y in (25), we have
(26) zalT (), z]ofyaT (z)axfz = 0.
Right multiplication of (25) by o7'(z),
(27) zalT (), z]ofyczfzaT (z) = 0.
Subtracting (27) from (26) we have
zalT (), z]ofyc(T (z)azfr — xfxaT(x)) =0
) tlafyalT (x), xfa]o = 0
): 2laBya([T(x), 2]afz + xB[T(x), 2]a) = 0
= of[T(z), t]aayo([T (z), 2]ofz + 2T (2), 2]a) = 0.
According to (9), one can replace [T'(z), z]ofx by z5[T(z), x|, which gives
BT (x), x]payaxf[T(x),x]s) =0, z,y € M o, S €T,

= zalT(x
= za[T(x

Hence, by semiprimeness of M,
2f[T(x),x]a =0, v,y € M, B E€T.
Finally, we prove the relation (v):
(28) [T(x),z]o =0.
From (9) and (24), it follows that
[T(x),z]afr =0, z€ M, a,B €T.

The linearization of the above relation gives(see how relation (20) was obtained
from (9)),

[T(z), 2]afy + [T(x), ylabz + [T(y), v]afz = 0.
Right multiplication of the above relation by [T'(x), x|, gives because of (24),
[T(ZL‘), x]aﬁyﬁ[T(l‘)a '17]& = 07

which implies
[T (), z]o = 0. n



CENTRALIZERS ON SEMIPRIME GAMMA RINGS 297

Lemma 2.3 Let M be I'-ring satisfying the assumption (A) and let T : M — M
be an additive mapping such that T'(xoayfx) = xaT (y)Bx holds for all z,y € M
and o, 8 € I'. Then

(29) za(T(ray + yax) — T(y)ax — zaT(y)) Bz = 0.
Proof. The substitution zay + yax for y in (1) gives
(30) T(raraypfx + rayaxfr) = xaT (zay + yax)z.
On the other hand, we obtain by putting z = zax in (10), we have

T(raraypx + zayfrax) = zaT (y)axfr + raxaT (y) Pz,
le.,
(31) T(raraypfx + rayaxfz) = zaT (y)axfzr + raxa (y) L.
By comparing (30) and (31), we have

za(T (zxay + yax) — T(y)axr — xaT (y)) Bz = 0.
Let Go(z,y) = T'(ray + yax) — T(y)ax — xzaT(y). Then, it is clear that
raGy(z,y)fr =0 and G,(z,y) = Gu(y, ).
Replacing z for y and using (29), we have
yaGa(z,y)By = 0.

We can also prove easily the following results:

i)
(i) Galz,y+2) = Ga(z,y) + Go(z, 2)
(i) Garpl(z,y) = Galz,y) + Ga(z,y)
(iv) Ga(—=,y) = —Galz,y)
(v) Galz, —y) = =Galz,y). .

Lemma 2.4 Let M be a 2-torsion free semiprime I'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zayfe) = 2aT (y)Bz

holds for all x,y € M and o, 3 € I'. Then
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(a) [Galz,y),2]la =0
(b) Gu(z,y) =0.
Proof. First we prove the relation (a):
(32) (Go(z,y),z] = 0.
The linearization of (28) gives
(33) (T(x),yla +[T(y),2]a =0, z,y € M, a €T.
Putting zay + yax for y in the above relation and using (28), we obtain

[T(z), zay + yax], + [T (xay + yax),x], =0
= za|T(2),yla + [T(2), y]acz + [T(xay + yax),z], =0
= [T(zay + yax), z]s + za[T(z), Yyl + [T(z, y]acx = 0.

According to (33), one can replace [T'(z), y]o by —[T(y), x], in the above relation.
We have, therefore,

[T(zay + yax), 2lo — za[T(y), 2lo — [T(y), 2]acz = 0,

which can be written in the form

[T'(zay + yax) = T(y)ax — vaT(y), z]a =0,
ie.,

[Galz,y), x]o = 0.
The proof is, therefore, complete. u
Finally, we prove the relation (b):

(34) Go(z,y) =0.
From (29) one obtains (see how (20) was obtained from (9))

raGo(,y)Bz + xaGy(2,y)Br + zaGy(z,y) = 0.
Right multiplication of the above relation by G, (z, y)ax gives because of (29),
(35) xaGo(x,y) 208G (z,y)ax = 0.

Relation (32) makes it possible to replace in (35), zaG.(x,y) by Gu(z,y)ax.
Thus, we have

(36) Go(z,y)axfzBG(x,y)ax = 0.
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Therefore, by semiprimeness of M,
(37) Golz,y)ax =0.
Of course, we also have
(38) raGy(z,y) =0.
The linearization of (37) with respect to x gives
Golz,y)az+ Go(z,y)ax = 0.
Right multiplication of the above relation by aG,(z,y) gives because of (38),
Go(z,y)azaG,(z,y) =0,

which gives

Ga(z,y) =0,
ie.,
(39) T(xay +yax) =T (y)ax + zaT(y).
Hence, the proof is complete. n

Theorem 2.1 Let M be a 2-torsion free semiprime I'-ring satisfying the assump-
tion (A) and let T : M — M be an additive mapping. Suppose that

T(zazxpfx) = zaT (z)bx
holds for all x € M and o, 8 € I'. Then T is a centralizer.
Proof. In particular, for y = z, the relation (39) reduces to
2T (zax) =T(v)ax + zaT(x).
Combining the above relation with (28), we arrive at
2T (zax) =2T(v)azx,z € M,a €T
and
2T (zax) =2xaT(z), x € M, a €.
Since M is 2-torsion free, so we have
T(zax) =T(v)ax, e M, a el
and

T(xazr) =zaT(z), x € M, a €.
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By Theorem 2.1 in [6], it follows that 7" is a left and also right centralizer which
completes the proof of the theorem. n

Putting y = x in relation (1), we obtain
(40) T(zazxpfr) =zaT(zx)px, v € M, o, €.

The question arises whether in a 2-torsion free semiprime I'-ring the above rela-
tion implies that T is a centralizer. Unfortunately, we were unable to answer it
affirmative if M has an identity element.

Theorem 2.2 Let M be a 2-torsion free semiprime I'-ring with identity element
1 satisfying the assumption (A) and let T : M — M be an additive mapping.
Suppose that

T(xazfz) = zaT(x)px

holds for all x € M and o, 8 € I'. Then T is a centralizer.
Proof. Putting x 4 1 for = in relation (40), one obtains after some calculations
3T (xax) + 2T (x) =T (x)pr + xad'(x) + zaafz + acx + zfa,

where a stands for T'(1).
Putting —z for x in the relation above and comparing the relation so obtained
with the above relation we have

(41) 67 (xax) =2T(z)Bzx + 2zaT(x) 4 2zaafx
and
(42) 2T (z) = aox + zfa.

We shall prove that a € Z(M). According to (42) one can replace 27'(x) on the
right side of (41) by aax +zfa and 67 (zax) on the left side by 3aaxfzr+3zfraa,
which gives, after some calculation,

aczxfr + xfraa — 2raafr = 0.
The above relation can be written in the form
(43) [a,x]ax]g =0; x€ M, a,p €.
The linearization of the above relation gives
(44) [[a,x]a,y]g + [[a7y]a7x]5 = 0.
Putting y = zay in (44), we obtain because of (43) and (44),
0 =[la,z]a, zayls + [[a, zay|a, x]s

= [[a, z]a, ] By + xa[[a, ]a, Y5 + [[a, 2]acy + zala, Y]a, x]p

zalla, 2]a, yls + [[a, 2]aoy, 2] + [20la, yla, 7]5

Y+

]JCM[[CL, I]OH y]ﬁ + HCL, I]aa x]ﬁﬁ [CL, x}aﬁ[ya x]a + xa[[av y]m ‘7:]5
= [a, 7]aBY, ]a-
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The substitution ySa for y in the above relation gives

[CL, x}aﬁyﬁ[av x]a =0,

whence it follows a € Z (M), which reduces (42) to the form T'(x) = aax, x € M,
a € I'. The proof of the theorem is complete. n

We conclude with the following conjecture:

Let M be a semiprime I'-ring with suitable torsion restrictions. Suppose there
exists an additive mapping T : M — M such that

T((ze)™(xf)"x) = (xa)"T(x)(Bx)"

holds for all x € M, o, 8 € I', where m > 1, n > 1 are some integers. Then T is
a centralizer.
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1. Introduction

BL-algebras are the algebraic structure for Hajek basic logic [8] in order to inves-
tigate many valued logic by algebraic means. His motivations for introducing B L-
algebras were of two kinds. The first one was providing an algebraic counterpart
of a propositional logic, called Basic Logic, which embodies a fragment common to
some of the most important many-valued logics, namely Lukasiewicz Logic, Godel
Logic and Product Logic. This Basic Logic (BL for short) is proposed as ”the
most general”many-valued logic with truth values in [0, 1] and BL-algebras are
the corresponding Lindenbaum-Tarski algebras. The second one was to provide
an algebraic mean for the study of continuous t-norms (or triangular norms) on
[0;1]. Most familiar example of a BL-algebra is the unit interval [0, 1] endowed
with the structure induced by a continuous t-norm. In 1958, Chang [3] introduced
the concept of an MV -algebra which is one of the most classes of BL-algebras.
Turunen [14] introduced the notion of an implicative filter and a Boolean filter
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and proved that these notions are equivalent in BL-algebras. Boolean filters are
an important class of filters, because the quotient BL-algebra induced by these
filters are Boolean algebras. In this paper we study integral BL-algebras and
BL-algebras with Godel negation such that they are local BL-algebras, but the
converse is not correct in general. So it is important for us studying this class
of BL-algebras. At first, we prove some theorems about local and integral BL-
algebras. Also, we show integral MV-algebras are trivial. Moreover, we define
integral filters and we prove that a BL-algebra is integral BL-algebra if and only
if {1} is integral filter. Also, we show in finite BL-algebras, integral filters and
perfect filters are equal. In the follow, we define B L-algebras with Godel negation
and we prove that these class of BL-algebras are equal to the class integral BL-
algebras and in a linearly ordered BL-algebra, a BL-algebra is a SBL-algebra if
and only if is a integral BL-algebra. Finally, we study the relationship between
integral filters and obstinate filters and we prove that an integral and fantastic
filter is a obstinate filter.

2. Preliminaries

In this section, we recollect some definitions and theorems which will be used in
the following, and we shall not cite them every time they are used.

Definition 2.1. ([8]) A BL-algebra is an algebra (L,V,A,®,—,0,1) of type
(2,2,2,2,0,0) such that

(BL1) (L,V,A,0,1) is a bounded lattice,
( ) (L,®,1) is a commutative monoid,
( ) z<z—yifand only if x ©® z <y, for all x,y,z € L,
(BL4) zhy=20(x—=vy),
(BL5) (= y)V(y—x)=1

n—times

We denote 2" =2 ® ... ®z, if n > 0 and 2° = 1.

A BL-algebra L is called aGodel algebra if 2?> = x, for all z € L and L is
called anMV -algebra if, (x~)~ = x, for all x € L, where 2= =z — 0.

Lemma 2.2. ([4],[5].[8]) In any BL-algebra the following hold:
BL6) x <y ifandonlyif v —y=1.
BL7) 0—z=1andx —x=1.
BL8) zo0y<zAuy.
BL9) z= =1 ifand only if x=0.

BL10) =~ =x~ "~
) 20z =0,10z=xand 0z =0.
BL12) 2 — (y—2)=(zQy) — z.
BL13) z — (y = 2) =y — (z — 2).
BL14) z <y implies y—z2<zx— 2z and z —>x<z—y.
BL15) (zAy)” =2~ Vy .
)

r©y=01if and only if t < y~.
forallz,y,z € L.
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We briefly review some types of filters and related theorems that, we refer
the reader to [4],[5],[8],[9], [13],[14],[15],[16], for more details.

Definition 2.3. Let L be a BL-algebra and F' be a nonempty subset of L. Then
(i) Fiscalled a filterof L,ifz @y € F,forallz,y € Fandifz € Fandx <y

then y € F, for all z,y € L.

(ii) proper filter F is called a prime filter of L, if z V y € F implies z € F or
y e F, forall x,y € L.

(iii) proper filter F'is called a mazimal filter of L, if it is not properly contained
in any other proper filter of L.

(iv) proper filter F' is called a primary filter, if for all z,y € L, (x ©®y)~ € F
implies (z")~ € F or (y")~ € P, for some n € NU {0}.

(v) filter F'is called a Boolean filter, if x= V x € F, for all x € L.

(vi) F is called an implicative filter, it 1 € F and v — (y — 2) € F and
r—y € F, thenx — 2z € F, for all z,y,z € L.

(vii) F is called a positive implicative filter,if 1 € Fandz — ((y — 2) > y) € F
and x € F, then y € F| for all x,y,z € L.

(viii) F'is called a fantastic filter,if 1 € F and z — (y — ) € F and z € F, then
(x »y) »>y) »xeF forall z,y,z € L.

Definition 2.4. Let L be a BL-algebra. Then L is called a local BL-algebra, if
it has a unique maximal filter.

Note. A filter F' of BL-algebra L is maximal and implicative if and only if
x,y ¢ Fimply x -y € Fandy — x € F, for all x,y € L. This filter is called
an obstinate filter.

Theorem 2.5. ([11],[12]) Let F' of BL-algebra L. Then

(i) F is a fantastic filter of L if and only if (x — 0) — 0) — x € F, for all
x € L.

(ii) if F' is an obstinate filter of L, then F is a fantastic filter of L.

Theorem 2.6. [8] Let F' be a filter of BL-algebra L. Then the binary relation
=r which is defined by

x=py ifandonlyif vt -y F andy —»>z € F

is a congruence relation on L. Define -, —, L, M on L/F, the set of all congruence
classes of L, as follows:

2] -y =z oyl [z] = [y =z —=y], JUly]=[zVy], [2]N[y] = [z Ayl

Then (L/F,-,—,11,M,[0],[1]) is a BL-algebra which is called quotient BL-algebra
with respect to F.
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Theorem 2.7. ([4],[13]) Let P be a proper filter of BL-algebra L. Then P is a
prime filter if and only if L/ P is a BL-chain.

Definition 2.8. ([5]) Let L be a BL-algebra and = € L. If there exists a smallest
positive integer number n such that 2™ = 0, then we say the order of x is n and
we denote by ord(x) = n and we say is ord(z) = oo, if no such n exists.

Definition 2.9. ([13]) Let L; and Ly be two BL-algebras. Then the map
f Ly — Ly is called a BL-algebra homomorphism if and only if it satisfies
the following conditions, for every =,y € Ly:

(i) f(0)=0,
(i) flzoy) = f(2) O fy),
(iii) f(z = y) = f(z) = f(y).

If f is a bijective, then the homomorphism f is called BL-algebra isomor-
phism. In this case we write L = L.

The following theorems and definitions are from [6],[16] and the reader can
refer to it, for more details.

Theorem 2.10. Let L be a BL-algebra. The following are equivalent:

(i) L is a local BL-algebra,
(i) M(L) ={x € L|2"#0,Vne NU{0}} = {x € L | ord(z) = oo} is the
unique maximal filter of L,

(iii) for all x € L, ord(z) < oo or ord(z™) < 0o.
Theorem 2.11. Let P be a filter of BL-algebra L. The following are equivalent:

(i) L/P is a local BL-algebra,
(ii) P is a primary filter.

Theorem 2.12. Let L be a BL-algebra. The following are equivalent:

(i) L is a Godel algebra,
(ii) Any filter of L is an implicative filter of L.

Definition 2.13. A BL-algebra L is called directly indecomposable if and only if
L is nontrivial and whenever L = L X Ly then either L, or Ly is trivial.

Note. Let B(L) be the Boolean algebra of all complemented elements in the
distributive lattice L(L).

Theorem 2.14. Let L be a BL-algebra. Then
(i) L is directly indecomposable if and only if B(L) = {0,1}.

(ii) L is directly indecomposable if L is local.

Definition 2.15. Let L be a BL-algebra. Then
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(i) L is a perfect BL-algebra, if it is local and for any = € L, ord(z) < oo
implies ord(z~) = oo.

(ii) proper filter P of L is called perfect filter, if for all x € L, (z™)~ € P, for
some n € NU {0} if and only if ((z7)™)~ € P, for all m € NU {0}.

Theorem 2.16. Let P be a filter of BL-algebra L. The following are equivalent:

(i) L/P is a perfect BL-algebra,
(ii) P is a perfect filter.

Theorem 2.17. Any perfect filter of BL-algebra L is a primary filter.
Theorem 2.18. [1, 6] Let L be a BL-algebra. Then

(i) a local BL-algebra L is a perfect BL-algebra if and only if MV (L) is a
perfect BL-algebra, where MV (L) ={x € L | 2=~ = x}.

(i) the only finite perfect MV -algebra is {0, 1}.

Definition 2.19. [7] An SBL-algebra is a BL-algebra L verifying this further
condition (strict axiom): (zx ®y)” = (z7) V (y7)

From now on, in this paper (L, A, V,®,—,0,1) (or simply) L is a BL-algebra,
unless otherwise state.

3. Integral BL-algebras

In this section we study a class of BL-algebra that called integral B L-algebra and
we give some related results.

Definition 3.1. L is called an integral BL-algebra, if x ©® y = 0, then x = 0 or
y=0, forall x,y € L.

Example 3.2. [10] Let L = {0,a,b, ¢, 1}. Define A,V,® and — on L as follows:

VIO ¢ a b 1 AlO ¢ a b 1
010 ¢c a b 1 00 0 0 0O
clec ¢ a b 1 c|l0 ¢ ¢ ¢ ¢
ala a a 1 1 al0 c a ¢ a
blb b 1 b 1 b|0 ¢ ¢ b b
1/1 1111 110 ¢ a b 1
=10 ¢ a b 1 ®l0 ¢ a b 1
01 1 111 0j]0 0 0 0O
c|0 1 1 11 c|0 ¢c ¢ ¢ c
al0 b 1 b 1 al0 ¢c a ¢ a
b0 a a 11 b0 ¢ ¢ b b
110 ¢ a b1 110 ¢ a b 1
Then (L,V,A,®,—,0,1) is an integral BL-algebra.
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Example 3.3. [10] Let L = {0,a,b,¢,d,1}. Then L by the following diagram is
a bounded lattice.

c
d
a
b
0

Now, let — and ® are defined on L as follows:
—10 a b ¢ d 1 ®©10 a b ¢ d 1
01111111 0/0 OO0 OO
ald 1 d1 d 1 al0 a 0 a 0 a
blec ¢c 1 1 11 b0 O OO0 b b
clb c d1 d1 c|l0 a 0 a b ¢
dla a ¢ ¢ 1 1 dl0 0 b b d d
110 a b ¢c d 1 110 a b ¢ d 1

Then (L,V,A\,®,—,0,1) is a BL-algebra, which is not an integral BL-algebra.
Since a ® b = 0 for a,b # 0.

Theorem 3.4. Let P be a filter of L and L/P be an integral BL-algebra. Then
P is a primary filter.

Proof. Let (x®y)~ € P, for z,y € L. Then (z ®y) — 0 € P. Since by (BLT),

0= (x®y)=1¢€ P, then [t ®y] =0 and so [z] - [y] = [t ® y] = [0]. Now, since
L/P is an integral BL-algebra then [z] = [0] or [y] = [0]. Hence, 2~ =2 — 0 € P
ory” =y — 0¢€ P and so P is a primary filter. n

The following example shows that, the converse of Theorem 3.4, is not correct,
in general.

Example 3.5. Let F' = {1,d}, in Example 3.3. It is easy to check that F' is a
primary filter, but L/F is not an integral BL-algebra. Since a — 0 = d € F, then
[a] = [0] and so [¢] - [c] = [¢ ® ¢] = [a] = [0]. But [¢] # [0]. Therefore, L/F is not
an integral BL-algebra.

Theorem 3.6. Let L be an integral B L-algebra. Then
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(i) L is a local and directly indecomposable BL-algebra and B(L) = {0, 1}.

)

(i) M(L) = L\{0}.

(iii) L is a perfect BL-algebra and ord(x) = oo when 0 # x € L.
v)

(i

Proof. (i) Since {1} is a filter of L, then by Theorem 2.6, L/{1} is well-defined.
Now, let f : L — L/{1} be canonical epimorphism with [z| = [y], for z,y € L.
Then z — y € {1}, y — x € {1} and so by (BL6), z < y and y < x. Hence,
r = y and so f is isomorphism. Now, since L = L/{1} and L is an integral
BL-algebra, then L/{1} is an integral BL-algebra and by Theorem 3.4, {1} is
a primary filter. Hence, by Theorem 2.11, L/{1} is a local BL-algebra and so
L is a local BL-algebra. Thus, by Theorem 2.14, L is directly indecomposable
BL-algebra and B(L) = {0,1}.

(ii) Let 0 # = € L\M(L). Then there exists minimal element n € N U {0},
such that 2" = 0 and 2™ # 0, for any m < n. Now, since 2" ! ®z = 0 and L
is an integral BL-algebra, then 2" ! = 0 or = 0, which is impossible. Hence,
M(L) € L\{0} C M(L) and so M (L) = L\{0}.

(iii) Since L is an integral BL-algebra, then by (i), L is a local BL-algebra.
Hence, by (i7) and Theorem 2.10, for all 0 # = € L, ord(z) = oo. Moreover, if
x =0, then ord(x~) = oo. Hence, L is a perfect BL-algebra.

If L is an Boolean algebra, then L = {0,1}.

(iv) Since L is an integral BL-algebra, then by (i), L is a local BL-algebra
and B(L) = {0,1}. Since L is a Boolean algebra, then B(L) = L. Therefore,
L={0,1}. -

Note. In Example 3.5, since F' = {1,d} is a primary filter, then by Theorem
2.11, L/F is a local BL-algebra, but it is not an integral BL-algebra. Therefore,
the converse of Theorem 3.6(i), is not true in general.

Theorem 3.7. If P is a mazximal and implicative filter of L, then L/P is an
integral BL-algebra and so P is a primary filter.

Proof. Let P be a maximal and implicative filter of L and [z] - [y] = [0], for
[z],[y] € L/P. Then by (BL12) and (BL13), 2 — (y = 0) = (1®y) — 0 € P
andy — (r = 0)=(x@y) > 0€ P. Ifx € P, theny — 0€ P and so [y] = 0.
Similarly, if y € P, then x — 0 € P and so [¢] = 0. Now, let x,y € P. Then
0 € P, that is impossible. If z,y € P, since P is a maximal and implicative filter,
then x —y € P and y — x € P. Since P is an implicative filter, then z — 0 € P,
y — 0¢€ P and so [z] =0 and [y] = 0. Hence, L/P is an integral B L-algebra and
so by Theorem 3.4, P is a primary filter. u

Lemma 3.8. Let P be a primary filter of L and [z] - [y] = [0], for [z],[y] € L/P.
Then [z] or [y] is nilpotent.

Proof. Let [z] - [y] = [0], for [z],[y] € L/P. Then (x ®y)~ € P. Since P is a
primary filter, then (™)~ € P or (y")~ € P, for some n € NU{0}. Therefore,
[z]" = [0] or [y]™ = [0] and so [z] or [y] is nilpotent. .
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Theorem 3.9. Let L be a Godel algebra L and P be a filter of L. Then

(i) P is a primary filter of L if and only if L/ P is an integral BL-algebra.
(ii) L is an integral BL-algebra if and only if L is a Local BL-algebra.

Proof. (i) Let P be a primary filter of L and [z] - [y] = [0], for [z],[y] € /
Then by Lemma 3.8, there exist m,n € N, such that [z]” = [0] or [y]™ = [0] an
so [z"] = [0] or [y™] = [0]. Now, since L is a Godel algebra, then z" = z and

y" =y and so [z] = [0] or [y] = [0]. Conversely, if L/P is an integral BL—algebra,
then by Theorem 3.4, P is a primary filter of L.

(ii) Let L be an integral BL-algebra. Then by Theorem 3.6(i), L is a local
BL-algebra. Conversely, let L be a local BL-algebra. Then by L = L/{1}, L/{1}
is a local BL-algebra and by Theorem 2.11, {1} is a primary filter. Therefore, by
(¢), L/{1} is an integral BL-algebra and so L is an integral B L-algebra. .

Note. In [7], it is proved that, a linearly ordered BL-algebra L is a SBL-algebra
if and only if the negation ~z = (z — 0) is a Godel negation.

Definition 3.10. L is called a BL-algebra with Godel negation, if P ({o}) =
L\{0}, where o ({0}) ={a€ L|a—0=0}.

In [2], it is proved that P ({0}) is a filter of L.

Lemma 3.11. Let L be a BL-algebra with Godel negation. Then x — 0 =0 or
r—0=1, forall x € L.

Proof. If x =0, then v — 0 =1 and if 0 # x € L, then x e ({0}) and so
r—0=0, for all x € L. ' .

Example 3.12. BL-algebra in the Example 3.2, is a BL-algebra with Godel
negation.

Example 3.13. Let L = {0,a,b,1} be a chain such that 0 < a < b < 1 and
operations Ay = min{z,y}, x Vy = max{z,y}, ® and — are defined on L as
the following tables:

®|0 a b 1 —10 a b 1
0j]0 0 0 O 0|11 1 11
al0 0 a a ala 1 1 1
b0 a b b b |10 a 1 1
110 a b1 110 a b 1

Then (L,V,A,®,—,0,1) is a BL-algebra but it is not a BL-algebra with Godel
negation.

Theorem 3.14. Let L be a BL-algebra with Godel negation and F be a proper
filter of L. Then
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(i) if F is a fantastic filter of L, then F' = L\{0},
(i) of F is a positive implicative(Boolean) filter of L, then F' = L\{0}.
(i) if F' is a obstinate filter of L, then F' = L\{0}.
Proof. (i) Let 0 # x € L and F be a proper fantastic filter of L. Then, by

Theorem 2.5, ((x — 0) — 0) — x € F. Since L is a BL-algebra with Godel
negation, then z — 0 = 0, and so by (BL7), we have

(r—=0)—>0)—-2=0—=0—-z=1>zx=x€F

. Hence, L\{0} C F and so F = L\{0}.
(ii) Since every positive implicative filter is a fantastic filter, then F' = L\{0}.
(iii) Since every obstinate filter is a fantastic filter, then F' = L\{0}. n

Corollary 3.15. In any BL-algebra L with Godel negation, the following hold:
(i) every proper fantastic filter is a maximal filter,
(ii) every proper positive implicative filter is a maximal filter,

(iii) every proper obstinate filter is a maximal filter.

Theorem 3.16. Let L be a BL-algebra L with Godel negation. Then the proper
positive implicative filters, the proper obstinate filters and the proper fantastic
filters are equal and they are exactly L\{0}.

Proof. By Theorem 3.14 and Corollary 3.15, the proof is clear. n

4. Integral filters in BL-algebras
Definition 4.1. A proper filter P of L is called an integral filter, if for all z,y € L,

(x®y)” € P impliesaz” € Pory €P

Example 4.2. Let F' = {1, a, ¢}, in the Example 3.3. Then F' is an integral filter.
Since, if (x©®y)” € F, then (t®y)” =aorcor 1, and so (x®y) =bor d or 0.
If(xr®y)=bthenx=corbandy=d. lf xt =c¢, then ¢c- =b € F and if x = b,
b~ € F, then d” = a € F. By the similar way for (xr ® y) = d or 0, we conclude
that F' is an integral filter.

Theorem 4.3. FEvery integral filter is a primary filter.

Proof. Let n =1 in Definition 2.3(iv). Then the proof is clear. n

The following example shows that the converse of Theorem 4.3 is not true in
general.

Example 4.4. Let F' = {1,d}, in Example 3.3. Then it is easy to check that F
is a primary filter. Now, since (c®¢)” =a~ =d € F and ¢~ =b ¢ F. Therefore,
F is not an integral filter.
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Theorem 4.5. Let FF C G, where F' and G be filters of L and F be an integral
filter of L. Then G is an integral filter, too.

Proof. Let (r ®y)~ € G, for z,y € L. Then, by (BL9) and (BL11), (z ®y) ®
(x®y)")” =0"=1¢€ F. Since F is an integral filter, then we get (z ©y)~ € F
or (x@y) " e F. If(x0y)- € F,thena” €e FCGory € FC G andso G is
an integral filter. If (x ®y)~~ € FF C G , then by (x ®y)~ € G and by (BL11),
we have (x ©y)"~ © (x ©®y)” =0 € G. Therefore, G = L and so G is an integral
filter. .

Theorem 4.6. Let P be a proper filter of L. Then P s an integral filter if and
only if L/ P is an integral BL-algebra.

Proof. Let P be an integral filter and [z] - [y] = [0], for [z],[y] € L/P. Then
(x®y)” € P,and so = € P or y~ € P. Hence, [z] = 0 or [y] = 0. Conversely,
let (x@y)” € P, for z,y € L. Then [z ® y] = [z] - [y] = [0]. Since L/P is an
integral BL-algebra, then [z] = 0 or [y] = 0. Therefore, z— € P or y~ € P. .

The following theorem describes the relationship between integral filters and
integral B L-algebras.

Theorem 4.7. The following conditions are equivalent on L:

(i) {1} is an integral filter of L,
(ii) any filter of L is an integral filter,
(iii) L is an integral BL-algebra.

Proof. (i) (ii): By Theorem 4.5, the proof is clear.

(i)=-(iii): Since L = L/{1} and {1} is an integral filter, then by Theorem
4.6, L is an integral B L-algebra.

(iii)=(i): By Theorem 4.6, the proof is clear. n

Theorem 4.8. L is an integral B L-algebra if and only if L has the Godel negation.
Proof. Let L be an integral BL-algebra. Then by (BL7), 0 — 0 = 1, and so
0 §Z§> ({0}). Hence, " ({0}) € L\{0}. Now, let x € L\{0}. Then by (BL11),

r©®z~ =0andso (r®x~)” = 1. Since by Theorem 4.7, {1} is an integral filter,
thena”™ =1lor(z7)" =1. Ifz~ =1, thenx®2” =2 ®1 =2 and so x = 0, that
it is a contradiction. Hence, (z7)~ = 1 and so by (BL10), z~ = ((z7)7)~ = 0.
Hence, x € ({0}) and so L is a BL-algebra with Godel negation. Conversely,

let (z ®y) =0, for 2,y € L. Then (z ® y) ¢S—t> ({0}) = L\{0}. Since e ({0}) is
a proper filter, then x §Z; ({0}) or y §Z; ({0}). Therefore, x = 0 or y = 0 and

so L is an integral BL-algebra. n

Theorem 4.9. Fvery integral BL-algebra is an SBL-algebra.
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Proof. Let L be an integral B L-algebra. We will prove that (z®y)~ = (z7)V(y ™),
forall z,y € L. If x®y = 0, then x = 0 or y = 0 and by Lemma 3.11 and Theorem
48, (zr@y)” =1land (z7)V(y~) =1. Let t®y # 0. Then = # 0 and y # 0, hence
by Lemma 3.11 and Theorem 4.8, (z ® y)~ = 0 and (z~) V (y~) = 0. Therefore,
(x@y)” =(x7)V(y~)=0. Thus, L is a SBL-algebra. .

Corollary 4.10. Any linearly ordered BL-algebra L is a SBL-algebra if and only
iof L is an integral BL-algebra.

Proof. By Theorem 4.9, every integral BL-algebra is an SBL-algebra. Conver-
sely, a linearly ordered B L-algebra L is a S B L-algebra if L is with Godel negation
and so by Theorem 4.8, L is an integral B L-algebra. u

Theorem 4.11. Let L be a BL-algebra with Godel negation. Then

(i) MV (L) = B(L) ={0,1}.
(ii) If L be an MV -algebra, then L = {0,1}.

Proof. (i) It is clear that 0 € MV (L). Now, let 0 # x € MV (L). Since z~ =0,
then z =27~ =1 and so # = 1. Hence, MV (L) = {0,1}. Now, by Theorems 4.8
and 3.6(ii), B(L) ={0,1} and so MV (L) = B(L) = {0, 1}.

(ii) Since L is a MV-algebra, then MV (L) = L and so by (i), L = {0,1}. =

In the following theorem we describe the relationship between integral filters
and perfect filters.

Theorem 4.12. Let P be an integral filter of L. Then P is a perfect filter.

Proof. Let P be an integral filter. Then, by Theorem 4.6, L/P is an integral
BL-algebra and so by Theorem 3.6(iii), L/P is perfect BL-algebra. Hence, by
Theorem 2.16, P is a perfect filter. .

Open problem. Under what suitable conditions the converse of Theorem 4.12,
is correct in general? We prove the converse of Theorem 4.12; in finite B L-algebra
and Godel algebra.

Lemma 4.13. Let L be finite. Then L is an integral BL-algebra if and only if
MV (L) is an integral BL-algebra, where MV (L) ={x € L | 2=~ = z}.

Proof. Let L be an integral BL-algebra and x © y = 0, for z,y € MV (L). Since
MV(L) C L, then x = 0 or y = 0 and so MV(L) is an integral BL-algebra.
Conversely, let MV (L) is an integral BL-algebra. Since L is a finite BL-algebra
and MV (L) C L, then MV (L) is finite integral BL-algebra and so by Theorem
3.6(iil), MV (L) is a finite perfect MV-algebra. Therefore, by Theorem 2.18(ii),
MV (L) ={0,1}. Now, let z ®y =0, for all 2,y € L. Then by (BL16), v < y~
and by (BL10), y~ € MV(L). Thus,y- =0ory =1landsoy =1ory = 0.
If y =1, since x ©®y = 0, then x = 0 and otherwise y = 0. Therefore, L is an
integral BL-algebra. n
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Theorem 4.14. Let L be finite. Then every perfect filter of L is an integral filter.

Proof. Let P be a perfect filter of finite BL-algebra L. Then, by Theorem 2.16,
L/P is a finite perfect BL-algebra. Also, by Theorem 2.18(i), MV (L/P) is a finite
perfect MV-algebra. Then, by Theorem 2.18(ii), MV (L/P) = {0,1}. Hence,
MV (L/P) is an integral BL-algebra and by Lemma 4.13, L/P is an integral
BL-algebra. Therefore, by Theorem 4.6, P is an integral filter. n

Theorem 4.15. Let L be a Godel algebra. Then the concept of integral filter,
perfect filter and primary filter are coincide.

Proof. Let P be an integral filter. Then, by Theorem 4.12, P is a perfect filter.
Conversely, let P is a perfect filter. Then, by Theorems 2.17 and 3.9(i), L/P is
an integral BL-algebra and so by Theorem 4.6, P is an integral filter. Now, let P
be a perfect filter. Then, by Theorem 2.17, P is primary filter. Conversely, let P
be a primary filter. Then, by Theorem 3.9(i), L/P is an integral BL-algebra and
so by Theorem 4.6, P is an integral filter. Hence, by Theorem 4.12, P is a perfect
filter. n

Theorem 4.16. Let L be an MV -algebra and F' be an integral filter of L. Then
F is a prime filter.

Proof. Let x Vy € F, for z,y € L. Since by (BL8), z~ ®y~ < x~ Ay, then
by (BL14), (z= Ay~)” < (- ©@y~)~ and by (BL15), (z~ Ay~ )" =2~ Vy ~ =
zVy € F. Now, we have (z~ 0Oy~ )" € F, [(z~ 0Oy ) |=[1] and [(z~ ©Oy7 )]~ =
[(z= ®y~)~ "] =[0]. Since L is an MV-algebra, then [z7]|-[y~] = [z~ ©y~] = [0].
Since by Theorem 4.6, L/F is an integral BL-algebra, then [z~] = [0] or [y~] = [0]
and so [z] = [1] or [y] = [1]. Hence, x € F or y € F, and so F is a prime filter. m

Note. In Theorem 4.16, L must be an M V-algebra and it is a necessary condition.
Since in the Example 3.2, L is a BL-algebra, which is not a MV -algebra and
F = {1} is an integral filter of L. But it is not a prime filter, sinceaVb=1¢€ F
and a,b & F.

Corollary 4.17. FEvery integral MV -algebra is a BL-chain.

Proof. Let L be an integral MV-algebra. Then {1} is an integral filter and
so by Theorem 4.16, it is a prime filter. Therefore, by Theorem 2.7, L/{1} is a
BL-chain and since L = L/{1}, then L is a BL-chain. n

In what follows, we study the relations among integral filters, obstinate filters
and fantastic filters. The following theorem shows that every obstinate filter is an
integral filter but the converse is not true.

Theorem 4.18. Let F' be a proper obstinate filter of L. Then F' is an integral
filter of L.
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Proof. Let F' be a proper obstinate filter, (xt ©®y)~ € Fbut z~ ¢ F and y~ ¢ F,
for z,y € L, by a contrary. Since F is an obstinate filter, then (z7)~ € F and by
Theorem 2.5(ii), F'is a fantastic filter. Now, by Theorem 2.5(i), ((z7)” — z) € F,
and so x € F. By the similar way, y € F. Hence, (z ®y) € F and so 0 € F,
which is a contradiction. Therefore, = € F or y~ € F and so F is an integral
filter. n

The following example shows that the converse of Theorem 4.18, is not correct
in general.

Example 4.19. Let F' = {1,a} in Example 3.2. Since L is an integral BL-
algebra, then F' ia an integral filter, but it is not an obstinate filter. Because
bg Fand 0 =b" ¢ F. Also, since ((b - 0) — 0) = b=0b¢ F, then by Theorem
2.5, F'is not a fantastic filter.

Theorem 4.20. Let F be an integral and fantastic filter of L. Then F is an
obstinate filter of L.

Proof. Let z,y & F, for x,y € L. We will show that z -y € Fandy — x € F.
Since ¢ ¢ F', then = € F. Since, if 2~ ¢ F, by (BL11), (x+®z~)” =1 € F and
since F' is an integral filter, then (z7)~ € F. Now, since F' is a fantastic filter,
then by Theorem 2.5(i), ((z7)~ — x) € F and so € F' which is a contradiction.
Now, by (BL14), x= < z — y and since F is a filter and 2z~ € F, we get that
x — y € F. By the similar way we can prove that, y — x € F'. Therefore, F is
an obstinate filter. .

The following example show that there is a fantastic filter that, is not an
obstinate filter and integral filter.

Example 4.21. Let F' = {1,a} in Example 3.3. Since L is an MV-algebra,
then F' is an fantastic filter, which is not an obstinate filter. Because ¢ € F' and
b=c ¢ F. Also, since (b®b)” =1¢€ Fand b~ =c & F, then F is not an
integral filter.

Now, by the above theorems and Lemma 3.14 [12], we conclude the following
theorem:

Theorem 4.22. Let F' be a filter of L. Then the following conditions are equiva-
lent:

(i) F is mazimal and positive implicative filter,

)
(ii) F is mazimal and implicative filter,
(iii) F is an obstinate filter,

)

(iv) F is an integral and fantastic filter.
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5. Conclusion

The results of this paper will be devoted to study the local BL-algebras, perfect
BL-algebras and S BL-algebras which are different extension of Basic Logic. In
this paper we introduced the notions of integral BL-algebras and integral filters
and we prove these filters are perfect and primary but there is still an open
problem: under what suitable conditions a perfect filter is an integral filter? This
could be a topic of further research.
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Abstract. In this paper we modified the result given by Hariharan [18] on the solution of
Fisher’s equation. We are giving the solution of second -order linear hyperbolic telegraph
equation in one - space dimension. The telegraph equation is solved numerically by Haar
wavelet method. Two numerical examples show the accuracy of the method. The present
method is very simple, small computation costs and flexible.
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1. Introduction

Wavelets have been applied extensively in many engineering field. In this paper we
use Haar wavelet method to solve the telegraph equations. The telegraph equations
appeared in many engineering field, such as modeling of anomalous diffusive and
wave propagation phenomenon, modeling of anomalous diffusion and sub-diffusive
systems, Continuous-time random walks.
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In this paper we use second-order linear hyperbolic telegraph equation in
one-space dimension, given by

AN
AN
SH

w(z,0) = fi(z) a<z<
and the Dirichlet boundary conditions
Ula,t) = go(t), U(b, 1) = gu(t), t =0,

where a and /8 are known constant coefficients, for a > 0, 5 = 0 equation (1.1)
represents a damped wave equation and for a > [ > 0, it is called telegraph
equation. We assume that f(z), fi(z) and their derivatives are continuous func-
tions of x, and go(t), g1(¢) and their derivatives are continuous function of ¢. both
the electric voltage and the current in a double conductor satisfy the telegraph
equation, where x is distance and ¢ is time.

The hyperbolic partial differential equations model the vibrations of struc-
tures (e.g., buildings, beam and machines) and are basis for fundamental equations
of atomic physics. Equations of the form equation (1.1) arise in the study of pro-
pagation of electrical signals in a cable of transmission line and wave phenomena.
Interaction between convection and diffusion or reciprocal action of reaction and
diffusion describes a number of nonlinear phenomena in physical, chemical and
biological process [8], [9], [15], [18]. In fact the telegraph equation is more suitable
than ordinary diffusion equation in modeling reaction diffusion for such branches
of sciences. For example biologists encounter these equation in the study of pul-
sate blood flow in arteries and in one-dimensional random motion of bugs along
a hedge [16]. Also the propagation of acoustic waves in Darcy-type porous media
[17], and parallel floes of viscous Maxwell fluids [1] are just some of the phenomena
governed [3], [10] by equation (1.1).

Haar wavelet are makeup of pairs of piecewise constant functions and ma-
thematically the simplest orthonormal wavelets with a constant support. Due to
the mathematical simplicity the Haar wavelet method has turned out to be an
effective tool for solving differential and integral equations. Lipik [11]-[14] use Haar
wavelet to solve differential and integral equations. Fasal-I Hak, Imram Aziz and
Siraj-ul-islam [4] have used Haar wavelet numerical method for eight-order boun-
dary value problem. Hariharan, Kannan and Sharma [5], [6] present a method for
solving Fisher’s and Fitzhugh - Nagmo equations.

In this paper we modified the result given by Hariharan [5[, [6] on the solution
of Fisher’s equation. This method consists of reducing the problem to a set of
algebraic equations by first expanding the terms, which has maximum derivative,
given in the equation as Haar functions with unknown coefficients. The operational
matrix of integration and product operational matrix are utilized to evaluate the
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coefficients of the Haar functions. Since the differentiation of the Haar wavelet
results into impulse functions, this approach is avoided and instead, method of
integration is preferred. One main advantage of this method is that, we don’t need
to solve it manually it is fully computer supported.

2. Haar wavelet

Haar functions have been used from 1910 when they were introduced by the Hun-
garian mathematician Alfred Haar [7]. Haar wavelets are the simplest wavelets
among various types of wavelets. They are step functions on the real line that can
take only three values 1, -1 and 0. Haar wavelets, like the well-known Walsh func-
tions, form an orthogonal and complete set of functions representing discretized
functions and piecewise constant functions.

Haar wavelet is defined for z € [0 1]

1

1 0< —

_x<2

(2.1) ¥ (z) = 1 1<x<1
5 ST

0  otherwise
Haar wavelet family for = € [0 1] is defined as

1 for x € [771,772)
(2.2) hi(x) = -1  for x € [n2m3)

0 otherwise

K K+0.5 K+1 .
where ny = —, 1y = +—, Ny = —+ The integer m =27 (j =0,1,..., J)
m

indicates the level of the wavelet; k = 0,1, ...,m — 1 is the translation parameter.
The maximal level of relation is J. The index 7 is calculated according to the
formula ¢ = m 4+ k + 1; In the case of minimal values m = 1,k = 0, we have
i = 2. The maximum value of i is i = 277! = M It is assume that the value i = 1
corresponding to the scaling function for which h; = 1 for € [0 1]. The interval

[A, B] will be divided into M subintervals, hence Az =

are in the dimension of M x M.

and the matrices

We introduce the following notations
(23) pale) = [ hi@yde,
0

(2.4) Piw () = / Piv—1 (z)dx, v=2,3, ..
0
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These integrals can be evaluated by using equation (2.2) and the first two of them
are given by

r—m forz € [n )

(2.5) pir(x) =< n3s—x forxz e [n ns
0 elsewhere
1
5(‘75 — ) for x € [n, n2),
1 1
(2.6) pia (1) i 5(773 —x)* forxz € [n, n3),
. 272 p—
1
4—771/2 fOI' X € [7’]57 1],
L 0 elsewhere.

Similarly, we can find other integrals p, , (), n=1,2,....

3. Method for solving telegraph equation

We consider telegraph equation (1.1) with the initial conditions u(z,0) = f (z),
u(z,0) = fi(x), 0 < z < 1 and the boundary conditions u(0,t) = g¢o(t) and
u(1,t) = g1(t), t > 0.

In terms of the Haar wavelet, ii” (2,t) can be expanded as

(3.1) i’ (x, t)= Zaihi(a:)

where “..” and “»” means differentiation with respect to t and =z, respectively,
Haar wavelet coefficient is constant in the subinterval ¢ € [t, #,41].

On twice integration of equation (3.1) with respect to ¢ from ¢, to ¢t and with
respect to z from 0 to x, the following equations are obtained

(3.2) i (2, t) = (t—t) Zaihi (z) 4+ 4" (z, t,)
(3.3) u' (x,t) = % (£ — 2tt, +1,°) Z a;h; ()
(t—t) i () ()
u (z,t) = % (t2 — 2 tt, + tn2) ZCLZPM (x)

(3.4) i=1

(-t [u (2,t,) — @ (0, tn)}
+u (2,t,) —u (0 ,t,) +u (0,1)
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u(z,t) = % (t2 — 2 tt, + tn2) ZaiPi,? (x)
(3:5) (1) [i 1) = 0(0,8) — 2 (0,8)] (2 8) —u (0 ,1,)

—z [u (0 ,1,) — (O,t)] +u(0,1)

(3.6) 1:1
[(x,tn) 0 (0,8,) — @ (0,t,)] + 21 (0,8) + @ (0,1)

(3.7) Zal o () 4z @ (0,8) + i (0, t)

From the initial and boundary conditions, we have the following equations as

~—

U(SC, 0) = f(SU), u<07 t) = gO(t)v u(lvt) = g1<t
U(O, tn) = gO(tn)v u<17 tn) = g1 (tn)7 (v (07 tn) =9 (tn) )
u (17 tn) = gll (tn) , U (O’ tn) - gg(t'n)7 u (17 tn) =0 (tn)

At x =1 in the formula (3.5) and (3.7) and by using condition, we have

u' (0,t) —u (0,t,) = —% (£ = 2tt, +,°) Y _a;Pia(1)
(3.8) , A
- (t - tn) [91 (tn) — 9 (tn) —u (07 tn)]
+91 (t) — g1 (tn) + g0 (tn) — go(?)
(3.9) i(0,4) = =3 _aiPia (1) = g (1) + g1 (1)

If equations (3.8) and (3.9) are substituted into equations (3.3)-(3.5) and the
results are discriticised by assuming * — x;, t — 41, we obtain

M
1 1
u ({L‘l ,tn+1) = =\, 2tn+1t —|—t hz ({L‘l)
(3.10) 3 (b )2

+ (tn—‘rl - tn) a” (Qj'l’ tn) + UN (l’l, tn)
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M
(241 = 2toiatn +12) > a;iPry (1)

i=1

N —

u (T, ) =

+ (tn—i—l - tn) 1:61 (ZEl, tn)
M

/ 1
+u (w1, 1,) — 5 (th i1 = 2tngatn +17) Z a; Pz (1)
i=1

(3.11)

— (tas1 —ta) [91 (t) — o (ta)]

+g1 (tn+1) -0 (tn) + 90 (tn) — 9o (tn—i—l)

1
u(antin) = 3 (41 = 2tnpatn +12) D> aiPo (21)

i=1

+ (thrl - tn) [u ('Il’ tn) —u (07 tn)]
“+u (xly tn) —u (07 tN)

(3.12) y

(@ = 2wt +£) D wPia (1)
=1

—21 (ta 1 = tn) [91 (t) = o (tn)]
—I [91 (tn) — 90 (tn) + 9o (tn-i-l) —01 (tn+1)] + 9o (tn-H)

M
U (21, thy1) = (tnpr —tn) Z a; P2 (1)
i=1

+ [ (zy,t,) — 0 (0,t,)] —

2y (tnse1 — tn) Z a;P;o (1)

=1

(3.13)

-2 [9/1 (tn) — gE} (tn)] — [QE) (tny1) — gll (tnt1)] + g(l) (tns1)

U (2, th1) = Zaz‘[Pi,g (z1) — 21 Pip (1))
(3.14) =1

—Iy [98 (tn-I-l) - 9/1/ (tn-H) + gg (tn-i-l)

From equation (2.6), we obtain

(3.15) Pi2 (1) = 1
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4. Numerical example

Examplel. Consider equation (1.1) with o = 6,5 = 2,0 < x < 1 and the
following conditions:

f(z) = sinz,

filz) =0,

go(x) =0,

gi(x) = cos(t)sin(1),

f(z,t) = —2asin(¢)sin(x) + B%cos (t)sin(z).

The exact solution of this example is u(x,t) = cos(t) sin(z).
After substituting values from equations (3.12)-(3.14) in equation (1.1) and
using conditions, we have

M
> ailPyy (1) — 31 Pig (1) + 12 (tny1 — t) Pia (1)

i=1
122 (tps1 — tn) Pia (1) +2 (8241 — 2tpiatn +t2) Pio (1)
(41)  — 23 (2, — 2tniaty +12) Pio (1)]
= —sinxy; — 12sintsinx; + 4costsinx; — 12x;sint,sinl + 12sint,, . 1s1nl
du (zp,t,) — 4z (tpe1 — tn) sint,sinl — 4ay [cost, sinl — cost,11sinl]

+ zc08t, 151Nl

Equation (4.1) is the algebraic form of the telegraph equation (1.1). After
solving these algebraic equations, we can compute the Haar coefficients a;s. Then,
from equation (3.12), we obtain the value of u, which is very near to the exact
solution. This solution process is started with

u(r,0) = f(m)
u (2,0) = f(x)

"

u (2,0) = f(x)

In all the results given in the following, J is taken as 3.
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Table 1

x /32| At t=0.1 At t=0.2 At t=0.3
1 2.66106E-06 | 2.15080 E-04 | 4.271600 E-04
3 7.98322E-06 | 6.44370 E-04 | 1.279750 E-03
d 1.33055E-05 | 1.07105 E-03 | 2.127200 E-03
7 1.86280E-05 | 1.49340 E-03 | 2.966080 E-03
9 2.39509E-05 | 1.90969 E-03 | 3.793030 E-03
11 2.92741E-05 | 2.31826 E-03 | 4.604710 E-03
13 3.45979E-05 | 2.71743 E-03 | 5.397840 E-03
15 3.99222E-05 | 3.10559 E-03 | 6.169230 E-03
17 4.52472E-05 | 3.48116 E-03 | 6.915780 E-03
19 5.05729E-05 | 3.84261 E-03 | 7.634440 E-03
21 5.58994E-05 | 4.18847 E-03 | 8.322330 E-03
23 6.12269E-05 | 4.51733 E-03 | 8.976660 E-03
25 6.65553E-05 | 4.82783 E-03 | 9.594750 E-03
27 7.18847E-05 | 5.11872 E-03 | 1.017411 E-02
29 7.72152E-05 | 5.38878 E-03 | 1.071237 E-02
31 8.25469E-05 | 5.63691 E-03 | 1.120731 E-02

The plot of the numerical solution of u(z,t) at different value of ¢ is shown

in following figures (1)-(3):

0.9

Conpari son between haar and exact solution at t = 0.1
T T T T

exact solution

08 haar solution

0.7

0.6

051

u-axis

0.4

0.3f y
Y
) /
0.2t A
>
/
01f &
/
0 ‘
0 0.2

0.4 0.6 0.8 1
x—axis

Figure-(1)
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Conpari son between haar and exact solution at t = 0.2
0.9 T T T T

exact solution

0.8} , s
— © — haar solution 2

0.7

u-axis

0 L L L L
0 0.2 0.4 0.6 0.8 1
x—axis

Figure-(2)

Conpari son between haar and exact solution at t = 0.3
0.8 T T T T

exact solution

071 | — &  haar solution

0.6

051

u-axis
o
SN
:

0.3

0.2

0.1

0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1
X—axis

Figure-(3)

Example 2. Consider equation (1.1) with « = 1, § =1, 0 < 2 < 1 and the
following conditions

fl) =22

filz) =1,

go(x) =1,

gi(z) =1+t
f(x,t) = 2+ t—1.

The exact solution of this example is u(z,t) = z* + t.
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Table 2

X

32 At t=0.1

At t=0.2

4.589840 E-04

9.135300 E-04

4.944960 E-04

9.490410 E-04

5.655180 E-04

1.020064 E-03

6.720530 E-04

1.126598 E-03

O | O W| T~

8.140980 E-04

1.268643 E-03

1

—_

9.916550 E-04

1.446200 E-03

13

1.204723 E-03

1.659268 E-03

15

1.453303 E-03

1.907848 E-03

17

1.737393 E-03

2.191939 E-03

19

2.056996 E-03

2.511541 E-03

21

2.412109 E-03

2.866655 E-03

23

2.802734 E-03

3.257280 E-03

25

3.228871 E-03

3.683416 E-03

27

3.690518 E-03

4.145064 E-03

29

4.187678 E-03

4.642223 E-03

31

4.589840 E-04

9.135300 E-04

The plot of the numerical solution of u(z,t) at different value of ¢ is shown in

following figures (4) & (5) :

u-axis

11

091
0.8
0.7
0.6
0.5
0.4
031
0.2

0.1
0

Conpari son between haar and exact solution at t = 0.1
T T T T

exact solution i
haar solution

0.2 0.4 0.6 0.8
X—axis

Figure-(4)
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Conpari son between haar and exact solution at t = 0.2
1.2 T T T T

e exact solution |
’ haar solution
1F / 1

0.9 1

0.8} 1

0.71 1

u-axis

0.6 1

05F g
0.4f / ]

o3} / | ‘ |

0.2 ==
0 0.2 0.4 0.6 0.8 1
x—axis

Figure-(5)

Conclusion

In this paper, Haar wavelet method is proposed for the numerical solution for the
second-order hyperbolic telegraph equation. Approximate solution of the telegraph
equation, obtain by Matlab, are compared with exact solution. This calculation
demonstrates the accuracy of the Haar wavelet solution. The main advantage of
this method is its simplicity and small computation costs, which is due to the
sparcity of the transform matrices and to the small number of significant wavelet
coefficient. It is worth mentioning that Haar solution provides excellent results
even for small values of M (M = 16). For larger values of M, we can obtain the
results closer to the real values.
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Abstract. In this paper, we find bilateral basic hypergeometric series adapting Cauchy’s
method used by Bailey, Slater, Fredric Jouhet and Michael Schlosser.

Key words: bilateral basic hypergeometric series, g-series.

1. Introduction

Schlosser [10] gave a new proof of Ramanujans ;7 summation formula [6].

a;q; (g,b/a,az,q/az)
(L) 1%[ b ] (b,q/a,z,b/az)

valid for |¢| < 1, |b/a| < |z| < 1. This proof was given by a famous method
already utilized by Cauchy [5] in the second proof of Jacobi’s [8] triple product
identity. The same method known as Cauchys method had also been used by
Bailey [3] and Slater [11]. Cauchy’s method is used to obtain any bilateral sum
from an approximately chosen terminating identity:.

Jouhet and Schlosser [9] used Cauchy’s method in Jackson’s [7] ¢-Ptaff-
Saalschutz summation

_ (¢/a,c/biq)n
(c,c/ab;q)n

LCorresponding author. E-mail: roselinmaths@gmail.com

a,b,q7";q;q
(12) 3¢2 [ ¢, qul_n/c
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to prove Ramanujan’s 1¢; summation. Also, by considering Bailey’s [2] transfor-
mation formula, Jouhet and Schlosser proved Bailey’s 410 summation formula.

It is necessary to give some standard notations for g-series and basic hyper-
geometric series. Let ¢ be a complex number, i.e., base with 0 < |¢| < 1. The
g-shifted factorial is defined for any complex parameter a by

(@)oo = (45 Q)00 = H(l - aqj)

and
IR L

where £ is any integer.
Also,

(ala A2, ...y am)k = (al)k’a Sy (am)k7

where £ is an integer or infinity.
The basic hypergeometic series is given by

a1, ..., Qs G} 2 (a1, -, G5 Q) L
1.3 B _ s
(13) Pt l by, oo b5 ] ]Z%)(%bla-n?bs—l;(l)k

and of bilateral basic hypergeometric series,

a1, -y Gs; G 2 (a1, .., a5 )k K

1.4 s¥s -
(1.4) v [bl,...,bs 1 W (b, b e

Also this paper depends on some elementary identities for ¢-shifted factorials
listed by Gasper and Rahman [6]. In this paper, we use Cauchy’s method to
bilateralize well-known terminating identities of Carlitz [4], Verma and Jain [12]
and Agarwal [1].

2. Main results

First, let us consider Carlitz [4] transformation formula, to bilateralize it by
Cauchy’s method;

g ed, T g | (edi@)a(e d, =/ /Dn
(2.1) 403 c — -
%q1—n%q1—n’cd\/§ (cd; /D)n(c,d; q)n

First replace n by 2n and then shift the index of summation by n such that the
new sum runs from —n to n,
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1-2n
2n (q—Qn,07 da ?{iq2 2 ,C]>kq2 _ (Cd7 Q)Qn(c7 d,—\/a, \/6)271
k=0 (q, % qt—2n, é q'=2", cd\/q; q)k (cd; \/Q)2n(c, d; q)2n

—2n L_on, n
. zn: (q 2 e d7£q2 2 aQ)qu( ) _ (Cd, q)gn(c, d,—\/a, \/6)271
R (q, %qlfzn, é q'=2", cd\/q; q)k (cd; /@)2n(c, d; @)2n
(a7 e,d a2 ™q) ¢ oo (a7 cq" dg", 5 a2 a), 4
(a2 q" 2 L2 ed /G q) kS (40 L gt gt edgi T q)

_ (Cd; q)Qn(c7 d, —\/@ \/G)Qn )
(cd; \/@)2n(c, d; q)2n

Take c = cq™™ and d = dg™", we get

-

k

1
(cdg ™" q)an(cq ™™, dg ™", /G /@)2n (¢, 4", 5 41", edgz =" q)n g

(cdq=2"; \/Q)an(cq™™, dg™™; q)2n (q‘2”, cqm, dg—, YL q)n

(—v@ =04, ¢ Dnla/cd; @)n (/)¢ T/ & D
(a/c,q/d, \/q/cd; On(g; D)2n

Now, let n — 0o, and assuming |¢*?/cd| < 1, while appealing to Tannery’s
theorem [1], for interchanging limit and summation, we get

i (c,d; q) <q3/2>k:(—ﬂ,—q,q,q,q/cd;q)oo(\/é/@\/é/d;q)oo
02 (£.949), (a/¢,q/d, /3/cd; @)oo (5 @)oo

[ ¢,d; q;q**/ed 1 _ (VT —4.0,9/cd, i/ e T/ 4 @)oo
(a/c,q/d; \/a/cd; @)oo

Next, consider Verma and Jain’s summation [12]
-n 1 2-n
s " ed, 542"
493
cqT" g " ed /g

_ (cd/ /T /D20 (¢, & \/Dn (G D ‘
(cd/\/@: /D) cd /T @), d; Q)n (/T /D

(2.3)
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First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

(cd/\/q; cd; q)an(c, d; \/T)2n(q; @)2n
(Cd/\/@ \/(_]>2n<0d\/a; Q)%L(Ca d; Q)2n<\/a; \/C_]>2n

k

Ca (e d L e )
=0 (q, Lgi=2n Lgl=2n cd, /q; q)k

n ( e d, C—ldq%—%;q) s
— kz—:n(q,cql 2n Cll =20 cd, /g; q)

(67" cd a2 ) a2 (a7 e da" i at "5a), o

(q, gl—2n (11 =2 ¢d, /g; q) k:_n(an 1q1 n (11 1=ned, fgq"; q)

Take ¢ = cq™" and d = dq™", we get

(cdg="=%, edg=";q) (cq™, dq™"; \/@)2n(4; )2
(edg="=%; /), (cdq™*23q), (cq", dg™"; @)on(\/T: v/D)on
n E.
(qun,cq*”,dq*”,q:gﬂ/cd; On - q" & (q ;¢ d, éqﬁ §C]) q
(q, Lgton Lglon cdg=2n+s; q)n hen (an, 4.9 cdg™" q)k
n (g7 e d, G a¥ ), g
k=—n (CIH", %7 %7 quin+%; Q)k
(cdq‘Z”‘%, cdq™"3, edg™", edg ™™ q)
N (cdg=2~3, cdg=r; q)n (cdq™2+3, cdg~+3; q)n
(ca ™ dg™, cq™*%,dg™"*3;q) (459)2n(a5 )
(cq=,dg™™, ¢, d; )n (/T @ @)n(q*/? ) cd; @)
(L' ha " edg ™ 35q) g7
(g2 cq ™, dg"; q)n

Z( edimatta) 4 (gfed ije ild g o),
w (g4 8 cdg ™ 2q)  (Va/ed /T, a/e,a/d;0)n(g; 9)on

k

—

—

Let n — oo, and assuming |,/g/cd| < 1, while appealing to Tannery’s theorem
[1], for interchanging limit and summation, we get
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5 (edig <ﬁ> _ _(afed 3/e, 3/ )
k=—o00 (%’%7(])19 cd (\/G/Cdv \/@ Q/Cv Q/da Q)oo

¢, diq,\/q/ed | _ (a/cd, /G/e;\/A/d @)oo
= 22 [ q/c,q/d ] (Va/cd,\/q,q/c.q/d; )

Again consider another summation of Verma and Jain [12];

1403 [ " ed g2 fedsgig ]
ql—n/c7 ql—n/d’ Cd\/(_]
_ (eds @nle, &/ Dn(g5 Dn o
(¢ & (VT D(ed /T D~

First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

(cd; Q)an(¢, &5 /D on (@ Don - 47" QZ” (472" e, d, g2 Jeds ) - ¢*
(Ca da Q)2n(\/§, \/a)Qn(Cd/\/av \/a>2n k=0 (Q7 q172n/c’ q172n/d, Cd\/aa Q)k:

z": (472" e, d, g2 72" Jed;q) - g™+
—
k=—mn (Q7 q1—2n/C’ q1—2n/d’ Cd\/ﬁ_]; Q)nJrk
1—n
(472 ¢, d, 272" cd; q)n " o (g7 g dg", g5 ed; q)k "
(g, 472 et d, ed JT )y 2, (g0, g7 e, g d, edga s )

(2.4)

(2.5)

Take c = cq ™ and d = dg™", we get

n -n 1 Llin, LAk
S (q ;6 dy =5 q2 1,q)k q
k=—n (ql—i-n, %7 %7 qu§_n; Q)k

(cdg*";q)an(cq™,dq™"; /@)2n (@ @)2n o

1

(cq™,dq™; @)on (/T /D) 2n (cdq‘2”‘2 ; \/G) o

(44" /e,q' ™" /d, cdgi 2" q) - q7"

X
(¢ cq™, dq™", \/q/cd; q)n
(cdq™",cdg™";q)n (cq™, dg™", cq ™3, dg™" 25 q)

(cg,dg, ¢, d; 4)n(+/3, 4; @) (cdg™""%, cdg 2" q)

(¢ @)on (¢ @) (47", ¢" " /d, cdq> ™25 q) - q "

(¢, cq dq", \/q/cd; q)n

—-n 1 n.
¥ (a7 e a2 5a) " (gfed, fife./a)d g 0)n
v (¢ L S adgs ) (VA Vajed /e afdsq)n




334 ROSELIN ANTONY, HAILEMARIAM FISEHA

Let n — oo, and assuming |,/q/cd| < 1, while appealing to Tannery’s theorem
[1], for interchanging limit and summation, we get

5 (edig) _ (a/cd G/, /T4 ¢ D)o
(%) (VA Va/edafe a/dia)

(2.6)
s [ ¢,d;q;\/q/cd ] _ (a/cd, \/a/e. 3/, 43 0)
q/c,q/d (V@ va/cd;q/c,q/d; @)oo
Consider Agarwal’s summation [1];
a,b;q.q | _ (ag,bq;q)n
2.7 S S U VAL
2D 01 [ abq ] (¢, abq; q)n

First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

% (CL, b’ Q)k X k —_ (GQ7 b(L Q)Qn
= (g, abg; q)x (¢, abq; q)2n

(l b q n+k n+k (CLQJ)Q;(I)Zn
k—z:n Q7 aan )n+k (Q7 Clbq, q>2n

(g, b5 0)n o z”: (ag", bq"™; ) .qk:(aq,bq;Q)zn
(¢, abg; q)n ~ 22, (¢, abg™ 7 q)u (9, abg; 4)2n

n

S (aq",bq"; @)k 1 _ (04,bq; @)an(q, abg; @)n
W= (@, abgtt q)y, (¢, abq; q)2n(a, b; q)n

Take a = aqg™", we get

n

5 (a.bg" @)y e _ (ag" ™", bq; @)2n(q: abq' " @) _,
(¢"*", abq; q) (¢, abg'="; @)an(ag™", b5 q)n

k=—n

(bg; q)2n(q, ag; 1/a5 q)n
(¢;9)2n(b, abq, q/a; q)n

Let n — oo, while appealing to Tannery’s theorem [1], for interchanging limit and
summation, we get

i (@ Qe x_ (bg,04,4/a;0)

28) koo (0D Q)i (b, abq, q/a, q)s
y l a; q; q ] _ (bg,aq,1/a5q)o

| abg (b, abq, q/a; q)x
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3. Conclusion

We have established bilateral basic hypergeometric series adapting Cauchy’s me-
thod used by Bailey, Slater, Fredric Jouhet and Michael Schlosser. It could also
be very interesting to find bilateral series for any other terminating basic hyper-
geometric functions by Cauchy’s method.
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Abstract. In this paper, we introduce some classes of p-valent meromorphic functions
associated with a new operator and to investigate various properties for these subclasses.
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1. Introduction

Let X, denote the class of functions of the form:
(1.1) JE&) =27+ Y a2 (peN={1,2,..),
n=1

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 <|z| <1} = U\{0}. Let Py (v,p) (k >2,0 <~ < p,p € N) denote the class of
functions

(1.2) g () :p—l—chzk
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which are analytic in U and satisfy for every r < 1 (z = re?? € U) the conditions
1) 9(0) =p,

(1.3) " |Re{g(2)} — 1|
? /0 p—y O

The class Py (7, p) was introduced and studied by Aouf [1].
We note that:

(1) Pe(v,1) = Pe() (k> 2,0 <~v < 1) (see Padmanabhan and Parvatham [8]);
(2) P (0,1) = P, (k> 2) ( see Pinchuk [9] and Robertson [10]);

(3) Po(v,p) = P(v,p) (0<~v<p, peN), where P (v,p) is the class of func-
tions ¢ of the form (1.2) and satisfy the conditions g(0)=p and Re{g(z)} >~
(0<~vy<p)inU;

(4) P, (0,1) = P, where P is the class of functions with positive real part in U;

(5) P (v, 1) =P(7) (0<y<1), where h(z) = (1 =7)p(z) +7, h(z) € P(7)
and p(z) € P.

From (1.2), we have ¢g(z) € Py (v,p) if and only if there exists g; € P (v,p),
i = 1,2 such that (see [1])

Ly ee=(G+3)ae-(-3)aw ceo.

For analytic functions f () € 3_, given by (1.1) and ¢ (2) € >, given by ¢ (2) =
2P+ Z b,—p2" P (p € N), the Hadamard product (or convolution) of f (z) and
o (2), is deﬁned by

(1.5) (f*0)(2) =27+ Y tnpbup2" P = (6% f) (2).

Aglan et al. [4] defined the operator QF,: >, — >, by:

_ >0, B>—1;
— F(FaJr/J’) Z Cotd) o nep < a>0; ; >
(8) I'(n+B+a) "M—P :
(1.6) Q5,f(2) = pels Jex

f(z) (a=0p>—-1;peN; fex,).

Mostafa [7] used Aglan et al. operator and defined the following linear oper-

ator Hpﬁ“ ¥, — X, as follows:

First put

N Ly a+6 > L(n+5) n—p
(1.7) G5, (2) = 2 ;r CEYETIk (p € N)
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and let G, be defined by
. 1

(18) Ggp( )*Ggplt( ):m (u>0,p€N)
Then
1.9 Hps f(2) = G5(2) * f(2) (f€X,).
Using (1.7) and (1.9), we have

N T(n+ B+ a) (i), o
(110) Hpﬁy,f( ) = Z F TL +/8 ) Ap—pZ p7

n=1

where (v),, denotes the Pochhammer symbol given by

e () (n=0)
I'(v) viv+1)..(v+n—-1) (neN).

It is readily verified from (1.10) that (see [7])

(V) =

(1.11) 2(H g, f(2)) = (a4 BYHSE f(2) — (a0 + B+ p)HY s, f(2)
and
(1.12) 2(Hy g, f(2)) = nHys 0 f(2) = (n+p)Hy g, f(2).

It is noticed that, putting = 1 in (1.10), we obtain the operator

a o « I /) F(ﬁ) - F(n—i_&_'_ﬂ) n—p
(1.13)  HOu f(2) = Hogf(2) =277 + a5 ; ORI

Now we define the following subclasses of the class Zp for 0 <~v,8<p,peN
and k> 2:

1y Esen-{raey, -ZLenpazeul,

!/

2f (2)
(115) > C(pn)=Sfx) e : %GPA@W,ZGU :

P f (z

ka(p77>C)
:{f(z) Z 25219, : ;(())ka(P;OaZGU}

(1.16)
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and

STV (0.7.0)

(1.17) 2f (2)
= f(Z)GZp,g(Z)EZCE(p,’Y)I—%GPk(p7<),Z€U

We can easily see that:

(1.18) f(z) €Y Ci(p) = —%}Z) €D Sk(p.)
and

119 [0 e Vim0 = LD S e

We note that, for special choices for the parameters k£ and v involved in the above
classes, we can obtain well-known subclasses

Y S ) = DS Calpr) = Colv),
YD Vi) = Y V(1,0 and > V5 (p,7,0) =D Vi (1:.0)-

The classes Y Sy (7), 22 Cp(7), 2- V4 (7,¢) and Y V¥ (v,¢) denote the meromor-
phic p-valent starlike of order +, meromorphic p-valent convex of order ~, mero-
morphic p-valent close-to-convex of order v and type (0 <+, ¢ < p,p € N) and
meromorphic p-valent quasi-convex of order  and type ((0 <+, ¢ < p, p € N).
The classes ) S»(v) and ) Cp(7) were studied by Kumar and Shukla [5] and the
classes >V}, (7,¢) and »_ V" (v,¢) were introduced by Aouf et al. [2] and Aouf
and Xu [3].

Next, by using the linear operator Hp's  f (z), we introduce the following
classes of analytic functions for 0 < v, <p and k > 2

(1.20) ) Sip (o, B pi7) = { Z Hygs, Z)EZSk(p,v),ZGU},
(121) > Crp(e, Bop7) = { Z Hpg f Z)GZCk(pﬁ),ZGU},
(1.22) Y Vip (@, B, 1:7,¢) = { Z Hys, f z)GZVk(p,C),ZEU}

and

(1.23) D Vi, (o 8,17, ¢ —{ Z Hps z)GZVk*(p,C),ZGU}-
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We also note that

(1.24) F(2) €Y Chpla,By) & —Zfoz) €D Sip (o, B p;7)

and

) e S v (0,8,57,0).

(1L25)  f(2) € X Vip (@B ) & ==

2. Main results

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
a>0, u>0 >-1,0<v (<p, k>2and z € U.
In order to prove our results, we need the following lemma.

Lemma 1. [6] Let u = uy +iuy and v = vy +1ivy and @ (u,v) be a complez-valued
function satisfying the conditions:

(1) ® (u,v) is continuous in a domain D € C%.
(2) (0,1) € D and Re® (1,0) > 0.

(3) Re{P (iug,v1)} > 0 where (iug,v1) € D and vy < —5 (1 + u3).

If h(z) =1+ 12+ c22® + ... is analytic in U such that (h(z),zh'(z)) € D and
Re{® (h(z),zh'(2))} > 0 for z € U, then Re{h(2)} >0 in U.

Theorem 1. Let 0 <n <~y <pandn < a+ f+p, then

(2.1) > Skplat1,8,m7) C D Sep(a, B, psm),
where

= 14+2a+2842p+27—+/ 2(a+B+7+p)+112=8[2y(a+F4p)+p]

Proof. Let f(z) € > Sy, (a+ 1,5, u;7) and

(23) B ) R S P

ngg,uf(z)

where

(2.4) hz) = <§ + %) ha () — (% - %) by (2)
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where h;(z) (i = 1,2) are analytic in U and h;(0) =1 (¢ = 1,2). Using (1.11) in
(2.3) and differentiating the resulting equation with respect to z, we have

ALY
25 A Y= ’y+(p/ n)h(z)
(p—m)2h (2)

p-mh(z) +n—(a+B+p)

Now, we will show that H (z) € Py (v, p) or hi(z) € P. From (2.4) and (2.5) we
have

2 (Hpbuf(2)) ko1 (p—n)zh (=)
HOLfG) (Z * §> {1=1+ -6 - it e )

4

k1 (p—m)zhi(2)
B (Z a §> {7] —r P ha(z) - (p,n)hg(z)+nf(a+5+p)} ’

this implies that

Re{n—'w(p—n)hi(z)— (p—n)hszz_)—z);}iiiz)Jrﬂer)} >0 (i=1,2).

We form the functional ® (u,v) by taking u = hy(z), v = zh; (2),

(p—n)v
p—nu+n—(a+pB+p)

(2.6) ‘P(u,v)zn—vﬂp—n)u—(

Clearly, the first two conditions of Lemma 1 are satisfied in the domain
D C C\%ﬂf“ x C. Now, we verify condition (iii) as follows:

| B (p—n)u
Re {® (iug,v1)} = (77—’)/)+Re{_<p_n)m2+77—(a+ﬁ+p)}

(p—n)(a+B+p—mn)(1+u3)
2(p—n)’ud+(m—a—B-p)

IN

(n—2)—

A + Bu?
200 7

where

A = 2-m—a=B-p’=p-n(a+B+p—1),
B = 2= @-n"~@-n(a+B+p-m),
C = (p-n'uz+m—a-F5-p°.
We note that Re {® (iuz,v1)} < 0if and only if A < 0 and B < 0. From 7 as given

by (2.2), we obtain A < 0 and from 0 < 7 < v < p we have B < 0. Therefore
applying Lemma 1, h; (2) € P (i = 1,2) and consequently f € > Sk, (o, 5, 15 1m).
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This completes the proof of Theorem 1.

Theorem 2. Let 0 <n<~v<pn<a+p+pand k> 2, then

(2.7) D Crpla+1,8,157) C Y Crp (o, Bim) .
Proof. Applying (1.24) and Theorem 1, we observe that

c ch,p(a+1aﬁ7u;7>
Zf EZSM By 1:7)
Zf € Skpla, B, pin)

chp BML??

which evidently proves Theorem 2.

Theorem 3. Let 0 <~,( <p,vy<a+S+pand k > 2, then
(2.8) > Vipla+1,8,m7,¢) C > Vip (e, .157,0).

Proof. Let f(2) € > Vip(a+ 1,5, 1;7,¢) . Then, in view of the definition of the
class > Vi, (a+ 1,8, 15, ¢) , there exists a function g (2) € > Sa, (a+ 1, 8, ;)

such that ( (- ))
- (22
— H;;h() € P.(¢,p) (z€U).
Now let
. ( pﬁuf< )) 2) = (p — ~
(29> Haﬁug< ) _G( )_(p C)h( )+C7

where h(z) is given by (2.4). Using (1.11) in (2.9), we have
(a+ B) Hpf L f(2) = (a+ B +p)Hy, f(2)

—[(p = Q) h(2) + (JHpp,9(2).
Differentiating (2.10) with respect to z and multiplying by z, we obtain

(a+B) 2(Hy 5 f(2)) = (a+ B +p)2(Hys  f(2))
= —(p— Q) 2l (2) Hyg,9(2) = (0= O h(2) + (J2(Hy s ,9(2)) .
Since g(z) € > Sop (v + 1,5, 1377) , by Theorem 1, g (2) € > Sa, (o, B, f157), then

we have /
_Z (Hz?ﬁ ug(z))
Haﬁ ug< )

(2.10)

(2.11)

=({—-7aqz)+,
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where ¢(2) = 1+ ¢12 + o2 + ... is analytic in U with ¢(0) = 1. Then by using
(1.11), we have

(2.12) —&%H%%%M%%=4p—wq@%P%%a+5+p)

D,5,1

From (2.11) and (2.12), we obtain

2 (Hy5,f () (0 = Q) 2l(2)

‘ _ p.Bo = (p—OVh(z) — :

(213) Hybog(2) (==0hl) (p—"4q(z) +v—(a+B+p)
Now, we will show that G (2) € Py (¢,p) or h;(z) € P, i = 1,2. From (2.4)

and (2.13) we have

(mre)
B30

(k1 B A (p =) zha(2)
_(4+2)%p ¢ (2) @—VM@%Pw%a+5+m}
( (

_(Z—%) {(p—C)h2(Z)— (p_v)q(z)+7—(a+5+p)}’

this implies that

(p — Q) zhi(2)
(p—7q(z)+~v—(a+B+p)

Re{(p—()hi(z)— }>0 (zeU;i=1,2).

We form the functional ® (u,v) by choosing u = h;(2), v = zh; (2),
(p—Qu
(=7 a(z)+v—(a+B+p)
Clearly, the first two conditions of Lemma 1 are satisfied in the domain

DCO\Q x C.where @ = { € € and Re(u(2) = g > TS0 L ang

® (u,v) = (p—CQu—

4(z) = ¢ + 1ga.
Now, we verify the condition (iii) as follows:

‘ _opedl (p—Quv
Re {® (iug,v1)} = R{ (p_fy)(ql—i-iqg)—i-*y—(@—i‘ﬁ‘i‘m}

e+ Btp=—v)—(—all— 1 +u)
2{{p—Va+y—a—B-p+[p-7 e’}

< 0.

By applying Lemma 1, h; (z) € P (i = 1,2) and, consequently,

f(2) €Y Vipla+1,8,17,0).
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This completes the proof of Theorem 3.

Theorem 4. Let 0 <y, A <p,y<a+S+pand k> 2, then

(214) Zvl:p <&+1757M;77C) - kafp(aaﬁvu;’Y?C)‘

Proof. Applying (1.25) and Theorem 3, we observe that

Z) S ng,p(a—i_lwﬁaﬂv’%C)
zf’

Zf €Y Vip(a,B,1557,0)
€D Vi, (a8 157,€),

which, evidently, proves Theorem 4.

In [5], Kumar and Shukla defined the familiar integral operator F, ,(f)(z)
as follows:

z
14

Fo(f)(z) = / PLRdE (v > 0)

Zvtp

(2.15) 0

> v
= 2P 4 E Ap—p2" P,
Vv+n
n=1

It follows that:

(216)  2(Hys, Fp(f)(2)) = vHy 5, f(2) = (v +p)Hy g By () (2) (v >0).

Theorem 5. If 0 <~y <p, k>2and f € Spp(a,B,1;7), then

) €D Sipla, B py) (v>0).

Proof. Let f € > Sk, (o, B, p15y) and set

(217) B L C) M TR S P S

Hp g Fp(f)(2)

where h(z) is given by (2.4). Using (2.16) and (2.17), we have

v Hgﬁuf(z)
Hp Loy (f)(2)

(2.18)

=—(p-—7h(z)—v+v+p
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Taking the logarithmic differentiation on both sides of (2.18) with respect to z
and multiplying by z, we have

Cs(Hga () (p—n) 2 (2)
(2.19) He, f (2) 7= wh@%%@—wh@%F%%V+m‘

Now, we will show that M (z) € P, (v,p) or h;(z) € P. From (2.4) and (2.19) we
have

!

HGCIO) _ ko1 (p—)zh(2)
—me,gm 7 = 173 {@_whﬂd_@ﬂmwﬁ4wm}

ko1 (p—)2hs(2)
_<Z_§){@_7””@V‘wwm@ﬁ4wm}

this implies that

(p—7) 2h; (2)
(p—=7) hi(2) +7—(

We form the functional ® (u,v) by choosing u = h;(2), v = zh; (2),

(2.20) Re{(p—fy)hi(z)— V—i—p)}>0 (zeU;i=1,2).

(p—7)v
p—y)u+y—(v+p)

©Wm%=@—wu—<

Then, clearly, ® (u,v) satisfies all the conditions of Lemma 1. Hence h; (z) € P
(i =1,2) and consequently h (z) € Py for z € U, which implies that F, ,(f)(z) €
> Skp (e, B, 1;7y). This completes the proof of Theorem 5.

Next, we derive an inclusion property for the subclass > C, (o, 5, it;y) in-
volving F, ,(f)(z), which is given by the following theorem.

Theorem 6. If 0 <~y <p, k>2, v>0and f € Cy,(a, B, 1;7), then

Fup(f)(2) € Crpla, B, 157) -

Proof. By applying Theorem 5, it follows that
f € chp (aaﬂaﬂ;’}/)

Z !
— _7‘]0 € Zsk,p (04757M77)

= F,,(f)(2) (—%) € Zsk,p (o, B, ;)

e O 5o

= Fp(f)(2) €Y Crp (@, B, 17) .-
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This completes the proof of Theorem 6.

Using (2.16) instead of (1.11) and the techniques of the proof of Theorems 3

and 4, respectively, we can prove the following theorems, respectively.

Theorem 7. If 0<~,(<p, k>2,v>0and f €Y Vi, (a,B,u;7,C), then

Fup(£)(2) € D Vi (@, 8,157, C)

Theorem 8. If 0<~,(<p, k>2,v>0and f e Vi (a B 17C), then

FV,P(f)(Z> € Z V/:p (Oé, 5a s C) :

Remark 1.

(i)

(i)

Using (1.12) instead of (1.11), in our results, we can obtain new results

corresponding to the operator Hys .

Putting u = 1, in the above results, we obtain the corresponding results for
different classes associated with the operator H; defined in (1.13).

Acknowledgements. The authors would like to thank the referees of the paper
for their helpful suggestions.
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1. Introduction and preliminaries

The Hyperstructure theory was introduced in 1934, at the eighth Congress of
Scandinavian Mathematicians, when F. Marty [1] defined hypergroups based on
the notion of hyperoperation, began to analyze their properties and applied them
to groups. In the following decades and nowadays, a number of different hyper-
structures are widely studied from the theoretical point of view and for their
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applications to many subjects of pure and applied mathematics, such as in fuzzy
sets and rough set theory, optimization theory, theory of discrete event dynami-
cal systems, cryptography, codes, analysis of computer programs, automata, for-
mal language theory, combinatorics, artificial intelligence, probability, graphs and
hypergraphs, geometry, lattices and binary relations (see [2], [3], [4], [5]).

Ternary algebraic operations were considered in the 19th century by several
mathematicians. Cayley [6] introduced the notion of ”cubic matrix” which was
generalized by Kapranov, et al. in 1990 [7]. Ternary structures and their generali-
zation, the so-called n-ary structures, raise certain hopes in view of their possible
applications in physics and other sciences. Some significant physical applications
in Nambu mechanics, although still hypothetical, in the fractional quantum Hall
effect, the non-standard statistics (the anyons), supersymmetric theories, Yang-
Baxter equation etc. can be seen in [22], [25], [8], [27], [28], [29]). The notion
of an n-ary group was introduced in 1928 by W. Dérnte [15] (under inspiration
of Emmy Noether). The idea of investigations of n-ary algebras, i.e., sets with
one n-ary operation, seems to be going back to Kasner’s lecture [16] at the 53rd
annual meeting of the American Association of the Advancement of Science in
1904. Sets with one n-ary operation having different properties were investigated
by many authors. Such systems have many applications in different branches. For
example, in the theory of automata [24] are used n-ary systems satisfying some
associative laws, some others n-ary systems are applied in the theory of quantum
groups [14] and combinatorics [30]. Different applications of ternary structures
in physics are described by R. Kerner in [8]. In physics there are also used such
structures as n-ary Filippov algebras (see [9]) and n-Lie algebras (see [22]). Some
n-ary structures induced by hypercubes have applications in error-correcting and
error-detecting coding theory, cryptology, as well as in the theory of (¢,m, s)-
nets (see for example [26]). Ternary semigroups are universal algebras with one
associative operation. The theory of ternary algebraic systems was introduced
by D. H. Lehmer [17] in 1932. He investigated certain algebraic systems called
triplexes which turn out to be commutative ternary groups. The notion of ternary
semigroups was introduced by S. Banach (cf. [23]). By an example he showed
that a ternary semigroup does not necessary reduce to an ordinary semigroup.

n-ary generalizations of algebraic structures is the most natural way for fur-
ther development and deeper understanding of their fundamental properties. In
[10], Davvaz and Vougiouklis introduced the concept of n-ary hypergroups as a
generalization of hypergroups in the sense of Marty. Also, n-ary hypergroups can
be seen as an interesting generalization of n-ary groups. Davvaz and et. al. in
[11] considered a class of algebraic hypersystems which represent a generalization
of semigroups, hypersemigroups and n-ary semigroups. Ternary semihypergroups
are algebraic structures with one associative hyperoperation and they are a par-
ticular case of an n-ary semihypergroup (n-semihypergroup) for n = 3 (cf. [11],
[12], [10, 13]). Recently, Hila et. al. [20], [21] introduced and studied some classes
of hyperideals in ternary semihypergroups.

Several difficult problems in economics, engineering, environment, social scien-
ces, medicine and many other fields involve uncertain data. We usually come
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across the data which is blurred and contains many types of uncertainties. There
are several well-known theories developed to overcome difficulties which arise due
to uncertainty. For instance, probability theory, fuzzy sets theory [31], rough sets
theory [32] and other mathematical tools. But all these theories have their in-
herited difficulties as pointed out by Molodtsov [33]. In probability theory, we
have to make a great deal of experiments in order to check samples. In social
sciences and economics, it is not always possible to make so many experiments.

Pawlak [32] introduced the theory of rough sets in 1982. It was a significant
approach for modeling vagueness. In this theory, equivalence classes are used to
approximate crisp subsets by their upper and lower approximations. This theory
has been applied to many problems successfully, yet has its own limitations. It
is not always possible to have an appropriate equivalence relation among the ele-
ments of a given set, so we cannot have equivalence classes to get upper and lower
approximations of a subset. Later, some authors [34] tried to have approximations
not with the help of equivalence relation, but by using a relation in general.

Fuzzy set theory was developed by Zadeh [31]. It is the most appropriate
approach to deal with uncertainties. However, some authors [33] think that the
difficulties in fuzzy set theory are due to the inadequacy of parametrization tools
of this theory.

In 1999, Molodtsov introduced the concept of soft sets as a new mathema-
tical tool for dealing with uncertainties that is free from the difficulties affecting
existing methods. Soft set theory has rich potential for applications in several
directions, few of which had been demonstrated by Molodtsov in his pioneer work
[33]. Molodtsov also showed how Soft Set Theory (SST) is free from parametriza-
tion inadequacy syndrome of Fuzzy Set Theory (FST), Rough Set Theory (RST),
Probability Theory, and Game Theory. SST is a very general framework. Many
of the established paradigms appear as special cases of SST. Applications of Soft
Set Theory in other disciplines and real life problems are now catching momen-
tum. At present, research in the theory of soft sets is in progress. Theoretical and
application aspects of soft set theory are discussed in several papers, such as [35],
[36], [37], [38]. Maji et al. [35] applied soft sets to a decision making problem and
studied several operations on the theory of soft sets. Pei et al. [36] discussed the
relationship between soft sets and information systems. Roy et al. [37] applied
fuzzy soft set theory to a decision making problem. Maji et al. [38] studied several
operations on the theory of soft sets. Ali et al. [39] also studied some new notions
such as the restricted intersection, the restricted union, the restricted difference,
and the extended intersection of two soft sets. The algebraic structure of soft
sets has been studied by several authors. For example, Aktas and Cagman [40)]
introduced the basic concepts of soft set theory and compared soft sets to the
related concepts of fuzzy sets and rough sets. They also discussed the notion of
soft groups and drove their basic properties using Molodtsov’s definition of soft
sets. Other applications of soft set theory in different algebraic structure can be
found in [41], [42], [43], [44], [45], [46], [47], [48], [49] etc. Recently, Leoreanu-Fotea
and Corsini [19] and then Davvaz et. al. [50], [51], [52] introduced and analyzed
several types of soft hyperstructures: soft hypergroupoids, soft semihypergroups,
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soft hypergroups and soft polygroups.

In this paper, we introduce and initiate the study of soft ternary semihyper-
groups by using soft set theory. The notions of soft ternary semihypergroups, soft
ternary subsemihypergroups, soft left (lateral, right) hyperideals, soft hyperideals,
soft quasi-hyperideals and soft bi-hyperideals are introduced, and several related
properties are investigated.

Recall first the basic terms and definitions from hyperstructure theory and
soft set theory.

2. Ternary semihypergoups

Let H be a nonempty set and let P*(H) = P(H)\{0} denote the set of all
nonempty subsets of H. A map o: H x H — P*(H) is called a hyperoperation or
join operation on H. A hypergroupoid is a pair (H, o), where o is a hyperoperation
on H. A hypergroupoid (H,o) is called a semihypergroup if for all x,y,z € H,
(xoy)oz==xo(yo z), which means that

U Uoz= U X O.

ucroy veEYyoz
If x € H and A, B are non-empty subsets of H then

AoB= |J aobAox=Ao{z}and z0oB = {zx}oB.

a€A,beB

A nonempty subset B of a semihypergroup H is called a sub-semihypergroup
of Hif Bo B C B. A semihypergroup (H,o) is a hypergroup if it satisfies the
reproduction axiom: for alla € H,ao H=Hoa=H.

Amap f: Hx Hx H — P*(H) is called a ternary hyperoperation on H. A
ternary hypergroupoid is a pair (H, f) where f is a ternary hyperoperation on H.

If A, B,C are non-empty subsets of H, then we define

f(A,B,C) = U f(a,b,c).

acAbeB,ceC

A ternary hypergroupoid (H, f) is called a ternary semihypergroup if for all
ai, as, ...,as € H, we have

(*) f(f(al,ag,ag),a4,a5) = f(a1, f(az,as,a4),a5) = f(al>a2a f(ag,a4,a5)).

Since we can identify the set {x} with the element z, any ternary semigroup
[17] is a ternary semihypergroup.

Due to the associative law in a ternary semihypergroup (H, f), for any ele-
ments x1, T, ..., Topt1 € H and positive integers m,n with m < n, one may write

f(.ﬁ(fl, T2, ..., l’2n+1) = f(.%‘l, ey Ty T 1, T2y +o 1y $2n+1)

= f(mla ceey f(f(xmaxm+l7xm+2)>$m+37xm+4>7 ceey x?n-i-l)'
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A ternary hypergroupoid (H, f) is commutative if for all a1, as,a3 € H and
for all o € Ss, f(ay, a2, a3) = f(Go(1); Go2), Qo(3))-

Let (H, f) be a ternary semihypergroup. A nonempty subset 7" of H is called
a ternary subsemihypergroup if f(T,T,T) C T.

An element e of a ternary semihypergroup (H, f) is called a left identity
element of H if for all @ € H, f(e,a,a) = {a}. An element e € H is called an
identity element of H if for all a € H, f(a,a,e) = f(e,a,a) = f(a,e,a) = {a}.
Hence f(e,e,a) = f(e,a,e) = f(a,e,e) = {a}.

A nonempty subset I of a ternary semihypergroup H is called a left (right,
lateral) hyperideal of H if

FH,H,I)C I (f(I,H,H)CI, f(H,I,H)C]I).

A nonempty subset I of a ternary semihypergroup H is called a hyperideal
of H if it is a left, right and lateral hyperideal of H. A nonemtpy subset I of a
ternary semihypergroup H is called two-sided hyperideal of H if it is a left and
right hyperideal of H.

Different examples can be found in [20], [21].

3. Preliminaries of soft set theory

Let U be an initial universe set and F be a set of parameters. The power set of
U is denoted by P(U) and A is a subset of E.

Definition 3.1. A pair (F, A) is called a soft set over U, where F' : A — P(U) is
a mapping.

In the other words, a soft set over U is a parameterized family of subsets of
the universe U. For a € A, F(a) may be considered as the set of a-approximate
elements of the soft set (F, A). Notice that a soft set is not a set, as Molodtsov
pointed out in several examples in [33].

Let us consider the following example. We quote it directly from [38].

Example 3.2. [38] Let us consider a soft set (F, E), which describes the ”attrac-
tiveness of houses”, considered for purchase. Suppose that there are six houses
in the universe U, given by U = {hy, ha, h3, hy, hs, he} and E = {e1, eq, €3, €4, €5}
is a set of decision parameters, where e;(i = 1,2,3,4,5) stand for the parame-
ters "expensive”, "beautiful”, "wooden”, "cheap” and ”in green surroundings”,
respectively. Consider a mapping F' : E — P(U). For instance, suppose that
F(ey) = {ho, ha}, F(ea) = {h1,hs}, F(es) = {hs, ha,hs}, F(es) = {h1, h3, hs},
F(es;) = {h1}. The soft set (F, FE) is a parameterized family {F(e;),7 = 1,...,5}
of subsets of the set U, and can be viewed as a collection of approximations:
(F, E)={expensive houses = {hs, h4}, beautiful houses ={hy, h3}, wooden houses
={hs, hy, h5}, cheap houses ={h1, h3, h5}, in green surroundings houses ={h;}}.
Each approximation has two parts: a predicate and an approrimate value set.
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In [47], for a soft set (F, A), the set Supp(F, A) = {x € A|F(x) # ()} is called
the support of the soft set (F, A). If Supp(F, A) # 0, then (F, A) is called non-null.

Definition 3.3. Let (F, A) and (G, B) be two soft sets over a common universe
U. The estended intersection of (F, A) and (G, B), denoted by (F, A)(z(G, B)
is the soft set (K, (), satisfying the following conditions: (i) C' = AU B; (ii) for
all e € C,
F(e) if e € A\B,
K(e) =< G(e) if e € B\A,
Fe)UG(e) ifee ANB.

Definition 3.4. Let (F, A) and (G, B) be two soft sets over a common universe
U. The restricted intersection of (F, A) and (G, B), denoted by (F, A) (G, B)
is the soft set (K, ), satisfying the following conditions: (i) C'= AN B; (ii) for
alle € C, K(e) = F(e) NG(e). We write (F, A)N(G, B) = (K, C).

Definition 3.5. Let (F, A) and (G, B) be two soft sets over a common universe U.
The bi-intersection of (F, A) and (G, B) is the soft set (K,C), where C = AN B
and K : C' — P(U) is a mapping given by K(z) = F(z) NG(x) for all x € G. We
write (F, A)N(G, B) = (K, O).

Definition 3.6. Let (F, A) and (G, B) be two soft sets over a common universe
U. The extended union of (F,A) and (G, B), denoted by (F,A) Uz(G, B) is the
soft set (K, C), satisfying the following conditions: (i) C' = AU B; (ii) for all
eeC,
F(e) if e € A\B,
K(e) =< G(e) if e € B\A,
F(e)UG(e) ifec ANB.

Definition 3.7. Let (F, A) and (G, B) be two soft sets over a common universe
U. The restricted union of (F, A) and (G, B), denoted by (F, A) | Jx(G, B), is the
soft set (K,C) satisfying the following conditions: (i) C' = AN B; (ii) for all
e € C,K(e) = F(e) UG(e). We write (F, A)U(G, B) = (K, C).

Definition 3.8. Let (F;, A;);c; be a nonempty family of soft sets over a common
universe U. The union of these soft sets is the soft set (G, B) such that B =
Uies Aiand for all z € B, G(z) = |J F;(z), where I(z) = {i € I|x € A;}. We

write | J,;(Fi, 4i) = (G, B).

iel(x)

Definition 3.9. Let (F, A) and (G, B) be two soft sets over a common universe U.
Then (F, A) AND (G, B) denoted by (F, A)A(G, B) is defined by (F, A)A(G, B) =
(K, A x B), where K(z,y) = F(z) NG(y) for all (z,y) € A x B.

Definition 3.10. Let (F, A) and (G, B) be two soft sets over a common universe
U. Then (F, A) OR (G, B) denoted by (F, A)V(G, B) is defined by (F, A)V(G, B) =
(K, A x B), where K(z,y) = F(z) UG(y) for all (z,y) € A x B.
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Definition 3.11. Let (F, A) and (G, B) be two soft sets over a common universe
U. We say that (F, A) is a soft subset of (G, B), denoted by (F, A)C(G, B), if it
satisfies: (i) A C B; (ii) F(a) C G(a) for all a € A.

We say that (F, A) and (G, B) are soft equal, denoted by (F, A) = (G, B) if
(F,A) C (G, B) and (G, B) C (F, A).

4. Soft ternary semihypergroups

Hereafter, we shall consider soft sets over a ternary semihypergroup (H, f).

Definition 4.1. The restricted hyperproduct of soft sets (Fy, By), (F2, Ba), (F3, Bs)
over a ternary semihypergroup H, denoted by f((Fy, By),(Fs, Bs), (F3, B3)), is
defined as a soft set

-~

(K, D) = f((F1, B1), (F2, B2), (F3, B)),
where D = (\{B;|i =1,2,3} # 0 and K : D — P(H) defined by
K(d) = f(Fi(d), Fx(d), F5(d)) for all d € D.

Definition 4.2. Let (F, A) be a non-null soft set over a ternary semihypergroup
(H, f). Then, (F,A) is called a soft ternary semihypergroup over H if F(x) is a
ternary subsemihypergroup of H for all x € Supp(F, A), i.e.

~

F((F,A), (F, A), (F, A)) € (F, A).

A soft set (H, E) over H is said to be an absolute soft set over H, if for all
ec E, H(e)=H.

Proposition 4.3. A soft set (F,A) over a ternary semihypergroup H is a soft
ternary semihypergroup over H if and only if for all a € A, F(a) # 0 is a ternary
subsemihypergroup of H.

Proof. Let (F, A) be a soft ternary hypergroup over H and a € A be such that
F(a) # (). By definition

~

FU(FA),(F A), (F,A) = (K, ANANA) = (K, A)
where K is defined by
K(a) = f(F(a), F(a), F(a)) for all a € A.

~

Since f((F,A), (F,A), (F,A)) C (F,A), it follows that K(a) C F(a) for all a € A,
and so f(F(a), F(a),F(a)) C F(a). This means that F(a) is a ternary subsemi-
hypergroup of H.

Conversely, let F'(a) # () be a ternary semihypergroup of H for all a € A. We
have f(F(a), F(a), F(a)) C F(a), that is K(a) C F(a). Thus, (K,A) C (F, A),
which implies that
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-~

F((F,A), (F, A), (F, A) € (F, A)
Hence (F, A) is a ternary semihypergroup over H. n

Example 4.4. Let H = {a,b,c,d,e, g} and f(x,y, z) = (zxy)xzforall z,y,z € H,
where x is defined by the table:

x| a b c d e g
ala {a,b} ¢ {c,d} e {e g}
b|b b d d g g
cle {c¢,d} ¢ {c,d} ¢ {cd}
did d d d d d
ele {egt ¢ {cdt e {eg}
glg g d d g g

Then (H, f) is a ternary semihypergroup. We define F': H — P(H) by F(a) =
{CL?b}’F(b) = {bvdvg}vF(C) = {Cvd}’F(d) = {d}vF(e) = {a’bv 6’9}7F(g) =
{d, g}. Tt is clear that for all x € H, F'(z) is a ternary subsemihypergroup of H.
Hence, (F, H) is a soft ternary semihypergroup over H. Notice that not every
soft set over a ternary semihypergroup H, is a soft ternary semihypergroup over
H. Let G : H — P(H) defined by G(a) = {a,b,c},G(b) = {b,d,g},G(c) =
{¢,d},G(d) = {d},G(e) = {a,b,e,g},G(g) = {d,e,g}. Then (G, H) is a soft set
over H, but it is not a soft ternary semihypergroup over H, because G(a) and
G(g) are not ternary subsemihypergroups of H.

Proposition 4.5. Let (F, A) and (G, B) be two soft ternary semihypergroups over
H such that AN B = 0. Then (F,A)Ug(G,B) is a soft ternary semihypergroup
over H.

Proof. By definition, (K, C) = (F, A) Uz (G, B), where C = AUB and ANB = 0.
Then for all ¢ € C, either ¢ € A\B or ¢ € B\A. If ¢ € A\B, then K(c) =
F(c) and if ¢ € B\A, then K(c) = G(c). So in both cases K(c) is a ternary
subsemihypergroup of H. Therefore, (K,C) is a soft ternary semihypergroup
over H. u

Proposition 4.6. Let (F, A) and (G, B) be two soft ternary semihypergroups over
H such that AN B # 0. Then (F,A)Ug(G, B) is a soft ternary semihypergroup
over H.

Proof. Let us assume that AN B # (. Let (K,C) = (F, A) Uz(G, B) where

F(c) if c € A\B,
K(c) =4 Glc) if c € B\A,
F(c)UG(c) ifce ANB.

To show that (K, C) is a soft ternary semihypergroup over H, we have to show
that

~

F(K, C), (K, C),(K,C)) € (K, C).
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We have
]/C\((Ka C), <K7 C)? (Ka C)) = (P7 C)
and
P(c) = f(K(c),K(c),K(c)) for all c € C..
For c € ', we have
P(c) = [f(K(c),K(c), K(c))
= f((F,A)Ug (G,B),(F,A)Ug (G,B),(F,A) Ug (G, B))
(c if c € A\B,

F(c)
- { G(c) if c € B\A,
F(e)nG(c) ifce ANB.

Then P(c) C K(c) for all ¢ € C. Therefore, (F, A) Ug (G, B) is a soft ternary
semihypergroup over H. u

Proposition 4.7. Let (F, A) and (G, B) be two soft ternary semihypergroups over
H such that AN B # 0. Then (F, A) Ng (G, B) is a soft ternary semihypergroup
over H.

Proof. Let us assume that AN B # (. Let (K,C) = (F,A) Ng (G, B) where
C=ANB# 0 and K(c) = F(c) NG(c) for all ¢ € C. To show that (K,C) is a
soft ternary semihypergroup over H, we have to show that

F((K,0), (K,0), (K,C)) C (K,C).
We have
f(K,0),(K,C),(K,C)) = (P,C).

and

3
S
I
Kﬁ

(K(c),K(c),K(c)) for all c € C.
For ¢ € ', we have

Ple) = [f(K(c), K(c), K(c))

1N
=

Then P C K. Therefore, (F,A) Ng (G, B) is a soft ternary semihypergroup
over H. .

Proposition 4.8. Let (F, A) and (G, B) be two soft ternary semihypergroups over
H. Then (F,A) A (G, B) is a soft ternary semihypergroup over H.
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Proof. Let (F,A) A (G,B) = (K,A x B) = (K,C) where K(a,b) = F(a) N
G(b) for all (a,b) € A x B. We have to show that (K, A x B) is a soft ternary
semihypergroup over H. We have

~

(P,C) = f((K, A x B),(K,Ax B),(K,Ax B))

where C'= A x B and P(a,b) = f(K(a,b), K(a,b), K(a,b)) for all (a,b) € C. For
(a,b) € C, we have

P(a,b) = f(K(a,b),K(a,b),K(a,b))
o

= f(F(a)NG(b), F(a) NG(b), F(a) NG(D))
C F(a)NG(b)
= K(a,b).

Then P C K. Therefore, (F, A)A(G, B) is a soft ternary semihypergroup over H.m

Definition 4.9. Let (F, Ay), (F», Ay), (F3, A3) be three soft sets over a ternary
semihypergroup (H, f). Define

f*((Fl,Al), (FQ,AQ), (Fg,Ag)) = (K, Al X AQ X Ag)
be a soft set where K(al,ag,ag) = f((Fl(CL1>, Fg(ag),Fg((lg)).

Proposition 4.10. Let (H,f) be a commutative ternary semihypergroup. If
(F1, A1), (Fy,As), (Fs,Asz) are soft ternary semihypergroup over H, then
F((F1, Ay, (Fy, As), (F3, A3)) is a soft ternary semihypergroup over H.

Proof. Let f*((Fi, A1), (Fy, Ag), (F3, A3)) = (K, Ay X Ay x A3) where
K(ai,az,a3) = f(Fi(a1), Fa(az), F3(as))
for all (a1, aq,a3) € Ay x Ay x Az. We have
(P,C) = F((K, Ay x Ay X Ag), ..., (K, A x Ay x Ay))
where C = A; x Ay x Az and
P(ay,as,a3) = f(K(a1,as,a3), K(a1,as,a3), K(ay,as,a3))

for all (ay,aq,a3) € C. For (ay,ay,a3) € C, since H is commutative, we have

P(ay,as,a3) = f(K(ay,a9,a3), K(ay,as,as3), K(ai,as,as))

= [(f(Fi(ar), Fa(az), Fs(as)), f(Fi(ar), Fa(az), F3(as)))
f(Fi(ar), Fa(az), F(as))
K(ay,as,as).

N

Then P C K. This completes the proof. n
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5. Soft ternary subsemihypergroups and soft hyperideals

Definition 5.1. Let (F, A) and (G, B) be two soft sets over H such that (F, A) is a
ternary semihypergroup and (G, B) C (F, A). Then (G, B) is called a soft ternary
subsemihypergroup (hyperideal) of (F, A) if G(b) is a ternary subsemihypergroup
(hyperideal) of F'(b) for all b € B.

Proposition 5.2. Let (F,A) be a soft ternary semihypergroup over H and let
{(K;, A))|i € I} be a non-empty family of soft ternary subsemihypergoups of
(F, A). Then the following hold:

1. Ng,.,(K;, A;) is a soft ternary subsemihypergroup of (F, A).

i€l
2. Nier(K;, A;) is a soft ternary subsemihypergroup of Nier(F, A).

3. Ug,, (K, A;) is a soft ternary subsemihypergroup of (F, A)
if the set {A;|i € I} is pairwise disjoint.

Proof. Straightforward. .

Definition 5.3. A soft set (F, A) over a ternary semihypergroup H is called a
soft left (right, lateral) hyperideal over H, if f((H, E), (H,E), (F,A)) C (F,A). A
soft set (F, A) over H is called a soft hyperideal over H, if it is a soft left, soft

right and a soft lateral hyperideal over H.

Proposition 5.4. A soft set (F, A) over H is a soft left (right, lateral) hyperideal
over H if and only if for all a € A, F(a) # 0 is a left (right, lateral) hyperideal
of H.

Proof. Let us suppose that (F, A) is a soft left hyperideal over H. We show that
F(a) # 0 is a left hyperideal of H. By the definition we have

~

f(H,E),(H,E),(F,A)=(K,ENENA)=(K,A).

where f(H(a),H(a), F(a)) = K(a), foralla € A. That is, f(H, H, F(a)) = K(a).
Since ]?((H, E),(H,E),(F,A)) C (F,A), where (K, A) C (F,A). Thus we have,
(K(a) C F(a) for all a € A. Therefore, f(H, H, F(a)) C F(a). This shows that
F(a) is a left hyperideal of H.

Conversely, let us assume that F(a) # 0 is a left hyperideal of H. We will
show that (F, A) is a soft left hyperideal over H. By the definition

f((H,E),(H,E),(F,A) = (K,ENENA) = (K, A)

where f(H(a),H(a), F(a)) = K(a), foralla € A. That is, f(H, H, F(a)) = K(a).
But f(AH, H,F(a)) C F(a). This implies K(a) C F(a) and so (K, A) C (F, A).
H

Thus f((H,E),(H,E),(F,A)) C (F,A). Hence, (F,A) is a soft left hyperideal
over H. ]

The soft hyperideal over H defined above is different from the soft hyperideal
of a soft ternary semihypergroup. The following example shows this.
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Example 5.5. Let H = {a,b,c,d,e, f} and f(z,y,2) = (zoy)oz forall z,y,z € H
with the hyperoperation o given by the following table:

0|0 a b c d e f
0(0 O 0 0 0 0 0
al0 a {a,b} ¢ {c,d} e {e, f}
b|0O0b b d d f f
c|0 ¢ {e,d} ¢ {c,d} ¢ {cd}
dj0d d d d d d
e|l0 e {e, f} ¢ {c,d} e {e f}
fof f d d f f

Then (H, f) is a ternary semihypergroup. Let we consider the soft set (F, H),
where F': H — P(H) is defined as F'(0) = {0}, F(a) = {0,d}, F'(b) = {0,b,d, f},
F(c) = {0,¢,d}, F(d) = {0,d, f},F(e) = {0,e, f},F(f) = {0,a,b}. It is clear
that (F, H) is a soft ternary semihypergroup over H. Let we consider now the
soft set (G, {b}) in which G : {b} — P(H) is defined as G(b) = {0,d}. As {b} C H
and G(b) is a hyperideal of F'(b), therefore (G, {b}) is a soft hyperideal of (F, H).
But G(b) = {0,d} is not a hyperideal over H, so (G, {b}) is not a soft hyperideal
over H.

Proposition 5.6. Let (F, A) and (G, B) be any two soft hyperideals over a ternary
semihypergroup H, with AN B # (). Then (F,A) Ng (G, B) is a soft hyperideal
over H contained in both (F,A) and (G, B).

Proof. Straightforward. n

Proposition 5.7. Let (F, A) and (G, B) be any two soft hyperideals over a ternary
semihypergroup H. Then (F, A) Ug (G, B) is a soft hyperideal over H containing
both (F,A) and (G, B).

Proof. By the definition, (K,C) = (F,A) Ug (G, B), where C = AU B for
all c € C = AU B, either c € AABorce€ B\Aorce ANB. If c € A\B,
then K(c) = F(c) if ¢ € B\A, then K(c) = G(c), and if ¢ € AN B, then
K(c) = F(c)UG(c), in all the cases K(c) is a hyperideal of H. Hence, (K, C') is soft
hyperideal over H. Since AC AUB,B C AUB and F(c) C K(c),G(c) C K(c)
for all ¢ € C. Therefore, by the definition of soft subsets (F, A) C (K,C) and
(G,B) C (K,C). .

Proposition 5.8. Let (F, A) and (G, B) be any two soft hyperideals over a ternary
semihypergroup H. Then (F,A) A (G, B) is a soft hyperideal over H.

Proof. Straightforward. u

Proposition 5.9. Let (F, A) and (G, B) be any two soft hyperideals over a ternary
semihypergroup H. Then (F,A)V (G, B) is a soft hyperideal over H.

Proof. Straightforward. u
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Proposition 5.10. Let (F, A) be a soft ternary semihypergroup over H and let
{(Ki, Ay)|i € I} be a non-empty family of soft hyperideals of (F,A). Then the
following hold:

L. Ng,.,(K;, A;) is a soft hyperideal of (F, A).

Rier
2. Nier(K;, A;) is a soft hyperideal of Nier(F, A).
3. Ug,, (K, A;) is a soft hyperideal of (F, A).

4. Vier(Ki, Ai) is a soft hyperideal of Ver(F, A).

Proof. Straightforward. n

6. Soft quasi-hyperideals over ternary semihypergroups

Definition 6.1. A soft set (F, A) over a ternary semihypergroup H is called a
soft quasi-hyperideal over H if

L. J/C\((@A%(Hv E)v(H7E)) Nr .]?((Hu E)v(FvA)a(H7E>>
mR f((Ha E)a(H7E)7(F7A) g (F>A)

-~

2. J((F,A), (H,E), (H,E)) & f((H, E), (H,E), (F, A), (H,E),(H, E))
ﬁR f((H E) (H7E)a(FvA) g (F>A)

where (H, E) is the absolute soft set over H.

Proposition 6.2. A soft set (F, A) over a ternary semihypergroup H is a soft
quasi-hyperideal over H if and only if for all a € A, F(a) # 0 is a quasi-hyperideal
of H.

Proof. Let us suppose that a soft set (F, A) over H is a soft quasi-hyperideal over
H. We show that F'(a) is a quasi-hyperideal of H. By the definition of restricted
product,

(1)  f((F, A),(H,E),(H E))=(G,ANENE) = (G, A)
(2)  f((H E),(F,A),(HE)= (S, ENANE) = (S, A)
(3)  f((H E),(H E),(F,A)=(I,ENENA) =(I,A)
(4)  F((H.E),(H,E),(F,A),(H,E),(H,E)=(JJENENANENE) = (J,A)

Equations (1), (2), (3) imply that

(5)  J(F,A),(H,E),(H,E) g f((H, E),(F, A), (H, E))
Nef((H, E), (H, E), (F, A)) = (G, A) Ng (S, 4) Ng (1, 4)

(6)  J((F,A),(H,E),(H,E) g f((H, E),(F,A), (H, E))
Nef((H,E), (H,E), (F,A)) = (K, A)
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But (F, A) is a soft quasi-hyperideal over H. Thus f ((F A),(H,E),(H,E)) Ng
f((H,E),(F,A),(H E) Ng f(H,E),(H,E),(F,A) C (F,A). From equation
(6), (K,A) C (F,A), that is, K(a) C F(a) for all @ € A. Again, equation (6)
implies that, Va € A,

[(F(a), H(a), H(a)) O f(H(a), F(a), H(a)) N f(H(a), H(a), F(a)) = K(a).

This implies that, Va € A,

(1) f(F(a),H(a),H(a)) N f(H(a), F(a), H(a)) N f(H(a), H(a), F(a)) C F(a).

Similarly, from equations (1), (3), (4), we have

(8)  F((F,A),(H,E),(H,E) Ny f((H,E),(H,E),(F,A),(H, E),(H, E))
mR]?((Hv E)? (H7 E>> (F7 A)) = (P’ A)'

Since (F, A) is a soft quasi-hyperideal over H, we have
F(F,A), (H, E), (H, E)) N f((H, E), (H, E), (F, A), (H,E), (H, E))
mR]?((Hv E)? (H7 E>> (F7 A)) C (Fa A)'

Therefore, (P, A) C (F,A), that is, for all « € A, P(a) C F(a). From equation

(8), we have for all a € A,

f(F(a), H(a), H(a))Nf(H(a), H(a), F(a), H(a), H(a))Nf(H(a), H(a), F(a))=P(a).
This implies that

9) f(F(a), H(a), H(a)) O f(H(a), H(a), F(a), H(a), H(a)) N f(H(a), H(a), F(a))
C F(a).

From equations (7) and (9), it is clear that F'(a) is a quasi-hyperideal of H.

Conversely, let F'(a) # () be a quasi-hyperideal of H for all a € A. We will
show that (F, A) is a soft quasi-hyperideal over H. From equations (1), (2), (3)
we have

f((Fv A)’ (H7 E)’ (Ha E)) mR ]/C\((Ha E)7 (F’ A)? (Hv E))
Nef((H, E), (H, E), (F, A)) = (G, A) Ng (S, A) Nk (I, A) = (K, A).
By the definition, Ya € A, we have

f(F(a), H(a), H(a)) N f(H(a), F(a), H(a)) N f(H(a), H(a), F(a)) = K(a).
But F(a) is a quasi-hyperideal of H. Therefore,
K(a) = [(F(a), H(a), H(a))"[(H(a), F(a), H(a))N f(H(a), H(a), F(a)) € F(a),
and so, (K, A) C (F,A). Thus

(10)  f((F,A),(H,E),(H,E))Ng
Nef((H,E), (H, E), (F, A))

-~

f((H, E),(F, A), (H, E))
C (F, A).
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From equations (1), (3), and (4) we have for, all a € A,

F((F,A),(H,E), (H,E)) Ng [((H,E), (H,E), (F, A), (H,E), (H, E))

~

ﬂRf((Ha E)> (Hv E)v (F> A)) = (G7A> Mr (LA> Mr (J7 A) = (P7A)
and also
f(F(a), H(a),H(a)) N f(H(a), H(a), F(a), H(a), H(a))
Nf(H(a), H(a), F(a)) = P(a).
Since F'(a) is a quasi-hyperideal of H, so we have
P(a) = f(F(a), H(a),H(a)) N f(H(a), H(a), F(a), H(a), H(a))
Nf(H(a), H(a), F(a)) € F(a)
and thus (P, A) C (F, A). Hence we have
(1) f((F,A),(H, E),(H, E)) N f((H, E), (H, E),(F, A), (H,E), (H, E))

~

Nef((H, E),(H, E), (F, A)) C (F, A).
From equations (10) and (11), (F, A) is a soft quasi-hyperideal over H. .

Proposition 6.3. Let (R, A), (L,B) and (M,C) be soft right, soft left and soft
lateral hyperideals over H, respectively. Then (R, A) Ng (M, C)Ng (L, B) is a soft
quasi-hyperideal over H.

Proof. It is straightforward. n

Proposition 6.4. Let (R, A), (L, B) and (M,C) be soft right, soft left and soft
lateral hyperideals over H, respectively, such that ANBNC = 0. Then (R, A)Ng
(M,C)Ng (L, B) is a soft quasi-hyperideal over H.

Proof. By definition, (S, D) = (R, A)Ng(M,C)Ng (L, B), where D = AUBUC,
ANBNC =0, and

R(d) ifde A\BNC
S(d)y=4¢ M(d) ifde C\ANB,
L(d) ifde B\AnC.

for any d € D. In each case, S(d) is a quasi-hyperideal of H. Since every left, right
and lateral hyperideal of a ternary semihypergroup H is a quasi-hyperideal of H,
thus, by definition, (S, D) = R, A) Ng (M, C) Ng (L, B) is a soft quasi-hyperideal
over H. u

Proposition 6.5. FEvery soft left (right, lateral) hyperideal over a ternary semi-
hypergroup H is a soft quasi-hyperideal over H.

Proof. Let (L, A) be a soft left hyperideal over H. Then L(a) is a left hyperideal
of H. Since each left hyperideal of H is a quasi-hyperideal of H, therefore L(a)
is a quasi-hyperideal of H. Hence (L, A) is a soft quasi-hyperideal over H. .

The converse of the above proposition is not true in general as the following
example shows.
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Example 6.6. Let we consider the ternary semihypergroup (H, f) of the Example
5.5. Let we consider A = {b} and G : {b} — P(H) defined as G(b) = {0,b,d, f}.
Then it can be easily verified that (G, B) is a soft quasi-hyperideal over H. But
it is not a soft left and a soft lateral hyperideal over H.

Proposition 6.7. Every soft left (right, lateral) hyperideal over a ternary semi-
hypergroup H is a soft ternary semihypergroup over H.

Proof. It is straightforward. u
Proposition 6.8. Every soft quasi-hyperideal is a soft ternary semihypergroup
over H.

Proof. It is straightforward. .

Proposition 6.9. Let (R, A), (L,B) and (M,C) be soft right, soft left and soft
lateral hyperideals over H, respectively. Then (R, A) A (M,C) A (L, B) is a soft
quasi-hyperideal over H.

Proof. By definition, (S, D) = (R, A) A (M,C) A (L, B), where D = A x C x B,
and for any (a,c,b) € A x C x B,S(a,c,b) = R(a) N M(c) N L(b) is a quasi-
hyperideal of H. Since the intersection of a left, right and a lateral hyperideal is
a quasi-hyperideal of H, then (R, A) A (M,C) A (L, B) is a soft quasi-hyperideal
over H. ]

Proposition 6.10. Let (F, A) and (G, B) be two soft quasi-hyperideals over a
ternary semihypergroup H. Then the following hold:

1. r (G, B) is a soft quasi-hyperideal over H.

3.

(F,A)N
2. (F,A)Ng (G, B) is a soft quasi-hyperideal over H.
(F,A) A (G, B) is a soft quasi-hyperideal over H.
A)U

4. (F,

Proof. It is straightforward. u

e (G, B) is a soft quasi-hyperideal over H, whenever AN B = ().

Proposition 6.11. Let (F, A) be a soft quasi-hyperideal and (G, B) a soft ternary
semihypergroup H. Then (F, A) Ng (G, B) is a soft quasi-hyperideal of (G, B).

Proof. By definition, (S,C) = (F,A) Ng (G, B), where C = AN B # () and
S(c) = F(c) N G(c) for all ¢ € C, since S(c) C F(c) and S(c) C G(c). We show
that S(c) is a quasi-hyperideal of G(c). Since S(¢) C G(c),
f(S(C%G( ). G(c)) N f(G(e),S(c), G(e), G(c) N f(G(e), G(c), S(c))
f(G(e), G(c), G(c)) N f(G(c), G(c), G(c), G(c)) N f(G(c), G(c), G(c))
f(G(c),G(c),G(c) € G(e)
(

because G(c) is a ternary subsemihypergroup of H. This implies that
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Nf(H(c), F(c), H(c), H(c)) N f(H(c), H(c), F(c)) € F(c)
because F(c
2 (S
f(G(e), G(c),5(e) € F(o).
From equations (1) and (2), we have
(3) f(S(c),G(c),G(c))mf(G(c),S(c),G(c),G(c))mf(G(c),G(c),S(c))
F(e)nGle) = S(e).
Slmllarly, we can show that
4)  f(5(e), G(e), G(c)) N f(Ge), G(c), S(c), G(c), G(c))
Nf(G(e), G(e), S(c)) € S(e).

From equation (3) and (4), S(c) is a quasi-hyperideal of G(c). Thus (F, A) N
(G, B) is a soft quasi-hyperideal of (G, B). .

is a quasi-hyperideal of H. Thus
,G(c), G(e)) N f(G(e), 5(c), Gc), Gle)N
S

7. Soft bi-hyperideals over ternary semihypergroups

Definition 7.1. A soft set (F, A) over a ternary semihypergroup H is called a
soft bi-hyperidea over H if

1. (F,A) is a soft ternary semihypergroup over H.

2. f((F, A),(H,E),(F,A),(H,E),(F,A)) C (F,A) where (H, E) is the abso-
lute soft set over H.

Proposition 7.2. A soft set (F,A) over a ternary semihypergroup H is a soft
bi-hyperideal over H if and only if for alla € A, F(a) # 0 is a bi-hyperideal of H.

Proof. Let (F, A) be a soft bi-hyperideal over a ternary semihypergroup H. Then
by definition, (F, A) is a soft ternary semihypergroup over H. By Proposition 4.3,
for any a € A, F(a) # () is a ternary subsemihypergroup of H. Moreover, since
(F,A) is a soft bi-hyperideal over H, we have
f((F, A),(H,E),(F,A),(H,E),(F,A)) C (F,A) where (H, E) is the absolute soft
set over H. It follows that f(F(a), H,F(a),H, F(a)) € F(a), which shows that
F(a) is a bi-hyperideal of H.

Conversely, let us suppose that (F, A) is a soft set over H such that for all
a € A, F(a) is a bi-hyperideal of H, whenever F'(a) # (. Then it is clear that



366 K. HILA, K. NAKA, V. LEOREANU-FOTEA, S. SADIKU

each F(a) # () is a ternary subsemihypergroup of H. Hence, by Proposition 4.3,
(F, A) is a soft ternary semihypergroup over H. Furthermore, since F'(a) # () is a
bi-hyperideal of H, then for all a € A, f(F(a), H, F(a), H, F(a)) C F(a). Hence,
we conclude that f((F,A),(H, E),(F,A),(H,E),(F,A)) C (F,A). This shows
that (F, A) is a soft bi-hyperideal over H. .

Proposition 7.3. Every soft quasi-hyperideal over a ternary semihypergroup H
15 a soft bi-hyperideal over H.

Proof. It is straightforward. n

Proposition 7.4. Let (F, A) be a soft bi-hyperideal over H and (G, B) a soft
ternary semihypergroup over H. Then (F,A) Ng (G, B) is a soft bi-hyperideal
of (G,B).

Proof. By the definition, (S,C) = (F, A) Ng (G, B) where C = AN B # (), and
S is defined by S(c) = F(c) N G(c) for all ¢ € C. We will show that (9,C) is a
soft bi-hyperideal of (G, B). We have

J((5.€).(8.0),(5,C))
= F(((F, A) nr (G, B)), ((F, A) Ng (G, B)), ((F, A) N (G, B)))
C J((F.A),(F.A),(F,A) C (F,A),

because (F, A) is a soft bi-hyperideal over H. This implies that

(1) F((8,0),(S,0),(S.C)) C (F, A)

Also

=)

((5,0),(5,C),(8,0))

FU(F, 4) N (G, BY), ((F, A) N (G, B)), (F, A) N (G, B)))

C f((G,B),(G,B),(G,B)) € (G, B),

because (G, B) is a soft ternary semihypergroup over H. This implies that

(2 F((8,0).(5.0),(5.C)) C (G, B).

From equations (1) and (2), we have
F((S,€),(5.0),(5.0)) € (F, A) Nk (G, B) = (5.0).

This implies that (S, C) is a soft ternary semihypergroup over H. Also
f((5.0),(G, B),(5.C), (S, C))
= ]?(((F7 A) Nr (G7 B))? (Gv B)> ((Fa A) Nr (Ga B))? (Gv B)’ ((Fv A) Mr (Gv B)))
C f((G, B), (G, B), (G, B))
C f((G,B). (G, B),(G.B)) C (G, B),

and so

(3)  f((S,0),(G,B),(S,0),(S,C)) C (G, B).
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Again

~

((5,0),(G,B),(5,0),(5,0))
F((F, A) g (G, B)), (G, B), ((F, A)
Nr(G, B)), (G, B), ((F,A) Nr (G, B)))

-~

F((F,A), (H, E), (F, A))
(F7A>7

-
-

because (F, A) is a soft bi-hyperideal over H. This implies that

(1) J((5,0),(G. B).(5,0),(5.C)) C (F, A).

From equations (3) and (4), we have
f((5.€).(G.B).(5.C).(5.C)) € (F.A) N (G, B) = (5,0).

Hence (S, C) is a soft bi-hyperideal of (G, B). n

Definition 7.5. A soft hyperideal (F, A) over a ternary semihypergroup H is soft
idempotent if f((F,A), (F,A), (F,A)) = (F,A).

Theorem 7.6. Let (F,A) be a soft bi-hyperideal over H and (G, B) a soft bi-
hyperideal of (F, A) such that f((G, B), (G, B), (G, B)) = (G, B). Then (G, B) is
a soft bi-hyperideal over H.

Proof. By the condition, we have f((G, B),(G,B),(G,B)) C (G, B). This im-
plies that (G, B) is a soft ternary semihypergroup over H. Since (G, B) C (F, A)
and f((G,B), (G, B), (G, B)) = (G, B), we have

f((G,B),(H,E),(G,B),(H, E),(G, B))
= J(f((G,B),(G, B), (G, B)),(H,E),(G, B),(H,E), [(G, B),(G, B), .., (G, B)))
= J((G, B),(G, B), J((G, B)), (H,E), (G, B),(H,E), (G, B)),(G, B), (G, B))
C J((G.B),(G.B), J((F, 4). (H, E), (F, A), (H, ), (F, 4)).(G, B). (G. B))
C fA((G, B),(G,B),(F,A),(G,B), (G, B)) since (F, A) is a soft bi-hyperideal of H
= f((G, B), (G, B), ..., (F, A),(G, B), [((G, B), (G, B),(G, B)))
= J((G, B), (G, B), (F, A), (G, B), (G, B), (G, B), (G, B)), (G, B))
C J((G,B). J((G. B).(F. 4).(G, B).(G. B)). (G. B))
C J((G.B).(G,B).(G,B)) = (G, B)
because (G, B) is a soft bi-hyperideal of (F, A). This implies that

f((G,B),(H,E), (G, B),(H,E),(G,B)) € (G,B).

Hence, (G, B) is a soft bi-hyperideal over H. .
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Proposition 7.7. Let (F, A) be a non-empty soft subset over a ternary semi-
hypergroup H. If (G;, B;),i = 1,2,3 are soft left, lateral and right hyperideals
respectively, over H such that

F((Gy, B), (G, By), (Gs, Bs)) € (F, A) C (G, B1) N (Ga, By) N (G, Bs),
then (F, A) is a soft bi-hyperideal over H.
Proof. By definition,
FU(F,A), (F, A), (F, A)) C f((G1, B1) Ng (G2, B2) N (G3, By), (G1, By)
Nr(G2, Ba2) Ng (Gs, Bs), (G1, B1) Ng (G2, Ba) Ng (Gs, Bs))
C f((G1,B1), (G2, By), (G3, By)) C (F, A).
This implies that f((F, A), (F, A), (F, A)) C (F, A). Thus (F, A) is a soft ternary

semihypergroup over H. Let us consider again
F((F, ), (H, E), (F, A), (H, E), (F, A)) € F((G1, By) N (G, Bo) (g (G, By).
(H,E),(G1, B1) Ng (G2, B2) Ng (Gs, B3), (H, E), (Gy, B1) Ng (G2, B2) Ng (G, Bs))
C f((G1,By), (H, E), (G, By), (H, E), (G3, B3))
C f((G1,By),(Gs, Bs),(G3, By)) C (F\, A)
because (Ga, By) is a soft lateral hyperideal over H. This implies that
F((F,A), (H, E),(F, A), (H,E), (F, A)) C (F, A).
Hence, (F, A) is a soft bi-hyperideal over H. .

Proposition 7.8. Let (F, A) and (G, B) be two non-empty soft sets over a ternary
semihypergroup H. Then the soft set (S,C) = f((F,A),(H, E),(G,B)) is a soft
bi-hyperideal over H.

Proof. By definition, we have
f((5.0).(8,0),(5,C))
= f(F((F, A), (H,E), (G, B)), [((F, A), (H, E), (G, B), [((F, A), (H, E), (G, B)))

= J((F, A), f((H, E), (G, B),(F, A)), ]((H, E), (G, B), (F, A)), (H, E), (G, B))

C F((F,A), [((H,E)),(H, E),(H, E)), f((H, E)),(H, E), (H, E)), (H, E), (G, B))
C f((F,A), J((H, E)), (H, E), (H, E)), (G, B)) € f((F,A)), (H, E),(G, B))=(S,C).
This implies that f((S ), (S,C),(S,C)) C (S,C). Thus, (S,C) is a soft ternary
semihypergroup over H. Also, we have

F((S.C), (H,E),(S,C),(H,E),(S,C))

= f(J((F,A),(H,E),(G,B)),(H,E), [(F,A),(H,E),(G,B)),(H,E),
((F,A),(H,E),(G,B)))

= f((F, A), f((H,E),(G, B),(H,E)), f((F, A),(H,E),(G, B)),
f((H, B),(F,A),(H,E)),(G,B))

)

~
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-~ ~

C J(F,A), f((H,E)),(H,E),(H,E)), [(H E)),(H,E),(H,E)),
f((H,E)),(H,E),(H,E)),(G,B))

C J(F,A), f((H,E)),(H,E),(H,E)),(G, B))

C J((F,A)),(H E),(G,B)) = (8,0).

This implies that f((S, ), (H,E),(S,C),(H,E),(S,C)) C(S,C). Hence (5,C)
is a soft bi-hyperideal over H. .

8. Conclusion

Molodtsov introduced the concept of soft set theory, which can be seen and used as
a new mathematical tool for dealing with uncertainly. In the present paper, we in-
troduce and initiate the study of soft ternary semihypergroups by using soft sets.
The notions of soft ternary semihypergroups, soft ternary subsemihypergroups,
soft left (lateral, right) hyperideals, soft hyperideals, soft quasi-hyperideals and
soft bi-hyperideals are introduced here, and several related properties are investi-
gated. Based on these results, we could apply soft sets to other types of hyper-
ideals in ternary semihypergroups and do some further work on the properties of
soft ternary semihypergroups. Moreover, one may characterize several classes of
ternary semihypergroups such as regular ternary semihypergroups by the proper-
ties of soft hyperideals (quasi and bi)-hyperideals. Also, by using soft set theory,
one may consider other soft algebraic hyperstructures such as soft ternary semi-
hyperrings etc.
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Abstract. Let G be a finite group, k;(G) denote the largest element order of G, and
ka2(G), the second largest element order. In this paper, we show that each sporadic
simple group G can be uniquely determined by the order of G and k;(G), where ¢ < 2.

Key words: finite group, the largest element order, the second largest element order,
sporadic simple group, characterization.
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1. Introduction

It is a well-known topic to characterize a finite simple group by using two quanti-
ties, the order of G and 7.(G) in the past 30 years, where 7. (G) denotes the set
of orders of elements in G. W.J. Shi characterized some finite simple groups by
using 7.(G) and |G|, for example, see [1]-[6]. Recently, this topic has been finished
by V.D. Mazurov, et al. (See [7]). Now the authors will try to characterize some
finite simple groups by using less quantities and have successfully characterized
simple Kj3-groups, some Ky-groups by using three numbers: the order of a group,
the largest and the second largest element orders. In this paper, we characterize
sporadic simple groups via the order of a group and the largest and the second
largest element orders.

Notations. The groups mentioned are all finite groups, the number in bracket
”()” behind a group is the order of the group, e.g., Ly(7)(2% - 3 - 7) means that
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(No este 2011jjA00020), Science and Technology Project of Chongqing Education Committee
(No KJ 110609), and by Foundation Project of Chongging Normal University (No 12XLB029).
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Ly(7) is of order 23 -3 -7. Let m.(G) denote the set of orders of elements in G,
7(G) denote the set of all prime divisors of |G|, k1(G), the largest element order
of G, and ky(G), the second largest element order. S,-subgroup is a Sylow p-
subgroup of G. We denote by I'(G) the prime graph of G and ¢(G) is the number
of connected components of I'(G). And we also denote the sets of vertex of the
connected components of the prime graph by {m;, i =1, ..., (G)}, for convenience
we call Pi; (1 < i < t(G)) the connected components and if the order of G is
even, denote the component containing 2 by m; (see [8]).
In this paper, we come to the following theorems:

Theorem 1. Let G be a group and A be one of the following sporadic simple
groups: My, M, Ji, My, Mas, HS, J3, May, He, Ru, Suz, O'N, Coz, Coy,
Ly, Th, Jy, B, M. Then G = A if and only if

(1) k1(G) = k1 (A);
(i) [G] = ]4].
For other sporadic simple groups, we have

Theorem 2. Let G be a group and A be one of the following sporadic simple
groups: Jo, McL, Fiss, HN, Fisz, Co1, Fisy. Then G = A if and only if

(i) ki(G) = ki(A), where i =1,2;
(i) |G] = [A].

2. Preliminary results

Lemma 1. Suppose that G has more than one prime graph component. Then one

of the following holds:
(1) G is a Frobenius group or a 2 — Frobenius group;

(2) G has a normal series 1 < H < K < G, such that H and G/K are m-
groups and K/H a non-abelian simple group, where m, is the prime graph
component containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|.

Proof. The lemma follows from theorem A and Lemma 3 in [§].

Remark. A group G will be called a 2 — Frobenius group provided G has a
normal series 1 I H < K 4G, such that G/H and K are Frobenius groups with
K/H and H as their Frobenius kernels respectively.

Lemma 2. If G is a Frobenius group of even order with K the Frobenius kernel
and H the Frobenius complement, then t(G) = 2 and I'(G) = {n(H), n(K)}
(see [9]).
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Lemma 3. If G is a 2-Frobenius group of even order, then t(G) = 2 and G has a
normal series 1 <H <K <G, such that n(K/H) = w9, and 7(G/K)Un(H) = m.
Moreover, G/K and K/H are cyclic groups satisfying that |G/ K| | |Aut(K/H)|,
(|G/K|,|K/H]|) =1, and |G/K| < |K/H|. Particularly, G is solvable (see [9]).

Lemma 4. Let A be a ' —group of automorphisms of the m7—group G, and sup-
pose G or A is solvable. Then for each prime p in w, A leaves invariant some
Sp—subgroup of G (See [10], Theorem 6.22).

Lemma 5. Let k be a positive integer, and 7(k) denote the set of prime divisors
of k. Suppose that t is a positive integer satisfying that 22 < t < 46. Then
w22 —1) € {2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71 }.

Lemma 6. Let G be a sporadic simple group. Then |G|, ki1(G) and ky(G) are as
in Table 1:

Table 1

G G ki1 (G) | k2(G)
My, 24.32.5.11 11 8
M5 26.33.5.11 11 10
Moy, 27.32.5.7-11 11 8
My, 27.32.5.7-11-23 23 15
Moy 210.33.5.7.11-23 23 21
Ja 27.33.52.7 15 12
Suz 213.37.52.7.11-13 24 21
HS 29.32.5%.7.11 20 15
MecL 27.36.5%.7.11 30 15
Cos 210.37.5%.7.11-23 30 24
Cos 218.36.53.7.11.23 30 28
Co, 221.39.5%.72.11-13-23 60 42
He 210.33.52.73.17 28 21
Fligy 217.39.52.7.11-13 30 24
Fliog 218.313.52.7.11-13-17-23 60 42
Fioy 221.316.52.73.11.13-17-23-29 60 45
HN 214.36.56.7.11-19 40 35
Th 215.310.5%.72.13.19-31 39 36
B 241.313.56.72.11.13-17-19-23-31-47 70 66
M | 2%6.320.59.76.112.133.17-19-23-29-31-41-47-59-71 | 119 110
Ji 23.3.5.7-11-19 19 15
O'N 29.34.5.73.11-19-31 31 28
Js 27.3°.5.17-19 19 17
Ly 28.37.56.7.11-31-37-67 67 42
Ru 214.33.5%.7.13.29 29 26
Ja 221.33.5.7.113.23.29.31-37-43 66 44

Proof. The lemma follows from [11].
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Lemma 7. Let G be a finite group and A be one of the following sporadic simple
groups: M117 M127 Jl; M22; M23; HS7 J3; M24; He; RU, SUZ, O/Ni 0037 0027
Ly, Th, Jy, B, M. Suppose that

(i) k1(G) = k1(A);
(i) 1G] = |A.

Then G has a normal series 1 A H I K QG such that H and G/ K are mw-groups
and K/H a non-abelian simple group, where w1 is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|.

Proof. We only need to prove the cases A = My,, Mis. For the other cases, we
can prove them similarly.

1. Assume that A = My; (2*-3%-5-11). In such case, |G| = 2*-3%-5- 11 and
k1(G) = 11. Because ki(G) = 11, it follows that 11 is an isolated point of ['(G),
and therefore £(G) > 2. By Lemma 1, we know that G is either a Frobenius group
or a 2-Frobenius group, or has a normal series 1 < H < K < G, such that H and
G/K are mi-groups and K/H is a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
Therefore, we only need to prove that G is neither a Frobenius group nor a 2-
Frobenius group.

First, we suppose that G is a Frobenius group. Then by Lemma 2 we get that
t(G) =2and I'(G) = { n(H),n(K) }, where K is the Frobenius kernel and H the
Frobenius complement. Since ki(G) = 11, K is either a {2, 3, 5}-Hall subgroup
or a Sylow 11-subgroup of G. Since K is nilpotent, let S be a Sylow subgroup of
K, one has that |H| | (]S] —1). We can find an suitable Sylow subgroup of K
such that |H| 1 (|S| — 1), then we get a contradiction. For this reason, K can’t
be a Sylow 11-subgroup of G. Hence K is a {2, 3, 5}-Hall subgroup. Consider
the Sylow 5-subgroup of K, we get 11 | 4, a contradiction. Therefore, G is not a
Frobenius group.

Second, we suppose that G is a 2-Frobenius group. By Lemma 3, we know
that £(G) = 2 and G has a normal series 1 < H < K <G such that n(K/H) = m
and 7(G/K)Um(H) = m;. Moreover, G/K and K/H are cyclic groups satisfying
|G/K| | |Aut(K/H)|, and |G/K| < |K/H|. As 11 is an isolated point of I'(G),
mo(G) = {11}. Therefore, 7(G/K)Urn(H) = {2, 3, 5} and |K/H| = 11. Since
|G/K| | |[Aut(K/H)| = 10, we know that 3 | |H|. Consider the action on H by
the element of order 11. By Lemma 4, there exists a Sylow 3-subgroup L of H
fixed by this action. Since |L| = 32, we have 11 { |Aut(L)|, which means that such
action on L is trivial. Therefore, G' has an element of order 33, a contradiction.
So (G is not a 2-Frobenius group.

Remark. This approach can be used to prove that G is not 2-Frobenius group for
the most of other cases. For a few exceptions, we only need to consider ;(Z(L))
of some special Sylow subgroup L to lead to a contradiction. The process can be
seen in the case A = Mj,.
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2. Assume that A = M, (25-3%-5-11). In such case, |G| =2°-3%-5-11 and
ki1(G) = 11. Because ki (G) = 11, it follows that 11 is an isolated point of I'(G),
and therefore ¢(G) > 2. By Lemma 1, we only need to prove that G is neither a
Frobenius group nor a 2-Frobenius group.

Using the similar arguments in case A = Mj;, we can easily show that G is
not a Frobenius group. Now we assert that G is not a 2-Frobenius group. Assume
the contrary. Let G be a 2-Frobenius group. By Lemma 3, t(G) = 2 and G has a
normal series 1 < H < K <G such that 7(K/H) = m and 7(G/K)Un(H) = m.
Moreover, G/K and K/H are cyclic groups satisfying |G/K| | |Aut(K/H)|, and
|G/K| < |K/H|. As 11 is an isolated point of I'(G), m2(G) = {11}. Therefore,
7(G/K)Un(H) = {2, 3, 5} and |K/H| = 11. Since |G/K| | |Aut(K/H)| = 10,
we know that 3 | [H|. Consider the action on H by the element y of order 11.
Again by Lemma 4, there exists a Sylow 3-subgroup L of H fixed by this action.
Obviously, |L| = 33. Clearly, Q;(Z(L)) is an elementary abelian 3-group, and
1 (Z(L))| | 3%. Because Q;(Z(L)) is characteristic in L, y fixes Q(Z(L)) too.
As 11 {1 |Aut(Q21(Z(L)))|, the action on €4(Z(L)) by y is trivial, which implies
that G has an element of order 33, a contradiction. So G is not a 2-Frobenius
group.

Lemma 8. Let G be a finite group and A be one of the following sporadic simple
groups: Jo, McL, Fiss, HN, Fisg, Coy, Figy. Suppose that

(i) ki(GQ) = ki(A), where i = 1,2;
(i) |G] = [A].

Then G has a normal series 1 < H <K <G such that H and G/ K are my-groups
and K/H a non-abelian simple group, where m is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|.

Proof. We only need to prove the case A = J,, and for the other cases, they can
be proved similarly.

Assume that A = J, (27-3%-5%.7). In such case, |G| = 27-3%-52-7, k,(G) = 15
and ko(G) = 12. Because ki(G) = 15, ko(G) = 12, we have 7 is an isolated point
of I'(G), and therefore t(G) > 2. Using the similar arguments in Lemma 7, we can
prove that G is neither a Frobenius group nor a 2-Frobenius group. Therefore,
the lemma follows from part 2 of Lemma 1.

From [11], we know all the simple groups of order less than 10%°, except
that the Lo(q), Ls(q), Us(q), La(q), Us(q), Si(q), G2(q) are stopped at orders
106 (g < 125), 102 (¢ < 31), 102 (g < 32), 10 (¢ < 11), 10 (¢ < 11),
10'% (¢ < 41), 10* (¢ < 25) respectively.

Let B(q) be one of the following Lie-type simple groups: La(q), Ls(q), Us(q),
L4(q), Us(q), Sa(q), G2(q). For the need of discussion, we list the orders of B(q)
in Table 2.



378 LI-GUAN HE, GUI-YUN CHEN, HAI-JING XU

Table 2
B(q) Ly(q) Ls(q)
|B(q)] q(¢* —=1)/(¢ —1,2) ¢ =1 —-1)/(¢—1,3)
B(q) Ly(q) Us(q)
B(@)| [ ®(¢" —D(@ -D(*-1)/(¢—1,4) | ¢®(¢" =D+ 1)(¢* —1)/(¢g +1,4)
B(q) G(q) Us(q)
|B(q)] (¢ =1)(¢* - 1) *+1)(¢* —1)/(g+1,3)
B(q) Sa(q)
|B(q)] ‘(¢ =1 -1)/(q—1,2)

And for convenient discussion, we list the orders of some Ly(q) in Table 3.

Table 3
Ls(q) |L2(q)] ¢ —1
L2(2°) 25.3.11-31 3.11-31
L»(2°) 20.32.5.7-13 32.5.7.13
La(27) 27.3.43. 127 3.43-127
La(28) 28.3.5.17-257 3.5-17-257
L(2°) 29.33.7.19.73 33.7.19-73
L(219) 210.3.52. 113141 3.52.11-31-41
L(21) 211.3.23.89 683 32389683
L(212) 212.32.5.7.13.17- 241 32.5.7-13-17- 241
L(213) 213.3.2731 - 8191 32731 - 8191
Lo(2) 214.3.5.29.43. 113127 3.5-29-43-113- 127
L(2%) 215.32.7.11-31- 151 - 331 32.7.11-31-151-331
Lo(219) 216.3.5.17-257 - 65537 3-5.17-257 - 65537
Lo(2'7) 217. 3. 43691 - 131071 343691 - 131071
Ly(2%) | 28.33.5.7.13.19-37-73-109 33.5.7-13-19-37-73-109
L»(2"9) 219. 3. 174763 - 524287 3174763 - 524287
Ly(2%) |  2%0.3.52.11-17-31-41- 61681 3.52-11-17-31-41-61681
Ly(22Y) | 2%1.32.72.43.127-337-5419 32.72.43 127 - 337 - 5419
La(3%) 22.35. 112 61 23.112. 61
L»(3%) 23.36.5.7-13-73 24.5..7-13-73
L»(37) 22.37. 547 - 1093 23 . 547 - 1093
L»(3%) 25.38.5.17-41-193 20.5.17-41-193
L»(3%) 22.39.7.13.19 .37 757 23.7.13.19-37- 757
L»(319) 310.923.52.112. 61 - 1181 21.52.112.61 - 1181
Lo(31) 311.22.23. 67661 - 3851 23.23.67 661 - 3851
L»(3'2) 312.94.5.7.13-41-73- 6481 25.5.7-13-41-73- 6481
Ly(3%) 313.22. 308581 - 797261 23 . 398581 - 797261
Ly(3') |  34.23.5.29.547-1093 - 16493 24.5.29 547 - 1093 - 16493
Ly(3%) | 319.22.7.112.13-31-61-271-4561 | 23-7-112-13-31-61 - 271 - 4561
Lo(36) | 316.26.5.17.41-193 - 21523361 27.5.17-41-193 - 21523361
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Table 3

Ls(q) |La(q)| ¢ —1

L,(37) 317.27.32285041-64570081 23.32285041-64570081
L(318) | 318.23.5.7.13.19-37-73.757-530713 | 24.5.7-13-19-37-73-757-530713
Lo(31%) | 319.22.290565367-581130733 23.290565367-581130733
Ly(3%) | 320.20.52.112.41-61-1182-42521761 | 25.52-112.41-61-1182 - 42521761
Ly (5%) 54.24.3.13. 313 25.3.13.313
Ly(5%) 55.92.3.11- 71521 23.3.11-71- 521
Ly(5%) 56.23.32.7.13-31 601 24.32.7.13.31-601
Ly(57) 57.22.3.29.449 - 19531 23.3.29.449 - 19531
Ly(5%) | 5%-2°.3-.13-17-313 11489 26.3.13.17- 313 11489
Ly(5%) 59.922.3%.7.5176 - 488281 23.3%.7.5176 - 488281
Ly(7%) 73.93.32.19.43 24.32.19.43

L(T4) 74.95.3.52.1201 26.3.52.1201

Ly(7%) 75.923.3.11-191 - 2801 24.3.11-191 - 2801
Lo(76) | 76.24.32.52.13.19-43-181 | 2°-3%2.52.13-19-43-181
L(11%) 113.22.32.5.7-19-37 23.32.5.7-19-37
Ly(13?) 132.23.3.5.7-17 24.3.5.7-17
L(13%) 13%.22.32.7.61- 157 23.32.7.61-157

3. Proofs of theorems

Proof of Theorem 1. We only need to prove the sufficiency. And the proof will
be made through a case by case analysis.

Case 1.1. Assume that A = M;; (2¢-3%2-5-11). In this case, |G| =2%-32-5-11,
and ki(G) = 11. Since ki(G) = 11, we have t(G) > 2. By Lemma 7, G has a
normal series 1 JH <K <G, such that H and G/ K are mj-groups and K/H a non-
abelian simple group, where 7 is the prime graph component containing 2, H is a
nilpotent group, and |G/K]| | |Out(K/H)|. So, we have n(H)Un(G/K) C {2, 3,
5} and 11 € n(K/H). From [11] we can suppose that K/H = Ly(11) (2%-3-5-11)
or MH (24 : 32 -5 11)

Suppose that K/H = Lo(11) (22 -3 -5-11). From [11] we know that
|Out(L2(11))] = 2, so we can get that 3 | |H| by comparing the order of G.
Let L be a Sylow 3-subgroup of H. Then |L| = 3. As H is a nilpotent group,
we have L is characteristic in H, and thus L < G. Consider the action on L by
the element of order 11. Clearly, this action is trivial. It implies that G has an
element of order 33, a contradiction.

Therefore, we have K/H = M;; (2*-3?-5-11). So H =1, K = G, and
therefore G = M;y;.

Case 1.2. Assume that A = My, (26-3%-5-11). In this case, |G| = 2°- 33 -
5-11, and k1 (G) = 11. Since k1 (G) = 11, we have ¢(G) > 2. By Lemma 7,
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G has a normal series 1 < H < K <G, such that H and G/K are m-groups
and K/H a non-abelian simple group, where 7 is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. Therefore, we
have 7(H) Un(G/K) C {2, 3, 5} and 11 € n(K/H). From [11] we can suppose
that K/H = Ly(11) (22-3-5-11), Myy (2432 5-11) or My (26-33-5-11).

Suppose that K/H = Ly(11) (22-3-5-11) or My; (2*-3?-5-11). From [11]
we get that 31 |Out(K/H))| =2, and thus 3 | |H|. Let L be a Sylow 3-subgroup
of H. Then |L| | 3°. As H is a nilpotent group, we have L is characteristic in H,
and thus L JG. Consider the action on L by the element of order 11. Clearly, this
action is trivial, which implies that G has an element of order 33, a contradiction.

Therefore, we have K/H = My (26-3%-5-11). So H =1, K = G, and
therefore G = Mjs,.

Case 1.3. Assume that A = J; (23-3-5-7-11-19). In this case, |G| = 23-3-5-7-11-19,
and k1 (G) = 19. Since k1 (G) = 19, we have t(G) > 3. By Lemma 2 and Lemma
3, we know that G is neither a Frobenius group, nor a 2-Frobenius group. So
by Lemma 1, G has a normal series 1 < H < K < G, such that H and G/K
are m-groups and K/H a non-abelian simple group, where 7 is the prime graph
component containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. So,
we have m(H)Un(G/K) C {2,3,5,7, 11} and 19 € n(K/H). From [11] we can
know that K/H is isomorphic only to J; (23-3-5-7-11-19). So H =1, K = G,
and therefore G = J;.

Case 1.4. Assume that A = My, (27-3%-5-7-11). In this case, |G| = 27-32-5-7-11,
and ki (G) = 11. Since k1 (G) = 11, we have t(G) > 3. By Lemma 2 and Lemma
3, we know that G is neither a Frobenius group, nor a 2-Frobenius group. So by
Lemma 1, G has a normal series 1<<H <K <G, such that H and G/ K are mi-groups
and K/H a non-abelian simple group, where 7 is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. Therefore, we
have n(H)Un(G/K) C {2, 3,5, 7} and 11 € n(K/H). From [11] we can suppose
that K/H is isomorphic to one of the following simple groups: Lo(11) (22-3-5-11),
My (24-3%-5-11) and My, (27-3%2-5-7-11).

Suppose that K/H = Ly(11) (22-3-5-11) or My; (2*-3%-5-11). From [11]
we have 71 |Out(K/H))| = 2, and thus 7 | |H|. Let L be a Sylow 7-subgroup of
H. Then L < G. Consider the action on L by the element of order 5. Clearly,
this action is also trivial, which implies that G has an element of order 35, a
contradiction.

Therefore, we have K/H = My, (27-3%-5-7-11). So H =1, K = G, and
therefore G = My,.

Case 1.5. Assume that A = Moz (27-32-5-7-11-23). In this case, |G| =
27.32.5.7-11-23, and k(@) = 23. Since ki1(G) = 23, we have t(G) > 2. By
Lemma 7, we know that G has a normal series 1 < H < K < G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3,5, 7, 11} and 23 € n(K/H). From [11]
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we can suppose that K/H is isomorphic to one of the following simple groups:
Ly(23) (23-3-11-23), Ly(27) and Myz (27-3%-5-7-11-23).

Suppose that K/H = L5(23) (2*-3-11-23). Then 71 |Out(K/H))|, and thus
7| |H|. Let L be a Sylow 7-subgroup of H. Then L < G. Consider the action on
L by the element of order 11. Clearly, this action is trivial, which implies that G
has an element of order 77, a contradiction.

Suppose that K/H = Ly(27). From Table 3 we can get that |K/H| { |G|, also
a contradiction.

Therefore, we have K/H = My, (27-3%-5-7-11-23). So H =1, K = G,
and therefore G = Mys.

Case 1.6. Assume that A = HS (2°-3%.5%.7-11). In this case, |G| = 2°-32-53.7-11,
and k1(G) = 20. Since k1(G) = 20, we have ¢(G) > 2. By Lemma 7, we know
that G has a normal series 1 < H < K < G, such that H and G/K are m-groups
and K/H a non-abelian simple group, where 7 is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. Therefore, we
have 7(H)Un(G/K) C {2, 3,5, 7} and 11 € n(K/H). From [11] we can suppose
that K /H is isomorphic to one of the following simple groups:

Lo(11) (22-3-5-11), My (24-32.5-11), My (27-32.5-7-11), Ly(2!) (7T < t < 9)
and HS (29-3%-5%-7-11).

Suppose that K/H = Ly(11) (22-3-5-11), My;(2*-32-5-7-11) or My, (27-32-
5-7-11). Then 51 |Out(K/H))|, and thus 5 | |[H|. Let L be a Sylow 5-subgroup
of H. Then L <G and |L| | 5%. Consider the action on L by the element of order
11. Clearly, this action is trivial, which implies that G has an element of order
55, a contradiction.

Suppose that K/H = Ly(2") (7 < t < 9). From Table 3 we can get that
|K/H| t |G|, also a contradiction.

Therefore, we have K/H = HS (2°-3%-5%-7-11). So H =1, K = G, and
therefore G = HS.

Case 1.7. Assume that A = J3 (27-35-5-17-19). In this case, |G| = 27-3%-5-17-19,
and k1 (G) = 19. Since k1 (G) = 19, we have ¢(G) > 3. By Lemma 2 and Lemma 3,
we know that G is neither a Frobenius group, nor a 2-Frobenus group. Therefore,
by Lemma 1, G has a normal series 1 < H < K < G, such that H and G/K
are m-groups and K/H a non-abelian simple group, where 7 is the prime graph
component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|. So, we
have m(H)Un(G/K) C {2,3,5,17} and 19 € n(K/H). From [11] we can suppose
that K/H is isomorphic to one of the following simple groups: Ly(19) (22-32-5-19),
L2(27), L2(35) and J3 (27 . 35 -5-17- 19)

Suppose that K/H = Ly(19) (22 -3%-5-19). Then 17  |Out(K/H))|, and
thus 17 | |[H|. Let L be a Sylow 17-subgroup of H. Then L < G. Consider the
action on L by the element of order 3. Clearly, this action trivial, which implies
that G' has an element of order 51, a contradiction.

Suppose that K/H = Ly(27) or Ly(3°). From Table 3 we can get that |K/H| {
|G|, still a contradiction.
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Therefore, we have K/H = J3 (27-3%-5-17-19). So H = 1, K = G, and
therefore G = Js.

Case 1.8. Assume that A = Moy (21°-.3%.5.7.11-23). In this case, |G| =
210.3%.5.7-11-23, and k(G) = 23. Since k;(G) = 23, we have t(G) > 2. By
Lemma 7, we know that G has a normal series 1 < H < K < G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have n(H)Un(G/K) C {2, 3,5, 7, 11} and 23 € n(K/H). From [11] we
can suppose that K/H is isomorphic to one of the following simple groups:

L(23) (23311 -23), My (27-3%-5-7-11-23), Ly(2')(7 < ¢ < 10) and
Moy (210335711 - 23).

Suppose that K/H = Ly(23) (2%-3-11-23) or My (27-32-5-7-11-23).
Then 3 { |Out(K/H))|, and thus 3 | |H|. Let L be a Sylow 3-subgroup of H.
Then L < G and |L| | 32. Consider the action on L by the element of order 11.
Clearly, this action is trivial, which implies that G has an element of order 33, a
contradiction.

Suppose that K/H = Ly(2") (7 < t < 10). From Table 3 we can get that
|K/H| 1 |G|, also a contradiction.

Therefore, we have K/H = My, (2'°-3%.5.7-11-23). So H=1, K =G,
and therefore G = My,.

Case 1.9. Assume that A = He (2'°-3%-5%.7.17). In this case, |G| =
210.33.52.73 .17, and k;(G) = 28. Since ki (G) = 28, we have t(G) > 2. By
Lemma 7, we know that G has a normal series 1 < H < K < G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where ; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3,5, 7} and 17 € n(K/H). From [11] we can
suppose that K/H is isomorphic to one of the following simple groups:

Lo(17) (2 - 32 - 17), Ly(16) (243 -5 - 17), Su(4) (25 - 32 - 52 . 17), Ly(2")
(7T <t <10), Ly(7%) and He (2'9-33.5%.73.17).

Suppose that K/H = Ly(17) (2*-32 - 17) or Ly(16) (2*-3-5-17). Then
51 |0ut(K/H))|, and thus 5 | |H|. Let L be a Sylow 5-subgroup of H. Then LJIG
and |L| | 5%. Consider the action on L by the element of order 17. Clearly, this
action is trivial, which implies that G has an element of order 85, a contradiction.

Suppose that K/H = Sy(4) (28-3%-52-17). Then 31 |Out(K/H))|, and thus
3| |H|. Let L be a Sylow 3-subgroup of H. Then L <G and |L| = 3. Consider
the action on L by the element of order 17. Clearly, this action is also trivial,
which implies that G has an element of order 51, a contradiction too.

Suppose that K/H = Ly(2') (7 <t < 10) or Ly(7%). From Table 3 we can
know that |K/H| 1 |G|, still a contradiction.

Therefore, we have K/H = He (2!°-3%.5%.73.17). So H =1, K = G, and
therefore G = He.

Case 1.10. Assume that A = Ru (2*-3%.5%.7-13-29). In this case, |G| =
214.33.5%3.7.13-29, and k(G) = 29. Since ki (G) = 29, we have ¢(G) > 2. By
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Lemma 7, we know that G has a normal series 1 < H < K < G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where ; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3, 5, 7, 13} and 29 € n(K/H). From [11]
we can suppose that K/H is isomorphic to one of the following simple groups:
La(29) (22-3-5-7-29), Ly(2") (7 <t < 14) and Ru (243353 .7-13-29).

Suppose that K/H = Ly(29) (22-3-5-7-29). From [11] we know that
131 |Out(K/H))|, and thus 13 | |H|. Let L be a Sylow 13-subgroup of H. Then
L < G. Consider the action on L by the element of order 5. Clearly, this action
is trivial, which implies that G has an element of order 65, a contradiction.

Suppose that K/H = Ly(2") (7 <t < 14). From Table 3 we can know that
|K/H| t |G|, also a contradiction.

Therefore, we have K/H = Ru (2'4-3%-53.7-13-29). So H=1, K =G,
and therefore G = Ru.

Case 1.11. Assume that A = Suz (213.37.5%.7.11-13). In this case,
|G| =213-37-5%.7-11-13, and k;(G) = 24. Since k;(G) = 24, we have t(G) > 2.
By Lemma 7, we know that G has a normal series 1 I<H JK <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have n(H)Un(G/K) C {2, 3,5, 7, 11} and 13 € n(K/H). From [11] we
can suppose that K/H is isomorphic to one of the following simple groups:

Ly(13) (22:3-7-13), L3(3) (24:33-13), Lo(25) (23-3-5%-13), Ly(27) (22.33.7-13),
Sz(8) (26-5-7-13), Us(4) (25-3-5%-13), Lo(64) (26-32-5-7-13), Go(3) (2°-
30.7-13), Ly4(3) (27-3%-5-13), 2F,(2) (211-3%-52-13), L3(9) (27-3%-5-7-13),
Ga(4)(212-3%.52.7-13), A13(2°-3°-52-7-11-13), Ly(2Y) (7T <t < 13), Ly(39)
(5<s<7)and Suz (2!3-37-5%.7-11-13).

Suppose that K/H is isomorphic to one of the following simple groups:

Ly(13) (22:3-7-13), L3(3) (24-33-13), Lo(25) (23-3-5%-13), Ly(27) (22.33.7-13),
Sz(8) (26-5-7-13), Us(4) (29-3-5%2-13), Lo(64) (26-32-5-7-13), Go(3) (2°-35-7-13),
L4(3) (27-3%-5-13), 2Fy(2) (21 -3%-52-13), L3(9) (27-3%-5-7-13) and
Gy(4) (212 -3%.52.7-13). From [11] we get that 11 1 |Out(K/H))|, and thus
11 | |H|. Let L be a Sylow 11-subgroup of H. Then L < G. Consider the action
on L by the element of order 3. Clearly, this action trivial, which implies that G
has an element of order 33, a contradiction.

Suppose that K/H = A3 (29-3°-52-7-11-13). In such case, |Out(K/H)| = 2.
So |G/K||2and thus 3 | |H|. Let L be a Sylow 3-subgroup of H. Then L <G and
|L| = 3%. Consider the action on L by the element of order 11. Clearly, this action
is also trivial, which implies that G has an element of order 33, a contradiction
too.

Suppose that K/H = Ly(2") (7 <t < 13) or Ly(3%) (5 < s < 7). From Table
3 we can know that |K/H| 1 |G|, also a contradiction.

Therefore, we have K/H = Suz (2! -37-5%2.7-11-13). So H=1, K =G,
and therefore G = Suz.

Case 1.12. Assume that A = O'N (22 -3%-5-7%-11-19-31). In this case,
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|G| =2%-3*.5-73.11-19-31, and k;(G) = 31. Since k;(G) = 31, we have t(G) > 3.
By Lemma 7, we know that G has a normal series 1 <H JK <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)].
So, we have n(H)Un(G/K) C {2, 3,5, 7, 11, 19} and 31 € n(K/H). From [11]
we can suppose that K/H is isomorphic to one of the following simple groups:
Ly(31) (2°-3-5-31), Ly(32) (2°-3-11-31), Ly(2H) (7 <t < 9), Ly(7®) and
O'N(2°-3"-5-73-11-19-31).

Suppose that K/H = L,(31) (2°-3-5-31) or Ly(32) (2°-3-11-31). Then
19 1 |Out(K/H))|, and thus 19 | |H|. Let L be a Sylow 19-subgroup of H. Then
L < G. Consider the action on L by the element of order 5. Clearly, this action
is trivial, which implies that G has an element of order 95, a contradiction.

Suppose that K/H = Ly(2Y) (7 <t < 9) or Ly(73). From Table 3 we can
know that |K/H| 1 |G|, also a contradiction.

Therefore, we have K/H = O'N (29-3*.5-73.11-19-31). So H=1, K = G,
and therefore G = O'N.

Case 1.13. Assume that A = Coz (2!°-37-5%.7.11-23). In this case, |G| =
210.37.5%.7.11-23, and k(@) = 30. Since ki (G) = 30, we have t(G) > 2. By
Lemma 7, we know that G has a normal series 1 < H < K < G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H)Un(G/K) C {2, 3,5, 7, 11} and 23 € n(K/H). From [11] we
can suppose that K/H is isomorphic to one of the following simple groups:

L5(23) (23-3-11-23), Mas (27-32-5-7-11-23) Moy (219-33.5.7-11-23),
Ly(28) (7 <t <10), Ly(3%) (5<s<7)and Coz(2!-37-5%-7-11-23).

Suppose that K/H = L5(23) (2*-3-11-23). Then 7 |Out(K/H))|, and thus
7| |H|. Let L be a Sylow 7- subgroup of H. Then L < G. Consider the action on
L by the element of order 5. Clearly, this action is trivial, which implies that G
has an element of order 35, a contradiction.

Suppose that K/H = My (27-3%-5-7-11-23) or My, (2°-33-5.7-11-23).
In such case, 51 |Out(K/H)| and therefore 5 | |H|. Let L be a Sylow 5-subgroup
of H. Then L < G and |L| = 52. Consider the action on L by the element of
order 11. Clearly, this action is also trivial, which implies that G has an element
of order 55, a contradiction too.

Suppose that K/H = Ly(2") (7 <t < 10) or Ly(3%) (5 < s < 7). From Table
3 we can know that |K/H| 1 |G|, also a contradiction.

Therefore, we have K/H = Coz (2'°-37-5%.7-11-23). So H=1, K =G,
and therefore G = Cos.

Case 1.14. Assume that A = Coy (2'8-35.53.7.11-23). In this case, |G| =
218.36.5%.7.11-23, and k(@) = 30. Since ki (G) = 30, we have t(G) > 2. By
Lemma 7, we know that GG has a normal series 1 < H < K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/K]| | |Out(K/H)|.
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So, we have n(H)Un(G/K) C {2, 3,5, 7, 11,} and 23 € n(K/H). From [11] and
Table 2, we can suppose that K/H is isomorphic to one of the following simple
groups:

Lo(23) (23-3-11-23), Mys (27-3%-5-7-11-23), My (219-33.5.7-11-23),
Coqy (2'%-35.5%.7.11-23) and B(q), where B(q) is one of the following simple
groups: Lo(2%) (7 <t < 18), Ly(3°) (5 < s <6), L3(2") (5 <t < 6) and Us(2°)
(5 <s<6).

Suppose that K/H = [,(23) (23-3-11-23). Then 7t |Out(K/H))|, and thus
7| |H|. Let L be a Sylow 7-subgroup of H. Then L < G. Consider the action on
L by the element of order 5. Clearly, this action is also trivial, which implies that
G has an element of order 35, a contradiction.

Suppose that K/H = Myz (27-32-5-7-11-23) or My, (2'9-3%.5-7-11-23).
In such case, 51 |Out(K/H)|, and therefore 5 | |H|. Let L be a Sylow 5-subgroup
of H. Then L < G and |L| = 5% Consider the action on L by the element of
order 11. Clearly, this action is also trivial, which implies that G has an element
of order 55, a contradiction too.

Suppose that K/H = B(q). From Table 2 we know that (¢> — 1) | |B(q)|,
which implies (¢* — 1) | |G|. We can see it is impossible from Table 3.

Therefore, we have K/H = Coy (2'%-35.5%.7.11-23). So H=1, K =G,
and therefore G = Co,.

Case 1.15. Assume that A = Ly (28-37-56.7.11-31-37-67). In this case,
|G| = 28-37.50.7-11-31-37-67, and k; (G) = 67. Since ki (G) = 67, we have t(G) > 3.
By Lemma 7, we know that G has a normal series 1 <H <K 4G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H)Un(G/K) C€{2,3,5,7,11, 31,37} and 67 € n(K/H). From [11]
and Table 2, we can suppose that K /H is isomorphic to Ly (28-37-5%-7-11-31-37-67)
or B(q), where B(q) is one of the following simple groups: L(2') (7 <t < 8),
Ly(3°%) (5 <s<T7)and Lo(5") (4 <r <6).

Suppose that K/H = B(q). From Table 2 we know that (¢ — 1) | |B(q)|,
which means (¢* — 1) | |G|. From Table 3, we can see it is impossible.

Therefore, we have K/H = Ly (2% -37-55.7-11-31-37-67). So H =1,
K = G, and therefore G = Ly.

Case 1.16. Assume that A = Th (2! -39 .5%.72.13-19 - 31). In this case,
|G| = 2'%.310.53.72.13-19-31, and k;(G) = 39. Since k1 (G) = 39, we have t(G) > 2.
By Lemma 7, we know that G has a normal series 1 I<H JK <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)].
So, we have m(H) Un(G/K) C {2, 3, 5, 7, 13, 19} and 31 € n(K/H). From
[11] and Table 2, we can suppose that K/H is isomorphic to one of the following
simple groups:

La(31) (25-3-5-31), Ly(32) (2°-3-11-31), L3(5) (25-3-5%-31), Ly(125) (22-32-
52.7-31), Ls(2) (219-32-5.7:31), Le(2) (2'-3%.5.72.31), Th (2!3-319.53.72.13.19-31)
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and B(q), where B(q) is one of the following simple groups: Ls(2") (7 <t < 15),
La(3) (5 < s < 10), Ly(2°) and Us(2).

Suppose that K/H is isomorphic to one of the following simple groups:
La(31) (25-3-5-31), Lo(32) (2°-3-11-31), Ls(5) (2°-3-5%-31), Ly(125) (22-32.5%
7-31), Ls(2) (210-32.5-7-31), Lg(2) (21°-31.5-72-31). Then 191 |Out(K/H))|,
and thus 19 | |[H|. Let L be a Sylow 19-subgroup of H. Then L <G. Consider the
action on L by the element of order 5. Clearly, this action is also trivial, which
implies that GG has an element of order 95, a contradiction.

Suppose that K/H = B(q). From Table 2 we know that (¢*> — 1) | |B(q)|,
which means (¢* — 1) | |G|. We can see it is impossible from Table 3.

Therefore, we have K/H = Th (215 -319.5%.72.13.19-31). So H = 1,
K = G, and therefore G = Th.

Case 1.17. Assume that A = J; (221 -3%.5-7-11%-.23-29-31-37-43). In
this case, |G| =221 -3%.5.7-11%.23-29-31-37-43, and k;(G) = 66. Since
k1(G) = 66, we have t(G) > 3. By Lemma 7, we know that G has a normal
series 1 < H < K <G, such that H and G/K are m-groups and K/H a non-
abelian simple group, where 7, is the prime graph component containing 2, H is
a nilpotent group, and |G/K| | |Out(K/H)|. So, we have 7(H) Un(G/K) C {2,
3,5, 7, 11, 23, 29, 31, 37} and 43 € n(K/H). From [11] and Table 2, we can
suppose that K/H is isomorphic to one of the following simple groups:

Lo(43) (22-3-7-11-43), Jy (22'-3%-5.7-11%-23-29-31-37-43) and B(q),
where B(q) is one of the following simple groups: Lo(2%) (7 < ¢ < 21), Lo(113),
L3(27) (5<s<T7)and U3(2") (5<r <7).

Suppose that K/H = Ly(43) (2%-3-7-11-43). Then 371 |Out(K/H))|, and
thus 37 | |[H|. Let L be a Sylow 37-subgroup of H. Then L < G. Consider the
action on L by the element of order 5. Clearly, this action is trivial, which implies
that G' has an element of order 185, a contradiction.

Suppose that K/H = B(q). From Table 2 we know that (¢*> — 1) | |B(q)|,
which means (¢ — 1) | |G|. If B(q) is Lo(2') (7 < t < 21), Lo(113), L3(2°)
(6 <s<7)orUs27) (6 <r <7),then (¢* — 1) 1 |G| by Table 3, which is a
contradiction. If B(q) is L3(2°) or U3(2°), we can easily know that |B(q)| 1 |G],
also a contradiction.

Therefore, we have K/H = J, (21 -3%-5-7-11%-23-29-31-37-43). So
H =1, K = G, and therefore G = J,.

Case 1.18. Assume that A = B (2% -3 .56.72.11-13-17-19 - 23 - 31 - 47).
In this case, |G| =21 -313.56.72.11.13-17-19-23 - 31 -47, and k(G) = 70.
Since k1(G) = 70, we have t(G) > 2. By Lemma 7, we know that G has a normal
series 1 9 H < K 9 @G, such that H and G/K are m-groups and K/H a non-
abelian simple group, where 7, is the prime graph component containing 2, H is
a nilpotent group, and |G/K| | |Out(K/H)|. So, we have 7(H) Un(G/K) C {2,
3,5, 7, 11,13, 17, 19, 23, 31} and 47 € n(K/H). From [11] and Table 2, we can
suppose that K/H is isomorphic to one of the following simple groups:

Lo(47) (2*-3-23-47), B (21 -3 .56.72.11-13-17-19 - 23 - 31 - 47) and
B(q), where B(q) is one of the following simple groups:
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Ly(2Y) (7T <t < 41), La(3%) (b < s < 13), Ly(5") (4
(5 S t S 13)7 L3<34)7 U3<2t) (5 S t S 13)7 U3(34>7 L4(2t> (4
(4 <t<6), S4(2) (6 <t<10)and G4(2") (5 <t <6).

Suppose that K/H = L,(47) (2*-3-23-47). Then 31 { |Out(K/H))|, and
thus 31 | |[H|. Let L be a Sylow 31-subgroup of H. Then L < G. Consider the
action on L by the element of order 7. Clearly, this action is also trivial, which
implies that G has an element of order 217, a contradiction.

Suppose that K/H = B(q). From Table 2 we know that (¢*> — 1) | |B(q)|,
which means (¢*> — 1) | |G|. We can easily know that |B(q)| 1 |G| by Lemma 5,
Table 2 and Table 3, also a contradiction.

Therefore, we have K/H = B (2*'-3¥.5%.72.11-13-17-19-23 - 31 - 47).
So H =1, K = (G, and therefore G = B.

Case 1.19. Assume that A = M (216.320.59.76.112.133.17-19-23-29-31-41-47-59-
71). In this case, |G| = 26.3%9.59.76.112.133.17-19-23-29-31-41-47-59-71), and
ki1(G) = 119. Since ki (G) = 119, we have ¢(G) > 2. By Lemma 7, we know that G
has a normal series 1 <H <K <G, such that H and G/K are m-groups and K/H
a non-abelian simple group, where m; is the prime graph component containing 2,
H is a nilpotent group, and |G/ K| | |Out(K/H)|. So, we have n(H)Un(G/K) C
{2,3,5, 7,11, 13,17, 19, 23, 29, 31, 41, 47, 59} and 71 € n(K/H). From [11] and
Table 2, we can suppose that K/H is isomorphic to one of the following simple
groups:

Ly(71) (23-3%-5-7-71), M(2%6-3%0.59.76.112.133.17-19-23-29-31-41-47-59-71)
and B(q), where B(q) is one of the following simple groups:

Lo(2Y) (7T <t <46), Ly(3%) (5 <s5<20), Lo(5") (4 <7 <9), Ly(7*) (3<

r < 6), L2(13y) (2 <y <3), L3(2) (b <t < 15), L3(3°) (4 < s < 6),
Ls(5%), Ls(7%), Us(2') (5 < t < 15), Us(3*) (4 < t < 6), Us(5%), Us(7?),
Ly(2Y) (4 <t <7T), Ly(3%), Uy(2) (4 <t <7), Ug(3%), Su(2%) (6 <t < 11),
S4(3%) (4 < s<5), Gu(2Y) (5<t<7) and Go(3?).

Suppose that K/H = Ly(71) (2%-3*-5-7-71). Then 311 |Out(K/H))|, and
thus 31 | |H|. Let L be a Sylow 31-subgroup of H. Then L < G. Consider the
action on L by the element of order 7. Clearly, this action is also trivial, which
implies that G has an element of order 217, a contradiction.

Suppose that K/H = B(q). From Table 2 we know that (¢> — 1) | |B(q)|,
and therefore (¢*> — 1) | |G|. If B(q) is not Ly(2'°) and L,(13?%), then we can easily
know that |B(q)| 1 |G| by Lemma 5, Table 2 and Table 3, a contradiction. We
now assume that B(q) is Ly(2') or Ly(13%). From Table 3, we have 71 1 |B(q)|,
also a contradiction.

Therefore, we have K/H = M (2% .3%0.5%.76.112.13%.17-19-23-29-31 -
41-47-59-71). So H =1, K = G, and therefore G = M.

Now Theorem 1 follows from Case 1.1 to Case 1.19.
Proof of Theorem 2. It is enough to prove the sufficiency.

Case 2.1. Assume that A = J, (27-3%-5%.7). In this case, |G| =27-3%-52.7,
k1(G) = 15 and ko(G) = 12. Since k1 (G) = 15, ko(G) = 12, we have t(G) > 2.
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By Lemma 8, G has a normal series 1 < H < K < @G, such that H and G/K
are m-groups and K/H a non-abelian simple group, where 7 is the prime graph
component containing 2, H is a nilpotent group, and |G/K]| | |Out(K/H)|. So,
we have 7(H)Un(G/K) C{2,3,5,} and 7 € 7(K/H). From [11] we can suppose
that K/H is isomorphic to one of the following simple groups: Lo(7) (23 -3-7),
La(8) (2% -32-7), Ay (22-32-5-7), Us(3) (25-33-7), La(2) (26-32-5-7),
Ls(4) (2°-32-5-7) and Jo(27 - 3% - 52 7).

Suppose that K/H is isomorphic to one of the following simple groups:
Lo(7) (23-3-7), Ly(8) (23-3%-7), A7 (23-32-5-7), Us(3) (2°-33-7), Ly(2) (26-3%-5-7)
and L3(4) (26-32-5-7). By [11] we know that 51 |Out(K/H)|, and thus 5 | |H]|.
Let L be a Sylow 5-subgroup of H. We know that L <G, and |L| | 52. Consider
the action on L by the element of order 7. Clearly, this action is trivial. It implies
that G' has an element of order 35, a contradiction.

Therefore, we have K/H = J5(27-3%-52-7). So H = 1, K = G, and therefore
G= Jg.

Case 2.2. Assume that A = McL (27-3%-5%.7.11). In this case, |G| =
27.30.5%.7-11, k1 (@) = 30 and ky(G) = 15. Since ki (G) = 30 and kyo(G) = 15, we
have ¢(G) > 2. By Lemma 8, G has a normal series 1 <H <K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/K|||Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3,5, 7} and 11 € n(K/H). From [11] we can
suppose that K/H is isomorphic to one of the following simple groups:

L(11) (22:3-5:11), My, (24:32.5-11), My, (26-33-5-11), My (27-32-5-7-11),
Ay (27-3%.52.7-11), McL (27-35.53.7-11), Ly(27) and Lo(3°) (5 < s <6).

Suppose that K/H is isomorphic to one of the following simple groups:
Ly(11) (22-3-5-11), My (2*-3%-5-11), My, (26-3%-5-11), Moy (27-3%-5-7-11) and
Ay (27-3%-5%.7-11). By [11] we know that 5 1 |Out(K/H)|, and thus 5 | |H|. Let
L be a Sylow 5-subgroup of H. We know that L < G, and |L| | 5*. Consider the
action on L by the element of order 11. Clearly, this action is trivial. It implies
that G has an element of order 55, which is a contradiction.

Suppose that K/H = Ly(27) or Ly(3%) (5 < s < 6). From Table 3, we have
|K/H| t |G|, still a contradiction.

Therefore, we have K/H = McL (27-3%-5%-7-11). So H=1, K = G, and
therefore G = McL.

Case 2.3. Assume that A = Figy (2'7-3%-5%.7-11-13). In this case, |G| = 2'7-
39.5%.7-11-13, k1 (G) = 30 and ko(G) = 24. Since k1(G) = 30 and ky(G) = 24, we
have t(G)) > 2. By Lemma 8, G has a normal series 1 <H <K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/K|||Out(K/H)|.
So, we have 7(H)Un(G/K) C {2, 3,5,7, 11} and 13 € n(K/H). From [11] and
Table 2 we can suppose that K/H is isomorphic to one of the following simple
groups:

Lo(13) (22-3-5-7-13), Ly(3) (2*-33-13), L(25) (2°-3-52-13), Lo(27) (22-
33.7.13), S2(8) (26-5-7-13), Us(4) (2°-3-52-13), La(64) (26-3%-5-7-13),
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Ga(3) (26.36.7. 13) La(3) (27-35-5.13), 2F4(2) (2'1.33.52.13), L(9) (27-36.5.7-13)
Go(4) (212.3%.52.7-13), A3 (2°-3%-52.7-11-13), Ss(3) (2°-3%-5-7-13),
07(3) (22-3%-5- 7 13), Suz (213.37.52.7-11-13), Fiyp (217-3°-5%-7-11-13)
and B(q), where B(q) is one of the following simple groups: Lo(2!) (7 <t < 17),
Ly(3%) (5 < s<9), L3(2") (5 <t <6)and U(2°).

Suppose that K/H is isomorphic to one of the following simple groups:
Lo(13) (22-3-5-7-13), La(3) (24-33-13), Lx(25) (2%-3-52.13), Lo(27) (22-3%-7-13),
Sz(8) (25-5- 7 13), Us(4) (20-3-52-13), Lo(64) (26-32.5.7-13), Ga(3) (26-35-7-13),

La(3) (27-35.5-13), 2E,(2) (2133 .5%.13), Ly(9) (27-35-5.7-13),
Go(4) (2'2- 33 52.7-13), Se(3) (29-3%-5-7-13) and O7(3) (2°-3?-5-7-13), By [11]
we know that 111 |Out(K/H)|, and thus 11 | |[H|. Let L be a Sylow 11-subgroup
of H. We know that L < G. Consider the action on L by the element of order 7.
Clearly, this action is trivial. It implies that G has an element of order 77, which
is a contradiction.

Suppose that K/H = A3 (27 -3°-5%-7-11-13). By [11] we know that
|Out(K/H)| =2, and thus 3 | |[H|. Let L be a Sylow 3-subgroup of H. We know
that L <G and |L| | 3%. Clearly, Q;(Z(L)) is an elementary abelian 3-group, and
1 (Z(L))| | 3%. Since Q,(Z(L)) is characteristic in L, we have Q,(Z(L)) < G
for L < G. Consider the action on 4(Z(L)) by the element of order 11. Since
11 1 |Aut(2:(Z(L)))|, this action is trivial. It implies that G has an element of
order 33, also a contradiction.

Suppose that K/H = Suz (2'3-37-5%-7-11-13). By [11] we know that
|Out(K/H)| = 2, and therefore 3 | |H|. Let L be a Sylow 3-subgroup of H. We
know that L < G, and |L| | 3%. Consider the action on L by the element of order
13. Clearly, this action is trivial, which implies that G has an element of order
39, a contradiction too.

Suppose that K/H = B(q). From Table 2, we know that (¢ — 1) | |B(q)]
and therefore (¢> — 1) | |G|. But Table 2 and Table 3 show that |B(q)| 1 |G| , still
a contradiction.

Therefore, we have K/H = Fig(2'7-3%-52.7-11-13). So H=1, K =G,
and therefore G = Fligs.

Case 2.4. Assume that A = HN (2'*-3%.5%.7.11-19). In this case, |G| = 2'*-
36.5%.7-11-19, k1 (G) = 40 and ko(G) = 35. Since k1(G) = 40 and ky(G) = 35, we
have t(G) > 2. By Lemma 8, G has a normal series 1 <H <K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have 7(H)Un(G/K) C{2,3,5,7, 11} and 19 € n(K/H). From [11] and
Table 2 we can suppose that K/H is isomorphic to one of the following simple
groups:

Lo(19) (22-32..5-19), J, (22-3-5-7-11-19), Us(8) (2°-3%-7-19),
HN (2'.35.55.7.11-19) and B(q), where B(q) is one of the following simple
groups: Ly(2Y) (7 <t <14), Ly(3°) (5 <5 <6), Ly(5") (4 < s<6)and Us(2%).

Suppose that K/H = Ly(19) (2%-3%-5-19) or U3(8) (22-3*-7-19), By [11]
we know that 111 |Out(K/H)|, and thus 11 | |H|. Let L be a Sylow 11-subgroup
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of H. We know that L I G. Consider the action on L by the element of order
7. Clearly, this action is trivial. It implies that G has an element of order 77, a
contradiction.

Suppose that K/H = J; (22-3-5-7-11-19). By [11] we know that
|Out(K/H)| =1, and 3 | |[H|. Let L be a Sylow 3-subgroup of H. We know that
L<G and |L] | 3°. Consider ;(Z(L)). Clearly, Q;(Z(L)) is an elementary abelian
3-group and 4 (Z(L))<G. Because | (Z(L))| | 3%, we have 19 4 |Aut(Q1(Z(L)))|.
Consider the action on 4 (Z(L)) by the element of order 19. One can see that this
action is trivial. It implies that G has an element of order 57, also a contradiction.

Suppose that K/H = B(q). From Table 2 and Table 3, we can know that
|B(q)| 1 |G|, which is a contradiction.

Therefore, we have K/H = HN (24.3%.56.7.11-19). So H=1, K =G,
and therefore G = HN.

Case 2.5. Assume that A = Fip (2'% -3 .52.7.11-13-17-23). In this
case, |G| = 28313 .52.7.11-13-17- 23, ki (G) = 60 and ko(G) = 42. Since
ki1(G) = 60 and ko(G) = 42, we have ¢(G) > 2. By Lemma 8, G has a normal
series 1 < H < K <G, such that H and G/K are m-groups and K/H a non-
abelian simple group, where m; is the prime graph component containing 2, H is
a nilpotent group, and |G/K| | |Out(K/H)|. So, we have 7(H) Un(G/K) C {2,
3,5,7,11,13, 17} and 23 € n(K/H). From [11] and Table 2 we can suppose that
K/H is isomorphic to one of the following simple groups:

Ly(23) (2%-3-11-23), Mas (27-32-5-7-11-23), Moy (21°-33.5.7-11-23),
Coz (210-37-5%-7-11-23), Figg (2!-313.52.7.11-13-17-23) and B(q),
where B(q) is one of the following simple groups: Lo(2%) (7 < ¢t < 18), Lo(3%)
(5<s<13), L3(2") (5<t<6), La(3"), Us(2) (5 <t <6)and Us(3").

Suppose that K/H is isomorphic to one of the following simple groups:
Ly(23) (2% -3-11-23), My (27-3%2-5-7-11-23), My (21°-3%.5.7-11-23)
and Cos (2'9-37.53.7-11-23), By [11] we know that 17 { |Out(K/H)|, and thus
17 | |H|. Let L be a Sylow 17-subgroup of H. We know that L <G. Consider the
action on L by the element of order 5. Clearly, this action is trivial. It implies
that G' has an element of order 85, a contradiction.

Suppose that K/H = B(q). From Table 2 and Table 3, we know that |B(q)| {
|G|, also a contradiction.

Therefore, we have K/H = Figs (28 -3 .52.7-11-13-17-23). So H =1,
K = @, and therefore G = Flios.

Case 2.6. Assume that A = Co; (221 -3%-5%-72.11-13-23). In this case,
|G| =2%1.39.5%.72.11-13- 23, k1 (G) = 60 and ky(G) = 42. Since k1(G) = 60 and
ko(G) = 42, we have t(G) > 2. By Lemma 8, G has a normal series 1 <H <K <G,
such that H and G/K are m-groups and K/H a non-abelian simple group, where
71 is the prime graph component containing 2, H is a nilpotent group, and |G/K]| |
|Out(K/H)|. So, we have n(H)Un(G/K) C {2,3,5,7,11, 13} and 23 € n(K/H).
From [11] and Table 2 we can suppose that K/H is isomorphic to one of the
following simple groups:
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Ly(23) (23-3-11-23), Moz (27-32-5-7-11-23), My, (2'0-33-5-7-11-23),
Cosz (210.37.53.7.11-23), Coy (218-35.53.7-11-23), Coy(22-3%-5%.72.11-13-23)
and B(q), where B(q) is one of the following simple groups: Lo(2f) (7 <t < 21),
Ly(3°) (5 <5 <9), Lo(5%), L3(2) (5<t<7) and Us(2") (5 <t <7).

Suppose that K/H is isomorphic to one of the following simple groups:
Ls(23) (233 -11-23), Mas (27-32-5-7-11-23), My, (210335711 -23),
Cog (2'9.37.5%.7-11-23) and Coy (2!8-3%-5%.7-11-23), By [11] we know that
13 1 |Out(K/H)|, and thus 13 | |H|. Let L be a Sylow 13-subgroup of H. We
know that L < G. Consider the action on L by the element of order 5. Clearly,
this action is trivial. It implies that G has an element of order 65, which is a
contradiction.

Suppose that K/H = B(q). From Table 2 and Table 3, we know that |B(q)| {
|G|, also a contradiction.

Therefore, we have K/H = Co; (22! -3%.5%.72.11-13-23). So H = 1,
K = @, and therefore G = Co;.

Case 2.7. Assume that A = Figy (221 -31°.52.73.11-13-17-23-29). In this
case, |G| = 221316 .52 73 .11 .13 - 17- 23 - 20, k1(G) = 60 and ko(G) = 45.
Since k1(G) = 60 and ky(G) = 45, we have t(G) > 2. By Lemma 8, G has a
normal series 1 < H 4 K <G, such that H and G/K are m-groups and K/H a
non-abelian simple group, where 7 is the prime graph component containing 2,
H is a nilpotent group, and |G/K]| | |Out(K/H)|. So, we have n(H)Un(G/K) C
{2, 3, 5, 7, 11, 13, 17, 23} and 29 € n(K/H). From [11] and Table 2 we can
suppose that K/H is isomorphic to one of the following simple groups:

L2(29) (22-3-5-7-29), Fiyy (221-316.52.73.11.13-17-23-29) and B(q),
where B(q) is one of the following simple groups: Lo(2f) (7 < ¢ < 21), Lo(3%)
(5 < s <16), Lo(7%), Ly(2") (5 <t <7), Ly(3°) (4 <s<5), Us(2) (B<t<T)
and Us(3°) (4 < s <5).

Suppose that K/H = L,(29) (22-3-5-7-29). By [11] we know that 23 {
|Out(K/H)|, and thus 23 | |H|. Let L be a Sylow 23-subgroup of H. We know
that L < G. Consider the action on L by the element of order 3. Clearly, this
action is trivial. It implies that G has an element of order 69, a contradiction.

Suppose that K/H = B(q). From Table 2 and Table 3, we know that |B(q)| {
|G|, a contradiction too.

Therefore, we have K/H = Fiyy (22'-3%.5%2.7%.11-13-17-23-29). So
H =1, K = G, and therefore G = Flioy.

Now Theorem 2 follows from Case2.1 to Case 2.7.
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MODIFIED (G'/G)-EXPANSION METHOD WITH GENERALIZED
RICCATI EQUATION TO THE SIXTH-ORDER BOUSSINESQ
EQUATION
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Abstract. In this article, abundant traveling wave solutions of the sixth-order Boussi-
nesq equation have been obtained in a uniform way by using the alternative (G'/G)-
expansion method wherein the generalized Riccati equation is used. It is shown that
the alternative (G'/G)-expansion method together with the generalized Riccati equation
provides advance mathematical tool for solving nonlinear partial differential equations.
Numerical results coupled with the graphical representation explicitly reveal the com-
plete reliability and high efficiency of the proposed algorithm.

Keyword: (G'/G)-expansion method, sixth-order Boussinesq equation, traveling wave
solutions, nonlinear evolution equations.

1. Introduction

It is well known that nonlinear evolution equations (NLEESs) are widely used as
models to describe many important complex physical phenomena in various fields
of science, such as, plasma physics, nonlinear optics, solid state physics, chemical
kinematics, chemistry, biology and many others [1]-[51]. For better understanding
of nonlinear phenomena as well as further applications in practical life, it is more
significant to establish exact traveling wave solutions. In the recent past, a wide
range of methods have been developed to generate analytical solutions by a diverse
group of scientists. For instance, the Backlund transformation method [1], the
inverse scattering method [2], the truncated Painleve expansion method [3], the
Hirota’s bilinear transformation method [4], the Jacobi elliptic function expansion
method [5], the generalized Riccati equation method [6], the tanh-coth method
[7], [8], the F-expansion method [9,10], the variational iteration method [11], [12],

LCorresponding author. E-mail: syedtauseefs@hotmail.com
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the direct algebraic method [13], the homotopy perturbation method [14]-[16], the
Exp-function method [17]-[21] and others [22]-[28].

Another important method was introduced by Wang et al. [29] introduced a
direct and concise method, called the (G’/G)-expansion method to look for tra-
veling wave solutions of nonlinear partial differential equations, where G = G(§)
satisfies the second order linear ordinary differential equation G”(§) + AG'(§) +
pG(€) = 0; A and p are arbitrary constants. The (G'/G)-expansion method is one
of the most powerful methods to solve nonlinear problems and several scientists
investigated different kind of NLEESs to construct traveling wave solutions via this
method and can be found in the articles [30]-[34] for better understanding.

In order to establish the effectiveness and reliability of the (G'/G)-expansion
method and to expand the possibility of its application, further research has been
carried out by several researchers. For instance, Zhang et al. [35] presented an
improved (G'/G)-expansion method to seek more general traveling wave solutions.
Zayed [36] presented a new approach of the (G'/G)-expansion method where G(§)
satisfies the Jacobi elliptic equation, [G' (£)]? = e G (&) + e1 G*(€) + eq, €3, €1, €0
are arbitrary constants, and obtained new exact solutions. Zayed [37] again pre-
sented an alternative approach of this method in which G() satisfies the Riccati
equation G'(¢) = AG + BG?*(£) where A and B are arbitrary constants. Conse-
quently, several researchers studied various nonlinear PDEs to generate traveling
wave solutions via the improved (G’/G)-expansion method and can be found
[38]-[41].

It is significant to observe that there exist some fundamental relationships
among numerous complex nonlinear partial differential equations and some basic
and soluble nonlinear ordinary differential equations (ODEs), such as the sine-
Gordon equation, the sinh-Gordon equation, the Riccati equation, the Weierstrass
elliptic equation etc. Therefore, it is natural to use the solutions of these nonlinear
ODE:s to construct exact solutions of various intricate nonlinear partial differen-
tial equations. Based on the relationships of complex nonlinear partial differential
equations and ODEs, a number of methods, such as, the sinh-Gordon equation
expansion method [42], the generalized F-expansion method [43], [44], the projec-
tive Riccati equation method [45], [46], the algebraic method [47] etc. have been
developed.

In the present article, we combine the generalized Riccati equation with
the (G'/G)—expansion method, called alternative (G'/G)-expansion method in-
troduced recently by Akbar et al. [48] to find the exact traveling wave solutions
of the sixth-order Boussinesq equation.

2. The Alternative (G'/G)-Expansion Method

Suppose we have the following nonlinear partial differential equation,
(1) P(“? Uty Ugy Utty Ug gy Uzt ** ) = 0.

where u = u(z, t) is an unknown function, P is a polynomial in v = u(z, t) and
its partial derivatives in which the highest order derivatives and the nonlinear
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terms are involved. The main steps of the alternative (G'/G)-expansion method
are:

Step 1. The traveling wave variable,

(2) u(x,t):u(ﬁ),fzx—Vt,

where V' is the speed of the traveling wave, which converts the Eq. (1) into an
ODE in the form,

(3) Q(u’ Ul7u,/, u///’ ...) :07
where prime denotes the derivative with respect to€.

Step 2. If Eq. (3) is integrable, integrate it term by term one or more times,
yields constant(s) of integration.

Step 3. Suppose that the solution of the Eq. (3) can be expressed by means of
a polynomial in (G'/G) as follows:

n

(4) w(@) = a; ()" an #0

=0

whereG = G(&) satisfies the generalized Riccati equation,

(5) G'=r+pG+qG?
where a; (1 =1, 2, 3,--+,n), p, ¢ and r are random constants to be determined
later.

The generalized Riccati Eq. (5) has the following twenty seven solutions [49].

Family 1.
When p? —4qr <0 and pq #
Gi=5 |-p+V4qr —p

0
Ggﬁ[p—kmcot((
G;;z%}_p#— dqr —p (tan( 4qr—p2§> isec(Wf))],
G4=—i[p—|—\/4q7"7—<cot< 4qr—p2§) icsc(Wf))],
G5=ﬁ:—2p+m(tan( Vigr=77%€) ot (1A —17%) )] .

(or qr#0), the solutions of Eq. (5) are,
% qr - é)] )
=)

GG _ 1 p+ \/( B2) (4gr—p?) A\/4q1“7p cos (\/4q7“7p25>

24 A sin (\/4qr—p2§> +B )
Gr = 1 —p+ \/ (A2—B2) (4gr—p?)+A \/4qr—p? cos <\/4q7«,p25>

24 A sin (\/4q7”—p2§) +B )

where A and B are two non-zero real constants and satisfies the condition
A2 — B?2>0.
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Q. — —2r cos(%\/ﬁé)
8~V dgr—p?sin (%\/4qrfp2£)+pcos (%\/4(;7«71;25) ’
O 27 sin (;\/Wg)
R (%\/4qrfp2£>+\/(4qrfp2) cos (%\/4q7‘7p2£> ’
O — —27 cos ( \/Wf)
0 / (4gr—p?) sin ( \/4q7"7p2£)+p cos (\/4qrfp2£) +£4/(4qr—p?) ’
o — 27 sin ( m@
L n (\/4qrfp2£>+\/(4q7“fp2) cos ( \/4q7‘7p2£) +1/(dgr—p?) ’
o 4rsin<i\/wg) cos(i\/mQ
12 o din ( i\/4q7'7p2£> cos ( i\/4qrfp2§)+2 V/(dar—p?) cos? ( i\/4qrfp2§) —/(4gr—p?)
Family 2.

When p* —4qr >0and pg#0(or gr#0), the solutions of Eq. (5) are,
Gz = —3, |p+\/p? — 4grtanh <%\/p2 — 4qr 6)] :
G = —ziq p + +/p? — 4qr coth (%\/pz — 4q7“§>} ,
Gis = —2%1 p++/p* —4qr (tanh (\/p2 - 4qr§> +isech (x/p2 - 4qr§> ) ] ,
Gig = —2%1 -p—i- \/p? — 4qr (coth (x/p2 — 4qr§> +csch (\/p2 — 4qr£> ) ] ,
Gi7 = —4%1 —2p—|— Vp? —4qr (tanh (}1 Vp?— 4qr§) + coth (}1 Vv — 4q7’§>>} :
) n \/(A2+B2) (p2—4qr)—A \/p2—4qr cosh (\/p2—4qr§)
A sinh <\/p2—4qr£) +B ’
\/(BQ—AQ) (p2—4qr)+A \/p2—4qr cosh (\/p2—4qr§>
A sinh ( \/p2—4qr .f) +B

where A and B are two non-zero real constants and satisfies the condition
B2 — A% >0.

Y

G19:2iq -p—

27 cosh (% p2—4qr§)

G = /2 —dqr sinb (33/p? 7€ ) —peosh (5 /pP—dare)
G — 2rsinh(%\/p2——lm7"§>

2L /v2—aqrrcosh (53/p2—4aré ) —p sinh (31/p?—4ar¢)
O 27 cosh ( \/p?——4qr§>

227\ /v2—aqr sinh (V2 —1ar€ ) —p cosh (/p?~dare ) i/ —gr ’
G — 27 sinh ( \/p2——4qrg)

28 = sinh (VP2 —4ar¢ ) +1/p?—dar cosh (\/p*—dare ) £1/p>~dar ’
= 4rsinh(§\/p2——4qr5) cosh@ p2—4q7“§)

247 ) sinh (£v/p2—1ar¢) cosh (1/p2—4aré )+2\/p?—4gr cost? (1/p2—dare ) —/p>—dar
Family 3.
When r = 0 and pq # 0 ,the solutions of Eq. (5) are,
G5 = Jrenp G e
Gog = — 2 [cosh (p&) +sinh (p&)]

q [d+cosh (p&§)+sinh (p&)]’

where d is an arbitrary constant.
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Family 4.
When ¢ # 0 and r = p = 0, the solution of Eq. (5) is,
Gor = ~gra

where d; is an arbitrary constant.

Step 4. In Eq. (4), n is a positive integer which is usually obtained by balancing
the highest order nonlinear term(s) with the linear term(s) of the highest order
come out in Eq. (3).

Step 5. Substituting Eq. (4) into Eq. (3) and utilizing Eq. (5), we obtain
polynomials in G* and G (i =0, 1, 2, 3,---). Vanishing each coefficient of the
resulted polynomials to zero, yields a set of algebraic equations for a,, p, q, r, V
and constant(s) of integration, if applicable. Suppose with the aid of symbolic
computation software such as Maple, the unknown constants a,, p, ¢, r and V
can be found by solving these set of algebraic equations and substituting these
values into Eq. (4), we obtain new exact traveling wave solutions of the nonlinear
partial differential equation (1).

3. Some new traveling wave solutions of the sixth-order Boussinesq
equation

In this section, the alternating (G’/G)-expansion method together with the gener-
alized Riccati equation is employed to construct some new traveling wave solutions
for the sixth-order Boussinesq equation [50], [51]:

(1) wpp— Upe — [15uuy, +30uzuz, +15 (uQm)2 445 uug, + 90 uu? +ug,] = 0,
Now, using the traveling wave variable (2) in Eq. (1), we have
(2) VA —u" = [15uu® +30u'u"” +15 (u")’ +45 v u"+90u (u')*+u®] =0,

where u® and u(® denotes the fourth and sixth derivative of v with respect to¢.
Integrating Eq. (2) once, we obtain:

(3) C— (1+45u2—V2) v — 150y — 15uu” —u® = 0.

where C' is constant of integration. According to Step 3, the solution of Eq. (3)
can be expressed by a polynomial in (G'/G) as follows:

(4) u(§) :a0+a1(%)+a2(%)2+...+an(%)”, a, # 0

where a;, (i = 0, 1, 2, 3,---n) are constant to be determined and G = G(§) sa-
tisfies the generalized Riccati Eq. (5). Considering the homogeneous balance
between the highest order derivative and the nonlinear terms in Eq. (3), we
obtain n = 2.

Therefore, the solution of Eq. (4) takes the form:

(5) u(§) = ap + a1 (%) + as (%)2, az # 0
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Using Eq. (5), Eq. (5) can be rewritten as:
(6) ul)=ap+ar(p +rG'+q@)+ax(p +rG ' +qG)%

Substituting Eq. (6) into Eq. (3), we obtain the following polynomials inG* and
G, (i=0,1,2,3,--). Setting each coefficient of these resulted polynomial to
zero, we obtain a set of simultaneous algebraic equations for ag, ai, as, p, q, r
and V' as follows:
54002 q" + 720 asq" + 90 a3 q" = 0,
600 ay as q° + 25 a1a3 ¢° + 540 a3 p q® + 2490 a3 p ¢° + 2640 as p ¢°
+120 aq qﬁ = 0,
2220a1a2pq° + 4590a3 p*q® + 1350 a3 p?q® + 120 a2¢° + 360 agasq®
+1740 a3rq®+180aga3q®+1125a,a3pq® + 180aza2¢® + 450a3rq°
+3720a9p?q° + 1680asrq® + 360a;pg® =0,
3105 ayaop?q* + 34502 pg* + 240a17¢® + 6120 a3rpqg® + 720 agaipg?
+2160 a3rpg® + 990agaspq* + 900a,a3rqg® + 270apa,axq* + 1800a3pq*
+1500ayas7q® + 2250aia2p®q* + 4440ay7rpg® + 390a,p*q* + 4260a3p3¢?
+720a2a2pq* + 45a3¢* + 90agaiq* + 2490asp3¢* = 0,
782 agp*q® + 180a1p*q® + 1232a97%¢° + 90apaiq® + 90 azaiq®
+135 alpg® + 810a3r?¢® + 1350a3piq® + 240a3rq® + 345a3p* >
+3960a1asrpg* + 3375a1a3rpg* + 810apaiaspg® + 1995a1ap°¢3
+540apa3rq® + 1080aga3p?q® + 540aasrq* + 1080a2asp?q®
+2250a1a3p3q® + 4050a3rp®q* + 180agaipg® + 930apaspq®
+600agasrq® + 8010a3rp*q* + 4064 asrp?q* + 480a,rpg?
+1980a2r%q° + 2040a2p ¢ + 2a2¢> — 2V?ayq® = 0,
45 ajatq?® + 136a1r%q* + 3laip?q® + 94aqxp°¢® + 90 a3rq®
+135 a3p?q® + 540a3p° > +135a2p*q® + 3510a,axrpq®
+1020agasrpg® + 4500a,a3rp*q® + 540aga;asrqg®
+810aga;azp?q® + 1440a9a3rpqg® + 1440aza3rpg’
+1200a1asr?q* + 450a2rpg® + 555a,a:pq? + 180agaspq?
+720apaip®q® + 180aga?pq® + 1125a,a3rq* — V2a1q?
+720a2a2p3¢* + 1125a,a3p*q* + 2700a3r?*pq* + 3600 adrp3¢®
+120apa;rq® + 105a0a1p*q* + 330apazp®q® + 4770a3r*pg*
+4680a2rp*q® + 292a1rp?¢> + 1984as1*pg* + 1468asrp3q?
+450a3p°¢” + a1¢® + 4azpg® — 4V2azpg® = 0,
272a0r3¢* + a1p°q + 810agaiasrpg® + 2a2p%q + 45 a3piq
+90 a3pSq + 1080a3asrp®q® + 2250a3a1p3q? + 1740a1 a2 72 pg®
+1095a1 a2 7p3¢* + 120aga1rpg?® + 450apasrp®q? + 15a3pq
+30a2p°q + 780a3r3q* + 1080agairp®q® + 270agaiaspq
+a1pq — VZ2ai1pq + 2ayrq® + 450a3r3q* + 120a3r%¢3 + 2a,p°q
+2250a1a2r’pg® + 90agaiq — 2V2asp?q + 15apa1p3q + 30agasp’q
+240apasr?q® + 3420a3r*p?q® + 1080a2rpiq® + 135a3rpg* + 90agairg?
+360aga3r?q® + 2700a3r*p*q® + 136a17°pg® + 52a1rp*¢>856a2r*p* ¢
+45ayasp®q + 225a3rp*q? + 360aza3r?q® + 45a1akpq + 90azairq?
+90aza2p®q + 180asa?pq + 225a1a2p°q + 1350a3rpiq® + 166a2rp’q®
+180agaipq — 2V?asrq* = 0,
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94ayr’p® + 45ajair? + 3layr’p* + 136a,r4¢* + 135a3r2p?

+ayr? + 540a372p° + agayasriq + 3510a1a:r3p%q

+1020agazr®pq + 810agaiasr?p? + 90air3q + 450a2r?p®

+1040aa3r®pq + 1040aza3r3pq + 4500a3a,r3p*q + 135a3r?p?

+4asr?p + 120aga1m3q + 105a9a,17*p? + 330apasr?p® + 3600a3r3pq
+292a,73p%q + 4680a3r3p3q + 4770a3r*pg® + 1200a, 1 azq?

+450a3r3pq + 555a1m%azp® + 180agair®p + 180agair?p + 1984ayripg?
+1468ay73p3q + 1125a3a,71¢* + 2700a3r pg® + 720a9a3r?p?
+720a2a2r*p® + 1125a3a,r%*pt — 4V2a9r?p — VZ2ayr? = 0,

135 a3r®p + 180agayr3p + 1080 aga3r®p? + 1350a3r3p* + 4064a.rip?q
+3375a1r*a2pq + 8010rta3p?q + 180a,r3p® + 930agasr®p? + 810aga;asr®p
+782ay73p* + 3960aiasrpq + 90agair® + 480a,r*pg + 4050a3rp?q
+2040a2r®p* + 600apasriq + 240a3r1q + 1080asar3p® + 1232a515¢*
+810a3r5¢* + 90agadr® + 2asr® + 1980a3r°q* + 345a3r3p? + 540agairiq
+1995a,a,r3p® + 2250a1a%7‘3p3 + 540a2a%7“4q —2V2%ayr3 = 0,

720a0a rip + 4440a,7°pg + 6120a2r°pq + 240a,r°q + 1800 adrip?

+45 adrt + 4260 a2rip® + 390a,r*p? 4 720aqa3rp + 345a2rtp
+3105a1ar'p? + 2160a3r°pq + 990agasrip + 2250a, a3 rip?

+270agaas * + 90agay r* + 2490as r*p® + 900aia3 r°q + 1500a,a; 75q = 0,
4590a3 r°p? + 360a17°p + 3720 asr’p? + 2220aia9r°p + 1125 ajair’p
+1350a37°p? + 120a? r° + 180atayr® + 180 aga3 r° + 360agayr®
+1680ayr%q + 174003 7%q + 450a3r%q = 0,

7) 540a3 75p + 2490a3r%p + 2640a,r°p + 600aiasr® + 120a,7°
+225a,a3r% = 0,

540 a3r™ + 90 a3r” 4+ 720ayr” = 0,

C=0.
Solving the above set of algebraic equations by using the symbolic computa-
tion software, such as, Maple, we obtain

1 4
g = _§p2 + §Tq, a; = 2p7 Qp = _27
(8) V = \/p4—8p2qr+16q2r2+1, C =0,

where p, q and r are arbitrary constants.

Now, on the basis of the solutions of Eq. (5), we obtain the following families
of solutions of Eq. (1).

Family 1.
When p? —4qr < 0and pg#0(or gr #0), the periodic form solutions of Eq.
(1) are,
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1 2 4 202 sec? (TE) 202 sec? (WE) 2
UL = —gp + 3 rq +2p (—p+2\Iltan (\1/5)) —2 (—p+2‘lltan (wg)) )
where U = %\/4qr —p? E=a— \/p*—8p2qr +16¢2r2 + 1 t, p, gand 7 are
arbitrary constants.

1 4 2 2 2 2 2
. 2 202 csc? (UE) 202 csc? (¥€)
Uy = —op° + 5 7q—2p <p+2\I/cot(\I/§)> —2 (p+2qzcot (M)) ’

3 3
B 402 sec (20¢) (14sin (20€))
Uz = —§p2 + g rq + 2p (_pcoss(echfg)+2\11sir?(Q\I’&):l:Z‘lf)

492 sec (2W¢) (14sin (2T¢)) 2
o —pcos (2U€)+2T sin (2WE)+20 |

1.2, 4 402 csc (2W€) (14cos (20¢)) 402 csc (2W¢) (14cos (2¥€)) 2
Uy = —3p° +37¢—2p <psin (20E) 127 cos (2\1!5):|:2\I/> - <psin (20E) 12V cos (wg)iw) ,
1.2, 4 202 csc (TE) 202 csc (VE) 2
us = —3p° +37q—2p <psin () 12V cos (2@5)) —2 <psin (TE) 12V cos (2\1/5)) ;
w9 1A { VVAZ=B2 cos (2€)— Bsin (2W€)— A} {Asin (29€)+B}
6= —2P {A? cos? (20€)— A2— B2—2AB sin (2U€)} { pA sin (2U€)+2AW cos (20¢)+pB—20v/A2—B? }
5 4AD? { VAZ=B2 cos (20€)—Bsin (2¢)— A } {Asin (20¢)+B} 2
N {A2 cos? (2W¢)— A2~ B2—2AB sin (20€)} { pAsin (20€)+2A¥ cos (2U¢)+pB—2WV/A2—B? }
—3P° + 574,
w — 9 1A { VAZ=B2 cos (2W€)+ B sin (20€)+ A } {Asin (20€)+ B}
T= 74P {A? cos? (20€)— A2~ B>—2AB sin (20¢)} { pA sin (2U€) —2AW cos (2¢)+pB—20+v/A?—B? }
9 4A0? {VAZ=B2 cos (2U€)+ Bsin (20¢)+ A } {Asin (20¢)+ B} 2
- {A? cos? (20€)— A2~ B?—2AB sin (20¢)} { pA sin (20¢) ~2AW cos (20¢)+pB—20+/AZ-B? }
—3p° + 574,

where A and B are two non-zero real constants and satisfies the condition

A% — B?> 0.
1.2 4 202 sec (U¢) {pcos (VE)+2W sin (VE) }
Us = —3P + 374 — 2p (2 (p%?—2rq) cos? (\I/£§)+4p\11 sin (U€) cos (\P£)+4\112)

_9 < 202 sec (W) {pcos (PE)+2V sin (V€) } )2
2 (p2—2rq) cos? (VE) +4pV sin (VE) cos (V) 4402 ’

1.2, 4 202 csc (WE) { psin (WE)—2V cos (V) }
Ug = —3pP + 374 +2p (2 (p%2—2rq) cos? (\Ilép) +4p¥ sin (PE) cos (\Ilf)—p2>

_9 ( 202 csc (T€) { psin (VE)—2F cos (T€) } ) 2
2 (p2—2rq) cos? (V&) +4pV sin (VE) cos (VE)—p? )

_ _ 1,2 4 202 sec (2W¢) { 14sin (20¢€) } {pcos (2VE) +2 U sin (2W¢)+2T}
U = —3p° +37q—2p ( (2—2rq) cos? (2UE) 12V { 1dsin (20€) } {2 ULp cos (2UE) | )

_9 (2\112 sec (2W¢) { 1£sin (20¢€) } {pcos (2VE) +2 Usin (qug)im}) 2

(p?2—2rq) cos? (2WE) +2W¥ { 1+sin (2¥¢) } {2 U+pcos (2T€) }

1.2 4 202 csc (2W¢) {—psin (20€) +2¥ cos (2V¢) 20}
Uil = —3p + 374 + 2p < (2rg—p?) cos (2W¢) —2p { 1+sin (2V¢€) } {2 p¥ sin (2¥E) £2rg })

9 ( 202 csc (20¢) {—psin (2T€) +2¥ cos (2W€) + 20} ) 2
(2rq—p?) cos (20€) —2p { 1£sin (2¥¢) } {2 p¥sin (2WE) £27q } ’

1.2 4 202 csc (W) {psin (VE) —2W cos (¥E) }
Uiz = =3P + 374 +2p < 2 (p?—2rq) cos? (V&) +4pV sin (¥E) cos (VE) 7p2>

_9 ( 202 csc (WE) { psin (E) —2W cos (VE) } >2
2 (p?—2rq) cos? (V&) +4p¥ sin (VE) cos (VE) —p?

Family 2.
When p? —4qr > 0and pg# 0(or qr #0), the soliton and soliton-like solu-
tions of Eq. (1) are,

2
1.2 4 2A2 sec h? (A€) 2A2 sec h? (A€)
us = —3p" +37r¢+2p (p+2Atanh (Ag)) -2 (p+2Atanh (Ag)) ,
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where A = %\/pQ —dqr, & =z — \/p* —8p2qr +16¢2r2 + 1t , p, qand r are
arbitrary constants.

12,4 2A2 csc h? (A£) 2A2 csc h? (A€) ) 2
Uig = —gp" +3rq = 2p <p+2Acoth (A§)> —2 <p+2Acoth (A§)> v

. 1,92,4 4A? sec h (2A€) (1F i sinh (2A€)) 4A? sec h (2A€) (15 4 sinh (2A€)) 2
Uy = =3P +3rq+2p <pcosh (2A€)12A sinh (zAg)inA)_ (pcosh (2AE)12A sinh (2A§)j:i2A> ;

1.2 4A2? csc h (2A€) (14£cosh (2A€)) 4A2? csc h (2A€) (14£cosh (2A€)) 2
Uig = —3p +37q¢=2p (psinh (2A€)+2A cosh (2A§):t2A> - <psinh (2A€)+2A cosh (2A§):ﬁ:2A> ;

A2 sec h? (AE/2)
2 { cosh? (A£/2) —1 } {p+A (tanh (A£/2) +coth (AE/2)) }

uyy = —3p*+3rq—2p

2
) A?sec h? (AE/2)
2{ cosh? (A£/2) =1 } {p+A (tanh (A&/2) +coth (AE/2))} ) 7
4AA? { A—Bsinh (2A8)—v/A?+ B? cosh (2A¢) }
(Asin (2A¢)+B) { pAsinh (2A¢)+pB—2AVAZ+ B2 +2AA cosh (2A¢) }
5 4AA? { A—Bsinh (2A8)—v/A?+ B? cosh (2A¢) } 2
%\ (4sin (22¢)+ B) {pAsinh (2A¢)+pB—2Av A2+ B2+2AA cosh (2A¢) } |
4AA? { A—Bsinh (2A¢)+v/A?+ B? cosh (2A¢) }
(Asin (2A¢)+B) { pAsinh (2A€)+pB+2AVAZ+B2+2AA cosh (2A¢) }
4AA? { A—Bsinh (248)+v/A%+B7 cosh (2A¢) } 2
(Asin (2A€)+B) {pA sinh (2A8)+pB+2AvV A2+ B2+2AA cosh (2A€) } !
where A and B are two non-zero real constants and satisfies the condition
A% — B? < 0.

s = —sp*+37rq —2p

ugg = —5p° + 571 — 2p

Uy = —5p* + 57¢ — 2p <2Asii§2?)}iﬁ2h (A§)> —2 (2Asiiﬁz22c)}i](ﬁ2h (A5)>2 ’
wn = =3+ v+ 2p (raeass o (A@> G
wn = —ipP+irortp (Lmhleglrimrg) ) _p (Mmrcanlrimesg ),
uzs = g 2p ( iiifa’zésﬁ?gtﬁgsizﬁsiM) 2 (apzegianeag, )
Upy = —3p* + 5 7q+2p (m COSQhA(QAC;C hﬁfn)h (A5)> -2 (m cofﬁzﬁfh;fiﬁh (A§)>2'

Family 3.
When 7 = 0 and pq # 0 ,the solutions of Eq. (1) are,

1
Uugs = —5p° +

3 3

4 . S . g 2
p (cosh (p€)—sinh (p€)) p (cosh (p€)—sinh (p€))
274+ 2p <d+cosh (p€)—psinh (pf)) —2 (d+cosh (p€)—psinh (pf)) ’

s = —Sp? 4 S 42 pd —2 pd i
26 — 3p 3 q D d+cosh (p€)+psinh (p€) d+-cosh (p€)+psinh (p€) :
where d is an arbitrary constant.

Family 4.
When ¢ # 0 and r = p = 0, the solutions of Eq. (1) are

1, 4 g ¢ \?
wn =30+ 30 =2 () 2 (seta) -

where d; is an arbitrary constant.
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4. Graphical presentation

Graph is an influential tool for communication and it illustrates clearly the solu-
tions of the problems. Therefore, some graphs of the solutions are given below.
The graphs readily have shown the periodic and solitary wave forms of the solu-
tions.

Figure 1: Solitons corresponding to solutions ug
forp=qgq=r=1.

=114

Figure 2: Solitons corresponding to solutions ug
forp=q=1,r=2.
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-1058+

551

Figure 3: Solitons corresponding to solutions ug
forp=qg=r=2.

Figure 4: Solitons corresponding to solutions w13
forp=3,q=2,r=1.
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Figure 5: Solitons corresponding to solutions w14
forp=2, g=1, r=20.5.

Figure 6: Solitons corresponding to solutions wugg
forp=3, g=1, r=2.
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Figure 7: Solitons corresponding to solutions ugg
forp=15,¢=1, r=0.

Figure 8: Solitons corresponding to solutions uay
forp=0,q=1, ,r=0.
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5. Conclusion

The (G'/G)-expansion method is an advance mathematical tool for investigating
exact solutions of nonlinear partial differential equations associated with complex
physical phenomena wherein, in general the second order linear ordinary diffe-
rential equation is employed as an auxiliary equation. But, in this article, we
utilize the generalized Riccati equation as an auxiliary equation; in consequence
we obtain further new exact solutions of the sixth-order Boussinesq equation in
a unified way. The obtained exact solutions may be important and significant
to reveal the internal mechanism of some complicated physical phenomena. The
algorithm presented in this article is effective and more powerful and it can be
used for other kind of nonlinear evolution equations in mathematical physics.
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1. Introduction

In 1903, a Swedish mathematician Gosta Mittag-Leffler [6] introduced the function
E,(z) in the form:

(1.1) Bu(z) = Zr(#ln

where z is a complex variable, & > 0 and I'(+) is the well-known gamma function.

The Mittag-Leffler function (1.1) is an entire function of order (Rea)™! and
is also direct generalization of the exponential function to which it reduces when
a = 1, or in other words, the Mittag-Leffler function is the parameterized expo-
nential function. If 0 < a < 1, then it interpolates between the pure exponential

exp(z) and a hypergeometric function = 1Fo(1;—; 2). In recent years, the
—z

Mittag-Leffler function has caused extensive interest among scientist, engineers
and applied mathematicians. The Mittag-Leffler functions naturally occur as the
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solution of fractional order differential equation or fractional order integral equa-
tions. Some applications of the function (1.1) have already been discussed in [4],
[5], [7] and [8].

Few interesting special cases of E,(z) are as listed below.

1
(1.2)  Ey(z) = ——; |2| <1,
—z

(13) E

(14)  Ey(z) = sz— = ¢
(1.5)  Ex(z) = cosh(y/2)

(1.6) Bs(z) = % lcos (zi> + 2exp (—é) COS (\? ,zé)]

(L.7) Eul2) = % [COS <zi> +cosh (ﬁ)}

2. Mittag-Leffler function with argument z* and its properties

In this section, the author establishes some interesting properties of the Mittag-
Leffler function x®.

The Mittag-Lefller function does not satisfy the composition property,
E.(x)E,(y) # Eu(z + y), but it can be observed that (Jumarie [1], [2], [3]) the
function

(2.1) Ea(2®) = Z%; a0,

n=0

does satisfy the composition property
(2.2) Eo(z®)Ea(y®) = Ee{(x +y)*}, VzelR.

The function E,(x®) defined in (2.1) converges absolutely for

o] < (”g@j;”)i

is a Mittag-Leffler function with argument ¢, o > 0, and this also can be reduced
in the exponential function for a = 1.
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(i) Power series expansion of E,(z%)

> 1an
E. (z%) = — a>0,V R
(%) ZF(an ey « T €
(2.3) n=0
P :L.Qa 1.3(1
= 1+ + + +o

I'a+1) T'Ra+1) ~Ba+1)
Taking z = 0 in (2.3), we get

(24) E,(0) = 1.

(ii) Inverse Property and its particular cases:
Putting y = —z in (2.2), yields
Eo(0) = Eo(z%)Ea{(—2)"}.

Using (2.4), the above equation yields

(2.5) Eo{(~2)"} = E(lx)
If a =1, then (2.2) and (2.5) becomes
explz+3) = exp(r) exp(y) and exp(—a) = — -

(iii) Increasing property:

Ifx>y>0=— —y > —x for odd positive integer o, we can write

this gives

using (2.5), this leads to

1 - 1
E.(y*) = Ea(z%)

(2.6) Le. Eo(x%) > E,(y®).

Now, again if z > y > 0, then x® > y® > 0 implies that
(2.7) E.(x%) > E,(y®).

Equations (2.6) and (2.7) imply that E,(z®) is strictly increasing function for odd
positive integer a.
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(iv) Positivity:
For a € N and z > 0, we have
(2.8) E,(x%) >0

again for
r<0= —x>0.

Therefore, for a € N, we have
(—z)* >0
— B{(—2)} > Ea(0) = 1> 0,

using (2.5), this leads to

1
0
Eu(z®)
and hence
(2.9) E,(z%) > 0.

Equations (2.8) and (2.9) show that

E,(z*) >0; a € Nand Vz € R.

(v) Limiting case:

Equation (2.3), gives

(2.10) E,(z%) > 00 as z — o0 for a>0.

Now, consider

lim E,(z%) = lim E{(-y)*}

T——00 Y—r00
pr— 1‘ pu— O
yg{’lo Eo(y®)
Therefore,
(2.11) E,(z*) =0 as z — —oo for a > 0.

From (2.5),
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1
B {(—2)} =
(0 = 5
B 1
- . o T2 e xa(n—i—l)
TlarD)  GRatD) TEarn) T Tlantat) T
I'(an+a+1)
ponto ’
Therefore,
r 1
lim 2°"E{(—x)*} < lim (an+a+1) =0, a>0,
T—00 T—00 xre
hence
(2.12) " E {(—x)*} = 0 as z — o0 for a>0.

3. Concluding remarks

The results established in this paper seem to be new and stimulate the scope of
further research and other computational aspects.

Acknowledgement. The author is thankful to reviewers for their valuable sug-
gestions to improve the quality of paper.

References

[1] JuMmARIE G., Laplace’s transform of fractional order via the Mittag-Leffler
function and modified Riemann-Liouville derivative, Appl. Math. Letter,
22 (11) (2009), 1659-1664.

[2] JUMARIE G., Probability calculus of fractional order and fractional Taylor

series application to Fokker-Plank equation and information of non-random
function, Chaos Solution Fractals, 40 (2009), 1428-1448.

3] JUMARIE G., Modified Riemann-Liouville derivative and fractional Taylor
series of Nondifferentiable functions further results, Computer and Mathe-
matics with Applications, 51 (2006), 1367-1376.

[4] KONHAUSER, J.D.E., Biorthogonal polynomials suggested by the Laguerre
polynomials, Pacific J. Math, 21 (2) (1967), 303-314.



416 JYOTINDRA C. PRAJAPATI

5] LEe P.A. , OnaG, S.H. and SRIvAsTAVA, H.M., Some generality func-
tion for the Laguerre and related polynomials, Applied Mathematics and
Computation, 108 (2000), 129-138.

[6] MITTAG-LEFFLER, G.M., Sur la nouvelle fonction E,(z), C.R. Acad. Sci.
Paris, 137 (1903), 554-558.

[7] PRABHAKAR, T.R., On a set of the polynomials suggested by the Laguerre
polynomials, Pacific J. Math., 35 (1) (1970), 213-219.

[8] SmivasTavA, H.M. and MANOCHA H.L., A Treatise on Generating Func-
tions, John Wiley and Sons/Ellis Horwood, New York/Chichester, 1984.

Accepted: 26.02.2013



ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 30—2013 (417—424) 417

LOCALIZED NEARLY m-EMBEDDED PROPERTY
OF SOME SUBGROUPS OF FINITE GROUPS!'

Yong Xu

School of Mathematics and Statistics

Henan University of Science and Technology
Luoyang, Henan 471003

China

e-mail: zuy_2011@168.com

Abstract. Let A be a subgroup of a finite group G and ¥ : Gp < G; < --- < G,
some subgroup series of G. Suppose that for each pair (K, H) such that K is a maximal
subgroup of H and G;_1 < K < H < Gy, for some i, either ANH = ANK or AH = AK.
Then A is said to be Y-embedded in G; A is said to be nearly m-embedded in G if G
has a subgroup 7" and a {1 < G}-embedded subgroup C in G such that G = AT and
TNA<C < A. In this paper, we localize the above conditions in the G-normalizer of
Sylow subgroups of the group G. Some new characterizations of some classes of finite
groups are given.

Keywords: nearly m-embedded subgroup; p-nilpotency; formation.
2000 Mathematics Subject Classification: 20D10, 20D15.

1. Introduction

All groups considered in this paper will be finite and G stands for a finite group.
Let 7(G) stand for the set of all prime divisors of the order of G. Let F denote
a formation, U denote the class of supersolvable groups. The other notation and
terminology are standard(see [6]).

Let A be a subgroup of G, K < H < G and p a prime. Then we say:

(i) A covers the pair (K, H) if AH = AK;
(i) Aavoids (K,H)if ANH=ANK.

(K, H) is said to be maximal pair of G if K is a maximal subgroup of H. Now,
the authors in [4] introduced the following concepts.

!This work was supported by the National Natural Science Foundation of China (Grant N.
11171243), the Scientific Research Foundation for Doctors, Henan University of Science and
Technology (N. 09001610)
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Definition 1.1 Let A be a subgroup of G and ¥ = {Gy < G; < --- < G,,} some
subgroup series of G. Then we say that A is ¥-embedded in G if A either covers
or avoids every maximal pair (K, H) such that G;_; < K < H < G, for some i.

Definition 1.2 Let A be a subgroup of G. We say that

(1) A is m-embedded in G if G has a subnormal subgroup 7" and a {1 < G}-
embedded subgroup C' in G such that G = AT and TN A < C < A.

(2) A is nearly m-embedded in G if G has a subgroup 7" and a {1 < G}-
embedded subgroup C' in G such that G = AT and TN A< C < A.

In finite groups, the localized subgroups of a group play an important role
in the structure of groups. A question of particular interest is the influence of
the properties of the normalizers of the Sylow subgroups on the structure of the
group. A nice example is Burnside’s Theorem.

Theorem 1.1 (Burnside) Let P be a Sylow p-subgroup of G. If No(P) = Cg(P),
then G is p-nilpotent.

The following extension of Burnside’s Theorem due to Hall is also interesting.

Theorem 1.2 ([5]) Let P be a Sylow p-subgroup of G. If p -elements of Ng(P)
commute with the elements of P and the nilpotency class of P is less than p, then
G is p-nilpotent.

Wielandt, Ballester-Bolinches and Esteban-Romero proved the following re-
sults respectively.

Theorem 1.3 ([7]) A group G is p-nilpotent if it has a reqular Sylow p-subgroup
whose G-normalizer is p-nilpotent.

Theorem 1.4 ([1]) A group G is p-nilpotent if it has a modular Sylow p-subgroup
whose G-normalizer is p-nilpotent.

The main purpose of the present paper is to investigate the structure of the
group G that maximal subgroups of Sylow subgroups are nearly m-embedded in
G-normalizer.

2. Preliminary results

Lemma 2.1 ([4, Lemma 2.3]) Let M < G, N and R be normal subgroups of G.
Then

(a) If E <V and M is {E < G}-embedded in G, then M NV is {E < V}-
embedded in V.

(b) If R < N and M is {R < G}-embedded in G, then NM is {R < G}-
embedded in G and NM/N is {1 < G/N}-embedded in G/N.
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Lemma 2.2 ([4, Lemma 2.13]) Let U be a nearly m-embedded subgroup of G and
N a normal subgroup of G. Then:

(1) IfU < H <G, then U is nearly m-embedded in H.
(2) If N < U, then U/N is nearly m-embedded in G/N.

(3) Let m be a set of primes, U a w-subgroup and N a 7'-subgroup. Then UN/N
is nearly m-embedded in G/N.

Lemma 2.3 (]9, Theorem 3.1]) Let F be a saturated formation containingU, and
G a group with a normal subgroup N such that G/N € F. If all Sylow subgroups
of F*(N) are cyclic, then G € F.

Lemma 2.4 ([4, Theorem 4.2]) Let G be a group and p a prime dividing of G
such that (|G|,p — 1) = 1. If every mazximal subgroup of a Sylow p-subgroup P of
G is nearly m-embedded in G, then G is p-nilpotent.

Lemma 2.5 ([4, Lemma 2.14]) Let P be a normal non-identity p-subgroup of G
with |P| = p™ and PN ®(G) = 1. Suppose that either every mazimal subgroup of
P is nearly m-embedded in G or there is an integer k such that 1 < k < n and the
subgroups of P of order p* are m-embedded in G. Then some mazimal subgroup
of P is normal in G.

3. Main results

Theorem 3.1 Let G be a group and p a prime dividing the order of G with
(|G|,p—1) = 1. If there exists a Sylow p-subgroup P of G such that every mazimal
subgroup of P is nearly m-embedded in Ng(P) and P’ is {1 < G}-embedded in G,
then G is p-nilpotent.

Proof. Assume that the result is false and let G' be a counterexample of minimal
order.

(1) Let L be a normal subgroup of G contained in P. Then G/ L satisfies the
hypothesis.

It is clear that (|G/L|,p — 1) = 1. For any maximal subgroup P;/L of
P/L,p=|P/L: P//L| = |P : Py|, so P, is a maximal subgroup of P. By the
hypothesis, Py is nearly m-embedded in Ng(P) and P’ is {1 < G}-embedded in
G. By Lemma 2.2 (2), P,/L is nearly m-embedded in Ng(P)/L = Ng/(P/L),
and (P/L)" = P'L/L is {1 < G/L}-embedded in G/L by Lemma 2.1 (b). The
choice of G implies that (1) is true.

(2) 1 # P' < 0,(G) and G is solvable.

For any ) € Syl,(Ng(P)), where ¢ # p. It is easy to see that every maximal

subgroup of P is nearly m-embedded in PQ by Lemma 2.2 (1). Thus P(Q satisfies
the hypothesis of Lemma 2.4, so PQ is p-nilpotent, hence @) < Cg(P). Assume
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that P is abelian, then Ng(P) = Cg(P), hence G is p-nilpotent by Burnside's
Theorem, a contradiction. So P* # 1. By the hypothesis, P is {1 < G'}-embedded
in G. By [4, Lemma 2.3], P’ is subnormal in G. Hence 1 # P' < O,(G). By
(1), G/O,(G) is p-nilpotent. Since (|G|,p — 1) = 1, we conclude that G/O,(G) is
solvable, thus G is solvable.

(3) G = PQ, where () is a Sylow g-subgroup of G with g # p; L = O,(G) is
a unique minimal normal subgroup of G, and ®(G) = 1.

Let {G, | r € m(G)} be a Sylow system of G and H = G,G., for any r € 7(G)
with 7 # p. By Lemma 2.1(a) and Lemma 2.2 (1), the hypothesis is still true
for H. If |7(G)| > 2, then G, < H, which implies that G, normalizes G, for any
r € 7(G), hence G is p-nilpotent, a contradiction. Thus we may assume that
G| =p°q".

Let L be a minimal normal subgroup of G. By Lemma 2.1(b), P'L/L is
{1 < G/L}-embedded in G/L. If L is a g-group, then we consider the quotient
group G/L. Evidently, PL/L € Syl,(G/L). For any maximal subgroup 7'/L
of PL/L, we have p = |(PL/L) : (T'/L)|, and T = PLNT = (PNT)L. Let
P=PNT. Then PNL=PNTNL=PNL,so

p=|PL:T|=|PL:(PNT)L|=|P:PNT|=|P: Pl

Thus P; is a maximal subgroup of P. By the hypothesis, P, is nearly m-embedded
in Ng(P). Then by Lemma 2.2 (3), it is easy to see P;L/L is also nearly m-
embedded in Ng(P)L/L = Ng/(PL/L). By the minimality of G, G/L is p-
nilpotent and so is G, a contradiction. Hence L is a p-group and L < P. By (1),
G /L is p-nilpotent. Similarly, if NV is another minimal normal subgroup of GG, then
N < P and so G/N is also p-nilpotent. Now it follows that G = G/N N L is p-
nilpotent, a contradiction. Thus L must be the unique minimal normal subgroup
of G. Since the class of p-nilpotent groups is a saturated formation, L £ ®(G),
and ®(G) = 1. By [8, Thorem 5.3], we get O,(G) = F(G) = L.

(4) The final contradiction.

By (3), ®(G) = 1. Then G has a maximal subgroup M such that G = ML
and M NL=1. So M = G/L is p-nilpotent. Let M, be a normal p-complement
of M, then M, <« M. Thus M < NG(Mp/) < @. The maximality of M implies
that either M = Ng(M,) or Ng(M,;) = G. If the latter holds, then M, <G, M,
is actually the normal p-complement of GG, a contradiction. Hence M = Ng(Mp/).
Clearly, P = L(P N M). Since PN M < P, there exists a maximal subgroup P,
of P such that PN M < P;. By the hypothesis, there are a subgroup T of G and
a {1 < G}-embedded subgroup C of G such that G = P,T and PLNT < C < P;.
Thus C either covers or avoids (M, G). But CM < PLM # G, hence CNM = C,
that is, C' < M. By [4, Lemma 2.3], C' is subnormal in G. Then C' < 0,(G) =
L. Hence, C < M NL =1, and then |T|, = p, where T, € Syl,(T). Since
Nr(T,)/Cr(T,) is isomorphic to a subgroup of Aut(7,) and |Aut(T,)| = p — 1.
By (|Gl,p — 1) = 1, we get |N/T(Tp)/C’T(Tp)| = 1, that is, Np(T,) = Cr(T},).
So T is p-nilpotent by Burnside s Theorem. Let T}y be a normal p-complement
of T, then Ty < T. Clearly, both T; and M, are Hall p -subgroup of G with



LOCALIZED NEARLY m-EMBEDDED PROPERTY OF SOME SUBGROUPS ... 421

odd order. By applying Groos’s result in [3, main Theorem], there exists g € G
such that Ti/ = My, and T is normalized by T, then we may assume that

g € P. Thus T9 < Ng(Tpg,> < Ng(My) = M, hence G = P,T? = P,M and
P=PNPM=P(PNM)= Py, a contradiction. This contradiction completes
the proof of this theorem. .

Theorem 3.2 Let G be a group and p a prime diwviding the order of G with
(|IGl,p — 1) = 1. Suppose that H is a normal subgroup of G such that G/H 1is
p-nilpotent. If there exists a Sylow p-subgroup P of H such that every mazimal
subgroup of P is nearly m-embedded in Ng(P) and P is {1 < G}-embedded in G,
then G 1s p-nilpotent.

Proof. Assume that the result is false. Let (G, H) be a counterexample with
|G| + |H| minimal.

By Lemma 2.1 (a) and Lemma 2.2 (1), it is easy to see that every maximal
subgroup of P is nearly m-embedded in Ny (P) and P’ is {1 < H}-embedded in
H, then H is p-nilpotent by Theorem 3.1. Let M be a normal p-complement of
H. Then M < G. Assume that M # 1. We consider the quotient group G/M.
Similar to the proof of (3) in Theorem 3.1, it is easy to see that the hypothesis is
still true for (G/M, H/M), hence G/M is p-nilpotent and so is G, a contradiction.
Thus we conclude that M = 1. Now H = P is a p-subgroup. Let T/P be a
normal p-complement of G/P. It is clear that every maximal subgroup of P is
nearly m-embedded in Np(P) and P’ is {1 < T}-embedded in T' by Lemma 2.1
(a) and Lemma 2.2 (1), then 7' is p-nilpotent by Theorem 3.1, so T, 4T J G
and T is also a Hall p -subgroup of G, thus Ty 4G, hence G is p-nilpotent, a
contradiction.

This completes the proof. .

In [2], the authors introduced the c-supplement subgroup. A subgroup A of
G is said to be c-supplement in G if G has a subgroup 7' such that TA = G and
T N A < Ag. Since a normal subgroup is always {1 < G}-embedded in G, every
c-supplement subgroup is nearly m-embedded. Then the following corollary is
clear by Theorem 3.2.

Corollary 3.1 Let G be a group and p a prime dividing the order of G with
(|IG|,p — 1) = 1. Suppose that H is a normal subgroup of G such that G/H is
p-nilpotent. If there exists a Sylow p-subgroup P of H such that every maximal
subgroup of P is a c-supplemented subgroup of Ng(P) and P is {1 < G'}-embedded
in G, then G is p-nilpotent.

Theorem 3.3 Let G be a group. For any prime factor p of |G|, there exists a
Sylow p-subgroup P of G such that every mazximal subgroup of P is nearly m-
embedded in Ng(P) and P is {1 < G}-embedded in G, then G is supersolvable.

Proof. Assume that the result is false and let G' be a counterexample of minimal
order.
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By Theorem 3.1, GG is a Sylow tower group of supersolvable type, so G is
solvable. Let L be a minimal normal subgroup of G. Then L is an elementary
r-subgroup, where r € 7(G). By Lemma 2.1 and Lemma 2.2, G/L satisfies the
hypothesis, thus G/ L is supersolvable by the minimal choice of G. Since the class
of supersolvable subgroups is a saturated formation, we may assume that L is
a unique minimal normal subgroup of G and L £ ®(G). Hence there exists a
maximal subgroup M of G such that G = LM and LN M = 1. Let ¢ = mazn(G)
and Q € Syl,(G). Then @ < G, thus L < @ by the unique minimal normality
of L. Since Q = O,(G) < F(G) < Cg(L), L and M normalize ) N M, thus
QNM<JG. SoQNM=1or L <N M. If the later happens, then L < M,
that is, G = LM = M, a contradiction. So ) N M = 1. This implies that
Q| = |G : M| = |L|, hence L = Q). By the hypothesis, every maximal subgroup
of @ is nearly m-embedded in Ng(Q) = G. Then by Lemma 2.5, there is a
maximal subgroup of @) is normal in G. The minimal normality of () in G implies
that |Q| = |L| = ¢q. By Lemma 2.3, G is supersolvable, a contradiction. This final
contradiction completes our proof. u

Theorem 3.4 Let F be a saturated formation containing U and G a group with
a normal subgroup H such that G/H € F. For any prime factor p of |H|, there
exists a Sylow p-subgroup P of H such that every maximal subgroup of P is nearly

m-embedded in Ng(P) and P is {1 < GY-embedded in G, then G € F.

Proof. Assume that the result is false. Let (G, H) be a counterexample with
|G| + |H| minimal.

By Lemma 2.1 (a) and Lemma 2.2 (1), H satisfies the hypothesis of Theorem
3.3, hence H is supersolvable. Let p = mazm(H) and P € Syl,(H). Then P <G.
We consider the quotient group G/P, then G/H = (G/P)/(H/P) € F. By
Lemma 2.1 and Lemma 2.2, (G/P, H/P) satisfies the hypothesis, thus G/P € F.
Hence we may assume that H = P.

Let N be a minimal normal subgroup of G contained in P. By Lemma
2.1 (b) and Lemma 2.2 (2), the hypothesis is still true for (G/N, P/N), then
G/N € F. Since F is a saturated formation, N £ ®(G). So there exists a
maximal subgroup M of G such that G = NM and N N M = 1. On the other
hand, we can conclude that ®(P) = 1. Otherwise, we have G/®(P) € F, then
G/®(G) = (G/®(P))/(®(G)/®(P)) € F, so G € F, a contradiction. Hence P
is an elementary abelian subgroup. By N < P, we get G = NM = PM and
PNnM<aG IfPNM#1,then N PNM,N<M,soG=NM=M,a
contradiction. Thus PN M = 1, hence P = N is a minimal normal subgroup
of G. By the hypothesis, every maximal subgroup of P is nearly m-embedded in
Ng(P) = G. Then by Lemma 2.5, there is a maximal subgroup of P is normal
in G. The minimal normality of P in G implies that |P| = p. By Lemma 2.3,
G € F, a contradiction. This final contradiction completes our proof. .

Recall that a group G was called an A-group if all of its Sylow subgroups are
abelian. Let G be an A-group. Then for any P € Syl,(G), we have P' = 1, of
course, it is {1 < G}-embedded in G, so we have the following corollary.
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Corollary 3.2 Let F be a saturated formation containing U and G a group with
a normal A-subgroup H such that G/H € F. If every mazimal subgroup of each
Sylow subgroup P of H is a c-supplemented subgroup of Ng(P), then G € F.

4. Remarks

Remark 4.1 The following example illustrates that the hypothesis in Theorem
3.1 that “P" is {1 < G}-embedded in G” can not be removed.

Example. Let G = PSLy(q), where ¢ = +1 (mod 8). Let P be a Sylow
2-subgroup of G. By [6, II, Theorem 8.27], we have the Sylow 2-subgroup of
PSLy(q) is selfnormalizing in PSLs(q). Evidently, every maximal subgroup of P
is normal in Ng(P) = P, so every maximal subgroup of P is nearly m-embedded
in Ng(P). However, G is not 2-nilpotent.

Remark 4.2 Even if GG is a solvable group and p is an odd prime, the hypothesis
in Theorem 3.1 that “P" is {1 < G}-embedded in G could not be omitted, either.

Example. Let H = Z3 x Z3 X Z3 be an elementary abelian 3-group. It is clear
that Aut(H) has a subgroup Z;3 x Zs. Now suppose that

G = (Zg X Zg X Zg) X (Zlg X Zg)

Let P3 be a Sylow 3-subgroup of G. It is clear that Ng(Ps;) = P, so every
maximal subgroup of Ps is nearly m-embedded in Ng(P3) = P3. However, G is
not 3-nilpotent.
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