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Professor Emeritus loannis Mittas

In memoriam

In April 2012, Professor Emeritus loannis Mittas passed away. He was born
in 1921 in Veria, Greece and he received his B.S. in Mathematics from
Aristotle University of Thessaloniki and Ph.D in Mathematics from the
National Technical University of Athens in 1970. In 1973, he was elected
Professor, Chair of Advanced Mathematics, Faculty of Engineering
Aristotle University of Thessaloniki, where he served till his retirement in
1985, occupying important posts including that of the Dean of the Faculty;
straight after his retirement he was awarded the title of Professor Emeritus.
He was a member of a numerous societies and member of the editorial
committee of several journals. He was awarded The National Resistance
1941-1944 Medal for his participation in the resistance during the German
Occupation of Greece.

Professors Mittas's contribution to hyperstructure theory was pioneering as
he published numerous papers in several journals and proceedings among
which his most famous paper Hypergroupes canoniques, Math. Balkanica,
V.2, (1972). He continued working and publishing results and research
papers and his ex PhD students and co-researchers go on publishing results
on the topics he introduced and founded.

Professor Emeritus Ioannis Mittas was a great mathematician and a great
personality and everyone was eager to work and collaborate with him.

Thomas Vougiouklis

To the first-rate presentation by Prof. Vougiouklis, the Chief-Editor can
add only few words:

Prof. Mittas gave first-rate contributions to the Science which assure him a
high-ranking place in the History of Mathematics.

Not only his ex PhD students and co-researchers could value his results.
For instance I myself also, began to work in Hyperstructures (and I
continue still), after having read, by chance, about 40 years ago the paper of
his, mentioned above. At that time I did not know him, I met him in the
following years, and I could appreciate also his excellent human qualities.

Piergiulio Corsini
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The Editorial Board is close to Ioannis Mittas's family

The “Italian Journal of Pure and Applied Mathematics” cannot more take
advantage of the precious collaboration of Prof. loannis Mittas, who has
suddenly passed away.

The members of the Editorial Board and Managing Board express their
deep sorrow for this loss.

The Chief-Editor wants to express his most heartfelt sympathy to Prof.
Mittas's family for the demise of a first-class scientist and a very dear
friend.
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Exchanges

Up to July 2011 this journal is exchanged with the following periodicals:
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Acta Cybernetica - Szeged

Acta Mathematica et Informatica Universitatis Ostraviensis

Acta Mathematica Vietnamica — Hanoi

Acta Mathematica Sinica, New Series — Beijing

Acta Scientiarum Mathematicarum — Szeged

Acta Universitatis Lodziensis — Lodz

Acta Universitatis Palackianae Olomucensis, Mathematica — Olomouc

Actas del tercer Congreso Dr. Antonio A.R. Monteiro - Universidad Nacional del Sur Bahia Blanca

Algebra Colloquium - Chinese Academy of Sciences, Beijing
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Analele Universitatii din Timisoara - Universitatea din Timisoara
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Annales Mathematicae Silesianae — Katowice
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Applied Mathematics and Computer Science -Technical University of Zielona Gora
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Buletinul Universitatii din Bragov, Seria C - Bragov
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Bulletin de la Société des Sciences et des Lettres de Lodz - Lodz
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Bulletin Mathematics and Physics - Assiut

Bulletin Mathématique - Skopje Macedonia
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Chinese Quarterly Journal of Mathematics - Henan University
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Commentationes Mathematicae Universitatis Carolinae - Praha
Computer Science Journal of Moldova
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Cuadernos - Universidad Nacional de Rosario

Czechoslovak Mathematical Journal - Praha
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1. Introduction

In 1934 Marty [5] introduced a new mathematical structure as a generalization
of groups and called it hypergroup. Subsequently, many authors worked on this
new field and constructed some other generalizations such as hyperrings, hyper-
modules, and hyperfields. In 1988 the notion of hypervector space was given by
Tallini [12]. She studied some algebraic properties of this new structure in [8], [9],
[10], and [11]. A wealth of applications of these new constructions in: geometry,
hypergraphs, binary relations, combinatorics, codes, cryptography, probability,
and etc. can be found in [2]. Recently, we studied hypervector spaces in the
viewpoint of analysis and generalized some definitions and proved many interesting
theorems about them in [6] and [7]. In this paper we focus on some other properties
of these spaces. We define convex, strictly convex, balanced, and absorbing subsets
of a normed hypervector space and prove some theorems about them.
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Let P(X) be the power set of a set X, P*(X) = P(X)\{9}, and K a field. A
hypervector space over K that is defined in [8], is a quadruplet (X, +, 0, K') such
that (X, +) is an abelian group and

o: K x X — P*X)

is a mapping that for all a, b € K and x, y € X the following properties holds:
)
)
(iii) ao (bo x) = (ab) o x, where ao (bo ) ={aoy : y€bo z},
)
)

Note that every vector space is a hypervector space and specially, every field
is a hypervector space over itself.

A non-empty subset of a hypervector space X over a field K is called a
subspace of X if the following holds:

(i) H—HCH,
(ii) ao H C H, for every a € K.

Let (X, +, 0, K) be a hypervector space. Suppose that for every a € K, |a|
denoted the valuation of a in K. A pseudonorm on X that is defined in [9], is a

mapping
|-]]: X —R
that for all @ € K and x, y € X has the following properties:
(i) 1[0l =0,
(i) [lz +yll < [l +[lyll,
(iii) sup|la o zf[ = [a] ||x]].

A pseudonorm on X is called a norm, if:

l|z|| =0 <=z = 0.

2. Main results

The norm that is defined on hypervector space (X, +, o, ||-||, &) induced a topology
on X as following:
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Let (X,+,0,|| . ||, K) be a normed hypervector space. For z € X and ¢ > 0
the open ball B.(x) is defined as
Be(z) ={y e X : [z —yll <e}.

The { B(z) : * € X,e > 0} is a basis for a topology on X which is the
topology induced by this norm.

Clearly, the intersection of any collection of convex sets is convex.

Definition 2.1. A non-empty subset E of a hypervector space X = (X, +,0, K)
is called convex if for any x, y € F and 0 < A < 1,

Aoz+(1—-XN)oyCE.

1 1
Also X is called strictly convex if sup H§ ox + 5° yH < 1, whenever z, y € X,

z #y, and |[z][ = [ly|| = 1.

Lemma 2.2 Let X = (X, +,0,|| - ||, K) be a normed hypervector space, v € X,
and e > 0. If
Bu(r) = {y € X+ [l —yll < e},

then B.(x) is a convez set.

Proof. First, suppose that x = 0. Let z, w € B.(x) and 0 < A < 1. Since for all
a, be X, |la+b|| < ||a|| +]|b|| and by the definition of a norm, we have

sup||Ao z+ (1 = A)ow|| < supl|Ao z||+sup||(1—N)o wl|
= AMlzl|+ A =N |Jw|]] < Xe+ (1 = Ne=¢.

On the other hand, it is easy to check that B.(x) = B.(0) + z. So the proof is
complete. -

Theorem 2.3. Let X = (X,+,0,| - ||,K) be a normed hypervector space,
r,y € X, x#y, and ||z|| = |ly|| = 1. If X is strictly convex, then

supl[tow+ (1= ) oyl < 1,

for 0 <t < 1. Also X is strictly convex if there is some t, 0 <t < 1, such that
sup [t oz +(1— 1) oyl| <1,

forz,y € X with x #y, and ||z|| = ||y|| = 1.

Proof. Suppose 0 <ty < 1 and

sup |[toox + (1 —tp) oy|| < 1.
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t
If0<t<t0,thenlets:t—. So0 < s<1and
0

tox+(1—t)oy

(sto)ox+[s(1—tg)+1—s|oy

C (stg)ox+(s(l—ty))oy+(1—5)oy.
Therefore
sup|[[tox+ (1—t)oy|| < sup|(sto) oz + (s(1 —ty))oy+(1—s)oy]|
< sup||(sto) oz + (s(1 —tg)) o yl|| +sup||(1 —s) oy
< ssupl|<((sto) o + (s(1 ~ t0)) ol + (1 — )y
< ssup|ftoox + (1 —to) oyl + (1 — s)||yll

< 1—-s+s=1,

because asup ||bo x|| = ab||z|| = sup ||(ab) o z||, for every a, b > 0.

. Then 0 < s <1 and

Ifto<t<1,lets=
0 , 1L S ]_—t()

tox+(1—t)oy = (sto+1—8)ox+s(l—1ty) oy
C (1—=s)ox+(stg)ox+s(l—1t)ouy.
Hence
sup|[tox+ (1 —t)oy|| < supl[(l1—s)ox+ (sty)ox+s(l—ty) oyl
< sup|[(1 = s) o x[| +sup ||(sto) oz + s(1 — to) 0 |
< (L= s9)llz]| + ssup|[toox + (1 —to) oyl
< 1l—s+s=1,
as before. Thus
sup|[[tox + (1 —t)oyl| <1,

for 0 <t < 1,ifsup|[tpox+ (1 —1ty) oyl|| <1, for some 0 < ¢y < 1. On the other
hand if X is strictly convex, then

Sup\|lox+loy|]<1.
2 2

This proves both parts of the theorem. n

Before proving the next theorem, it is necessary to note the following useful
remark.

Remark 2.4. If X = (X, +,0,]||- ||, K) is a normed hypervector space such that
for every z, y € X, ||(x +y)|| =sup||1lo z+ 1o y||, then for every 0 # a € K, we
have sup ||a o (z + y)|| =sup|lao z + ao y||. Because
sup(lac (z+y)ll = lalsup|[lo (z+y)ll
la|sup ||[1o x + 10 y|
— supllac (1o z+10 y)),
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and therefore

sup[lao z +ao y| la|sup |3 o (a0 z+ao y)

lalsup|[[1 oz + 1o y|| =supllao(z+y)|

NN

sup|lao x4+ ao y||
It shows that
sup|lao (z+y)|| =sup|laoc =+ ao yl|.

Theorem 2.5. Let X = (X,+,0,]|| - ||, K) be a normed hypervector space such
that for every x,y € X and c € K,

(i) z € co y impliesy € c ™t o x|

(ii) z€loy andy € 1o x implies x =y,
(iii) [|(z+ )| =sup|[loz+1oyll,
(iv)

Then X s strictly convex if and only if for all non-zero elements z,y € X,
|z + y|| = ||z|| + ||y|| implies z € co y, for some ¢ > 0.

l|co z|| is a closed set.

Proof. First, suppose the condition holds. Let z, y € X be such that ||z|| =
1 1
lyll = 1 and sup||5 0z + 5 o yl| = 1. So

1
L= l2[l = [yl —SupH—ox+ Soull= —Hx+yH

and, therefore, ||x+y|| = 2 = ||z||+]|y||. Hence, there is ¢ > 0 such that x € co y.
Since y € ¢! o x, we have

1= [lz[| <sup|leo yl| = cllyl| < esuplle™ o | = cc™[[z]| =1,

and, therefore, ¢ = 1. It means that z € 1o y and y € 1o z. So, x =y and X is
strictly convex.
To complete the proof, suppose X is strictly convex and let non-zero elements

x,y € X besuch that ||x+y|| = ||=||+||y||- Alsolet z; € — e || oxandy; € —— || ||
be such that ||x1]| = [|y1]|| = 1. Since x € ||x|| o 21 and y € ||y|| o y1, then

1

||$+y||<sup||wo ” i oyrl| <sup|[loz+ 1oyl = [lz+yl
So sup ||||z|| o z1 + [ly|| o w1|| = ||z|| + ||y||- It means that
[l]] [yl
sup||——— oz + ——————— o y|| = 1,
[l[| + 11yl (| + 1]l
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where 0 < [ < 1. By Theorem 2.3, we have z7 = y;. Hence
[zl + [yl
_ _ =l
z € [[xf| o @y = |[z]] oy C = oy
Iyl
This completes the proof. .

Example 2.6. Let (R", 4+) be the classical additive group over R™ and for every
a € R,
aox={tax : 0 <t <1},

where tax is the classical multiplication of R over R™. Now, let ||z|| be the distance
of x from the origin in R™. Then it is easily seen that (R", +, o, || - ||, R) is a
normed hypervector space which is satisfied in the hypothesis of Theorem 2.5.

Definition 2.7. A non-empty subset £ of a hypervector space X = (X, +,0, K)
is called balanced if £ o x C E, whenever x € E and k € K with |k| < 1, and it
is called absorbing if for every z € X there exists > 0 such that

lo:EQE.
r

Theorem 2.8. Let X = (X, +,0,]|| - ||, K) be a normed hypervector space such
that

(i) 0o x = ko 0={0},
(i) = € ko y implies that y € k™ o x,
(ili) {ko x : k€ K} is a subspace of X,

for every x,y € X, k € K. Also suppose that E is a convex, balanced and
absorbing subset of X such that no non-zero subspace of X is contained in E. If

1
(1) l|z|| =inf{r >0 :-0x C E},
r
then || - || is @ norm on X, and that
{zeX |lz|]|<1}CEC{ze X :|lz|| <1}

Furthermore, for every norm in a hypervector space X, there is a convex, balanced
and absorbing subset E of X such that it stabilizes (1).

Proof. Let # € X and suppose that ||z|| = inf S,, where

1
Sy ={r>0:—o0xCFE}
r
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Then S, C (0, o), and hence ||z|| > 0, for every z € X. If x € E then —x €
(—1) o & C E, because E is balanced. So

because E is convex. Thus {0} = %o 0 C E, for every r > 0, and therefore
So = (0, 0o0) and [|0]| = inf Sy = 0.

Now, suppose that x # 0. Since 0 #z € lox C Y, thenY ={koz : k€ K}
is a non-zero subspace of X. So, Y is not contained in F. Hence there is k; € K

such that ko © ¢ E. Clearly, k; # 0. Suppose that 0 < r < and r € 9.

1
) ||
Then, — o  C E, and since |K;r| < 1 and E is balanced, we have

T

r

1
kiox = (kir)o <—ox) CE.

1
This contradiction shows that if r € S, then m < 7. Thus, we have proved
1

that ||z|| = 0 if and only if x = 0.

Next, assume that k£ # 0 and r € Sio, = U Sy. Then thereisy € ko x
yekox

1
such that r € S,,. Therefore, = o y C E, z € k™! o y and since F is balanced, we
r

have
1
@ox:%o (gox> g’—l]z’o(éo(l@_loy)) :%o(;oy) CFE.
It means that |%| € S, and then ||z|| < ’—]:| So, for every r € S, that y € ko z,
we have |k|||z|| < r and hence
B[] < Tlyll-

So, for every k # 0,
|k|[|z]| < sup ||k o z]].

By changing k to %, we have

)

—1 [yl < —1
<su o
2 Yy p 2 Yy

1 1
for every y € k o x. Therefore, there is z € Z oY such that ‘E’ llyll < |]z]|- So,

Bzl < [lyll < |&[1]=]].
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1 1 1
It means that mHyH = ||z||. Since z € oY - z° (ko x) =10z, we conclude

that
sup ||k o z|| < |k|sup||l o x|l

Now, we show that sup||l o z|| = ||z||. Let 2z € 1o x. Then, z € 10 2z and

1
— oz CF, for every r € S, and also
,

1 1 1
—oxC-o(loz)=-02zCE.
r r r

It means that » € S,. Similarly, one can show that if » € S, then » € S,. Hence
|z|| = ||z||. So by the last inequality, we have

sup [k o || < |k[|]]],
and, therefore, we have shown that
sup ||k o xzf| = [k[|2[l,

for every k # 0. Clearly, it is true for £ = 0.
To prove the triangular inequality, let z, y € X. Given ¢ > 0, we can find

1
r € S, and s € S, such that » < ||z|| + € and s < ||y|| + €. Then —o 2z C E,
r

—o y C F, and since E is convex, we have
,

1 1 1 T 1 S 1
o(x_i_y)g ox -+ Oy: (e} —ox | + o —O’y gE
r+s r+s r—+s r+s r r+s

Hence r + s € Sy4y, and
lz+yll <7+ s <|l=]| + [lyl] + 2.
Since € > 0 is arbitrary, we have
[z +yll < [l]] + [lyll-

Thus || - || is @ norm on X.
Next, let ||z|| < 1, then there is r € S, with ||z|| < r < 1. Now, since E is

1 1
balanced, —o x C Fandx €lox=7ro | —-ox | C E, and therefore
r r

{re X :|z|| <1} CE.
If x € E, then 102 C E, because F is balanced and hence ||z|| < 1. Thus
EC{xre X :|lz|| <1}

For the last part of the theorem, let X = (X,+,0,]|| - ||, K) be a normed
hypervector space. Put F = {x € X : ||z|| < 1}. Then by Lemma 2.2, F is
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convex. If z € F and r € K such that |r| < 1, then sup||roz|| = |r|||z]] <1
and therefore r o x C E and E is balanced. For 0 # z € X, let r = 2||z||, then

1
== and hence E is absorbing. Let z € X and

g o

r

1
Sx:{r>01—ox§E}.

If r € S;, then % ox C E and so %HIH = supH%o [EH < 1. Thus ||z|| < r, for
every r € S,. This implies that ||z|| < inf S,. If ||z|| < infS,, then choose r with
l|z|| < r < infS,. Thus, supH%ox = %||x|| < 1, and so %ox C E, that is
r € S,. This is not possible since r < inf S,. So, ||z|| = inf S, and the proof is

complete. .

Example 2.9. One can easily check that Example 2.6 satisfies in the hypothesis
of Theorem 2.8, too.
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1. Introduction

The graph theory and algebraic notation and terminology follow from [9] and [7],
respectively. Let F' = {S; : i € I} be an arbitrary family of sets. The intersection
graph G(F) of F is the graph whose vertices are S;, i € I and in which the vertices
S; and S; (i,j € I) are adjacent if and only if S; # S; and S;N.S; # 0. It is known
that every simple graph is an intersection graph, [8].

Let G = (V,E) be a graph. The (open) neighborhood N(v) of a vertex
v € V is the set of vertices which are adjacent to v. For a subset S of vertices,
N(S) = U N(v) and N[S] = N(S)sup S. A set of vertices S in G is a dominating

veS

set, (or just DS), if N[S] = V(G). The domination number, v(G), of G is the
minimum cardinality of a dominating set of G. For references on Domination
Theory, see [6].

It is interesting to study the intersection graphs G(F') when the members of
F have an algebraic structure. Bosak [1], in 1964, studied graphs of semigroups.
Then Csékdny and Polldk [3], in 1969, studied the graphs of subgroups of a finite
group. Zelinka [10], in 1975, continued the work on intersection graphs of nontri-
vial subgroups of finite abelian groups. Recently, Chakrabarty et al. [2] studied
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intersection graphs of ideals of rings. Jafari Rad et al. [4] considered intersection
graph of subspaces of a vector space. They also studied the intersection graphs of
submodules of a module [5].

In this paper, we study domination in the intersection graphs of ideals of rings
and domination in the intersection graphs of submodules of modules. In section
2, we determine domination number in the intersection graphs of ideals of rings.
In section 3, we determine the domination number in the intersection graphs of
submodules of modules.

Throughout this paper, R is a commutative ring R with 1. For a ring R the
intersection graph of ideals of R, denoted by I'(R), is the graph whose vertices
are in a one-to-one correspondence with proper nontrivial ideals of R and two
distinct vertices are adjacent if and only if the corresponding ideals of R have a
nontrivial (nonzero) intersection. For an R-module M, the intersection graph of
submodules of M, denoted by I'(M), is the graph whose vertices are in a one-
to-one correspondence with proper nontrivial submodules of M and two distinct
vertices are adjacent if and only if the corresponding submodules have a nontrivial
(nonzero) intersection.

For a ring R, we define v(I'(R)) = 0 if R is a field, and for an R-module M,
we define y(I'(M)) = 0 if M is simple.

2. Ring

In this section we determine the domination number in the intersection graphs of
ideals of rings. We begin with the following obvious lemma.

Lemma 2.1 Let Ry, Ry be two rings with 1. Then I < Ry X Ry if and only if
I =1, x Iy, where I; A R; fori=1,2.

Lemma 2.2 Let Ry, Ry be two rings with 1. Then v(I'(R; X Ry)) < 2.
Proof. Notice that {R; x 0,0 X Ry} is a DS of I'(R; x Ry). .

Theorem 2.3 Let Ry, Ry be two rings with 1. Then v(I'(Ry X Ry)) = 1 if and
only if y(U'(Ry)) =1 or y(I'(Rz)) = 1.

Proof. (=) Let {I x J} be a DS for I'(R; x Ry). Since R; x 0 and 0 x Ry are
dominated by {I x J}, we obtain that I or J is a nontrivial proper ideal. Without
loss of generality, assume that I is a nontrivial proper ideal. Now each ideal I; of
Ry, (I1 x0)N(I x J)#0. So INIj # 0. This implies that {1} is a DS for I'(R;),
and so y(I'(Ry)) = 1.

(«<=) Let v(I'(Ry)) = 1, and {I} be a DS for I'(R; ). It follows that {I x Ry}
is a DS for I'(Ry X Ry). This completes the proof. ]

A ring R is indecomposable if, for any pair of nontrivial rings Ry, Rs,

R¥R1XR2.

Lemma 2.4 If R is an indecomposable ring with 1 such that T'(R) # (), then
1(I'(R)) = 1.
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Proof. Let M be a maximal ideal of R. Let I be an arbitrary proper nontrivial
ideal of R. If INM =0 then I + M = R and so R ~ I x M, a contradiction. So
I'N M #0. We conclude that {M} is a DS for I'(R). n

Corollary 2.5 Let R be a ring with 1. Then v(I'(R)) < 2.
Proof. The result follows from Lemmas 2.2 and 2.4. "

Theorem 2.6 Let R be an Artinian commutative ring with 1. Then v(I'(R)) = 2
if and only if R = Ry X Ry X ... X Ry, wheret > 2 and R; is a field fori = 1,2, ..., t.

Proof. (=) Since R is Artinian, we have R = Ry X Ry X ... X Ry, where R; is
a local ring for ¢ = 1,2, ....,t. By Theorem 2.3, v(I'(R;)) # 1. This implies that
I'(R;) is the null graph, and so R; is a field. But v(I'(R)) = 2. So I'(R) # 0, and
then ¢ > 2.

(«<=) Follows from Theorem 2.3. n

3. Module

In this section we determine the domination number in the intersection graphs of
submodules of modules. An R-module M is semisimple if M = My x My X ... X M,
where M; is a simple R-module for ¢ = 1,2, ..., k.

Lemma 3.7 Let M be an Artinian R-module and N =< {K : K is a minimal
submodule of M} >. Then N = Ky x Ky X ... X Ky, where K; is minimal (simple).

Proof. Assume to the contrary that N 2 K; x Ky X ... x K, for any ¢ and minimal
submodules K;. Let K be a minimal submodule of M. Since M # K7, there exists
a minimal submodule K5 such that K3 N Ky = 0. Since N # K; @ Ks, then there
exists a minimal submodule K3 such that (K; + K3) N K3 = 0. By continuing this
method, we obtain minimal submodules K7, K», ... such that ), K; = @, K.
Since @,y K; is not Artinian R-module, we obtain a contradiction. Notice that
K; is simple, since it is minimal, for each i. .

Lemma 3.8 If M is a semisimple module, then v(T'(M)) # 1.

Proof. If M is simple, then v(I'(M)) = 0. So we assume that M = M; & My @
... @ My, where M; is simple and t > 2. Assume that {N} is a DS for I'(M). For
any i, N N M; # 0, and so M; C N. Then M C N, a contradiction. "

Corollary 3.9 Let M be an Artinian R-module. Then ~(I'(M)) = 1 if and only
if M is not semisimple.

Proof. The result follows from Lemmas 3.7 and 3.8. n
So in the rest of this section we consider semisimple modules.

Theorem 3.10 ([4]) If V is a vector space of dimension d > 2 over a filed F' of
order q, then v(G(V)) = q + 1.

Lemma 3.11 Let M be finite semisimple and M = My & My @ ... & M;,, where
k > 1 and M; is simple for i = 1,2,..., k. If for any i,j, Ann(M;) = Ann(M;),
then v(T'(M)) = | M| + 1.
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Proof. Let m = Ann(M;). Since M is simple , m is maximal. By assump-
tion, M is an %—module, and so is a vector space over %. By Theorem 3.10,
7(F(M))Z|%‘+1:|M1|+l. n
Lemma 3.12 Let M be a semisimple R-module and M = My & My & ... & My,
where k > 1 and M; is simple for i = 1,2, ..., k. If Ann(M;) = Ann(My) = ... =
Ann(My;) and Ann(My) # Ann(M;) for t +1 < i < k, where t < k, then any
submodule N of M is in the form Ny + Ny, where Ny < My + My + ...M; and
Ny < Myyq + ... + M.

Proof. Let x € N and © = 1 + xo, where xy € My + My+...M; and x5 € M1 +
. + My. Let Ann(M;) = m; for each i. Then my + (myy Nmyo N ...Nmy) = R.
This implies that there are a € my and b € my; 1 N Mmyyo N ... N my such that
a+b=1. Now bx = (1 — a)xy + bry = x1 —ax; + 0 = z; and then x; € N. This
implies that o € N. This completes the proof. .
Corollary 3.13 Let M be a semisimple R-module and M = M; & My @ ...
My, where k > 1 and M; is simple for i = 1,2,....k. Assume that Ann(M;) =
Ann(My) = ... = Ann(M,) and Ann(M;) # Ann(M;) for t +1 < i < k, where
t <k. Then yv(I'(M)) = 2.

Proof. By Corollary 3.9, v(I'(M)) > 2, and by Lemma 3.12, {M; + My + ... +
My, Myi1 + ... + M} is a DS for I'(M). We conclude that v(I'(M)) = 2. .
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1. Introduction

The Hartley transform is a spectral transform closely related to the Fourier trans-
forms. It contain the same information that the Fourier transform does, and no
advantage accrues in its use for complex signals. However, for real signal, the
Hartley transform is real and this can offer computational advantages in signal
processing applications that traditionally make use of Fourier transforms [15].
Moreover, the Hartley transform can be analytically continued into the complex
plane, and for real functions it is Hermitian symmetry on reflection in the real axis.
The Hartley transform in the complex plane is an entire function of exponential
type with zeros close to the real axis, a property shared with Fourier transform

[15, p.p. 414]. The Hartley transform H (v), of f (z), is defined by [13]-[17]

(1) H (v) = /Rf (x) cas (2mzv) dx,

where
cas (2mvz) = cos (2mvx) + sin (27vx) .
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Therefore, it follows that the inverse Hartley transform is given by

(2) f(x) = /RH (v) cas (2mzv) dv.

The scalling and linearity conditions of the Hartley transform have been described
in [16]. Theorems for the Hartley transform, analogous to those for the Fourier
transform, can be easily derived from definitions. The more complicated, com-
pared to the Fourier transform, is the convolution theorem which can sometimes
amount to a disadvantage of the Hartley transform. For functions f and ¢, L!
functions, the convolution theorem of the Hartley is defined by

) H (f og)(v) = 3G (H] x Hy) (),
where

4) G(fxg)(v)=f()g@)+fw)g(=v)+f(-v)gv)—-f(-v)g(-v).

and e is the usual convolution product.

2. Boehmian spaces

The general construction of Boehmians is algebraic in nature. Boehmians were
first constructed as a generalization of regular Mikusinski operators [5]. The mini-
mal structure necessary for the construction of Boehmians consists of the following
elements:

(i) A nonempty set X and a commutative semigroup (Y, %) ;

(ii) An operation o : X x Y — X such that for each z € X and s1,$9,€ Y,
o (s1%82) = (xosy)0 S

(iii) A collection A C YV such that:

a) fx,yeX (s,) €A, zo0s,=yos, forall n, then x = y;
b) If (s,), (t,) € A, then (s, xt,) € A.

Elements of A are called delta sequences.

Let F = {(xn,8n) : Tp € X, 8, € A,y 0 Sy = Ty © Sy, Ym,n € N} . Consider
(Tny Sn) s (Ynstn) € F,Tp0oty = Ymosy, Vm,n € N, then we say (2, $,) ~ (Yn, tn) -
The relation ~ is an equivalence relation in F . The space of equivalence clases in
[ is denoted by 3. Elements of § are called Boehmians. A typical element of 3

Tn

is written as ] . Between X and (3 there is a canonical embedding expressed as

r — #2». The operation o can be extended to 8 x X by ot = mg—Ot In G, two

Sn

types of convergence:
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Type 1: A sequence (hy,) in B is said to be § convergent to h in (3, denoted

by hy, KN h, if there exists a delta sequence (s,) such that (h, o s,),(hos,) € X,
Vk,n € N, and (h, o s;) — (hosg) as n — oo,in X, for every k € N.

Type 2: A sequence (hy,) in (3 is said to be A convergent to h in (3, denoted

by hy, 3 h, if there exists a (s,) € A such that (h, —h)os, € X;V¥n € N, and
(hp, —h) o s, — 0 as n — oo in X. For more details, see [1]-[5], [7]-[9], [11], [12].

3. The Boehmian Space M (E,D, A, )

By D (R), we denote the space of test functions of compact support and E (R)

the space of all infinitely smooth functions on R equipped with the sequence of

multinorms & (f) = sup }f(k) (x)‘ for every f € E(R), where K run through
zeK

compact subsets of R. The kernel function of the Hartley transform, cas2rxv, is
certainly a member of E (R) for arbitrary but fixed v. This justifies the extension
of the Hartley transform to the context of distributions through the formula

Hf (v) ={f(z),cas2mvx)

for each f € E' (R), the strong dual of E (R) of distriutions of compact support
[10], [19]. Let A be the family of sequences (7,) from I (R) such that

(5) /%L (x)dx =1, for every n € N.
R
(6) / |V (z)|dx < M,  for some positive M.
R
(7) supp Vo () C (—€n,€n), €, — 0 asn — oo.

Members of A are named as delta sequences .

Lemma 3.1. Let f € E(R) and ¢ € D(R) then fe ¢ c E(R).

Lemma 3.2. Given fi, fo € E(R) and ¢ € D (R) then for every a € C,
(fitfo)ep=Ffied+ frepand a(fied)=(afi)ed=fie(ag).

Lemma 3.3. Let f, — f in E(R) and ¢ € D(R) then f,e ¢ — feoo .

Proofs of Lemmas 3.1-3.3 are straightforward from the properties of the in-
tegral operator.

Lemma 3.4. Let f, — f in E(R) as n — oo and ¢ € D(R) then f,ed — f as
n — oo.

Proof. If f, — f in E(R) then from Eq. (5) we get |D*(f, 09— f)(z)| <
Mé& (fn(x—1t)— f(x)) — 0 as n — oco. Hence & (f,o¢p— f) — 0 as n — oo.
The lemma is completely proved.
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The Boehmian Space M (E, D, A, o) is constructed. The sum of two Boeh-
mians and multiplication by a scalar in M (E, D, A, e) can be defined in a natural

f_’n 9n | fnon+gnedn f_n _ ﬁ :
way [%]4— [wn} = [—%wn ] and « [%] = [a%] ,a € C. The operation e and

the differentiation are defined by [(Jg—z] . [%] = [%] and D* [;:_Z] = [%} .
The relationship between the notion of convergence and the product e is given by:
1-1If f, — f asn — oo in E (R) and, ¢ € D (R) is fixed, then f,e¢ — fe¢in
E(R),asn — o00;2—If f, — f asn — oo in E (R) and (6,) € A, then f,ed, — f
in E (R), as n — o0o. The operation e can be extended to M (E, D, A e) x D in
the sense that If [f,/d,] € M (E,D, A, e) and ¢ € D (R),then [%] e = [fg—;d’]
Convergence in M (E, D, A, o), is defined as follows: A sequence of ((3,) in
M (E, D, A, o) is said to be § convergent to a Boehmian 3 in M (E,D, A, e), de-
noted by [, BN B, if there exists a delta sequence (,) such that [3, ® 0,3 6, €
E(R),Vk,n € N, and (3, 0, — [ as n — oo, in E(R), for every k € N.
This can be interpreted to mean: [, LR B (n— o0) in M (E,D, A, e) if and only

if there is fnk, fr € E(R) and (0x) € A such that 3, = [@L—kk} .0 = [g—:} and for

each k € N, fo, — fr as n — oo in E (R). It is more often convenient to use
another kind of convergence:

A sequence ((,) in M(E,D, A, e) is said to be A convergent to a 3 in
M (E,D, A, o), denoted by /3, 4 B, if there exists a (8,) € A such that (5, — ) e
o, € E(R),Vn e N, and (5, — 3) @0, — 0 as n — oo in E(R).

4. The Space My (E, D7 A" )

To extend the Hartley transform to Boehmians we describe another space of
Boehmians as follows. First, it will be necessary to know that, if (v,)€A then

(8) H~, (v) — 1 as n — oo.
and that
(9) H~y, (—v) = 1 asn — oo.

uniformly on compact subsets. Let a mapping Y between f and H¢ be defined by

1
(10) (F ¥ Ho) (v) = 3G (f x Ho) (v).
G has the usual meaning in (4). Denote by D (R) , the set of all Hartley transform

of functions from D (R) . Define A = {H~, : v, € A, Vn € N }. We prove the
following

Lemma 4.1. Let f € E(R), H¢ € DH (R) then (f Y Ho) (v) € E (R).
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Proof. Let k € N then for each f € E(R) and H¢ € D¥ C E(R) we have
H¢ (Fv) f (£v) € E(R). If K is a compact subset of R containing supp ¢ then
by using Eq. (10) and Eq. (4) we get

(11) sup‘DS(fYHqS)(U)‘ < 00.

veEK

Allowing K traverses the set of real numbers yields f Y H¢p € E (R). This com-
pletes the proof of the lemma.

Lemma 4.2. A mapping E x D — E defined by

(12) (f,Hp) — fY Ho
satisfies the following
(i) If Ho, Hy € DT (R) then (Ho Y Hv) (v) € DH (R).

(i) If f.g € E(R),Hp € D' (R) then ((f +g) Y Ho)(v) = (f Y Ho)(v) +
(9Y HY) (v).

(i) (Ho Y HY) (v) = (Ho ¥ HY) (v) Y, H € D (R).

(iv) If f € E(R),H¢, Hy € DH (R) then (f Y Ho) Y Hy = fY (Hp Y Hy).
Proof. (i) Let v € R then it is clear that (H¢ Y Hv) (v) = H (¢ e ¢)) (v). But
Lemma 3.1 implies ¢ @ 1) € D (R). Hence H¢ Y Hy € D (R).

(ii) is obvious.

(iii) Since po1) € D (R), p o) = 1p e ¢. Applying the Hartley transform yields
H((¢yeo¢p)(v)=H (po1)(v). This implies Hp Y Hyp = H Y Ho.

(iv) can be easily established by routine calculation from Eq. (4) and Eq.
(10) . The lemma is completely proved.

Lemma 4.3. Let fi, fo € E(R),Hy, € A% Vn, fi Y Hy, = fo Y Hv,,Vn, then

Proof. From hypothesis fi; Y Hv, = fo Y Hv,, Vn. Invoking Eq. (8) and Eq. (9)
in Eq. (10), yields f; (v) = f2 (v),Yv € R. Thus f = ¢. This completes the proof
of the lemma.

Lemma 4.4.

(1) If fo— finE®R) as n— oo and Hp € DH (R) then f, Y Hp — fY Ho

as n — oQ.

(2) If fo — f in E(R) as n — oo and Hy, € A then f, Y Hy, — f as
n—ooin E(R).
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The proof of the above lemma is a result of Eq. (8) and Eq. (9).
Lemma 4.5. Let (Hv,)7, (HE,) € A then (Hv, Y HE,)® € AP

Proof. Let (v,),(§,) € A then (y,e¢&,) € A. Thus, (v,e&,) € A is the se-
quence such that (Hv, Y HE,) (v) = H (v, 0&,) (v) € AH. Hence the lemma is
completely proved. Further, it can be observed that

H~, Y H,, — 1 asn — oo,

for every (v,),(&,) € A. Hence, A satisfies the necessary conditions for delta
sequences. The Boehmian space My (IE, DA AH, Y) , or My, is constructed. Ad-
dition, scalar multiplication, differentiation, convolution and convergence can be
defined in a natural way. For some detail, the sum and multiplication by a scalar

Hp, 1y

Hon Hon

H fn Hgn H fnYHgn Hf, D Hf,
by |:H<]£n:| ¥ [Hzgpn] - [HJ;IHZ,TL] and D¢ [H(J;n] _ [ H@f ] Convergence on

My (E, D, A ) is defined by:

A sequence of (Hf,) in My (E,D, A" Y) is said to be 6 convergent to a
Boehmian H( , denoted by H [, 4, Hp, if there exists a delta sequence (Hd,,) such
that HB, Y Ho,, HGY Hb, € E(R),Vk,n € N, and HS, Y Hé, — HB Y H as
n — oo,in E (R), for every k € N. This can be interpreted to mean: Hf, LR Hp
(n — o0) if and only if there is H fn 1, Hfry € E(R) and (Hb;) € AT such that
HB, = [Hlfgk’“} JHB = [g—f;:] and for each k € N, Hf,, — Hf, asn — oo in
E (R).

It is more often convenient to use another kind of convergence: A sequence
(HB,)eMy(E, D AH ) is said to be A convergent to a HBeMy(E, DA AH Y),
denoted by H[, 4 H@, if there exists a (Hd,) € A” such that (HB, — H3) Y
Hj, e ER),Vn e N, and (HS, — HB) Y Hé, — 0 as n — oo in E(R).

Q [ = [a ] ,a € C. The operation Y and the differentiation are defined

Theorem 4.6. The mapping

E — My (E,D A% Y)

(13) ;o [

HAn

is a continuous imbedding of E(R) into My (E,D*, A" ) with respect to o
convergence.
Proof. To show the mapping is one to one let [%} = [%] . Then

(f Y Hvy,) Y Ht,, = (g Y Ht,,) Y Hry,.

For large values of m and n, Ht,,, HYy, — 1. The above equation is therefore re-
duced to f = g. To establish continuity of Eq. (13) with respect to —convergence,
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let f, — 0 as m — oo then f, Y Hv, — 0 as n — oo. Hence [%]ﬁ@%

n — 00. The theorem is completely proved.

5. Hartley transform of Boehmians

Let [f/_Z] € M(E,DD, A, e) then, in view of analysis established in Section 4, we
define the extended Hartley transform by

- ()

in M (E,DH, A® v).
Theorem 5.1. k: M(E, D, A, o) — My is well-defined.

fn — n i 3
Proof. Let |:’Y_ni| = [i’—n] then f, et,, = g,, ®7,. Employing the Hartley transform
and using Eq. (10) we get H f,, Y Ht,, = Hg,, Y H~,. Therefore

Hf,|  [Hgn
] =]

The theorem is completely proved.

Theorem 5.2. kM (E, D, A, o) — My is one to one.

Proof. Let k [i—”} =K [g—"] then Hf, Y Ht,, = Hg,, Y H~,. Using the fact that
the classical Hartley transform is one to one and upon employing Eq. (10) we get

fn®ty = gm ® 7,. Therefore [%} = [%’z] . Hence the theorem.

Theorem 5.3. k:M(E,D, A o) — My is continuous with respect to § conver-
gence.

Proof. Let 2, — 0 in M(E,D,A e) as n — oo, then using [7], =, = [%]
for some f,; where f,; — 0 as n — oo. Applying the Hartley transform yields
Hf,;— 0asn— oo. Thus kz,, — 0 as n — oo. This completes the proof.

Theorem 5.4. kM (E, D, A, o) — My is linear .
Proof of this theorem is straightforward.

Definition 5.5. Let [g—ﬁz] € My then we define the inverse generalized Hartley

transform to be the mapping

-

H~, Tn

in M(E,D,A,e).
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Theorem 5.6. k™! : My — M (E,D, A, o) is a well-defined and linear mapping.
The proof is analoguous to that of Theorems 5.1 and 5.4, and thus avoided.
Theorem 5.7. k™' : My — M(E, DD, A, o) is one to one.

Theorem 5.8. k! : My — M (E,D, A, o) is continuous with respect to §—con-
vergence.

The proof of Theorems 5.7 and 5.8 are analoguous to that of Theorem 5.2
and Theorem 5.3, respectively. Details are avoided.

Theorem 5.9. The mapping k:M (E,D, A, o) — My is surjective.

Proof. Let [giﬂ € My be arbitrary, then Hf,, Y Hv,, = Hf,, Y H~, for every
m,n € N. Using Eq. (10), H (f,, ® Ym) = H (fn, ® 1), for every m,n € N. Hence
the Boehmian [5—:} € M(E,D, A, ) satisfies the equation & [{;—:} = [g—f/:] . This
complete the proof of the lemma.

Theorem 5.10. k:M (E,D,A,e) — My, ' : Mg — M(E,D, A, ) are conti-
nuous with respect to A convergence.

Proof. Let z, = z in M(E,D, A, e) as n — oo. Then, there is f, € E(R)

and (v,) € A such that (z, —z) e, = [%] and f, — 0 as n — oo.

Employing the Hartley transform implies & ((z, —x) @ ,) = [H(;I”—,Y':")] . Hence

K((x, —x)ey,) = [%ﬁ%’} ~ Hf, — 0asn — oo in My. Therefore kz,, — kx

as n — oo. Next, let y, 4 y in My as n — oo, then we find F), € E(R) such
that (y, —y) Y 7 = [E}}—T} and F,, — 0 as n — oo for some (v,) € A and
F,—Hf,.

Next, applying Eq. (10),

H Y (F, Y H'yn)] .

£ (Yo —y) Y Hy) = { .

Thus &' ((yp, —y) Y Hy,) = [M] ~ fn — 0asn — oo in E(R).

Tn

Thus &' ((yp —y) Y Hy,) = (k7 'y, — k7 'y) @, — 0 as n — oo. Hence,

K1y, 4 k~ly as m — oo in M(E,D,A,e). This completes the proof of the
theorem.
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Abstract. The mathematical theory of wavelet and their applications in statistics have
become a well-known technique for non-parametric curve estimation: see e.g. Meyer
(1990), Daubachies (1992), Chui (1992), Donoho and Johnstone (1995) and Vidakovic
(1999). We Consider the problem of estimation of the partial derivatives of a multi-
variate probability density f of mixing sequences, using wavelet-based method. Many
stochastic processes and time series are known to be mixing. Under certain weak as-
sumptions autoregressive and more generally bilinear time series models are strongly
mixing with exponential mixing coefficients. The problem of density estimation from
dependent samples is often considered. For instance quadratic losses were considered by
Ango Nze and Doukhan (1993). Bosq (1995) and Doukhan and Loen (1990). We inves-
tigate the variance and the rate of the almost convergence of wavelet-based estimators.
Rate of convergence of estimators when f belongs to the Besov space is also established.

Keywords and phrases: nonparametric estimation of partial derivatives, multivariate
density, wavelet, mixing process.
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1. Introduction

Methods of nonparametric estimation of a multivariate probability density func-
tion and regression function are discussed in Prakasa Rao (1983,1999). The pro-
blem of estimation of partial derivatives of multivariate probability density is of
interest of Singh (1981), Prakasa Rao (1983), especially to detect concavity or
convexity properties of the regression function.

Kernel-type estimation the functional I5(f) has been investigated by Hall and
Marron (1987). and Bickel and Ritov (1988) among others. Prakasa Rao (1996)
studied nonparametric estimation of the derivative of a density by wavelets and
obtained a precise asymptotic expression for the mean integrated squared error
following techniques of Masry (1994). Estimation of the integrated squared density
derivatives was discussed in Prakasa Rao (1999) by the method of wavelets and a
precise asymptotic expression for the mean squared error had been obtained.

Prakasa Rao (2000) also obtained the almost sure convergence of estimation
of the partial derivatives of a probability density. We now extend the result to
the case of strongly mixing process . We show that the L, error of the proposed
estimator attains the same rate when the observations are independent. Certain
week dependence conditions are imposed to the {x;} defined in {Q, N, P}.

Let N denote the o-algebra generated by events Xj € Ay, ..., X, € A,,.
We consider the following classical mixing conditions:

1. Strong mixing (s.m) also called a-mixing:
supsup [p(AB) — p(A)p(B)| = a(s) — 0 as s — 00
2. Complete regularity (c.r.), also called S-mixing:

sup E{var|p(B|N{") — p(B)[} = 3(s) — 0 as s — 00

3. Uniformely strong mixing (u.s.m.), also called ¢ — mizing:

[p(AB) — p(A)p(B)|
p(A)

sup sup =¢(s) — 0 as s — o0
(s)

4. p-mixing:

supsup |corr(X,Y)| = p(s) — 0 as s — 00

Among various mixing conditions used in the literature, a-mixing is reaso-
nably weak, and has many practical applications. Many stochastic processes and
time series are known to be mixing. Under certain weak assumptions autore-
gressive and more generally bilinear time series models are strongly mixing with
exponential mixing coefficients. The problem of density estimation from depen-
dent samples is often considered. For instance quadratic losses were considered by
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Ango Nze and Doukhan (1993), Bosq (1995) and Doukhan and Loen (1990). Li-
near wavelet estimators were also used in context: Doukhan (1988) and Doukhan
and Loen (1990). Leblance (1996) also established that the Ly-loss (2 < p < 00) of
the linear wavelet density estimators for a stochastic process converges at the rate

NGO (s =1/p+1/p), when the density of f belongs to the Besov space B, ;.
Dooti, Niroumand and Afshari (2006) extended the above result for derivative of
a density.

2. Discussion of Theorem’s Assumptions

Consider the following conditions:

C4: The process is p-mixing and Z p(t) < R < oc.
=1

Cy: The process is ¢-mixing and Z V2 (t) < ¢ < oo

t=1

Since the inequality p(t) < 2¢'/2(¢) holds (see Doukhan 1994), Cs implies C}.
Also note that if X and Y are random variables , then the following covariance
inequalities hold.(see Doukhan, 1994, section 1.2.2)

(2.1) cov(X,Y) < 2p(j — )| X|[2-[IY]]2

(2.2) cov(X,Y) < 20'7(j — i) | X -1V |l

for any p,g > 1and 1/p+1/q=1.

3. Preliminaries

A multiresolution in R? is a decomposition of the space L?(R%) in to an interesting
sequence of closed subspaces V;, —0o < j < 0o such that

@ ) vi=0
(i) J vi=L*RY),

(iii) there exists a scaling function ¢ € V; such that

/ p(r)dr =1
Rd
and {¢(z — k), k € Z?} is an orthogonal basis for V; and for all h € L*(R?),
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(iv) for all k € 24, h(X) € Vy — h(z — k) € V and
(v) h(z) € V; — h(2z) € V.
In fact, the family {¢;, = 2%(2j1‘ — k), k € Z%} is an orthonormal basis for V.

Definition 3.1. The multiresolution analysis is said to be r-reqular if ¢ € C")
and all its partial derivatives up to total order r are rapidly decreasing, that is
for any integer m > 1 there exists a constant c¢,, such that

3. DRy (x Cm
1) (DD £
for all |B| < r, where

B _ dp(z)
(3.2) D) = 5
and
(33) 6:(617"'7ﬁd ‘ﬁl Zﬁz

Define {X,,,n > 1} be i.i.d d-dimensional random vectors with density f(z).
Suppose f is partially differentiable up to total order r. The problem is to estimate

dp(r)

B i S
(D)) = Ox{"...0xy"

We assume that D°f = L%(RY). Let (D?f); be the orthogonal projection of
DPf on V;. Then

(3.4) (0°1)(x) = 3 e

where

(3.5) an = /R (D7) (w)pa(w)d

(3.6 = (OER (D) f(u)du
Hence

37) o= CO SN )
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Let us estimate D? f by

(3.8) (D° () =) anspra(a

kezd

Assume that the support of ¢ is compact. then the series above has a finite
number of nonzero terms for any fixed x. Define the kernel K (u,v) by

K(u,v) =Y olu—k)(D%)(v — k)

kezd
Let
(3.9) E(u,v) = o(u—k)p(v—k)
kezd
Note that
(3.10) OVE(u,v) =Y o(u—k)(D¢)(v — k) = K(u,v)
kezd

Then there exists constants C), > 0, for any m > 1, such that
(3.11) 1000 K (u,v)| < Cpru(L+ [|Ju —v]])™™,m >1

for o] <7 and |a+ 8] < 7 (cf. Meyer (1992)). Choosing o« = 0 = ~y, we obtain
that in particular

(3.12) [ K (u,0)| < Cr(1+ [lu— o)™

In particular

(3.13) K (u,0)] < Capa (14 u— v])) =+
and
(3.14) K (u,0)dv < G,(d)
Rd
where
DT +d(j—1))
1 ) —9 d/2 7
(3.15) ) =2 R ) r(a + 1)) S
Note that
Z‘f 1 Bi
(D° () =D~ prala Z(D%z,k)(flfi)
kezd i=1
1)14l (1)l n
(3.16) = (@) (D pup) () = =21 " g (2
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Hence

Var((D?f)(z)]

92d-+215| | ™
- > Var(K(2'z,2'X,) +2)  Cov(K(2'z,2'X;), K(2'z,2'X;)) | -

n2

i=1 i>]
Following along the lines of Rao (1999), one may easily get
(3.17) n2 200y g [ K (242, 21 X)) < MyGa(d) (1 + o(1)).
Applying (2.2), it is straightforward to have

Cov(K (2'z,2'X;), K(2'7,2' X))
= 20"2(j — D) || K (2", 2') [o|| K (21, 2') |5

1/2 1/2
(3.18) d— 2¢1/2(j — ) (/ 2721(1[(2(211;7 u)du) (/ 22”[(2(211:,@)(1@)

= 27G12(j — i) Go(d).
Having Cy in mind with (3.17) and (3.18), it follows that

ol(d+28) 9l(d+23)
(3.19) sup Var[(DPf),(z)] < M, + M,
n

rER4

Let D be a compact set in R and L(n);n > 1 be a non-negative sequence to
be chosen later. Suppose that the set D can be covered by a finite number L(n)
of cubes I; = I,,; with centers x; = x,,; with sides of length m,, for j =1, ..., L(n),
m,, = const/LY%(n). This is possible since D is compact. Then

sup [(D?f,) () — E((D” f,,)(X))]

zeD
= max = sup (DP f)(z) — E((D” f,)(X))]
<i<L(n) zeDNI;
< max sup |(D°f,)(x) — (D7 f,)(X;)]
(3.20) 1<j<L(n) ze DNI;
+ 1§IjnSaL)%n) (D’ fo) () — E(D” f,,)(X))]

+ max - sup |E((D7f,)(X)) — E((D”fu)(X;))]

1<j<L(n) ze DN,

=T+ 15+ Ts.
Applying (3.23),(3.24) in Rao (1999), one may have

ol(d+|Bl+1)
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Now, for any =,

Zy(x) = (D’fa)(z) = B[(D°fo)(X)]
= = ﬁ Zn: K(2'2,2'X;) — BE(K(2'2,2'X;)) = 1/n zn: \

where it
Yo = (=1 K (21, 2'X5) — E(K(2'2,2'X0))}.

Note that relation (3.12) implies that
(3.22) | K ((u,v)] < Cy

Lemma 3.1. (Doukhan (1994)) Assume the sequence to satisfy the ¢-mizing
condition and ng(n) is bounded and

(i) Vte NEX; =0
(i) d0% € RT,Yn,m € N : 1/mE(X,, ..., X;,)* < o?
(iii) YVt € N, |zy| < M.
Then, there exists constants a and b > 0 such that
P (Z | X;| > :L\/ﬁ) < aexp(—bz?).
i=1

It is easy to check (i), (ii) and (iii) in the above Lemma applying (3.19),(3.23)
as well as the definition of Y,,;. Using (3.19) and (3.22), one may easily apply the
above result to conclude that for any 7, > 0 and ¢, > 0,

(323)  P(Zu(x)| =) <P <| > Vil > nm) < aexp(—nbn;)
i=1
therefore
, > < —nbn?).
(3:24) P amx 12,001 = 1) < Ll exp(nb)
Let
OU(d+1+|8])
= )
Then
QU(d+1+p)
N n > n S - To/d/ N\ .
(3.25) P (1<1r]11<aL}%n) |Zn(2)] > ) L(n)exp ( nb ) >
Let

L(n) = (21(d+1+5)n/ log n)d/Q.
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Then
(3.26) T, +Ts=0 (2l(d/2 )+3 (log) ) _

nl/2
Suppose that [,, — co and
2UA+1+A) o

n
as n — oo. Following the relation (3.25), it can be checked that

o)

ZP!Z \>nn)_2%<oo

n=1

for a suitable constant a > 1. Hence, by Borel-Cantelli Lemma, it follows that

(3.27) T, = max |Z ()| < 0y

1<j<L(n

Combining (3.26) and (3.27), it follows that
log)1/2 9U(d)+26 1o\ /2
(3.28) Ti+Ty,+T;=0 <2l<d/2>+5&) —0 ((—Og) ,

ni/2

Note that
E[((D°f)(x)] =Y anpri(x) = Py (D°f,) ().
Hence N
(D? fu)(x) = E[(D° fu)(x)] = (D° fu)(x) = Py, (D°fo)(x) = > Puw,(D° f) ().

7>1

If (D°f,)(x) € By, , where By, is a Besov space, for some 0 < s < 1,1 < p,q < o0
with s > d/p and if the multiresolution analysis is r-regular, then it follows by
arguments in Masry and Kerkyacharian and Picard (1992) that

sup (D" f)(z) — E[(D” f,)) ()]

zeR

(3.29) sup (D°f,) () = Py, (D" f,) ()

rERI
< (constant)2~ =Pl (DPf),
where
1/q
To(Df) = Py, + (Z@”H%gl!w)q)
j=0
for g € By,,. Combining (3.28) and (3.29), we have

sup (D” f,)(w) — Et[(D" f,)(x)]

zER4

1(d)+28 1/2
—0 ((M) ) L O U g
n

Now we are ready to have the main result of the paper.

(3.30)
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5. Main Results

Let the sequence {X,, },>1 be the ¢-mixing sequence of random variables with the
property Cs such that n¢(n) is bounded.

Theorem 5.1. Suppose the multivariate probability density f(x) is bounded
with partial derivative up to order r. Further, suppose that D°f € L*(RY) and

[ =1, — oo such that
1(d+1+83)
2 logn 0

n
Then, there exists constants My, My > 0 such that

9l(d+20) 9l(d+28)
sup Var[(D?f),(2)] < M, - + M,

rC R4

Furthermore, for any compact set D € R,

zeD n

1(d)+28 1, 1/2
wmw%mm—ﬂw%mxm=0<@——i§)) 0.

In addition if D € By, for some 0 < s <r, 1 <p, ¢ <oo with s> d/p, then

(@428 5\ /2
amw%mw—mw%mm—0<@f—ﬁ§) )+0@“dw>a&

zER4 n

and if D € Bysooo, then

Ud)+28 | 1/2
sup (D f,)(z) — E[(D" f,)(z)] = O ((ﬁ) > + 027 a.s.

zER n
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1. Introduction

In [3], S.S. Dragomir introduced the following Cebysev functional for the Riemann-
Stieltjes integral:

b
(1L1) T(f,g;u) =m / £ (t)g () du (1)

1 b 1 b
_M/a f(t)du(t>'m/a g (t)du(t),

provided u (b) # u (a) and the involved Riemann-Stieltjes integrals exist.

In order to bound the error in approximating the Riemann-Stieltjes integral of
the product in terms of the product of the integrals, as described in the definition
of the Cebysev functional (1.1), the first author obtained the inequality:

(1.2) |T'(f, g;u)|

g%(M—m)-MHg—m/:g(s)dU@)
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provided u is of bounded variation, f, g are continuous on [a, bl and m < f (t) < M

for any t € [a,b]. The constant 3 is best possible in the sense that it cannot be

replaced by a smaller quantity.

Moreover, if f, g are as above and w is monotonic nondecreasing on [a, b],
then

(1.3) [T(f, g;u)]

1
and the constant 3 here is also sharp.

Finally, if f and g are Riemann integrable and w is Lipschitzian with the
constant L > 0, then also

(1.4) [T (f, g;u)]

dt,

provided m < f (t) < M, t € [a,b] . The multiplicative constant % is best possible
n (1.4).

For results concerning bounds for the Cebysev functional T'(f, g;u) see [4]
and [5]. For other recent results on inequalities for the Riemann-Stieltjes integral,
see [1], [2] and [6].

The main aim of this paper is to provide an upper and a lower bound for
the functional T'(f, g;u) under the monotonicity assumption on the function f.
An application for the Cebysev inequality for Riemann-Stieltjes integrals that is
related to Steffensen’s result from [8] is given as well.

2. The results

The following result providing upper and lower bounds for the quantity

[ (b) = h(a)] T (f, 9, h;a,b)

can be stated:

Theorem 2.1 Let f,g,h: [a,b] — R be such that h(a ) and the Riemann-
b
Stieltjes z’ntegmls/ f(t)dh (t),/ t)dh (t and/ f(t (t) exist. If f
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1s monotonic nondecreasing, then

b B b
21) [f(b) - f(a)] inf {/ g(s)dh(s)—M-/ g<r>dh<7>}

t€(a,b] h(b) — h(a)
< [1w0s0an0) -t [ romo- [
b b= h(t) [
<l (b)—f(a)]til[ﬁ]{/ s an(s) - = [ ann).

If f is monotonic nonincreasing, then:

22) 1f @)~ f 0] i {ﬂ@ﬂh@)—%-/ o (r)dn ()}

te(a,b)
b
< [10s0an - ot [ 100 [a@ao
— su t s 8——h(t)_h(&)- ’ T T
<1/ (a) f(b)]te[fb]{/g()dh() i [ emamt

Inequalities (2.1) and (2.2) are sharp.

Proof. We use the following Abel type inequality obtained by Mitrinovi¢ et al.
in [7, p. 336]:
Let u be a nonnegative and monotonic nondecreasing function on [a, b] and

b
v,w : [a,b] — R such that the Riemann-Stieltjes integrals / v (t) dw (t) and

/bu (t) v (t) dw (t) exist. Then

(2.3) u (b) inf]{/tbv(t)dw(t)} g/abu(t)v(t)dw(t)

t€lab
< u(b)til[g)b]{/tbv(t)dw (t)}.

We also use the representation (see [3])

(2.4) T(f,g,h;a,b)

which holds for any v € R.
Now, if we choose v = f (a), then we observe that the function wu(t) =
f(t) — f(a) is nonnegative and monotonic nondecreasing on [a, b] and applying
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1

b
m/ g (s)dh (s) we deduce:

) b 1 b
@5 Uo-r@liat { [ o6 5ot [s@anm|ao)
h6)~h (@) (1,9, 50.)

<01 @) s { / b [g (5) —m- / o () dh m]dh <s>},

which is equivalent with the desired inequality (2.1).

For the second inequality, we use (2.4) with v = f (b) and the following Abel
type result for functions v which are monotonic nonincreasing and nonnegative
(see [7, p. 336)):

(2.3) for w (t) = h(t) and v (t) = g (t) —

IA

(2.6) u@%&&é%@ﬂw@}ﬁl%@ﬂ@ﬂw@

t
< wu(a) sup {/ v(t)dw(t)}.
t€la,b] a
The details are omitted.

Let us prove for instance the sharpness of the second inequality in (2.1).
b
If we choose h(t) =t and g (t) = sgn (t - %) , t € [a,b] then we have to

show that the inequality:

21 [7 05 (=37 )ar<iro)-sta) s [ (s 1" s}

is sharp provided f is monotonic nondecreasing on [a, b] .
Notice that

b
X ) t—a ifte{a,a;_ }
)\(t)::/ sgn(s—a; )ds: )
: b—t if te(a+ ,b}
2
b—a
and then sup A (t) =
tela,b] 2
Therefore (2.7) becomes
a+b b—a
2.5) /f sgn( ! )dt )~ f (@] -5

e e : a+b o :
Now, if in this inequality we choose f () = sgn <t - ) which is monotonic

nondecreasing on [a, b], we get in both sides of (2.8) the same quantity b — a.
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The sharpness of the other inequalities can be shown in a similar way. The
details are omitted.

Remark 2.1 We observe that
[ o@rine - =S [amane
/ () (5) = =

Q) [ B ;
aitg O i [ 9
:[h<t> (@) [0 (5) (1)
A )~ h(a)

<Jioria [ 1086 -t [ @]

Therefore, if we denote by A (g, h;t,a,b) the difference
1 b 1 t
= | 1O — i | e,
provided h (t) # h(a),h (b) for t € [a,b], then from (2.1) we get

29 0@l it { [h(t) = h (<;>] [h ((l;))— PO (g1t a, b)}

I
b b b
</ f(t)g(t)dh(t)—m/ f@yan- [ g@ane

provided f is monotonic nondecreasing on |a, b .
A similar result can be stated from (2.2) on noticing that

/g(s)dh(s)—%-/ g (7)dh (1)

Indeed, since

1, ) {00 —Ei [owmo)

= inf (é%%) - Z(&f )
) [P 10
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then from (2.2) we get

(@)= 5 )] . { [ (t) _hh((l)C)L>]—[l;z ((l;))— DOIA (g1t b)}

<o [0 [somo- [ 1o

o [BO @O @)
<17 (0) = £ ) s { ORI O R0 (g i b)}

provided that f is monotonic nonincreasing on [a, b] .

The following corollary gives a particular result of interest for Riemann weighted
integrals.

Corollary 2.1 Let f,g,w : — R be such that the Riemann integrals
b
/f w ( / t)dt, /f t)dt and/ w (t)dt exist, and
ab a
w(t)dt # 0.

a
If f is monotonic nondecreasing, then

(2.10)  [f(b) = f(a)] inf {/Q(S)W(S) ds — ft,, 5)ds ‘/9(7’)w(7')d7'}

te(a,b]

<[ ®s@wa Fyw e [o0w o
/ —— [rem o [o0

—f (a)] su bsws S—M'bTMTT
U f()]te[a%]{/tg() s 5 [o <>d}.

If f is monotonic nonincreasing, then

21) (@ - f0) inf]{/g@)w(s)ds—%-/gmww}

t€fa,b f;

(s)ds Ja
/f £ dt — f”w /b (t)dt./ag(t)w(t)dt
;uapﬂ{/ o= G [y

Remark 2.2 If we define

b t
A (g, w;it,a,b) = fbwl(s)ds/t g(s)w(s)ds—m/ g (s)w(s)ds,
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t b
provided / w (s)ds, / w (s)ds # 0, then, under the assumptions of Corollary
a t

2.1, we have:

t b
(212) [f(4)— f(a) teil[}fb] { fow (;Z fé‘l) ;"S(S) © Algwita, b)}
1 b b
/f w(t) d fbw(s)ds'/a f(t)w@)dt-/ag(t)w(t)dt
fw(s)dsfbw(s)ds < }
b) — a)|l su 2 & -A , W ,&,b 5
<[f () — f(a)] te[ag]{ T (s)ds (9, w;t,a,b)

provided f is monotonic nondecreasing on |[a, b] , and

213)  [f (@)~ f O] nt {fa v (j?,f(f) v 4 <g,w;t,a,b>}

b b b
ts)d(‘f/ f@w(t)dt-/ g(t)w(t)dt—/ () g(t)w(t)dt

ftw(s)dsfbw(s)ds
a) — f(b)] su & <
< [f (@) f<>1te[a;;b]{ R

if f is monotonic nonincreasing on [a, b] .

'A(g,w;t,a,b)}

Remark 2.3 In the particular case where w (t) = 1, t € [a,b], we get the simpler
inequalities:

21 10— @ [owas- 1=t @)

te(a,b)
b
/ g (t)dt
b—t [°

b
/f dt——/f(t)dt
b
<o -s@lsw { [aas-3=1 [oar)
tela,b] t —a Jg
in the case where f is monotonic nondecreasing on [a, b] .
If f is monotonic nonincreasing on |a, b] , then

21 if@- sl { [owa- 1= [ df}

< [rsoa gty froa oo

< (7@ - 7o) s { [ <>ds—2“‘/abg<f>df}.

tela,b] —a
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If we denote

1 b 1 ¢
Agita) =5 oG ds—— [g()as

then we get from (2.14)

L () = f(a)] inf {(t—a)(b—1t)A(g;t,a,b)}

b—a tela,b]

/f i [ 1o [

f(a)] sup {(t—a) (b—t)A(g;taa>b)}’

N b —a tela,b]

provided f is monotonic nondecreasing and from (2.15)

%te[afb { t)A(g;t,a, b)}
<t [roa [ (t)dt—/f<t)g(t)dt
SM sup { t—a) (b—t)A(g;t,a,b)}

b—a t€la,b]

if f is monotonic nonincreasing on [a, b] .

3. Applications for the Cebysev inequality

Let f,g : [a,b] — R be integrable functions, both increasing or both decreasing.
Furthermore, let p : [a,b] — [0, 00) be an integrable function, then [7, p. 239]:

s [pwar [ r@r@e@arz [ [ @@

This inequality in known in the literature as Cebysev’s inequality.
For various other results related to this classical fact, see Chapter IX of the
book [7] .

Proposﬂslon 3.1 Let f g,h :la,b] — R be such that the Riemann-Stieltjes inte-

gmls/ f(t)dh(t), / t)dh(t and/ f(t h(t) exist. If h (b) > h(a),

f s monotonic nondecreasing (nomncreasmg) and

(32 [h(b) - h(a)] / g (s)dh (s) > [h(B) — o (1) / g(s)dh (s)

for any t € [a,b], then

b b b
(33)  [h(b) - h(a) / f (g ) dh(t) > (<) / £ () dh(t) - / g (t)dh (t).
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The proof follows by Theorem 2.1 by using

b h()~h() [

[ o - [ sane

t (b)_h<a> a
—[[s@ae - LGS [ae ).

Remark 3.4 The above proposition implies the following Cebysev type inequa-
lity for weighted integrals (with not necessarily positive weights).

b
Let f,g,w : [a,b] — R be such that the Riemann integrals, / w (t) dt,

/ftw / (1) w dtand/f (1) dt exist.

/ (t)dt > 0, f is monotonic nondecreasing (nonincreasing) and

(3.4) /abw(s)ds/tbg(s)w(s)dsz/tbw(s)ds/abg(s)w(s)ds
la,b

for any t € [a,b], then

b b b b
35 [wwa [ r0o0umaz© [ foumd [ oo

In particular (i.e., if w(s) = 1), if f is monotonic nondecreasing (nonincreasing)

and if

t b
(3.6) (b—a)/ g(s)dsZ(b—t)/ g(s)ds
for any ¢ € [a,b], then

(3.7) b—a/f Bt > ( /f dt/ (t) dt

Remark 3.5 Notice that, the weighted inequality (3.5), as pointed out in
[7, p. 246], can be also obtained from the Steffensen result [8] which states that:
if G, H are integrable functions on [a, b] such that for all z € [a, b]

/G o
[ows” [ o
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provided F' is monotonic nondecreasing on [a, b] .

The choice F'(t) = f(t), H(t) = w(t), and G (t) = g (t)w (t) in (3.8) pro-

duces (3.5) under the condition that (3.4) holds and f is monotonic nondecreasing.
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Abstract. This paper deals with hyperoperations that derive from binary relations and
it studies the hypercompositional structures that are created by them. It is proved that
if p is a binary relation on a non-void set H, then the hypercomposition zy = {z € H :
(z,2) € p and (z,y) € p} satisfies the associativity or the reproductivity only when it
is total. There also appear routines that calculate (with the use of small computing
power) the number of non isomorphic hypergroupoids, when the cardinality of H is
finite.
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1. Introduction

The theory of hypercompositional structures was born in 1934, when F. Marty
introduced the notion of the hypergroup [5]. A hypergroup is a pair (H,-) where
H is a non empty set and ”-” a hypercomposition, i.e., a mapping from H x H to
the power set P(H) of H, which satisfies the axioms:

(i) a(bc) = (ab)c for every a,b,c € H (associativity)
(i) aH = Ha = H for every a € H (reproductivity)

In a hypergroup, the result of the hypercomposition is always a nonempty
set. Indeed, suppose that for two elements a,b € H it holds that ab = @. Then
H =aH = a(bH) = (ab)H = @H = &, which is absurd. Thus, if a non empty
set H is endowed with a hypercomposition which does not satisfy the associative
and the reproductive low, then the void set can possibly be among its results.
A pair (H,-) where H is a non empty set and ” -7 a hypercomposition, is called
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partial hypegroupoid, while it is called hypegroupoid if ab # @, for all a,b € H.
A hypergroupoid in which the associativity is valid, is called semi—hypergroup,
while it is called quasi—hypergroup if only the reproductivity holds.

Several papers dealing with the construction of hypergroupoids and hyper-
groups appear in the relevant bibliography, since hypergroups are much more
varied than groups, e.g. for each prime number p, there exists only one group, up
to isomorphism, with cardinality p, while the number of pairwise non isomorphic
hypergroups is very large. For example there exist 3999 non isomorphic hyper-
groups with 3 elements [12]. Nieminen [8] studied hypergroups associated with
graphs and G. G. Massouros studied hypergroups associated with automata [7].
Also Chvalina [1], Rosenberg [9], Corsini [2], De Salvo and Lo Faro [3] studied
hypergroupoids and hypergroups defined in terms of binary relations. This paper
deals with the hypergroupoids defined by Corsini, it proves that this family of
hypergroupoids contains only one semihypergroup and only one quasihypergroup,
the total hypergroup and enumerates the hypergroupoids with 2,3,4 and 5 ele-
ments. The order n of a finite hypergroupoid H is defined to be the number of
elements in the set H.

Let H be a non empty set and p a binary relation on H. Corsini introduced
in H the hypercomposition.

(1.1) r-y={z€ H:(x,2) € pand (z,y) € p}.

With the above hypercomposition, (H, -) becomes a partial hypergroupoid, while
it becomes a hypergroupoid if for each pair of elements z,y € H, there exists
z € H such that (x,2) € p and (z,y) € p. Since p?> = pop = {(x,y) € H?* : (x, 2),
(2,y) € p for some z € H}, it derives that (H,-) is a hypegroupoid if p? = H2.

2. The hypercompositional structures defined by p

Let H, denote the hypercompositional structure defined by (1.1) through the
binary relation p. One can observe that the reproductivity is valid in H, if and
only if (z,y) € p, for all z,y € H,. Indeed let x be an arbitrary element of H,.
For the reproductivity to be valid, it must hold: y € xH,, for all y € H,. Hence,
for all z,y € H,, the pair (x,y) must belong to p. Thus:

Proposition 2.1. H, is a quasihypergroup, if and only if (z,y)€p for all x,ycH,,.
Next, suppose that H, is a hypergroupoid. Then:

Lemma 2.1. If H, is a semihypergroup and (z,z) & p for some z € H,, then
(s,2) € p implies that (z,s) & p.

Proof. Suppose that (s,z) € p and (z,s) € p. Then for zz and ss we have
zz={r € H,: (z,x) € pand (z, z) € p},
thus s € zz and,

ss={rx € H,: (s,x) € pand (z,s) € p}
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thus z € ss. Now z € (zz)s since ss C (zz)s. But z ¢ z(zs), because:
2(z8)=2{x € H,: (z,2) € pand (z,s) € p}={y € H,: (2,y) € pand (y,z) € p}

and (z, z) ¢ p. Hence the associativity is not valid, which contradicts the assump-
tion that H, is a semihypergroup.

Corollary 2.1. If H, is a semihypergroup and p is not reflexive, then p is not
symmetric.

Lemma 2.2. If H, is a semihypergroup, then p is reflexive.

Proof. Suppose that (z,z) ¢ p, for some x € H,. Then, according to Lemma
2.1, for every element t in H, such that (z,t) € p, it derives that (¢,z) ¢ p. But
rx ={y € H,: (z,y) € pand (y,z) € p}. Therefore zx = (), which is absurd,
since H, is a semihypergroup.

Lemma 2.3. If any pair of elements of H, does not belong to p, then H, is not
a semihypergroup.

Proof. According to Lemma 2.2, if (x,x) ¢ p for some z € H,, then H, is not a
semihypergroup. So, let ¢, z be two elements of H, such that t # z and (¢, z) ¢ p.
Then:

t(tz) =t{s€ H: (t,s) €pand (s,z) € p} ={y € H: (t,y) € pand (y,s) € p}

According to Lemma 2.2, it holds (¢,t) € p. Also (¢,s) € p. Therefore t € t(tz).
On the other hand:

(tt)e ={re H:(t,r) € and (r,t) € p}z={we H: (r,w) € and (w, z) € p}

Thus (tt)z C {w € H : (w, z) € p}, therefore t ¢ (tt)z. Hence the associativity is
not valid.

From the above series of lemmas, it derives that:

Proposition 2.2. H, is a semihypergroup if and only if (x,y)€p, for all x,yeH,,.

Now, if (z,y) € pforall z,y € H,, then the hypercomposition which is defined
through p is total, i.e. w2y = H,, for all z,y € H,. But if a hypercompositional
structure is endowed with the total hypercomposition, then it is a hypergroup.
Therefore, from Propositions 2.1 and 2.2, it derives that:

Theorem 2.1. The only semihypergroup and the only quasihypergroup defined by
the binary relation p is the total hypergroup.

3. Enumeration of the finite hypergroupoids

Every relation p in a finite set H with cardH = n, is represented by a Boolean
matrix M, and conversely every n X n Boolean matrix defines in H a binary
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relation. Indeed, let H be the set {ay,---,a,}. Then a n x n Boolean matrix is
constructed as follows: the element (7, j) of the matrix is 1, if (a;,a;) € p and it
is 0 if (a;,a;) ¢ p and vice versa. Hence, in every set with n elements, 27" partial
hypergroupoids can be defined.

Recall that in Boolean algebra it holds: 0 +1=1+0=1+1 = 1, while
0+0=0. Also0-0=0-1=1-0=0and1-1=1. Let H, be the above
mentioned partial hypergroupoid, which is defined by a binary relation p. Then
H, is a hypergroupoid if and only if M? = T', where T' = (t;;) with t;; = 1 for all
i,j [2]. The matrix M, is called good, if H, is a hypergroupoid. Since the element
c;j of Mg is equal to > | x;sys;, it derives that matrices having a column or a
row consisting only of 0 elements are not good.

Now, from Proposition 2.1 it derives:

Proposition 3.1. H, is quasihypergroup if and only if M, =T.
Also, Proposition 2.2 gives:

Proposition 3.2. H, is semihypergroup if and only if M, =T
Hence, the theorem holds:

Theorem 3.1. The only relation p that gives a semihypergroup or a quasihyper-
group 1is the one which has M, =T, and so H, is the total hypergroup.

Spartalis and Mamaloukas [11] wrote, in Visual Basic code, a 190-lines long
program that enumerates the hypergroupoids associated with binary relations of
orders 2, 3 and 4. Though, the following few lines of a Mathematica [13] program
produces these results through a considerably shorter process. It simply collects in
variable ¢ all the Boolean matrices of size n and computes their squares. Boolean
minimum entry of these squares is recorded in table z. In return, we count the
nonzero elements of z.

Good[n_] :=
Module[{c, i1, z},
¢ = Tuples[Tuples[{0, 1}, nl, n];
Table [Min[Flatten[c[[i1]].c[[11]1]]
,1i1, 1, 27 (n*n)}];
Return[Count [z, _7Positive]]

]
Which gives:

Z

In[1] := Good[2]
Out[1]= 3

In[2] := Good[3]
OQut[2]= 73

In[3]:= Good[4]
Out [3]= 6003

In[4] := Good[5]
Out [4]= 2318521
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Thus, it is confirmed that there exist 3,73 and 6003 binary relations that
form a hypergroupoid of orders 2,3 and 4 respectively. It took the above program
only a few minutes to count 2318521 hypergroupoids of order 5. For n = 6, the
function Good fails due to memory restrictions of a small computer. One can
proceed with a more slow but reliable package and form one by one the various
Boolean matrices and their squares.

Remark. Notice that the above enumeration coincides with the enumeration of
square roots of the total Boolean matrix, i.e. the Boolean matrix with all entries
equal 1.

3.1. Isomorphisms

Naturally, the question arises: When two hypergroupoids, are isomorphic?

Proposition 3.3. If in the Boolean matriz M, the i and j rows are interchanged
and, at the same time, the corresponding © and 7 columns are interchanged as well,
then the deriving new matrix and the initial one, give isomorphic hypergroupoids.

Proof. Suppose that H = {ay,...,a,} is a finite set and let (H,,,eo,,) be the
hypergroupoid defined by a binary relation p;. Let M, be the Boolean matrix
defined by p;. Now suppose that the ¢ and j rows and columns are interchanged
and let M,, be the new Boolean matrix. Then a new binary relation p; is defined
on H. Obviously for p; and p, it holds:

(ag,a;) € pr<=(ax,a;) € p2 (ai,ar) € pr<=(aj,ar) € py if k#1i,j
(CLi,CLj) c p1<:>(aj,ai) € P2 (aj,ai) c p1<:>(ai,aj) € P2
(ai,a;) € pr<=(aj,a;) € p»  (aj,0;) € pr=>(ai, a;) € po

If (H,,,s,,) is the hypercompositional structure defined by M,,, then the

P2
mapping ¢ : H, — H,, with:

z if x # a;,a,
p(x)=¢ a; fzr=aq;

a; fz=a

is an isomorphism. Obviously ¢ is 1 — 1 and onto. Next we distinguish the cases:
1. ¢(a; e, a;) =¢{z € H: (a;,x) € py and (x,a;) € p1 }

(a) If a; ®,, a; N {a;,a;} = 0. Then

¢{r € H : (a;,z) € py and (z,a;) € p1}

—{6() € H+ (a,2) € py and (2, a5) € 1}

={r e H: (a;,z) € py and (z,a;) € p1}

={z € H:(aj,2) € po and (z,0;) € po} = a;j &y, a; = P(a;) ®p, P(a;)
(b) If a;e,, ajN{a;,a;} # 0. Assume e.g. that a; belongs to a; e,, a;, then

¢{r € H : (a;,x) € py and (x,a;) € p1}

—{0(x) € H : (01,2) € pr and (2, 7) € i}

={re Hx#a;: (a;,x) € py and (z,q;) € p1} U{a;}

={z € H:(aj,2) € prand (z,0;) € po} = a; &y, a; = P(a;) 8, P(a;)
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Similar is the proof of the rest cases, i.e. a;to be in a; e, a; or both a;,a;
to be in a; ®,, a;. Also, since the principle of duality is valid [4], the dual
statement holds, i.e. ¢(a; o, a;)=¢(a;)e,, d(a;).

2. If A, A) §é {ai,aj} then
P(ax) ey, dlar) = ¢{w € H : (ar,v) € p1 and (v,ay) € p1} =

(a) if neither a; nor a; belongs to aj e,, a, then
¢{r € H : (ag,x) € py and (z,a)) € p1}
= {¢(z) € H : (ag,x) € p1 and (z,ay) € p1}
={r € H: (ar,x) € p1 and (z,a)) € p1}
={z e H: (ar,x) € pz and (z,a)) € p2} = ai ®,, ay
= ¢(ak) ® ¢(CL)\)
(b) if age,, axN{a;,a;} # 0. Assume e.g. that both a;, a; belong to aye,, a,
then
¢p{lr € H : (ag,x) € py and (z,ay) € p1}
= {¢(x) € H : (ag,x) € py and (z,a)) € p1}
and since ¢(a;) = a;, ¢(a;) = a; this is equal to
{r € H: (ay, ) € py and (z,a)) € p1}
or {x € H: (ar,x) € ps and (x,a,) € pa} which is
ay ®p, ax or o(ay) &y, P(ay)

Similar is the proof for the cases ¢(ay) ®,, ¢(a;), ¢(ax) ®,, ¢(a;) and their duals.
From the above proposition, the following theorem derives.

Theorem 3.3. If the Boolean matriz M, derives from M, by interchanging rows
and the corresponding columns, then the hypergroupoids H, and H, are isomor-
phic.

The isomorphic classes of these hypergroupoids are not computed in [11].
These can be counted with a proper modification of the function Good[], which
will then return all the binary matrices that form a hypergroupoid. Thus, the
above function changes in one of its lines and can be found in the appendix as a
module of the package.

Check, for example, the three binary relations with matrices of size 2

In[4] := h2 = Good1l[2]
Out [4]= {{{0, 1}, {1, 13}, {{1, 1}, {1, o}}, {{1, 1}, {1, 1}}}

We are able now to give a function that forms all n! isomorphisms of a given
binary relation.

IsomorphTestl[a_List] :=
Module [{p, al},
p = Permutations[Range[1, Length[all];
Return[Table[al = a;
al = ReplaceAll[al, al[[All, Table[j2,
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{j2, 1, Length[a1]}]]] ->
al[[A11, p[[j11111];
ReplaceAll[al, al[[Table[j2,
{j2, 1, Length[al}]]] —>
alllplC[j11111],
{j1, 1, Length[pl}]
1]

Let us see the six permutations of the matrix

1
M,= |1
0

)

1
0
1

which are defined by corresponding binary relations, that give isomorphic hyper-
groupoids:

In[5] := IsomorphTest1[{{1, 0, 1}, {1, 1, 0}, {0, 1, 1}}]

Out[5]:= {{{1,0,1}, {1,1,0}, {0,1,1}}, {{1,1,0}, {0,1,1}, {1,0,13}},
{{1,1,0}, {0,1,1}, {1,0,1}}, {{1,0,1}, {1,1,0}, {0,1,1}},
{{1,0,1}, {1,1,0}, {0,1,1}}, {{1,1,0}, {0,1,1}, {1,0,1}}}

In order to count the number of the different nonisomorphic classes of hy-
pergroupoids of order n, a n—digit array, called cardinalities, is used by the
program. Each time the routine encounters an isomorphic class, it drops it from
variable h2.

Cardin[d_] :=
Module[{h2, cardinalities, len, templ, temp},
h2 = Good1[d];
cardinalities = Table[0, {j1, 1, Factoriall[d]}];
While[Length[h2] > 0,
temp = Union[IsomorphTest1[h2[[1]]]];
len = Length[Union[temp]];
cardinalities[[len]] = cardinalities[[len]] + 1;
h2 = Complement [h2, temp]
1;

Return[cardinalities]]

Then we get

In[6] := Cardin[2]

Out([6]:= {1, 1}

In[7]:= Totall%]

Qut[7]:= 2

In[8] := Cardin[3]

OQut[8]:= {2, 1, 5, 0, 0, 9}
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In[9] := Totall%]

OQut [9] := 17

In[10] := Cardin[4]

Qut[10]:= {2, 0, 1, 5, 0, 7, O, 4, 0, 0, O, 78,
o, 0, 0, 0, 0, 0, O, O, O, O, O, 207}

In[11]:= Totall%]

Out[11] := 304

In[12] := Cardin[5]

Qut[12]= {2, 0, O, O, 5, 0, O, O, O, 13, 0, 1, O, O, 8,
o, o, o, 0, 78, 0, 0, 0, 3, 0, O, 0, O, O, 152,
o, o, o, 0, 0, 0, 0, 0, O, 42, 0, 0, O, 0, 0, O,
o, o, 0, 0, 0, 0, 0, 0, O, O, 0, O, 0, 2206, O,
o, o, 0, 0, 0, 0, 0, 0, O, O, 0, O, 0, O, O, O,
o, o, 0, 0, 0, 0, 0, 0, 0, O, O, O, O, O, O, O,
o, o, 0, 0, 0, 0, 0, 0, O, O, O, O, O, O, O, O,
o, 0, 0, 0, 0, 0, 0, O, O, O, 18150}

In[13]:= Totall%]

Out [13]= 20660

So, there are 2,17,304 and 20660 isomorphic classes (I.C.) of orders 2, 3,4
and 5 respectively. For example, for order 4 there are 2 1.C. of cardinality 1,
1 I.C. of cardinality 3, 5 1.C. of cardinality 4, 7 1.C. of cardinality 6, 4 1.C. of
cardinality 8, 78 I.C. of cardinality 12 and 207 I.C. of cardinality 24. These
24 145+7+4+ 784207 =304 1.C. form the

2:141-34+5-44+7-6+4-84+78-12+207-24 =6003

non—isomorphic hypergroupoids of order 4.
We also mention that there are 2"*™ binary matrices of size n. We may count
the non-isomorphic ones by simply changing the line

h2 = Good[n];
in the routine Cardin[] by the line
h2=Tuples[Tuples[0,1,n],n].

Then we get

In[14]:
Out [14]
In[15]:

Cardin[1]
{2}
Cardin[2]

Out[15]= {4, 6}

In[16] := Totall%]

Out [16]= 10

In[17] := Cardin[3]

Out[17]= {4, 2, 28, 0, 0, 70}



ENUMERATION OF HYPERCOMPOSITIONAL STRUCTURES ... 59

In[18] := Totall%]

Out[18]= 104

In[19] := Cardin[4]

Qut[19]= {4, o0, 4, 28, 0, 32, 0, 16, 0, O, O, 496,
0, 0, 0, 0, O, 0, O, O, O, 0, 0, 2464}

In[20] := Totall[%]
Out [20]= 3044

The integer sequence 2,10,104,3044 etc. coincides with the integer sequence
A000595, appeared in [10] and represents the number of non—isomorphic unlabeled
binary relations on n nodes.

3.2. Weak Associativity

As proved in Section 2 above, the total hypergroup is the only hypergroupoid that
fulfills the property of associativity. Thus, we checked a weaker property, which
is called Weak Associativity:

(3.1) a(be) m(ab)c # () for all a,b,c € H.

Having, up to this point, constructed all the hypergroupoids of order 2, 3,4
and 5, we check the validity of this property to all of them and we count the ones
that verify it. The package is given and explained in the appendix.

Its results are:

In[21] := BinaryTest[2]
Out[21]= 3

In[22] := BinaryTest[3]
Out [22]= 43

In[23] := BinaryTest [4]
Out [23]= 2619

In[24] := BinaryTest [5]

Out [24]= 602431

The counting of the hypergoupoids of orders n > 6 is time consuming, so we
discontinued at n = 5.

4. Conclusions

This paper shows that the total hypergroup is the only hypergroup which can be
produced by hypercomposition (1.1). Since it is a hypergoup it is also a semi-
hypergroup and a quasihypergroup. No other semi- or quasi- hypergroups can be
produced by (1.1). On the other hand there exist lots of hypergoupoids that can
be produced by (1), the number of which is calculated with the use of Mathema-
tica packages that are constructed for this purpose and consist part of the contents
of this paper. The results of these calculations are given in the cumulative Table 1
below for the orders 2, 3,4 and 5:
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Table 1: Cumulative results

order — 2 3 4 )

Boolean matrices (BM) 16 512 65536 33554432
BM forming Hypergroupoids 3 73 6003 2318521
BM forming Weak-Associative Hypergroupoids | 3 43 2619 602431
Nonisomorphic BM 10 104 3044 291968
Nonisomorphic BM forming Hypergroupoids 2 17 304 20660

5. The Mathematica package

The Mathematica package referred to in Section 3, is given bellow.

BeginPackage["BinaryTest‘"];
Clear["BinaryTest ‘*"];

BinaryTest::usage = "BinaryTest[n] counts the binary
relations of dimension n that form a hypergroupoid.
It also counts the Weak-associative binary hypergroupoids"

Begin[" ‘Private‘"];
Clear["BinaryTest ‘Private‘*"];

BinaryTest[n_] :=
Module[{c, ch},
c = Good1[n];
ch = Table[AssociativityWeakTest [HyperGroupoid[c[[j1]1]]1],
{j1, 1, Length[cl}];
Return[Count [ch, Truell];

Goodl[n_] :=
Module[{c, i1, z},
¢ = Tuples[Tuples[{0, 1}, n], n];
z = Table[Min[Flatten[c[[i1]].c[[i1]]]]
,1i1, 1, 27 (n*n)}];
Return[Select [Transpose[{c, z}], #[[2]] > 0 &] [[All, 1]]]
]

AssociativityWeakTest[a_List] :=
Module[{i, j, k, test},
i=1; j=1; k =1; test = True;
While[test && i <= Lengthl[al],
test = Intersectionl[
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Union[Flatten[Union[Extract[a,
Distribute[{al[i, jl1, {k}}, List]1]1],
Union[Flatten[Union[Extract[a,
Distribute [{{i}, allj, k11}, List]]11]]
1 1= {};
k=k+ 1;
If[k > Lengthlal, k = 1; j = j + 1;
If[j > Lengthlal, i =i + 1; j = 1];
1;
1;
Return[test]
1;

HyperGroupoid[a_List] :=
Table[Table[Intersection[
Floor[(al[[j1, 1 ;; Length[al]]
+ all1l ;; Length[al, j2]1)/2
1E:
Table[j3, {j3, 1, Length[al}],
Table[j3, {j3, 1, Length[al}]
1,
{j1, 1, Length[al}],
{j2, 1, Lengthlall}];

End[];
EndPackage[];

The package consists of four functions. The three internal ones are:

Goodl: that returns all the hypergroupoids associated to a binary relation of
order n.

HyperGroupoid: that constructs the hypergroupoid associated to a given Boolean
matrix of a binary relation.

AssociativityWeakTest: that tests property (3.1) by forming all n® possible
products of all triplets of elements of H.

and the main one, which is:

BinaryTest: After calling Good, it constructs the table of the deriving hyper-
groupoids, using the function HyperGroupoid. Finally, it counts the number
of those, which satisfy the property of the weak associativity.
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1. Introduction

Cluster sets for functions and multifunctions in general topology have been investi-
gated recently by good many researchers although such notion was developed long
ago and studied extensively within the framework of real and analytic function
theory (see [42]). In this regard, the classical book of Collingwood and Lohwa-
ter [12] and the research papers of Weston [40] and Hunter [20] are worth to be
mentioned where a comprehensive collections of works are found. Subsequently,
Hamlett [18], [19], Joseph [22] and many others (see [26], [27]) have extended
this notion for investigation of various characterizations of different covering pro-
perties like compactness, Lindeloffness, H-closedness [39], minimal Hausdorffness,
P-closedness [3], S-closedness [37].

Since the introduction of f-open sets [1] (= semipreopen [4]), many topo-
logical concepts are studied in terms of F-open sets. Only very few we mention
which are found in the papers [1, 2, 4, 5, 6, 7, 8, 11, 16, 17, 21, 30, 31, 32, 33].
In this paper, using [-open sets and 6-closure [39] (resp. d-closure [39]) due to
Velicko [39], we introduce two new kinds of cluster sets called (3-6-cluster (resp.
(-d-cluster) sets which provide new techniques for the study of the covering pro-
perty (-closedness [7]. (A space X is called f-closed if for every covering of X
by [-open sets has finite subfamily whose (-closures cover X.) In the course of
study, the degeneracy of such cluster sets are used as tools to obtain new charac-
terizations of various separation axioms like Hausdorffness, weakly Hausdorffness,
Urysohnness and other relevant properties.

Throughout the paper, X and Y denote topological spaces without any se-
paration axioms, and ¢ : X—Y denotes a single valued function from X into Y.
By a multifunction F': X—Y, we mean a function mapping points of X into the
nonempty subsets of Y. For a subset S of X, ¢S and intS represent the closure
of S and interior of S in X respectively. We recall the following well known
definitions: A subset S of a space (X,7) or X is said to be a-open [28] (resp.
semi-open [24], pre-open [25], f-open [1] or semi-preopen [4]) if S C intclintS
(resp. S C clintS, S C intclS or S C clintclS). We denote the classes of
all a-open (resp. semi-open, pre-open, (-open or semi-preopen) sets in a space
X by 7, (resp. SO(X),PO(X),50(X) = SPO(X)). It is well known that
T C T =PO(X)NSO(X) C PO(X)USO(X) C BO(X). The family of all open
(resp. [-open) sets containing a subset S is denoted by 7(S) (resp. SO(X, 5)). If
in particular S = {x} then they are respectively denoted by 7(z) and SO(X, x).
The complement of a (F-open set is called a (-closed set. Pre-closed and semi-
closed sets are defined similarly. The [-closure=sp-closure [4] (resp. pre-closure,
semi-closure) of S denoted by [elS (resp. pclS, sclS) is the intersection of all
[-closed (resp. pre-closed and semi-closed) subsets of X containing S. A space X
is quasi-H-closed [10] (resp. S-closed [37], P-closed [3]) if every open (resp. semi-
open, pre-open) cover of X has finite subfamily whose closures (resp. closures,
pre-closures) cover X. For a subset S of X, the #-closure [39] (resp. J-closure
[39]) of S, denoted by #-clS (resp. d-clS) is the set {x € X : clUNS #  for
each U € 7(x)} (resp. {z € X rintcdlUNS # ) for each U € 7(x)}). S is called
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O-closed (resp. d-closed) if S = 6-¢lS (resp. S = 6-clS). A space X is called
weakly Hausdorff [36], if each point  of X is the intersection of all regular closed
sets containing x.

A filter base F on a space X is said to be §-6-adhere [7] at z if F'NGclU # 0,
for each ' € F and U € SO(X,z). Thron [38] has defined a non-empty family
G of non-empty subsets of X to be a grill if (i) A€ Gand AC B= B € G and
(i) AUBeG=AcGor Beg. Agrill Gon X is said to -f-converges to a
point = of (X, 7), if for each U € BO(X,x) there is a G € G with G C SclU. A
subset A of a space X is said to be NC-set [35] if for every cover of A by means
of regular open or d-open sets of X has a finite subcover.

2. Prerequisites

The following definitions and results will be frequently used in the subsequent
sections.

Definition 2.1 A subset S of a space (X, 7) is said to be -regular (= semipre-
regular [30]) if it is both [-open as well as (-closed.

The family of all S-regular sets of a space X and that containing a point x
of X are respectively denoted by SR(X) and SR(X, x).

Lemma 2.2 [30] For a subset S of a space X, S € PBO(X) if and only if
BclS € BR(X).

Definition 2.3 A point z € X is said to be in the (-0-closure (= sp-6-closure
[30]) of S, denoted by (-6-cl(S), if SN BV # O for every V € pO(X,x). If
B-6-clS = S, then S is said to be (-0-closed (=sp-0-closed [30]). The complement
of a (3-0-closed set is said to be [-6-open (=sp-f-open [30]).

Lemma 2.4 [30] For a subset A of a space X, 3-0-cl(A) = "{R: A C R and
R e BR(X)}.

Lemma 2.5 [30] Let A and B be any subsets of a space X. Then the following
properties hold:

(i) x € B-0-cl(A) if and only if ANV #( for each V € BR(X, x),
(ii) of A C B then 3-0-clA C 3-0-clB,
(iii) B-0-cl(B-0-clA) = 3-0-clA,
(iv) intersection of an arbitrary family of 3-0-closed sets in X is 3-0-closed in X,
)

(v) A is B-0-open if and only if for each x € A, there exists V € BR(X, ) such
that x € V C A,
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(vi) If A € BO(X) then BclA = (-0-clA,
(vii) If A € BR(X) then A is 3-0-closed.

Remark 2.6 [30] Noiri has shown that f-regular = (-6-open = [-open. But
the converses are not necessarily true.

A space X is called (-closed [7] if every (-open cover has a finite subfamily
whose (-closures cover X. Equivalently, X is f-closed [7] if every [-regular (resp.
[-6-open) cover has a finite subcover.

3. (-O-cluster sets and [-d-cluster sets

Definition 3.1 Let ¢ : (X, 7) — (Y, 7’) be a function. Then (-6-cluster (resp. [3-
d-cluster) set of ¥ at © €X, denoted by 5j(¢; ) (resp. 57(¢;x)), is defined to be
the set ({0-cly(GclU) : U € BO(X,x)} (resp. ({0-clp(GclU) : U € BO(X, x)}).

When no topology is mentioned on X then we write By(¢; x) (resp. Bs(v;x))
instead of 5j(¢;x) (resp. B (¢;x)).

Theorem 3.2 The following are equivalent for a function ¢ : X—Y:
(a) y € Bs(v; ),

(b) there is a grill \ on X such that )\ B-0-converges to x and
yenf{o-clp(A): Ae A},

(c) the filter base {¢p= (intclV) : V € 7(y)} B-0-adheres at x.

Proof. (a)=(c). Let y € Bs(v;x). Then intclV N (BcU) # O ie. BcU N
Y (intclV) # 0 for each V' € 7(y) and for each U € SO(X,z). Therefore the
filter base {¢)~(intclV) : V € 7(y)} B-0-adheres at x.

(c)=(b). Let A={ACX:ANF #0VEF € F ={¢ HintcdW) : W € 7(y)}}.
We shall first show that A is a grill on X. It is clear that A # ) with @ ¢ A and
Ay € /\ whenever A; € /\ with A; C Ay, If A UA, € /\ ie. if (Al UAQ) NE 7é Q),
for all F' € F then either A; € A or Ay € A. Suppose A; &€ A\ and Ay & A.
Then there exist an F; € F such that A{ N F} = ¢ and an F; € F such that
Ay N Fy = ¢. Since F is a filter base on X, there exists an F3 € F such that
F3 C F1 N Fy and hence (A; U Ay) N F3 = () — a contradiction. So, A is a grill on
X. Let W € 7(y) and V € BO(X,z). Since F (-0-adheres at = (by hypothesis
(), BV Ny~ (intcdW) # (. Hence BclVNE # () for each F' € F. The definition
of A shows that GclV € A for all V € SO(X, z). Hence the grill A B-6-converges
to . From the definition of A, it is clear that intclWWV N (A) # 0 for all A € A.
So y € N{d-clp(A) : A e A}

(b)=(a). Let A\ be a grill on X that $-0-converges to x and for that grill y € N{J-
cip(A) : A e A}. Hence U € A, for each U € fO(X,x) (as )\ [-O-converges
to ) and thus y € N{0-cly(BclU) : U € BO(X, x)}=05(¢; x). .
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Theorem 3.3 The following are equivalent for a function ¢ : X—Y:

(a) y € Bo(¢¥; ),

(b) there is a grill \ on X such that )\ [(-0-converges to x and
y € {O-cly(A) : Ae A},

(c) the filter base {tp= (V) : V € 7(y)} B-0-adheres at w.
Proof. The proof is similar to the proof of Theorem 3.2. n

It is clear from the definitions that for a function ¢ : X—=Y, Gs(¢;x) C
B (1; x), for each point x € X. However, we give an example of a function where
the later inclusion is proper.

Example 3.4 Let X = {a,b,c}, 7 = {¢, X, {a}, {b},{a,b}}. Clearly, BR(X,T) =
{¢, X, {a},{b},{b,c},{a,c}}. Consider the identity function ¢ : (X, 7) — (X, 7).
Then (y(1); ¢) = X whereas (5(1; ¢) = {c}. So, Bs(; ) g Bo(¥;¢).

The following theorem shows when such cluster sets are equal.

Theorem 3.5 Let ¢ : X—Y be a function. Then Bo(1;x) = Bs(1; x), when'Y is
reqular.

Proof. Since for a regular space Y, d-cl(A) = 6-cl(A) for each A C Y, the proof
therefore quite obvious. .

Definition 3.6 A function ¢ : X — Y is strongly f-irresolute [30] if for each
z € X and each V € pO(Y,¢(x)), there exists an U € [O(X,x) such that
D(BlU) C V.

Theorem 3.7 A space Y is weakly Hausdorff if and only if for any space X, and
any strongly [-irresolute surjective function v : X — Y, Bs(1;x) is degenerate
for each x € X.

Proof. Sufficiency part. Let for a space X, 1) : X — Y be a strongly S-irresolute
surjective function. So for points y,z in Y with y # 2z Jdx and xg € X such
that ¢(x) = y and ¢(xo) = z. Because of degeneracy of (s(1; ) and [5(¢; xo),
we have f5(t;z) = {((r)} = {y} and s z0) = {t:(wo)} = {z}. So there
exist V € 7(y) and W € BO(X, ) such that ¢(8cW) NintclV = 0 and hence
Y(BdW) C Y —intclV=U (say), which is of course a regular closed set of Y.
Clearly z = 9(zg) € U but y € U. Therefore Y is weakly Hausdorff.

Necessity part. Let for any space X, v : X — Y be a surjective strongly (-
irresolute function. Hence for each z € X and each V' € SO(Y, 1 (x)), there exists
an W € BO(X, x) such that (SclW) C V. From the definition of 3-6-cluster set
of 1 at x, it is clear that G5(1; x)={0-cly(BclU) : U € O(X,x)} C {o-clV) :
V e BO(Y,9(z))}. Since Y is weakly Hausdorff for each y # ¢ (x), there exists a
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regular closed set U containing ¢ (x) such that y & U. As v is strongly (-irresolute
and every regular closed set is [-open, there exists a W € SO(X,z) such that
Y(BdW) C U. Since YU = intcd(Y-U)NU =0, intcl(Y=U) N Y(BcdW) = 0.
So, y & 0-clp(BclW) and hence y & Bs(v;x). Thus Bs(v; x)={(x)} for each
reX. [

A function ¢ : X — Y is called strongly #-3-continuous [30] if each point
x € X and each open set U containing ¢ (z), there exists a V' € SO(X, z) such
that $(3clV) C U.

Theorem 3.8 A spaceY is Hausdorff if and only if for any space X and for any
strongly 0-3-continuous surjective function 1 : X —Y, Ba(1; x) is degenerate for
each x € X.

Proof. Let Y be a Hausdorff space and for any space X, ¢ : X — Y is strongly
0-(-continuous surjection. Let y € Y with y # ¢ (z). Since ¢ : X — Y is strongly
0-(-continuous, for each open set U containing ¢ (z), there is a V € pO(X,x)
such that (8clV) C U. Now Ba(¢; 2)=n{6-clp(BelV) : V € BO(X,z)} C N{6b-
cdU U € 7(¢(x))} = n{clU : U € 7(¢(x))}. Since Y is Hausdorff, there exist
disjoint open sets Wi , Wy with y € Wi and ¢ (x) € Ws. Hence Wi N clWo=0. As
y & clWsy, then y & Bp(1; x). Thus Fy(v; z)={u(x)}.

Conversely, let for a space X and for any strongly #-(3-continuous surjective
function ¢ : X — Y, By(¥; z) is degenerate for each x € X. So, for any two points
Y,z in Y with y # 2z 3z and zg € X such that y = ¢(z) and z = ¥(xg) & Go(¥; x).
Hence there exist an U € 7(z) and a W € BO(X, x) such that clU N¢(BclW)=¢
ie. Y(BcdW) CY—clU. Since Y—clU € 7(y) and U € 7(2) then Y is Hausdorff.m

Theorem 3.9 LetY be an Urysohn space. Then for some space X and for some
function ¥ : X =Y, By(¢; x) is degenerate for each x € X.

Proof. Suppose Y is Urysohn. Suppose also that for each space X and every
function ¥ : X — Y, Gy(¢;x) is not degenerate at some point z € X. So for
the identity function f : Y — Y. there exist point, say x of Y and a point
y € Y with y # = (= f(x)) € Be(f;2). Then for each W € pO(X,x) and
each V' € 7(y), BcdW N clV+# ¢. Hence, in particular, BclW N clV# ¢ for each
W € 7(x) and each V € 7(y). But for an open set W, one can cheek that
BelW = intclintW = intclW. So, intcdlW NclV # () and hence clW NelV # () for
each W € 7(z) and each V' € 7(y). This contradicts that Y is Urysohn. .

Theorem 3.10 A reqular topological space Y is Urysohn if for some space X and
some surjective function ¥ : X —Y, By(¢; ) is degenerate for each x € X.

Proof. Let for some space X and for some surjection ¢ : X — Y, where Y is
regular, (y(1; ) is degenerate for each x € X. So, for y;,ys € Y with y3#ys,, 3
x1, 22 € X such that y; = ¥ (z1) and yo = 1(x3). The degeneracy of Fy(;z) at
each x € X ensures that y; = ¥(x1) € By(v;22). So, there exists V' € 7(y;) and



DEGENERACY OF SOME CLUSTER SETS 69

W € SO(X,x) such that clV Ny(BedW)=0. Clearly Y —clV € 7(ys). Since Y is
regular, there exists an open set U € 7(yz) such that y, € U C ¢lU C Y —clV. So
we have V € 7(y1) and U € 7(yo) with ¢lV N elU = (). Thus Y is Urysohn. n

Corollary 3.11 A regular topological space Y is Urysohn if and only if for some
space X and some function ¢ : X =Y, By(¢;x) is degenerate for each x € X.

In the above discussion, we have observed that the degeneracy of (5(v; x)
and [y(1; x) at each point x of the domain space X characterize certain separa-
tion axioms of the codomain space Y. We now investigate some other situations
where separation axioms like almost regularity, Hausdorffness on the domain space
ensure the degeneracy of such cluster sets of certain functions.

Definition 3.12 A function ¢ : X — Y is called a 6-closed [13] (resp. J-closed
[29]) function if image of each f-closed (resp. d-closed) set in X is O-closed (resp.
d-closed) in Y.

A 4-closed function ¢ : X — Y is called d-perfect [29] if each fiber is an
NC-set in X.

Theorem 3.13 Let X be a Hausdorff space. Then for any d-perfect function
v X =Y (whereY is any space), Bs(1; x) is degenerate for each x € X.

Proof. Since for any subset S of X, fclS C d-clS, then we have (s(;x)
=M —clp(BcdW) : W € BO(X,z)} CT{d—clyp(6d —cdW) : W € O(X,x)}.
Since v is d-perfect and hence is a d-closed function, then

Bs(;2) CN{(d — W) : W € BO(X, z)}.

Again since v is d-perfect, 11 (y) is an NC-set for each y € Y. It is obvious that
every NC-set in a Hausdorff space is a 6-closed set. Let y # (). As ¢~!(y) is
f-closed, there exists an open set V' € 7(z) such that ¥~'(y) N clV = 0. Hence
y & Y(clV) = (5-clV) (as V is open). Since 7(x) C fO(X,z), then from above
deduction, y & (s(1; x). Therefore fB5(1); x) = {¢(x)} for each z € X. .

Definition 3.14 A subset S of space (X, 7) is called a-paracompact [23] (resp.
a-nearly paracompact [23]) if every cover of S by open (resp. regular open) sets
of (X, 7) has an open X-locally finite refinement.

Theorem 3.15 Let X is a Hausdorff space. Then for any 0-closed function
Y : X =Y (where Y is any space), if v~ (y) is a-nearly paracompact for each
y €Y, then Bs(¢; ) is degenerate for each v € X.

Proof. As every a-nearly paracompact set in a Hausdorff space is 6-closed [15],
the proof is quite similar to the proof of the Theorem 3.13. u

Theorem 3.16 Let X is a Hausdorff paracompact space. Then for any d-closed
function ¢ : X — Y (whereY is any space), if for each y € Y 1 (y) is any of
the following:
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a) a-paracompact,

b) a-nearly paracompact,
¢) d-closed,

d) O-closed,

e) closed,

f) g-closed.

(
(
(
(
(
(

Then, Bs(1;x) is degenerate for each x € X.

Proof. Dontchev and Noiri (Corollary 3.7 [15]), have proved that for a sub-
set A of Hausdorff paracompact space the following are equivalent: (a) A is a-
paracompact, (b) A is a-nearly paracompact, (¢) A is d-closed, (d) A is #-closed,
(e) A is closed, (f) A is g-closed. So the theorem follows from Theorem 3.15. =

Definition 3.17 A space (X, 7) is called almost regular [34] if for every regular
closed set S in X and for each x € S, there exist disjoint open sets U and V' such
that z € U and S C V.

Theorem 3.18 Let ¢ : X — Y be O-closed map from a almost reqular space
X into a space Y. If 7 1(y) is O-closed in X for each y € Y, then Bo(2);x) is
degenerate for each x € X.

Proof. Since for each subset A of X, BclA C 0-clA and since in a almost regular
space X, 0-clA is always f-closed the proof is thus quite similar to the proof of
Theorem 3.13 and is therefore omitted. u

Theorem 3.19 Let X be an almost reqular Hausdorff space. If1p : X — Y (where
Y is any space) is an injective 0-closed function then [a(1);x) is degenerate for
each x € X.

Proof. Since X be an almost regular then from the argument given in Theorem
3.18, we get Bo(1;x) C {(0-clV) : V € BO(X,x)}. Now as X is being Hausdorff,
for any point z; in X with x # x;, there is an open set W € 7(z) C SO(X, x)
such that z; ¢ 6-clW. Since v is injective, so ¥(xy) & ¥(0-clW). Therefore

Bo(h; z) = {(x)}- "

For a o-ideal Z on X, the two topologies 71 and 7, on X are called equivalent
modulo Z, denoted by 11 = mo(modZ) if for any subset S of X, the difference
set (11)0-0-clS — (19)3-0-clS € I, where (7;)3-0-clS is the [5-0-closure of S in the
space (X, 7;) for i =1,2.

Theorem 3.20 Let 11 and 15 be two topologies on X such that 71 = 15(modZ),

where T is a o-ideal of subsets of X and also let' Y be a second countable space.
Then for any function ¢ : X — Y, there is an I € T such that 55 (¢;x) =
2(;x), for each v € X — 1.

Proof. Consider the sets

L=A{xeX: 3 (2) € G5 (;2)} and R ={z € X : 57 (s 2) £ 55 (¢; @)}
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Since Y is second countable it has a countable base, (say) B = {V,, n > 1}. If we
take L, = {x € X : x € (11)B—0—clp=*(BclV,,) but & & (13)3—0—clyp=(BclV,)},
for each n = 1,2,.....; then each L, € Z and hence U{L,, : n > 1} € T (as
71 = Ta(modZ) and Z is a o-ideal). We claim that L C U{L,, : n > 1}. Indeed,
let x € L then their exists an yy € 85" (¥;2) but yo & 55°(¢; ). Theorem 3.2
asserts that the filter base A\ = {¢Y71(BclV) : V € 7(yo)} [-0-adheres at x in
(X,71) but not in (X, 7). So there exists an open set U € 7(yo) such that
x & (12)3-0-cliy™(BclU) and hence z & (13)3-0-clyp = (BclV,) for some V,, € B for
which yo € V,, € U. Obviously, z € (r1)3-0-clyp=!(BclV,). Hence x € L,. So
L C U{L, : n > 1} and since 7 is a o-ideal, L € Z. Similarly R € Z. Thus the
set {z € X:65" (¢; ) # 552 (¢;2)} = LU R € Z. Hence the proof is complete. =

Theorem 3.21 Let 7y and 5 be two topologies on X with 71 = 19(modZ), where
7 is a o-ideal of subsets of X and also let Y be a second countable space. Then
for any function ¢ : X — Y, there is an I € T such that (' (¢;x) = 55 (Y5 x),
for each v € X — 1.

Proof. The proof is similar to the above theorem and is thus omitted. n

We now establish a theorem which asserts that under certain conditions the
equivalence of Bs(v;x), Ba(1;x) and some other cluster sets which are already
found in literature like P-cluster set P(v; z) [27], S-cluster set S(1; ) [26], cluster
set C'(¢; x) [40]. For this, we need the following definition.

Definition 3.22 A space (X, 7) is said to be submaximal [10] if every dense
subset of X is open. It is called extremally disconnected [28] if closure of each
open set is open in X.

Theorem 3.23 Let X be a submazimal extremally disconnected space and 'Y be
a reqular space then for a function ¢ : X — 'Y the following sets are all equal:

(a) Bs(v; ),
(b) B(¢; ),
(c) C(¢s ),
(d) S(¢; ),
(€) Py; ).

Proof. Since the space (X, 7) is a submaximal extremally disconnected then
T =17, =50(X)=PO(X) = pO(X) [8]. Hence the proof follows. .

4. (-0-cluster set and (-)-cluster set for multifunctions
and characterizations of (-closed spaces

Definition 4.1 Let F' : X — Y be a multifunction and x € X. Then (-0-
cluster (resp. (-d-cluster) set of X at x € X, is denoted by [y(F;z) (resp.
Bs(F;x)), is defined as the set ({O-clF(GclU) : U € BO(X,x)} (resp. [){J-
cdF(BcU) : U € fO(X,x)}).

For a multifunction F' : X — Y and a subset S of X, the notation Gy(F’; S)
(resp. 35(F;S)) stands for the set |J, g Bo(F;7) (vesp. U,eq B5(F;x)).
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Definition 4.2 A multifunction F': X — Y is said to have a 3-0-closed (resp. (-
d-closed) graph if for each (z,y) & G(F), there exist U € fO(X,z) and V' € 7(y)
such that (BclU x clV)NG(F) =0 (resp. (BclU x intclV)NG(F) = 0).

Definition 4.3 For a subset S C X x Y, the (2)3-0-closure of S, denoted by
(2)B-6-cl(S) is defined as the set {(z,y) € X x Y : for all V € fO(X,z) and
for all W € 7(y), (BcdV x W) NS # 0}. If S = (2)8-0-cl(S), then S is called
(2)B-6-closed.

Theorem 4.4 Let F: X — Y be a multifunction. Then
(a) Bo(Fiz) =1L,(({z} x Y) N (2)3-0-clG(F)) for each x € X,
(b) Bs(F;x) =1,(({x} xY)N(2)3-0-clG(F)) for each x € X.

Proof. (a) Let x € X. Then y € fs(F; ) if and only if for each U € fO(X, x)
and each V € 7(y), dlVNF(BclU) # 0 if and only if (8clU x clV)NG(F) # 0 if and
only if (z,y) € (2)8-0-clG(F) if and only if y € I, (({z} x Y) N (2)5-0-clG(F)).
(b) The proof is quite similar to (a) and is thus omitted. .

Theorem 4.5 Let F': X — Y be a multifunction. Then following statements are
equivalent:

(a) Bo(F;x) = F(x) for each z € X,
(b) F has a B-0-closed graph,
(c) F(z) =,(({z} xY)N(2)5-0-clG(F)) for each x € X.

Proof. (a)=(b). Let (z,y) € G(F). Then y ¢ F(x). Hence by (a), y € Bo(F; x).
So there exist U € fO(X,z) and V' € 7(y) such that clV N F(GclU) = 0. Thus
(BelU x V)N G(F) =0. So F has a (-6-closed graph.

(b)=(c). Let x € X and y & F(z). Then (x,y) & G(F). Since F' has a 3-6-closed
graph, there exist U € fO(X,z) and V' € 7(y) such that (GclU x clV)NG(F) =0
and hence (z,y) & (2)5-0-clG(F). Thus y & I, (({z} x Y) N (2)8-0-clG(F)). The
reverse inclusion is also similar.

(c)=(a). Follows from Theorem 4.4 (a). n

Theorem 4.6 For a multifunction F' : X — Y the following statements are
equivalent:

(a) Bs(F;x) = F(x) for each x € X,
(b) F has a B-0-closed graph,
(c) F(z) =1,(({z} xY)N(2)3-0-clG(F)) for each v € X.

Proof. The proof is quite similar to Theorem 4.5. n
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Definition 4.7 A multifunction F' : X — Y is said to be upper strongly 6-3-
continuous if for each x € X and each V € 7(F(x)), there is an U € SO(X, x)
such that F(BclU) C V.

Theorem 4.8 If F : X — Y is upper strongly 0-3-continuous multifunction,
then for each v € X, By(F;x) = 0-clF(x).

Proof. From the definition of Fy(F;x), it is clear that O-clF(x) CBp(F;x).
Since F' is a upper strongly 6-3-continuous, for each V' € 7(F(x)), there is an
U € BO(X,z) such that F(GclU) C V. Hence the filter subbase F(GR(X,x))
is stronger than the filter subbase 7(F(x)) in Y. So f¢(F;x) C adet(F(x)) =
adr(F(z)) = 0-clF(z) (since for a subset K of a space X, 0-clK = adr(K) [22]).
Therefore fy(F;x) = 0-clF(z). n

Theorem 4.9 An upper strongly 0-3-continuous multifunction has a (3-0-closed
graph if and only if it has 0-closed point images.

Proof. The proof follows from Theorem 4.5 and Theorem 4.8. n

Corollary 4.10 A strongly 0-3-continuous [30] surjection ¢ : X — Y has a
B-0-closed graph if and only if Y is Hausdorff.

Proof. Since a space Y is Hausdorff if and only if its points are #-closed, the
proof follows from Theorem 4.9. u

We say a multifunction F': X — Y has a 6-closed graph (resp.j-closed graph)
if G(F) is a O-closed ( resp.d-closed ) subset of X x Y.

Theorem 4.11 If a multifunction F': X — Y has
(1) O-closed graph then By(F;x) = F(x) for each x € X,
(ii) d-closed graph then Bs(F;x) = F(x), for each z € X.

Proof. We proof this theorem for the multifunction having #-closed graph only.
For the case of multifunction having J-closed graph, the proof is similar. Let
x € X and y € By(F;x). Then for each V € BO(X,x) and each U € 7(y),
F(BedV)NecU # () ie F~(clU) N BV # (). Thus for any basic open set W x Wy
in X XY containing (x,y), F~ (W) N F~(clWs3) # 0 (as 7(x) C fO(X,x)) and
hence cl(Wy x Wa) = (clWq X cdlW2)NG(F) # 0 (as BedWy C cddWh). So (z,y) € 6-
cdlG(F) = G(F). Hence y € F(x). Thus Gyp(F;x) C F(x). Also it is obvious that
F(z) C By(F;x). So fs(F;x) = F(z), for each z € X. .

Lemma 4.12 Let X and Y be topological spaces, M C X, N CY. Then
(i) Bel(M x N) C BclM x BelN,
(ii) If M € pO(X,z) and N € SO(Y,y) then M x N € BO(X XY, (x,y)).
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Proof. (i) Bcl(M x N) = (M x N)Uintclint(M x N) = (M x N)U (intclint M x
intclintN) C (M U intclintM) x (N U intclintN) = SelM x BclN.
(il) M x N C (clintelM) x (clintcIN) = clintcl(M x N). .

Theorem 4.13 If a multifunction F': X —'Y satisfies any one of the following:
(a) Bo(F;x) = F(x), for each x € X,
(b) Bs(F;z) = F(x), for each x € X.

Then, the graph G(F) is sp-0-closed [30)].

Proof. (a) Let F': X — Y be the multifunction satisfies (a) and let (z,y) & G(F).
Then y ¢ F(x) = [Gyp(F;x) and so there exist U € SO(X,x) and V € 7(y) C
BO(Y,y) such that clV N F(BclU) = 0 and hence (BelU x BlV)NG(F) = (as
BclU C clV). But from the lemma 4.12, we have Bcl(U x V) N G(F) = (), where
UxVepoOX xY,(z,y)). So G(F) is sp-6-closed.

(b) Since for a subset S of Y, fclintS = intclintS [6], then for any open set V' of
Y [BclV = intclV. Because of this fact, the proof is now quite similar to the proof
as for the case (a). .

Theorem 4.14 A subset S of a topological space X is (-closed relative to X (i.e.
(-set) if and only if for every filter base Q on X with F N K # 0 for each F €
and each K € O(X,S), SN 3-0-ad) # (.

Proof. Let S be not f-closed relative to X. Then there exists a cover V = {V, :
a € I} by [-open sets of X such that S ¢ U{BclV, : a € Iy} for any finite subset
Iy of I. Clearly the family Q = {S — U,e,BclV, : Iy is a finite subset of I} is a
filterbase on X. As ) # F C S and S C K for each F' € Q and K € pO(X,S)
then FN K # () for each F € Q and K € O(X,S). Clearly S N (-6-ad) = (.
In fact if z € S then there exists V,, € V such that z € V, and X — gclV,, € Q)
satisfying BclV, N (X — BclV,,) = ), a contradiction. So S is S-closed relative to X.

Conversely, if possible let S N B-0-ad) = (), when S is [(-closed relative to
X and Q satisfies condition of the hypothesis. Then for each x € S, there exists
aV, € fO(X,z) and an F, € Q such that GclV, N F, = (). Since S is B-closed
relative to X, there exist xq,xa,....... ,x, € S such that S C U ,BclV,,. Since
(1 is a filterbase, there exists an F' € 2 such that F' C U} ,fBclF,,. Clearly
FN(UL,peV,,) = 0 and U, BclV,, € SO(X,S). This contradicts the hypothesis
which (2 satisfies. .

Lemma 4.15 If S is a $-0-closed subset of a B-closed space X then S is B-closed
relative to X.

Proof. The proof is quite clear. n

Theorem 4.16 The following statements are equivalent for a space X :

(a) X is (-closed,
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(b) For a multifunction F : X — 'Y, where Y is any topological space,
N{d-clF(V):V € BO(X,S)} C Bs(F,S), for each B3-0-closed set S of X,

(c) For each multifunction F: X — Y, where Y is any topological space,
N{B-0-clF(V):V € BO(X,S)} C Bo(F,S), for each 3-0-closed set S of X.

Proof. (a)=-(b). Since X is f-closed and S is 5-6-closed, then by Lemma 4.15,
S is f-closed and X. If y € N{o-clF(V) : V € BO(X, S)} then for each U € 7(y),
F(V)NintclU # O ie. VNFE~(intclV) # 0. Since S is §-closed relative to X and
the filter base Q2 = {F~(intclU) : U € 7(y)} satisfies the condition of Theorem
4.14, then SNB-0-ad) # 0. Let x € SNB-0-ad). Then for each W € SO(X, z) and
each U € 7(y), F~(intclU) N BcdW # 0 i.e. intclU N F(BcIW) # (); which shows
that y € 0-clF(BclW), for each W € SO(X, x). Thus y € f5(F,z) C f5(F, 9).
(b)=-(c). Since we know that for a subset A of X, BclintA = intclintA [6], then
for an open U, BclU = intclU. Hence from the definition of 3-6-closure of a subset
A, we have (-0-clA C §-clA. So (b)=(c) follows immediately.

(c)=(a). Let Q be a filter base on X. Let z ¢ X. Now consider Y = X U {z}
and 7y = {U C Y either z ¢ U or there exists F' € Q such that /' C U when
z € U}. Then 7y is a topology on Y [22]. So for the identity map ¢ : X — Y, we
have from hypothesis (c) that Gs(¢, X) D n{5-0-cly(V) : V € O(Y, X)} = n{5-
G-clV : V € BO(Y,X)} = B-0-cIX (in (Y,7v)). To prove the last equality, it is
enough to prove that z € 3-6-cIX (in (Y, 7y)). Clearly {z} is not open in (Y, 7y)
and also {z} is not S-open in (Y, 7y ). In fact {z} ¢ clintcl{z} (as cl{z} = {z} and
hence intcl{z} = 0). So BclU N X # (), for all U € SO(Y, z). Thus z € -6-clX.
Hence z € B5(¢, z) for some x € X. Let F' € ). Then from the construction of
Ty, it is clear that Y — (FFU{z}) as well as F'U{z} are both open in (Y, 7y). Also
Bel(F U{z}) = intcl(F U {z}) (as for an open set W, BclW = intclW). So for
each V € fO(X, x), and each F' € Q, we have SclVNF = (BcdV)N(FU{z}) (as
2 &€ P(PedV)) =(BedV) N Bel(F U{z}) (since {xp} is open and hence S-open in
(Y, 7v) whenever a point zy in X satisfies zg € F) = ¢(8clV) Nintcl(FU{z}) # 0
(as z € Bs(¢,z) and FU{z} € 17v). So x € (-0-adf? and hence X is f-closed as we
know that a space X is (3-closed if and only if every filter base on X, 3-0-adheres
at a some point in X [7]. .

Theorem 4.17 The following statements are equivalent for a space X :
(a) X is B-closed,

(b) For a multifunction F : X — Y, where Y is any topological space,
M{O-clF(V) :V € BO(X,S)} C By(F,S), for each 3-0-closed set S of X,

(¢) For each multifunction F : X — Y, where Y is any topological space,
M B-0-clF(V):V € BO(X,S)} C Bo(F,S), for each 3-0-closed set S of X.

Proof. The proof is quite similar to the proof of the Theorem 4.16 and is thus
omitted. -
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Abstract. We prove a boundedness property for the fractional maximal operator in
the Morrey type spaces with respect to the Hausdorff content. As an application of this
result, we obtain a Fefferman-Stein inequality.

1. Introduction

Soit n un entier positif non nul.
Sauf mention spécifique, a, A, § et p sont des nombres réels vérifiant:

0<a<n; 0<d<n; 0<A<d; 1<p<+Hoo.

On appellera cube, tout cube ) de R™ dont les cotés sont paralleles aux axes
de coordonnées.

Si @ est un cube, alors £(Q) et @) désignent respectivement la longueur de ses
cOtés et son intérieur.

Si E est un sous-ensemble de R™ alors |E| est sa mesure de Lebesgue et Xg
sa fonction caractéristique.

Soit E un sous-ensemble de R™.

La 6-capacité de Hausdorff H°(E) de E est

) H(E) = inf {Dm BC U@}
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ou l'infinimum est pris sur tous les recouvrements dénombrables (Q;); de E, Q;
étant un cube pour tout .

Si dans l'expression (1) on prend linfinimum sur tous les recouvrements
dénombrables de F par des cubes dyadiques, on obtient la d-capacité dyadique de
Hausdorff HS(E) de E.

Soit f une fonction localement intégrable de R".

e La fonction maximale fractionnaire d’ordre « de f est

1
M, f(x) =sup ———= d
1) = s |17y

ou le supremum est pris sur tous les cubes () contenant x.

Bien entendu, lorsque o = 0, My = M est 'opérateur maximal de Hardy-
Littlewood.

e On rappelle que f appartient  'espace de Morrey classique LP*(dx) si et
seulement si la quantité

1 :
T [— / |f<y>|pdy] est finie
Fllzrae Q LUQ)* Jg

et f appartient & I'espace de Morrey de type faible LP*(dz) si et seulement si la
quantité

3=

£l ey = supt [ {z € RY/ |f(@)] > 1} N QU7 Q)T est finie.
Q

Par analogie, on dit que f appartient a I'espace faible de Morrey LP*(H?) par
rapport a la d-capacité de Hausdorft, si et seulement si la quantité

3=

11z sy = supt [H? ({x e R" /| f(x)| > 1} N Q}] 7 €(Q)F est finie.

On remarquera que LPO(H?) et LPO(H?) sont respectivement I'espace (fort)
de Lebesgue LP(H?) et 'espace faible de Lebesgue LP(H®) par rapport a la -
capacité de Hausdorff étudiés par de nombreux auteurs comme D.R. Adams ([1]
et [2] par exemple), J. Orobitg et J. Verdera ([6] par exemple).

Enfin C' désigne une constante dont la valeur peut changer d’une proposition
a une autre.

Dans [5], Kuznetsov a montré I'inégalité suivante:

(2) (Z (Mafz')p> < Cp%l > il o)
=1 =1

LL(H"=2)

ou {f;}; est une famille de fonctons et 1 < p < +o0.
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Dans la preuve de (2), 'inégalité suivante de type Fefferman-Stein:
p (o]
(3) pr < Cp—_ 1 Z 1 fill Loy
L1(H) i=1

a joué un role central. En effet dans [2], D.R. Adams a montré que pour toute

d
fonction f et 6 > —(n — ) on a l'inégalité
n

(4) IMofll 5. <C|fll,

L= a(Hg) Ln Hd

Il est clair que (4) équivaut a

(5)

s < O\ fll£1(aw) avec 6 > n — a.
STO(HD)

11 suffit de prendre dans (4) d = n pour avoir (5).
Réciproquement, comme pour toute fonction positive f et tout réel d tel que

0<d<nona .
d
F()do < 2 ( / ffide)
Rn d n

(voir [6], Lemme 3), de (5) on obtient (4) car g < 1.

En prenant 6 = n — « et en écrivant (3) pour M, f; au lieu de f; puis en
utilisant (5), on obtient (2).

L’inégalité (5) exprime le fait que: si une fonction f appartient a l’espace
de Lebesque L'(dx) alors sa fonction maximale fractionnaire M, f appartient
I’espace LYO(H?).

Cela nous amene a la question suivante: a quelle classe de fonctions appartient
la fonction mazimale fractionnaire M, f lorsque f appartient a [’espace de Morrey
LY dx)?

Remarquons qu'’il existe bien des fonctions appartenant a L'*(dz) mais qui
n’appartiennent pas a L'(dz). Il suffit, par exemple, de considérer la fonction

H |; Al

Le théoreme 1 suivant donne une réponse a cette question.

Théoreme 1. Supposons que 0 < a« < n, d > A > 0,0 > n — « et posons
A

W= g(n — a). Alors il existe une constante C > 0 telle que pour toute fonction

f € LY (dx) on ait

o3y € CW v

Le théoréme suivant généralise I'inégalité (2).
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Théoreme 2. Soient 0 < a<n, A<d=n—a etl <p<+oo. Alors il existe
une constante C > 0 telle que pour toutes fonctions {f;}iz1, . oo, on ait

(Z (Mafi)p>

Il s’obtient par une argumentation similaire a la preuve de l'inégalité (2) figurant
dans [5], moyennant I'utilisation de la généralisation suivante de l'inégalité (3).

p o0
< CpTl D il @n)-
=1

LI (H9)

Théoréme 3. Soient 1 <p < 400, 0< I <n, 0< A\ <n et soit {fitiz1, o des

fonctions positives telles que Z ||f,~||L1,A(H5) < 00. Alors il existe une constante

i=1
C > 0 indépendante des f; telle que:

(£7)

2. Preuve du Théoréme 1

p oo
=< sz 1Fill s s
=1

LI (HY)

Afin de prouver ce théoreme, on montre d’abord le lemme suivant:

]

—~

Lemme 1. Soient Q et P deux cubes vérifiant: é N3P =0 et BP)NQ # 0.

Alors Q@ C 9P ou 3P C 322.
Preuve. Supposons que ((3P) > £(Q). Alors Q) C 3(3P) = 9P.

Supposons maintenant que ¢(3P) < £(Q). Soit u un élément de I'intersection
des frontieres des cubes 3P et Q. Vk € {1,2,...,n}, on a

lzpr —ug| < @ et Jup —zg x| < K(Q—Q)

ou zpy et xgy sont les k-iemes coordonnées respectives des centres zp et xg des
cubes P et ). Donc

0(3P 1
ori— il < B4 Li@) < Q)
Soit x € 3P. On a:
|z, — 2ok < |xk—zpr| + 2Pk — 2ok
< GPruQ <12

c’est a dire z € 3Q. D’ou 3P C 322. .

Rappelons également quelques propriétés de la capacité de Hausdorft essen-
tielles dans la preuve du Théoreme 1.
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Proposition 1. (voir [1] page 117) Soit 0 < § < n.

P1l: HS et H° sont comparables c’est-a-dire qu’il existe des constantes A et B
telles que

H}(E) < AH’(E) < BH,(E)
pour tout £ C R".

P2: H} est continue pour les suites croissantes c’est-a-dire si (E;); est une suite
croissante de sous-ensembles de R™ telle que ' = UL} alors

lim HS(E;) = H(E).

Jj—o0
Preuve du Théoréme 1. Soit () un cube de R". Fixons t > 0 et posons
QG ={reQ/M.f(x) >t} =QNn{x e R"/M,f(x) >t}

Etape 1: Soit k& I'unique entier de Z tel que 2751 < [(Q) < 27*. Alors Q ren-
contre au moins un cube et au plus 2" cubes dyadiques d’ordre k. Plus
précisément, on a: Q C Uij avec card(J) < 2", ou les ); sont des cubes

je

dyadiques d’ordre k rencontrant ) et () C 3Q);.
Posons maintenant, pour tout j € J, O = {z € Q;/M,f(x)>t}. On a:

reQ & xeQet Myf(r) >t
= djeJ zeq;, Myf(zx)>t
= JjeJ rel

Dot Q; € U et donc
j€J
) < Y (O
jed

Soit jo un élément de J pour lequel H 5(Q°) réalise le maximum des H°(Q).
Ainsi donc H°(,) < 2"H°(Q°) avec €(Q) < £(Q;,) < 20(Q). Dot

t [H(S (Q N {l’ € Rn/Maf<x) > t})} = E(Q)—/\%
S 2(71-"-)\)(%)2'; [H(s (QJO N {l’ c Rn/Maf(l') > t})} % E(QJO)—)\%
Pour cette raison on peut supposer dans la suite que le cube @) est dyadique.

Etape 2: Supposons que f est bornée et a support compact.
I existe alors une famille {Q;};er de cubes dyadiques maximaux (pour
I'inclusion) vérifiant:

pour tout ¢ € 1

W /Q FW)ldy > Cuat et {z € RY/M,f(z) > 1} < | J3Qs

i€l
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(voir [4], page 137 et [3] Lemme 2-1 ) ou C,, , = 272" est une constante qui
ne dépend pas de f.
Alors tout cube @; de la famille {Q;};c; est tel que:

Q

Par suite

1

(Q) < ( o /Q | |f<y>|dy)”.

QN{z eR"/M,f(x) >t} C iLgJI(SQZ») NQ

U Gen@uJeeanu |J 6Bene

QiGQ QCQ; COQHCSi:@
U (BRiNQ)U U (3QiNQ)
Q:&Q QCQ;

U Benu |J Genae).
5m3éi=@ 5m3’§5i¢@
QNQ;=0 QNQi=0

o c [Jenu Jeenu [ Ban)

D’ou

QiGQ QCQ; o 2
QN3Q;=0
C»O?ﬂQOz:@
U (3Q;NQ)U U (3Q: N Q)
QN3Q;#£0, £(3Q;)<4(Q) QN3Q;#£0, £(3Q;)>4(Q)
Qin:Q) QF‘IQ»;Z(Z)

UGanu Jeenu |J 6ang

Qi%Q QCQ; o 2
QN3Q;=0
éﬂéiiﬂ)
U 6enu | 6Bne).
ON3Q; 0, 3Q;C3Q ON3Q; 40, QC9Q;
éﬂQoi:@ COQQQOi:@

oc | 3Qu | seu | 6BRine).

3Q;C3Q QCIIQ; ° 2
QN3Q;=0
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Par le Lemme 1, on obtient

Q, C
3Q:C3Q

J s@iu

85

LJ 30;.

QC9Q;

Supposons qu'il existe 7 tel que ) C 9Q;,. Comme (2}, C @, on a:

H(Q) < 6Q)
H(Q)UQ)™ < 6Q)™ < 974(Qy)

et par suite, d’apres l'inégalité (6),

H(Q)UQ)™ < 97(Qi) ™

c’est-a-dire:

n—o

(0] T 0@ <

utilisant I'inégalité (6) et ensuite

3Q c3Q

n—uoa
H(Q) < 3 > U@
3QiC3Q
< 3 (Cat) T
< 3 (Cat) T
1)
< 3 (ana(
)
< 3 (Cn,at)a<

L[H(Q)] T (@)
Dans tOUS les cas on a

(7)

t[HO ()] T

6

()™

ol

Supposons que {i/ Q C 9Q;} = 0. Alors Q; C

h ( e >!dy)

¢ {a:’ag

1
(Qio)'u

/ !f(y)ldy] .
Qi

U 3Q); et donc, en
3QiC3Q

> 1, on obtient:

Ndy>

y)|dy

Idy)n6a~
AR

< C| fllpre(da)-

3Qlc3Q
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Etape 3: Revenons au cas général ou f est une fonction localement intégrable.
Posons pour tout entier positif non nul &,

fk = min{k‘, |f’XB(O,k)} et Qk,t = {l’ € Q, Mafk<l’> > t},
ou B(0, k) est la boule de centre 0 et de rayon k. On a:
Te TUf] et Que T Uy = Q.

De plus, (7) est vraie pour f = fi et 0, = Qi et on a

n—ao

t [H6(Qk,t)] IENA(®) I~ Clfrllrn(aey < C 1 L (de)-
En vertu de la Proposition 1, H] et H° sont comparables et

Jim H(Qy) = HY(Q).

Par conséquent,

E[HOQ)] T UQ)TNF < ATBE[HI(Q)] T 6Q) M

IN

= A7'Btlim [H(Q)] ° Q)

k—oo

IA

AT'BAt lim [H(Q4,0)] Q)"

IN

AT BAC| £l o o).

D’ou

IMafll s o < Clfllznnan). .

2TOT(HY)

3. Preuve des Théorémes 3 et 2

La démonstration reprend dans les grandes lignes la preuve du Corollaire 5.2.3 de
[5] avec quelques aménagements.

Preuve du Théoréme 3. Nous montrons ce résultat pour H au lieu de H°
puisque HS et H? sont comparables.

e Soit NV un entier positif, on suppose que

1fill 22 ag) = sup Hy (o € R™ /1fi()] > 1} n Q) Q)" = 1
Q@

pour tout i =1, ..., N et {a;}iz1,

ceny
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On montre qu’il existe une constante C' indépendante des f; telle que

®) (Daimp) <ot

=1
Ly (HY)

En effet, (8) est trivial pour N = 1.
Si N > 2, on pose

= (Z (aifi)p)> :

i=1

Pour tout cube @ et pour tout ¢ > 0, on considere les ensembles

Qi = {re€Q; aifi(z) >t} Vi,

Q = {xEQ\UQt’i/F(a:)>t} et

O = {xEQ;tzaifi($)> t }‘v’z’.
N

On a
{re@/F(x) >t} C <UQ“) Uy et
&G o |
Et
tHy ({z € Q\ F(z) > t}) 4(Q) ™
(9) < tHL () (@7 + X aull ill oy
< tH? (fzt) 0Q)™ +1.
H (Qt> < HS (Uﬁtl)
(10) < ZHg ({a: €Q; aifi(r) > — })
< Zuor
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Puisque F'(z) > t pour tout z € ﬁt, on a
~ +o00
tPHg <Qt> < / Hi ({a: c Q/F(l’)pXQt(x) > 3}) ds
0
-~ / (F(x))" X, (a)dH?
Q

N

(1) < 0y [ (uh@) X, @)dH,
i=1 Y Q

Comme pour tout = € Q, a;fi(x) <t, on a:

/Q(aifi(x))pXﬁt(x)ng = /0 H, ({z€eQ/ (aifi(x))" Xg, (z) > s}) ds

[\
C\Q
is
T
> o>
N
ED?
~—

P
s [ B (e e Q/ (uh) > shs
N
< C’aitp_lLlE(Q)’\ d’apres (10).
p —
En utilisant (9) et I'inégalité ci-dessus on obtient:

tH) ({z € Q/ F(z) > 1}) < C%.

3 =

N ; »
(Z(@zfz) ) < C}:-

i=1

Supposons maintenant que

N
D Mfill g gy < o0
i=1
En considérant les fonctions s
i
|‘fiHL1’A(Hg)

et les réels
HfiHL}FvA(Hg)

N Y
Z HfiHLiv)‘(Hg)
1=1

on a d’apres ce qui précede que

(&)

N
b
= Cﬁz 1Fill 2o gy
=1

LyN(HY)
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e Pour le cas général ou Z ||f2||L1 Aoy < 00, on a
=1

gN = (Z(fz‘)p> ” T (Z(fi)p> =9

i=1 i=1

LS

La propriété P2 de la Proposition 1 assure que
tH ({2 € Q/g(@) > thUQ)™ =l tH] ({z € Q/gn(x) > 1} (Q)

< llanlpea )

< hm C—ZHfZHLuH,;

Et donc

1
[e.e] P o
p
(Zflp> Sop_lefiHLb*(H@' "
i=1 1A i=1

L7 (HR)

Preuve du théoreme 2. Sous les hypotheses du Théoreme 2, le Théoreme 3
donne pour tout i,

Mo fill 1 sy < ClSill L1y

Et,
1
o0 P p o)
(Z (Maf:) > < CF Z [ Mo fill L1 ()
=1 Li”\(H‘S) =1
p (o)
< C——=> il o).
p—1 i=1
Il est clair que, pour A = 0, on obtient I'inégalité (2).
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Abstract. An r-digraph (multidigraph) D is an orientation of a multigraph that is
without loops and contains at most two edges between any pair of distinct vertices.
So 1-digraph is an oriented graph, and complete 1-digraph is a tournament. Define
py = r(n — 1) +d}f — d;, the mark (r-score) of a vertex v in an r-digraph D, where
dl and d, respectively denote the outdegree and indegree of v and n is the number
of vertices in D. In this paper, we obtain some stronger inequalities for marks in r-
digraphs.
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1. Introduction

A tournament is an orientation of a complete simple graph. The score s,, (or
simply, s;) of a vertex v; in a tournament is the outdegree of v;. The score sequence
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of a tournament is formed by listing the vertex scores in non-decreasing order.
The following result of Landau [3] gives necessary and sufficient conditions for a
sequence of non-negative integers to be the score sequence of some tournament.

Theorem 1.1. A sequence [s;]} of nonnegative integers in non-decreasing order
1s the score sequence of some tournament if and only if

- k
Zsi > <2), for1 <k <n,
i=1
with equality when k = n.

With the marking system, the mark p, of a vertex v in a tournament is given
by p, = 2s, + n — 1, and Landaus conditions become

k
> piZk(n+k—2), for 1 <k<n,
i=1

with equality for £ = n.

An oriented graph is a digraph with no symmetric pairs of directed arcs and
without loops. Avery [1] defined a,, (or, simply, a;) =n — 1+ d} — d;, the score
of a vertex v; in an oriented graph, where d} and d, respectively denote the
outdegree and indegree of v; and n is the number of vertices. The score sequence
of an oriented graph is formed by listing the vertex scores in non-decreasing order.
The following result is due to Avery [1].

Theorem 1.2. A sequence [a;]} of non-negative integers in non-decreasing order
is the score sequence of some oriented graph if and only if

k
Zai >k(k—1), for1 <k<n,
i=1
with equality when k = n.
Once again, with the marking system, the mark p, of a vertex v in an oriented
graph is given by p, = a, + n — 1, and Averys conditions become

k
Zpi >k(n+k—2), for 1 <k<n,
i=1
with equality for k = n.

A digraph D is semicomplete if for any pair of vertices u # v in D, there is an
arc from wu to v or an arc v to u (or both). The following necessary and sufficient
conditions for a non-decreasing sequence of integers to be the score sequence for
a semicomplete digraph is given by Reid and Zhang [8].

Theorem 1.3. A sequence [s;]} of integers in non-decreasing order is the score
sequence of some semicomplete digraph if and only if

k

k
Zsi2(2> and s, <n-—1, forallk, 1 <k <n.
i=1
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An r-digraph (multidigraph) D is an orientation of a multigraph that is without
loops and contains at most r edges between any pair of distinct vertices. Let D be
an r-digraph with vertex set V' = {vy, vy, ...,v,}, and let d} and d, respectively
denote the outdegree and indegree of a vertex v. Define p, = r(n—1) +d} —d,
the mark (r-score) of v, so that 0 < p, < 2r(n — 1). The sequence P = [p;|},
where p; = p,,, in nondecreasing order is the mark sequence of D. An r-digraph
can be interpreted as the result of a competition in which the participants play
each other at most r times, with an arc from u to v if and only u defeats v. A
player receives two points for each win, and one point for each tie (draw). With
this marking system, player v obtains a total of p, points. A sequence P of non-
negative integers in nondecreasing order is said to be realizable if there exists an
r-digraph with mark sequence P. The following existence criteria for realizability
is due to Pirzada and Samee [5]. Various results on marks in digraphs can be
found in [6], [7].

Theorem 1.4. A sequence [p;|7 of non-negative integers in non-decreasing order
1s the mark sequence of some r-digraph if and only if

k
Zpi >2k(k—1), forl<k<mn,
i=1

with equality when k =n.
Some stronger inequalities for scores in tournaments are given by Brualdi and
Shen [2], and for scores in oriented graphs are given by Pirzada and Samee [4].

2. Stronger Inequalities

A regular r-digraph on n vertices is one whose all vertices have marks 2r(n — 1).
The converse D’ of an r-digraph D is obtained by reversing each arc of D. If u
and v are vertices in an r-digraph, we denote by u(x —y)v to mean that there are
x arcs directed from u to v and y arcs directed from v to u. Clearly, 0 < x, y <2
and 0 < z+y < r. A triple in an r-digraph is an induced r-digraph with three

vertices and is of the form wu(z; — x2)v(y; — y2)w(z1 — 29)u, where for 1 <i <,
2 2

2
0 < x,yi,2 <r,and 0 < ZmZ,Zyz,Zzz < r. In an r-digraph, a 1-triple is
an induced 1-subdigraph Witlhlthrele 1vert;celzs. An 1-triple is said to be transitive
if it is of the form w(1 — 0)v(1 — 0)w(0 — 1)u, or u(1l — 0)v(0 — 1)w(0 — 0)u, or
u(1—0)v(0—0)w(0—1)u, or u(1—0)v(0—0)w(0—0)u, or u(0—0)v(0—0)w(0—0)u,
otherwise it is intransitive. An r-digraph is said to be transitive if every of its
1-triple is transitive. The inequalities given below in Theorems 2.1, 2.2, 2.3, 2.4
are the generalizations of the inequalities on scores in tournaments due to Brualdi
and Shen [2].

The following result gives a lower bound for Zpl- .
iel
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Theorem 2.1. A sequence P = [p;]} of non-negative integers in non-decreasing
order is a mark sequence of an r-digraph if and only if for every subset I C [n] =

{1,2,...,n},
II |
(2.1.1) =y (i
i€l iel
with equality when |I| = n.
Proof. Sufficiency. Let the sequence P = [p;|! of non-negative integers in non-
decreasing order satisfy equation (2.1.1). Now, for any I C [n], we have

]

dDi-1=>(i-1)= (‘é’).

il i=1

Therefore, from equation (2.1.1), we have

e rge-neo() o (5) () ()

Hence, by Theorem 1.4, P is a mark sequence.

Necessity. Assume that P = [p;]} is a mark sequence of some r-digraph. For any
subset I C [n], define

- ;pi - r;(i —1)— r<|g).

Claim I = {i : 1 < ¢ < |I|}. If not, then there exists i ¢ I and j € I such
that j =<+ 1. So, p; < p;.
For j € I, we have

1) = Y1) - r(%)

tel tel

= Doptp—r | D =D+ -1 | =r(3).
tel tel
Jgl JEl

Therefore
FI = fT =) = pi—r(G =1 —r() +r("S)
= pi—r(@G-1)—r(I|-1)=p;—r(+|I|—2).
Since f(I) — f(I —{j}) <0, therefore p; — r(j + |I] —2) <O0.

Again f(IU{i}) Zpt—i—pz—r(Zt—l z—l))—r(”;l).

el tel
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So f(IU{i}) = f(I) =pi —r(i = 1) =r (") + () = pi = r(i + 1] = 1).
As f(TU{i}) — f(I) > 0, therefore p; — r(i + |I]) — 1) > 0.
Thus p; <r(j+ || —2) and p; > r(i + |I] — 1).
Therefore r(i + |I| — 1) <p; <p; <r(j+ |I| —2).
Since j =i+ 1, therefore r(i + |I| — 1) <r(i+ 1+ |I| — 2).
That is, 2(i + |I| — 1) < 2(i + |I| — 1), which is a contradiction.
Hence
1] 11 11|
() = sz_rz (i—1) |I| Zp II\ (l;l)
=1
> rm(m - -2r( =0 (by Theorem 1.4)
Thus
: 1|
. — —-1)— >
Sn-ryi-n-r('3) 2o
el el
that is ,
Snzryi-ner(y)
pi>ry (i
el i€l
This proves the necessity. .

We note that equality can occur often in equation (2.1.1). For example, in the
transitive r-digraph of order n with mark sequence [0, 2r, 4r, ..., 2r(n — 1)], and in
the regular r-digraph of order n with mark sequence [r(n—1),r(n—1),...,7r(n—1)].
We further observe that Theorem 2.1 is best possible, since for any real € > 0, the

inequality
Zpi > (1+ E)TZ(Z' —1)+(1— 8)r(|—;|>

iel iel
fails for some I, and some r-digraphs. This can been seen, for example, in the

transitive r-digraph of order n with mark sequence [0, 2r, 4r, ..., 2r(n — 1)], and in
the regular r-digraph of order n with mark sequence [r(n—1),r(n—1),...,7(n—1)].

The next result gives a set of upper bounds for Zpl- and is equivalent to the

iel

set of lower bounds for Zpi in Theorem 2.1.
iel

Theorem 2.2. A sequence P = [p;|! of non-negative integers in non-decreasing
order is a mark sequence of an r-digraph if and only if for every subset I C [n] =

{1,2,...,n},
1
D_pi <y (i=1)+ 5 rllln — 1] - 1),
i€l el

with equality when |I| = n.
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Proof. We have [n|] = {1,2,....,n}. Let J = [n] — I, so that [ + J = [n] and
|J| 4+ |I| = n. Therefore, by Theorem 2.1, P is a mark sequence if and only if

Zpl =rn(n—1) and Zpl > rz (|J|)
i€[n] ieJ ieJ
if and only if
Zpi + sz- =rn(n—1) and Zpi > TZ(Z —-1)+ r(|J|>
, , , - 2
i€l ieJ ieJ ieJ
if and only if

Soio= rnn—1) =Y p <ra(n—1) - <7~ZZ_1) (I \)

el i€J

= rn—-1)— (r w — TZ(Z _ 1)) + r(n—QIII)
(because TZ(Z —1)+ TZ(Z —1)=r(}) and |I| +|J| = n)

i€l iceJ

B n(n —1) 4 r
= ro(n—1) - T+r;(z— 1)+ 5 (0= I — |1 -1)
= > (i= 1)+ g |2 |1 - 1),
i€l
which proves the result. n

We now have the following results.
Theorem 2.3. If P = [p;|! is a mark sequence of an r-digraph, then for each i,

r(i—1)<p;<r(n+i—2).

Proof. Let I = {i} in Theorem 2.1 and Theorem 2.2. Then
Sy i1+ r<” ')
. - 2
icl el

implies that
pi = T(Z - 1)7

SopSry =1+ e -1 -1)

iel il

and
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implies that
pi <r(n+i—2).

Therefore
r(i—1)<pi=r(n+i—2).

Second proof. We first show that (i — 1) < p; . Suppose on the contrary that
pi < r(i —1). Then, for every k < i, we have p, < p; < r(i —1). That is,
p<r(i—1), ps <r(i—1),.,p; <r(i—1). Adding these inequalities, we have

Zpk < ri(i—1), which is a contradiction to Theorem 1.4. Therefore r(i—1) < p;.
k=1

The second inequality is dual to the first. In the converse r-digraph with
mark sequence P’ = [p}]?, we have

D1 > r((n—i+1)—1) =r(n—1i). (by the first inequality).

But p;, =2r(n—1)—p},_,.,. Sop; < 2r(n—1)—r(n—1i) = r(n+1i—2). Therefore
pi <r(n+i—2). Hence the result. .

For any integers r and s with r < s, let [r, s|] denotes the set of all integers
between r and s.

Theorem 2.4. Let P = [p;|? be a mark sequence of an r-digraph. If

(2.4.1) S =S -1+ 7’(@)’

iel iel
for some I C [n], then one of the following holds.

U

(a) T=[1,I]] and Y pi =r[I|(|I| - 1).

i=1
(b) I =[t,t+|I| —1] for somet, 2<t<n-—|I|+1,

t+|I]—1

S b=t + 11 = 1)+ |1 - 2)

i=1
and p; =r(t+ |I| —=2) foralli <t+|I| —1.

(c) I =[1,m|U[m+tt+|I| —1] for some r and t such that 1 < m < |I| —1
and 2 <t <n-—|I|+1,

m t+|I]—1
> pi=rmm—1), Y pi=r(t+|I]-1)(t+]1]-2)
i=1 i=1

and p; =2(m+t+ |I| —2) foralli, m+1<i<t+|I]—1.
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Theorem 2.5. If P = [p;|! is a mark sequence of an r-digraph, then

¢ t
(a) Zplz > Z(Qrt —2r —p;)?, for 1 <t < n, with equality when t = n.
i=1 i=1

t
1 1
(b) For 1l < g < oo, _+E =1, pr > t(rt —r)9, where 1 <t < n, with
g i=1
equality when t =n and py = py = -+ = py.

Proof. (a). By Theorem 1.4, we have

t
rt(t —1) < sz-, for 1 <t < n with equality when t =n
i=1

or
t t t
> PP 2t = 2r)rt(t — 1) <Y p2+2(2rt —2r)> p;,
i=1 i=1 i=1
for 1 <t < n with equality when ¢ = n,
or
t t t
Zp? +t(2rt — 2r)? — 2(2rt — ZT)Zpi < Zp?,
i=1 i=1 i=1
for 1 <t < n with equality when t = n,
or
piA D]+ 2rt =22 4 (20t = 2r)?
k—t;’mes
t
— 2(2rt —=2r)py — - —2(2rt — 2r)p; < ZP?,
i=1
for 1 <t < n with equality when ¢t = n,
or

t
(2rt—2r—py)2 4+ -+ (2rt—2r—p;)* < pr, for 1 <t < n with equality when ¢t = n,
i=1

or

t t
Z(Qrt —2r —p)? < Zp?, for 1 <t < n with equality when ¢t = n.
i=1 i=1
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(b) Again, by Theorem 1.4, we have

t
rt(t—1) < Zpi, for 1 <t < n with equality whent = n,
i=1
t
= Zpt -1, for 1 <t < n with equality whent = n,
i=1

t % t h
< () (%)
i=1 i=1
for 1 <t < n with equality when t =n and p; = py = -+ = py,
(by Holders inequality)
1
k g
- () -
i=1
for 1 <t < n with equality when t =n and p; =py = --- = p;.
That is,
Eo\
1
rttTh(t—1) < (pr) ,
i=1
for 1 <t < n with equality when t =n and p; =py = -+ = py.
Hence .
St = thrt
i=1
: . _ 1 1
for 1 <t < n with equality when t=n, and p;=py = --- = p;, since — + 7= 1. =
g

Theorem 2.6. Let D be an r-digraph on n vertices with mark sequence [p;]}.
Then, for each t > 1, there exists an r-digraph on tn vertices with mark sequence
[pi +r(t — 1)n]i".

Proof. For each i,1 < i < t, let D’ be a copy of D with n vertices. Define an
r-digraph D; as

D, =D'uD?*u-.--UDt,
such that vertices and arcs of D; are that of D?, and let there be no arc between

the vertices of D' and D7 (i # j). Then D is an r-digraph on tn vertices with
mark sequence [p; + r(t — 1)n]i". .
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1. Introduction

It is common practice to use the auxiliary variable for improving the precision of
the estimate of a parameter. Out of many ratio and product methods of estimation
are good examples in this context. When the correlation between the study variate
and the auxiliary variate is positive (high) ratio method of estimation is quite
effective. On the other hand, when this correlation is negative (high) product
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method of estimation can be employed effectively. Let y and (z,z) denote the
study variate and auxiliary variates taking the values y; and (x;, z;) respectively,

on the unit U; (1 = 1,2,..., N), where x is positively correlated with y and z is
i=1

negatively correlated with y. To estimate Sj = Z(yl —¢)?, it is assumed

(N-1)7F
o X a2 = L S 27 are nown, A
that S2 = ——) (;— X)? and S? = ———) (2, — Z)? are known. Assume
V-1 V-1
that population size N is large so that the finite population correction terms are
ignored.

Assume that a simple random sample of size n is drawn without replacement

(SRSWOR) from U. The usual unbiased estimator of S is

i=1

2 1 —\2
(1.1) 55 = mZ(yi -9)%

n

1 =1
where y = — Zyz is the sample mean of y.
n n

i=1

1 _
When the population variance S? = WZ(IZ — X)? is known, Isaki
(1983) proposed a ratio estimator for S? as
S

(1.2) t = s, =

2 I 2 ; : : 2
where s7 = ﬁZ(xz — X)* is an unbiased estimator of SZ.

n-— n

Upto the first order of approximation, the variance of SZ and MSE of ¢,
(ignoring the finite population correction (fpc) term) are respectively given by

514
(13) Var(sf/) = (7;/) [8400 — 1]
54
(14) MSE(tk) = <ny> [8400 + 8040 — 28220]
where
5 . /’LPQT
pgr  — r )
(15b0 4o Hcha)
1 X — — _
Hpor = 57 > (yi = Y)P(xi — X)%(2i — Z)"; p,q,r being the non-negative integers.
i=1

Following Bahl and Tuteja (1991), we propose exponential ratio type and
exponential product type estimators for estimating population variance 5’5 as

S?2 — g2
S§+s§1

(1.5) ty = s, exp [
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2 2
.2 Sz~ Sz
(1.6) ty = s, exp Lg n Sz]

2. Bias and MSE of proposed estimators
To obtain the bias and MSE of ¢, we write

s2=S5(1+e), s2=5:(1+e1),

such that
E(eo) = E(el) = 0

and

1
E(ey) = n

After simplification, we get the bias and MSE of ¢; as

Sy [Oos0 D220 3
~ Y _ —
21) Bl = 22 | S %, 3),
Sy %) 1
(2.2) MSE(t) & - lmoo + % — O + 4] .

To obtain the bias and MSE of ¢y, we write

sz = S;(l +eg), s2=85%1+ey),

such that

(O — 1), B() =+ (B = 1), Bleoer) =

1

n

(D20 — 1).

Eleo) = E(es) = 0, B(e2) — i (oot — 1), Eleoes) = ~ (Dogs — 1).

After simplification, we get the bias and MSE of ¢, as

S4 6040 8220 3
~ Y | TR ey
23) Bl 2 | O 3
s? 0 1
(2.4) MSE(tz) = ;y [8400 + % - a220 + 4] :

n

103
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3. Improved estimator

Following Kadilar and Cingi (2006) and Singh et.al. (2007), we propose an im-
proved estimator for estimating population variance Sj as

52— s2 s?— 52
6y =i een{GTE e {5

where « is a real constant to be determined such that the MSE of ¢ is minimum.
Expressing ¢ in terms of e’s, we have

(3.2) t:S§(1+eo)[aexp{—621 <1+621>1}+(1—a)exp{2 (1+ 2>1H.

Expanding the right hand side of (3.2) and retaining terms up to second power of
e’s, we have

2 2
€p€2 €1 €1 €9 €5

tN521 - I ) I
[+€0+2+8+2+<62+8> a<2+8>

2 2
_a. 4a ]
+60a< 5 + 8>a60<2 + 8)]

Taking expectations of both sides of (3.3) and then subtracting S; from both
sides, we get the bias of the estimator ¢, up to the first order of approximation, as

(3.3)

B(t) = ij [ (Goao — 1) + d-o) (Qoos — 1) + 1~oa) (D202 — 1)

(3.4) 8 2
(0]
—5 (8220 — 1) .
From (3.3), we have
1 —
(3.5) u-@zﬁh-ﬁ%‘2®4.

Squaring both the sides of (3.5) and then taking expectation, we get MSE of
the estimator ¢, up to the first order of approximation, as

S 2 1 — a2
2 [(8400 -1+ % (Ooao — 1) + w

a(l —a)
2

MSE(t) = (Qooa — 1)
(3.6)

‘I’Oé(aggo — 1) + (1 — &)(8202 — 1) — (8022 — 1)1 .

Minimization of (3.6) with respect to ayields its optimum value as

_ {0004 + 2(0220 + O202) + Op22 — 6}

3.7
(3.7) (Ooa0 + Ooos + 20022 — 4)

= ag(say).

Substitution of ag from (3.7) into (3.6) gives minimum value of MSE of t.
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4. Proposed estimators in two-phase sampling

In certain practical situations when S? is not known a priori, the technique of two-
phase or double sampling is used. This scheme requires collection of information
on x and z the first phase sample s of size n (n < N) and on y for the second
phase sample s of size n (n < n) from the first phase sample.

The estimators ¢y, to and ¢ in two-phase sampling will take the following form,
respectively

(/2 27
S, — S
4.1 t = syexp|os—s
( ) 1d Y p _83 + 5%_
) 21
_ 2 S: — 52
(42) t?d = S,€xp -S/ZQ + Sg_
/2 2 /2 2
o, s — s s — s
(4.3) ta = s, [k exp { I s%} + (1 —k)exp { ST 52 H

To obtain the bias and MSE of t14, o4 and tg4, we write

2 = S2l4e) 2 = SHlte) 52 = S(l+e),
s2 = S%(1+ey), 2 = S:1+¢),

where
52 = / 1 i(ml —7')?, 3;2 =— 1 i:(zZ — 72
(n - 1)7,—1 (’I’L - 1)1—1
) 1 n ) 1 n!
7 = ;;x "= H;zz
Also,
E(ey) = E(e) =0,
/ 1
E(€12> = - (Ooso — 1),
n
” 1
E(es) = — (Oooa — 1),
n
! ! 1
E(€2€2) = ﬁ (6220 — 1)

Expressing t14, toq and t4 in terms of es and following the procedure explained in

Sections 2 and 3, we get the MSE of these estimators, respectively as
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1 1/1 1
MSE(tld) = 54 {n (8400 — 1) + - < - TLI) (8040 - 1)

Y

(4.4) L dAn
() @]
SE(ta) = S, l(3400— ) L l—l, (Ooao — 1)
. MSE(t54 Li 1 1+4<n n) 1
- 5) @m =)
MSE(ty) = B (8400—1>+1f(711—;,> (o0 — 1)
(4.6) +<1624_1) Cﬁl) (Gos = 1)
+k(i—;’>(8220—1)+(k—1)<;,—;)(8202—1)
D38 ]

Minimization of (4.6) with respect to k yields its optimum value as

_ {0004 + 2(0220 — 1) + Op22 — 6}
(Ooao + Oooa + 20022 — 4)

(4.7) k = ko(say).

Substitution of kg from (4.7) to (4.6) gives minimum value of MSE of ¢,.

5. Empirical study

To illustrate the performance of various estimators of Sz, we consider the data
given in Murthy (1967, p. 226). The variates are:

y: output, x: number of workers, z: fixed capital,

N =80, n/ =25, n = 10.

8400 - 22667, 8040 = 365, 8004 - 28664,
0220 — 23377, 8202 — 22208, 6400 — 314
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The percent relative efficiency (PRE) of various estimators of S} with respect
to conventional estimator 5; has been computed and displayed in Table 5.1.

Table 5.1. PRE of s,t;,t, and min . MSE(t) with respect to s

| Estimator | PRE(-, s2) |

52 100

t 214.35
t 42.90
t 215.47

In Table 5.2, PRE of various estimators of 85 in two-phase sampling with
respect to S,g are displayed.

Table 5.2. PRE of Sf/,tm, toq and min .MSE(t;) with respect to 55

| Estimator | PRE(, s2) ||

s 100

ta 1470.76

24 513.86
t 513.86

6. Conclusion

From Tables 5.1 and 5.2, we infer that the proposed estimators ¢ perform better
than a conventional estimator 532/ and other mentioned estimators.
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1. Introduction

One of the basic problems in submanifold theory is to find simple relationships
between the extrinsic and intrinsic invariants of a submanifold. In [1] and [4],
B.Y. Chen established inequalities in this respect, called Chen inequalities. The
main extrinsic invariant is the squared mean curvature and the main intrinsic
invariants include the classical curvature invariants namely the scalar curvature
and the Ricci curvature; and the well known modern curvature invariant namely
Chen invariant [2]. In 1993, Chen obtained an interesting basic inequality for
submanifolds in a real space form involving the squared mean curvature and the
Chen invariant and found several of its applications. This inequality is now well
known as Chen’s inequality; and in the equality case it is known as Chen’s equality.
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In [6], Dillen, Petrovic and Verstraelen studied Einstein, conformally flat and
semisymmetric submanifolds satisfying Chen’s equality in Euclidean spaces. In [8],
the first author and M.M. Tripathi studied the same problems for a submanifold
of a real space form.

In this paper, we study submanifolds satisfying Chen’s equality and the con-
ditions R- P =0 and P - P = 0 in an Euclidean space.

The paper is organized as follows. In Section 2, we give some known results
about Riemannian submanifolds and Chen’s inequality which will be used in the
next sections. In Section 3, we study projectively semi-symmetric submanifolds
satisfying Chen’s equality in an Euclidean space. We also study submanifolds
satisfying the condition P - P = 0.

2. Chen’s inequality

Let M be an n-dimensional submanifold of an (n + m)-dimensional Euclidean
space E"*™. The Gauss and Weingarten formulas are given respectively by

VyY =VyiY +0(X,Y) and VyN=—AyX + VLN

for all X,Y € TM and N € T+M, where 6, V and V* are respectively the
Riemannian, induced Riemannian and induced normal connections in M, M and
the normal bundle T+ M of M respectively, and ¢ is the second fundamental form
related to the shape operator A by (0 (X,Y),N) = (AyX,Y). The equation of
Gauss is given by

(2.1) RX,Y,Z,W) = (o(X,W),0(Y,2)) — {o(X,Z),o(Y,W))

for all X|Y, Z, W € T'M, where R is the curvature tensors of M.
1
The mean curvature vector H is given by H = — trace(o). The submanifold
n

M is totally geodesic in E™™™ if o = 0, and minimal if H = 0 [3].
Let {eq,...,e,} be an orthonormal tangent frame field on M. For the plane
section e; A e; of the tangent bundle T'M spanned by the vectors e; and e; (i # j)

the scalar curvature of M is defined by k = ZK (e; A ej) where K denotes the
ij=1

sectional curvature of M. Consider the real function inf K on M" defined for

every x € M by

(inf K)(x) := inf{K(7) | 7 is a plane in T, M"}.

Note that since the set of planes at a certain point is compact, this infimum is
actually a minimum.

Lemma 2.1. [1] Let M, n > 2, be any submanifold of E"*™. Then

(2.2) ianZ%{m—M|H|2}.

n—1
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Fquality holds in (2.2) at a point x if and only if with respect to suitable local
orthonormal frames ey, ...,e, € T, M"™, the Weingarten maps A; with respect to
the normal sections & = epiy, t =1, ...,p are given by

a 0 0 0 0
0 b 0 0 0
00 u O 0

Ai=109 00 u R
00 0 0 no
-Ct dt 0 O-
dt —CtO"' 0

(2.3) A=10 0 0 - 0 | (t>1),

00 0 -+ 0 |

where p = a+ b for any such frame, inf K(x) is attained by the plane e; A es.

The inequality (2.2) is well known as Chen’s inequality. In case of equality, it
is known as Chen’s equality. For dimension n = 2, the Chen’s equality is always
true.

Let M be an n-dimensional (n > 3) submanifold of an Euclidean space E"*™
satisfying Chen’s equality. Then, from Lemma 2.1 we immediately have the fol-
lowing

(2.4) Ky = ab— Xm:(c? +d7),
1

(2.5) Ky = ap,

(2.6) K = by,

(2.7) Kij = 1%,

(2.8) S(er, er) = Kia + (n — 2)ap,

(2.9) S(es, e2) = Kua + (n — 2)bp,

(2.10) S(ei,er) = (n = 2)p?,

where ¢, j > 2. Furthermore, R(e;, ej)e, = 0if 4, j and k are mutually different [6].
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Projective curvature tensor of submanifolds satisfying Chen’s equality

In this section, we consider projectively semi-symmetric submanifolds satisfying
Chen’s equality in an Euclidean space. We also consider submanifolds satisfying
the condition P - P = 0.

The projective curvature tensor P of an n-dimensional Riemannian manifold

(M, g) is defined by [9]

(3.1) P(X,Y)Z =R(X,Y)Z —

[S(Y,Z2)X — S(X,2)Y].
”’II —
It is well-known that if the condition R - P = 0 holds on M, then M is said
to be projectively semi-symmetric.
So from (2.4)-(2.10) we have the following corollary:

Corollary 3.1. Let M be an n-dimensional (n > 3) submanifold in an FEuclidean
space satisfying Chen’s equality, then

n—2
(3.2) Prgy = (K12 — b)) ex,
n—1
n—2
(33) Plggzﬂ(a—n_lllL) €1,
1
(34) P131 == n—1 (Klg — a,u) €3,
n—2
(35) nggzu(b—n_l,u) €2,
n—2
(3.6) Py = p— (K12 — ap) e
1
(3.7) Py = —— (K12 — bp) €3,
and
(3.8) P, = 01if i, j, k are mutually different.

Theorem 3.2. Let M be an n-dimensional (n > 3) submanifold of an Fuclidean
space "™ satisfying Chen’s equality. If M is projectively semi-symmetric then

(i) M is totally geodesic, or

(ii) M is minimal, or
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(iii) M is a round hypercone in some totally geodesic subspace E" of E"™  or
(iv) infK =0, or

(V) a =0, in this case if n = 3 then M is totally geodesic, if n = 4 then M is a
pseudosymmetric hypersurface of B> which has a shape operator of the form

a 0 0 0
0a 0 0
(3.9) Ai=10092 0|
00 0 2a

or

(vi) M is a submanifold in some totally geodesic subspace E"*™1 which has
shape operators of the form (2.3).

Proof. Assume that the condition R - P = 0 holds on M. Then, we can write

(R(e1,e3) - P) (e, e3,e1) = R(e1,e3)P(e, e3)er
(310) —P(R<€1, 63)62, 63)61 - P(Gg, R(el, 63)63)61
—P(GQ, 63)R(61, 63)61 =0

and

(R(ez,e3) - P)(e1,e3,e2) = R(ea,e3)P(er,e3)es
(311) —P(R<€2, 63)61, 63)62 — P(Gl, R(eg, 63)63)62
—P(Gl, 63)R(62, 63)62 = 0.

Then, using (2.4)-(2.7) and (3.2)-(3.8), we get

(3.12) ap [b,u —(n—2)ab+ (n —2) Zm:(cz +d?)| =0
and
(3.13) bu [au —(n—2)ab+ (n—2) zm:(cf +d?)| =0.

Case I. If M is totally geodesic, the condition R - P = 0 holds trivially.

Case II. If 4 = 0 then M is minimal.

Case III. If 4 # 0 and a = 0 then u = b. Hence, from (3.13), we get
(n — 2) Z(Cf + d?) = 0. This gives us ¢, = d, = 0. So, by [5], M is a round

r=1
hypercone in some totally geodesic subspace E*! of En+™,
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Case IV. If ;1 # 0 and b = 0, then we obtain again the same result in Case III.

Case V. a,b, 1 # 0, then from (3.12) and (3.13) we obtain a = b, or p = 0, or
Kis = 0. If p =0, then M is minimal. If Kj5 = 0 then inf K = 0. Assume that
a =b. Then, from (3.13) we have

(4=n)a®+(n—2)> (+d2)=0.

r=1

In this case, if n = 3, then ¢, = d, = 0. Hence, M is totally geodesic. If n = 4,
then ¢, = d, = 0, so by Theorem 2.12 of [7], M is a pseudosymmetric hypersurface
in some totally geodesic subspace E"™! of E"*™ which has a shape operator of
the form (3.9).

Case VI. If a = b = 0, then M is a submanifold in some totally geodesic subspace
E"*™~1 which has shape operators of the form (2.3).
This completes the proof of the theorem. .

Theorem 3.3. Let M be an n-dimensional (n > 3) submanifold of an FEuclidean
space "™ satisfying Chen’s equality. If the condition P - P = 0 holds on M,
then

(i) M is minimal, or
(ii) M is totally geodesic, or
(iii) M is 3-dimensional, or
(iv) a =1b.
Proof. Since the condition P - P = 0 holds on M we have

(P(€1,€3) : P) (62,63761) = P(€1,€3)P(€2,€3)61
(3.14) —P(P(ey,e3)es, e3)er — Plea, Pley, e3)es)er
—P(BQ, 63)P(61, 63)61 =0

and

(P(eg,e3) - P)(e1,e3,e2) = P(ea, e3)P(e1,e3)es
(315) —P(P(62,63)€1,€3)62 - P(€17P<€2,63)63>€2
—P(el, €3>P(€2, 63)62 =0.

So, in view of (3.2)-(3.8), we obtain

(3.16) 1Ko — ap KQ—Zju) (n—2)+(b—2_2u)} =0
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and
(3.17) M[Klg—bu]{(b—n_iﬂ) (n—2)+<a—”_2u)] —0

Case I. If 4 =0, then M is minimal.

Case II. If K5 —apu =0, K15 —bu = 0, then we obtain a = b. Since K15 —au = 0,
from (2.4) we get a® + Z(cf + d?) = 0, which gives us a = ¢, = d, = 0. Hence,

r=1

M is totally geodesic.

<a—"_iﬂ) (n—2)+<b—”_2ﬂ> =0

n —

<b—Z:§u> (n—2)+(a—Z:iu> =0,

and p # 0 and Ky9 — ap # 0, then either n = 3 or a = b.

Case III. If

Case IV. If

Kis—ap=0and (b—"2u) (n—2) + (a — =2p) =0,

n—1

then, from (2.4), we get a = ¢, = d, = 0, which gives us a = ¢, = d, = 0. Hence,
M is totally geodesic.

Case V. If
Kip —bp=0and (a—2=24) (n—2) + (b— 2=2pu) =0,

then, from (2.4), we get a = b = ¢, = d, = 0, which gives us M is totally geodesic.
This proves the theorem. n
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Abstract. In this paper, we present an efficient numerical algorithm for approximating
the inverse of a square matrix based on homotopy perturbation method. Some numerical
illustrations are given to show the efficiency of the algorithm.

1. Introduction

Approximating the inverse of square matrices specially the coefficient matrix of
a system of linear equations has widespread applications in applied mathematics.
In 1992 Liao [11] employed the basic ideas of homotopy to propose a general
method for nonlinear problems, and modified it step by step [12]-[16].

This method has been successfully applied to solve many types of nonlinear
problems. Following Liao, an analytic approach based on the same theory in 1998,
which is so called "homotopy perturbation method” (HPM), is provided by He
[7]-[10], as well as the recent developments|4]-[6].

In most cases, using HPM, gives a very rapid convergence of the solution se-
ries, and usually only a few iterations leading to very accurate solutions, specially
when the modified one is applied [1], [17].

In this article, HPM is applied to the equation AX — I = 0 and the conver-
gence of the method is considered under certain conditions.

2. Analysis of the method

Consider the equation

AX -1I=0, (1)
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where

Let

and typically, a convex homotopy as follows

H(U,p) = (1 -p)F(U) +pL(U) =0,

B. KERAMATI

(2)

where F'is an operator with known solution Wy. HPM uses the homotopy pa-

rameter p as an expanding parameter[4,6] to obtain

U:U0+pU1+p2U2+---,

(3)

and for p — 1, it gives an approximation to the solution of (1) as follows

V= hIIi(U() +pU1 +p2U2 + - )
p—>

By substituting (3) in (2) and equating the terms with identical powers of p, we

obtain
po : UO - WO = 07

UO = W07

pli (A—I)UO+U1—W0—I:0,

U, =1-(A-DU, +W,,
p2: (A—I)Ul—l-UQ:O,
U,=—(A-1U,

and in general

Upi=—(A-DU, , n=12--

if we take Ug = Wy = 0, then we have

U, =1,
U;=—-(A-DU,,
= (A1),

Us = (A —1)°,

Up = (D)"(A-T)",



AN APPROACH TO THE APPROXIMATION OF THE INVERSE OF A SQUARE MATRIX...

hence, the solution can be of the form
U=Uy+U; +Us+---,
or
U=[I-(A-D+A-I)*—---]. (4)

Theorem 1. The sequence

k=0

Ut = [i((A - I>’“] ,

is a Chauchy sequence if
|A-I| <L

Proof. We must show that

lim || Ul —ulml = o,

m—0o0
so, for showing this we can write

p
U[m+P] _ U[m] — Z(_l)m+k(A . :[)m-‘rk7
k=1

or

p
ot Ut <y A =T
k=1

let v=|| A—1]|, then

p
| wime g | <y

k=1
p_
(22
v—1

P—1
lim || Ul — gl < (1——ff> <1Hn 7m),
fy_

m—00 m—0o0

now if 7 < 1, then we have

hence, we obtain
lim || U™t —ylml = o,

m—0o0

which completes the proof.

119
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Lemma 1. If A is diagonally dominated and

1
D = diag {—} ,
Q4
then
| DA -1 [jo< 1.

Proof. Let C = DA — 1, then it can be easily shown that

0 1=
1] . .
— Z%] )

Qi

since A is diagonally dominated, then

n

lai > > layl,

J=1j#

or
n

=1 | |

hence
n
d leyl<l  i=12--n,
j=1

which implies
| C llo=I DA =T o< 1.

B. KERAMATI

If || A—1|w> 1, by pre-multiplying the both sides of equation(1) by matrix D,

we rewrite the equation as follows

DAX-D=0

and it can be easily shown that

U1 = (~1)"(DA —I)"D

3. Numerical results

Example 1. Approximate the inverse of the matrix
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4 1 -1
0 1 -3

Since || A —I'||= 8, and A is diagonally dominated, we can write

1
-0 0
4
D 0 ! 0
= 5 ,
1
0 0 —
- 3_.
hence
1t
4
DA 1 ] 1
n 6 6
0 ! 1
- 3 -
- ; 1 17
4
1 1
_I=1|-= 0 =
DA -1 6 R
0 ! 0
- 3 -
from (4)and (5) we have
U=[-(DA-1)+ (DA -1°—--..]D,

and using six terms, we approximate A~ = U as follows

U%U0+U1+"'+U5,

or
0.2435 —0.025 —0.089
U~ [0.0385 0.1539 0.0387

0.0127 0.0514 —0.32

where the exact solution is

121
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0.2435 —0.025 —0.089
A1 =10.0384 0.1538 0.0384
0.0128 0.0512 —0.32

Example 2. Give an approximation to the inverse of the following matrix

0.5 0.5 0.2
A= 101 03 0.1
0.1 0.1 0.3

Matrix A is nearly diagonally dominated, so by similar operations we obtain

0 1 04
1 0 1
1 1
S -0
3 3

and using seven iterations, an approximation to A~! will be as follows

3.1956  —4.4739 —.15056
—0.66063 5.19744 —0.97097
—0.66063 0.19973  4.02674

where the exact solution is

3.07692 -5 —0.38462
A1 =1-076923 5 —1.15385
—0.76923 0  3.84615

4. Conclusion

In this paper, we used homotopy perturbation method to approximate the inverse
of a diagonally dominated matrix in terms of the subtraction of the given matrix
(or its modification) and unit matrix. Solved problems show the convergence of the
method increases as the the matrix becomes more strictly diagonally dominated.
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1. Introduction

It is a well-known topic to characterize a finite simple group by using two quanti-
ties, the order of G and 7.(G) in the past 30 years, where 7.(G) denotes the set of
orders of elements in G. W.J. Shi characterized some finite simple groups by using
7(G) and |G|, for example, see [1]-[6]. Recently, this topic has been finished by
V.D. Mazurov, et al. (see [7]). Now, the authors will try to characterize some
finite simple groups by using less quantities and have successfully characterized
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simple K3-groups, sporadic simple groups, L3(q) and Us(q), where ¢ are some spe-
cial powers of primes, by using three numbers: the order of a group, the largest
and the second largest element orders in [8]-[10]. In this paper, we characterize
Ly(q) for ¢ = p™ < 125, via the order of a group and the three largest element
orders.

Notations: The groups mentioned are all finite groups, and the number in bracket
”()” behind a group is the order of the group, e.g., Ly(7)(2% -3 - 7) means that
Ly(7) is of order 23 -3 -7. Let m.(G) denote the set of orders of elements in G,
7(G), the set of all prime divisors of |G|. Let ki(G) denote the largest element
order of G, ky(G), the second largest element order and k3(G), the third largest
element order. S,-subgroup is a Sylow p-subgroup of G. We denote by I'(G) the
prime graph of G and ¢(G) is the number of connected components of I'(G). And
we also denote the sets of vertex of the connected components of the prime graph
by {m,i =1, ..., t(G)}. For convenience we call m; (1 < i < ¢(G)) the connected
components and if the order of GG is even, denote the component containing 2
by 7 (see [11]).

2. Preliminary results

Lemma 1. Suppose that G has more than one prime graph component. Then one

of the following holds:

(1) G is a Frobenius group or a 2-Frobenius group;

(2) G has a normal series 1 < H < K <G, such that H and G/K are m-
groups and K/H a non-abelian simple group, where m, is the prime graph
component containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)]|.

Proof. The lemma follows from Theorem A and Lemma 3 in [11].

Remark. A group G will be called a 2-Frobenius group provided G has a normal
series 1 < H < K <@, such that G/H and K are Frobenius groups with K/H
and H as their F'robenius kernels respectively.

Lemma 2. If G is a Frobenius group of even order with K the Frobenius kernel
and H the Frobenius complement, then t(G) = 2 and I'(G) = {n(H), n(K)}
(see [12]).

Lemma 3. If G is a 2-Frobenius group of even order, then t(G) =2 and G has a
normal series 1 <H I K <G, such that n1(K/H) = 79, and 7(G/K)Un(H) = m.
Moreover, G/K and K/H are cyclic groups satisfying that |G/K| | |Aut(K/H)|,
(|G/K|,|K/H]|) =1, and |G/K| < |K/H|. Particularly, G is solvable (see [12]).

Lemma 4. Let A be a 7'-group of automorphisms of the w-group G, and suppose G
or A is solvable. Then for each prime p in m, A leaves invariant some S,-subgroup
of G (see [13], Theorem 6.22).
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Lemma 5. Let G be Ly(q), where ¢ = p™ < 125. Then |G|, k1(G) and ko(G)are
as 1 Table 1:

Table 1

G |G| k1(G) | ka2(Q)
Ly(5) =2 As 22.3.5 5 3
Lo(7) 2%.3.7 7 4
Ly (8) 23.32.7 9 7
Ly(9) = Ag 23.32.5 5 4
Lo 22.3.5-11 11 6
9 22.3.7-13 13 7
2 24.3.5-17 17 15
9 24.3%2.17 17 9

)

(11)
L»(13)
Lo(16)
La(17)
L»(19) 22.32.5.19 19 10
L»(23) 23.3.11-23 23 12
L»(25) 23.3.52.13 13 12
Ls(27) 22.3%.7.13 14 | 13
L»(29) 922.3.5.7-29 | 29 15
L»(31) 25.3.5.31 31 16
Ls(32) 25.3.11-31 33 | 31
Ls(37) 92.32.19.37 37 | 19
Lo(41) 23.3.5.7-41 | 41 21
L»(43) 22.3.7.11-43 | 43 | 22
L»(47) 24.3.23.47 a7 | 24
L»(49) 24.3.52. 72 2%5 | 24
Ls(53) 92.3%.13-53 53 | 27
Ls(59) 22.3.5.29.59 | 59 | 30
Ly(61) 22.3.5.31-61 | 61 31
Ly(64) 26.32.5.7-13 | 65 | 63
Ly(67) | 22.3.11-17-67 | 67 | 34
Ly(71) 23.32.5.7-71 | 71 36
Ls(73) 23.32.37.73 73 | 37
Ly(79) 24.3.5.13-79 | 79 | 40
L»(81) 21.31.5.41 A1 | 40
L5(83) 22.3.7.41-83 | 83 | 42
L5(89) | 28.32.5-11-89 | 89 | 45
L(97) 25.3.72.97 97 | 49
Ly(101) | 22.3.52.17-101| 101 | 51
Ly(103) |23.3.13-17-103| 103 | 52
Ly(107) | 22.32.53-107 | 107 | 54
Ly(109) |22-3%.5-11-109 | 109 | 55
Ly(113) | 24.3.7-19-113 | 113 | 57
Ly(121) | 23.3.5.112-61 | 61 60
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Proof. The lemma follows from [14] and the properties of Ly(q).

Lemma 6. Let G be a finite group and M be one of the following simple groups:
Ly(5), L2(9), Lo(11), Lo(13), Lo(16), Lo(17), Lo(19), L2(23), L2(25), Lo(27),
L2(29)7 L2(32>? L2(37)7 L2(41); L2<43)7 L2(47): L2(53)7 L2(59)7 L2(61)? L2(67):
Lo(71), Lo(73), La(79), La(81), Lo(83), La(89), L2(97), Lo(101), La(103), Lo(107),
L5(109), Lo(113), Lo(121).

Suppose that
(i) k1(G) = ka(M);
(i) |G| = [M].

Then G has a normal series 1 A H I K QG such that H and G/ K are mw-groups
and K/H a non-abelian simple group, where m is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)]|.

Proof. We only need to prove the cases Lo(5) (22-3-5), Ly(53) (223313 -53).
For the other cases, we can prove them similarly.

1. Assume that M = Ly(5) (22-3-5). In such case, |G| = 2*-3-5 and
k1(G) = 5. Because ki (G) = 5, we get that 5 is an isolated point of I'(G), and
therefore ¢(G) > 2. By Lemma 1, we know that G is either a Frobenius group
or a 2-Frobenius group, or has a normal series 1 < H < K < G, such that H and
G/K are mi-groups and K/H is a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
Therefore, we only need to prove that G is neither a Frobenius group nor a 2-
Frobenius group.

First, we suppose that G is a Frobenius group. Then, by Lemma 2 we get
that t(G) =2 and I'(G) = { n(H),n(K) }, where K is the Frobenius kernel and
H the Frobenius complement. As ki(G) =5, K is either a {2, 3 }-Hall subgroup
or a Sylow 5-subgroup of G. Since K is nilpotent, let S be a Sylow subgroup of
K, one has that |H| | (|S| —1). We can find an suitable Sylow subgroup of K
such that |H| 1 (|S] — 1), and then we get a contradiction. For this reason, K
can’t be a Sylow 5-subgroup of G. Hence K is a {2, 3}-Hall subgroup. Consider
the Sylow 3-subgroup of K. We can get 5 | 2, a contradiction. Therefore, G is
not a Frobenius group.

Second, we suppose that G is a 2-Frobenius group. By Lemma 3, we know
that £(G) = 2 and G has a normal series 1 < H < K <G such that n(K/H) = m
and 7(G/K)Um(H) = m;. Moreover, G/K and K/H are cyclic groups satisfying
|G/K| | |Aut(K/H)|, and |G/K| < |K/H|. As 5 is an isolated point of I'(G),
mo(G) = {5}. Therefore, n(G/K) U n(H) = {2, 3} and |K/H| = 5. Since
|G/K| | |Aut(K/H)| = 4, we know that 3 | |H|. Consider the action on H by the
element of order 5. By Lemma 4, there exists a Sylow 3-subgroup L of H fixed
by this action. Since |L| = 3, we have 5 { |Aut(L)|, which means that such action
on L is trivial. Therefore, G has an element of order 15, a contradiction. So G is
not a 2-Frobenius group.
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Remark. This approach can be used to prove that GG is not 2-Frobenius group
for the most of the other cases. For a few exceptions, we only need to consider
Q1 (Z(L)) of some special Sylow subgroup L to lead to a contradiction. The
process can be seen in the case M = Ly(53).

2. Assume that M = Ly(53) (22-3%-13-53). In such case, |G| = 2%-3%-13-53
and ki(G) = 53. Because k1(G) = 53, we know that 53 is an isolated point of
I'(G), and therefore ¢(G) > 2. By Lemma 1, we only need to prove that G is
neither a Frobenius group nor a 2-Frobenius group.

Using the similar arguments in case M = Ly(5), we can easily show that G is
not a Frobenius group. Now we assert that G is not a 2-Frobenius group. Assume
the contrary. Let G be a 2-Frobenius group. By Lemma 3, t(G) = 2 and G has a
normal series 1 < H < K <G such that n(K/H) = m and 7(G/K)Un(H) = 7.
Moreover, G/K and K/H are cyclic groups satisfying |G/K| | |Aut(K/H)|, and
|G/K| < |K/H|. As 53 is an isolated point of I'(G), m2(G) = {53}. Therefore,
7(G/K)Un(H) = {2, 3, 13} and |K/H| = 53. Since |G/K| | |[Aut(K/H)| = 52,
we know that 3 | |[H|. Consider the action on H by the element y of order 53.
Again by Lemma 4, there exists a Sylow 3-subgroup L of H fixed by this action.
Obviously, |L| = 33. Clearly, Q,(Z(L)) is an elementary abelian 3-group, and
19(Z(L))] | 3%. Because Q1(Z(L)) is characteristic in L, y fixes Q;(Z(L)) too.
As 53 1 |Aut(Q(Z(L)))|, the action on Q4(Z(L)) by y is trivial, which implies
that G has an element of order 159, a contradiction. So G is not a 2-Frobenius
group.

3. Main results

Theorem 1. Let G be a group and M be Ly(q), where ¢ = p™ # 7,31,49,64, and
q < 125. Then G = M if and only if

(i) ki (G) = ki (M);
(i) |G| = |M].

Proof. We only need to prove the sufficiency. And the proof will be made through
a case by case analysis.

When ¢ =5, 8, 9, 17, the theorem follows from Theorem 1 in [8]. Now, we
assume that ¢ = 11, 13, 16, 19, 23, 25, 27, 29, 32, 37, 41, 43, 47, 53, 59, 61,
67, 71, 73, 79, 81, 83, 89, 97, 101, 103, 107, 109, 113, 121.

Case 1. Since ¢ = 11, 13, 16, 19, 23, 25, 29, 32, 37, 41, 43, 47, 53, 59, 61, 67,
71,73, 79, 81, 83, 89, 97, 101, 103, 107, 109, 113 and 121 have similar proofs, we
only consider a few of them.

Assume that ¢ = 11. In such case, M = Ly(11). By Lemma 5, we know that
|G| =22-3-5-11 and k;(G) = 11. Therefore, 11 is an isolated point of T'(G) and
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t(G) > 2. By Lemma 6, G has a normal series 1 < H < K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
So, we have n(H) Un(G/K) C {2, 3, 5} and 11 € 7n(K/H). From [14] we can
know that K/H is isomorphic only to Ly(11) (22-3-5-11). So H =1, K = G,
and therefore G = Lo(11).

Assume that ¢ = 13. In such case, M = Ly(13). By Lemma 5, we know that
|G| =22-3-7-13 and ki (G) = 13. Therefore, 13 is an isolated point of T'(G) and
t(G) > 2. By Lemma 6, G has a normal series 1 < H < K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where ; is the prime
graph component containing 2, H is a nilpotent group, and |G/K]| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3, 7} and 13 € n(K/H). From [14] we can
know that K/H is isomorphic only to Ly(13) (22-3-7-13). So H =1, K = G,
and therefore G = Ly(13).

Assume that ¢ = 16. In such case, M = Ly(16). By Lemma 5, we know that
|G| =2*-3-5-17 and k;(G) = 17. Therefore, 17 is an isolated point of I'(G) and
t(G) > 2. By Lemma 6, G has a normal series 1 < H < K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where m; is the prime
graph component containing 2, H is a nilpotent group, and |G/K]| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3, 5} and 17 € n(K/H). From [14] we can
know that K/H is isomorphic only to Ly(16) (24-3-5-17). So H =1, K = G,
and therefore G = Ly(16).

Case 2. ¢ = 27. In such case, M = L5(27). By Lemma 5, we know that
|G| =2%-3%-7-13 and k;(G) = 14. Therefore, 13 is an isolated point of I'(G) and
t(G) > 2. By Lemma 6, G has a normal series 1 < H < K <G, such that H and
G/K are m-groups and K/H a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/K]| | |Out(K/H)|.
So, we have 7(H) Un(G/K) C {2, 3, 7} and 13 € n(K/H). From [14] we can
assume that K/H is isomorphic to Ly(13) (22-3-7-13) or Ly(27) (22-3%-7-13).

Suppose that K/H = Ly(13) (2%-3-7-13). From [14] we know that 3 ¢
|Out(K/H))| = 2, so 3 | |H| and |H| = 3%. Consider the action on H by the
element of order 13. Clearly, this action is trivial, which implies that G has an
element of order 39, a contradiction.

Therefore, we have K/H = Lo(27) (22-3%-7-13). So H =1, K = G, and
therefore G = L(27). This completes the proof.

Theorem 2. Let G be a group and M be Ly(q) for ¢ = 7,31. Then G = M if
and only if

(i) ki(G) = ki(M), where i =1, 2

(i) |G] = |M].
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Proof. It is enough to prove the sufficiency. Firstly, we suppose that ¢ = 7. In
such case, the theorem follows from the theorem 2 in [7]. Now, we assume that
q = 31. In this case, M = Ly(31) (2°-3-5-31), and therefore |G| =25-3-5- 31,
ki1(G) = 31 and ko(G) = 16. At first, we show that G is a non-solvable group.
Assume the contrary. Let GG be a solvable group. Then the minimal normal
subgroup N of G is an elementary abelian p-group. If N is a 3-group, then
|IN| = 3 and |Aut(N)| = 2. Consider the action on N by an element of order
31. Obviously, this action is trivial. Therefore, G' has an element of order 93,
a contradiction. If N is a 5-group, then |N| = 5 and |Aut(N)| = 4. Consider
the action on N by an element of order 31. Clearly, this action is also trivial.
Therefore, G has an element of order 155, also a contradiction. If NV is a 2-group,
then [N | |2°. Suppose that |N| = 2°. Then N has an element with order 16
for ko(G) = 16, which contradicts that N is an elementary abelian 2-group. So,
IN| | 2%, and hence 31 t |Aut(N)|. Consider the action on N by the element of
order 31. We can see that this action is trivial. Therefore, G has an element of
order 62, still a contradiction. Now assume that N is a 31-group. Then |N| = 31.
Let N =< a >. Since k2(G) = 16, G must have an element of order 4. Consider
the action on N by an element x of order 4. There must exist a positive integer
t such that ¢* = a. Because |[Aut(N)| = 30, we can conclude that t = 1, 2 or
3. If t =1 or 3, then |z'| = 4. In this case, G has an element of order 124, a
contradiction. If ¢ = 2, then |z!| = 2. In such case, G has an element of order 62,
also a contradiction. Therefore, GG is a non-solvable group.

Because k1 (G) = 31, 31 is an isolated point of I'(G) and ¢(G) > 2. By Lemma
1, we know that G is either a Frobenius group or a 2-Frobenius group, or has a
normal series 1 I H <4 K <G, such that H and G/K are m-groups and K/H is a
non-abelian simple group, where 7 is the prime graph component containing 2,
H is a nilpotent group, and |G/K]| | |Out(K/H)|.

First, we assume that G is a Frobenius group. By Lemma 2, we get that
t(G) = 2 and I'(G) = { n(H), n(K) } , where K is the Frobenius kernel and
H the Frobenius complement. Since ki(G) = 31, K is either a {2, 3, 5}-Hall
subgroup or a Sylow 31-subgroup of G. If K is a Sylow 31-subgroup of G, then
| K| = 31. Consider the action on K by an element x of order 4. Using the similar
discussion in preceding paragraph, we can get that G has an element of order
larger than 31, which is a contradiction. So we suppose that K is a {2, 3, 5}-Hall
subgroup. Consider the action on K by the element of order 31. By Lemma 4
we can draw a conclusion that there exists a Sylow 5-subgroup L of K fixed by
this action. Since G = 2°-3-5- 31, we have |L| =5 and thus 31 t Aut(L), which
implies that G has an element of order 155, a contradiction too. Therefore, GG is
not a Frobenius group.

Now we assume that G is a 2-Frobenius group. By Lemma 3, we know that
G is solvable, also a contradiction. So G is not a 2-Frobenius group.

Therefore, G has a normal series 1 < H < K <G, such that H and G/K are
m1-groups and K /H a non-abelian simple group, where 7 is the prime graph com-
ponent containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. Because
|G| =2°-3-5-31, and 31 is an isolated point of I'(G), we have 7(H) Un(G/K) C
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{2, 3, 5} and 31 € n(K/H). From [14] we know that K/H is isomorphic only
to Ly(31)(2°-3-5-31). Therefore, H =1 and K = G, and thus G = L,(31). The
proof is completed. .
Let k3(G) denote the third largest element order of G. We can easily know
that k3(L2(49)) = 12 and k3(L2(64)) = 21 from the properties of La(q).
For ¢ = 49 and 64, we have the following result.

Theorem 3. Let G be a group and M be Lo(q) for ¢ =49, 64. Then G = M if
and only if

(i) ki(G) = ki(M), wherei=1, 2, 3
(i) |G| = [M].
Proof. We only need to prove the sufficiency.

Case 1. Assume that M = L,(49) (2*-3-5%-7%). In such case, |G| = 2*-3-5%.7% and
ki1(G) = 25, kao(G) = 24, k3(G)=12, from which we know that 7 is an isolated point
of I'(G), and therefore t(G) > 2. Using the similar discussion in Lemma 6, we can
prove that G has a normal series 1 <<H <K <G, such that H and G/ K are m-groups
and K/H is a non-abelian simple group, where 7 is the prime graph component
containing 2, H is a nilpotent group, and |G/K| | |Out(K/H)|. Because |G| =
24.3.52.7? and 7 is an isolated point of I'(G), we have n(H) U7 (G/K) C {2, 3,
5} and 7 € n(K/H). From [14] we can suppose that K/H = Ly(7) (2*-3-7) or
Lo(49)(2 -3 - 52 - 72).

First, we assume that K/H=L,(7). From [14] we know that |Out(Ly(7))|=2
and thus |G/K||2. Therefore, 7| |H|. Let L be a Sylow 7-subgroup of H. Then
|L| = 7. As H is a nilpotent group, we have L is characteristic in H, and thus
L < G. Consider the action on L by the element of order 5. Clearly, this action
is trivial. It implies that G has an element of order 35, a contradiction.

Therefore, we can get that K/H = Ly(49). Because |G| = 2*-3-5% - 72, we
can conclude that H = 1 and K = G, and thus G = Ly(49).

Case 2. Assume that M = L,(64) (26-3%.5-7-13). In such case, |G| = 26-3%.5-7-13
and ki (G) = 65, ko(G) = 63, k3(G)=21, from which we know that 7 is an isolated
point of I'(G), and therefore ¢(G) > 2. Using the similar discussion in Lemma
6, we know that G' has a normal series 1 < H < K < G, such that H and G/K
are m-groups and K/H is a non-abelian simple group, where 7 is the prime
graph component containing 2, H is a nilpotent group, and |G/ K| | |Out(K/H)|.
Because |G| = 26-32-5.7-13 and 7 is an isolated point of T'(G), we have
T(H)Un(G/K) C {2,3, 5, 13 }and 7 € n(K/H). From [14] we can suppose
that K/H is isomorphic to one of the following simple groups: Ly(7) (23 -3-7),
La(8) (23-32.7), Ay (23-32-5-7), Ag (20-32-57), Ly(4)(20-32.5.7), S2(8) (26-5-7-13)
and Lo(64) (26-32.5-7-13).

Suppose that K /H is isomorphic to one of the simple groups mentioned above,
except Sz(8) (26-5-7-13), Ly(64) (26-3%-5-7-13). From [14] we know that
13 1 |Out(K/H)| and thus 13 | |[H|. Let L be a Sylow 13-subgroup of H. Then
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|L| =13 and L < @G. Consider the action on L by the element of order 5. Clearly,
this action is trivial. It implies that G' has an element of order 65, a contradiction.

Suppose that K/H = Sz(8). From [14] we know that |Out(Sz(8))| = 3 and
hence |G/K||3. Therefore, we can get that 3 | |H| by comparing the order of G.
Let L be a Sylow 3-subgroup of H. Then |L| | 3% and L < G. Consider the action
on L by the element of order 13. Clearly, this action is trivial. It implies that G
has an element of order 39, a contradiction.

Therefore, we have K/H = Ly(64). Because |G| =2%-3%-5-7-13, we can
get that H = 1 and K = G, and thus G = Ly(64). This completes the proof. =

As a corollary of the proceeding theorems, we have

Theorem 4. Let G be Ly(q), where ¢ = p™ < 125. Then G can be uniquely
determined by the order of G and k;(G), where i < 3.
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1. Introduction

The ratio method of estimation is generally used when the study variable Y is po-
sitively correlated with an auxiliary variable X whose population mean is known
in advance. In the absence of the knowledge on the population mean of the auxi-
liary character we go for two-phase (double) sampling. The two-phase sampling
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happens to be a powerful and cost effective (economical) procedure for finding the
reliable estimate in first phase sample for the unknown parameters of the auxiliary
variable x and hence has eminent role to play in survey sampling, for instance, see
Hidiroglou and Sarndal (1998). Consider a finite population U = (Uy, Uy, ..., Uy).
Let y and x be the study and auxiliary variable, taking values y; and z;, respec-
tively, for the ith unit U;. Allowing SRSWOR, (Simple Random Sampling without
Replacement) design in each phase, the two-phase sampling scheme is as follows:

(i) the first phase sample s, (s,y C U) of a fixed size n’ is drawn to measure
only z in order to formulate a good estimate of a population mean X,

(ii) given s,/, the second phase sample s, (s, C s,/) of a fixed size n is drawn
to measure y only.

Let

Y =
1.1 == X.
(1.1) o=
If X is not known, we estimate Y by the two-phase ratio estimator

(1'2> g’]"d - :E/.

SRS

Sometimes, even if X is not known, information on a cheaply ascertainable variable
z, closely related to x but compared to x remotely related to y, is available on all
units of the population. For instance, while estimating the total yield of wheat
in a village, the yield and area under the crop are likely to be unknown, but the
total area of each farm may be known from village records or may be obtained
at a low cost. Then y, x and z are respectively yield, area under wheat and area
under cultivation see Singh et.al. (2004). Assuming that the population mean Z
of the variable z is known, Chand (1975) proposed a chain type ratio estimator as

!
(“’) Z

Z/
Several authors have used prior value of certain population parameter(s) to find
more precise estimates. Singh and Upadhyaya (1995) used coefficient of variation
of z for defining modified chain type ratio estimator. In many situation the value
of the auxiliary variable may be available for each unit in the population, for
instance, see Das and Tripathi (1981). In such situations knowledge on Z, C,
B1(z) (coefficient of skewness), (2(z) (coefficient of kurtosis) and possibly on some
other parameters may be utilized. Regarding the availability of information on

C., B1(z) and [2(z), the researchers may be referred to Searls (1964), Sen (1978),
Singh et.al. (1973), Searls and Intarapanich (1990) and Singh et.al. (2007). Using

(1.3) t =

K<
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the known coefficient of variation C, and known coefficient of kurtosis fa(z) of
the second auxiliary character z Upadhyaya and Singh (2001) proposed some
estimators for Y.

If the population mean and coefficient of variation of the second auxiliary
character is known, the standard deviation o, is automatically known and it is
more meaningful to use the o, in addition to C,, see Srivastava and Jhajj (1980).
Further, C,, fi(z) and f2(z) are the unit free constants, their use in additive
form is not much justified. Motivated with the above justifications and utilizing
the known values of o,, £;(z) and fy(z), Singh (2001) suggested some modified
estimators for Y.

In this paper, under simple random sampling without replacement (SRSWOR),
we have suggested improved chain ratio type estimator for estimating population
mean using some known values of population parameter(s).

2. The suggested estimator

The work of authors discussed in Section 1 can be summarized by using following
estimator

(2.1) tzg("’ﬁ (Zfig)

where a (# 0), b are either real numbers or the functions of the known parameters
of the second auxiliary variable z such as standard deviation (o), coefficient of
variation (C,), skewness (1(z)) and kurtosis (52(2)).

The following scheme presents some of the important known estimators of the
population mean which can be obtained by suitable choice of constants a and b.

Estimator Values of
a \ b

0 3K

Chand (1975) chain ratio type estimator
(T (Z+ Cz>

Y

L=vl7)\7 e

Singh and Upadhyaya (1995) estimator
s 3_1 62(2)7 + CZ
=y <x> (ﬁz(z)z’%“z Balz) | C
Upadhyaya and Singh (2001) estimator
([ C.Z+ Ba(2) [ Be(2)Z + C.,
ty = C,
=Y <sz’ + Ba(2) ) \Be(2)2 + C. Pal)
Upadhyaya and Singh (2001) estimator
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=i1(7) (e5)
— 1 0,
T ) \B(2)7 +o;
Singh (2001 estlmator
_ 2)Z + o,
y@ I P
Singh (2001 estlmator
T Z—I—az
SEEET ek

In addition to these estimators, a large number of estimators can also be
generated from the estimator ¢ at (2.1) by putting suitable values of a and b.

Following Kadilar and Cingi (2006), we propose modified estimator combining
ty and t; (i =2,3,....,7) as follows

(22) t;k = Oétl + (1 - Oé)ti, (Z = 27 3, cany 7),
where « is a real constant to be determined such that MSE of ¢; is minimum and

t; (i =2,3,....,7) are estimators listed above.
To obtain the bias and MSE of ¢}, we write

such that
E(eq) = E(e1) = E(e}) = E(ey) =0
and
E(eg) = 15, E(ef) = fCF, E(ef) = f2C7,
E(es’) = foC?, E(eger) = f1peyCuCy, Eleoe)) = fapryCuCy,
E(eoey) = fop,.C,C., E(ere)) = fo,C2, Elerey) = fops.CoCs,
E(ei€y) = f2pu:CCh,

where

() ae(ed)

SQ 2 2
@—é,@:%,@:%,
Szy sz Syz
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=gV SR
= -2 %= e - DY),
g _ 1 X 7 2 _ 1 Y Z

Expressing t7 in terms of e’s, we have

tr = Y(I+e)|a(l+e)(14e) (1 4ey)"

(2.3)

+(1 —a)(1+ €)1+ e) 11+ 0ey) ™
where
(24) 0= aZa%L b

Expanding the right hand side of (2.3) and retaining terms up to second power of
e’s, we have

(2.5) H2Y[1+e—e +e) —ey(a+0—ab)
or
(2.6) tr =Y = Yeg—eg + ¢ —eh(a+0—ab)].

Squaring both sides of (2.6) and then taking expectation, we get the MSE of the
estimator ¢}, up to the first order of approximation, as

(2.7) MSE(t;) = Y [/1C? + £:C? + (o + ad) /202,

where

Minimization of (2.7) with respect to « yield its optimum value as

K, —0

(28) aopt = ﬁ,
where o

Kyz = Pyz FZ :

Substitution of (2.8) in (2.7) yields the minimum value of MSE(t}) as

(2.9) min MSE(#]) = My = Y°[102 + f5(C? — 2p,.C,C.) — fap?,C2).
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3. Efficiency comparisons

In this section, the conditions for which the proposed estimator is better than ;
(1 =1,2,....7) have been obtained. The MSE’s of these estimators up to the order
o(n) — 1 are derived as

MSE(Jra) = Y [LC2+ f5(C2 — 2p,,C,C)]
= Y[AC2 + f2(C? = 20,20, C.) + f5(C2 = 20,0 C,C.)]

(3.1) ( (
(3.2) (t1) (
(33)  MSE(ty) = Y[fiC2+ fo(62C2 — 205p,.C,C.) + f5(C2 — 29, C, )]
(34)  MSE(ty) = Y'[/iC2+ fo(62C2 — 205p,.C,C.) + f5(C2 — 29y C, Cy)]
(35)  MSE(t) = Y'[fiC2+ fo(63C2 — 205p,.C,C.) + f5(C2 — 2p,C, )]
(3.6) MSE(ts) = ?2[f105 + f2(03C7 — 205p,.C,C2) + f5(CF — 2pyCyCy)]
(37)  MSE(ts) = Y'[AC2+ fo(62C2 — 205p,.C,C.) + f3(C2 — 20, C, )]
and
(38)  MSE(ty) = Y[fiC2+ fo(62C2 — 205p,.C,C.) + f5(C2 — 2p,C, Cy)]
where _ _ _
o L, ()7 oz
U740 7 BEZ+C T GZ+ Bl2)
oo 2L, __BRZ , BEZ
T Z+40. T Bz +o. T B(2)Z(s),
From (2.9) and (3.1), we have
(3.9) MSE(grq) — My = f2p2.C2 > 0.
Also from (2.9) and (3.2)-(3.8), we have
(3.10) MSE(t;) — My = f2(0:;C. — p,.C,)> >0, (i =2,3,...,7).

Thus, it follows from (3.9) and (3.10) that the suggested estimator under optimum
condition is always better than the estimator ¢; (i = 1,2, ....7).

4. Empirical study

To illustrate the performance of various estimators of Y, we consider the data
used by Anderson (1958). The variates are

y: Head length of second son,
x: Head length of first son,
z: Head breadth of first son,
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N =25 Y =183.84, X = 185.72, Z = 151.12, o, = 7.224,

C, = 0.0546, C, = 0.0526, C. = 0.0488,

pys = 0.7108, p,. = 0.6932, p,. = 0.7346, Bi(z) = 0.002, fBa(z) = 2.6519.

Consider n’ = 10 and n = 7. We have computed the percent relative efficiency
(PRE) of different estimators of Y with respect to usual estimator § and compiled

in the Table 4.1.

Table 4.1. PRE of different estimators of Y with respect to j

| Estimator | PRE |

J 100

t 178.8189
ta 178.8405
ts 178.8277
ty 186.3912
ts 181.6025
t 122.5473
t7 179.9636
t; 186.6515

5. Conclusion

We have suggested modified estimators ¢} (i = 2,3, ..., 7). From Table 4.1, we con-
clude that the proposed estimators are better than usual two-phase ratio estimator
Ura, Chand (1975) chain type ratio estimator t;, estimator ¢ proposed by Singh
and Upadhyaya (1995), estimators ¢; (i = 3,4) and than that of Singh (2001) esti-
mators t; (i = 5,6,7). For practical purposes, the choice of the estimator depends
upon the availability of the population parameter(s).
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1. Introduction and preliminaries

Ternary semiring is a generalization of a ternary ring which is introduced by
Lister [6]. T.K. Dutta and S. Kar have initiated the notion of ternary semiring
and studied their properties. Recall ([3], [4]) the followings. A non-empty set S to-
gether with binary operation, called addition and ternary multiplication, denoted
by juxtaposition, is said to be a ternary semiring if S is an additive commutative
semigroup satisfying the following conditions:

(i) abe € S,

(if) (abc)de = a(bed)e = ab(cde),
(iii) (a+ b)ed = acd + bed,

(iv) a(b+ ¢)d = abd + acd,

(v) ab(c+ d) = abc + abd

for all a,b,c,d,e € S.
Let S be a ternary semiring. An element 0 € S such that 0 + z = =
and Ozy = 20y = zy0 = 0 for all z,y € S, then '0/is called the zero element
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of the ternary semiring S. In this case, S is called ternary semiring S with
zero. Through out this paper, S will always denote a ternary semiring with
zero. An additive subsemigroup I of S is called left (right, lateral) ideal of S if
s182a (respectively as;ss, sjasy) € I for all 1,80 € S and a € I. If T is a left, a
right and a lateral ideal of S then [ is called an ideal of S. An ideal I of S is
called a k—ideal if x +y € I, x € S, y € I imply that x € I. If A is an ideal
of a ternary semiring S then A={a € S : a +x € A for some v € A} is called
k—closure of A. It can easily verified that an ideal A of S is k—ideal if and only
if A=A and also A C A, A C B implies A C B. Let A, B,C be three subsets
of S. Then ABC' denotes the set of all finite sums of the forms > a;b;¢;, where
a; € A,b; € B,¢; € C. An element a € S is called regular if there exists ©z € S
such that a = axa. If all the elements of S are regular then S is called regular
ternary semiring. An additive subsemigroup () of a ternary semiring S is called a
quasi-ideal of Sif QSS N (SQS + SSQSS)NSSQ C Q. Clearly, every quasi ideal

of ternary semiring S is a ternary subsemiring of S.

2. Main results

Proposition 2.1. Let S be a ternary semiring and X be a nonempty subset of
S. Then

(1) (X), = Z§ X + SSX is the smallest left ideal generated by X,
(ii) (X), = Z§ X + XSS is the smallest right ideal generated by X,

(i) (X), = ZFX + SSX + XSS + SSXSS is the smallest two sided ideal
generated by X,

(iv) (X),, = Z§ X + SXS + SSXSS is the smallest lateral ideal generated by
X,

(v) (X), = Zf X+SSX+XSS+SXS+S5SXSS is the smallest ideal generated
by X,

where SSX, XSS, SXS,SSXSS, Z X the set of all finite sum of the form > r;s;x;,

! ! ./ / / !/ /
D TiDiGi, Y Wi,y i G T s, Y maws, where vy, 54, i, Gis iy Vs, D3 @ 1 86T ES,
r; € X, n; € Zy, and Z; is the set of all positive integer with zero.

The following corollary can be easily proved by the above proposition.

Corollary 2.2. If X is a subsemigroup of (S,+), then

(X), = X+SSX,

(X), X + XSS,

(X), X + SSX + XSS + SSXSS,

(X) = X+S5XS+55XSS,

(X), = X+ 85X+ X55+SXS+SSXSS.
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Proposition 2.3. [4] Let S be a ternary semiring and a € S. Then the principal
(i) left ideal generated by a is given by

(a), = {Zrisia—i—na TS €5:in € Za“}
(i) right ideal generated by a is given by
(a), = {Zarisi+na ri, €S in € Zar}

(iii) two sided ideal generated by a is given by

(a), = {Z risia+ Y apigi+ Y pil'ad'ary'sy +na

: Tiasivpi7qi7pk,7QI€/7Tk/; Sk, S S n e Zar}
(iv) lateral ideal generated by a is given by
(@), = {Zri‘wi + ZPij@Tij +na i, 8i,pj, 5,758 €S :in € Zg’}

(v) ideal generated by a is given by

<a>i = {Z riS;a + Z ap;q; + Z U avy, + Zpk/qk,arklsk/ + na

. / / / / . +
“TiySiyPis @iy Uky Vky Pk » Gk > Tk 5 Sk € S:n € ZO }

where > denote the finite sum and Z§ is the set of all positive integer with zero.

Proposition 2.4. If Q) is a quasi-ideal of a ternary semiring S, then

Q=Q+(SSQN(SQS +55QS5)NQSS).

Proof. The proof is obvious. n

Let X be a non empty subset of a ternary semiring S. The smallest quasi-ideal
containing X and generated by X is denoted by (X),, that is, the intersection of
all quasi-ideal of S containing X.

Proposition 2.5. Let S be a ternary semiring and X be nonempty subset of S.
Then (X), = Z§ X + (SSX N (SXS +SSXSS)N XSS).
Proof. Let Q = Zf X + (SSX N (SXS + SSXSS)N XSS). Clearly, @ is a non
empty additive subsemigroup of S. Now,
(SSQ N (SQS 4+ S5QSS)NRSS) C SSQ
=SS(Zf X + (SSX N(SXS+S5SXSS)N XS9))
C ZySSX + SS(SSX) C SSX.
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Similarly, (SSQ N (SQS + SSQSS) N QRSS) C (SXS + SSXSS) and (SSQ N
(SQS + SSQSS)NQSS) C XSS. Therefore

(SSQ N (SQS + SSQSS) N QSS) C (SSX N (SXS +SSXSS)NXSS) C Q.

Hence @) is a quasi-ideal of S containing X. Also, it is easy to show that @ is
smallest quasi-ideal of S containing X. Hence

Q=(X),=Z3X +(SSX N (SXS + SSXSS) N XSS). .

Theorem 2.6. If Q) is a quasi-ideal of a ternary semiring S and if Q C QSS and
Q C SSQ and QSS, SSQ are k—ideals of S, then Q) is the intersection of the left
wdeal QQ + SSQ, lateral ideal Q) + SQS + SSQSS, and right ideal Q) + QSS.

Proof. Let D=(Q+QSS)N(Q + SQS + SSQSS)N(Q + SSQ). Clearly, Q C D.
To show D C . Now, Q C Q5SS and () C SSQ. Therefore

D =QSSN(Q+ SQS + 55QS8S) N SSQ.
Let d € D. Then d € QSS, d € S5Q and
(2.1) d = q+ Xsiq;s; + Spipiq/p!'p!"

for S;a Si7p£7p;/7pé//7p§m € S and q, q;, q;/ € Q
Since g € QQ C QSS and Q5SS is a k—ideal of S, therefore

Ssiqis: + Lpipi ) pi'p!" € QSS.
Similarly,

Ssiq;si + Xpip;qi i p;" € SSQ.
Therefore,

Ssiqlsi + Spipld!pp!" € QSS N (SQS + 5SQSS) N SSQ C Q.
So,
Ssiqisi + Xpipi vy vy € Q,

which implies that d = ¢ + Xsiq.s; + Zpip!q!/p!'p!" € Q. Thus D C Q. Hence
D = Q ]

Definition 2.7. An additive subsemigroup @ of a ternary semiring S is called a
quasi k—ideal of Sif QSS N (SQS + SSQSS) N SSQ C Q. Clearly, every quasi
k—ideal is a quasi-ideal of S.

It is easy to see that if R be right k—ideal, M be lateral k—ideal and L
be left k—ideal of S, then Q = RN M N L is a quasi k—ideal of S, because
(RNMNL)SSNSS(RNMNL)SSNSS(RNM N L)=RSSNSSMSSNSSL =
RNMNL=RNMNL.
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Lemma 2.8. Let S be a ternary semiring and A, B,C C S, then

ABC = ABC.

Proof. Since A C A, B C B and C C C, therefore ABC C ABC. Hence,
ABC C ABC. Again, let x € A, y € B and z € C. Then there exist a;,as € A,
bi,bs € B and ¢y, co € C such that 4+ ay = as, y + by = by and z + ¢; = ¢o. Now,
xYZz + asbocy + asbico 4+ a1bocy + a1bycy

=zyz+ (x + a1)(y + b1)cr + agbica + arbacs + arbicy

= xyz + xycy + xbicy + arycy + arbicy + asbico

+a1bsco + a1bicy

= xycy + xbicy + a1ycy + a1bicy + asbico

+aybaca + arbicy

= 2Ycy + xbicy + arycy + arbicy + (x + ar)bicy

+aybaca + arbicy

=x(y + b1)ca + xbicy + a1 (y + by)er + arbico

+ai1boco + arbicy

= xbycs + (T + a1)bicy + arbacy + arbica + arbacy

= (x4 a1)bacy + asbicy + arbacy + arbicy

= a2b2c2 + a26101 + (llbgCl + ClelCQ.

As azﬁjck(i,jic = 1,_) € ABC, therefore we can prove that zyz € ABC, for
r € Ay € B,z € C. Suppose t € ABC. Then t = Zﬁm.te a;b;c; for some
a; € A, b € Band ¢; € C. Thus t € ABC, i.e.ABC C ABC. Therefore

ABC C ABC = ABC. Hence ABC = ABC. "

Definition 2.9. [4] Let S be a ternary semiring. Then S is called k—regular if
for each a € S there exist z,y € S such that a + ara = aya.

Theorem 2.10. If a ternary semiring S is k—regular, then every quasi k—1ideal

Q of S is of the form Q = QSQSQ = QSSNSQS + SSQSSNSSQ.

Proof. Let ) be a quasi k—ideal of S. Then QSSNSQS + SSQSSNSSQCQ.
Let a€@ and S is k—regular, then there exist x, y€S such that a+axra=aya. This
implies that ara + arara = ayaxa. Since axazxa,ayara € QSQSQ, therefore
axa € QSQSQ. Similarly, aya € QSQSQ. Therefore a € QSQSQ = QSQSQ (as
QSQSQ is k—closed). Therefore @ C QSQSQ. Again QSQSQ C Q(SSS)S C
@SS and QSQSQ C SSQ and QSQSQ C SSQSS which shows that QSQSQ C
QSS, QSQSQ C SSQ and QSQSQ C SQS + SSQSS (as 0 C SQS). Thus we
have @ C QSQSQ C QSSNSQS + S5QSSNSSQ C Q (as Q is a quasi k—ideal
of S). Hence Q = QSQSQ = QSSNSQS + SSQSSNSSQ. .
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Theorem 2.11. A ternary semiring S is k—reqular if and only if RN M N L =
RML holds for each right k—ideal R, lateral k—ideal M, and left k—ideal L of S.

Proof. Since R is right k— ideal, therefore RML C RSS C R which shows that
RMLCR=R. Again, since M is a lateral k—ideal of S, then RMLCSMSCM
and so RMLCM=M. Similarly, we obtain that RML C L. Therefore we have
RMLC RNMNL.

Again, suppose that a € RNM N L. Since S is k—regular therefore there exist
z,y € S such that a + axa = aya. This implies that aza + a(zrax)a = a(yax)a.
Since a(zarx)a,a(yax)a € RML therefore axa € RML. Similarly, aya € RML.

Therefore a € RML = RML(as RMS is k—closed. Hence RN M NL C RML.
Thus RNMNL=RML.

Conversely, let a € S. Then principal right k—ideal generated by a of S is
given by aSS + Z;a. Now,

aSS+Zja = aSS+ZfanSnNS
= aSS+ ZfaS S (as S is itself (lateral, left) k—ideal of S)
= (aSS+ Z;a)SS (by Lemma 2.8)

= a585.

Also, a = a0S + 1.a € aSS + Zja C aSS + Zja = aSS. Therefore a € aSS.
Similarly, it can easily be shown that a € SSa and a € (SaS + SSaS59).

Therefore, we have

a€aSSN(SaS+SSaSS)NSSa=aSS (SaS+ 55SaSS)SSa
=aSS(SaS + 55aSS)SSa = aSa.

Therefore there exist z,y € S such that a + axa = aya. Thus S is k—regular. =

Definition 2.12. A ternary subsemiring B of a ternary semiring S is called a bi
k—ideal of of S'if BSBSB C B.

Result 2.13. Every quasi k—ideal of a ternary semiring is a bi k—ideal of S.

Proof. It is obvious by Theorem 2.10. u

Result 2.14. Let S be a k—regular ternary semiring. Then every bi k—ideal B
of a ternary semiring is a quasi k—ideal of S'if B = B and BSB C B.
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Proof. Let B be a bi k—ideal of S. Then

BSSN(SBS +SSBSS)NSSB

= BSS(SBS + SSBSS)SSB (by Theorem 2.11)
= BSS(SBS + SSBSS)SSB (by Lemma 2.8)

= B(SSS)B(SSS)B + B(SSS)SB(SSS)SB

C BSBSB+ BSSBSSB

C BSBSB + B(55S5)SSB

C B+ BSB (as B is a bi k—ideal of S)

C B+ B (by hypothesis).

C B = B (by hypothesis).

Hence B is a quasi k—ideal of S. u

Theorem 2.15. The following conditions in a ternary semiring S are equivalent
(i) S is k—regular.
(i) for every bi k—ideal B of S, B = BSBSB.

(iii) for every quasi k—ideal @ of S, Q = QSQSQ.

Proof. (i) = (ii) Let a € B. Since S is k—regular, then there exist x,y € S such
that a+axa = aya. This implies that ara+arara = ayazra. Since araxa, ayaxra €
BSBSB, therefore axa € BSBSB.

Similarly, aya € BSBSB. Therefore, a € BSBSB. Thus, B C BSBSB.
Since B is bi k—ideal of S therefore BSBSB C B. Hence B = BSBSB.

(i) = (iii) By Result 2.13.

(iii) = (i) Let the condition (iii) holds. Suppose R be right k—ideal, M be
lateral k— ideal and L be left k—ideal of S, then Q) = RN M N L is a quasik—ideal
of S. By hypothesis, we have

RNMNL

RNMNL)SRNMNLS(RNMNL)
C RSMSL C RML.

But RML C RN M N L. Therefore, RN M N L = RM L. Therefore, by Theorem
2.11, we have S is k—regular. n

Theorem 2.16. Let S be a ternary semiring. Then the following are equivalent
(i) S is k—regular.
(ii) BNM = BMBMB for every lateral k—ideal M and bik—ideal B of S.
(iil) QN M = QMQMQ for every lateral k—ideal M and quasik—ideal QQ of S.
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Proof. (i) = (ii) Let @« € BN M. Then ¢« € B and a € M. Since S is
k—regular then there exist x,y € S such that a + axa = aya. This implies
that aza + arara = ayaza. Also, axara + ararara = ayaraxa and ararara +
arararara = ayararara. Since arararaxa,ayararara € BSMSBSMSB C
BM BM B, therefore by property of k—closure it is easy to show that ac BM BM B.
Therefore, BN M C BMBMB.

Again, as BMBM B C BSBSB, therefore BMBMB C BSBSB C B (as B
is bi k—ideal of S). Therefore, BMBMB C B. Also, BMBMB C SM(SSS) C
M,BMBMB C M = M (as M is lateral k—ideal of S). Whence BMBMB C
BN M. Therefore, BN M = BMBMB.

(ii) = (iii) By Result 2.13, (iii) holds.

(iii) = (i) Since S is itself a lateral k—ideal of S, therefore @ = Q NS
QSQSQ. Therefore, by the above theorem the result holds. .
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Abstract. We construct fuzzy hyperoperations from the product of p-fuzzy hyper-
graphs and then we prove that the fuzzy hyperstructures determined by these hyper-
operations are commutative pz-fuzzy quasi-hypergroups. Some properties of these fuzzy
hyperoperations are also listed.

Keywords: p-fuzzy hypergroupoid; product; p-fuzzy hypergraph.

1. Introduction and preliminaries

The connections between graphs and hypergroups had been looked into by several
researchers (see, for instance, [4], [7]). Corsini studied the connections between
hypergraphs and hypergroups in [5]. Ali studied the hypergroupoid associated to
the product of hypergraphs in [1].

In this paper, we construct fuzzy hyperoperations from the product of
p-fuzzy hypergraphs and then we prove that the fuzzy hyperstructures determined
by these hyperoperations are commutative p?-fuzzy quasi-hypergroups. Some pro-
perties of these fuzzy hyperoperations are also listed. This paper can be seen as
a fuzzy version of [1].

We recall some notations of fuzzy hyperstructure theory. A fuzzy subset of a
nonempty set H is a function M : H — [0, 1]. The collection of all fuzzy subsets
of H is denoted by F(H). The p-cut of a fuzzy subset M of H is defined by

M, = {xc H| M) > p).

Given a fuzzy hyperoperation « : H x H — F(H), for all a € H, B € F(H),
the fuzzy subset a * B of H is defined by

(axB)(z) = \/ (axb)(x).

B(b)>0

Research supported by CMEC (KJ091104,KJ111107), CSTC (2010BB0314) and CTGU
(10QN-28).
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Given A, B € F(H), we give the following definitions

AC B = A(x) < B(x), Ve e H.

A =B = A(x) = B(x), Vo e H.
(AU B)(z) = A(z) vV B(z), Vz € H.
(AN B)(z) = A(z) A B(z), Vz € H.

Proposition 1.1. ([8]) VA, B,C € F(H), we have the following properties
(1) AUA=A, AnA=A4;
(2) AUB=BUA, ANB=DBnNA;
(3) (AUB)UC =AU (BUC), (AnB)NC=ANn(BNC);
(4) AN(AUB)=A, AU(ANB) = A4
(5) (AUB)NC =(ANnC)U(BNC), (AnB)UC =(AUC)N(BUC);
(6) AUD=A, AnD=0,AUH=H,ANH=A.

Definition 1.2. Let A, B be fuzzy subsets of nonempty set H, A x B is defined
to be a fuzzy subset of H x H such that

(A x B)(a,b) = A(a) - B(b), Ya,be H.
Proposition 1.3. Let A, B, C' be fuzzy subsets of nonempty set H, then
Ax(BUC)=AxBUAXxC.
Proof. For all a,b € H we have

(Ax (BUO))(a,b) = Afa)- (BUC)(D)
= Afa)- (B(b) vV C(b))

Andso Ax (BUC)=AxBUAXxC. n

Proposition 1.4. Let A, B be fuzzy subsets of a nonempty set H, then for all
p € [0,1] we have
A, x B, C (A x B),.

Proof. For all
r=(ab) €A, xB, = acA,be B,
= A(a) >p,B(b) >p

= (A x B)(a,b) = A(a)B(b) > p*
= T € (A X B)pz.
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|

A fuzzy hypergroupoid (H;*) is a nonempty set H endowed with a fuzzy hy-

peroperation (i.e. a function * from H x H to F'(H)). A p-fuzzy quasi-hypergroup
is a fuzzy hypergroupoid such that

(x+«H),=H=(H=xx),, VreH.

The readers can consult [2], [3], [8] to learn more about hyperstructures and
fuzzy sets.

2. Fuzzy hyperoperation x

We borrow some definitions from [6].

Definition 2.1. H is a nonempty set, {A;}; are fuzzy subsets of H, if there exists
ap € (0,1] such that

then (H;{A;};) is called a p-fuzzy hypergraph.

Definition 2.2. Let I' = (H;{A;};) be a p-fuzzy hypergraph, set E,(x) =
U A;. The fuzzy hypergroupoid Hr = (H;*) where the fuzzy hyperopera-

Ai(z)>p
tion * is defined by

rxy=E,(x)UE,(y), Vr,ye H
is called a p-fuzzy hypergraph hypergroupoid or a p-f.h.g. hypergroupoid.

Proposition 2.3. ([6]) The p-f.h.g. hypergroupoid Hr has the following properties
for any x,y € H :

(1) zxy=azxxUyxy;

(2) ze (z*xx)y
B) ye(z*xz),exe (Y*xy)y
(4) {z,y} C (2 xy)p;
(5) zxy=1yx*uz;
(6) (zxH),=H;
(7) (H;{xxx}ren) is a p-fuzzy hypergraph;
(8) xxxxx = U 2% 2;
(zxz)(2)>0

(9) (zxx)*(xxx)=x*x2*1T
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Proof. (1) xxy = E,(x)UE,(y) = (E,(z)UE,(x))U(E,(y)UE,(y)) = xxxUy*y.
(2) It is a special case of (4).
(3) Since U(A,»)p = H, then for any © € H there exists some A; € F(H)
such that Ai(x)zz p.

We only prove the implication ”=-" . Since

(@ x2)(y) = (Ep(x) U Ey(2))(y) = (Ep(2))(y)

_ ( g Ai) W=\ A =p

(z)>p

then there exists A; € F'(H) such that A;(z) > p and A;(y) > p. So

xy)(z) =\ 4@ >p.

Aj(y)>p

Thus = € (y *y),.

(4) (z*y)(z) = (Ep(z) U Ep(y))(z) = (Ep(x))(x) V (Ep(y))(z) = (Ep(x))(x)
= \/ Ai(xz) > p. So z € (z *y),. Similarly we can prove y € (x * y),.
Ai(z)>p

(b)) zxy=E,(x)UE,(y) = E,(y) UE,(z) =y*uz.
(6) for any y € H,

(z+ H)(y) = (Uw*t> (y) = (U(Ep(x)UEp(t))(y)>

teH teH

v

<U Ep(t)> (y) = (Ep(v))(v)

teH

Il
B
%\
=C
kS
&
N——
S

= \/ Ai(y) = p.

Ai(y)2p
So H C (z x H), and thus (z x H), = H.
(7) From z € (z % x), we know U (x*x), = H. And then (H;{z % x},cn)

zeH
is a p-fuzzy hypergraph.

8) zxxxx = U Zx T = U (zx2)U(r*xx) = U 2% 2.

(z*x)(2)>0 (z*x)(2)>0 (z*x)(2)>0
(9) (zxx)*(x*z) = U axb = U (axa U bxb)
(zxz)(a)>0,(zxz)(b)>0 (zxz)(a)>0,(z*z)(b)>0
= U a*xa=2*x*. "

(z*z)(a)>0
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Remark 2.4. From (5), (6) of the previous proposition, we know that Hr is a
commutative p-fuzzy quasi-hypergroup.

3. Fuzzy hyperoperations ® and ¢

Proposition 3.1. Let I'y = (H;{A:}i), I's = (H;{B;};) be two p-fuzzy hyper-
graphs, then
I't x Ty = (H x H; {Ai}; x {B;};)

is a p*-fuzzy hypergraph and called the product of T'y and Ts.

Proof. From Proposition 1.4 we know

U(Ai X Bj)p2 2 U((Ai)p X (Bj)p) = (U(Ai)p> x (U(Bj)p) =HxH.

i?j

And then |_J(4; x B;),2 = H x H. .
2

Definition 3.2. Let Hy, = (H;x*), Hr, = (H;0) be two p-f.h.g. hypergroupoids

associated to I'y, I'y respectively. The product p?>-f.h.g. hypergroupoid of I'; xI'y is

defined by Hr,xr, = (H X H;®) where the fuzzy hyperoperation ® is defined by

(x1,22) @ (Y1,y2) = (z1 % y1) X (x20y2), Vay,T2,y1,y2 € H.

Proposition 3.3. The p*-f.h.g. hypergroupoid Hr,«r, has the following properties
forany XY € H x H :

(1) X@Y2X@XUY®Y;

(2) X e (X@X)

B) YeX@X)esXec(Y®Y)y;

() (XY} C (XY

(5) XY =Y®X;

(6) (X ® (H x H)),e = H x H;

(7) (H;{X @ X}xenxu) is a p*-fuzzy hypergraph;

®) XeXxex2> |J 2oz

(X®X)(2)>0

9 XeX)e(XeX)2 |J zez

(X®X)(Z)>0

Proof. Set X = (z1,22),Y = (y1,y2), then

(1) X®Y = (21,72) @ (y1,%2) = (11 % y1) X (v209) = ((x1 * 21) U
(y1xy1)) X ((w2029) U(y2012)) 2 ((x1%21) X (T2022)) U (Y1 % 11) X (y2012)) =
(w1, 22) @ (w1, 22)) U (1, %2) ® (11,92)) =X @ X UY QY.

e N N N N N



156

(2) It is a special case of (4).

(3) For example, let T' = ({a,b, ¢, d}; {A;}2,

0 05 0 0.8 0O 0 05 0
Ay=—+—+-+—,A3=—-—+4+ -+ — + —, then

a b c d a b c d

3

) where A =

YUMING FENG

05 0 04 O

b ¢ +E’

U(Ai)o.s = (A1)os5 U (A2)os U (A3)05 = {a,b,c,d}.

=1

Hence, I' is a 0.5-fuzzy hypergraph.

But

Set U = (a,b),V = (¢,d), then

UeU)V) = ((a,b)@(a,b))(cd)

= ((axa)x (bod))(c,d)
— (axa)(e)- (bob)(d)

(v

(a)>0.5

= Ai(c) - Ax(d)
= 04x0.8
0.32

0.25

(0.5)%.

v

VeV)U) = ((¢d ®(cd)(a,b)
= ((exc) x (dod))(a,
= (ecxc)(a)-(dod)(b)

— \/ Aq(a
Ai(c)>0.5

= As(a) - Ax(b)
= 0x05

- 0

< 025

(0.5)2.

b)

SO V — (U ® U)0.52 but UE(V ® V)0.52.

\/A

)
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(4) (XY )(X) = ((z1,22) ® (Y1, 42)) (21, 22) = ((T1xy1) X (w2042)) (21, 22) =
(z1 % y1)(z1) - (w2 0y2)(w2) > p-p =p* Thus X € (X ® Y),2. Similarly we can
prove Y € (X ®Y),2.

(5) X @Y = (71,22) ® (Y1,y2) = (1 x Y1) X (¥2042) = (Y1 * 1) X (Y2 © T2)
= (y1,12) ® (x1,22) =Y ® X.
(6) for any T'€ H x H,

(X ® (H x H)(T) = < U X®Y)(T)
(X;;)(ﬂ

(X ® X)U (T ®T))(T)
(T T)(T)

P

VvV IV IV IV

So Hx HC(X®(HxH))y and thus (X ® (H x H)),2 = H x H.
(7) From | ] (X®@X)p2 [J {X}=H xH weknow

XeHxH XeHxH

U X@X),=HxH

XeHxH
Then (H;{X ® X }xenxu) is a p?-fuzzy hypergraph.

®xexeXx= |J Zex2> |J (Ze®2)uXeX)
(X©X)(2)>0 (X©X)(2)>0

(X®X)(Z)>0
9 X @ X) @ X ® X) = U S ® Z
(X®X)(5)>0,(X®X)(Z)>0
) U (SesSuzez)= |J Zez .
(X®X)(5)>0,(X®X)(2)>0 (X©X)(2)>0

Remark 3.4. From (5), (6) of the above Proposition we know that Hr,«r, is a
commutative p-fuzzy quasi-hypergroup.

Definition 3.5. The fuzzy hyperoperation @ on Hr,«r, is defined by

(z1,72) © (Y1,y2) = (21 % 1) X (22 022) U (Y1 * y1) X (Y2 0 ¥2),
vxhx%ylayQ S H

Proposition 3.6. The p*-f.h.g. hypergroupoid HY . = (H x H;®) has the
following properties for any X, Y € H x H :

1) XeaY=XaXUuYaY;
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(2) X € (X @ X),
B Ye(XaX)%Xec(YaY),

(4 {X Y} S (X @Y)p

5) XoY =Y o X;

(6) (X @ (H x H)),> = H x H;

(7) (H;{X & X}xenxu) is a p*~fuzzy hypergraph;

®) XeoXxox= |J ZzZoz
(XBX)(Z)>0

9 XeX)a(XaX)=XaXaX.

Proof. Set X = (x1,22),Y = (y1,92), then

(1) Since X @Y = (21, 22) ® (Y1, y2) = (z1%x1) X (x2022)U (Y1 % Y1) X (Y20Y2)
and XX UYBY = (21, 22)B (1, 22) U (Y1, ¥2)B(y1, y2) = (21 * 1) X (290 29) U
(y1 *y1) X (y20y2). Then X Y =X p X UY @Y.

(2) It is a special case of (4).

4
(3) For example, set I' = ({a, b, ¢, d}; {A;}3_,) where A; = 0-5 + 0 + O— + = !
a

b d’
0 05 0 08 0 0 05

As :_+T+ + — R As :_+b+_+2 thenfromPr0p081t10n3.3we

know that I' is a 0 5-fuzzy hypergraph.
Set U = (a,b),V = (¢, d), then

UaeU)(V) = ((a,b) ® (a,b))(c,d)
= ((axa)x (bob))(c,d)
= (axa)(c)- (bob)(d)

REORERT

= Ai(c) - Ax(d)
0.4 x0.8

= 0.32

0.25

(0.5)%.

v
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But

VeV)U) = ((cd ®(cd)(ab)
= ((exc)x (dod))(a,b)
= (cxc)(a)- (dod)(b)
(v w) (v o)

Ai(c)>05 A;(d)>0.5

= As(a)- Az(b)
= 0x0.5
=0
< 0.25
= (0.5)%

SO V - (U @ U 0.52 but U@(V @ V)0.52.

)
(4) (X @ Y)(X) = ((71,72) D (Y1, 2))(T1,72) = ((71 % 21) X (22 0 72) U (31 %

Y1) X (Y20y2)) (w1, v2) = ((w1%71) X (v2029)) (71, 72) = (w1 %71)(21) - (T2072)(T2) >

p-p=7p* Thus X € (X ®Y),2. Similarly we can prove Y € (X & Y),.

(5) X®Y = (21, 22) © (y1,y2) = (w1 %21) X (22022)) U ((y1%y1) X (y20%2)) =
((y1*y1) X (Y2 042)) U ((w1 % 1) X (220 72)) = (Y1,%2) ® (11, 72) =Y & X.

(6) for any T'e H x H,

(X & (H x H))(T)

( U X@Y)@)

(X T)(T)
(XeX)u(TeT)(T)
(TeT)(T)

P

(AVAR VAR AV}

So Hx HC (X ® (H x H)),> and thus (X @ (H x H)),» = H x H.
(7) From | ] (X@X),e2 [J {X}=H xH weknow

XeHxH XeHxH

U XeX),=HxH

XeHxH
Then (H;{X & X }xecnxn) is a p*-fuzzy hypergraph.

®XoXxXex= |J Tex= |J (Z®e2)u(X®X)
(X®X)(2)>0 (X©X)(2)>0



160

YUMING FENG

9 (XeX)e(XaX)= U SeZ
(X©X)(5)>0,(X®X)(2)>0
= U (SosSuzez)= |J ZoZ=XoXoX =
(XX)(S)>0,(XaX)(Z)>0 (XoX)(Z2)>0

Remark 3.7. From (5), (6) of the previous Proposition we know that Hy . =
(H x H;®) is a commutative p*-fuzzy quasi-hypergroup.
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Let the random variable (r.v.) X have a normal distribution N (6, 02), where oy
is assumed to be known.

The hypothesis Hy : 0 = 0y against Hy : 0 = 01 , 61 > 6 is to be tested.

Let X1, X, ..., X,, be a random sample from N (6, 0?) population.

L 1 =1
Let X (: ZXZ> be the sample mean.
n n

By Neyman—Pearson lemma, the most powerful test rejects Hy at a % level
of significance,
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gV (X =0

g

«, Where d, is such that

o0 ]_ JE—
e 2dZ =a.
/(x \ 2T

If the sample is such that Hj is rejected, then will it imply that H; will be
accepted?

In general, this will not be true for all values of 6, but will be true for some
specific value of 6y, i.e., when 6; is at a specific distance from 6.

Hy is rejected

X -6 _
(1) gV X =) e X e ed, O
o Vn

Similarly, the Most Powerful Test will accept H; against H,

2) if ﬁ(i_eﬂ) >d,, ie, X >0 —da \(/fﬁ
Rejecting Hy will mean accepting H,

if (1) =(2)
jﬁ — X >0, —d, ;ﬁ
Lo, 01— dy —= <6 +d, =

7/ v

Similarly, accepting H; will mean rejecting Hy

i.e., Y > @0 + da

(3)

it (2) =(1)

o [ o
(5) 60+da%:91—daﬁl.e.,91—90 Qdaﬁ'
Thus,
g 61 - 90 o
daiz and 91:90+2da7'
NLD 2 Vn
From (1),

91—90_90+91
2 2

Reject Hy if X > 6y +

and from (2),
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— 0, — 6 Oy + 0
Accept Hy if X > 6, — 12 0 — O;L L.

Thus, rejecting Hy will mean accepting H; when

O + 61

X >
2

From (5), this will be true only when

g

Jn

For other values of 6, # 6y + 2d,, 7 rejecting Hy will not mean accepting H.
n

91 - 90—|—2da

Therefore, it is recommended that, instead of testing Hy : 0 = 6y against
H,:0=0 60, > 6y, it is more appropriate to test Hy : 0 = 0y against Hy : 0 = 6.

In this situation, rejecting Hy will mean # >= 6, and is not equal to some
given value = 6.

But in Baye’s setup, rejecting Hy means accepting H; whatever may be H
and H;.

In this set up, the level of significance is not a preassigned constant, but
depends on Hy, Hy, 05 and n.

Consider (0, 1) loss function and equal prior probabilities 1/2 for 6, and 6.
The Baye’s test rejects Hy (accept Hi)

if X>90_2F91

and accepts Hy (rejects Hy)

if Y<90+91-

[See Rohatagi, p.463, Example 2].
The level of significance is given by

Pu lX> 90;91] Py [(X—Ho)\/ﬁ _ (0 —90)\/51 9 & (\/5(91 —90)> |

o 20 20

where
Z2
2

0 —/_too\/z_ﬁ % az

Thus, the level of significance depends on 6, 6,, 02 and n.

Acknowledgement. Author’s are thankful to Prof. Jokhan Singh for suggesting
this problem.
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Abstract. In 1940, P. Hall introduced the concept of isoclinism of groups and it was
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isoclinism of Lie algebras contains an n-stem Lie algebra of minimal dimension.
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1. Introduction and Preliminaries

Let L be a Lie algebra, then the lower and upper central series of L are defined
as follows:
L=L'21*D>-..-D>L" D...

and
(0) = Zo(L) C Zy(L) = Z(L) € Zo(L) € -+ C Zn(L) C -+,
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respectively, where L"*! = [L, L"] and

Al (L)
anl(L) anl(L) .
The following definition is vital in our investigation and it is similar to the
case for groups (see [1] or [2]).

L K
Z,(L) — Z,(K)
and 8 : L' — K"*! be Lie algebra homomorphisms such that the following
diagram is commutative

Definition 1.1. Let L and K be two Lie algebras, « :

L X X L L n+1
Z@) "z g
a X - XK
—_——— 8
(n+1)—times
K " " K
Zn(K) Zn(K) o
(n+1)‘:times
_ - L .
where @Y (ll,lg,...,ln+1) = [ll,lg, ...,ln+1], for all ll c m, 1 = 1,...,n +1

and similarly for . In fact, o and 3 are defined in such a way that they are
compatible, i.e., for all [; € L, B([l1,lz, - ,lnt1]) = [k1, k2, ..., kny1], in which
ki€ ol + Zo(L),1 <i<n+1.

The pair (o, ) is called n-homoclinism and if they are both isomorphisms,
then («, ) is called n-isoclinism. In this case, L and K are said to be n-isoclinic,
which is denoted by L 4~ K. If n = 1, then it will be the notion of isoclinism,
which was first introduced by P. Hall [1] in 1940. The kernel and the image of
(e, B) are defined as follows:

Ker(a,p) = Ker and Im(a,8)=1CK,

where o (an—fm) -7

Now, the above definition gives the following

Theorem 1.2. Let (a, 3) be an n-homoclinism of Lie algebras L into K, then
(i) Ker(a, )< L;

» Im(a, B).

.. L
(i) Ker(a, 5)



SOME PROPERTIES OF n-ISOCLINISM IN LIE ALGEBRAS... 167

Proof. It is obvious that Ker(«, ) = Ker( is an ideal of L. To prove the second
part, assume that

) <sz>) - an}<>’
J

L
Iy | —= | = :
(Kerﬁ) Kerp
Clearly, J< L, Z,(L) + Ker3 <4 J, Z,(K) < Z,(I) and Imf3 = I"*'. Thus

L/Kerp L
Zo(L/KerB) — J — J/Zn(L)

L/Zn(L)

Now, the homomorphism « induces the homomorphism

5. L 1/Z,(K)
: _ =
Zn(L) Zn(1)/Zn(K)
Zn(I)
I+ Z,(L) I+ Z,(L
HZ(L) ol ZD) + Z
Clearly, Kera J d ai jecti We also h N—[ hich
r ra = n i rjective. — i
early, Kera Z(L) and & is surjective e also have 7 Z(0) whic

implies that
L/Kerp _ I

Zn(L/KerB3)  Z,(I)

Since (L/K er3)"t = L"*1/Kerf3, the homomorphism 3 induces the homomor-
phism 3 : L™ /Ker3 — I""!. Therefore, a pair (@, 3) is an n-isoclinism from
L/Ker(a,3) onto Im(a, 3) and the proof is complete. .

2. Some properties of n-isoclinism of Lie algebras

In this section, some of the basic properties of m-isoclinism in Lie algebras are
discussed.

The following lemma is useful in proving the next result and its proof is
straightforward.

Lemma 2.1. Let Ly and Ly be two Lie algebras and L = Ly & Lo, then, for all
n>1,
L"=LT® LY and Z,(L)= Z,(L1) ® Z,(Ls).

Theorem 2.2. Let L be a Lie algebra and M an abelian Lie algebra. Then, for
alln > 1,
L L& M.
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Proof. Clearly, since M is abelian we have M = 0 and Z,(M) = M, for some
n > 1. Hence

Zo(L® M) =Z,(L)® M, (L® M)"" = L™
Now, we define

L Le M
o — o
Zn(L) Z (L& M)

v+ Z,(L) — x+ Z,(L® M)

and (3 is assumed to be the identity on L"*!. Then o and 3 are both isomorphisms
and the following diagram is commutative

(xl_|_Z71(L)7"-7xn+1"i_Zn(L))H [xlv'-wanrl]

ax-Xa Jé]
(iL'l + Zn(L D M), ceey Tl + Zn(L ) M) B [.Z'l, ...,an_'_l],

where x; € a(z; + Z,(L)), fori =1,--- ;n+ 1. Thus
L L& M. "
The following result is a criterion for two Lie algebras being n-isoclinic.

Theorem 2.3. Two Lie algebras L and K are n-isoclinic if and only if there
exist ideals Ly and Ky of L and K contained in Z,(L) and Z,(K), respectively,
and the isomorphisms o : L)L, — K/K; and 3 : L' — K" such that o
induces (3.

Proof. If L 4 K, then choosing L, = Z,(L) and K; = Z,(K) will do the job.
Conversely, consider the pair of isomorphisms («, 3) satisfying the assump-
Zn(L Zn(K
tion. We show that « ( L(1 )) = ]((1 )
y € alx+ L), lh,....,0, € L and kq, ..., k, € a(l; + Ly) such that

. To do this, let the elements z € Z,, (L),

[ya klv 7kn] = ﬂ[xallv 7ln] = /6(0) = 07

which implies that y € Z,(K) and hence

o (2 D) - Zu(K)
( Ly >_
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The reverse inclusion follows similarly, by using the property of 5. Thus

o (D) - 200

L, Ky

which gives the following isomorphism

_ L K
a: — :
Zn(L)  Zu(K)
Now, the pair of isomorphisms (&, 3) implies that L o K. .

The following corollary is an immediate consequence of the above theorem.

Corollary 2.4. Let L and K be Lie algebras. If L o K, then L & K, for all

m > n.

Theorem 2.5. Let (o, 3) be the pair of n-isoclinism between two Lie algebras Ly
and Lo. Then, for alln > 1

(a) if My is a subalgebra of Ly containing Z,(Ly) such that o(My/Z,(L1)) =
MQ/Zn<L2), then M1 %JMQ.
: o n+1 Ly Ly
(b) iof My is an ideal of Ly and My C L™, then My = 3(M;)<Ly and L
1 2
Proof. (a) Clearly, Z,(L,) C Z,(M;) and similarly Z,(Ly) C Z,,(Ms).
Now, as in Theorem 2.3, by choosing Ly = Z, (L), K1 = Z,(Ls), & = 04} My

Zn(Ly)

and 3 = ﬁ}MnH, then (&, 3) is the required n-isoclinim pair for M; s Ms.
1

(b) We first show that My = B(M;) is an ideal of Lo, i.e., [B(my1),y] € M, for
all my € My and y € L,. By the assumption M; C L}*!, and hence

a(my + Z,(L1)) = B(m) + Z,(Lo).
Thus there exists x € Ly so that for any y € a(z + Z,(L1)),

Blmy, z] = [B(m1),y] € My,

which implies that My <1 L.

, i =1,2 and B(M;) = M,. Therefore, 5 induces

Clearly, (—) = ]’\/[

M,
B | i n+1 . ﬁ n+1 |

M, M
Zn(L1) + M1> ~ Zn(L2) + My

Now, since o | — , the following isomorphism
( Zn(Ll) Zn(L2) & P
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Ly/Z,(Ly) ~ Lo/ Z,(Ls)
(Zu(L1) + M)/ Zo(L1) — (Zu(La) + M)/ Zy(Ls)
L1 L2

~Y

. So they give the following isomorphisms

implies ~
HPRS 7 (L) + My Zo(La) + M

LMy L L LyM
Y ZAL) + MO)M,  Zo(Ly) + My, Zo(La) + My (Zn(L2) + My) /M,

~Y Y

L L
One can easily see that, using Theorem 2.3, ﬁl A MQ, via the n-isoclinism
1 2

pair (&, 3). .

Theorem 2.6. Let K and M be subalgebra and ideal of a Lie algebra L, respec-
tively. Then for alln > 0,

(a) K oK + Z,(L). In particular, if L = K + Z,(L) then L K.

Conversely, if is finite dimensional and Lo K, then L = K + Z,(L).

L
Zn(L)

L L L
[ U S— ; if L Ln+1 _ = ~ L.
(b) A AL n particular, if L N 0, then A"
L
Conversely, if L™ is of finite dimension and L i then L™ N M = 0.

Proof. (a) Clearly, Z,,(K+Z,(L)) = Z,(K)+ Z,(L), for all n > 0. Now, consider

K K+ Z,(L)
oK) Zu(K + Zo(L))

(67

given by a : k+ Z,(K) — k+ Z,(K + Z,(L)), for all k € K and = idgn+1.
Then the pair of («a, 3), guaranties the property K o K + Z,(L). In particular, if
L=K+ Z,(L) then L K.

L
Conversely, suppose that dim Zo(L) < oo and J = K + Z,(L). Then,
we show that L = J. Clearly, L 4~ K 4 J, which imply that L 4 J and hence

L ~ J and Z,(L) C Z,(J). Thus, dim (%)

ZD) 7))
dim (Zif)) = dim (Zn{m) |
J

that
Hence, di L < di < di L hich follow that J =
ence, dim 7)) = m 7)) = im 7D , which follow tha =
L.

is finite and it follows
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b) Put L = L/M and L = Then one can easily check that

~ ( B _ ~ M N Ln+1 ’
le€ Z,(L)if and only if [ € Z,,(L). Therefore, the following maps
L L
a: — — -
Zn(L) Zn(L)
[+ Zy(L) — 1+ Zy(L)

and
ﬁ:Ln+1 SN £n+1

are the required n-isoclinism pair.

Now, if M N L"" =0, then

To prove the converse, since L 5

Ln+1 N L n+1 B Ln+1
T\ Mn Lntl -

which implies that
dim L™ = dim L™ + dim(M N L")
and so dim(M N L") = 0. Hence M N L™ = 0. -

Theorem 2.7. Let f : L — K be a homomorphism of Lie algebras such that
f(Z,(L)) C Z,(K), for somen > 1. If

and
ﬁZLn—H SN Kn—i—l

[lla ) anrl} — [f(ll)a ) f(anrl)]?
forall 1y, ....l,41 € L. Then, the following statements hold:

(a) (o, B) is an n-homoclinism of L into K ;
(b) L/Kerf s L/Ker(a,5);

(c) Imf o Im(a,B).
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Proof. (a) is obvious.
(b) Clearly, Ker(a,3) = Ker3 = Ker fNL""™. Then, using Theorem 2.6(b),
it implies that

L L L

Kerf rﬁJKerfﬁL"Jrl - Ker(a,B)’
(c¢) By Theorem 1.2,

L L
Imf = Kerf %JKe'r’(a,ﬁ) wIm(a, ). -

The following corollary gives a sufficient condition that two Lie algebras are
n-isoclinic.

Corollary 2.8. If f : L — K 1is an epimorphism of Lie algebras such that
KerfN L' =0, then L K.

Proof . Since f is surjective, it follows that f(Z,(L)) C Z,(K). Hence the pair
(e, B) is defined in the above theorem is an n-homoclinism such that Im(a, §) = K.
Thus

L L

L >
KerfnLrtl 7 Kerf

I
I

K. n

Theorem 2.9. Let K be a subalgebra of a Lie algebra L and satisfies the

Zn(L)

descending chain condition on subalgebras. Then the following are equivalent:

(8) L= K+ Z,(L);
(b) L » K;

L _ K
© 70~ Zm

Proof. The conclusions (a)=- (b) and (b)= (c) follow by Theorem 2.6 and
Definition 1.1, respectively.

(¢c)=(a). Put J = K+ Z,(L) and so K #J. Hence « :

is an isomorphism, which implies that

L K J

ZaD)  ZuE)  Za)

J
Zn(L)

>: i , for some J; C J.

L
Clearly, J C and so assume « ( 7))

Zn(L) — Zn(L)
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Now, if J; = J, then

N J _J L
Zo(L))  Z,(J)  Z,(L)
which gives J = L.
Conversely, we have Z,(L) C Z,(J) € J, and hence Z,;](IL) - 7.0

So, there exists a subalgebra J; of J contained in J; such that

) (Zilm) B Z:(QJ)'

Thus Jo, = J1 & J, = J & J = L. Clearly, using this process we obtain a

as follows:

descending chain of subalgebras of Zul))
J Jp Ja

AT A AT R
J

Zy(J)
there exists a natural number n such that for all m > n,
I Im

Z(L) = Z(L) = J,=Jn, Ym>n.

By the assumption, satisfies the descending chain condition, and hence

Thus J = K, which completes the proof. u

The following result gives some equivalence conditions on n-isoclinism of Lie
algebras, which can be proved using Theorem 2.6(b).

Theorem 2.10. Let M be an ideal of a Lie algebra L. If L™ satisfies the
ascending chain condition on ideals, for all n > 1, then the following conditions
are equivalent:

(a) M N L™ =0;

The above theorems have the following corollary.

Corollary 2.11. Let K and M be a subalgebra and an ideal of a Lie algebra L,
respectively.

L
MNON’

(i) If N is an ideal of L and M N L™t =0, then L
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K+ M
(i) If MO L+ = 0, then ~— 2% K.
M
K+M L
i) [fL = K + Z,(L), th el
(i) I L= K + Z,(0), then 02 0 L

(iv) If J< L and L =K + Z,(L), then L K + J.

Proof. (i) Clearly, (M N N)NL"™ = 0. Now, the result follows by Theorem 2.8.

11) By the assumption, we have N N = (0 and so
(ii) By th i h (M NK) K™ =0 and

K+M, K
M T MnK"™

(iii) One observes that

L K+2Z7
L _ +AM:K+M+%@+MMML@+M§ZL£.
M M M M M M
Thus
L_K+M+Z L
M M "\ M)’

Now, the result follows, using Theorem 2.7.

(iv) Clearly, L = (K + L) + Z,(L) and hence
LyK+J n

In the next section, we study the concept of n-stem Lie algebras.

3. The structure of n-stem Lie algebras

In this section, we introduce the concept of n-stem Lie algebras and similar to
group theory case (see [1], [2]), it is shown that every family of n-isoclinic Lie
algebras contains an n-stem Lie algebra of minimum dimension.

Definition 3.1. A Lie algebra L is said to be an n-stem Lie algebra, if
Z,(L) < L™ for some n > 1.

Theorem 3.2. Let C be a family of n-isoclinic Lie algebras, then

(a) C contains an n-stem Lie algebra;

(b) Suppose T is a finite dimensional Lie algebra in C, then T is an n-stem Lie
algebra if and only if

dimT = min{dimL | L € C}.
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Proof. Let L € C and S be a vector space complement of Z,(L)N L™ in Z,(L),
ie., Z,(L) = S® (Z,(L)n L"), Tt follows that SN L"™ =0 and S < L. By

L
Theorem 2.6, T'= S » L and so T € C. Thus, we have

S S - S

n+1
e
S )

which implies that 7" is an n-stem Lie algebra in C.

n+1 n+1
Zn(T):Zn<£> _ ZaL)+S _ S+ Z(L)NL c S+l

(b) Let L be a finite dimension Lie algebra in C and T' be the n-stem Lie
algebra of C. Then

[+l QLn—H-i-Zn(L) B ( )’ )nJrlg( T >n+1

LN Z,(L) Zn(L) Zo(L) Zo(T)
Ty Z,(T) T
Z,(T)  Z(T)

Now, since L™t = 77+ it follows that

dim(Z,(T)) = dim(Z,(L) N L") < dimZ,(L).
T

L
Clearly, Zo(L) = Z.(T) and hence dimT < dimL.

Conversely, Let T" be a Lie algebra in the family C of minimum dimension.

T
As in the first part, there exists an ideal S of T such that g ~T. Now, since T’

is of minimum dimension, it implies that

Zn(T) = Zn(T) N Tn+17
i.e., S =0. Therefore Z,(T) C T"™ and hence T is an n-stem Lie algebra. n
The following lemma shortens the proof of our final result.

Lemma 3.3. Let L and M be two Lie algebras such that L 4w M with the isomor-
phisms pair (o, 3). Then, for all x € L™

(a) a(z+ Z,(L)) = B(x) + Z,(M);
(b) B([z,y]) = [B(x),m], Yy € L, m€ aly+ Zn(L)).

Theorem 3.4. If L and M are n-stem Lie algebras. Then Z,(L) = Z,(M), for
n > 1.

Proof . Suppose L 4~ M with the isomorphisms pair (a, 3). By the assumption,
we have Z,(L) C L™, Then using Lemma 3.3(a), for all z € Z,(L)
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a(z+ Zn(L)) = B(2) + Za(M),

which implies that 5(z) € Z,(M) and hence 5(Z,(L)) C Z,(M).
Now, take an arbitrary element x € Z,(M). Then, there exists [ € L with
all+2Z,(L) =x+ Z,(M) = Z,(M). Clearly, using Lemma 3.3(b),

0= [:L‘,?’I’Ll, ...,mn] — [ﬁ(l)alla "'7ln]7

where (1) = z € Z,(M) and m; € a(l; + Z,(L)), for all 1 < i < n. Thus
Zn(M) = (Z,(L)), which implies that Z,,(L) = Z,(M). n
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1. Introduction

Consider on the set I = [a,b] the second order nonlinear ordinary differential
equation

(1.1) u"(t) = p(t)u(t) + f(t,u(t)) + h(t) for tel
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with the boundary conditions
(1.2) u(a) =0, wu(b) =0,

where h,p € L(I; R) and f € K(I X R;R).

By a solution of the problem (1.1), (1.2) we understand a function u €
C'(I, R), which satisfies the equation (1.1) almost everywhere on I and satisfies
the conditions (1.2).

Along with (1.1), (1.2) we consider the homogeneous problem

(1.3) w'(t) = p(t)w(t) for tel,
(1.4) w(a) =0, w(b)=0.

At present, the foundations of the general theory of two-point boundary value
problems are already laid and problems of this type are studied by many authors
and investigated in detail (see, for instance, [1], [4], [5], [8], [12],[13], [14]-[16],
[17] and references therein). On the other hand, in all of these works, only the
case when the homogeneous problem (1.3), (1.4) has only a trivial solution is
studied. The case when the problem (1.3), (1.4) has also the nontrivial solution is
still little investigated and in the majority of articles, the authors study the case
with p constant in the equation (1.1), i.e., when the problem (1.1), (1.2) and the
equation (1.3) are of type

(1.5) u”"(t) = =Nu(t) + f(t,u(t)) + h(t) for te]|0,7]
(1.6) w(0) =0, u(r)=0,

and

(1.7) w’(t) = —Nw(t) for te€0,7]

respectively, with A = 1. (see, for instance, [2], [3], [4], [6]-[11], [14]-[16], and
references therein).

In the present paper, we study solvability of the problem (1.1), (1.2) in the
case when the function p € L(I; R) is not necessarily constant, under the assump-
tion that the homogeneous problem (1.3), (1.4) has the nontrivial solution with
an arbitrary number of zeroes. For the equation (1.7), this is the case when A is
not necessarily the first eigenvalue of the problem (1.7), (1.4), with a =0, b = 7.

The obtained results are new and generalize some well-known results (see,[2],

3], [4], (6], [10]).
The following notation is used throughout the paper: N is the set of all
natural numbers. R is the set of all real numbers, R, = [0,+o00[. C(I;R) is

the Banach space of continuous functions u : I — R with the norm |jull¢ =
max{|u(t)| : t € I}. C'(I; R) is the set of functions u : I — R which are absolutely
continuous together with their first derivatives. L(I; R) is the Banach space of

Lebesgue integrable functions p : I — R with the norm ||p||, = ff Ip(s)l|ds.
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K(I x R;R) is the set of functions f : I x R — R satisfying the Carathéodory
conditions, i.e., f(-,xz) : I — R is a measurable function for all z € R, f(¢,-) :
R — R is a continuous function for almost all ¢ € I, and for every r > 0 there
exists ¢- € L(I; Ry) such that |f(t,z)| < ¢-(t) for almost all ¢t € I, |z| <r.

Having w : I — R, we put: Nwdéf{t €la,b[: w(t) = 0},

e Towt) > 0,
e T w(t) <o,
and [w(t)]+ = (Jw(t)] +w(t)/2, [w(?t)]- = (lw(t)| —w(t))/2 for t € I.

Definition 1.1. Let A be a finite (eventually empty) subset of I. We say that
feE(A),if f € K(I x R;R) and, for any measurable set G C I and an arbitrary
constant r > 0, we can choose € > 0 such that if

/G|f(s,x)|ds;£0 for o >7r (v < —7)

then
/ |f(3,x)|ds—/ |f(s,z)lds >0 for z>r (z<—r),
G\U- Ue

n

where U, = I N (U]tk —€/2n, t +6/2n[> if A={ty,ts,...,t,}, and U. = 0 if
k=1

A=0.
Remark 1.1. If f € K(I x R; R) then f € E(0).

Remark 1.2. Tt is clear that if f; € L(I; R) and f(t,a:)déffl(t) then f € E(A)
for every finite set A C I.

Remark 1.3. It is clear that if f(t,x)dgfo(t)go(x), where fy € L(I; R) and g €
C(I; R), then f € E(A) for every finite set A C I.

The example below shows that there exists a function f € K(I x R; R) such
that f & E({t1,...,tx}) for some points ¢y, ..., t; € I.

Example 1.1. Let f(t,z) = [t|"/?g(t,x) for t € [~1,0[U]0,1], z € R, and
f(0,.) =0, where g(—t,z) = g(t,z) for t€]—1,1], x € R, and

x for z<1/t, t>0

gt x) = :
1/t for x>1/t, t>0

Then f € K([0,1] x R; R) and it is clear that f & E({0}) because, for every ¢ > 0,
if x > 1/e then f; fls,x)ds — [ f(s,x)ds = 4(e71/? — 21/?) =2 < 0.
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2. Main results
Theorem 2.1. Let w be a nonzero solution of the problem (1.3), (1.4),
(2.1) Ny, =0,

there exist a constantr > 0, functions f~, f € L(I; Ry) and g, hg € L(I; ]0,+0o0])
such that

(2.2) [t x)sgne < g(t)|x] + ho(t)  for || =
and
flt,x) < =f7(t) for x<-—r
@) < ft,x) for xz>r

on 1. Let, moreover, there exist € > 0 such that

(2.3)

b b
—/ [~ (8)lw(s)|ds + e[l < —/ h(s)[w(s)|ds <

2:4) < [ FEl)ids - il
where
25) (t) = sup{f ()| s ] < r).

Then the problem (1.1), (1.2) has at least one solution.
Example 2.2. It follows from Theorem 2.1 that the equation
(2.6) u’(t) = =N2u(t) + o|u(t)|*sgnu(t) + h(t) for 0<t<m

where ¢ = 1, A = 1, and « €]0, 1], with the conditions (1.6) has at least one
solution for every h € L([0, 7], R).

Theorem 2.2. Let w be a nonzero solution of the problem (1.3), (1.4), condition
(2.1) hold, there exist a constant r > 0, functions f~, f € L(I;Ry) and q €
K(I x R; Ry) such that q is non-decreasing in the second argument,

(27) |f(t,:L’)’ < Q(t7x) for ‘l’| >,
@) < f(t,x) for x<—r,
(2.8)
ft,x) < —fH(t) for z>r
on I, and

1 b
(2.9) lim —/ q(s,z)ds = 0.

|z|——+oc0 T
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Let, moreover, there exist € > 0 such that

— [ s+l < [ Hs)us)ds <

2.4) < [ r©ulds - |l

where 7, is defined by (2.5). Then the problem (1.1), (1.2) has at least one solu-
tion.

Example 2.3. From Theorem 2.2 it follows that the problem (2.6), (1.6) with
oc=—1,A=1, and a €]0,1] has at least one solution for every h € L([0, 7]; R).

Remark 2.4. If f # 0 the condition (2.4;) of Theorem 2.i (i = 1,2) can be
replaced by

- [ £ Eueds < (1) [ hs)u(s)ids <
(2.10,) e ‘

b
g/ﬁ@@@m,

because, from (2.10;) there follows the existence of a constant € > 0 such that the
condition (2.4;) is satisfied.

Theorem 2.3. Let i € {0,1}, w be a nonzero solution of the problem (1.3),
(1.4), f € E(Ny), there exist a constant r > 0 such that the function (—1)'f is
non-decreasing in the second argument for |z| > r,

(2.11) (=1 f(t,x)sgnx >0 for tel, |x|>r,
. d —r)|d
(2.12) L enids s [ 1g(s s 0
and
N
(2.13) |wli>rEoom/a |f(s,z)|ds = 0.

Then there exists 0 > 0 such that the problem (1.1), (1.2) has at least one solution
for every h satisfying the condition

(2.14) < 0.

/a ’ h(s)w(s)ds
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Corollary 2.1. Let the assumptions of Theorem 2.3 be satisfied and

b
(2.15) / h(s)w(s)ds = 0.

Then the problem (1.1), (1.2) has at least one solution.
Example 2.4. From Theorem 2.3 it follows that the problem (2.6), (1.6) with
o€ {-1,1}, A € N, and a €]0,1] has at least one solution if h € L([0, 7], R) is

such that / h(s)sin Asds = 0.
0

Theorem 2.4. Let i € {0,1}, w be a nonzero solution of the problem (1.3),(1.4),

f(t, x)dgfo(t)go(a:) with fo € L(I; Ry), go € C(R; R), there exist a constant r > 0
such that (—1)'gg is non-decreasing for |z| > r and

(2.16) (—=D'go(z)sgnz >0 for || >

Let, moreover,

(2.17) 190(r)] / fo()ds + lao(—r)| [ fol(s)ds #0
Qb Qu

and

(2.18) Jim_[go(z)] = +oo, i go;x) _o

Then, for every h € L(I; R), the problem (1.1), (1.2) has at least one solution.
Example 2.5. From Theorem 2.4 it follows that the equation
(2.19) U (t) = po(t)u(t) + p1(t)|u(t)|*sgnu(t) + h(t) for tel,

where a €10, 1] and pg, p1, h € L(I; R), with the conditions (1.2) has at least one
solution provided that p(t) >0 for ¢ e [I.

Theorem 2.5. Let i € {0,1} and w be a nonzero solution of the problem (1.3),
(1.4). Let, moreover, there exist constants r > 0, e > 0, and functions a, f+, f~ €
L(I; Ry) such that the conditions

(=1)f(t,x) < —f(t) for < —r,

(2.20;) |
) < (=)' ft,z) for x>,

(2.21) sup{|f(t,z)| : x € R} < «(t)
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hold on I, and let
b
= [ OG- + £ Olus))ds + <lalls <
(2.92,) < (—1)i#! / h(s)w(s)ds <

< / (S () w(s)]- + f7(s)w(s)]4)ds — ellal]L.

Then the problem (1.1), (1.2) has at least one solution.
Remark 2.5. If f # 0 then the condition (2.22;) (¢ = 1,2) of Theorem 2.5 can
be replaced by
b
- [+ 1 G l))ds <
b
(2.23,) < (1) / h(s)w(s)ds <

b
</(f‘(S)[w(S)]—+f+(8)[w(8)]+)d8'

because from (2.23;) there follows the existence of a constant € > 0 such that the
condition (2.22;) is satisfied.

Remark 2.6. If f(t) = min{f*(¢), f~(¢)} then the condition (2.22;) of Theorem
2.5 can be replaced by

b b
‘ [ hsutsids| < [ Folu(olds - =falle
Example 2.6. From Theorem 2.5 it follows that the equation
(2.24) u’(t) = —\ul(t) + Msgnu(t) +h(t) for 0<t<m,
1+ Ju(t)|~ - -

where A € N and «a €10, +oo[ , with the conditions (1.6) has at least one solution
if h € L([0, 7], R) is such that |h(t)] < 1for 0 <t <.

3. Problem (1.5), (1.6).

Throughout this section we will assume that a = 0, b = 7, and I = [0, 7]. Since
the functions Fsin At (§ € R) are nontrivial solutions of the problem (1.7), (1.4),
from Theorems 2.1-2.5 it immediately follows:

Corollary 3.2. Let A = 1 and all the assumptions of Theorem 2.1 (resp. Theo-
rem 2.2) except (2.1) be fulfilled with w(t) = sint. Then the problem (1.5), (1.6)
has at least one solution.
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Now, note that
0 for A=1

Nsinae = .
{mn/A:n=1,..,A—1} for A>2

Corollary 3.3. Let i € {0,1}, A € N, f € E(Ngnxt), there exist a constant
r > 0 such that the function (—1)'f is non-decreasing in the second arqument for
|z| > 7, and let the conditions (2.11)—(2.13) be fulfilled with w(t) = sin A\t. Then
there exists 6 > 0 such that the problem (1.5), (1.6) has at least one solution for
every h € L(I; R) satisfying the condition |f07r h(s)sin Asds| < 0.

Corollary 3.4. Leti € {0,1}, A € N, and let all the assumptions of Theorem
2.4 be fulfilled with w(t) = sin A\t. Then, for any h € L(I; R), the problem (1.5),
(1.6) has at least one solution.

Corollary 3.5. Let i € {0,1}, A € N and let there exist a constant r > 0 such
that (2.20;)—(2.22;) be fulfilled with w(t) = sin A\t. Then the problem (1.5), (1.6)

has at least one solution.

Remark 3.7. If f # 0 then in Corollary 3.2 (resp. Corollary 3.5), the condition
(2.4;) (resp. (2.22;)) can be replaced by the condition (2.10;) (resp. (2.23;)) with
w(t) = sint (resp. w(t) = sin At).

4. Auxiliary propositions

Let u, € C'(I; R), |lunllc # 0 (n € N), w be an arbitrary solution of the problem
(1.3), (1.4), and r > 0. Then, for every n € N, we define:

de de
At el u, ) <ry,  AnE{tel: [u () >r),

B2t € Aps tsgnun(t) = (1) sgnw(t)} (i = 1,2),

de de
Con =t € Auzt lw(®) 2 1/n},  CopZ{t € Aua: lw(t)] < 1/n},
def _
={teI:wt)] > rllualc’ +1/2n},
Afzdif{t 2 1 Fun(t) >}, BiidéfAiz N B,
CEEAx,nCy (i = 1,2), Dt e I 2w(t) > rl|un||g" + 1/2n},
From these definitions it is clear that, for any n € N, we have

Anl mAnQ @ AnQHA»;Q (D; Bn,l ﬁBn,2 = @, C(n,l an,Q = 07

(4.1) DynD, =0, Bf,NB,,=0,C,nC,,=0(i=1,2),

and

An,l U An,Z = I; A:LF,Q U A;L,z = An,27 Bn,l U Bn,Z = An,Q \ NuM
le U Cn72 — Amg, B;:Q U Bn_,Z - Bmg, C Ci — 14i

4.2 n,27
) Cri UG, = Cui (i =1,2), D;fUD;:Dn.
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Lemma 4.1. Let u, € C'(I;R) (n € N), r > 0, w be an arbitrary nonzero
solution of the problem (1.3), (1.4), and

(4.3) \|\un|lc = 2rn for n € N,

(4.4) ||on, —wlle <1/2n  for n € N,

where v, (t) = u,(t)||un| 5. Then, for any ng € N, we have

(4.5) Dy C A, D, CA.,, for n>ny,
(4.6) Cho,CDS C.,CD, for n>n.
Moreover
(4.7) lirf mesA, 1 =0, hrf mesA, » = mes/,
(48) Cn,l C Bn,la Bn,2 C Cn,27
(4.9) Bf, c Cr,, B, CC,,,
(4.10) Ciy C By, Co1 C By,
lim mesC,; = lim mesB,; = mes/,
(4.11) e e
lim mesC), 2 = lim mesB, s =0,
n—-+00 n—-+o00
(4.12) r < |un(t)| < ||unllc/2n for te€ B,
(4.13) lun(t)| > ||un||c/2n > r for teC,a,
(4.14,) Cry={t€ A,2:0< uw(t) <1/n},
(4.15) CE cQE,  lim mesCyH, = mesQ;.
b n_>+m K

Proof. From the unique solvability of the Cauchy problem for the equation
(1.3) it follows that the set N, is finite. Consequently, we can assume that

k41

Ny = {t1, ... tx}. Letalsoto = a, tyo1 = band T, 1N <U[ti —1/n, t+ 1/n]> .
=0

We first show that, for every ng € N, there exists n; > ng such that

(4.16) A1 CT,, for n>n,.
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Suppose on the contrary that, for some ng € N, there exists the sequence t;bj €
An;1 (7 € N) with n; < njyq, such that t%j ¢ T,, for j € N. Without loss of

generality we can assume that lim t;j = t;. Then from the conditions (4.3),
Jj—+o00

(4.4), the definition of the set A,; and the equality w(ty) = (w(ty) — w(ty,,)) +
(w(ty,,) —vn, (t7,,)) +n, (8,)), we get [w(ty)| = 0, ie., tg € {to, t1, ..., tp1}. But this
contradicts the condition ¢, ¢ T, and thus (4.16) is true. Since hl}_’l mesT,, =0,
it follows from (4.2) and (4.16) that (4.7) is valid.
Let to € D;}. Then from (4.4) it follows that
un(tO) T 1 1 T

> w(ty) — |vnlte) —w(ty)| > —— + 7— — — >
||U’n0||C 2nO 2n ||un0||C

for n > ng, and thus ty € A, for n > ng, ie., D} C A}, for n > ng. The
second relation of (4.5) can be proved analogously. Now suppose that ¢y € C),1
and ty & By,1. Then, in view of (4.1) and (4.2), it is clear that ¢ty € B,, 2, and thus

(4.17) [on(to) = w(to)] = [on(to)] + [w(to)| > 1/n

which contradicts (4.4). Consequently, C,,1 C B, for n € N. This, together
with the relations C, 0 = A,2\ Cpa, Bua € Ano \ Bp, implies B, o C C,, 9, ie.,
(4.8) holds. The conditions (4.9) and (4.10) follow immediately from (4.8). In
view of the fact that lim mesC,,; = (2 —i)mes!, from (4.8) we get (4.11). Now,

n—-+oo

let ty € B, and suppose that |v,(to)| > 1/2n. Then from (4.4) we obtain the
uallo)]
[|unle

1
lun(to)| < o and using the definitions of the sets B, » and A, > we obtain (4.12).

A 012 8] foa(8) = wlo)] by (1), (40
and the definition of the sets C,,; and A, » we obtain (4.13).

Let there exist t, € C,f, such that to & {t € App : 0 < w(t) < 1/n}.
Then from the definition of the sets )2 and the inclusion C’I o C Chao we get
—1/n < w(t) < 0 and ty € A ,. In this case the inequality (4.17) is fulfilled,
which contradicts (4.4). Therefore C, C {t € Ap3 : 0 < w(t) < 1/n}. Let now
to € {t € Aps: 0 <w(t) < 1/n} and tg € C;f,. Then from the definition of the set
Cn and (4.2) it is clear that ty € C,, ,,1.e., tg € A, ,, and that the inequality (4.17)
holds, which contradicts (4.4). Therefore {t € An5 : 0 < w(t) < 1/n} C Cp,.
From the last two inclusions it follows that (4.14;) holds for C;/,. From (4.2) and
(4.14;) for Cp | it is clear that (4.14) is true for C | too. Analogously one can
prove that

contradiction 1/2n > |v,(to) — w(to)| = |va(to)] + |w(to)| > 1/2n. Thus

Also, from the inequality

(4.145) Coy={teA,s:tw(t)>1/n} for neN.

From (4.14,), the definition of the sets D and (4.3) we obtain (4.6). From the
definition of the set Q% and (4.142) we have Cy; C Q. Hence

mesCE, < mesQ.
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On the other hand C,; = {t € I : w(t) > 1/n} \ (I \ A,2) and thus
mesCi1 > mesE — mes(1\ A,5).
In view of (4.7) from last two inequalities we conclude that (4.15) holds. n

Lemma 4.2. Leti € {1,2},r > 0, k € N, wg be a nonzero solution of the problem
(1.3), (1.4), Ny, = {t1, ..., tx}, the function fi € E(Ny,) be non-decreasing in the
second argument for |x| > r, and

(4.18) fi(t, z)sgnx >0 for tel, |z|>r.
Then:
a) If G C I and

(4.19) / (s, (=1)r)wo(s)]ds £ 0,

then there exist 0o > 0 and 1 > 0 such that

az) UGV [ fsausids — [ Il ool = 6
G\U. 0.
for (=1)'z >r and 0 < & < &1, where U. = I N <U§?:1 (t; —e/2k, t; + 8/2/€]>.

b) If u, € C'(I;R) (n € N), r>0, wis an arbitrary nonzero solution of the
problem (1.3), (1.4), and the condition (4.3) holds, then there exist eo €0, 1] and
ng € N such that

J
(4.21;) (DS, US z) > _EO for x>,

4
(4.215) (D, U ,x)> —50 for x < —r

forn>ng and 0 <e < ey, where UX={t € U.:+w(t) >0}

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 5 # 0 such that w(t) = fwy(t) and thus N, = Ny,.

a) For any o € Ry, we put Gy = ([a,a+ o] U[b — a,b]) N G. In view of
the condition (4.19), we can choose v €]0, (b — a)/2[ such that if Gy = G \ Gj,
t, = inf{G,} and t;, = sup{G-}, then

(4.22) a <ty t,<b,

and [, |fi(s, (=1)'r)wo(s)|ds # 0, [o, |fi(s,(=1)"r)|ds # 0. From these inequal-
ities, by virtue of conditions (4.18) and f; € E(N,,), where f; is non-decreasing
in the second argument, there follows the existence of §y > 0 and €* > 0 such that

(4.23) /G\U ]fl(s,x)|ds—/ fi(s,2)[ds > 0 for (—1)iz > r,

U.s
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(4.24) /G\U |f1(s, 2)wo(s)|ds > 6 for (=1)'a >r.

a + min(t,, ty) max (g, tp) + b

Now we put I* = [t¥, t;], where t} = 5 and t; = 5 . In
view of (4.22), we obtain
(425) Gy C ]*, Nwo C I*, wo(tj;) 7é 0, ’LU()(tZ) 7£ 0.

Then it is clear that there exists 7; > 0 such that, for any v €]0, v1[, the equation
[wo(t)| = v has only ¢, ¢, € I* (i = 1,..., k) solutions such that

(426) t%i <t < tj;ﬂ (Z =1,.., k’),
(4.27) lwo(t)] <~ for teH,, lwo(t)| >~ for tel"\ H

where H, U vir 53], and

=1

(4.28) lim t,;= lim ¢, =t (i=1,...,k).

The relations (4.26) and (4.28) imply that there exist v €]0,7] and £, €]0,¢"]
such that

(4.29) U, C H, CU..
Moreover, in view of the inclusion G; C G, it is clear that

G\U., = [(G\G)\U,]U (G:\Us,), [(G\G)\ U] N (G \U.,) =0,

and thus
I(G,U.,,z) = / |f1(s, z)wo(s)|ds + I(Ge, Ue,,z) for (—l)ix >
G1\Us,

By virtue of (4.23), (4.25), (4.27), and (4.29), we get

H(G27U517I) Z 7</G \
2 H'y

29[ s = [ 1) 20

for (—1)'z > r. In view of the last two relations, (4.24), (4.29), and the fact that
U. C U, for e < g, we conclude that the inequality (4.20) holds.
b) First consider the case when

s, )l ds — /H fs2)ds) =

(4.30) / fu(s, 2)wo(s)|ds = 0 for = > 7, ne N,
Dy
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From (4.3) and the definitions of the sets DX and U* we get
(4.31) lilf mes(UF \ DF) = 0.

Then, in view of (4.30) and the fact that for any ¢ > 0 and n € N

(432)  UF=(UFND)UUI\Dy), (UXnDy)n(UZ\Dy)=0,

we have [,+ [fi(s, )wo(s)|ds = ij\Di | f1(s, 2)wo(s)|ds for x > r, n € N, and
e > 0. Thus by virtue of (4.31), we get fU: | f1(s, x)wo(s)|ds = 0. From the last
equality and (4.30) we conclude that

(4.33) I(D}F, U 2)=0 for x>r,neN,e>0.

Therefore, in this case the condition (4.21;) is true.
Now consider the case when for some r; > r there exists ng € N such that

(4.34) / | fi(s,z)wo(s)|ds # 0 for x> 1y, n > ny.
D

n

It is clear that there exist > 0 and £3 €]0,¢;] such that
| el < 3 for r <o <nn c<a
and thus 5
(4.35) I(D,’:,Uj,x)z—% for r<az<r +mn n>ng e<ey.

On the other hand, from (4.34) it is clear that fD% | f1(s,m1 + n)wo(s)|ds # 0.
Therefore, from the item a) of our lemma with G = D;', and the inclusions
D} c Df, U C U, for n > ng, e >0, we get I(D,},UF,x) > 0y for x > ry + 1,
n > ng, 0 < ¢ < 9. From this inequality and (4.35) we obtain (4.21;) in second
case too.

Analogously one can prove (4.21,). .

Lemma 4.3. Let all the conditions of Lemma 4.1 be fulfilled and there exist r > 0
such that the condition (4.18) holds, where f; € K(I x R; R). Then

t

(4.36) limJirnf f1(& un(§))senu, (§)dE >0 for a<s<t<hb.
Proof. Let
(4.37) O sup{|fi(t,2)| < 2] <} for tel

Then, according to (4.1), (4.2), and (4.18), we obtain the estimate

/ £1(6, 1 (€) )sgnun, (€)dE >

> /[ PGS / (€, un€)))de

[s,t]ﬁAn’z
fora < s <t <b,ne N. This estimate and (4.7) imply (4.36). n
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Lemma 4.4. Let r > 0, the functions f; € K(I x R;R), hy € L(I; R), fT,f” €
L(I; R;) be such that

fltx) < =f~(@t) for x<-—r

(4.38) FH0) < Ata) for v

on I, and there exist a nonzero solution wqy of the problem (1.3), (1.4) and e > 0
such that

(4.39) Ny, = 0

and

- [ £ Outs)ids el < - [l <

b
(4.40) < / £ (5)|wo(s)lds — el 7L

where v} is defined by (4.37). Tfien, for every nonzero solution w of the problem
(1.3), (1.4), and functions u,, € C'(I; R) (n € N) such that the conditions (4.3),

(4.41) WD) —wD () <1/2n for tel, neN, (i=0,1)
where v, (t) = u, (t)||un||o" fort € I and

(4.42) up(a) =0, u,(b)=0

are fulfilled, there exists ny € N such that

def

(4.43) M, (w) = / (hi(s) + fi(s,un(s)))w(s)ds >0 for n > n;.

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 3 # 0 such that w(t) = Pwy(t). Also, it is not difficult to verify that
all the assumptions of Lemma 4.1 are satisfied for the function w(t) = Bwy(t).
From the unique solvability of the Cauchy problem for the equation (1.3) and the
conditions (1.4) we conclude that w'(a) # 0 and w’(b) # 0. Therefore, in view of
(4.41) and (4.42), there exists ny € N such that

(4.44) un (t)sgnfwo(t) > 0 for n>mngy, a<t<b.
Moreover, by (4.1) and (4.2) we get the estimate

M, (w)
3]

> [ lmlaso | " h(sun(s)ds+

(4.45)
+o /A f1(s,un(s))wo(s)ds,
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where 7 is given by (4.37) and o = sgnf. Now note that f~ = 0, f* =0 if
fi(t,z) = 0. Then by virtue of (4.7), we see that there exist ¢ > 0 and n; €

b
N (n1 > 1) such that / 7 () ha(s)lds — Sllglle < / £ (8)wo(s)|ds and
a An,?

§||7:HL > / Y (8)|wo(s)|ds for n > ny. By these inequalities, (4.3), (4.38) and
An,l
(4.44), from (4.45) we obtain

Mn(w)
3]

if n > ny, owy(t) > 0, and

b b
> —ellglle+ [ mlwo(olds + [ F(lwols)lds

Mn w i b b B
> el = [ mllds + [ (Gl
if n > ny, owe(t) < 0. From the last two estimates in view of (4.40) it follows
that (4.43) is valid. .

Lemma 4.5. Let wy be a nonzero solution of the problem (1.3), (1.4), r > 0,
the function fi € E(Ny,) be non-decreasing in the second argument for |z| > r,
condition (4.18) hold, and

(4.46) /Q |f1(s,r)|ds+/ a5, —1)[ds £ 0.

w( Qwo

Then there exist § > 0 and ny € N such that if

<9

(4.47) ‘ / hy(s)wo(s)ds

then, for every nonzero solution w of the problem (1.3), (1.4) and the functions
un, € C'(I; R) (n € N) fulfilling the conditions (4.3), (4.41), (4.42), the inequality
(4.43) holds.

Proof. It is not difficult to verify that all the assumption of Lemma 4.1 are
satisfied. Then, by the definition of the sets B, 1, B2, the conditions (4.1), (4.2),
and (4.18), we obtain the estimate

(4.48) Q/ﬁ@w@m®%2—é 72 ()| (s)ds + B, (w),
where

Mwm@—é mu%@m@m+/ (5 tn(3))0(s) ds.

Bn,l
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On the other hand, from the unique solvability of the Cauchy problem for the
equation (1.3) it is clear that

(4.49) w'(a) #0, w'(b)#0, w(t;)#0  for i=1,.. .k

if Ny, = {t1,...,tx}. Now note that, for any nonzero solution w of the problem
(1.3), (1.4), there exists [ # 0 such that w(t) = Pwy(t). Consequently,

(4.50) Qp=Qp if >0 and Qf =05 if B<0.

Then in view of (4.15) and (4.46), there exists ny > ng such that

(4.51) /C 1l P)uo(s)lds # 0 and/or / 1 (5, —rYwo(s)|ds 2 0.

ng,l Cn2,1

From (4.51), in view of (4.6), it follows that

(4.521) / |fi(s,m)wo(s)|ds #0 for n > ny
Dy
and /or
(4.525) / |f1(s, —r)woe(s)|ds #0 for n > ns.
Dy

Consequently, all the assumptions of Lemma 4.2 are satisfied with G = D, and/or
G = D,,. Therefore, there exist gy €]0, 5[, n3 > ng, and Jy > 0 such that

(DS, Ut x) > & for #>7r, n>ns,

€0’

(4.53)
(D, Uz, x) > —8/2 for o< —r, n>ny

if (4.52;) holds, and

I(D,,U._,x) >0y for x<—r, n>ng,

€0’

(4.54)
(D, Us,x) > —b/2 for x>r, n>ng

if (4.525) holds.
On the other hand, the definition of the set U. and (4.14;), imply that there
exists ng > ng, such that

(4.55) CryCcUS

€0’

Cho CU, for n=>ny
By these inclusions, (4.2), and (4.5) we obtain

(4.56) Cy = AF,\ €y D DI\ UL

n,2 €0’

Crn = A2\ Cry D Dy \ Uy
for n > ny. First suppose that N, # () and there exists n > ny such that

(4.57) B # 0.
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Then, by taking into account that f; is non-decreasing in the second argument
for x| > 7, (4.3), (4.12), (4.18) and the definitions of the sets B, ,, B, ,, we get

n,2)

|Hﬁmamzﬁﬁw»s
< f t,M A6 for t e B,
(459 ( ﬁuio>(ﬁm lm<

< -—filt,— ||Un||c ‘f ( —HUQHHC)’ for t € B, ,.
n )

Analogously, from (4.3), (4.13), (4.18), and the definitions of the sets C,;, C\~

n,1» ~'n,1»
we obtain the estimates
U
fi <t, %) ‘ for teCyy,

fi (t,—”“"”c)‘ for teC,,.

2n

[1(t, un(t))] =

(4.59)
|1t un ()] =

Then from (4.1), (4.2), (4.9), (4.58) and respectively from (4.1), (4.2), (4.8), and
(4.59) we have

/B | f1(s,un(s))w(s)|ds <

(4.60) < /B+ fi (S, %) w(s)’ ds + / fi (s,—%) w(s)’ ds <

</ Ny ( —”“;l‘c) wlo)|as+ [ |1 <s,__|‘?;1;l‘0) w(S)‘ds

and respectively |
/ M@%@m@mz/ 115, tn(s))w(s)|ds >
B

Ch,1
(4.61) > /C+ fi (3, HU;TUC) w(s) fi (3, - ”7«;‘!0) w(s)’ ds.

ds + /
o
If the condition (4.57) holds, from (4.60) and (4.61) we obtain
ds)

B ([ o e [ o 15 o

+</m i <57_||“2nn||c) wo(s) ds—/c fi (S’_||u2n7l|()) wo(s) d5>7

n,2
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Whence, by (4.55) and (4.56) we get

(4.62) M (w) >1 (D+ Ut ”“””C) +]I<D;4,U— —””"”C)

|ﬁ| na?TE0T 9y €0 m
for n > ny. From (4.62) by (4.53) and (4.54) we obtain
~ d
(4.63) M, (w) > O|2ﬁ| for n > ny.

On the other hand, in view of (4.10), (4.18), the definition of the sets A, 2, By1,
and the fact that f; is non-decreasing in the second argument, we obtain the
estimate

/B | f1(s, un(s))w(s)|ds >

",

(1.64) > [ nsnulds+ [ s (s >

> /Ci,l |f1(8,7”)w(s)|d$+/_ | fi(s, —r)w(s)|ds.

n,1

Now suppose that there exists n > ny4 such that
(4.65) B2 = 0.

Then from (4.51) and (4.64), (4.65) there follows the existence of §* > 0 such
that M,,(w) > |3]6*. From this inequality and (4.63) it follows that, in both cases
when (4.57) or (4.65) are fulfilled, the inequality

(4.66) M, (w) > |B]d for n>mny

holds with § = min{dy/2,0*}. From (4.48) by (4.7) and (4.66), we see that for any
e €]0, [ there exists ny > n4 such that

b
/ fi(s,up(s)w(s)ds > |B|(6 —e) for n > ny,

and thus

ML, (w)
S5 —e—
g 207

If Ny, = 0 then |w(t)] > 0 for a < t < b and in view of (4.3), (4.41), (4.42) and

(4.49), the condition (4.65) holds, i.e., the inequality (4.67) also holds.
Consequently, since € > 0 is arbitrary, the inequality (4.43) from (4.67) and

(4.47) follows. .

(4.67)

for n > n,.

/a ’ ha(8)wo(s)ds
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Lemma 4.6. Let wy be a nonzero solution of the problem (1.3), (1.4), r > 0, and

the conditions (4.18), (4.47) hold with fi(t, :E)diffo( t)g1(x), where fo € L(I; Ry),
f |fo(s)|ds # 0 and a non-decreasing function g1 € C(R; R) be such that

(4.68) | |liI£_l lg1(x)| = +o0.

Then, for every nonzero solution w of the problem (1.3), (1.4) and functions

u, € C'(I;R) (n € N) fulfilling the conditions (4.3), (4.41), (4.42), the inequality
(4.43) holds.

Proof. From the assumptions of our lemma it is clear that the relations (4.48)—
(4.56), (4.58)-(4.61) and (4.64) with fi(t,z) = fo(t)gi(z) and w(t) = Lwy(t)
(B # 0) are fulfilled.

Assuming [+ 1 |f1(s,m)wo(s)|ds # 0, the condition (4.52;) is satisfied i.e.,
(4.53) holds. |

Now notice that from (4.15) and the equality C;; = Qf\ (Q5\ C;r)) it follows
that there exist ¢ > 0 and ng € N such that

(1.6 [ 1auslds = [ 1fushuolds — < >0
n,l Qw
for n > nyg.
First consider the case when there exists n > n4 such that the condition
(4.65) holds. Without loss of generality we can assume that ns > ng. Then by
(4.50), (4.64), (4.65) and (4.69), we obtain

(4.70) M, (w) > |5]|g1(r)] (/ | fo(s)wo(s)|ds — 5) >0,
Op
where ©g = Qf if 3> 0and ©5 = Q if 5 <0.

Consider now the case when there exists n > n4 such that (4.57) holds. From
(4.3) and the definition of the set D; it follows that D;f C D}, and since g, is
non-decreasing, from (4.53) we obtain I(D,}, U}, z) > |g1( Nw=1D,, Ut r) >
do for & > r, with p = [+ Uz | fo(s)wo(s)|ds — [+ | fo(s)wo(s)|ds. By the last

nyg \Veqg €0
inequality, (4.3), (4.53), and (4.62) we get u > 0 and

(4.71) M, (w) > |8](|g1(r) |1 — 60/2)-

Applying (4.70), (4.71) in (4.48) and taking (4.7) into account, we conclude
that there exist £ > 0 and n; > n4 such that

3] <|91( N — — —€1> / fi(s,un(s))w(s)ds for n>mny

with g1 = min(u, [o+ |fo(s)wo(s)|ds — ). From (4.68) and the last inequality
wo

it is clear that, for any function h;, we can choose r > 0 such that the ine-

quality (4.43) will be true. Analogously one can prove (4.43) in the case when

fo;%l | f1(s,m)wo(s)|ds # 0. .
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Lemma 4.7. Let r > 0, there exist functions a, f~, fT € L(I, Ry) such that the
condition (4.38) is satisfied,

(4.72) sup{|fi(t,z)| : x € R} = a(t) for tel,

and there exist a nonzero solution wq of the problem (1.3), (1.4) and € > 0 such
that

—/Xf%@maﬂ_+f1@ma@um&wﬂmns
(4.73) SﬁWM@%@“S

< [ o)) + Gl )ds = elall

Then, for every nonzero solution w of the problem (1.3), (1.4) and functions
u, € C'(I;R) (n € N) fulfilling the conditions (4.3), (4.41), and (4.42), there
exists ny € N such that the inequality (4.43) holds.

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4),
there exists 3 # 0 such that w(t) = Bwy(t). Moreover, it is not difficult to verify
that all the assumptions of Lemma4.1 are satisfied for the function w(t) = Swy(t).
From (4.1), (4.2), and (4.72) we get

M, (w) > — a(s)|w(s)|ds + f1(s, up)w(s)ds+
(4.74) A"'1UB"’2 /B"’l

b
+/ hi(s)w(s)ds.
On the other hand, by the definition of the set B, ; we obtain
(4.75) sgnu,(t) = sgnw(t) for te By UB, .

Hence, by (4.1), (4.2), (4.10), (4.38), and (4.75), from (4.74) we obtain the estimate

MW@—/M@M@%E—A a(s)]w(s)|ds+

n,lUBn,2

(1.76) o[ e [ e

v

—:meﬁw&wﬂwﬁﬂmv%[%lfWﬁWNQWs+/ng@MwGM%-

Now, note that f~ =0 and f* = 0if fi(¢t,z) = 0. Therefore by (4.7), (4.11),
(4.15), and the inclusions C}f; € QF, C,; C Q, we see that there exist ¢ > 0

w?
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and ny € N such that

1

Sellofls > / a(s)]wo(s)|ds
(4.77) i”JUB"Q
/Q PO lwo(s)lds — zellolls < /  FE(s) o (s)]ds

for n > ny. By virtue of (4.76) and (4.77), we obtain
M, (w)
16l

> —cllallu+ [ Fr()un)lds+

# [ @i o [ h(oues

for n > ny, where o = sgnf. Now, by taking into account that

/%Z(S)WO(S)MS = /i 1(s)|wo(s)|ds = /abl(s)[wo(s)]ids

wo

if >0 and

/ un(s)lds = [ 1(s)wo(lds = | 1(5) ()]s

wo

if 5 < 0 for an arbitrary [ € L(I, R), from the last inequalities we get

T el b+$ws ~(8)[wo(s s
7] > —¢| HL—i—/a(f()[ ()] + £ (5)wo(s)])ds-+
+/bh1(s)w0(s)ds for n>ny
if o =1, and
M, (w) b . )
5] - _€||a||L+/a (f7(s)[wo(s)]- + F7(s)[wo(s)]+)ds

b
—/ hi(s)wo(s)ds for n > ny
if 0 = —1. From the last inequalities and (4.73) we immediately obtain (4.43). =

Now we consider the definitions of the sets Vig((a,b)) introduced and de-
scribed in [12] (see [Definition 1.3, p. 2350])

Definition 4.2. We say that the function p € L([a, b]) belongs to the set Vio((a, b))
if for any function p* satisfying the inequality p*(t) > p(t) for ¢t € I the unique
solution of the initial value problem

(4.78) u"(t) = p*(t)u(t) for tel, wula)=0, u'(a)=1,

has no zeros in the set |a, b].
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Lemma 4.8. Let i € {1,2}, p € L(I;R), pu(t) = p(t) + (=1)'/n, and w, €
C'(I; R) (n € N) be a solution of the problem
(079 wlt) =paliun(t) for teT, wala)=0, wa(b)=0.

n

Then:

a) There exists ng € N such that the problem (4.79,) has only the zero solution
for n > ny.

b) If i = 2 and N,, = 0, where w is a solution of the problem (1.3), (1.4),
then the inclusion p, € Vig((a,b)) for every n € N holds.

Proof. a) Let N be the number of zeros of the function w, on I. Assume on
the contrary that there exists a sequence {w,} 2 = of nonzero solutions of the
problem (4.79,).

If i = 1 then from the facts that p,(t) < pp41(t) and w, # 0, by Sturm’s
comparison theorem, we obtain Ny, — Ny =~ >1 (n € N). Now notice that, in
view of (4.79,,), the inequality N, > 2holds. Hence there exist kg > 2 and ng > 2
such that Nj, == ko. Therefore, we obtain the contradiction ko = Ny, > Ny, =~ —

Wn

Ny = (No =N (NG~ Ny )4t (NG = Ni ) > h.

If © = 2, from the fact that p,_1(t) > p.(t) > p(t) and w, # 0, by Sturm’s
comparison theorem, we obtain Nj — Nj ~>1and Nj > N; —1(n € N) if
w is a nonzero solution of the equation (1.3). Now notice that, in view of (4.79,),
the inequality N; > 2 holds for every n € N. Therefore, if we denote N; = ko,
we obtain the contradiction kg = N > N;j,wko —1> N:;Hko — Ny > ko.

The contradiction obtained proves the item a) of our lemma.

b) Assume on the contrary that there exists n € N such that p, & Vip([a, b]).
If p*(t) > pn(t) and w is a solution of the problem (4.78), then there exists t, €|a, b
such that u(tg) = 0. Since p(t) < p*(¢), by Sturm’s comparison theorem, we obtain
that w, the solution of the problem (1.3), (1.4), has a zero in the interval |a, to],
which contradicts our assumption N,, = (). The contradiction obtained proves the

item b) of our lemma. .

5. Proof of the main results

Proof of Theorem 2.1. Let p,(t) = p(t) +1/n and, for any n € N, consider the
problem

(5.1) ul (t) = pu(O)un(t) + f(t,un(t)) + h(t) for tel,

(5.2) un(a) =0, u,(b) =0.

In view of the condition (2.1) and Lemma 4.8, the inclusion p,, € Vio((a,d)) holds
for every n € N. On the other hand, from the conditions (2.2) and (2.3) we find

(5.3) 0 < f(t,z)sgnx < g(t)|x| + ho(t) fort eI, |z| >r.
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Then the inclusion p, € Vig((a,b)), as is well-known (see [12, Theorem 2.2,
p.2367]), guarantees that the problem (5.1), (5.2) has at least one solution, sup-
pose u,. In view of the condition (2.2), without loss of generality we can assume
that there exists £* > 0 such that ho(t) > &* on I. Then g(t)|z| + ho(t) > &* for
x € R, t € I. Consequently, it is not difficult to verify that w, is also a solution
of the equation

(5:4) U (t) = (Pn(t) + po(t, un(£))sgun (t))un(t) + pa(t, un(t))

St x)g(t) St x)ho(t)
(@)lz] + ho(t) g(®)]x] + ho(t)’

with po(t, x) = p , pi(t,z) = h(t) +

Now assume that

(5.5) lim ||un||c = +oo

n—-+00

and v,,(t) = U, (t)||un]|g'. Then

(5.6) Un(t) = (Pu(t) + polt, un(t))sgnun () va(t) + mm(t, un(t)),
(5.7) vp(a) =0 v, (b) =0,

and

(5.8) lvallc =1

for any n € N. In view of the condition (5.3), the functions py,p; € K(I X R; R)
are bounded respectively by the functions ¢(t) and h(t) + ho(t). Therefore, from
(5.6), by virtue of (5.5), (5.7) and (5.8), we see that there exists ry > 0 such that
|V, ||c < ro. Consequently in view of (5.8), by Arzela-Ascoli lemma, without loss
of generality we can assume that there exists w € C'(I, R) such that nl_1£100 v (t) =

w?(t) (i = 0,1) uniformly on I. From the last equality and (5.5) there follows
the existence of an increasing sequence {ay};> of a natural numbers, such that

||ta, ||c > 2rk and ||v(()2 —wW||¢ < 1/2k for k € N. Without loss of generality
we can suppose that w, = u,, and v, = v,,. In this case we see that w, and
v, are the solutions of the problems (5.1), (5.2) and (5.6), (5.7) respectively with
pn(t) = p(t) + 1/, for t € I, n € N, and that the inequalities

(5.9) un|lc > 2rn,  [|o9 —w||c <1/2n for ne N

are fulfilled. Analogously, since the functions pg, p; € K (I x R; R) are bounded, in
view of (5.5), we can assume without loss of generality that there exists a function
p € L(I; R) such that

(5.10;) lim L/ P, (s, un(s))sgnu,(s)ds = (1—j)/ p(s)ds

n=t20 [[uy [
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uniformly on I for j = 0,1. By virtue of (5.8)-(5.10;) (j =0,1), from (5.6) we
obtain

(5.11) w”(t) = (p(t) + p(t)w(t),
(5.12) w(a) =0, w(b) =0,
and

(5.13) llw||lc = 1.

From the conditions (2.3) and (5.9) it is clear that all the assumptions of Lemma
4.3 with fi(t,x) = f(t,x) are satisfied, and thus we obtain from (5.10;) (j = 0)
the relation fst p()de >0 for a<s<t<b,ie,

(5.14) Bt) >0 for tel.

Now assume that p # 0 and wy is a solution of the problem (1.3), (1.4). Then
using Sturm’s comparison theorem for the equations (1.3) and (5.11), from (5.14)
we see that there exists a point ¢y €|a, b| such that wy(tg) = 0, which contradicts
(2.1). This contradiction proves that p = 0. Consequently, w is a solution of the
problem (1.3), (1.4). Multiplying the equations (5.1) and (1.3) respectively by w
and —u,,, and therefore integrating their sum from a to b, in view of the conditions
(5.2) and (1.4), we obtain

(5.15) S w@%@mzfamwﬁgmﬁmmmm

On J,

for n > ng. Therefore by virtue of (5.9) we get

(5.16) / (h(s) + f(s,un(s)))w(s)ds <0 for n > ny.

On the other hand, in view the conditions (2.1)-(2.41), (5.2), and (5.9) it is clear
that all the assumption of Lemma 4.4 with fi(¢t,z) = f(¢t,z), hi(t) = h(t) are
fulfilled. Therefore, the inequality (4.43) is true, which contradicts (5.16). This
contradiction proves that (5.5) does not hold and thus there exists r; > 0 such that
||un||c < ry for n € N. Consequently, from (5.1) and (5.2) it is clear that there
exists 7} > 0 such that ||u]||c < 7 and |u.(t)] < o(t) for t € I, n € N,
where o(t) = (1+|p(t)])r1+]|h(t)|+7 (t). Hence, by Arzela-Ascoli lemma, without
loss of generality we can assume that there exists a function uy € C’ (I; R) such
that nl_lgloo uld(t) = u(()i) (t) (¢ = 0,1) uniformly on I. Therefore, it follows from

(5.1) and (5.2) that ug is a solution of the problem (1.1), (1.2). .
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Proof of Theorem 2.2. Let p,(t) = p(t) — 1/n and, for any n € N, consider
the problems (5.1), (5.2) and (4.79,,). In view of Lemma 4.8, the problem (4.79,,)
has only the zero solution for every n > ng. Therefore, as is well-known (see [9,
Theorem 1.1, p.345]), from the conditions (2.7), (2.9) it follows that the problem
(5.1), (5.2) has at least one solution, suppose u,,.

Now assume that (5.5) holds and put v,,(t) = u,(t)||u.]|5'. Then the condi-
tions (5.7) and (5.8) are fulfilled, and

1

(5.17) v (t) = pu(t)v,(t) + ———
||tnllc

(f(t,un(t))) + h(1))-

In view the conditions (2.7) and (2.9), from (5.17) there follows the existence of
ro > 0 such that ||v]||c < 7ro. Consequently, in view (5.8) by Arzela-Ascoli lemma,
without loss of generality we can assume that there exists a function w € C'(1, R)
such that lim v (t) = w(t) (i = 0,1) uniformly on I. Analogously as in

n—+

the proof of Theorem 2.1, we can find a sequence {ay}> of natural numbers

such that, if we suppose u,, = u,, then the conditions (5.9) will by true when the
functions w,, and v,, are the solutions of the problems (5.1), (5.2) and (5.17), (5.7)
respectively with p,(t) = p(t) — 1/ay, for t € I, n € N. From (5.17), by virtue of
(5.7), (5.9) and (2.9), we obtain that w is a solution of the problem (1.3), (1.4).
In a similar manner as the condition (5.15) in the proof of Theorem 2.1, we show
that

1 s b
(5.18) = [ wlunls)ds = [ (h(s) + Fls.un(s))uls)ds

An Ja a
for n > ny. Now note that, in view of the conditions (2.1), (2.8), (2.42), (5.2), and
(5.9), all the assumptions of Lemma 4.4 with fi(t,z) = —f(t,z), hi(t) = —h(t)
are satisfied. Hence, analogously as in the proof of Theorem 2.1, from (5.18) we
show that the problem (1.1), (1.2) has at least one solution. .

Proof of Theorem 2.3. Let p,(t) = p(t) + (—1)'/n and for any n € N, consider
the problems (5.1), (5.2) and (4.79,,). In view of the condition (2.13) and the fact
that (—1)°f(¢, ) is non-decreasing in the second argument for |x| > 7, we obtain

1
(5.19) lim
n—to0 ||zn|c

[ 116 zlo)ids =0

for an arbitrary sequence z, € C(I;R) with lirf l|znllc = 4o00. Moreover,
n—-roo

in view of Lemma 4.8, the problem (4.79,,) has only the zero solution for every
n > ng. Therefore, as it is well-known (see [9, Theorem 1.1, p. 345]), from the
inequality (5.19) it follows that the problem (5.1), (5.2) has at least one solution,
SUPPOSE Uy,

Now assume that (5.5) is fulfilled and put v, () = wu,(t)||u,||5'. Then (5.7),
(5.8) and (5.17) are also fulfilled. Hence, by the conditions (5.8) and (5.19), from
(5.17) we get the existence of ry > 0 such that ||v]||c < r9. Consequently, in view
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of (5.8) by the Arzela-Ascoli lemma, without loss of generality we can assume that
there exists a function w € C'(I, R) such that nkrfm v () = wO(t) (i =0,1)
uniformly on /. Analogously as in the proof of Theorem 2.1, we can find a sequence
{ax}F2S of natural numbers such that, assuming u, = u,,, the conditions (5.9)
is true and the functions u,, and v,, are the solutions of the problems (5.1), (5.2)
and (5.17), (5.7) respectively with p,(t) = p(t) + (—=1)"/ay, for t € I, n € N. From
(5.17), by virtue of (5.7), (5.9) and (2.13), we obtain that w is a solution of the
problem (1.3), (1.4). In a similar manner as the condition (5.15) in the proof of
Theorem 2.1, we show

1 b b
(5.20) - w(s)u,(s)ds = (—1)1/ (h(s) + f(s,un(s)))w(s)ds
for n € N > ng. Now note that, in view the conditions (2.11), (2.12), (2.14), (5.2),
and (5.9), all the assumptions of Lemma 4.5 with fi(¢,z) = (=1)"f(t,z), hi(t) =
(—1)'h(t) are satisfied. Hence, analogously as in the proof of Theorem 2.1, from
(5.20) by Lemma 4.5 we obtain that the problem (1.1), (1.2) has at least one

solution. "

Proof of Corollary 2.1. From the condition (2.15) we immediately obtain
(2.14). Therefore all the conditions of Theorem 2.3 are fulfilled. n

Proof of Theorem 2.4. The proof is the same as the proof of Theorem 2.3. The
only difference is that we use Lemma 4.6 instead of Lemma 4.5. n

Proof of Theorem 2.5. From (2.21) it is clear that, for an arbitrary sequence
zn € C(I; R) such that lirJlrn ||znllc = 400, the equality (5.19) is holds. From

(5.19) and Lemma 4.7, analogously as in the proof of Theorem 2.3, we show that
the problem (1.1), (1.2) has at least one solution. .
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1. Introduction

In 1935, G. Griiss [19] proved the following integral inequality which gives an
approximation of the integral of the product in terms of the product of the integrals
as follows:

’bia/abf(x)g(x)daj_ﬁ/abf(m)dx.bia/abg(;wdx
(@ —0) (' =7),

<

A~ =

where f, g : [a,b] — R are integrable on [a, b] and satisfy the condition
(1.1) 6<f(x) < y<gx)<T

for each x € [a,b] , where ¢, ®,~,T are given real constants.

Moreover, the constant 1 is sharp in the sense that it cannot be replaced by

a smaller one.
In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [22, Chapter X]
established the following discrete version of Griiss’ inequality:
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Let a = (ay,...,a,), b = (b1,...,b,) be two n—tuples of real numbers such
that r <a; < Rand s < b; < S for i =1,...,n. Then one has

b Yw Yol < 1[5 (15 5] r-nis )

where [z] denotes the integer part of z, z € R.

For a simple proof of (1.1) as well as for some other integral inequalities of
Griiss type, see Chapter X of the recent book [22]. For other related results see
the papers [1]-[3], [4]-[6], [7]-[9], [10]-[17], [18], [25], [27] and the references therein.

2. Operator inequalities

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a x-isometrically isomorphism ® between the set
C(Sp(A)) of all continuous functions defined on the spectrum of A, denoted
Sp(A), an the C*-algebra C* (A) generated by A and the identity operator 1y
on H as follows (see for instance [20, p. 3]):

For any f,g € C'(Sp(A)) and any «, 5 € C we have

(i) @ (af + Bg) = a® (f) + 5P (9);
(ii) @ (fg) =@ (f)®(g) and @ (f) =@ (f)";
(iii) [| (NI = ILF] = supespay [f ()]
) ©(fo) =1y and ®(f;) = A, where fo(t) =1 and f, (t) =t, fort € Sp(A).

(iv
With this notation we define
f(A) = (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp(A), then f(t) > 0 for any t € Sp(A) implies that f(A) > 0, i.e. f(A) is a
positive operator on H. Moreover, if both f and g are real valued functions on
Sp (A) then the following important property holds:

(P) f(t)>g(t) for any t € Sp(A) implies that f (A) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of self-
adjoint operators, see [20] and the references therein. For other results, see [24],
[21] and [26].

The following operator version of the Griiss inequality was obtained by Mond
& Pecari¢ in [23]:
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Theorem 2.1 (Mond-Pecarié, 1993, [23]) Let C;, j € {1,...,n} be selfadjoint
operators on the Hilbert space (H,(.,.)) and such that m; -1y < C; < M; -1y
for j € {1,...,n},, where 1y is the identity operator on H. Further, let g;, h; :
[m;, Mj] =R, j€{l,...,n} be functions such that

(2.1) 0 -1p <gj(C;) <P -1y and vy -1y < h; (C;) <T'-1y

for each j € {1,...,n}.
Ifzj€ H,j €{l,...,n} are such that Y77, |z;||* = 1, then

n n n

22) > g5 (Cy) by (C) wjoag) =Y (g5 (Cy)ajoay) - > (hy (C) ay, ;)
2.2 7j=1 j=1 j=1
<1(@—9) =),

If C;,7 € {1,...,n} are selfadjoint operators such that Sp(C;) C [m, M]
for j € {1,...,n} and for some scalars m < M and if g,h : [m, M] — R are
continuous then by the Mond-Pecari¢ inequality we deduce the following version
of the Griiss inequality for operators

. > (g (CH(Ch ajay =Y Ag(Ch)ag,ay) - Y (R (C)xj,ay)
S%(q)—w)(F—v),

. 2 .
where z; € H, j € {1,...,n} are such that ; llz;]|” =1 and ¢ = tel[%l%]g(t)a
® = ma t = min h(t) and [' = max h(t).
Jax g (1), y= min h(t)an Sax h(t)
In particular, if the selfadjoint operator C' satisfy the condition Sp(C') C

[m, M| for some scalars m < M, then

(24)  [g(O)h(C)z,z) = (g (C),x) - (h(C)z, 1) < (2 =) (' =),

>~ =

for any x € H with ||z| = 1.
We say that the functions f, g : [a,b] — R are synchronous (asynchronous)
on the interval [a, b] if they satisfy the following condition:

(f (t) = f(5) (g (t) —g(s)) = ()0 for each t, 5 € [a,b].

It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a,b], then they are synchronous on [a, b] while if they have opposite
monotonicity, they are asynchronous.

In the recent paper [15] the following Cebysev type inequality for operators
has been obtained:
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Theorem 2.2 (Dragomir, 2008, [15]) Let A be a selfadjoint operator on the
Hilbert space (H,(.,.)) with the spectrum Sp (A) C [m, M] for some real numbers
m < M. If f,g: [m, M] — R are continuous and synchronous (asynchronous)
on [m, M], then

(2.5) (F(A)g(A)z,2) > (<) (f(A)z,2) - (g (A) 2, )

for any x € H with ||z|| = 1.
This can be generalized for n operators as follows:

Theorem 2.3 (Dragomir, 2008, [15]) Let A; be selfadjoint operators with
Sp(4;) € [m,M] for j € {1,...,n} and for some scalars m < M. If f,g :
[m, M] — R are continuous and synchronous (asynchronous) on [m, M|, then

n n n

(26) D (F(A)g(A)ajay) = ()Y (f (A zjx;) - Y (g (Ay) zy,5),

j=1 J=1 J=1
for each z; € H,j € {1,....,n} with }7_, lz;])* = 1.
Another version for n operators is incorporated in:

Theorem 2.4 (Dragomir, 2008, [15]) Let A; be selfadjoint operators with
Sp(4;) € [m,M] for j € {1,...,n} and for some scalars m < M. If f,g :
[m, M] — R are continuous and synchronous (asynchronous) on [m, M], then

(2.7) <ijf (A5) 9 (A) I,$> > (<) <ijf (Aj)90=$> : <ijg (4;) Ial’>,

for any p; > 0,5 € {1,...,n} with ij =1 and z € H with ||z|| = 1.
j=1

Motivated by the above results we investigate in this paper other Griiss’
type inequalities for selfadjoint operators in Hilbert spaces. Some of the obtained
results improve the inequalities (2.3) and (2.4) derived from the Mond-Pecarié
inequality. Others provide different operator versions for the celebrated Griiss’
inequality mentioned above. Examples for power functions and the logarithmic
function are given as well.

3. An inequality of Griiss’ type for one operator

The following result may be stated:
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Theorem 3.1 Let A be a selfadjoint operator on the Hilbert space (H;(.,.)) and
assume that Sp (A) C [m, M| for some scalars m < M. If f and g are continuous

on [m, M] and ~ := tEI[nlr]{ﬂf()andF ten[lﬂ?ﬁ}f()then

(f(ADg(A)y,y) = (F(A)y.y) - (g(A)z,2) — —=[{g (A) y,y) = (9 (4) 2, 7)]

1

<5 (0= [lg (AP + (g (A) 2.2)* =2 g (A) 2,2) (g (A) y. )] "

(3.1)

for any x,y € H with ||z|| = ||y|]| = 1.

Proof. First of all, observe that, for each A € R and x,y € H, ||z| = |jy|]| = 1 we
have the identity

(f(A) =A-1u)(g(A) = (g (A) z,2)  1u) y,y)
(3.2) =(f(A)g(A)y,y) — A [{g(A)y,y) —(g(A)z,2)]
—(g(A)z,2) (f (A) y,y) .

Taking the modulus in (3.2) we have

(f(A)g(A)y,y) —A-[g(A)yy) —(g(A)z,2)]
—(9(A)z,z) (f(A)y,y)]
=[{(g(A) = (g (A)z,2) - 1)y, (f (A) = X-1g)y)|
lg (A)y — (g (A)z,z)yll |f (A)y — My

<

33 = Tlg (Aol + (g (A) 2.2)* — 2 (g (A),2) (g (A) )] ">
<1 (A)y - Al
< [llg Ayl + (g (A) 2,2 — 2 (g (A) 2,) (g (A) g 9)]
<L (4) — A- 1]

for any @,y € H, o]l = Iyl = 1.

Now, since vy = min f(t) and I' = max f (), then by the property (P)
te[m, M| te[m,M]

we have that v < (f (A)y,y) < T for each y € H with ||y|| = 1 which is clearly

equivalent with
1

<5

\<(f<A>—$1H) yy>] <209

for each y € H with [|y|| = 1.
Taking the supremum in this inequality we get

I'—7)

s A

or with
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r
which together with the inequality (3.3) applied for A = % produces the
desired result (3.1). n

As a particular case of interest we can derive from the above theorem the
following result of Griiss’ type that improves (2.4):

Corollary 3.1 With the assumptions in Theorem 3.1 we have

(3.4) [{f (A)g(A)z,x) — {f (A) z,z) - (g (A) z, 7)]
(=) [llg (A) =]* = (g (A) 2, 2)7] (S Lr—y)(a- 5))

l\DI»—t

4

hae H with ||z|| = 1, where § = dA = ).
for each x with ||z|| where ter[rrlnl%]g()an ten[f}??’)j&]g()

Proof. The first inequality follows from (3.1) by putting y = =.
Now, if we write the first inequality in (3.4) for f = g we get

), 2)? = (% (A) 7, 7) — (g (A) z, )’
(A =3) [llg (A) z]* = (g (A) ,2)2] "

0<lg(A)z]”—(g(A
<1
=2

which implies that

12 1
[lg (A)z|* = (g (A)z,2)"] "~ < 5 (8 =9)
for each x € H with ||z|| = 1.
This together with the first part of (3.4) proves the desired bound. n

The following particular cases that hold for power function are of interest:

Example 3.1 Let A be a selfadjoint operator with Sp(A) C [m, M] for some
scalars m < M.
If A is positive (m > 0) and p,q > 0, then

(3.5) ) (AP 2y — (APx, x) - (A2, x)

MI'— I/\

(- >mmW—meWﬂs-Wmethﬂ

1
4

for each x € H with ||z| = 1.
If A is positive definite (m > 0) and p, ¢ < 0, then

(3.6) (0 <) (APtig, x> — (APx,x) - (A%, x)

MT =Ty g2 — (a9 @T”F

<—
M—-Prm~—p

P _m P M1 — mq}

l\'JIH
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for each x € H with ||z|| = 1.
If A is positive definite (m > 0) and p < 0, ¢ > 0 then

(3.7) (0 <) (APz,x) - (Alz,z) — (APT9z, 1)

1 M»—m , sz [ 1 M —mr
SV T nAdel? — Al LD VL R
= 2 M—Pm~—p [HA :EH <A x’x> } [S 4 M—Pm—p (M m )}
for each x € H with ||z| = 1.
If A is positive definite (m > 0) and p > 0, ¢ < 0 then
(3.8) (0 <) (APz,x) - (Alz,z) — (APT 9z, 2)
1 2 211/2 1 M1 —m™1
_ . P _ p q _ q — . P _ p
< 5 O =) [lavel? = gt 2] |< 3 (o7 ) S

for each x € H with ||z|| = 1.

We notice that the positivity of the quantities in the left hand side of the
above inequalities (3.5)-(3.8) follows from the Theorem 2.2.

The following particular cases when one function is a power while the second
is the logarithm are of interest as well:

Example 3.2 Let A be a positive definite operator with Sp(A) C [m, M] for
some scalars 0 <m < M.
If p > 0 then

(3.9) (0<)(APIn Ax,z) — (APz,z) - (In Az, x)

1
5 (M7 =) [[[In Az = {In Az, 2)’] 12
1 M
< < = (MP —mP)Iny/ —
/2 [ Are)? = (Are, 2] ’ "
m )
for each x € H with ||z|| = 1.
If p < 0 then
(3.10) (0 <) (APxz,z) - (In Az, x) — (AP In Az, x)
1 M7?—m>
S (|| Ax]f” — (In Az, 2)?]
2 Mmm7e 1 M7P—m™ _[M
< < Z. n4/—
-2 M—Pm~pP m

M
Iny /= - [l 47z | = (472, 2)*]"*

for each x € H with ||z| = 1.
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4. An inequality of Griiss’ type for n operators
The following multiple operator version of Theorem 3.1 holds:

Theorem 4.1 Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €
{1,...,n} and for some scalars m < M. If f,g : [m, M| — R are continuous and
v:= min f(t) and ' := max f(t) then

tem, M te[m,M]
Z (f (A7) 9 (A7) vjy5) — Z (f (A5) Y, v5) - ‘ (9 (4j) zj, ;)
- # Z (9 (Aj) v, 95) — Z (g (Aj)xj7$j>] |
(4.1) = o ,
% I'—7) [Z lg (A7) y;* + (Z (9 (Aj)fﬂj,ﬂcﬁ)

n

1/2
_QZ Drine) > (g (Aj)yj,yﬁ]

Jj=1

for each x;,y; € H,j € {1,...,n} with Z ;|| = Z lly;]1> = 1.
Proof. As in [20, p. 6], if we put
A1 ce 0 T hn
A= : and r = ) Y =
An Tn Yn
ﬂmmm%@g[}w|wﬂ

(5 (s ()7) -

<f <g> v, §> = Zn: (f (A7) Yz, 950 <g (21) v, §> =2 (9 (A1) v y5) s

|'M:

(F (A7) g (A wisu) (9 (A) 7.7) = D (g (A ay, )

j=1 j=1

and
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Applying Theorem 3.1 for A, 7 and § we deduce the desired result (4.1). .

The following particular case provides a refinement of the Mond—Pecari¢ re-
sult from (2.3).

Corollary 4.1 With the assumptions of Theorem 4.1 we have

(4.2)
Z (f (A7) g (Aj) xj,25) — Z (f (Aj) @y, 2)) - Z (9 (45) zj, ;)
1 " P i 1
<5 - (=) ZHQ(AJ)%H —(Z (g (Ag)l”m%)) << —(T'—7) (A—5))

for each x; € H,j € {1,...,n} with Z”%HQ = 1 where 6 := min ¢ (t) and

te(m,M)|
A = t).
Jax g (t)

Example 4.1 Let A;, j € {1,...,n} be a selfadjoint operators with Sp(A4;) C

[m, M],5 € {1,...,n} for some scalars m < M.
If A; are positive (m > 0) and p,q > 0, then

(0<) > (AT ) =y (Afwy,ay) - > (Al a;)
=1 j=1 j=1

97 1/2

(VAN
[\DI»—t

o) | Sl - (3 g

7=1
<

for each z; € H,j € {1,...,n} with Z 1% = 1.

P ) (417 = )

-1

If A; are positive definite (m > 0) and p,q < 0, then

(0<) Y (A my) = > (Afwj ) - > (Al a;)
j=1 Jj=1 Jj=1

o7 1/2

IN

b M [l - (3 (a5

< 1 MP—mPM9—m™1
—4 M-Pm—Pr M-Im—4
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for each z; € H,j € {1,...,n} with Z ;| = 1.

]:
If A; are positive definite (m > 0) and p < 0, ¢ > 0 then

(0 S) Z <A§;Uj,ﬂj‘j> . Z <A?xj7$j> — Z <A§+q£l}j, Zlfj>
j=1 7=1 j=1
9 1/2

< % : MM Z A3 | (Z <A§"%”%‘>)

Jj=1
1 M™P—m™P
-z q_ 4
[S 4 M—Pm—p (M mn )}

for each z; € H,j € {1,...,n} with Z ;| = 1.

]:
If A; are positive definite (m > 0) and p > 0, ¢ < 0 then

(0 S) Z <A§J}j,xj> . Z <A?$J‘,£Cj> — Z <A§+q$j, Zlfj>
j=1 7=1 j=1

97 1/2

(VAN
N | —

MP — mP) Z HAgijQ — <Z <A§mj,xj>>
j=1

j=1
-9 _ —-q
|:< i (Mp _ mp) u}

M—a9m—4
for each z; € H,j € {1,...,n} with Z | z;])* = 1.

We notice that the positivity of the quantities in the left hand side of the
above inequalities (4.3)-(4.6) follows from the Theorem 2.3.

The following particular cases when one function is a power while the second
is the logarithm are of interest as well:

Example 4.2 Let A; be positive definite operators with Sp (A4;) C [m, M], j €
{1,...,n} for some scalars 0<m< M.

If p > 0 then
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(0 S) Z <A§ hlAjLUj,Ij> — Z <A§~)$]’, ZL’j> . Z <111Aj$j, Ij>
j=1 j=1 j=1

;

07 1/2
1 n n
5 (MP —m?) > I Aja|* - (Z <1T1Aj93j>$j>)
j=1 j=1
<
07 1/2
Iy [ 3[Rl = | D (AT, @)
\ j=1 j=1
1 M
— . P P =
[g 5 (MP —mP)In m]

for each z; € H,j € {1,...,n} with Z |z ])* = 1.
If p < 0 then
(02) > (Afwgo ;) - 3 (nAjzjows) = 3 (ATIn Ay, )
j=1 j=1 i=1

( o7 1/2

1M? —m~ n
2 M-rmr ZHlnAx]H - (Z <111ij17ij>>

j=1
— mfp M]

IA

97 1/2

oL S = (3 )

1 M™P |
- In
-2 M-—Prm~p m

for each z; € H,j € {1,...,n} with Z lz;])* = 1.

5. Another inequality of Griiss’ type for n operators
The following different result for n operators can be stated as well:
Theorem 5.1 Let A; be selfadjoint operators with Sp(A;) C [m,M] for j €

{1,...,n} and for some scalars m < M. If f and g are continuous on [m, M| and

vy o= r[nln f(t) and T := r{laﬁ}f(t) then for any p; > 0,7 € {1,...,n} with
te te\m,

ij =1 we have

j=1
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‘<Zpkf (Ap) 9 (Ar)y, y>

<Zpkg (Ak)y,y> - <ijg (A;) x:v>]
- <Zpkf (Ak)y,y> : <ijg (4;) wx>‘

< F— [Zpkz lg (Ax) yll? —2<Zpkg (Ark) v, y> <ij9 (Aj)x,x>

k=1

_’y+F
2

o7 1/2

+<ijg(Aj)l’,l‘> ’

Proof. Follows from Theorem 4.1 on choosing z; = \/p; -z, y; = /Pj - ¥,

for each x,y € H with ||z|| = ||y|| = 1.

Jj € {l,..,n}, where p; > 0,5 € {1,...,n}, ij =1 and z,y € H, with
j=1
llz|| = ||yl = 1. The details are omitted. n

Remark 5.1 The case n = 1 (therefore p = 1) in (5.1) provides the result from
Theorem 3.1.

As a particular case of interest we can derive from the above theorem the
following result of Griiss’ type:

Corollary 5.1 With the assumptions of Theorem 5.1 we have

‘<Zpkf (Ar) g (A) :1:> <Zpkf (Ap) >-<Zpkg(z4k)x,w>‘
:12 1/2
> ol (Ax) x| - <Zpk9 (Ak)xa$>

<ir-m@-s)

h H with =1, where § := dA:= t).
for each x € H with ||| , where ter[r#%}g()an tgﬁ}ﬂ;}g()

Proof. It is similar with the proof from Corollary 3.1 and the details are omitted. m

The following particular cases that hold for power function are of interest:
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Example 5.1 Let A;, j € {1,...,n} be a selfadjoint operators with Sp(A;) C
m,M],j7 € {1,...,n} for some scalars m < M and p; > 0,5 € {1,...,n} with

Y op=1
j=1

If A;, je{l,..,n} are positive (m > 0) and p,q > 0, then

(5.3) (0<) <ZpkAi+qx,x> <ZpkAkx x> ZpkAzx,w>
k=1 k=1
5 1/2

1 n n
< S —m?) | gl Al - <ZpkAzx,x>
k=1 k=1

< 5O ) (07 = )

for each x € H with ||z|| = 1.
If A;,je€{l,...,n} are positive definite (m > 0) and p,q < 0, then

(5.4) (0<) <ZpkAi+qx,a:> - <ZpkAzx,x> : <ZpkAZx,x>
k=1 k=1 k=1

97 1/2

1 M—»
- q _
<2 Mpmp g pk||Ax|| <E pkA$x>
S

M_p_m_pM_q _m_q
e e

for each x € H with ||z| = 1.
If A;, je{l,...,n} are positive definite (m > 0) and p < 0, ¢ > 0 then

(5.5) (0<) <Zn:pkA£x,a:> <ZpkAkJ: x> <Zn:pkA£+qx,x>

97 1/2

1Mp mP
4 M-Pm-p

1 M —mP
< 5 e |3 el - <ZmA )
S

(o1 = )

for each x € H with ||z| = 1.
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If Aj,je{l,..,n} are positive definite (m > 0) and p > 0, ¢ < 0 then

0 <) <Zpkz4£x,x> . <ZpkAZx,x> — <ZpkAZ+qx,x>
k=1 k=1 k=1

97 1/2
1 & 2
g Q0 =m) |3 pe el —<§jpkAkx x>
1 M~ —m~9
_ py_ -~ @
S WM ]

for each x € H with ||z|| = 1.

We notice that the positivity of the quantities in the left hand side of the
above inequalities (5.3)-(5.6) follows from the Theorem 2.4.

The following particular cases when one function is a power while the second
is the logarithm are of interest as well:

Example 5.2 Let A;, j € {1,...,n} be positive definite operators with Sp (A4;) C
[m, M], j € {1,...,n} for some scalars 0 < m < M and p; > 0,j € {1,...,n} with

j=1

If p > 0 then

(5.7) (0<) <ZpkAilnAk:v,x> <ZpkAkx ZB> <2pklnAkx,m>

k=1 k=1
( 1/2
n n 2 /

1
5 (MP —mP) - Zpk |In Agz||* — <Zpk lnAkx,x>
k=1 k=1

)7 1/2
M n n
In 4/ —- Zpk | APz |)* — <ZpkAZ:L‘,x>
k=1 k=1

VAN

for each x € H with ||z| = 1.
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If p <0 then
(5.8) (0<) <ZpkAix,x> : <Zpk lnAka:,x> — <ZpkAz lnAkx,w>
k=1 k=1 k=1
( 7 1/2

I M™P—m™P|& 5 i
o A—p—p Zpk |In Agz||” — <Zpk lnAkx,x>
2  M—Pm~p o e

o 1/2
M n n
In 4/ —- Zpk | AP z||* — <ZpkA£x,x>
k=1 k=1

[ 1 M7 —m M]
<= 1

IA

2 Mrmr " \'m
for each x € H with ||z| = 1.

The following norm inequalities may be stated as well:

Corollary 5.2 Let A; be selfadjoint operators with Sp(A;) C [m, M| for j €
{1,...,n} and for some scalars m < M. If f,g : [m, M| — R are continuous,

then for each p; > 0,j € {1,...,n} with ij = 1 we have the norm inequality:

j=1
n n n 1
(5.9) (D> pif (A) g (AN[ < (D pif (A1 pig (4)) +1 = (A=4d),
j=1 j=1 j=1
h ‘= mi t), I := t), d:= mi t dA = t).
where 7 ter[g%]f(); terﬁ@]f(), ter[gl%g()an téﬁf‘,ﬁ]g()

Proof. Utilising the inequality (5.2) we deduce the inequality

‘<Zpkf (Ak)g(Ak)$,$> < <Zpkf(z4k)$,$> "<Zpkg(f4kz)$,$>‘
k=1 k=1 k=1
1
PO (A-0)
for each x € H with ||z|| = 1. Taking the supremum over ||z|| = 1 we deduce the
desired inequality (5.9). .

Example 5.3 a. Let A;, j € {1,...,n} be a selfadjoint operators with Sp (A4;) C
[m,M],j € {1,...,n} for some scalars m < M and p; > 0,5 € {1,...,n} with

ij =1.
j=1
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If Aj,je{l,...,n} are positive (m > 0) and p,q > 0, then

Zp AT <Y e AR 1Y prAY
k=1 k=1

If Aj,je{l,..,n} are positive definite (m > 0) and p,q < 0, then

(5.10) —mP) (M?—m?) .

1 M™P—m™PM1—m1

(5.11) Ty e

" AP-HI

p q
kAk kAk

b. Let A;, j € {1, ...,n} be positive definite operators with Sp (4;) C [m, M],
Jj € {1,..,n} for some scalars 0 < m < M and p; > 0,5 € {1,....,n} with

j=1

If p > 0 then
(5.12) ZpkA In Ay, Zn:pkAg Zn:pkhlAk + X e~ eym [
k=1 k=1 2 m
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Abstract. A group G is said to be divisible if for any x € G and any positive integer
n, there exists an element y € G such that x = y™. For a positive integer n > 1, let
Gr(R) be the group under multiplication of all invertible n x n matrices over R. For
distinct positive integers p,q < n, let G(n,p,q) be the subgroup of G, (R) consisting
of all A € G,(R) with A;; > 0 for all i € {1,...,n} and A;; = 0 for distinct 4, j such
that (i,7) # (p,q). Also, let U(n)[L(n)] be the subgroup of G, (R) consisting of all
upper [lower| triangular matrices A € G, (R) with A;; > 0 for all i € {1,...,n}. The
purpose of this paper is to show that the matrix groups G(n,p,q),U(n) and L(n) are
all divisible.

Keywords: matrix groups, divisible groups.
2000 Mathematics Subject Classification: 20H20.

1. Introduction

Let N and R be respectively the set of all positive integers and the set of all real
numbers. The set of all positive real numbers is denoted by R*.

A semigroup S is called divisible if for every x € S and n € N, z = y" for
some y € S. Note that the commutative groups (R, +) and (R*, -) are divisible but
(R\{0},-) is not divisible. Certain divisible semigroups have long been studied.
For example, see [6], [1], [2], [9] and [8]. In [8], the authors gave characterizations
determining when some periodic semigroups are divisible. Divisible commutative
groups are characterized in terms of injectivity. This can be seen in [4], pp.195-196.

Forn € N, let M,,(R) be the multiplicative semigroup of all nxn matrices over
R. The entry of A € M,(R) in the i row and j% column will be denoted by A;;.
Let G, (R) be the unit group of M, (R), that is, G,(R) is the multiplicative group
of all invertible n x n matrices over R, or equivalently, G,(R) = {A € M, (R) |
det A # 0}. Clearly, M,(R) is not a divisible semigroup and G,(R) is not a
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divisible group. In [7] and [5], the authors introduced a skew-semifield SK,, which
is neither a semifield nor a skew-field as follows : Let n € Nand n > 1. If SK,, is
the set of all n x n matrices of the form

aq 0 0 b
0 ay O 0
0 0 0 an,
where a1,...,a, € RT and b € R, then SK, with the n x n zero matrix under

the usual addition + and multiplication - of matrices is a skew-semifield which
is neither a skew-field nor a semifield. Recall that a semiring (S, +, -) is called a
skew-semifield if (S, +) is a commutative semigroup with identity 0 and (.5, -) is a
group with zero 0. A semifield is a commutative skew-semifield. Note that SK,
is a noncommutative subgroup of the group G, (R) and

aa 0 0 . L0 0 ... =
0 ay O 0 B 0 é 0 0
o 0 0 ... a, 0 0 0 L

Since (R* ) is a divisible group and every entry of any A € SK,, in the diagonal is
positive, it is natural to ask whether the group S K, is divisible. We first generalize
the group SK, as follows : For distinct positive integers p,q < n, let G(n,p, q)
be the set of all A € M,(R) with A; > 0 for all « € {1,...,n} and A;; = 0
for distinct 7,5 € {1,...,n} such that (i,7) # (p,q). Then G(n,1,n) = SK,.
It is straightforward to check that G(n,p,q) is a noncommutative semigroup. If
A€ G(n,p,q), then B € G(n,p,q) defined

1
a, if 1 =7,
Bij = Aoy =
i - =p and j =g,
AppAgq
0 otherwise

is an inverse of A in G, (R). Therefore G(n, p, ¢) is a noncommutative subgroup of
G,(R). The first main interest in this paper is to show that the group G(n,p, q)
is always divisible.

It can be seen from [3], page 410 that the set {4 € G,(R) | A is upper
[lower] triangular} forms a subgroup of G,(R). This fact and the divisibility
of the group G(n,p,q) motivate us to consider the set U(n)[L(n)] of all upper
[lower| triangular matrices A € G, (R) with A; > 0 for all ¢ € {1,...,n}. Note
that for A,B S U(n)[L(n)], det A = A11A22. . Ann > O, (AB)“ = A”B” >0
and (A™1); = Ai > 0 for all i € {1,...,n}. Therefore we deduce that both U(n)
and L(n) are subgroups of G,(R). Also, U(n) and L(n) are noncommutative.
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Moreover, G(n,p,q) CU(n) if p < g <nand G(n,p,q) C L(n) if ¢ <p < n. Our
second purpose is to show that the groups U(n) and L(n) are also divisible.

In the remainder of this paper, let n € N with n > 1, G(n, p, q¢) where p # ¢
and p,q < n, U(n) and L(n) be the matrix groups over R mentioned above. Recall
that if A is an element of G(n,p, q), U(n) or L(n), then

(A™); = A7 forallm e Nand i€ {1,...,n}.

2. The matrix group G(n,p,q)

To show that G(n,p, q) is a divisible group, the following lemma is a main tool.

Lemma 2.1. If A € G(n,p,q) and m € N, then

7 m—1—1
( Z APpAqq >
Proof. First, assume that p < ¢. Since A;; =0 for all 4,5 € {1,...,n} with i > j,

we have
(Am)pq = Z At1t2 At2t3"'Atmtm+1'

p=t1<t2<...<tm+1=¢

By the property of A, A, = A, =0 foralli e {1,..s,n} withp < i < gq. It
follows that

(A™)pg = Z At Atty -+ Ayt

p=t1<t2<...<tm+y1=¢
tre{p,q} for all »

,_.

ml(A’“A Amiky — (m i Y

Pp aq
k=0 k=0

It can be proved analogously for the case that p > ¢. n

Theorem 2.2. The group G(n,p,q) is divisible.

Proof. Let A € G(n,p,q) and m € N. Recall that A;; > 0 for every i € {1,...,n}.
Define B € G(n,p,q) by

Bu= A7 forallie{l,...,n},
A

Pq

pg —

3

7BBm1k

pp~—4aq
0

b
Il

1
Then for every i € {1,...,n}, (B™); = B} = (A?)™ = A;;. From Lemma 2.1
and the definition of B,,, we have
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" pqg — (Z B;’.prZ - k) qu = qu-

This shows that A = B™, as desired. u

3. The matrix groups U(n) and L(n)

The following lemma is needed to show that the matrix group U(n) is divisible.
Lemma 3.1. Let A € U(n) and m € N. Then the following statements hold.
(i) Forie{l,..,n—1},

( H+1 (ZAkAﬁ—llﬁ-li) ,i+1.
(i) If n > 2 and2§l<n, then, forie {1,...,n—1},

k Am—1—k
(A™)iiq = ( E A; A,H Z+l> il E Ao Avaty - Atotyir -

i=t1 <to<...<tpm41=1+!
try1—tr<l for all r

Proof. (i) Since A is upper triangular, we have that for ¢ € {1,...,n — 1},

m
(A )i,i-&-l = E AtltzAt2t3 .- 'At'mtm+1
1=t1 <t2<...<tm41=t+1

m—1

o k m—1 k o k pm—1-k
- E :(AiiAi,iJrlAszH - ( E A Az+1 z+1> 1,i+1

k=0

(ii) Assume that n > 2 and 2 <[ <n. Then fori € {1,...,n — [},

m E :
(A )iﬂ'-i-l = AhtzAtzts s Atmtm+1
i=t1 <t <. . <tpp1=1+!
= § At1t2At2t3 .- 'Atmtm+1

i=t1 <to<...<tpmy1=i+l
tr4+1—tr=l for some r

-+ 5 AtthAtztg s Atmtnz+1

i=t1 <t <. . <ty41=0+1
try1—tr<l for all r

m—
o E : k m—1—k §
= AiiAi7i+lAz+l i+l + AtthAt2t3 e Atmtm+1

1= t1§t2§...§tm+1=i+l
tr41—tr<l for all »

< Z Ak A 1+lk> i+l Z Aty Atty -+ Ayt ®

i=t1 <t <. . <typp1=1+1
tryp1—tr<l for all »
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Theorem 3.2. The matriz group U(n) is divisible.

Proof. Let A € U(n) and m € N. Define B € U(n) by defining B;; with i < j
recursively on entries of the lines parallel to the diagonal as follows : Let

Bii:Ai forall i € {1,...,n}

and let 4
Biit1=— bt foralli e {1,...,n—1}.
k 1-k
BuBzTil i+1
k=0
Ifie{l,...,n—2} let
1
Bi,i+2 - p— <Az‘,i+2 - Z Bt1t2 Bt2t3 e Btmtm+l> .
k pm—1—k i=t1 <t <. <tm1=14+2
BZZBH? i+2 trp1—tr<2 for all r
k=0

Let 2 < [ < n and assume that B;; is defined for all ¢,j € {1,...,n} with i <
and j —i <. Ifie{1,...,n—1}, define B;,4; by

1
Bi,i+l = m—1 (Ai,i+l - E Btltthth L) Btmtm+1> .
m—1—k i=t1 <to <. . <typp1=0+1
BuBH-l i+l trp1—tr<i for all »
k=0

We claim that B™ = A. If i € {1,...,n}, then (B™);; = B = (A7 )™ = Ay;. Let
i,7 € {1,...,n} be such that i < j and let | = j —i.

Case 1 : [ = 1. It follows from Lemma 3.1(i) that
(Bm> Bm H-i-l <Z BﬁBﬁltJf) 4,i+1>

SO by the definition of Bi,i+17 (Bm)” = (Bm)l'7i+1 = Ai,’iJrl = Al]

Case 2 : [ > 1. By Lemma 3.1(ii) and the definition of B;,;, we have

—_

(B™)ij = (B™)iir1 = < BBy, zl-l—lk) B
0
+ > BiytsBiyts - - - Biopt 1

i=t1 <to <. . <typp1=0+1
trp1—tr-<i for all »

3

i

The last equality and the definition of B;;4; yield the equality (B™); ;41 = Aiiyi-
Thus (Bm)w = A”
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Therefore B™ = A and hence the proof of the theorem is complete. .

For a matrix A, let A® be the transpose of A. Then

L(n) ={A"| Ac U(n)},

and hence the following result is obtained obviously from Theorem 3.2 and the
facts that (A")" = A and (A")™ = (A™)! for all A € M,,(F) and m € N.

Corollary 3.3. The matriz group L(n) is divisible.
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1. Introduction and preliminaries

The space Structure Research Center of the University of Surrey was founded by
Z.S. Makoswski as part of Department of Civil Engineering in 1963.

The aim of the Center is to carry out research into the design and analysis
of space structures. Space structures include structural forms such as single and
double layer girds, barrel vaults, shells and various forms of tension structures.

The basic idea of a nexus has been further developed as a mathematical object
for general use. The aim of recent study has been to evolve a mathematical object
that allows complex processes on groups of mathematical objects to be formulated
with ease of elegance. This notion is very useful for study of space structure.

In this paper the notion of a fuzzy subnexus of a nexus is defined and some
related results are obtained.
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Definition 1.1. [1]

(i) An address is a sequence of X* = R U {0} such that a;, = 0 implies that
a; = 0 for all ¢ > k. The sequence of zero is called the empty address and is
denoted by (). In other word, every nonempty address is of the form

(al, ag, ..., p, O, 0, ),
where n, belongs to R. Hereafter, this address will be denoted by

(CLl, ag, ..., an).

(ii) A nexus N is the set of address with the following properties:
(a1,a9,...,a,) €E N = (ay,a9,...,an,_1,t) € N, V0 <t < a,.
{a;}2, € Nya, e X = Vn € X (ay,as,...,a,) € N.
For example the set:
N ={0,(1),(2),(1,1),(1,2),(2,1),(2,2),(2,3)}
is a nexus.
Remark 1.1. Condition (ii) in Definition 1.1 implies that
(ay,a9,...,a,) € N = (a1, as,...,an_1) € N, Yn > 2.
Definition 1.2. [1] Let w € N. The level of w is said to be:
(i) n, if w = (aq,aq, ..., a,), for some a, € N,
(ii) oo, if w is an infinite sequence of N,
(iii) 0, if w = ().
The level of w is denoted by [(w).

Definition 1.3. [1] Let w = {a;}, i € N and v = {b;} i € N be addresses. Then
w < v if [(w) = 0 or one of the following cases are satisfied:

Case 1. If [(w) = 1, that is w = (a1), for all a; € R and a; < b;.

Case 2. If 1 < l(w) < oo, then I(w) < I(v) and @) < by and for any

Case 3. If [(w) = oo, then w = v. For example, consider the nexus:

N ={0,(1),(2),(1,1),(1,2),(1,3),(1,3,1),(1,3,2)}.
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Therefore
(1) < (2), (1,2) < (1,3, 1), (1,3, 1) < (1,3,2).

Proposition 1.1. [1] (N, <) is a lower semi-lattice.

Proof. Clearly, < is reflexive. Let w,v € N,w < v and v < w. Now one can
show that < is anti-symmetric. For this consider three cases:

Case 1. If [(w) = 0, then [(v) < (w) = 0, hence v = () = w.
v

w) and hence, I(v) = 1. suppose that

Case 2. If [(w) = 1, then 1 < [( [
a,b Thus, a < b and b < a. Therefore a = b

v = (a) and w = (b), for some
and v = w.

) <
e N

Case 3. Let n = l(w) > 1. That is, w = (a1, asg, ..., a,). Then I(v) = n. Assume
that v = (by, bs, ..., b,). Therefore, a,, < by, b, < a, and a; = b;, for all 1 <i < n.
Hence a; = b; for all 1 < 5 < n. In other words, w = v.

Clearly, if [(w) = oo, then w = v.

Now, the transitive property of < must be proved. To this aim, let v, w,t € N,
w<vandv<t.

If [(t) = 0, then {(v) = l(w) = 0 and hence w =t = ().

If [(t) = 1, then I(v) = 0 or I(v) = 1. Firstly, assume that [(v) = 0. It is easy
to see that I(w) = 0, therefore w = () < t.

Now suppose that [(v) = 1 and I(w) # 0. Then w = (a),v = (b), and t = (¢)
for some a,b,c € N, and a < b < c. Therefore, w < t. At last, suppose that
1 <I(t) =k <ooandt=(c,co,...,cx) for some ¢; € N. Then, v = (by, b, ..., by,)
and w = (ay, ag, ..., a,) where that b;,a; € X\,n <m < k,a, <bp, by < cp,a; =10
and b; = ¢; for all 1 <4 < n and 1 < j < m. Therefore, a, < ¢, and a, < ¢,
for all 1 < r < n. Consequently, w < ¢. It is easy to see that, if I(f) = oo, then
t=v=w.

Now, for the last part of the proof of the theorem, it must be shown that
the greatest lower bounded of v and w that v A w belongs to N. Suppose that
v ={a;}iex and w = {b;};ex are two addresses. Now, consider three cases:

Case 1. If v or w is empty address, then v A w = ().
Case 2. If v and w are not empty addresses and a; # by, then v Aw = (a3 A by).

Case 3. Assume that v and w are not empty addresses and a; = b;. In this case,
suppose that n is the greatest element of N such that a, = b, Put
s = (ay,a9, ..., Qn, Gpe1 A bpyt). It is easy to see that v A w = s and s belongs
to N.

Proposition 1.2. [1] Suppose that N is a set of addresses. Then N is a nexus if
and only if, v € N and w < v implies that,w € N.

Definition 1.4. [1] A nonempty subset S of NV is called a subnexus of N provided
that S itself is a nexus. The set of all subnexus of N is denoted by SUB(N).
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Definition 1.5. [1] Let ) # X C N. Then the smallest subnexus of N containing
X is called the subnexus of N generated by X and denoted (X). If | X |=1,
then (X) is called a cyclic subnexus of N.

Definition 1.6. [5] A proper subnexus P of a nexus N is said to be a prime
subnexus of N if a A b € P implies that a € P or b € P for any a,b € N.

Definition 1.7. [7] A fuzzy subset of a set S is a function p from S into [0, 1].

2. Fuzzy subnexus

Definition 2.1. Let P be fuzzy subset of nexus N. Then P is called a fuzzy
subnexus of N, if w < v implies that P(v) < P(w), for all v,w € N.

The set of all fuzzy subnexus of N is denoted by FSUB(N).
Remark 2.1. If P € FSUB(N), then P(0) > P(v), for all v € N.

Example 2.1. Consider the nexus N = {(), (1), (2), (2,1),(2,2)} define the fuzzy
subset P of N as follows,

P(()) = a1, P((1)) = az, P((2,1)) = ay, P((2,2)) = a5,
where that s < ay < a3 < ag < ay. Therefore, P € FSUB(N).

Example 2.2. Let N be an arbitrary nexus. If 0 # w = (a1, ay, ..., a,) € N, then
a10as...a, we mean a number with n, digits. Define the fuzzy subset P of N as
follows if w = (a1, as, ...,a,) € N is of level n, then

P(w) = ! :
a1ag...ay
Moreover,
N L, v=0,
P(v) =
0, l(v) =00

Clearly, P € FSUB(N).

Definition 2.2. Let A is a subset of N. A function X4 : N — [0, 1] is called a
characteristic function of A if

1, z €A,
Xa(x) = 0. o ¢
, T é¢a.

Theorem 2.1. Let A be a nonempty subset of nexus N, A € N, if and only if
X4 € FSUB(N),

where that X 4 is the characteristic function of A.
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Proof. Let A be a subnexus of N and v < w, for some v,w € N. If w € A, then
v € A. Hence Xa(w) = X4(v) and if w & A, then Xa(w) < X4(v).

Conversely, suppose w € N, v € A and w < v. Then, Xa(v) < X4(w). Since
Xa(v) =1, we have X4(w) =1 and w € A. Hence, A € SUB(N).

Definition 2.3. [3] Let P be a fuzzy subset of a set S.
For t € [0,1], the set P, = {s € S| P(s) >t} is called a level subset of P.

Theorem 2.2. P € FSUB(N) if and only if P, € SUB(N), for all t € [0,1],
where By # ().

Proof. Suppose P € SUB(N) and ]35 # 0, for t € [0,1] and let v € N,w € B,
such that, v < w. Then, ¢t < P(w) < P(v). Hence, v € P,.

Conversely, suppose v, w € N and v < w and suppose JB(w) =t, fort € [0,1].
Since P, € SUB(N), then v € P, i.e P(v) > P(w) = t.

Theorem 2.3. Let N be a nexus and A = {P, | P, € FSUB(N)}. Then

(i) () P. € FSUB(N).

acl

(ii) |J Pn € FSUB(N).

acl

Proof. Suppose v,w € N and w < v. Now we have:

(N2) 0 =m0 < miawn = (0 2.0)).

acl ael aecl

And, similarly,

(UR) 0 =supPo) < suptPatw) = (U ) )

acl ael ael

3. Prime fuzzy subnexus

Definition 3.1. Let N be a nontrivial nexus, (i.e., N # {()}). A fuzzy subnexus
P of N is called a prime fuzzy subnexus if

P(a Ab) < max{P(a), P(b)},

for all a,b € N.
The set of all prime fuzzy subnexus of N is denoted by FPSUB(N).
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Remark 3.1. If N is a nontrivial nexus and P a prime fuzzy subnexus of N,
then ~ N ~
P(a ANbD) = P(a) or P(b).

Example 3.1. Let N = {(),(1),(2),(2,1),(2,2)}.
Consider the fuzzy subnexus P of as follows,

P(()) = O[l,P(]_) = O{Q,P(Q) = (1/3,P(2, 1) = (X4,P(2,2> = Qy,
such that,
Q1 2 Qg 2 Q3 2> Qy.

The P is a prime fuzzy subnexus of N.

Example 3.2. Let

N={(),(1),(2),(3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,1,1), (3,1, 2), (3,2,1), (3,2, 2)}.
Now define the fuzzy subnexus P of N as follows, P(()) = 1 and, if

w = (a1, as, ...,a,) € N,
~ 1

Pw)= ——
(w) a1as...ay ’

then P is a fuzzy subnexus of N, but P is not prime, because

P((3,2) A(3,1,1)) = P(3,1) = 311 > max{P(3,2), P(3,1,1)} = 312

Example 3.3. Let N = {(), (1), (2),(1,1),(1,2),(1,3),(1,3,1),(1,3,2)}.
Define

P(()) = a1, P(1) = P(2) = az, P(1,1) = as,

P(1,2) = a4, P(1,3) = a5, P(1,3,1) =ag, P(1,3,2) = ay,

such that,
aq Z (0] Z Z .

Then, Pisa prime fuzzy subnexus of N.

Proposition 3.1. Let N be a cyclic subnezus and Pisa fuzzy subnexus of N.
Then, P € FPSUB(N).

Proof. Since N is cyclic, then for all a,b € N, a < b or b < a without loss of
generality suppose a < 0. Then, we have

P(b) < P(a)
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and it is obvious that

P(a Ab) < max{P(a), P(b)}.

Definition 3.2. Let F' be a mapping from M onto NV, if Pisa fuzzy subset of M.
Then, the fuzzy subset @) of N defined by

Qy) = _inf P(x),

z€F~1(y)

for all y € N, is called the coimage of M under F.

Similarly, if Q is a fuzzy subset of N, then the fuzzy subset P = QF of M
(i.e., the fuzzy subset defined by

for all z € X) is called the preimage of v under F.

Definition 3.3. A fuzzy subnexus P of N has inf-property if, for any subset T’
of N, there exists ty € T" such that

P(ty) = inf P(t).

teT

Example 3.4. In Example 2.2, if N is infinite, then P has inf-property.

Definition 3.4. Let M, N be two nexus and F': M — N be a function. Then

(i) F is called homomorphism of nexuses if

w < v implies F(w) < F(v), for all w,v € M.

(ii) F is called a semi-lattice homomorphism of nexuses if

FwAv)=F(w) A F(v), for all w,v € M.

Remark 3.2. Clearly every semi-lattice homomorphism of nexuses is a homo-
morphism of nexuses.

Example 3.5. Let M = {(),(1),(2),(1,1)}, N = {(),(1),(2),(1,1),(2,1)} and
F: M — N be a function such that,

Then

(i) F' is a homomorphism of nexuses.
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(ii) F is not a semi-lattice homomorphism of nexuses.

(iif) () # (-

Theorem 3.1. Let F': M — N be an onto homomorphism of nexuses.
(i) £(0) = 0-
(i) If F((v)) = (), then F((w)) = (), for all w < v.

Proof. It is obvious.

Remark 3.3. Let FF : M — N be an onto homomorphism of nexuses and

M # (). If F((1)) # (), then F((v)) # (), for all () # v € M.

Theorem 3.2. An onto semi-lattice homomorphism coimage of a one to one
prime fuzzy subnexus with inf-property is a prime fuzzy subnexus.

Proof. Let F': M — N be an onto semi-lattice homomorphism of nexuses and
P a one to one prime fuzzy subnexus of M with inf-property and so Q the coimage
of P under F and suppose w',v' € N are arbitrary. Consider the following cases.

Case 1. If w' <" and w' # V',
Since F' is onto there exists w € F~(w'), v € F~!(v') such that,

P(w)= inf P(t),

teF—1(w')

P(v)= inf P(t).

teF—1(v")
If P(w) < P(v), since P is prime, then P(w A v) < P(v). Hence, v = w A v,
i.e., v < w implies that F'(v) < F(w). That is a contradiction.

Now, we have

Q)= inf P(t)=P(v)<Pw)= inf P(t)=Q).

teF—1(v") teF—1(w')

Case 2. If w' =o', then Q(v') = Q(w'). Therefore, Q € FSUB(N).
Finally,

QW Aw) = inf  P(t)

teF—1(v' Aw')

IA

P(v Aw)
max{ﬁ(v), IS(w)}

max{ inf P(t), inf [5(15)}
teF—1(v) teF—1(w)

max{Q(v), Q(w')}.

IN
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Theorem 3.3. Any onto homomorphism of nexuses preimage of a fuzzy subnexus
is also a fuzzy subnexus.

Proof. Suppose that F' : M — N is a homomorphism of nexuses and
@ € FSUB(N) and P the preimage of () under F.
Now, for all v,w € M, if v < w, then F(v) < F(w). Hence,

QF(w)) < Q(F(v)),
i.e., P(w) < P(v) implies that P € FSUB(N).

Theorem 3.4. Any onto semi-lattice homomorphism of nexuses preimage of a
prime fuzzy subnexus is also a prime fuzzy subnexus.

Proof. Let F': M — N be an onto semi-lattice homomorphism of nexus and
Q € FSUB(N) and P the preimage of @ under F'._ B
Now for all a,b € M, Q(F(a) A F(b)) < max{Q(F(a)),Q(F (b))} implies

Q(F(a Ab)) < max{(QF)(a), (QF)(b)}.
Hence, by the previous theorem, P € FPSUB(M).
Proposition 3.2. Suppose N be a nezus and P a fuzzy subnexus arbitrary of N.
(i) If N is a chain, then P is a prime fuzzy subnexus.
(ii) If P is a prime fuzzy subnezus and one to one, then N is a chain.
Proof. (i) Let v,w € N and v < w implies P(v) > P(w). Then
P(w Av) = max{P(w), P(v)}.
(ii) Let v,w € N and v A w = u such that u # v, u # w. Hence,
P(w) < P(u), P(v) < P(u).

Then, B B N
P(u) > max{P(w), P(v)}.

That is a contradiction.

Proposition 3.3. Let B be a subnezus of nexus N. Then, B € PSUB(N) if and
only if Xg € FPSUB(N), where that Xp is a characteristic function of B.

Proof. Let a,b € N. If aANb & B, then
Xg(a Ab) < max{Xp(a),Xp(b)}.
If a Ab € B, then by assumption a € B or b € B. Thus,

Xp(a Ab) < max{Xp(a),Xp(b)}.
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Conversely, let a A b € B. Since Xp(a A b) < max{Xg(a),Xp(b)}, then,
max{Xg(a),Xp(b)} = 1.
Hence, a € Bor b € B.

Theorem 3.5. Suppose that N is a nexus. Then, P € FPSUB(N) if and only
if P, € PSUB(N), for all t € [0,1], whenever P, # ().

Proof. Let P € FPSUB(N), t € [0,1], P, # § and suppose a A b € P;.
Hence, t < P(a A b) < max{P(a), P(b)} implies that a € P, or b € P,.

Conversely, suppose a,b € N is arbitrary and suppose ﬁ(a Ab) = t, for
t € [0,1]. Then, a Ab € P, implies that a € P, or b € P,.

Hence, _ N B
P(a Ab) < max{P(a), P(b)}.
Theorem 3.6. Suppose that N is a nexus and B = {]5 | Pc FPSUB(N)}.
(i) (P € FPSUB(N).

el

(ii) () P: € FPSUB(N).

i€l
Proof. (i) Let a,b € N.
N Pi(anb) = infP(and)

icl iel

< inf [max{P(a), P;(b)}]
= max{irg{é(a),é(b)}}

= mx {gf Pilo) ipf B0}

- () (0] o)

(ii) Similarly, for all a,b € N. We have:
U P(aAb) = supPaAb)

icl el

< sup [max{P;(a), P;(b)}]

icl

= max {supiel{ﬁi(a)a é(b)}}

el il

- me{(yr) e (ur) o

= max {sup Py(a),sup é(b)}
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4. Quotient nexuses induced by a fuzzy subnexus

Definition 4.1. Let N # {()} be a nexus and P a fuzzy subnexus of N such
that, P(z) # 0, for some = # (). Define the relation ” ~ 7 as follow.

v~w < Jte N—{()}
such that, min{ P(v A t), P(w At)} > 0, for all v,w € N.

Theorem 4.1. 7 ~ 7 is a an equivalence relation.

7

Proof. First we show that 7 ~ 7 is reflexive. To do this let v be an arbitrary
element of N. If v = (), then it is obvious that v ~ v. Now let v # (). If P(v) > 0,
then put ¢ = v and hence v ~ v. If P(v) = 0, then there exists w € N — {()} such
that P(w) > 0. Choose t = v A w and hence

P(v Aw) > P(w) > 0,

b

which implies that v ~ v. The symmetric proof of 7 ~ 7 is easy.
To prove the transitivity of 7 ~ 7, we assume that v,w,z € N and v ~ w,
w ~ z. Thus,

min{P(v A t), P(w At)} > 0 and min{P(w At'), P(z At)} > 0,

for somet e N—{()}, ' e N-{(}.
Choose t" =t A t' and hence

min{P(v At"), P(z At")} > 0.

Remark 4.1. The following example shows that the condition
P(z) # 0, for some () #x € N

is necessary.

Example 4.1. Let N = {(), (1)}& () = 1,P(1) = 0. Then (1) % (1),

and P(
because min{ P((1) A (1)), P((1) A (1))} = 0.

Remark 4.2. Let N # {()} be a nexus and P a fuzzy subnexus of N such that
P(z) # 0, for some = # (). The equivalence class of v and the set of all equivalence

classes of P are denoted by P, and 5 respectively.

N
Definition 4.2. We define ” <” on 5 as follows:

f’vgf’w(:)vgw
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N
Lemma 4.1. (15, §) 1s a N-semai-lattice.

Proof. Let v,w € N. Since v Aw < v, v Aw < w. Then ﬁvm §~ﬁv 7~ﬁv/\w < ]5w.
Now if P, < P, , P, < P,, for all s € N, then it is obvious that P, < P,,,. Hence

(B, By} = Py,
ISUAw is denoted by f’vﬂﬁw.

Theorem 4.2. Let M # 0, F: M — N be an onto semi-lattices homomorphism
of nexuses such that, F'((1)) # () and Q a fuzzy subnezus of N such that Q(x)7#0
for some x # (). Then,

M N

—_— =

U —
QF Q
(QF)w +— Qr)

is an isomorphism of semi-lattices.

Proof. ¥ is well defined, because for all wy,ws € M, if (@F)w1 = (@F)um then
w; ~ wq. Hence

min{QF (w; A t), QF (wy At)} > 0, for some t € M — {()}.
= min{Q(F(wi A 1)), Q(F(ws A )} >0
= min{Q(F(wi) A F(1)), Q(F(ws) A F(t))} > 0
= F(wi) ~ F(ws) = Qrw) = Qru)-
To prove one to one of ¥, let wy,ws € M and Q) = Qr(wy)- Then
F(wy) ~ F(ws).

Hence,

min{Q(F(w; At')), Q(F(ws) At')} > 0, for some t' € N — {()}.
Then, since F is onto, there exists t € M — {()} such that
min{Q(F(w1) A F(t)), Q(F(ws) A F(t))} > 0
= min{Q(F(wi A t)), Q(F(wy A1)} >0
= min{QF (wy A t), QF (wy A1)} > 0.
Hence, wy ~ wy and (QF),, = (QF).,.

The proof onto of ¥ is obvious.
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Now, for all wy,ws € M, we have:

V(QF )i AQF)u,) = Y(QF)usnus)
= QF(wirws) = QFwi)AF(ws) = QF(w) AQF(un)
= V((QF)u )NV (QF)u,)-
Hence ¥ is isomorphism.

Remark 4.3. The following example shows that in the above theorem the con-
dition F((1)) # () is necessary.

Example 4.2. Let M = {(),(1),(1,1)} , N ={(),(1)} and F: M — N be an
function such that,

F(O)=F(W) =0, F(11)= ().

Also, suppose Q to be a fuzzy subnexus of N such that,

Q()) =1, Q((1) = 0.

Now, F'is a semi-lattice homomorphism and

M
5r = 100
g = {{0.(1).(LD}}.

Hence, 5F and — are not isomorphic.
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1. Introduction

This paper deals with a class of Chinese hyperrings. Some Chinese mathemati-
cians have developed an interesting theory of H X-groups. P. Corsini [4] showed
that from every H X-group, a hypergrupoid is obtained which is, in some cases, a
hypergroup (Chinese hypergroup). Similarly, we show that, if we start from the
ring (R, +,0), then each family R C Fy(R), that satisfies conditions of Theorem
3.1, generates a Chinese hyperring (R*, P, @) Theorem 3.5 shows that each mul-
tiendomorphism of the additive group (R, +), under certain conditions, generates
the family R C Py(R) that satisfies the conditions of Theorem 3.1. So, there
exists a class of multiendomorphisms of the additive group (R, +), that generates
a class of Chinese hyperrings. Theorem 3.10 shows that between the starting ring
(R,4,0) and the appropriate Chinese hyperring (R*, @, ), we can establish a
good multihomomorphism.

2. Preliminaries

Definition 2.1. A hypergroupoid (H,o) is a non-empty set H equipped with a
function o : H x H — P*(H) called a hyperoperation, where P*(H) denotes the
set of all non-empty subsets of H. If A, B are subsets of H, then A o B denotes
the set U aob.

acA
beB
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Definition 2.2.
1) An H,-semigroup is a hypergroupoid (H, o) such that:

V(z,y,2) € H*, (roy)ozNuwo(yoz)#0.

2) An H,-semigroup is called an H,-group if

Vae HH Hoa=aoH =H.

3) A hyperstructure (H, +,0) is called an H, ring if:

i) (H,+) is an H,-group.
ii) (H,o) is an H,-semigroup.

iii) For all z,y, 2 in H we have:

zo(y+z2z)N(zxoy+xo02)#0 and (y+z2)oxN(yox+zox)#0D.

Definition 2.3. A hypergroupoid (H;o0) is called a semihypergroup if:

V(z,y,2) € H® : (xoy)oz =m0 (yo2).

Definition 2.4. A semi-hypergroup (H;o) is called a hypergroup (or also a
multigroup) if
(WVae H) Hoa=ao0oH = H.

The previous axiom is called the reproduction axiom.
Definition 2.5. A multivalued system (R, +,0) is a hyperring if:
1) (R,+) is a hypergroup.
2) (R, o) is a semihypergroup.
3) For all x,y,z in R, we have:

(a) zo(y+z) Czoy+zxoz
and

(b) (y+z)ox Cyox+zoux.

If in the conditions 3a) and 3b) the equality is valid, the hyperring is called strongly
distributive.

Definition 2.6. Let (A4, +, ) and (B, +', ) be two hyperrings. Themap f: A — B
is called an inclusion homomorphism if for all z,y € A, the following relations
hold:

fle+y) C f(x)+ fly) and f(x-y) C f(x) f(y).
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The map f is called a good homomorphism if for all z,y € A, we have:
flet+y)=f@)+ fly) and  flz-y) = f(z) fy).

Definition 2.7. Let (A,+,:) and (B,+',-') be two hyperrings. The map
® : A — P*(B) is called a multihomomorphism from the hyperring A to the
hyperring B if, for all x,y € A, the following relations hold:

) | o) Co@) + o)

If in the conditions 1) and 2) the equality is valid, then the map & is called
a good multthomomorphism.

Let us notice that, if (A, +,-) and (B, +', ") are the rings, then the conditions
1) and 2) means:

Va,ye A) ®(x+y)=>(x)+ ®(y) and P(zy) = D(z) ' O(y).

Let (G, ) be an arbitrary group and P(G) the powerset of G. Under the subset
multiplication:

(VA,Be Py(G)) A-B={ab|a€ A, be B}.
Py(G) = P(G) \ {0} forms a semigroup which has an identity.

Definition 2.8. [2] A subgroup (G,-) of Py(G) is called an HX-group on G
and (G, -) the generating group (or the support) of (G,-). The identity in (G, ) is
denoted by FE.

Definition 2.9. [2] Let (G, -) be an HX-group on (G, ). (G,-) is called a regular
HX -group if e € E (e is the identity of G).

Let A € G and A~! be the inverse element of A. Theset AV = {z7! | 2z € A}
is called the inverse set of A.

Definition 2.10. [2] An HX-group (G, -) is called a uniform HX -group if for all
A € G it holds:
A7l =AY,

Theorem 2.11. [2] An HX-group (G,-) is a uniform HX-group iff E is a sub-
group of G.



246 SANJA JANCIC RASOVIC

Definition 2.12. [4] Let (G,-) be an HX-group with (G, -) as support and F
as identity. We call a Chinese hypergroupoid the hyperstructure (G*,9), where

G’*:UAand

V(z,y) € G* x G*, xoy = U A-B.

z€A, yeB
{A,B}Cg

Let (Vo € G*), a(z) ={A|A€g, Ada}and A(x)= (] A

Aca(x)
Lema 2.13. [4] V (z,y) € G* x G*, we have:

zoy = A(x) - A(y).

Theorem 2.14. [4] The hypergroupoid (G*,9) is an H,-group.
Theorem 2.15 [4] If (G,-) is an HX -group such that
V(A B) € GxG, ANB#)=— A= B,

then (G*,9) is a hypergroup.

3. Chinese hyperrings

Theorem 3.1.

1) Let (R,+,-) be aring and R C Py(R) additive HX-group i.e. R is a group
with respect to the operation:

(VA BeR) A+ B={a+b|lac A, be B}.
Let (R,-) be a semigroup with respect to the operation:
(VAL BeR) A-B={ab|la€ A, be B}.

On the set R* = U A, we define the operations @ and ®:
AeR

(Va,y € R*) 2@y = A(z) + A(y) and 20y = A(z) - A(y),

where

Alx)=J A
12

The structure (R*, ®,®) is an H,-ring.
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2) If R C Py(R) beside previous assumptions satisfies the condition:
(VA BeER) ANB#0) = A=B ()

then the structure (R*, @, ) is a hyperring. (This hyperring we will call
the Chinese hyperring).

Proof. Theorem 2.15 shows that (R*,®) is an H,-group.
We can show that (R*,®) is an H,-semigroup using the method of P. Corsini

[4]. Indeed, if z € 20y = A(z) - A(y) = U Al - U B |, then A, B exist in

z€A yEB
AER BeR

R such that z € A, y € B and z € A- B. Since (R,-) is a semigroup, it is clear
that A-BeR,ie,z€ A-BCR"
Let x,y,z € R*. Then, we have:

(2Gy)Oz = (A@@)-A)oz= ) ubz
ueA) Aly)

= U Aw-ae = [ Aw-4

u€A(z)-Aly) uEﬁ(r)A(y)
z€A3
= U Au-45=(».
Aydu€cA Ay

zEA-yEAg 2€A3

So, we proved: V (A1, Ay, A3) € R? such that x € Ay, y € Ay, z € Az, it holds:
(*) 2 (AlAQ)Ag ie. (x@y)@)z 2 (AlAQ)Ag.

Similarly, we can prove: V (Ay, As, A3) € R3 such that x € Ay, y € Ay, 2 € Aj,
it holds:
Therefore, (zGy)®z N x@(y@z) #£0, 1 ( R*,®) is an H,-semigroup.

Let us prove now that (R*, @, @) Satlsﬁes the condition

~

(2@y)Oz N ((202)B(y0z)) # 0

for all z,y,z € R*.
Let x,y,z € R*. Then we have:

L= (z8y)0z = (A(z)+A(y)) Oz = U u®z = U Ay-Az = (%)

ucA(x)+A(y) Ausu€di+As
€A1, yEAg, 2z€EA3

We can notice that for arbitrary (A;, Ay, A3) € R3, where x € Ay, y € A,
and z € As, it holds:

(+) D (Ay + As) - As, ie. LD (A, + Ay) - As. (1)
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Also we have:

D = (282)8(y52) = (Alz) - A(2)B(Aw) - A(2)) = | ub,

where,
ue Ax)-Alz) = | ] A1+ A5 and ve Ay = 42 4s.
z€Aq yEAQ
z€A3 z€ag
Thus,
D= U Ay + A,

Ay>SucAy-Az, x€Aq, 2€A3
AydvEAg-Ag, y€Ag, z€A3

Therefore, for arbitrary (A;, As, A3) € R, where x € Ay, y € As and 2z € As, it
holds:

DDA - A3+ Ay A3 D (A1 + Ag) - As. (2)
From (1) and (2), it follows that L N D # (.
Similarly, we can show that for arbitrary z,y, 2 € R* it holds:

2O (yz2) N ((20y)B(202)) # 0.

So, we proved that (R*, @, ®) is an H,-hyperring.

2) It is enough to remark that the condition (xx) implies (V2 € R*) |a(z)| = 1,
where

az)={A|AeR, A>uz}.

Let (G,-) and (G4, 0) be two arbitrary groups, and let e be an identity element of
(Gv )

Definition 3.2. [3] A multivalued mapping f : G — Py(G1) = {B C G1 | B # 0}
such that:

(Vo,y e G) f(w-y) = f(x)o fly) ={aoblac f(x),bec f(y)}

is called a multthomorphism of group G into a group Gy.
It is easy to see, that for arbitrary z,y € G it holds:
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Theorem 3.3. [3] Let f be a multthomomorphism of the group (G,-) into the
group (Gy,0), such that f(e) is subgroup of G1. Then it holds:

Vo,y € G) flx)Nfly) #0= f(z) = f(y)

We prove this theorem using the theory of H X-groups.

Proof. Let G; = {f(x) | # € G}. Then it is easy to see that G; is an H X-group on
G1, with identity E = f(e), (e is the identity of G). Since, £ = f(e) is subgroup
of Gy, then from Theorem 2.11 it follows that G; is a uniform H X-group, i.e, it
holds:

(f(@)™) = (f(2)" = fla™). (%)
Now, suppose that z € f(x) N f(y).

From z € f(y), it follows that z~! € (f(y))(’l)(;)f(yfl).
Let e; be the identity of (G1,0). From

er=z20z"" € f(z)o fly™") = flay ™),
it follows f(e) = e; 0 f(e) C f(zy 1) o f(e) = f(zyte) = f(xy ). Therefore,
fle) € flzy™) (1)

Similarly,
fle) € flyz™"). (2)
From (1) and (2) it follows that:

flay™) 2 fle) = flay'ya™") = flay™") o flya™") 2 flay™") o fle) = flay™"),
ie. f(zy™) D f(e) D f(zy™'). Thus, f(zy~') = f(e). Therefore,

fx) = flzy™y) = flay ) fly) = fle)f(y) = fy)

Corollary 3.4. Let f be a multihomomorphism of the group (G,-) into the group
(Gy,0) such that f(e) is subgroup of G1. Then, for arbitrary x € G it holds:

f(x)=ao f(e)=fle)oa,
where a is an arbitrary element of f(x).

Proof. Let a € f(z). Then:

and
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Conversely, if b € f(x), then it holds:
b=ao(a'ob).

Let us prove that a™'ob € f(e). From a € f(z) it follows that ' € (f(z))"Y =
f(z7') and thus a ' o b € f(z7 1) o f(x) = f(e) and for this reason b € a o f(e).

We proved that f(z) C ao f(e). Therefore, ao f(e) = f(z). Similarly, we
can prove that f(e) oa = f(z).

Theorem 3.5. Let (R, +,-) be a ring and f : R — Py(R) a multiendomorphism
of the additive group (R,+) such that f(0) is a subgroup of a group (R,+). Let
Ri={f(z) |z € R} and R} = U f(z). If the following condition is valid:

TER
(Vz,ye R) (3z€R) flz) - fly) = f(2) (1)

and if we define on R} the hyperoperations @& and ® as in Theorem 3.1, then the
structure (R}Z, ®, @) 1S a hyperring.

Proof. Let us notice that (Ry,+) is an HX-group on (R,+) and from the
condition (1) it follows that (Ry,-) is a semigroup. Since the multiendomorphism
f fulfills the conditions of Theorem 3.3, then for arbitrary f(x), f(y) € Ry it
holds:

f@)Nfly) 0= f(z) = f(y).

Thus, the family Ry C Py(R) fulfils the conditions of Theorem 3.1 and for that
reason (R}, ®,®) is a hyperring.

Corollary 3.6. Let f : R — Py(R) be a multiendomorphism of a ring (R, +, ")
such that f(0) is a subgroup of a group (R,+). Then, the structure (R}, D,0) is
a hyperring.

Proof. As for all z,y € R it holds

f(x)- fly) = f(zy),

it is easy to see that the multiendomorphism f fulfils the conditions of the previous
theorem.

Corollary 3.7. Let (R,+,-) be a ring and f : R — Py(R) multiendomorphism
of a group (R,+), such that f(0) is an ideal of a ring R, which satisfies the
condition f(0) - f(0) = f(0). If U f(z) = R, then the structure (R; = R, o,0)
is a hyperring. velt

Proof. Let 2,y € R. From Corollary 3.4, for arbitrary a € f(z) and b € f(y),
it holds:

f(z) =a+ f(0) and f(y) = b+ f(0)
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and thus:

f@)- f(y) = (a+ £0)(b+ £(0)) = ab+ f(0)b+af(0) + £(0) - £(0)
C ab+ f(0) + f(0) + £(0) = ab+ £(0).

On the other hand,
ab+ f(0) = ab+ f(0) - £(0) C ab+ f(0)b+ af(0) + £(0) - £(0)

since 0 € a-f(0) and 0 € f(0)b. Thus, f(x)-f(y) = ab+f(0). From U f(z) =R, it
z€R
follows that there exists z € R such that ab € f(z), and by Corollary 3.4, we have:

f(z) = ab+ £(0).

Therefore,
f(x) - fly) = ab+ £(0) = f(2).
From Theorem 3.5, it follows that (R} = R, ®,®) is a hyperring.

Example 3.8. Let (R, +,+) = (Zg, +6, ) and [ : Zg — Py(Zs) be a multimapping
defined by f(z) = (3¢ ) +6 A, where A ={0,2,4}. Then:

flxty) = Bs@+ey)+6 A= (367) +6(306y) +6 A
= (B62)+6A) +6 ((36y) +6 A) = f() +6 f(y),
since A +¢ A = A.
2) f(0) = A and A is obviously an ideal of a ring (Zs, +¢, '6)-
3) A- A=A

y U f@) =2
TE€EZg

Thus, f satisfied the conditions of the previous corollary. Therefore, the
family R; = {f(x) | © € Zs} generates the hyperring (Zs, &, o).

Generally, if A is an ideal of a ring (R,+,-) such that A- A = A, then
for arbitrary homomorphism h : R — R of additive group (R,+), such that
h(R) + A = R, there exists a multiendomorphism f : R — Fy(R) of a group
(R,+), defined by f(z) = h(z) + A, that satisfied the conditions of Theorem 3.5.

Theorem 3.9. Let f : R — Py(R) be a multiendomorphism of a ring (R, +,-)
such that f(0) is subgroup of a group (R,+). Then, f(0) is an ideal of a ring
(f(R),+,-) and there exists a homomorphism f of a ring R into the quotient ring
f(R)/f(0) such that f(x) = f(x) for allz € R. (In a quotient ring f(R)/f(0) we
have ordinary operations ® and © defined by

(a+f0) @+ f(0) = at+b+f0),
(a+f(0)© (b4 f(0)) = ab+ f(0)).
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Proof. Let us prove that f(R) is a subring of a ring (R, +,+). Let a,b € f(R).
Then, there exist z,y € R such that a € f(x), b € f(y). Thus,

a+be f(z)+ fly)=flz+y) C f(R) and abe f(x)- f(y) = f(zy) C f(R).
If a € f(x), then

(—a) € ~(f(2)) 2= f(~2) € f(R).
Therefore, f(R) is a subring of a ring R.
Let us prove that f(0) is an ideal of a ring f(R). Since f(0) is a subgroup of
a group (f(R),+), it is sufficient to notice that for arbitrary a € f(R) it holds:

a- f(0) € f(R)- f(0) = f(0)

and

f(0)-a € f(0) - f(R) = f(0).
As by the Theorem 3.3 for arbitrary z,y € R it holds f(z) N f(y) # 0 = f(z) =
f(y), we have that the mapping f: R — f(R)/f(0) defined by:

(@) = f(z)

is well defined. (It is clear that, for arbitrary x € R, from Corollary 3.4 it holds
f(z) = a+ f(0) for arbitrary a € f(r) C f(R) and, therefore, f(z) € f(R)/f(0)).
Let us prove that f is a homomorphism. Let z,y € R. Then it holds:

fle+y) = fle+y) = flz)+ fy) = (%)
Let a € f(z) and b € f(y). Then:

() = (@+ f(0)) + (0 + f(0)) = a+b+f(0)=(a+f(0) & (b+ f(0))
o

Thus, f(z +y) = f(z) ® f(y).

Similarly,
flay) = fzy) = f(z)- fly) = (a+ f(0))- (b+ £(0))
= ab+ f(0)-b+a- f(0)+ f(0)- f(0)
= ab+ f(0)-b+a- f(0)+ f(0-0)
= ab+ f(0)-b+a- f(0)+ f(0).

Since, f(0)-b+a- f(0) C f(0), it holds:
fQ0)-b+a-f(0) + f(0) = £(0).
Therefore,
flzy) = ab+ f(0) = (a + f(0)) © (b+ f(0)) = f(2) © f(y) = f(z) © f(y).

Theorem 3.10. Let (R,+,-) be a ring and let f : R — Py(R) be a multiendo-
morphism of a group (R,+) such that f(0) is an ideal of a ring R which satisfies
the conditions:



ON A CLASS OF CHINESE HYPERRINGS 253

1) £(0) - f(0) = f(0)

) | f@) =

z€R
Then the family Ry = {f(x) | x € R} generates the hyperring (R} = R, 3,0)
and the mapping ® : R — Py(R) defined by ®(x) = x+ f(0) is a good multihomo-
morphism of a ring (R, +,-) into a hyperring (R, ®, ).

Proof. Let z,y € R. Then:
O(z+y)=x+y+ f(0)

and

O(2)DP(y) = (x + f(0)Dly+ f(0) = |J uv=z+y+ f(0)

uez+f(0)
vey+£(0)
Indeed, as U f(2) = R, it follows by Theorem 3.3 that there exists only one
zER

element f(a) of the family Ry = {f(z) | 2 € R} such that z € f(a) and, by
Corollary 3.4, it holds f(a) = x + f(0). Similarly, there exists only one element
f(b) of the family R such that f(b) = y+ f(0). Thus, for arbitrary u € f(a) and
v € f(b), we have

= J @)+ 1) = fa) + f(b) =z + y+ f(0).

u€ f(a’)

vef(b!)
Similarly,
O(zy) = zy + £(0),
and
O(z)0P(y) = utvE U w + £(0) 22y + £(0).
u€x+f(0) u€x+ f(0)
vEy—+f(0) vey+f(0)

The equality (xx) is valid since, for u € z + f(0) = f(a) and v € y + f(0) = f(b),

it holds:
o = U F@)- 1) = @) - £0)

u€f(a’)
vef(®’)

= (u+ f(0))(v+ £(0))
uv + f(0) - v+u- f(0)+ f(0) - f(0)
wo + f(0)-v+u- f(0)+ £(0)

= wv+ f(0).

The equality (* * *) is valid since x € x + f(0), y € y + f(0), and thus:

zy + f(0) C qu—l—f)

uez+f(0)
vEy+£(0)
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while, for arbitrary u € z + f(0) and v € y + f(0), it holds:
u+ f(0)=x+ f(0) and v+ f(0) =y + f(0)

and thus:

wo + f(0) = (u+ f(0)(v + f(0)) = (z + f(0))(y + £(0)) = zy + f(0).
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1. Introduction

The Rogers-Ramanujan continued fraction, defined by

1 2 3

¢ q ¢ q
1.1 Rly=L 199 < 1.
(1.1) @ =111 i

first appeared in a paper by L.J. Rogers [6] in 1894. In his first two letters to
G.H. Hardy [5, pp xxvii, xxviii], Ramanujan communicated several theorems on
R(q). Ramanujan’s major work on continued fraction centres around the continued
fraction R(q). I find the analogous continued fraction C'(q) defined by

1149 ¢+ ¢" (69)(¢% ")

1.2 Clq) = -
(1.2) e T i S N (% )%

equally interesting. In this paper, we have given some results for C'(¢) notably a
differential for the reciprocal for C'(¢) which is analogous to Entry 9(v) [4, p.258]
for R(q). In [2, p. 259], Berndt has proved this Entry. T have given a simpler
proof of this Entry. Further I have considered two sets of relations which are
equivalent and have proved an identity which is analogous to Ramanujan’s Entry
3.2.7 [1, p.89].

2. Notations
We shall be using the customary g-product notation. Thus

For |¢| <1
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(a)o = (a;q)o = 1 and for n > 1,

n—1
(@)n = (a;q)n = [ J(1 = ag).
k=0
Furthermore,
(@)oo = (6:9)00 = [ [(1 = ag®), gl < 1.
k=0

If the base ¢ is understood we use (a), and (a) instead of (a;q), and (a;q)oo,
respectively.
Ramanujan’s general theta function f(a,b),

(1) flab)= Y ™ = (—asab)u (b ab)w(abiab)s, |ab] <1

n=—oo

and

(2.2) f(=0) = f(—¢,—¢*) = () g < 1.

3. A result for the differential of L

C(q)
By definition,
(3.1) Olg) = -1 ta?a+d ¢8  (@0)x(*q)
' I+ 1+ 1+ 1+ 1+.. (% "2,
1
Let F(q :q_éC' q) and A(q) = ——. Then
(@) =47 4Cla) and Alg) =
d ¢’ q")3 (; 9)a
3.2 8q— (Iog = =1-——
(32) dg (45 4%)o0 (0% ¢*)os (—a:9)3
Proof. Now ()2
1 954 )%
Alg) = ¢ — 3. 4
(¢ 4%) (4% ¢*) o
Taking logarithmic differentiation with respect to ¢, we get
8 4 1 4n—+1 2(4 2 4n+-2 4 3 4n—+3
A(Q) 1— q4n+1 1_q4n+2 1_q4n+3

Using the result Srivastava [7],

Y

X 82 (4n + 1)@ 2(4n + 2)g*n+2 N (4n+3)¢" 3 (9%
1 — gttt 1 — gint2 1 — g*nt3 (9L
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equation (3.3) becomes

8 d 1 2. . 4\2 4

q (q8 4(1,615004 )_1+1_ (q,q)mZl

A(q) dq (45 0*)oc (@35 ¢*) o (—gq;9)
or 8 1 d 2 4)2 ( )4

q a*q aq
— 4+ —|lo s Alg) =1+1 oo
A(q) {8(1 dq( e q4>oo<q37q4)oo>:| @ (—q; )%
or

which proves (3.2).

Simpler proof of Entry 9(v) [4, p. 258]

Entry 9(v):
If . s s
_ Lt aaqa 4q
Rlq) = -1+ 1+ ...,

then

f2(—q) d . f(—=¢* —¢)
3.4 1— =5q—1lo
(3:4) f(—=¢°) Taq*® f(=q,—q*)
Proof. By [1, eq. (1.1.1), p. 9],

(4 0°)oo(0" ") _ [(=0,—4")
(%)o@ )0 [(=¢% —¢3)

Let G(q) = ¢ 5R(q) and B(q) = @, then

(3.5) R(q) =

(¢:6°) o0 (4% ¢°) oo
Taking logarithmic differentiation of (3.5) with respect to ¢, we have
Sn+1

5¢ d 5n+1
S =1

B (5n + 2)q5"+2 B (5n + 3)g ™ (5n + 4)¢" T
1 _ q5n+2 1 _ q5n+3 1 _ q5n+4

Using the following formula of Ramanujan [2]

1 5n + 1 Sn+1 (5n + 2)q5n+2
_52 1_q5n+1 - 1 — gon+2

(3.7)

_Bn+3)g " Gt 4" (@9 _ f(=9)
1 — ot 1 — gont (@) f(=?)
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equation (3.6) can be written as

(3.8) %d% [B(g)] =1+1- ;(:g;

: S [1 0 d o (6%07)(0% 47) B  fi(=a)
B(q) [5q " g o (¢:0°)s0(0" ¢°) o Blg)=1+1 =)

) 50-2 log f=a-¢) _, (=)

dg ~ f(=4¢,—¢") f(=¢°)
we have the Entry 9(v)[4, p.258].

4. A transformation formula for C(q)

Ramanujan in the “lost” note book has stated the formula
FEXE, A0 +af (=2 =N¢%) (=% —Ag)
f(=A¢?) f(=a,=A¢?)

This formula is extensively used by Ramanujan in his note book, but the statement
is found only in the “lost” note book.

Take A = ¢q
J(=, =) +af(=q¢,—¢"") _ f(=¢* —¢%)
(4.1 Fl=q*)  fma )
Using (2.1) and then (1.2), we get
(12) f= —a) +af(=¢.—=¢") _  (¢%dD% 1
' f(=q*) (0 ¢Y)e Clg)

5. Two equivalent relations

Let u = C(q) and v = C(q?).

(i) 2ud: B+ 28q¢8((:q4)) (5.1)
B f°(=9)
2u=DB+ TEr) (5.2)

are equivalent.
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o (=4
(ii) 2vd_ Ko+ dgd ot (5.3)
2% = K + M (5.4)
g% f(—q*)

are equivalent.
Proof of (i)

We shall use Ramanujan’s transformation formula [2, p. 270, eq. 12.10]
(5.5) e T2ai f(—e %) = e 12bi f(—e )

twice, first by taking a = %, b= g and then by taking a = 2a, b= g to get

(5.6 e (5) seen = E (5) s
and
57) et (47“) fety =i (§) e
By (5.6) and (5.7), we have
I Y ()

(5.8) e Floe) ~ 2 f(—efg)'
Putting ¢ = e~ and Q = e~ 1 (5.8), we have

fea) o f=@Y
i Fie Q)

=0 _ s P(=QY)
10 TR )

Writing @ for ¢ in (5.1), we have (5.2). Thus (5.1) and (5.2) are equivalent.
Proof of (ii)

Q@
5 4
with a = 2a, b = 3 and then taking ¢ = e™, Q* = e¢™?, we get

Applying transformation formula (5.5) twice, first with a = b = 23 and then

1

o f=ah) _ F=Q)
o1 e Vi
Replacing ¢ by @ in (5.3), we have (5.4). Thus (5.3) and (5.4) are equivalent.
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6. Another identity

We prove the following identity which is analogous to Ramanujan’s Entry 3.2.7
(p 364) [1, p 89].

If
(6.1) TICg) - — o = 20
¢ 'C¥q) ’
then
1 1 5
(6.2) q 5C(q) = [(/Lz + 2) 2 — ,u] )
Proof. Let
J=q"'C%a),
then (6.1) is
2
J—j:—Q,u, or J*+2uJ—2=0.

Solving for J
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1. Introduction

In 1934 Marty [3] introduced a new mathematical structure as a generalization
of groups and called it hypergroup. Subsequently, many authors worked on this
new field and constructed some other generalizations such as hyperrings, hyper-
modules, and hyperfields. In 1988 the notion of hypervector space was given by
Tallini [11]. She studied some algebraic properties of this new structure in [8], [9],
and [10]. A wealth of applications of these new constructions in geometry, hy-
pergraphs, binary relations, combinatorics, codes, cryptography, probability, and
etc. can be found in [2]. Recently, we studied hypervector spaces in the view-
point of analysis and generalized some definitions and proved many interesting
theorems about them in [5], [6], and [7]. In this paper we are going to define
hyperBanach space and prove open mapping theorem, closed graph theorem, and
uniform boundedness principal which are very important and have key roles in
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Banach space theory for this new space. Also we define a quasinorm over hyper-
vector spaces that converts a factor hypervector space into a normed hyper vector
space.

Let P(X) be the power set of a set X, P*(X) = P(X)\{9}, and K a field. A
hypervector space over K that is defined in [8], is a quadruplet (X, +, 0, K') such
that (X, +) is an abelian group and

o: K x X — P*(X)

is a mapping that for all a, b € K and z, y € X the following properties holds:
)
)
(iii) ao (bo x) = (ab) o x, where ao (bo ) ={aoy : yE€bo z},
)
)

Note that every vector space is a hypervector space and specially, every field
is a hypervector space over itself.

A non-empty subset of a hypervector space X over a field K is called a
subspace of X if the following holds:

(ii) ao H C H, for every a € K.

Note that a0 A = Uao x, for every k € K and A C X.

€A
If H is a subspace of X, the factor hypervector space of X with respect to

H that is defined in [8], is denoted by (X/Y, +, %, K) and is a hypervector space
with the elements
{[z]=2+Y 2z € X},

and for every a € K,
ax[r]=laoz]={[y] - y€aox}.

Let (X, +,0, K) be a hypervector space, where K is a valued field. Suppose
that for every a € K, |a| denoted the valuation of a in K. A pseudonorm on X
that is defined in [9], is a mapping

X —R

that for all @ € K and x, y € X has the following properties:
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(i) 1[0l =0,
(i) [l +yll < ][ + [lyll;
(iii) sup [la o z[| = |af |||
A pseudonorm on X is called a norm, if:
l|z|]| =0 <= x=0.

Let (X, 41,01, K) and (Y, 42,09, K) be two hypervector spaces. A strong
homomorphism between X and Y is a mapping

f-X—Y
such that for all @ € K and x, y € X the following hold:

(1) f(z+1y) = fz) +2 [(y),
(ii) flaoy z) =aoy f(x).

A strong homomorphism f : X — Y, where X = (X,+4;,04,]| . ||1, K) and
Y = (Y, 42,09, ]| . ||]2, K) are two normed hypervector spaces is called bounded if
there exists M > 0 such that || f(z)||2 < M]||z||1, for every x € X.

As we define in [7], a subset A of X is called convez if to x+(1—1t)oy C A,
for every x, y € Aand 0 <t < 1. If kA C A, for every k, |k| < 1, then A is called
balanced. Also the set A is absorbing if for each x € X, there is a positive number
Sz, such that © € t o A whenever t > s,.

Let (X, +,0,]|| . ||, K) be a normed hypervector space. For x € X and € > 0
the open ball B(x) is defined as

Be(x) ={ye X : [z -yl <e},

and the unit ball is the open ball with radius equals to 1. Furthermore, the closed
ball, Cc(x) is defined as

Ce(r) ={yeX : [lr—yl[<e}

The {Bc(z) : * € X,e > 0} is a basis for a topology on X which is the
topology induced by this norm. The set of all interior points of A is denoted by
A°. Also the closure of A denoted by A.

As we define in [5], a sequence {z,,} in X is said to be a Cauchy sequence if
for every € > 0, there is N € N such that ||z, — z,|| < ¢, for every m, n > N.

2. HyperBanach spaces

Throughout this section K will denote either the real field, R, or the complex
field, C.
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Definition 2.1. A normed hypervector space X = (X, +,0,|| - ||, K) is called a
hyperBanach space if every Cauchy sequence in X is convergent.

Example 2.2. Consider the following hypervector space that is defined in [8]:
Let (R™, 4) be the classical additive group over R™ and for every a € R let

aox={taxr : 0 <t <1},

where tax is the classical multiplication of R over R".
Now, let ||z|| be the distance of = from the origin in R™. Then it is easily
seen that (R, +,0,]| - ||,R) is a hyperBanach space.

Theorem 2.3. Let X = (X,+,0,|| .||, K) be a hyperBanach space such that
ko 0= {0}, for every k € K. Then every closed, convex, and absorbing subset of
X includes a neighborhood of the origin.

Proof. Let C be a closed, convex, and absorbing subset of a hyperBanach space
X and let D = C'N (—C), where —C' denotes { —z : x € C'}. It is enough to show
that D includes a neighborhood of the origin. If A is a non-empty subset of D,
then we have
1 1 1 1 1 1 1
0650(14 A)Q§OA+§O( A)§§OD+§O( D)—§OD+§OD§D,
: : : 1 1 .

because D is convex. Since the neighborhood 3 ° D° + 5 ° (—D°) of the origin

must be included in D, so it is enough to prove that D° # @.
By contradiction, suppose that D° = @&. For each n € N the set nD is closed
and has empty interior, where

nD=D+---+D,
—

n times

and so X \ nD is an open set that is dense in X. Suppose that B; is a closed
ball in X \ D with radius no more than 1. Since (X \ 2D) N BY{ is a non-empty

1
open set, there is a closed ball By in By \ 2D with radius no more than 7 There

1
is a closed ball Bs in By \ 3D with radius no more than 3 Continuing in the

obvious way, we find a sequence {B,} of closed balls such that for every n € N,

1
B, N nD = @, the radius of B,, is no more than —, and B,, C B, if n < m. It

follows that the centers of the balls form a Cauch? sequence whose limit x is in
each of the balls and hence is in X \ nD, for every n. Since C' is absorbing, there
is a positive real number s such that if ¢ > s then z, —x € t o C and therefore
x € to D. It implies that x € nD, for some n € N, a contradiction. This proves
the theorem. n

Definition 2.4. Let X = (X, +, 0, K) be a hypervector space. A prenorm on X
is a positive real valued function p on X such that the following conditions are
satisfied by all members x and y of X and each scalar a:
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Definition 2.5. A function f from a normed hypervector space X into the non-
negative reals is countably subadditive if

for each convergent series Z Tp in X.
n=1
Theorem 2.6. Let X = (X,+,0,|| .||, K) be a hyperBanach space such that

ko0 = {0}, for everyk € K, y € k"o, forx € koy, 0 # k € K, and
r,y € X, and ko A C ko A, for every k € K, , and A C X. Then every
countably subadditive prenorm on X is continuous.

Proof. Let p be a countably prenorm on X. Suppose that x, y € X. Then
p(z) < p(z —y) + p(y), and p(y) < ply — =) + p(z) = p(z —y) + p(z). So

Ip(z) — p(y)| = max{p(z) — p(y),p(y) — p(x)} < p(x —y) = [p(x —y) — p(0)].

Therefore if p is continuous at 0 and x is an element of X, then p is continuous

at x, too. Thus it is enough to show that p is continuous at 0.
Let G ={z:z € X, p(x) <1}. If t > 0, then

to G:Utoxg{:c::ceX, plx) < t}.

z€G

Thus G is absorbing. If x,y € G and 0 <t < 1, then

supp(tox+(1—t)oy) <supp(tox)+supp((1—t)oy) < tp(x)+(1—1t)p(y) <1,

so G is convex. Therefore G is a closed, convex, and absorbing subset of X and by
Theorem 2.3, it includes an open ball U centered at 0 with some positive radius
e. Suppose that there is a positive real number s such that p(z) < s whenever
||z|| < e. Now, if z € X is such that || X|| < s™'te, then sup||(st™!) o z|| < e It
shows that for every y € (st™') o x, p(y) < s, and therefore sup p((s~'t) o y) <
(s ')p(y) < t, and so p(x) < t. It implies the continuity of p at 0. Thus to
complete the proof it is enough to show that such an s exists.

Fix an z in X such that ||z|| < e. Since z € U C G, there is #; € G such
that ||z — || < 27'e. Since

r—1,€2 o UC2 0 GC 210 G,
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there is 3 € 27'o G such that ||z —z1—x2|| < 27%€. Similarly, there is z3 € 2720 G
such that ||z — 21 — x5 — x3]| < 27%¢. Continuing in this way, we find a sequence

n
xr — E Z;

=1

{z,} such that z, € 27" o G and < 27", for every n € N.

It follows that p(x,) < 27"*! for every n € N, and z = an, and so the

n=1
countable subadditivity of p implies that
p(x) =p (Z .Tn> < Zp(a:n) < 2.
n=1 n=1
Put s = 2 and the proof is complete. n

Example 2.7. In Example 2.2 it is not hard to see that a o 0 = {0}, for every
a€R, yca'loux, forv € aoy whenever x, y € R" and 0 # a € R. Now, we
show that o A C avo A, for every aw € R and A C R™. Suppose that o € R and
A C R" are arbitrary. Let # € a o A. So there is y € A such that € a o y. It
means that there is ty, 0 <ty < 1, such that x = atgy. Let rqg > 0 be arbitrary.
Since y € A, then there is a € A such that

"o
ly —all < :
|| [to]
Put z = atqga € ao A. We have
|z = 2| = [latoy — atoal] = |atol[ly — al| < ro.
Therefore z € B,,(x) Nao A, and z € ao A. So (R",+,0,]|| - ||,R) is a normed

hypervector space satisfying the hypothesis of Theorem 2.6.

[e.e] e}
We say the series Z x, is absolutely convergent if Z ||z,|| is & convergent

n=1 n=1
series. The following lemma can be proved similar as the normed vector spaces.

So we omit its proof.

Lemma 2.8. Let X = (X,+,0,]|| - ||, K) be a normed hypervector space. Then
X is a hyperBanach space if and only if every absolutely convergent series in X
15 convergent.

A function f from a topological space X into a topological space Y is an open
mapping if f(U) is an open subset of Y, for every open subset U of X.

Theorem 2.9. (Open Mapping Theorem) Let X = (X, 41, 01,]| . |[1, K) be a
hyperBanach space and Y = (Y, 42,09,]| . ||2, K) be a hyperBanach space such
that k oy 0 = {0}, for everyk € K, y € k™ loy x, forx € koyy, 0 # k € K,
and z,y €Y, and koy A C koy A, for every k € K, and A CY. Then every
bounded strong homomorphism from X onto Y is an open mapping.
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Proof. Let T : X — Y be an onto bounded strong homomorphism. Suppose
that the image under T' of the unit ball U of X is open. Let V be an open subset
of X. If x € V, then x +7 7o U C V, for some r > 0, and so T'(V) includes the
neighborhood T'(z) 427 0o T(U) of T'(z). Thus it is enough to show that T'(U) is
an open set.

For each y € Y, let p(y) = inf{||z||s : z € X,T(x) =y}. Fory €Y and
a € K, we have if w € X such that T'(w) = y, then

{inf{||z]| : x € X, T(x) =2} : 2z € a0y T(w) =T(awo; w)} C ||awoy wll.
Hence
supp(aog y) = sup{inf{||z|l;:x € X, T(x) =2} :2 € aoy T(w) =T (o w)}
< sup [lacoy wlly = |alf|wl]y,
and therefore

sup p(a o y) < lafinf{[jw]}y : we X, T(w) =y} = |alp(y).

oo
Now, let Z Y, converges in Y. For an arbitrary € > 0, let {z,,} be a sequence in

n=1

X that T(z,) = y, and ||z,|| < p(yn) + 27 "¢, for every n € N. Then Z l|zn|]1 <

n=1

Zp(yn) + €, a finite number. Since X is a hyperBanach space, the absolutely

n=1
[eS)

convergent series E x, is convergent. Now,

n=1

T (Z $n> = ZT(xn) = Zym

n=1 n=1
and so . N N N
P(Z%) < Z% <Z|lxnl\1<2p(yn)+e.
n=1 n=1 1 n=1 n=1

So, p is countably subadditive.

The other properties of the prenorm can easily be checked.

Thus, p is a countably subadditive prenorm on Y, and by Theorem 2.6, it is
continuous. Finally,

TWU)={y : yeY,T(x) =y,forsomez €U} ={y : y€Y,p(y) <1},
so T'(U) is open and the proof is complete. .

A strongly homomorphism 7" between two normed hypervector spaces is called
and isomorphism if it is one-to-one and continuous and its inverse mapping 7'~}
is continuous on the range of T'.



268 P. RAJA, S.M. VAEZPOUR

Corollary 2.10. Let X = (X,+y,01,]| - |1, K) be a hyperBanach space and
Y = (Y, +2,09,|| - |2, K) a hyperBanach space be such that k o, 0 = {0}, for
everyk € K,y € k' oga, forx € koyy, 0 # k € K, and v,y € Y, and
koy A C koy A, for every k € K, and A CY. Then every one-to-one bounded
strongly homomorphism from X onto Y s an isomorphism.

Theorem 2.11. (The Uniform Boundedness Principle Theorem) Suppose that
X = (X1, 41,01, || - |li, K) is a hyperBanach space such that k oy 0 = {0}, for
everyk € K,y k™o, x, forx €koyy, 04k €K, andx, y € X, andko; A C
koy A, for every k € K, and A C X, and Y = (Y,43,09,]| - ||2, K) a normed
hypervector space. Let § be a non-empty family of bounded strong homomorphisms
from X into Y. If sup{||T(x)|| : T € §} is finite for every x € X, then
sup{||T|| : T € §} is finite.

Proof. Let p(z) = sup{||T(x)|]2 : T € §}, for every x € X. Then we have
supp(a oy x) = sup{sup{[|T(y)l[2: T €T}: y € avora}
= sup{[a|||T(z)[[2: T €3, } = |afsup{[|T(x)]]2: T € §}

= lalp(x).

If Z T, is a convergent series in X and T € §, then

(&)

from which it follows that

ZT(xn ZHT Tp)|l2 < Zp
n=1 n=1

2

(3] < 3wt
n=1 n=1
So p is countably subadditive. Also we have

1T (x = Y)[l2 = sup [[(=1) 02 T(y — @)[l2 = [[T(y — 2)l|2,

for every z, y € X. So p(x —y) = p(y — x). Since p(0) = 0, then p is a countably
subadditive prenorm on X. Therefore, by Theorem 2.6, p is continuous and there
is & > 0 such that p(z) < 1 whenever ||z||; < §. It follows that p(z) < 67!
whenever ||z||; < 1, and therefore ||T(z)||2 < 6! whenever T' € § and ||z||; < 1,
that is ||T'||» < 671, for each T' € F. The proof is complete. n

Theorem 2.12. (Closed Graph Theorem) Let X = (Xi, 41,01, || . |1, K) be a
hyperBanach space such that k oy 0 = {0}, for every k € K, y € k™' oy z, for
re€koyy, 0Ake K, andz,y€ X, andkoy ACkoy A, for every k € K, and
ACX, (Y, 42,09, . |2, K) a hyperBanach space, and T a strong homomorphism
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from X into Y. Suppose that whenever a sequence {x,} in X converges to some
x in X and {T(x,)} converges to some y in'Y, it follows that y = T(x). Then T
15 bounded.

Proof. Let p(x) = ||T(z)||2, for every z € X. If we prove that p is continuous,
then there is a neighborhood U of 0 such that the set p(U) is bounded and therefore
T(U) is bounded. Let r > 0 be small enough that the closed ball of radius r and
center 0, C,(0), is include in U, and let My = sup{||T(z)||2 : = € C,(0)}. If
0# x € X, then

(rlzlly*) o = € C(0),

and so

(rll[[T DT (@) |2 = sup [|T((r]|z|l;") or @)]] < Mo,

and therefore ||T(z)|]a < r~*Mpo||z||;. So T is bounded. Hence by Theorem 2.6,
it is enough to show that p is a countably subadditive prenorm on X. Clearly,
supp(k oy z) = |k|p(z), p(0) = 0, and by the proof of the previous theorem,

p(x —y) = p(y — x). So, let Z x, be a convergent series in X. Without loss of

n=1
generality, we may assume that

D T ()]l < oo.
n=1

Since Y is a hyperBanach space, then Z T(x,) converges. Also by the hypothesis,

n=1

m (o]
lim E T, = E T,
n—-ao~o

n=1 n=1

and
lim T (Z xn> = ZT(xn) = ZT(xn)
n=1 n=1 n=1
imply that
n=1 n=1
Therefore

o0

< S IT ()l
2 n=1

(£

which shows that p is countably subadditive and the proof is complete. n

Z T(zn)

2
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3. Quasi norm and factor hypervector spaces

Definition 3.1. Let X = (X, +, 0, K) be a hypervector space. Suppose that for
every a € K, |a| denoted the valuation of a in K. A quasinorm in X is a mapping

|-]|: X —R

that for all @ € K and x, y € X has the following properties:

(i) ||z|]| =0 <=z =0,

(i) Nz +yll < [l=ll + llyll,

(iii) sup|la o || < |af |[].
Definition 3.2. A quasinormed hypervector space X = (X, +,0,]|| . |], K) is
called well if for every x € X and a, b € K,

inf ||a o z|| < sup|lbo x|

Example 3.3. It is easily seen that (R", +,0,||-||,R) that is defined in Example

2.2, is a quasinormed hypervector space that is well, since for every x € R"” and
a € R, inf ||laox|| = 0.

Theorem 3.4. Let X = (X, +,0,|| - ||, K) be a well normed hypervector space
and Y be a closed subspace of X. Then (X/Y,+,0,|| ||, K) is a quasinormed
hypervector space, where for every [z] € X/Y,

2]l = inf{[|lz + y[| - y € Y}

Proof. Let A € K and [z], [y] € X/Y. If [] = [0], then 2 € Y and therefore
0 <|l[2]I < ||z = 2| = 0.

Conversely, [|[z]|| = 0 implies that there is a sequence {z,} in Y such that
lim,, o || + x,|| = 0. Since Y is closed, it follows that x is in Y so [z] = [0].
Further, we have

[|[=] + [yl llz+ylll = mf{|lz +y+2[| : €V}

N

inf{||z+21+y+2] : 21,22}

N

inf{||lx+21|| : 21 €Y }+inf{||ly +22]| : 220 € Y}
e E



ON THE HYPERBANACH SPACES 271

At last,
sup[[Ao [z]]| = sup{[I[]|| : z€ Ao x}
= sup{inf{||z+y|| ryeY : z€rox}
< sup{inf{|[Aox+Aoy| : yeY}
< inf{sup{|[Aocx+Aoy| : yeY}
< inf{Alle+yll -y e Y} = Alll]]].
Therefore || . || is a quasinorm on X/Y and the proof is complete. .

Finally, the following lemmas can be proved easily similar as the normed
vector spaces. So, we omit their proofs.

Theorem 3.5. Let Y be a closed subspace of a well normed hypervector space
X =X, 4,0 . |, K) and F : X — XY the quotient map defined by F(x) =
x+Y. Then F is continuous and maps open sets in X onto open sets in X/Y .

Theorem 3.6. Let Y be a closed subspace of a well normed hypervector space
X =(X,+,0,]| . |, K). If X is a hyperBanach space, then so is X/Y .
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ON THE QUALITATIVE BEHAVIORS OF SOLUTIONS TO A KIND
OF NONLINEAR THIRD ORDER DIFFERENTIAL EQUATIONS
WITH RETARDED ARGUMENT
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Abstract. In this paper, with use of a Lyapunov functional, we discuss stability and
boundedness of solutions to a kind of nonlinear third order differential equation with
retarded argument:

2(8) + h(@ (), (£), 2" (8), 2t — (1)), (¢ — r(8)), 2 (t — r(£)))2" (1
Fg(a(t - r(t),2 (t = r(1))) + f(a(t - (2)))
— plt,2(t), 2/ (1), 2t — (), 2'(t — r(t)), 2" (£)).

when p(t, z(t),2'(t), z(t —r(t)), 2’ (t—r(t)), 2" (t)) = 0 and # 0, respectively. Our results
include and improve some well-known results in the literature. An example is also given
to illustrate the importance of results obtained and the topic.

Keywords: stability, boundedness, Lyapunov functional, nonlinear third order differ-
ential equations, retarded argument.

AMS (MOS) Subject Classification: 34K20.

1. Introduction

In a recent paper, Afuwape and Omeike [1] discussed stability and boundedness
of solutions to nonlinear third order delay differential equation:

2 (t) + h(a'(£)2"(t) + g(a(t —r(t), ' (t — r(t))) + f(x(t=r(t)))
= p(t, (1), ' (t), " (1)),

when p(t, z(t),2'(t), " (t)) = 0 and # 0, respectively.
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In this paper, we consider nonlinear third order differential equation with
retarded argument, r(t):

a(t) + W (t), o' (1), 2" (), 2t — r(t)), «'(t = r(t)), 2"(t = r(t)))z" ()
(1) +g(a(t —r(t)), 2t = (1)) + f(z(t = (1))
= p(t, x(t), 2'(8), x(t —r(t), «'(t — (1)), 2" (1)),

which is equivalent to the system

2(t) = y(t),
y'(t) = 2(1),
2(t) = =h(x(t),y(t), 2(1), x(t = r(1), y(t —r(1)), 2(t = r(2)))2(t)

®) ~g(a(t) (1)) - aw»aﬁm%@@w@M@w

o[ atetnssois [ P
w@ﬂ)()@—m»w~mmam,

where 0 < r(t) <7, v is a positive constant which will be determined later, and
r'(t) < 5,0 < < 1; the primes in equation (1) denote differentiation with respect
tot,t € RT, RT =10,00); h, g, f and p are continuous functions in their respective
arguments on R°, N2, N and NT x R®, respectively, with g(x,0) = f(0) = 0, in
the statement of Theorem 1. The continuity of functions h, g, f and p guarantees
the existence of the solution of equation (1) (see [3, pp.14]). In addition, it is

also supposed that the derivatives g, (z,y) = gg(x, Y), gy(z,y) = a—yg(x, y) and

d
fl(x) = d—f exist and are continuous; all solutions of (1) are real valued and the
T

functions h, g, f and p satisfy a Lipschitz condition in x, y, z, x(t—7(t)), y(t—r(t))
and z(t—r(t)). Then the solution is unique (see [3, pp.14]). Throughout the paper
x(t), y(t) and z(t) are abbreviated as z, y and z, respectively.

The motivation for the present work has been inspired basically by the paper
of Afuwape and Omeike [1], Sadek [9] and Tung ([11], [12]). Our aim here is
to extend and improve the results established by Afuwape and Omeike [1] to
nonlinear differential equation with retarded argument (1) for the asymptotic
stability of trivial solution and boundedness of all solutions of this equation, when
p=0and p# 0in (1), respectively. We also give an explanatory example for the
illustration of the subject. All aforementioned papers have been published without
including an explanatory example on the stability and boundedness of solutions of
third order nonlinear differential equations with retarded argument. In addition,
to the best of our knowledge, so far throughout all the papers published on the
subject of this paper, the second term in (1) has only consisted of az”(t), a1z (t),
a x”(t), (a, a; and « are constants), h(x'(t))x"(t), p(z(t),2'(t))x"(t), a(t)x”"(t),
fla(t), o' (t), 2" (t)x"(t) or a(t)f(x(t),'(t))x"(t) (see [1], [9], [11], [12] and the

references registered thereof). But, our second term has the form

h(x(t), o' (t), 2" (t), z(t —r(t)),z'(t —r(t)), 2" (t —r(t)))z"(t).

This case, clearly, is an improvement.
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2. Preliminaries

Now, we will give some basic information for the general non-autonomous diffe-
rential system with retarded argument (see, also, the books of El’sgol’ts (3], Hale
[4], Kolmanovskii and Myshkis [5], Kolmanovskii and Nosov [6], Krasovskii [7]
and Yoshizawa [13]). Consider the general non-autonomous differential system
with retarded argument:

(3) = f(t,x),z, =x(t+0),—r<0<0,t>0,

where f : [0, o) x Cy — R™ is a continuous mapping, f(¢,0) = 0, and we suppose
that f takes closed bounded sets into bounded sets of &". Here (C, |. ||) is the
Banach space of continuous function ¢ : [—r, 0] — R™ with supremum norm,

r > 0; Cy is the open H-ball in C; Cy := {¢ € (C'[-r,0], R"):|¢] < H}.

Definition 1. (See [13].) A function (g, ¢) is said to be a solution of (3) with
the initial condition ¢ € Cy at t = tg, to > 0, if there is a constant A > 0 such
that x(to, ¢) is a function from [ty — 7, to+ A] into R" with the properties:

(l) .It(to, ¢) € Cy for to <t <ty+ A,

(11) Lo (t07 ¢) = ¢7
(iii) x(to, ¢) satisfies (3) for ty <t <ty + A.

Standard existence theory, see Burton [2], shows that if ¢ € Cy and t > 0,
then there is at least one continuous solution x(t, to, ¢) such that on [ty, o + «)
satisfying equation (3) for ¢t > ty, x4(t,¢) = ¢ and « is a positive constant. If
there is a closed subset B C C'y such that the solution remains in B, then a = oc.
Further, the symbol |-| will denote a convenient norm in R" with |z| = max |z ].

Definition 2. (See [2].) A continuous function W : [0, co) — [0, co) with
W(0) =0, W(s) >0if s > 0, and W strictly increasing is a wedge. (We denote
wedges by W or W;, where ¢ an integer.)

Definition 3. (See [2].) Let D be an open set in R” with 0 € D. A function
V[0, c0) x D — [0, co) is called positive definite if V' (¢,0) = 0 and if there is a
wedge Wy with V (¢, z) > Wi(]z|), and is called decrescent if there is a wedge Ws
with V (¢, z) < Wa(|z|).

Definition 4. (See [2].) Let f(¢,0) = 0 . The zero solution of equation (3) is:

(i) stable if for each € > 0 and #; > ¢, there exists 6 > 0 such that
[0 € C(t1), |lo|l <o,t>t1] implies that |z(t,t1, )| < e.

(ii) asymptotically stable if it is stable and if for each t; > tq there is an n > 0
such that [¢ € C(t1), ||¢| < 0] implies that x(t,to,¢) — 0 as t — oc.
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Definition 5. (See [2].) Let V (¢, ¢) be a continuous functional defined for ¢ > 0,
¢ € Cyg. The derivative of V' along solutions of (3) will be denoted by V' and is
defined by the following relation:

V(t,¢) = lim supv<2€ + hy wen(to, ¢}2) — VL, 24(to, ¢))
h—0

Y

where x(to, ¢) is the solution of (3) with zy,(t, ¢) = ¢.
For the general autonomous delay differential system

which is a special case of (3), the following lemma is given:

Lemma. (See[l0].) Suppose f(0) = 0. Let V be a continuous functional defined
on Cy = C withV(0) = 0, and let u(s) be a function, non-negative and continuous
for 0 < s < o0, u(s) — o0 as u — oo with w(0) = 0. If for all ¢ € C,
u(|p(0)]) < V (), V(¢) >0, V(¢) <0, then the solution z; = 0 of (4) is stable.

If we define Z = {gb eCy:V(p) = 0} , then the solution z; = 0 of (4) is
asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

3. Main result

In this section, we establish two theorems, which are the main results of this

paper.
First, for the case

p(t z,y,x(t —r(t)),y(t —r(t),z) =0,
the following result is introduced.
Theorem 1. In addition to the basic assumptions imposed on the functions h, g

and f that appearing in (1), we assume that there are positive constants a, b, c,
g, p, b, K, L and M such that the following conditions hold:

(i) ab—c> 0.

(i) f(z)sgn x>0, (z#0 ), sup{f'(x)} = ¢, |f'(z)] < L.

() 9(x,y)

N

(V) p < By, 2t — (D), y(t —r(t), =(t — () — a < 2epu~)3.
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Then the zero solution of equation (1) is asymptotically stable, provided that

7 < min 2(ub —c) 2(a — p)
w(K+L+M)+2\N K+ L+M+26

b
with p = GQ——;;C, where v is the bound on r(t).

Proof. To verify Theorem 1, we define the following Lyapunov functional V; =
‘/1(37257 Yt, Zt):

1
Vi(@e, ye, 2) = /f A& +yf(x) + SHay +/ g(z,n)dn + pyz

(5)
+ z —|—>\/ / 9 d9d8—|—5/ / 0)dods,
t+s t+s

where A and ¢ are positive constants which will be determined later in the proof.
Now, it is obvious that V7(0,0,0) = 0.

9(z,y)
Y

We also have, by the assumption >b+e, (y#0),

1 Yg(x, 1
Vi@, ye, 2t) —u/ f(&ds+yf(x) + SHay +/ il )ndn+uyz+ =2*

2
/ / y*(0)dfds+0 / / 6)dfds
—r(t) —r(t) Ji+s

1
> / €)dE + yf(x) + “y+ y+2y + yz+ 57
/ / d9d5+5/ / 0)dods
—r(t) —r(t) t+s
= by f@)P + /f g + Sy + 1f?()
(6) _2b y H y 2y x

+uyz+ z + A / d9d3+5/ / 0)dOds
—r(t) Jt+s —r(t) Jit+s

- s [4 [ 1@ [ rewmin} i

2, 1 2 1 o 1 2
oy + 5y +2)° + Sula )y + 5p 10y + f(2)]
0 ¢ 0
—l—)\/ /y2(0)d9d3+5/ / 2*(6)dbds.
—r(t) —r(t) Jit+s
t+s
ab — ¢ ab — ¢

> 0 and pub — f'(x) > > 0,
it follows from (6) that there exist sufficiently small positive constants D;,
(=1, 2, 3), such that

By using the assumptions a — u =
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Vi(z4,ys, 2¢) > D1a? + Doy + D32?

t
+A / / 0)dods+9 / / 22(0)dfds
t+s —r(t) Jit+s
0 t 0 t
> Dy(2* +y* + 2°)+A / / y*(0)dfds—+6 / / 2*(0)dOds
—r(t) Jit+s —r(t) Jit+s

> Dy(2? + % + 22),

0 t 0 ¢
since the integrals / / y*(0)dfds and / / 2*(6)dfds are non-negative,
+s -r +s

where Dy = min{D;, Dy, D3}. Now, we can deduce that there exists a conti-
nuous function v with u(|¢(0)|) > 0 such that u(|¢(0)]) < V(o).

Next, by a straightforward calculation from (5) and (2), we compute the total
derivative of Vi (xy, ys, ;) with respect to t :

%Vl(aft, i z) = f(@)y* + p2® — pyg(e,y) +y /Oy 9o (,m)dn
—pAh(z,y, x(t —r(t)),y(t —r(t)), z(t —r(t))) —a}yz
—h(z,y, x(t —rt),y(t —rt), z(t — r(t)), 2)2*

8) w2 / F(@(s))y(s)ds + (uy + 2) / g0 (2(s), y())y(s)ds
t—r(t) t—r(t)
g+ 2) / ) Y505 + () 40720

A1 —=7(t)) /t_ “ y*(s)ds — 6(1 — r’(t))/t 22(s)ds.

—r(t)

By use of the assumptions of Theorem 1 and the inequality 2 |uv| < u? + v?, we
obtain

) —h(ayalt — (1), y(t — (), 2(t — r(£)),2)2 < —(a+ p)?
(10) — (ug(g;’ Y _ f’(x)) y? < —(ub+ pe — o)y,
w [ Sattes < B

(11) t—r(t : t—r(t

= MTMQZ * % /t—r(t) yz(S)dS’

[ e < L [

(12) t—r(t) t—r(t)

< Ly , L

¢
—=z +—/ y*(s)ds,
2 2 Jirq)
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¢ Kr(t pkK [
i [ el peDytnts <L U [ s
t—r(t) 2 2 Jiw

(13) K K [
< uy2 + M—/ y*(s)ds,
2 2 Jir@w)
K Kr(t !
z/ g (x(8),y(s))y(s)ds < 2< >z2 +5 y*(s)ds
(14) t—r(t) t—r(t)
<=1y K t y?(s)ds
-2 2 Jir 7
¢ Mr(t M [*
i [ el ue)soas < B L
(15) t—r(t) t—r(t)
M M [
< 2 ’7y2+ﬂ ZQ(S)CZS,
2 2 Jir
! Mr(t M [t
z/ gy(z(s),y(s))z(s)ds < r( )z2 + — 2*(s)ds
(16) t—r(t) 2 2 )i
M M [t
< el Nk 2*(s)ds,
2 2 )i
(17) MPr(t) < Myy?, 02%r(t) < 622
Combining the inequalities (9)-(17) into (8), we obtain
d K L M
Vi@ g 2) = (ub —c— “77 - %7 - MT’V - M) v
(LKL MY
a—p 9 Y 2'7 9 Y Tz

K L upuK ul t
2 2
—pz +[—+—+—+——1—ﬁ)\]/ y“(s)ds
2 2 2 2 ( ) tir(t) ()

4 {M + P (1— 5)5} /t:(t) 2%(s)ds.

Now, we consider the terms

279

W =: (ue)y® + p{h(z,y, z, x(t — r(t),y(t — r(t), 2(t — r(t))) — a}yz + pz°,

which are contained in (18). Clearly, by the assumption (iv), we get

1\ 1
W > (ue)y® = 2ulepp™")2 ly| |2] + p2°
1
= (ue)y® = 2(epp)2 |yl || + p2*

— [VIE Iyl -5 AP 20,
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This estimate implies that

dt 2 2 2

K LM -\,
e e R At Al oA B

d K L M
—Vi(ze, ye, z) < — (ub —c— M—v - M—v - M—v - M) Y’

(19)

By taking A = 52— (K + L)(1 + p) and 6 = 5= M (1 + u) , we get from (19)

2(1-5) 2(1-p)
that
d K L M
%Vl(:rt,yt,zt) < - (ub —c— %v - %7 - “77 - M) Y
(20)
K LM o\,
—|a—p——y—=y— —v— 2°.
1% 9 Y 9 Y 5 Y Y
The above inequity, that is, (20), yields
d 2 2
(21) %‘/I(xtayhzt) < —ky” —ke2” <0

for some positive constants k; and ko provided that

+ < min 2(ub —¢) 2(a — p)
w(K+L+M)+2\N K+L+M+25]"

It is also clear that the largest invariant set in Z is @) = {0} , where
Z:{quC’H:Vl(gb):O}.

d
Namely, the only solution of equation (1) for which aVl(xt,yt,zt) = 0 is the

solution z; = 0. Thus, under the above discussion, we conclude that the trivial
solution of equation (1) is asymptotically stable. This fact completes the proof of
Theorem 1.

In the case

p(t, x,y, I(t - T(t))v y(t - T(t))7 Z) 7£ O’

we establish the following result.

Theorem 2. We assume that the assumptions (1)-(iv) of Theorem 1 and the
following condition hold:

p(t, 2,y (t —r(t), y(t —r(t)), 2)| < q(t),
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where ¢ € L'(0,00), L'(0,00) is space of integrable Lebesque functions. Then,
there exists a finite positive constant K such that the solution x(t) of equation (1)
defined by the initial functions

z(t) = (1), 2'(t) = ¢/ (1), 2"(t) = ¢"(1)
satisfies the inequalities
2(t)] < VE, /()] < VK, |2"()] < VK
for all t > ty, where ¢ € C*([to — 1,to], R), provided that

: 2(ub—c) 2(a — p)
~ < min ,
WK +L+M)+2N K+L+M+26
ab+c
2b
Proof. To prove Theorem 2, we use the Lyapunov functional, Vi = Vi(xy, yy, 2¢),

defined by (5). Now, taking into account the assumptions of Theorem 2, the result
of Theorem 1 and (21), a straightforward calculation from (5) and (2) gives that

%Vl(azt,yt,zt) < —ky® —ko2® + (py+ 2)p(t, (1), y(1), (L —r (1)), y(t —r(t)), 2(1)).
Hence
iVl(xt, Yoo z) < (lyl +12]) Ip(t, 2(t),y(t), z(t — (1), y(t — (1)), 2(t))|

dt
< (elyl + |21)a(t) < Ds(ly| + |2])q(?),
where Dy = max {1, u}.
Now, by using the inequalities |y| < 1+ %? and |z| < 1+ 2? , we have
d
Evl(l"t» Yi, 2t) < Ds(2+ Yy + Zz)Q@)-

The estimate (7) implies that

with p =

y? + 2 < Dt Vi@, ye, 2t).

The last two inequalities lead to

d
(22) %‘/1(%, Ut, Zt) < D5(2 + D4_1V1(xt7 Ut, Zt))Q(t)
= 2D5q(t) + Ds Dy ' Vi(2e, ys, 2)q(t).

Now, we integrate (22) from 0 to ¢ and use the assumption ¢ € L'(0,00), and
Gronwall-Reid-Bellman inequality to make the next estimate:

t
‘/l(xtvyta Zt) S ‘/1(1;0; y07 ZO) + 2D5A + D5D4_1/ (‘/i(xs7y57 ZS)) Q(S)ds
0

(23) < (Vi(z0, 90, 20) + 2D5A) exp (D5D4_1 /Ot Q(s)ds)

< (Vi(zo, Y0, 20) + 2D5A) exp (Ds D' A) = K; < o0,
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where K; > 0 is a constant, K; = (Vi(xo, %0, 20) + 2D5A) exp (D5D4_1A) and
A:/ q(s)ds.
0

In view of (7) and (23), it follows that
vyt 2" < DyVaw, g ) < K,
where K = K1 D;*. Thus, we can deduce

2(t)] < VE, [y()] < VK, |2(t)] < VK,

for all ¢t > ty. That is,
2(t) < VK, /(1) < VK, |o"(1)| < VK,
for all t > ty. The proof of Theorem 2 is now complete.

Example. We consider the following third order nonlinear differential equation
with retarded argument

" 1 x,//
o (4+ 1+’£2+(m’)2+(9€”)2+$2(t—7’(t))+(w’(t—r(t)))2+($”(t—7"(t)))2>
+72'(t —r(t)) +sinz'(t —r(t)) + x(t — r(t)) + arctg z(t — r(t))

1
1224 ()2 4 (2t — ()2 + (2t — (1)) + (27)2

This equation can be stated as the following equivalent system:

:C = y7
y =z
Z = -4+ ! > z
( I+ (224+y2 422422 (t—r(t))+y2(t—r(t))+22(t—r(t))
(24) —(Ty +siny) — x — arctgz + /tr(t)(l + 1+ (x(s))z)y(s)ds

+ /t_T(t) (74 cosy(s)) z(s)ds

1
i +2 4+ a2+ 2+ 22t —r(t) + 3t —r(t) + 22

So, we have

W,y z,x(t = (), y(t —r(t)), 2(t — r(t)))

S e 2T 2120 —r0) + 20— () + 2 — ()’
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1

e e e R ) )+ 2 ) =

that is,

4 < h(z,y,z,x(t —r(t),ylt —r),z(t—r(t)) <5,

9(z,y) = Ty +siny, g(z,0) = 0,

g("’;y) — 7+ Y 5 6y £ 0, Iyl < ),

gy(@,y) =T+ cosy, |gy(x,y)| = |7+ cosy| <8,

f(x) =z + arctgzx, f(0) =0,

1 /
flx) =1+ 152 |f(x)] <2,
p(t, z,Y, SL’(t - T’(t)), y<t - T(ﬂ)? Z)
1
Tt P+ 24+ 22— (1) + g2 — () + 22
1

]p(t,x,y,x(t - T(t)),y(t - T(t))az)’ < 1+ ¢2 = Q(t)?

and hence

/0 q(s)ds = /0 1is2d8 = g < 00, thatis, ¢ € L'(0,00).
Clearly, in cases of appropriate choice of the constants a, b and ¢, one can easily
show that all the assumptions Theorem 1 and Theorem 2 hold for (24). That is, for
the case p(t, x,y,z(t —7r(t)),y(t —r(t)), z) = 0, the trivial solution of our equation
is asymptotically stable, and for the case p(t,z,y,z(t — r(t)),y(t — r(t)), z) # 0,
all solutions of the equation are bounded.
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Abstract. The purpose of this note is the study of hyper action as a generalization of

action of a monoid on a set. In this regards, first we introduce the notion of hyperactions
of type 1 and type 2 and then we study the basic properties of this notion. In particular,

we investigate the relationship between hyperactions and non-deterministic automata.

Keywords: hyperaction, non-deterministic finite automata, congruence.

1. Introduction

Hyperstructure theory was born in 1934, when Marty defined hypergroups ([6]),
began to analysis their properties and applied them to groups, rational algebraic
functions. Now, they are widely studied from theoretical point of view and for
their applications to many subjects of pure and applied mathematics. Since then,
many researchers have studied in this field and developed it, for example, see [2].
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The notion of a fuzzy subset of a nonempty set was introduced by L.A. Zadeh
in 1965 [10] as a function from a nonempty set X to interval I = [0, 1]. Rosenfeld
defined the concept of a fuzzy subgroup of a given group G [8] and then many
researchers has developed it in all subjects of algebra. In [7], Malik, Mordeson
and Sen have studied some properties of S-set in the name poly transformation
semigroup. In the literature, we find that Wee [2] first introduced the concept
of fuzzy automata. In this note, we introduce the notion of a hyperactions of
types 1 and 2 as a generalization of action of a monoid on a set and obtain
basic results of them. In this regards, we study the relationship between non-
deterministic automata and hyperactions. In addition to the above mentioned
concept of hyperaction, some other directions have been pursued in the literature.
A. Madanshekaf and A.R. Ashrafi have introduced a notion of generalized action
of a hypergroup on a set in [5], which is different from the concept we present in
this paper.

2. Preliminaries

Let H be a nonempty set and P(H) the family of all nonempty subsets of H.
Amap -: HxH — P(H) is called hyperoperation or join operation (see [2]).
The join operation is extended to subsets of H in natural way, so that A - B

or AB is given by

AB:U{ab|a€A and b€ B}.

The relational notation A ~ B (read A meets B) is used to asserts that A
and B have an element in common, that is, AN B # ). The notations aA and Aa
are used for {a}A and A{a} respectively. Generally, the singleton {a} is identified
by its element a.

Throughout the paper, S denotes a monoid and () denotes a nonempty set.

A (left) action of S on @ is a function f: S x @ — @ (usually denoted by
f(z,q) — xq) for all x € X and ¢ € Q. @ is called an S-set [3] if there exists an
action of S on () such that

(1) (zy)g = z(yq)
(ii) 1¢ =gq, for all x,y € X and ¢ € Q.

This concept of S-set also plays an important role in the theory of Deter-
ministic finite automata [1]. Considering the theory of Non-deterministic finite
automata [1], one can introduce the concept of the hyperaction of S on . We
denote the set of all nonempty subsets of @ by P(Q).

3. Hyper action

Definition 3.1 A (left) hyper action of S on @ is a function o : S x Q — P(Q)
(usually denoted by o(z,q) — x o q) for all x € S and ¢ € Q.
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Let A€ P(Q) and x € S. We define z0 A € P(Q) by

J@oa), if A£0

ro A= acA

0, if A=10

@ is called an S-hyper set of type 1 if there exists an hyper action o of S on
@ such that

(i) (zy)og=zo(yoq)
(ii) g€ log, forall z,y € S and ¢ € Q.

@ is called an S-hyper set of type 2 if there exists an hyper action o of S on
@ such that

(i) (zy)og==wzo(yoq)
(ii)) 1oqg={q}, for all z,y € S and ¢ € Q.

Example 3.2 Let ) be a non-empty set. Let By denotes the set of all binary
relations on Q). Let o, 8 € Bg. Now B is a semigroup where the binary operation
o is defined by aoff = {(z,y) € Q@ X Q : (z,2) € 5, (2,y) € a, for some z € Q}.

One can show that By is a semigroup with identity.

Theorem 3.3 @ is a Bg-hyper set of type 2.

Proof. We define o : By x Q — P(Q) by
aor={ye@Q:(r,y) €a}, foralaecBgandzeQ.

Clearly, this is a hyper action of By on Q. (x,x) € ¢ (identity relation) € By,
for all z € Q i.e. iox = {a}, for all z € Q.

ao(Box)=|Jaocy:yeBory=|Jacy:(r,y)€f}={2€Q:(y,2) €a
and

(z,y) €t ={2€Q:(z,2) Eaof}=(aof)oxz, forall « € Bg and z € Q.
Hence the result. ]

Example 3.4 Let Q be a non-empty set. Let f : @ +— P(Q). Let

S=A{f:(f:Q— P(Q))}. Clearly, i : Q — P(Q), where i(q) = {q} for all
q € Q, is a member of S. Let f,g € S. We define feg:Q — P(Q) by

ogta) = { YU et ol 20

for all ¢ € Q.
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Then, fege S.

Let f,g,h € S. Let h(q) = 0, then (feg)eh(q) =0 and f e (goh)( ) =
U{f():pegehla) =U{f(p):pel} =0 ie, (fog)eh(q) = [fe(geh)(q)

Let h(q) # 0, then f e (geh)(q) = U{p:p € f(r), where r 6 geh(q )}
U{p : p € f(r), where r € g(t) and ¢ € oh(q)} = U{p : p € f(g(t)), where
teh(g)}=U{p:pe fey(t), wheret € h(q)} = (f @ g) ® h(q).

Therefore, S is a monoid.
Now, we define o : S x @ — P(Q) (described as (f,q) — foq) b

foaq= f(a),
where Uis A AL
op:pe A}, i
f‘”‘:{@, it A=

Here i o q =i(q) = {q}, for all ¢ € Q.

Now, it can be shown that f o (goq) = fg o q, where fg stands for f e g, in
short.

Let goq = g(q) = 0. Then fo (gogq) =0 (by definition of o). In this case,
(fg)oq =0 (by definition of ® on S). Thus, fo(goq) = fgoq, whenever goq = ().

Now, let g o ¢ # (), then we have

folgeq)=J{for:pegoq)} = J{fp):pecag@}=rfo.
Therefore, ) is an S-hyper set of type 2.

Example 3.5 Let G be a group and H be a normal subgroup of G. Define a
hyper action of G on G by

aob=aHb, for all a,b € G.
We can show that G is a G-hyper set of type 1.

Proof. Let e be the identity element of G. Then eoq = eHq = Hq. This implies
that g € Hg=eogq, for all ¢ € G.

aboq=abHq=abHHq=aHbHq = U aoc= U aoc=ao(bogq),

cebHq c€boq

for all a,b,q € G. Hence the result. n
Theorem 3.6 S is an S-hyper set of type 2
Proof. We define o: S x S+ P(S) by xoq={zq}

Aog={N}={q}, forallqges.

ro(yoq)=xoyq={ryq} =xyoq, forall z,y,q € S.
Therefore, S is an S-hyper set. n
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Theorem 3.7 Let ¥ and () be two non-empty finite sets. 3* denotes the free
monoid generated by X. Suppose for all x € ¥*, ¢ € Q, x 0 q € P(Q) such that
rxaoqg==xo0(aoq) forallx € ¥* a € X, g€ Q and Noq = {q}, for all q € Q.
Then @ is an X*-hyper set of type 2.

Proof. We have to show that zyogq=zo0 (yoq) for all z,y € ¥* and g € Q.
We prove the result by induction on |y| = n.
If n =0, then y = A\
ro(yoq) =xo(Aoq)=x0{q} =x0qg=ax)oq=uayoq. Given that the
result is true for |y| = 1, assume the result is true for |y| =n —1, n > 1.
Let y = ua, where |[uf =n—1,n > 1 and a € ¥. Now,

volyoq) — wo(uacq) —zo(uo (o)
= U{xot:téuo(aoq)}

= U{xot:tEuor, for some r € a o ¢}
= U{xO(uor):Tanq}
= U{xuor:ranq}

= zuo(aoq) =xuaoq=axyoq.
Therefore, ) is a X*-hyper set of type 2. .

Theorem 3.8 Let M = (X,0Q,0) be a non-deterministic finite automata. Then,
Q is a X*-hyper set of type 2.

Proof. We define o : ¥* x Q — P(Q) by

xoq=0%(z,q) forall x € ¥,q € Q.
Aoqg=0"(\q)={q}, forallqeQ.

By definition of §*, we have

We have to show that
ro(yoq)=xyogq, forall z,y € ¥* q€ Q.

We prove the result by induction on |y| = n.

If n =0, then y = .
ro(yoq)=xz0(Aoq)=x00"(\,q)=z0{q} =r0g=xlog=uayoq.

Assume the result is true for |y| =n —1,n > 0.
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Let y = ua, where |u| =n—1, n >0, a € %.

o(yoq) = U{xor:reyoq}:U{xor:rEuaoq}
U{xor:TEuO(aoq)}:U{xor:rEqu,

where p € aoq} = |J{zo(uop):p € aoq} = J{zuop:p € aoq} = zuo(acq) =
TUG O q = xY o q.
Hence the result. n

Theorem 3.9 Let Y and Q) be two non-empty sets. Suppose that ) is X*-hyper
set of type 2. Then, there exists a non-deterministic finite automata M = (3, Q, 9)

such that
6* (A, q) = {q}, for allq € Q and
0*(xy, q U 0 (z, 1)
T€6*(y,9)

Proof. We define §* : ¥* x @ — P(Q) by
0*(x,q) =xoq, forall x € ¥* q € Q.
If x € X, then §*(z,q) = d(x, q).

6*(A\,q) = Ao q={q},

for all ¢ € Q.
§*(vy,q) =ryoqg=mro(yoq) =x06"(y,q) = U ror= U 0 (z, 1),
red* (y,9) r€8* (y,9)
for all x € ¥*,q € Q. .

Theorem 3.10 Let Q1 and Qo be two S-hyper sets of type 1 (or type 2), then
Q1 X Q2 is also an S-hyper set of type 1 (or type 2).

Proof. We define o : S x (Q1 x Q2) — P(Q1 x Q») by
o (q1,q2) = (xoq) x (x0q),
forallz € S,q1 € Q1,¢ € Q.
(q1,02) € (Loq) x (Log)=10(q1,q2) [Lo(q1,q2)=(10q) x (10g)={(q1,q)}],

for all (q1,q2) € (Q1 X Q2).

olyolgna) = | wotur)= |J (zor)x(wom)

(r1,m2)€y0(q1,92) T1€Y0q1,r2€Y0q2

= (ro(yoq))x(ro(yog))=ayoqaxayoqg =1ryo(q,q),
for all z,y € S and (q1,¢2) € (Q1 X Q). .
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Definition 3.11 Let S and T be two semigroups. Then, their cartesian product
S x T will be a semigroup with respect to the binary operation e defined by

(x,y) e (s,t) = (zs,yt), for all x;s € S and y,t € T.
The semigroup (S x T, @) is called the direct product of S and T, written by S x T

Theorem 3.12 Let P be an S-hyper set of type 1 (type 2) and Q be a T-hyper
set of type 1 (type 2), then P x Q is S x T-hyper set of type 1 (type 2).

Proof. We define o: (S xT) x (P x Q) — P(P x Q) by

(x,y)o(p, ) {éy ) (yOQ), if(xop);é@and (yoq);é@

otherwise,

S x T) and (p, ) (P x Q).

(s,t)o(p,q)) = 0, then either (s,t)o(p,q) = D or (x,y)o(p1,q1) = 0,
for all (py, (s,t) 0 (p,q).

If (s,t) o (p,q) = 0, then either sop =@ or toq =, i.e., either xo(sop) =10
oryo(toq) =10, ie etherxsop 0 orytoqg=_0,i.e. (a:s yt) o (p,q) =0, i.e.,
(@0)(5:000 (10) =
If (x,y) o (p1, Q) = @ for all (p1,q1) € (s,t) o (p,q), then either z o p; =0 or
yoq =0, for all p; € sop and for all ¢ € togq, i.e., either x o (sop) =10 or
yo(toq) =10, ie., either zsop =0 or ytoq =0, i.e., (xs,yt) o (p,q) =0, i.e.,
((z,y)(s,t)) o (p,q) = 0.

Let (z,y) o ((s,1) o (p,q)) # 0, then

(@,y) 0 ((s,t) 0 (0,0)) = (J(@9) o (pr@r) : (1 @1) € (5,8) 0 (p,)}
= U{xoplxyoql:plésop

for all (x,y) €
Let (z,y)

and
qr€togh = wo(sop)xyo(tog)=xsopxytoq

= (zs,yt) o (p,q) = ((x,y)(s,1)) o (p, q).
(p,q) € (1op) x (Log)=10(p,q) [Lo(p,q)=(lop)x(log)={(p,q)}],
for all (x,y), (s,t) € (S x T) and (p,q) € (P x Q). Hence the result. .

Definition 3.13 Let ; and )2 be two S-hyper sets. A mapping f : Q1 — Qs
is said to be an S-hyper homomorphism if f(x o q) = z o f(q), for all z € S and

q € Q1 where f(zoq)={f(t):t € xoq}.

Definition 3.14 Let o be an equivalence relation on Q(S-hyper set). Let A, B €
P(Q). We say that Ao B if for each a € A there exists b € B such that acb and
for each y € B there exists x € A such that zoy.

The equivalence relation o on () is said to be S-hyper congruence if gop
implies x o qox o p, for all z € S and for all ¢,p € Q.
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If o be an equivalence relation on @ then we define Q/o = {qo : ¢ € Q}.

Theorem 3.15 If o be an S-hyper congruence on an S-hyper set Q, then Q/o is
an S-hyper set.

Proof. We define x: S x Q/o — P(Q/o) by

{ {poeQ/o:pexoq}, ifxog# 0
THqo = .
0, otherwise,
for all z € S and qo € Q/o.

Let go = ro, then gor implies x o gox or, for all x € S.

Let po € x * go implies p € x o g implies there exists t € x o r such that pot
implies po = to, for some t € xor implies po = to, to € xxro implies po € rxro.

This implies that x xgqo C x*ro. Similarly we can show that zxro C x*qo.
Therefore x x qo = x xro.

If 2 xgo =0, then zoq =0 and so z or = () and therefore z xro = 0, i.e.,
TH Q0o =T *T0.

Hence, % is well-defined.

g€logq [log={q}] implies go € 1 xqo [l xqo = {qo}], for all o € Q /0.

Let 2 * (y x go) = (0, then either y x gqo = () or x x po = (), for all po € y * qo.
If yxgo = 0, then y o g = (), implies z o (y o ¢) = 0, implies zy o g = 0, i.e.,
xy*qo = 0. Again if xxpo = 0, for all po € y*qo, then zop =0, for all p € yogq
ie. xo(yoq)=0,1e,zyoq=0,1ie., zyxqgo = 0. Similarly if zy x go = ), then
we can prove T * (y x go) = ().

Now let ro € zx(y*qo) then ro € xxpo, for some p € y*qo implies r € xopo
for some p € y o ¢ implies r € x o (y o q) implies r € zy o ¢ implies ro € zy * qo.

This implies that = * (y x go) C xy * qo.

Similarly, we can show that zy x go C x % (y x o).

Therefore, x * (y x qo) = xy * qo. Hence, Q/o is an S-hyper set. .

Theorem 3.16 If f : Q1 — Q2 be an S-hyper homomorphism, then o = {(q,p) :
f(q) = f(p)} is an S-hyper congruence on Q.

Proof. Clearly, ¢ is an equivalence relation on Q1. Let gop then f(q) = f(p)
implies x o f(q) =z o f(p) ie. f(roq)= f(rop), forallze S

Let r € z oq then f(r) € f(x oq) = f(x op) implies there exists t € zop
such that f(r) = f(¢) implies there exists ¢ € x o p such that tor. Similarly, we
can show that if ¢ € x o p then there exists r € x o ¢ such that tor.

Therefore, x o gox o p. Hence, ¢ is an S-hyper congruence on ;. n

Theorem 3.17 If o be an S-hyper congruence on an S-hyper set () then there is
an S-hyper homomorphism f : Q — @ /o such that ker f = 0.
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Proof. We define f: Q — Q/o by f(q) = qo, for all g € Q.

Now f(zoq)={f(p):p€xoq}t={po:pexoq}=u*qo=zx*f(q).

Therefore, f is S-hyper homomorphism.

Let (q,p) € ker f, then f(q) = f(p), implies gqo = po, implies qop, i.e.,
(q,p) € o. Similarly, we can show that, if (¢, p) € o, then (q, p) € ker f. Therefore,
ker f = 0. Hence the result. n

Theorem 3.18 Let f : Q1 — Qs be a surjective S-hyper homomorphism and o
be the S-hyper congruence on Q1 induced by f. There exists a bijective S-hyper
homomorphism g : Q1/c — @ such that g(qo) = f(q), for all g € Q4.

Proof. Let qo = po in @Q1/0, then gop implies f(q) = f(p). Therefore, g(qo) =
f(q) is well-defined as well as injective.

Let go € @2 then there exists ¢; € @1 such that f(q;) = go. Then there exists
q10 € Q1/0 such that g(q10) = f(q1) = ¢2. Hence g is surjective.

g(xxqo) ={g(po) :poc € xxqo} ={f(p):pE€xoq} = f(roq)=z0f(q) =
zx g(qo).

Therefore, g is a bijective S-hyper homomorphism. u

Definition 3.19 A subset T" of an S-hyper set () is said to be an S-subhyper set
fzoT CT forallxzesS.

Corollary 3.20 If T be an S-subhyper set of Q, then 1oT =1T.

Proof. T is an S-subhyper set of @), then x0T C T, for all x € S. In particular,
loT CT. Again q € 10gq, for all ¢ € Q. In particular, t € 1ot, forallt € T,
implies T' C 1 o T. Therefore, T'=10T. [J

Corollary 3.21 If f : Q1 — Q2 be an S-hyper homomorphism then f(Q1) is an
S-subhyper set.

Proof. zo f(Q)= |J zofp)= |J flaop) =f J =op

f(P)ef(Q1) f(p)ef(@1) f(p)ef(@r)

:f(U xop)Qf(Ql),foraﬂxGS. u

pEQ1
Theorem 3.22 Let Q be an S-hyper set. Then
(1) @ is itself an S-subhyper set.
(ii) Soq is an S-subhyper set.

(iii) Union and Intersection of two S-subhyper sets are subhyper sets.
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Proof. (i) z0Q C @, for all x € S.

(i) zo(Soq) = U{zop:p € Soq =U{zop:p € yogq where
yeSt=U{zo(yoq :ye St =U{zyoq:y e St =a50qC Sog, forall
x € 5. Hence S o q is an S-subhyper set.

(iii) Let @1 and Q2 be two S-subhyper sets of Q.

zo(@QUQ:) = H{zot:teQ U@t =Uflzot:tetulUfzot:
te@y}=20Q1Ux0@Qy C Q1 UQ., forallz e S.

20(Q1NQ2) =H{rot:1€@N@t CxoQiNro@ CQ1NE:y forall
xes. n
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Abstract. Dans cette note, on s’intéresse a la recherche d’une forme de Weierstrass de
courbes de genre 1. On souligne sur des exemples l'intérét de la méthode pour mettre en
évidence les points de torsion ou d’ordre infini et pour obtenir des formes de Weierstrass
tempérées.
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1. Introduction

La transformation classique exposée dans Cassels [4] et les algorithmes de van
Hoeij [6] faisant passer de I’équation d’une courbe de genre 1 de bidegré (2,2) a
une équation de Weierstrass utilisent un point rationnel sur un corps K. Lorsque la
courbe a plusieurs points définis dans un corps, il est parfois souhaitable d’obtenir
une équation de Weierstrass ou les autres points apparaissent de fagon évidente.

Par exemple, lorsque la courbe C' de genre 1 est donnée par une équation
F(z,y) = 0 du second degré en chaque variable dont les coefficients sont dans un
corps K, les poles ou les zéros des fonctions = et y peuvent étre définis dans K.
Des exemples seront donnés dans les sections 4 et 5.

Nous nous intéresserons également aux polynomes des faces des polygones
de Newton de F' et de I’équation de Weierstrass donnée par l'algorithme. Dans
certains cas les relations entre ces polynomes sont simples et permettent de con-
struire, si F' est tempéré, des polynomes de Weierstrass tempérés.
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2. L’algorithme
Rappelons que si
Y24+ XY 4+ a3y = X? + a; X? + as X + ag

est un modele de Weierstrass pour une courbe elliptique E, la fonction X sur E
possede deux zéros et un pole double au point a l'infini de la courbe tandis que

la fonction Y possede trois zéros et un pole triple en ce méme point a l'infini.
2

En outre — = 1 en ce point. Lorsque la courbe de genre 1 est donnée par

une équation F'(z,y) du second degré en chaque variable, chercher une forme de
Weierstrass revient donc a trouver deux fonctions X et Y sur la courbe E, avec
X (resp. Y') possédant un pole double (resp. triple) en I'infini.

Soit F'(z,y) un polynome de degré 2 en chacune des variables qui est une
équation pour une courbe de genre 1 (c’est-a -dire le discriminant par rapport a
I'une des variables est de degré 4 ou 3).

En ordonnant le polynome F' par rapport a y puis par rapport a x, on obtient
I’écriture suivante.

F(2,y) =9*(ax® +bx +c) +y(dz* + bz + ) +a"2* + 'z + "
=2*(ay?* +d'y+ad") by +0y+ )+ ey’ +y+

On note

M (x) :ax2+bx—|—c, N(x) :a/ZL'Q—I—blm—I—c/, R(x) :a”JCQ—i—b”x—i—c”,
Mi(y) = ay® +d'y+a", Ni(y) =by’ +by+b", Ri(y) =y’ +y+c"

On pose
M(z) = 22M (%) | N(z) = 22N (%) . R(x) =R @) ,
My(y) = y* My G) : Ni(y) = y* Ny (5) . Ri(y) =R G)

I. Un des huit polynémes M, R, M;, Ry, M, R, M,, R, a un degré nul

1 1

En changeant au besoin x en y ou  en —, y en —, on peut supposer que F' s’écrit:
x

(1) F(l’7y) — Cl”(EQ + (by2 +b/y+b//) :c—i—cy2 +c/y+cll

(2) =(br+c)y*+ Ve +)y+a'x* +b"z+ "

Comme la courbe est de genre 1, on a b # 0.

En considérant la forme (2) de F' on voit que y a deux poles simples, I'un
pour z = —¢/b et 'autre noté A qui est un pole de x; en considérant la forme (1)
de F on voit que = a un poéle double en A.
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Donc y a un unique pole simple qui est un pole double de x. Par suite, la fonction
U = y(bzx + ¢) possede un pole triple en A. Donc, en multipliant (2) par (bz + ¢),
en posant X = —ba"x et Y = ba"U, I’équation liant X et Y

Y24 (=0 X +bdad")Y — X? + (ca” + bb") X? — ba" (cb” + bc") X + (ba")?ec” = 0

est une équation de Weierstrass de la courbe.

II. Aucun des huit polynomes n’est constant mais 'un d’eux est
de degré 1

On peut alors écrire
F(z,y) =y*(bz +c) +y(dz®> +Vz+ )+ a"2* + ¥z + "
— xQ(a’era") +l’(by2 +b,y+b”) +Cy2 +C/y+0”,
avec ba’ # 0. Dans ce cas, x et y ont chacun 2 poles distincts; de plus = et y ont
un pole simple commun A.
La fonction X = (bx + ¢)(a’y + a”) aura donc un poéle double en A qui est un
pole simple de y. L’équation en X et y sera par suite du type I.
G (X,y) = (V’X + *a”? — bbca’ + b*a’)y? + ...
=X+ ..

III. Cas général: les huit polynémes sont de degré 2

a) La courbe affine définie par F(z,y) a un point (zg,yo) € K?.
Apres une translation, on peut supposer xg = yg = 0 et on obtient ¢’ = 0.

1
En posant U = — et V = —, on obtient
Zz Y

(c+dUV2+ b+ VU + VUV +a+dU+ad"U?=0
(a" +V'V)U? + (a + V'V + VU +a+ bV 4 cV? =0

et on est dans le cas I ou II.

b) Si la courbe projective d’équation affine F'(z,y) = 0 a un point K-rationnel a
I'infini, alors c¢’est le point double (1,0,0) (ou (0,1,0)) et les tangentes au point
(1,0,0) (ou (0,1,0)) sont rationnelles. Il en résulte que le polynéme M a une
racine x1 € K (ou le polynéme M; a une racine y; € K). Soit

1 1
U= <0uV: )
r— T Yy—u

L’équation devient alors:
y?(a+ U(2ax; + b)) +y(d + U(2d'z, + ) + U*(d'z} + Vo + )
+ a// + U(2a//x1 + b//) + U2<a//x% + b//xl + C//)
=U%(a"2? + 0"z + & +ylda? + 0+ )
+ U((2az; + b)y* + (2d'z, + )y + 2a"z1 + V") + ay® + d'y + d”

et on est dans le cas I ou II de I'algorithme.
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3. Le cas d’une cubique

Le cas d’une courbe de genre 1 définie par un polynome de degré 3 en x et y avec
un point rationnel (xg,y) € K? se rameéne au calculs précédent.
Supposons que ' s’écrive

F(z,y) = 2° + ax®y + bay® + cy® + do* + exy + fy* + gr + hy + .

Apres une translation, on peut supposer que ¢ = 0. Comme la courbe est lisse g et
h ne sont pas tous deux nuls, on peut se ramener par un changement de variables
a ce que la tangente en (0, 0) soit la droite y = 0 i.e. g = 0.

En posant

1
T = 7y:E

on obtient I’équation
u® + (a+ dw)u® + (b + ew)u + fw + ¢ + hw* = 0,

Sid =0, on a la forme de Weierstrass, sinon en posant w; = w + p on se rameme

au cas I de l'algorithme.

4. Exemples et applications

4.1. Constructions de courbes elliptiques sur Q(¢) avec point de 7-torsion
rationnel et rang > 1 sur Q(¢). La recherche de familles de courbes elliptiques
sur @ avec N-torsion et de rang > 1 sur Q conduit a I’étude de la surface elliptique
modulaire Sy.

Par exemple pour N = 7, toute courbe elliptique sur Q ayant un point d’ordre
7 rationnel peut étre définie par 1’équation suivante

Y2 (d®—d—1)XY —d*(d—-1)Y = X>—d*(d—1)X?,

avec d € Q, le point (0,0) est d’ordre 7.

Si on considére d comme variable alors on note S7 la surface d’équation
I’équation précédente.

Dans le cas de torsion N = 7,8 et 2 x 6, la surface elliptique Sy est une
surface K3 de nombre de Picard p = 20. Une possibilité pour cette recherche est
de construire d’autres fibrations elliptiques de la surface Sy (voir [7], [5] et [9]).

Pour N =7, on montre que la surface S; est birationnellement équivalente a
la surface

—d(d—1Dazy+ (zy —z—y) (1 +d(zy —x —y)) = 0.

On sait construire des fibrations de S;

S7 — BZ]P%
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ou B est la base de la fibration et ¢ un générateur du corps des fonctions de B, si
t est dans I’ensemble

d—1 d dy—1 dy—1 d—1 '
r—1U1—-y z—-1" o "(z—1)(y—1))’

dans ce cas les fibrations construites ont des mauvaises fibres de type I,,, I} et il

est facile d’obtenir une équation bidegré (2, 2).

dy — 1
Nous détaillons le calcul pour t = Y .
x

On pose donc t = et on élimine d entre les deux équations on obtient

x
I'équation F'(z,y) = 0 avec

Flz,y) = (x—1)(tx —t+ 1)y* + (—2tz* + (3t — 2)z + 2)y
— (tze+1D)((t—1x+1)
= ty* =2y —t+)a* + (-2t + 1)y*+ (3t — 2)y
—2t+ 1)z + (t—1)y* +2y — 1.

On est dans le cas III de 'algorithme.
1
En posant U = 7 I'équation F'(z,y) = 0 devient G(U,y) = 0 avec
l’ —_—

GU,y) =—(U+t)y*— (tU*> — t+2)U —2t)y + ((t + U + t)(tU + ¢t — 1))
=(—ty+ 2+ U2+ (= + (t+ 2y + 22 — 1)U —t(y?> =2y — t + 1).

On est alors dans le cas II.
Le changement de variables X = —(U + t)(—ty + t* + t) donne '’équation
G1(X,y) =0 avec

Gi(X,y) = (X+80t+1))y> - 222+t +2)(X + )y
+ (X +8) (X +t3+1)
= X2+ X2 -2 +t+2)y+22+1)
+B(—y+t+D(—t+Dy+t>—t+1).

et on est dans le cas le cas I de I'algorithme.
On pose Y = (X + 3(t + 1))y et on a 'équation G5(X,Y) = 0 avec

Go(X,Y) =Y - 22+t + 2)(X + )Y + X° + (¢' + 3t + 1) X?
+ 4+ )28 + 12—t + 2BPX + (t+ 1Dt —t + 1)t°.

En changeant enfin X par —X, on aura I’équation de Weierstrass W;
Yi4 220+t +2)(X =) = (X = )X -3 - 1)(X =3t +1)).

Cette forme de Weierstrass permet d’obtenir le rang du groupe de Mordell-Weil
de la courbe ([5]).
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Tout d’abord, on a 8 points évidents sur la courbe d’équation F(x,y) = 0:

—1
Ay = (2 =1,00) fh=<i;nm)

t—1 t2—t+1
A= (Lt+1) %:( | *)

t t+1
1
A3: (—E,O) A4

1 1
t't+1

1 1 t+1
As=(———0) Ag=(-
i ( t—l’) 6 ( t—1’t2—t+1)
Le point A; donne le point (X = 00,Y = o0) de W;.

En résumé, le passage de I’équation de F' a W; est donné par les transforma-
tions

1
U= E,X =(U+t)(~ty+t+12),Y = (X +t3(t+1))y

ce qui permet de calculer les coordonnées des points suivants dans le modele W;

Al = (X =—t(2t+1),Y =t(t + )3+ +2t+ 1)) A, =(0,3(t> —t+1))

Az = (t3,0) As = (4 1,0)
M +2) PP 2+ 1) B ) )
Ay = (— N (S ) Ag=(—t(t2—1), t(t+1)?)

Enfin le diviseur de la fonction y étant égal a —A; — Ay + Az + As il en résulte
que sur W; les points — Ay, A3, A5 sont alignés. On obtient alors

Ay = (X =8 +t1Y = —t* (212 +t + 2)).

On vérifie que, sur la courbe elliptique W le point Az = (¢3,0) est d’ordre 2
et que c’est le seul point d’ordre 2 sur C(¢). On vérifie a 1'aide d’un logiciel que
pour t = 1 les deux points A} et A5 sont d’ordre infini et indépendants.

Nous allons montrer qu’en fait le rang du groupe de Mordell-Weil de la courbe
elliptique W, sur Q(t) est 2.

Les fibres singulieres de la fibration

S7 I Pl
(2,y,d) — 1

sont de type Iy, I}, I,I1,11,I;. Par suite, d’apres la formule [12],
pzr+2+2(mt—1)
t

ou r désigne le rang du groupe de Mordell-Weil de W; sur C(¢), m; le nombre de
composantes irréductibles des fibres singulieres de S7 on trouve r = 2.

Pour déterminer le groupe de torsion on utilise le résultat suivant:

On sait que 'application de spécialisation, pour ty, € C

W (C(t))tor — Wi (C)



UNE REMARQUE SUR CERTAINES FORMES DE WEIERSTRASS 301

est injective, ot WP(C(t)) est le sous-groupe de W;(C(t)) formé des points qui
se spécialisent en des points lisses de W, (C) [8]. Ceci est vrai méme pour les
mauvaises fibres et dans ce cas W*(C) est la composante connexe de zéro de la
fibre du modéle de Néron de W;.

Considérant les mauvaises fibres I} et I; on voit que Wi (C())s0r est un sous
groupe de C X (Z)? et de C*, ce qui implique que W;(C(¢));or est d’ordre 2. 1l en
vésulte que Wi(Q())or = (As).

La forme de Weierstrass ainsi obtenue met en évidence deux points sur Q(t)
d’ordre infini et indépendants, ce qui montre 'existence d’une infinité de courbes
rationnelles sur S7. D’autre part ajouter un point d’ordre infini sur la fibration
en t définit un automorphisme d’ordre infini sur la surface S7;. On obtient ainsi le
théoreme.

Théoreme 4.1. L’ensemble des points rationnels de la surface S; est Zariski
dense et le groupe des automorphismes de cette surface est infini, ce groupe con-
tenant un sous groupe isomorphe ¢ Z>.

Remarque 1.

1. On peut donner explicitement ces automorphismes en utilisant les formules
habituelles d’addition sur la forme de Weierstrass W;.

2. En utilisant en plus le paragraphe 3 on peut aussi considérer le cas t = T—o
-y

4.2. Constructions de courbes elliptiques sur () avec point de 7-torsion
rationnel et rang> 2 sur ). Pour la recherche des courbes elliptiques sur Q
avec point de 7-torsion rationnel et rang> 2 sur @, on amené a résoudre des
AX) _Ct)
B(X) D(Y) =
avec A, B, C, D des polynomes de degré < 2 de Q(t) ou bien A = C et B = D deux
polynomes de degré < 3 sans facteurs communs. Le cas de polynomes de degré < 2
a été traité dans [7]. Nous nous intéressons ici au cas A = C, B = D polynémes
de degré < 3 avec A = X3+ pX?+gX +ret B(X)=X (X —d)(X —e) (voir
[5]). Nous supposerons aussi que A et B sont premiers entre eux, ce qui entraine
que leur résultant n’est pas nul.

équations diophantiennes qui se présentant sous la forme

Théoréme 4.2. Soit A= X3+ pX?+¢gX +r et B=X (X —e)(X —d), avec

de # 0, deux polynomes premiers entre eur de K [X]|. La courbe elliptique sur K

définie par

AX)B(Y) —
X —

FOY) () B(X)

A
Y
a une équation de Weierstrass en Z et'T

Z*+ (edp+ (e +d)q+3r) ZT + SZ =T*
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ou S = rA(d)A(e) est le résultant des polynomes A et B. De plus, le point
_ A 2 _ 3A
(I'=0,Z =0) est d’ordre 3 et le point (T = W’ 7T (d—e) (6))

3
e
est en général d’ordre infin.

Proof. Le changement de variables z = 1/X, y = 1/Y nous donne
r(ey—1)(dy—1)z*—(r(d + e)y* + (ped + q(e + d)—r)y + de—q)x + ry?
—(ed—q)y+e+d+p
= r(ex—1)(de—1)y*—(r(d + e)x* + (ped + q(e + d)—r)x + de—q)y + ra*
—(ed—q)xr +e+d+p.

nous ramene au cas II,

Puis le changement de variable U =
ex —

A(e)(dy—1)U?+(re(e — d)y*+(e*(dp+q)+e(dg+r)+2rd)y—2r — ge+de*)U
—r(ey—1)(dy—1)
= re((e—d)U—d)y*+(dA(e)U*+((pd+q)e*+(qd+r)e+2rd)U+r(e+d))y
—A(e)U?+(de*—qe—2r)U — .
Cas d # e : Enfin le changement de variable
T, = (dy — V)(U(e — d) — d)
nous conduit au cas I. On obtient donc
reTi+(d? A(e)U+(2re*+pe*d*+dge(e+d) —red+2rd*)U+rd(d—e)) T
+e?A(d)U((e—d)U—d)
= (d*A(e)Ti+e*(e—d) A(d))U?
+(((pd*+qd+2r)e*+(qd*—rd)e+2rd*) Ty —de* A(d))U —rTy (—eT) —d(d—e)).
On pose alors
7y = (d*A(e)Ty + e*(e — d)A(d))U.
Par suite, il vient

—72 — (ped® + qed(d + ) + r(2d? + 22 — de)) Z, T, + de* A(d) Z,
+ rTy(eTy + d(d — e))(—d*A(e)Ty + €*(d — e)A(d)) = 0

Quelques changements de variables nous donnent enfin la forme de Weier-

strass proposée:
ZQ T2

I = ——" -
! red?A(e) ! red?A(e)

Z2 = Zg — T(d — 6)2T2
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Le modele de Weierstrass
Z? + (edp+ (e+d)qg+3r) ZT + rA(d)A(e)Z = T*

est bien défini sur K. On voit également sur ce modele que le point
d(d —
dd=e) , _ 0) soit

(T = 0,Z = 0) est de 3-torsion et le point <T1 =—
e

_ 207 _ \3
(T _ d(d e)rA(e),Z T (d—e)3Ale)
e e3
d’ordre infini.

) est  K-rationnel en  général

Cas d = e : On se trouve déja au cas I. L’algorithme nous donne alors la méme
forme de Weierstrass que précédemment avec e = d. n

Remarque 2.

e Sie=0,d+#0 (ousie#0,d=0) le changement de variables z = 1/X,
y = 1/Y nous donne

r(dy — Da? + (rdy* + (dg = r)y — )z — ry* — qy — (d + p)
=r(de — 1)y? + (rda® + (dg — )z — q)y — r2®> — gz — (d + p)

c’est-a-~dire le cas IT de I'algorithme. Le changement de variables

T = —r*dz—1)(dy — 1),
Z=r(dy—1)T

nous donne la forme de Weierstrass
72+ (dg+3r)TZ +r*A(d)Z = T°.
e Si le polynome A se factorise sur K, on a des points supplmentaires sur la

courbe pouvant donner au plus deux points indpendants.

e Si l'on prend pour polynomes A = X? +aX +bet B= X(X —e), par un
calcul analogue on peut pour certaines valeurs de b et e obtenir des points
de 2-torsion sur le corps contenant les coefficients des polynomes.

5. Forme de Weierstrass tempérée

Soit P € C[z*!,y*!]. On note

P(xz,y) = Z A(nm) Y™

(n,m)€Z?

On appelle polygone de Newton Ap associé au polynéome P, I’enveloppe con-
vexe de P'ensemble des points {(n,m) € Z?/ag, m) # 0}.
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A une face 7 du polygone de Newton on associe un polynoéme P, dune seule
variable dont le degré est égal au nombre de points du réseau des entiers situés
sur la face moins 1. On définit alors P, par

P, = aT(k)tk, TEA

[e.o]

k=0

ou la paramétrisation de la face est définie dans le sens indirect sur A de fagon a
noter 7(0),7(1), ..., les points consécutifs du réseau des entiers sur A.

Un polynome de deux variables est dit tempéré si les polynomes associés aux
faces de son polygone de Newton n’ont pour racines que des racines de 'unité.
Si P est a coefficients rationnels et définit une courbe elliptique FE, le fait d’étre
tempéré garantit I’appartenance du symbole de Steinberg {x, y} au second groupe
de K-théorie Ky(FE) [10] .

Si E possede en outre un modele de Weierstrass tempéré, cela permet de
calculer le régulateur elliptique de E' donc de donner une expression de L(E,2)
en terme d’une combinaison linéaire de dilogarithmes elliptiques de points de la
courbe elliptique.

Le régulateur elliptique permet en outre de comparer les mesures de Mahler
de polynomes définissant les mémes courbes elliptiques [11] et dans certains cas
de démontrer des relations ezotiques sur le dilogarithme elliptique [1], [13].

Nous pouvons montrer le résultat suivant.

Proposition 1. Soit P € Z[z,y] de bidegré (2,2) définissant une courbe ellip-
tique. On suppose P tempéré et vérifiant la condition I) de l’algorithme. Alors la
forme de Weierstrass donnée par ’algorithme est tempérée.

Proof. Soit P tempéré; il s’écrit donc
Plz,y)=(x+ )y’ + Wz +)y+a® + b+

avec e = +1, ¢ = +1, ¢’ = +1,d =0oucd = £2,+1 sie” =1, V" = 0 ou
V' = £2,41 si €€’ = 1, de sorte que les polynomes des faces t + ¢, et? + 't + €”,
€'t2 + bt + €, €t + 1 ne possedent que des racines de 1'unité.

On a donc
Plx,y)=(z+e)y* + Wz +)y+ex? + 0z + €
I€/$2+ (y2+b'y+b”)x+ey2—|—c’y+e”.
On pose alors Y = (z + €)y et 'on obtient, au besoin en posant z = — X la

forme de Weierstrass a partir de I’équation
Y24+ Y(Wr+)+ (€2 + bz + ) (x+e)=0.
On vérifie aisément que ce dernier polynome est tempéré. n

Corollaire 5.1. Soit P un polynome tempéré. On suppose qu’apres une trans-
formation convenable, le polynome obtenu soit tempéré et satisfasse le cas I) de
lalgorithme. Alors P posséde une forme de Weierstrass tempérée.
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On peut donner de nombreux exemples de polynomes satisfaisant la proposi-
tion ou son corollaire.

5.1. Familles de polynomes tempérés définissant des courbes elliptiques
ayant une forme de Weierstrass tempérée

1) La famille
y’r + y(kx + 1) + 2

a la forme de Weierstrass tempérée
V24 Y(—kX +1) = X%
L’isomorphisme est donné par
r=-X, y=-Y/X.

Le point P = (X = 0,Y = 0) image du point (x = 0,y = 0) est un point de
3-torsion tel que 2P = (X =0,Y = —1) soit I'image du point (z = 0,y = 00).

2) La famille
vr+ylkr +1)+ 2> + o

a la forme de Weierstrass tempérée

Y2+ EXY +Y = X° - X2
L’isomorphisme est donné par

x=-X, y=-Y/X.

Les zéros de x sont ceux de X, i.e. les points P = (X = 0,Y = 0) et
P =(X=0,Y =—1). Les zéros de y a savoir (z =0,y =0) et (r = -1,y =0)
donnent les points P = (X = 0,Y =0) et P, = (X = 1,Y = 0). Le pole de
y donne le point P;. On vérifie facilement, avec PARI par exemple, que pour
k # 0,1, la courbe elliptique correspondante a un groupe de torsion trivial et un
rang 1 avec P d’ordre infini.

Pour k£ = 0, le point P est d’ordre 5 (la courbe correspondante est la courbe
modulaire X;(11)).

Pour k£ =1, les points P et P, sont d’ordre 4, le point P, est d’ordre 2.

3) La famille Fy, k # 1 ([13])
vr+y(x?+kr+1)+2*+ o
a la forme de Weierstrass tempérée

Y2 kXY +Y = X(X —1)%
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L’isomorphisme est donné par

XX 1) -Y
Y - X+1’ X -1
et I'isomorphisme inverse par
X =—z(y+1) Y =y(zy+2x+1).
En effet, les équations
vr+ (¥ +kr+ Dy +a(z+1) =
?y+1)+2(P+ky+1)+y=0
-X

nous ramene
y+1

montrent que 'on est dans le cas II). La transformation z =

au cas I) avec le modele tempéré

X2 (P HEky+ )X+ +y=0
(=X + Dy + (kX + 1)y + X2 - X =0.

La transformation Y = —(X + 1)y va alors donner le modele de Weierstrass
tempéré Wy
V2 kXY +Y =X(X -1)>~

11 résulte de l'isomorphisme précédent que les zéros (resp. poles) de x dans Fy, a
savoir (x = 0,y = 0), (z = 0,y = o0) (resp. (x = 00,y = —1), (x = 00,y = 0))
donnent les points (X =0,Y =0), (X =1,Y =k —1) (resp. (2—k,1—k),(0))
dans le modele de Weierstrass Wj.

De méme, les zéros (resp. poles) de y dans Ej, a savoir (z = 0,y = 0),
(x = =1,y = 0) (resp. (z = 0,y = 00), (r = 00,y = o)) donnent les points
(X =0,Y=0),(X=1Y =0) (resp. (1,k—1),(0)) dans le modele de Weierstrass
Wi

Supposons k # 2,3 et posons P = (X =1,Y = 0).

On a alors

P =(1,0) —P=(1,k-1)

2P = (0,-1) —2P = (0,0)
3P=02—k,—(k—1)(k—2)) —3P=(-k+2,-k+1)

4P = (3—k3—k) —4P = (—k +3,—k* + 4k — 4)

e << F= 9 (ke 1)3)

()

(R =5k+T (k- 2%k — 5k +7)
6P‘< 32 (k3P )

o= (Hufks;?"(k—lsﬁ) |
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Donc si k=2, 3P = —2P et le point P est un point de 5-torsion.

Et si k=3, 4P = —2P et le point P est un point de 6-torsion.

Si k #2,3,1 (cas non elliptique), le point P est d’ordre infini.

Par ailleurs, les zéros de x s’envoient par l'isomorphisme sur les points —2P
et —P; les poles de z s’envoient sur —3P et (0). Les zéros de y s’envoient par
I'isomorphisme sur les points —2P et P; les poles de y s’envoient sur —P et (0).

5.2. Les modeles tempérés de la courbe 21A. La courbe 21 A des tables de
Cremona ayant pour modele de Weierstrass tempéré

V24 XY =X+ X
possede un autre modele de Weierstrass tempéré
V243X,V = X1 (X, —1)%

Ce dernier modele est obtenu avec I'algorithme précédent & partir du modele [3]
réciproque
v +y@*+3z+1)+2°=0

Il existe en outre deux autres modeles réciproques de la courbe 21 A [3], le modele
(z+ 1) +ay+(x+1)*=0

et le modele
V@+ 1) +yRr+1)?—92) +(z+1)2=0

auquels s’appliquent la proposition ou le corollaire; mais on obtient dans les deux
cas le modele tempéré de Cremona.
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1. Introduction

The purpose of_ this paper is to provide sufficient and/or necessary conditions on
f(z) e C°(I) (I =[0,1]) for the existence of a solution to equations of the type:

(D 4 g () = @
; dP*u(0)  d*u(0)
) ) de3 dx? 0
dPu(l)  d*u(1)
\ drd da? =0

where g(x,¢) € C°(I x R).

The conditions on g will be conditions of sign and not conditions of growth.
More exactly, we assume g(z,£) > 0 for all £ > 0 and for every x € I and that
g(x,€) <0 for all £ < 0 and for every € I. An important example is the
jumping nonlinearities (i.e. g(x,&) = u&t — v€~ for all x € I, where: p > 0 and
v>0)

Boundary value problems associated to fourth order equations raised a lot of
interest in these years.

The assumptions that we are going to introduce on the nonlinearity do not
prevent the linear or the sub-linear cases. Therefore they seem not directly to
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be tackled by Mountain Pass Theorem (MPL) (recall that in [1] the authors
considered the superlinear situation).

The fourth derivative makes methods such sub or supersolutions not easily
applicable. Indeed, these methods need a maximum principle for the following
linear inequality [2]:

( d'u(x)
o +w.au(z) >0
(i1) d®u(0) _ d*u(0) _0
dax? dx?
dPu(l)  dPu(l) 0
\ dx? - dx? -

or for some related inequalities. That’s true for a second order equation, if w > 0,
and if the second derivative coefficient is negative but is in general false for a
fourth order differential equation.

The linear term has a bidimensional kernel. The non invertibility (resonance)
of this term raises a lot of problems [13].

Abstract methods that use the surjectivity of a nonlinear operator T:V — V*,
where V' is a Banach space, are applicable with difficulty in our situation. For
instance, the results in [3] require a one-dimensional kernel for a linear application
L associated to T. Again, this is usually true for a second order differential equa-
tion, whereas, in general, it is false for a fourth order equation. It seems also hard
to generalize the use of these theorems to bidimensional kernels. With respect to
some methods relying on the application of the Schauder fixed point theorem, we
observe that the usual approach based on the consideration of the Green function
and the evaluation of the norm of the inverse, appears rather complicated, due to
the presence of a fourth derivative and the difficulty to estimate the norm of the
inverse operator [4].

In this work we use an abstract Theorem of Hess [5] which is very suitable
for ours boundary conditions.

Several articles deal with similar problems, even if the case of the periodic
boundary conditions is more often considered. In some cases, the authors con-
sidered also more general nonlinearities by taking into account the presence of
lower order derivatives or higher order systems. However, the nonlinearities and
boundary conditions treated in this work, appear not yet fully investigated.

We present now a brief discussion of some related results appeared in the
literature.

Ward [7], using some a priori bounds, proved that periodic solutions exist
for a second order differential equation with a nonnull linear term in the first
derivative.

Besides, Bates and Ward [8] studied periodic solutions for a n-order system
and allowed nonlinearities in the derivative until the n—1-th degree, too.

By means of a continuation theorem of Leray-Schauder [9], they showed the
existence of periodic solutions under assumptions of sub-linear growth (at infinity)
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or super-linear growth (at zero) for the function. He also considered the possibility
of nonlinearities in lower derivative which depend from nonlinear components of
the vector g. If the nonlinearity in the function is supposed to be superlinear at
infinity (i.e. ”’é—g)” — +00 if £ = 4+00), these results don’t apply.

Further general results were obtained by Ward [10] using topological degree.
He studied periodic solutions of 2n-order differential equations where nonlineari-
ties until the n-order derivative are allowed. Ward requires that the nonlinearity
satisfies: g(t,&)signé > af(t) if |¢] — +oo for every t € I, where a(t) # 0 and
a(t) > 0. Note that, the function g(¢,&) = &+ for every ¢ € I doesn’t satisfy the
above condition but it satisfies ours (see Theorems 4 and 4A in the cap. 4).

Finally, we recall that Ward in [11] proved the existence of periodic solutions
for a class of n—th order scalar differential equations, using only sign conditions
and one-sided growth restrictions on the nonlinearity.

Fucik[12] has got other results about periodic solutions in two variables for
fourth order equations. In his conference [12] the author, by using Leray-Schauder
topological degree, treats fourth order nonlinear problems (only in the function),
when the function depends also from a time-variable; he obtains results if g is
bounded or at most linear. Our work gives a solution to the Open problem at
page 335 if the function u doesn’t depend from ¢ (stationary case). Moreover it
gives a solution to the problems for the case of jumping nonlinearities (cap. 7)
with v = 0 that isn’t studied in Fué¢ik’s article ("TERRA INCOGNITA” for the
author).

In conclusion, we also mention the papers of V. Khoi Le and K. Schmitt in [14]
and [15], where the authors have used a method based on elliptic regularization
in order to find several results of existence of solutions for partial and ordinary
differential equations.

We recall the following nonlinear boundary value problem:

d;;(f) =« (k‘\u’|°‘_2u')/ in (0,7)
u(0)  d*u(T)
de® —  dz? 0
, Y, d3u(0)
k() )20 (0) = T
| ak(m) ()2 (r) = DD

where k& € C'(0, T], which was considered by Khoi Le and Schmitt and has some
relations with our problem.

In this case, it is clear that constants are trivial solutions. To obtain nontrivial
solutions the authors use a method based on elliptic regularization. They treat
with polynomial nonlinearities on the first derivative. The boundary conditions
are the same as those of (i) if k£(0) = k(1) = 0 (T = 1). Also, in this case, our
results are not contained in that work.
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2. The weak problem

Before stating our main results, we put together some notations and definitions
we employ. I = (0,1). The Hilbert space W22(I) (W?%?) is endowed with the

inner product
(1, v) = /1 (dz;(f) di;};f) —|—u(x)v(x)) da

and the norm |Jwl|| = <w,w>%, while (u,v) indicates the inner product in L*(I),

ie., (u,v) = [ wvdz.

I
We will consider the problem:

(D (e = 1)
dPu(0)  d*u(0)
@ dz® da? =0
dPu(l)  d*u(l)
\ dad di? 0

where f(z) € C°(I) and g(z,£) € C°(I x R).

We will impose suitable conditions on g(x,¢) which will allow us to find
necessary and sufficient conditions on f(x) so that there exists at least one solution
for equation (1).

We make the following hypothesis:

(A) f(z) € L().

(B) g(x,&) of Carathéodory.

(C) Y71>0, / sup g(x,&)dx < oo.

I |gl<T

Remark A. The assumption (C) doesn’t put conditions on the ”functional”
growth of g(z,£), but restricts only to the x dependence, thanks to the validity
of the following Sobolev (compact) embedding in one-dimension:

(C1) W2(D)—=c°().

The conditions (B), (C) and (C1) ensure that
(D) g(z,u(z)) € LY(I), Yu € W*2(I).

Moreover, from (D)4(C1) we have:

(E) g(z,u(x))v(z) € LN(I), Vv € W22,
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Therefore, if u satisfies (1), then:

2) /I (d?;;:) d?dvg) + gl u(z)) ) o)z = /I Feyole)dr. Vo € W2

for (E)+(C1), equation (2) is well defined in W2

3. Abstract results

For the proof of our result, we will rely on an abstract theorem of P. Hess [4].

Theorem 1. Let T : R — R" be a continuous map. We suppose AR > 0:
(Tw,w) >0, Yw : ||w|]| = R,

then Jxy with ||zo|| < R :

Tl’o =0.

To generalize this theorem to arbitrary Banach (possibly infinite dimensional)
spaces, we must impose some conditions on the operator 7" [5].

Let V be a reflexive separable Banach space. We impose on T:V — V* the
following conditions:

(i) T is continuous from each finite-dimensional subspace F of V.
(ii) to the weak topology on V*, if v, — v and T'v,, — g, then Tv = g.
(iii) 7" maps bounded sets of V' to bounded sets of V*

The following theorem has been proved by Hess under conditions lightly more
general than ours. Our proof simplifies that in [4].

Theorem 2. If T :V — V*, satisfies (i), (ii) and (iii) and IR > 0:
(iv) (Tw,w) >0, Y w: [|w| =R,

then 3 xg € V i ||xo|| < R and:
T{L’O =0.

Proof. Let V,, be spaces of finite dimension such that V; € V5, C V3 C ... and
U V,, is dense in V.

n=1
Let j,, : V,, = V be the canonical immersion and j; : V* — V* denotes the

adjoint. We put:
T, =73.Tj,:Vy = V.
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Let w € V,, be such that ||w|| = R. Since:
(Thw,w)y = (Tw,w) >0

for the theorem (1) 3 vy, : ||v,|| < R and T,v,, = 0.
By reflexivity, we can suppose that {v, },en converges weakly to v.
Therefore, v,, is bounded in V. For (iii), {7v, }nen is bounded in V*.

(o]
If we U V,, then there exists ng such that w € V,,, Vn > ny. For these n,

n=1
we have:

(3) (Tvp, w) = (T,v,, w) = 0.

Since U V,, is dense in V and {T'v, },en is bounded from (3) we have Tv, — 0
n=1

in V*. From (ii), we conclude that:

Tv=0.

4. Existence of solutions for the weak problem
In addition to (B) and (C), we suppose that g(z, &) satisfies:
(F) g(x, &) sign £ >0, Vae.x el VEER.

We study the following problem:

/I<d2;;(§) di;;ff) + U@)“(@) -\ /Iu(x)v(x)

+ [ gy = [ 1@, VoW,

(4)

where \; is the lower eigenvalue of the compact linear operator B: W?? — W22
defined as follows:
v — / v
I

The application
is, for each fized u € W??2, a linear and continuous functional on W?22, therefore
by the Riesz theorem, there exists a unique Bu € W?? such that:

(1, v) = /uv — (Bu,v), Y ve W22
1

It is easy to prove that B € L (W22 W?22),
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For the immersion (C1), we have B € K (W22 W?%2) and B is self-adjoint.

Using Freedholm’s theory for compact operators, we have the existence of a
first eigenvalue \; > 0, and there exists a diverging sequence of eigenvalues of B
such that: Ay < Xy < A3 < A\q... — 00, dim V), < oo for every ¢ € N, where V), is
the eigenspace associated to the eigenvalue \;. We define:

L:=I-\B

so that KerL = V,,.
Since v — [ fv is a linear and continuous functional on W?*?, by the Riesz
theorem there exists a unique F = F(u) € W*? such that:

(f;v) Z/vaz (F,v) = (F(u),v), Yve W2

In this case, F' : W?? — W?>? is the (affine and continuous) constant application
Flu) = F, ¥V ue W22

With respect to the nonlinearity, it is easy to prove that the linear form
v — [;g(x,u(z))v(z) is, for each fized u € W??, continuous (by using (C1),
the hypothesis (B) and the Lebesgue theorem). So that, using again the Riesz
theorem, there exists a non linear application G : W22 — W?2? such that:

[ 9@ u@)vle) = Gla).0) ¥oew
I
It is standard to prove that such application is continuous.

Therefore, our problem becomes a problem formulated in a Hilbert space.
More precisely, we define the operator:

(5) T=L+G-—F:W?>? - W?2,

The zeroes of the operator T' defined in (5) are the solutions of (4).
Now, we must prove that T satisfies (i), (ii), (iii) and (iv).
Hypothesis (i) is immediate (7" is continuous from W?? — W?22).

Hypothesis (ii) is easily proved if we decompose T into its own linear part L
and into its nonlinear part G ((ii) is clearly true for the constant part F).
For the linear part we use the following [6]:

Theorem. Let E and F be two Banach spaces. If L is a linear operator, conti-
nuous from (E, ||-||) — (F,||||), then L is continuous from (E, weak) — (F,weak).

For the non linear part, we use the compactness of the immersion (C1) and
hypothesis (B).
The hypothesis (iii) is verified by use of (C) and by following the equivalent

definition of the norm ||[Tu|| = sup (Tu,v).
llvfl<1
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The (iv) is verified by imposing on constant part F' a condition that will be
formulated later on.
Therefore, we can apply Theorem 2 and obtain:

Theorem 3. If g satisfies (B) and (C) and there exists R > 0 such that:

| [(dQng) dZdll(f) + w2<fﬂ>) —M / w?(z)

+ (o) - [ oo

Vw € W22 |Jlw|| = R,

\

then equation (4) has at least one solution u, € W?? such that ||u,| < R.

We note that, in Theorem 3, the hypothesis (F) has not been used.
From the equality:

2 2
/(d u(jc)) :(Al—l)/uZ, Vu € KerL =V,
1\ dz I

we have that all eigenvalues of B are > 1. Indeed, \; =1 as:

dimV), = dimKerL = 2

and the eigenvectors of A\; are given from ax + b where a and b € R. Therefore,
the solutions of equation (4) are the same of the equation (2).
Since B is self-adjoint and compact, it can be represented as:

+oo
Bv = Z/” < w;,v>w;, Youe W2
i=1
where w; is the eigenvector of B, which corresponds to the characteristics numbers
i = N
Such representation allows to obtain the following valuation:
if v € Im(L) = Ker(L)* then:

+oo
(0. (1= MB)o) = ||ol]* = A (0, Bv) = [|o]]* = M Y pi (wi, o) w

=1

> ol = Mpzflol® = [[o]*(1 = Aupz) > 0.
Hence, we have proved that 3m > 0 such that:
(6) a(v,v) > m|v|?, Vv € Ker(L)*,

where a(v,v) = (v, Lv) = (8,9) + (v,v) — A (v,v) V v € W22
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Therefore, on the subspace Ker(L)* the norm of W?2? is equivalent to the
one induced from the bilinear form a.

Decomposing every vector of W%? in the component in Kerl = V, and in
the normal component (€ KerLt = ImL), we see that the bilinear form a is
semidefinite positive and is, therefore, l.s.c. for the weak topology, i.e., if v,, — v,
then:

(7) liminf a(v,, v,) > a(v,v).

n—oo

Now, we search a condition on f(x) more "applicable” of the (5A).
We put:

(I) lgimjnfg(:c,ﬁ') =d(x), Yae xzel

(IT) limsup g(z,&) = c¢(x) Vae x € l.

£——o0

We prove the following (cfr. Fucik [4]):

Theorem 4. Suppose that g satisfies (B), (C) and:
(F) g(z,€) sign £ >0, Vae zel, VEER.

Suppose further that f(x) € L*(I) satisfies:

) [1o< [@or—coo). v o#0e Ker(n)
I I
then problem (2) has at least one solution.

Proof. By contradiction, assume (see Theorem 3) that there exists a sequence
{wp }nen with ||w,|| — oo such that:

(PR i), [

+ [ @) wne) = [ fapwa@ <0

(84)

w
If we put v, = m, we may suppose that v, — v. We wish to show that v # 0
n

2
and v € KerL =V, , i.e., a(v,w) = 0, Yw € W?2. We can suppose that v, 2w
and v,, — v a.e.

From (8A), we obtain:

($B) a(vn,vn)—i—m( /I o, () om() — /I fu,) <0
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Hence, the following relations are true:

1 oo
m/ffvn—ﬂ)
m(/lg(x,wn(x))vn(x)> >0, VneN.

The last, by relation (F). We have, therefore, obtained:

(9) lim sup a(vp, v,) < 0.

n—oo

From the weak l.s.c. of the form a(-,-), we obtain:

a(v,v) < liminf a(vy, v,) < limsup a(vy,, v,) <0

n—00 n—00

and, since a is positive semidefinite, we get:
a(v,v) =0.

This relation implies that v € KerLL = V.
To see this, put v = (v — ¢) + ¢, where ¢ € KerLL = V,,. Since a(¢,w) =0
for all w € W22, we obtain:

a(v—¢,v—¢) = 0.
From (6), we get:
lv = o]l =0.
Therefore, v € KerL = V.
Now, we calculate ||v, — v]].

If P is the projection P : W22?(I) — KerL = V,,and P¢ is the projection
P¢: W22 — ImL, we have that P¢ + P = I and then:

[on = vl < [P (vn = )| + [[P*(vn = V)|

Then, since ||P(v, —v)|]* = A\ (P(v, —v), P(v, —v)) and an—2>v, one has:
1P (on = v)[| = 0.
Moreover, for (6) , (9) and since v € KerLL =V, we have:
1

1
Pe n 2<_ n — U, Un — = nan<0-
1P (v = )" < —a(vn = v, 00 = v) = —a(va, va) <

Then vnvﬁw and, therefore, v #Z 0.
By passing to limit in (8B), since lim a(v,,v,) = 0, we have:

n—oo

/] 9(, (1)) v () < liminf —— / fon

n—oo  ||wy|

) 1
lim sup
oo |[wn]]
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Le.

(10) lim sup/g(:z:,wn(:v))vn ) < lim mf/fvn
n—oo I n—0oo

By Fatou’s lemma we have:

(11) liminf/g(a:,wn(x))vn(x) > /d(x)v(x) — c(z)v(x).

Since v € KerL = V,,and v #Z 0, (10) and (11) contradict hypothesis (8).
If (I) becomes:

(M) lgmjnfg(a: £) =400, Yae zel,

319

then (8) is not trivial only in the case ¢, = 0, i.e., ¢ = —¢p_ = ax + b, where a

and b are two real numbers such that ax 4+ b < 0 for every x € 1.

If _p = —b(1 — z), where b < 0, then we have: ¢_, < ¢_ for every ¢_ such
that ¢_(0) = —b = ¢_,(0). Since, for (F), c¢(x) < 0 for every & € I, we have that
¢_pc > ¢_c for every ¢p_ con ¢_(0) = —b. In (8), we replace therefore only cases
with: 1) a <0 and b=0;2) a =0 e b < 0; 3) and the worst case a = —b > 0 i.e.

¢_p = ¢_ and we get:

(12) /I of(z) > /I o)
1) [ @)= [
(14) /If(x).(l—x) >/Ic(:c).(1—:c).

Therefore, we have proved the following:

Theorem 4A. Let g(z,€) be a function of Carathéodory that satisfies the condi-
tions (C), (M) and (F). If f € L*(I) satisfies the hypothesis (12), (13) and (14),

then equation (2) has at least one solution in W22

5. Existence of one solution for the classical problem
The following theorem will be basic in our further consideration:
Theorem 5. If:

flx) € C°(I)

(N) o0
g(x,&) € C'(I x R)

then every weak solution of (4) (or of (2)) is in C*(I) and satisfies the classical

equation (1).
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Proof. See the appendix. .

Remark 1. If g(x,u(z)) satisfies hypothesis (N), then it verifies automatically
hypothesis (C). Therefore, in this case, the only non trivial hypothesis is (F).

Corollary 6. If g(z,¢) € C°(I x R) satisfies (F) and (M) (or (I)), while
f(x) € C°(I) satisfies (12), (13) and (14) (or (8)), then equation (1) has at least
one solution.

Proof. We need only to apply Theorem 4A, Remark 1 and Theorem 5. u

Corollary 7. If c(x) = —oco, Yx € I (for example, the linear case), (M) is true
and g(x,€) € C°(I x R), then the condition (8) is trivially verified, and therefore
equation (1) has at least a solution for every f € C°(I) (well known result in the
linear case).

We assume, now, the following hypothesis in the study of the necessary con-
ditions on f(z) € C°(I):

(0) c(z) < g(z,¢), Vr €I and V&€ R

We note that for hypothesis (F) we have that: ¢(z) < 0 for every z € I.

If u satisfies equation (2), then, choosing v = ax + b so that segment ax + b
belongs to the first quadrant for every = € I, using hypothesis (O) we obtain that
the following conditions are necessary for the existence of solution of equation (2)

(15) /I of (@) > /I 2e(z)

(16) / f(@) > / (x)

a0 [f@a-0z [doa-o)
We summarize:

Theorem 8. If g(x,¢) € CO(I x R) satisfies (F), (M) and (O), and f(z) € C°(I),
then conditions (12), (13) and (14) are sufficient, while conditions (15), (16) and
(17) are necessary for the existence of at least one solution for the equation (1).

Remark 1A. This theorem is true for the weak solutions of (2) if f € L'(I) and
if g (z,€) is of Carathéodory and satisfies (C), (M), (O) and (F), where condition
(O) is for a.e. x € [ and V € € R.

Now, what happens when there is an equality in at least one of the conditions
(15), (16) or (17)7

Do they suffice for the existence of at least one solution for equation (1)7

If g(z,&) € C°(I x R), instead of the hypothesis (O), satisfies the following
(more restrictive) condition:
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(P) g(x,§) =0, Vexel and V¢ <0,
we shall show that (P) implies the next result:

Theorem 9. Let g(x,§) € C'E(Y X R) be a function that verifies hypotheses (F),
(M) and (P), and f(z) € C°(I).
If

(18) [ stz o

then the further condition:

(18A) /Ixf(x)dx =0

is necessary and sufficient so that equation (1) had infinitely many non-positive
solutions.

If
(19) / F@)dz > 0,

I

then the further conditions:

(19A) /xf(:z:)dq: >0

(19B) /f(x)dx > /xf(x)dx
I
are necessary and sufficient so that equation (1) has at least one solution.

Proof. Suppose first that (1) has at least one solution. Then, for Theorem 8, one
has that conditions (18) and (18A) are necessary.
Now, let us assume (18) and (18A). It follows that this linear

( d*u(x)
&t
dBu(0)  d*u(0)
20 = =
(20) < dax? dx? 0
dPu(l)  d*u(l) 0
\ dz? N dx? N

has a solution given by:

u(x):oz+ﬁx+/0x (/0 (/Ot (/Orf(m)dm) dr) dt) ds

where o and 3 € R.
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Now, we choose v and 3 so that:

max u(x) < 0.
zel
For the hypothesis (P), we have found infinitely many not positive solutions of
equation (1).
Now, suppose that (19), (19A) and (19B) are true. Then, for Theorem 8,
equation (1) has at least one solution.
In view of Theorem 8, the last step of the proof concerns with the fact that
there exist no solution of equation (1) in the following cases below:

/xf:O

I
f>0.
1

1° Case:

2° Case:

(21) /I:cf:/lf>0.

About the first case, we assume to the contrary that there exists one solution u(x)
of problem (1). If we integrate (1) on I, we have:

(22) / g (tu()) dt > 0.

1

If we multiply the same equation for x and we integrate on I, we get:

(23) / tg (£, u(t)) dt = 0

1

since g(x,&) > 0 for all x € I and for every £ € R relation (22) contradicts (23).
About the second case, we suppose by contradiction that there exists one
solution u(z) of problem (1). Hypothesis (21) is equivalent to:

(24) /1 ( /O ) f(t)dt) dz = 0.

If we integrate first equation (1) from 0 to x and then on I, we get:

(25) /l (/Og (¢, u(t)) dt) iz — /I (/0 f(t)dt) dz = 0.

Since the function:
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is monotone nondecreasing with ¢(0) = 0 and ¢(1) = [, g(t,u(t))dt = [, f > 0,
the relation (25) is the needed contradiction. .

Remark 1B. If the equality (P) means for a.e. € I and V £ < 0, then this
theorem is true for the weak solutions of (2) if f(z) € L'(I) and if g (z,&) is of
Carathéodory and satisfies hypothesis (C), (M), (P) and (F).

Remark 2. As it was already observed in the introduction, an example particu-
larly significant to which it is possible to apply Theorem 9 is the following:

g(z, &) = q(z)&"

where g(x) € C°(I) and q(z) > 0.

Appendix

There is a proof of Theorem 5 much simpler and more direct than the following ver-
sion which, nevertheless, can be applied to more general situations. (See Fucik[4].)

We start with the proof of the following:

Lemma A. Let R(z) € L*(I) be such that:

(a) /1 R(a:)d;;(f) —0, Ve W),

then there exists two numbers oy and cy such that:

(b) R(z) = a; + agz, for ae. x € 1.

Proof. The relation (a) is equivalent to the following:

© T o,

where the equality in (c) is in D'(Z).
We obtain relation (b) if we remark that also in D'(Z) the solutions of (c) are
only first grade polynomial. u

Proof of Theorem 5. If u(z) € W?2(I) is a weak solution of equation (2), then

we get:
/I (dZu(a:) Cdu(x) o (eulz) f(x)) o) =0,

dx? dx?

Vo e WiA(I).
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Integrating by parts the above relation and remembering that v € W02 ’2([ ), we
obtain:

J <ddu< = | ( / (g (mu(m)) — f(m) dm) dt) @)z =0,

Vo e WaHI).

For Lemma A, we have that there exists two constants «; and «s such that:

diZ(f) + /Ox (/Ot (g (m,u(m)) — f(m)) dm) dt + ay + agr =0,

for a.e. z €1.

Now, we put:

F(z,z)=z+ /090 (/Ot (g (m,u(m)) — f(m)) dm) dt + oy + aow.

OF (z,2)

Of course, F(x,z) € C*(I) and =1 for all x € I. Applying the implicit

function theorem we get that there exists a unique function z(z) € C%(I) such
that:
F(z,z(x)) =0.

For the uniqueness of that function, we have:

Pu(z)
dx? = 2(z)

and, therefore, u € C*(I). We can, therefore, integrate by parts equation (2) and
obtain:

S0 0
(d) +/1 (d;;(f) + g (z,u(z)) — f(:c)) w(x) =0,
\ Ve W22(I).

In the relation (d), we can choose in particular v € I/VO2 ’2(1 ). Since this space is
dense in W22, we have:

d*u(r)
dxt
Therefore, relation (d) becomes:

d*u(1) dv(1)  d*u(0)dv(0)  d*u(l)
dz? dx dr? dx dx3

+g(z,u(z)) = f(z), Voel.

Vo e W22,
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For the arbitrary choice of v € W?2, we get:

d3u(0) _ d*u(0)

dx? dr? 0
dPu(l)  d*u(l) 0
dz3 dx2

Therefore, every weak solution of equation (2) is a classical solution of equation

(1).
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1. Introduction

The discovery of mock theta functions, the last gift of Ramanujan to the world
of mathematics, was communicated by him in his last letter to Hardy [13, 14].
Ramanujan wrote that he has discovered some very interesting functions, called
them as mock theta functions, defined by a g-series and which for ¢ — 27"/
along some radius vector of the unit circle |¢| = 1, has precisely same behavior as
that of one of Jacobi’s theta functions. He gave a list of seventeen such functions
classifying them as of order three, five and seven, but did not say what he meant by
order. So far there is no widely acceptable definition of the order, although, several
definitions of the order have been given [1, 11]. The recent work of Bringmann
and Ono [4, 5, 6] also clarifies the concept of order. Further, after the discovery
of Ramanujan’s 'Lost” Notebook more mock theta functions were identified and
studied by Andrews and Hickerson [6] and Choi [9] who have designated them
as mock theta functions of order six and ten respectively. Recently, Gordon and
MeclIntosh [10] have defined the following eighth mock theta functions of order
eight

©  n?r_ .2 X nn+2)(_ 4. 2
" (=4 ¢ )n q (=4 ¢%)n
So(q) = E v Si(q) = E

—~ (=¢*¢%)n —~ (=%

© q(n+1)(n+2)(_q2;q2)n o qn(n+1)(_q2;q2)n

Tolg) =) Ti(g) =)

— () — (G P)nn
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O nr_ .2 o (n+1)2(_ . 2
0" (~4 4 )n ¢ (=447
Up(q) =Y ————— Ui(q) =
old) 7; (=% q*)n 9) = (=% ¢ )nn
0 (00 " (g )
Volg) = —1+2) ~—2= 71 Vi(q) =
ota) ; (¢ ¢°)n 19) ; (45 ¢%)n+1
where (a; ¢*),, is g-shifted factorial, defined as
n—1
(a:d"), =[] (1 = ag*"), (a5*)0 = 1,
r=0

Later, Gordon and McIntosh [11] gave a definition of the order of mock theta
function and in [12], the mock theta functions Uy(q), Ui(q), Vo(q) and Vi(q) have
been reclassified as of second order. In the last one decade the truncated (finite)
series of mock theta functions have been studied by several mathematicians |2, 7, §]
who have established the identities connecting functions of different orders. In the
present paper, we have considered the partial series of eighth order mock theta
functions, i.e. the series of first m + 1 terms, and have designated them as partial
mock theta functions of order eight. Therefore, an eighth order partial mock theta
function corresponding to Sy(q) is

SOm Zq
n=0

We have established certain identities connecting these function with follow-
ing mock theta function of various other orders.

Third Order [16]

0 n? o qn (n+1)
- ; (—4% ¢*)n nz D1
Fifth Order [16]
q) = Zq<n+1)<n+2)/z(_q)n Uy (q) = an(nﬂ)/z(_q)n
n=0 n=0

TL2 n 2
=> ¢ (40" p1(q) =) _d" (—g; %)

Sixzth Order [3]

o) = i(—l)”qnz(q; @) i q(”“) (4:4°)n

s (—=@)2n q)ant1
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n1)(n42) Xt D/2(_g)

Xla) = z% (¢ %) (nr1)

- q( _Q)n
— (4 0°) 1)

X(q) =

n

2. Main Results

In this section we give the following identities, which show the relations of eighth
order (partial) mock theta functions and mock theta functions of various other
orders.

(2.1) (=4:0°))00 > (=060 " Som(q) = (—=¢; *)oo®(q) — So(q)

Mg

3
Il
=)

(2:2) > (= )m@" Som (@) = (=¢%; ¢*)ooS0(q) — #0(q)
(2.3) (40))s0 (0% 05 " Som (@) = (¢ ¢*)octp(—q) — So(q)

(2.4) ¢*(1+9) (¢ %) miiq—q)";q%m( ) = (6% ¢*)o50(q) = (¢ 4°) Vo (q)

where V, = (1 + Vo(q))/2.

o0

(2.5) > (= )md™" Sim(@) = 01(q) — 44" ¢*)o51(q)
(2.6) 0@ 0o Y (€% )0 " Sim (@) = (% ¢7)scto(—a) + S1(q)
27 PP T G ) = g P)nSi @) — (@ )Vi(0)

(2.8) 1+ (=% )m@™ Tom(@) = (=4 ¢*)To(q) — Volq?)

(2.9) (050 Y (0% 00 " Tom(q) = Tolq) — (7% 4" X(q?)
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(2.10) oonio m @ Tin(q) = T1(q) = (=% ¢*)ot(9)
1) )Y ) = (0 )T~ )
(2.12) ¢*(q”; q2)m;(q5; ) 0" Tin(q) = Ti(q) = (¢ ¢*) X (¢°)
(2.13) q;(q; ¢*)md*" Vom(a) = ¢0(@) = (4:4°)Vo(q)

214) (=05 (—¢" )0 P Vom (@) = (=¢% ¢*)octp(—q) — Vo(q)

(2.15) q(1+ ) (—¢" P> _(: Do " Vom(@) = (g
(2.16) > (¢ )m @ Vim(2) = 01(0) — (6% ¢))oVi(q)

217) (=) Y (0500 " Vim(@) = (0% ¢P)octh(—

(2.18) (1=4)_¢""Som(q) = S1(q)
(2.19) (1= ")) " Tim(q) = To(q)

7*)Vo(q) + So(q)

q) — Vi(q)

Proof. To prove identities (2.1) - (2.17), we consider a simple series identity,

subject to the convergence of the series involved

(2.20) A@)) Bu(@)D ar + Col@)D =Y Crn(q)arm

)
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where

_ (ag—e)(e —bg) _ (@,5:¢)m(0)™ __ (@b@)m
Ala) = (¢ —e)(e—abq)’ Bunle) = (e, abg®/e; q)m’ Cm(a) (e/q,abq/e; q)m

The Series identity (2.20) can easily be proved [1] by using the summation formula

o gy = g—ele—abg) [ (a,b;q)nn
#02(0:b. @0, F @ = 100 g |1 (g abafes ahor

for ef = abqg® which is a particular case of a transformation between two Saal-
schutzian terminating 3®,(..) due to Sears [15].

(g5 4°)s
(—a% ¢*)r

The identities (2.2) - (2.17) can now easily be proved with a proper choice of
the sequence «, and the parameters a, b and e in (2.20).

To prove (2.18) and (2.19), we consider the identity

P m p p p r—1
(221) Zﬁmzar = ZQTZBWL - Zar25m-
m=0 r=0 r=0 m=0 r=1 m=0

q

Taking o, = ,a=0, b= —¢* and then e = 0, we get (2.1).

Taking 3., = ¢™™, after some simplification we get

(2.22) Zq’\’”Zamq (1—¢" Zam m{+A),

7" (=4 ¢*)m
(—:¢*)m

Now for ay,, = , A =2 and for vy, = LA =2, (2.22)

gives (2.18) and (2. 19) respectlvely
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