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Abstract. The purpose of the present paper is to introduce a new type of paracom-
pactness which is called ws- paracompact and to obtain some results of paracompact
spaces, one of which is the image of ws- paracompact is paracompact under wg- con-
tinuous surjection which maps ws- open sets onto open set. We give an example shows
that this type of paracompact is independent with standard paracompact space.
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1. Introduction

As defined by J. Dieudonne [1], a space X is said to be paracompact if each
open covering has locally finite open refinement. C. H. Dowker [2] generalize
this concept and introduced the class of countably paracompact spaces. A space
X is said to be countably paracompact if each countable open cover of X has a
locally finite open refinement. Generalizing the concept of paracompact spaces,
K. Y. Al Zoubi [7] and M. K. Singal and Shashi Prabha Arya [8]. A space X
is said to be S- Paracompact if each open cover has a locally finite semi open
refinement and a space X is said to be R- Paracompact if each open covering
of X of cardinality R has a locally finite open refinement. Since, then a lot
of work has been done of S- Paracompact spaces and many interesting results
have been obtained [10, 11]. This type of paracompact space is on the set that
is different of open set and other types of sets like as wy,- open sets [4]. The
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object of the present paper is to present some results of new independent type
of paracompact spaces.

2. Preliminaries

Throughout this paper a space will always mean a topological space in which
no separation axioms is assumed unless explicitly stated. A subset G of a space
X is called § - open [8], if for each x € G, there exists an open set U containing
x such that IntCIU C G. For a subset A of a space X, the Ints(A), Cls(A) will
be denoted the §- interior and - closure of A respectively. A space X is said to
be locally-countable [5] if each point of X has a countable open neighborhood.
Let (X, 7) be a space, a subset A of X is said to be ws- open set [3] if for each
x € U, there exists an open set G containing x such that G—IntsU is countable.
The complement of ws- open set is called ws- closed set. If A is a subset of a
space X, then the ws- Interior (wsInt(A)) of A is a union of all ws- open sets of
X which contained in A and the wgs- Closure (wsCI(A)) of A is the intersection
of all ws- closed sets which containing A.

3. ws-paracompact spaces

The main purpose of this section is to define ws- Paracompact spaces, and obtain
some characterizations, properties, and relationships.

A family {A) : A € A} of subsets of a space (X, 7) is called ws- locally finite
[4], if for each x € X, there exist an ws- open set G containing z such that

{AeA:GnN Ay # 0} is finite.

Definition 3.1. A space X is called an ws- Paracompact space, if each ws- open
covering of X has an ws- locally finite ws- open refinement.

Proposition 3.2. A topological space (X, T) is ws- Paracompact if and only if
the topological space (X, 1,;) is paracompact.

From [Proposition 3.8, 3], we get the following result:

Proposition 3.3. If a topological space (X, T) is locally countable, then (X, 7., )
18 paracompact.

Lemma 3.4. If a covering {Ux}aea of a space X has ws- locally finite ws- open
refinement, then there exist an ws- locally finite ws- open covering {Gx}ren of
X such that Gy C Uy, for all A € A.

Proof. Let {V,},er be the ws- locally finite ws- open refinement of {Uy}xea-
Therefore, there exists a function 8 — A such that V, C Ug,—,, for each v € I.
Let Gy = UweF,B(fy):A V,, then the family {G)}rea is an ws- open covering of
X with the property taht G C Uy, for each A\ € A. Also, {U)}xen is ws- locally
finite. If x € X, then there is an ws- open set W containing = such that the set
Io={yel:WnV,# 0} is finite, since W N G, # 0 if and only if A = 5(7y),
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for some v € Ty, so the set {\ € A: W NG, # 0} is finite. Hence, the proof is
complete. O

Corollary 3.5. A space X is ws- paracompact if and only if for every ws-
open covering {Ux}xen of X, there exists an ws- locally finite ws- open covering
{W}rea of X such that V) C Uy, for each A € A.

The ws- boundary of a subset A of a space X (wsb(A)) is the difference
between ws Cl(A) and wsInt(A).

Corollary 3.6. If {Ay : A € A} is an ws- locally finite family of subsets of X,
then:

1) {wsCIl(Ax) : X € A} is also ws- locally finite and wsCL(U{Ax : X € A}) =
U{wsCI(Ay) : A € A}.

2) wsb(Uyea Ax) € Uyep wsb(A).

Proof. 1) Let x € X. Since, {A) : A € A} is ws- locally finite, so there
exists an wgs- open set G containing x such that the set {A : A € A :
G N Ay # (0} is finite. Since, G N Ay = 0 if and only if G NwsCl(Ay) = 0,
so {A: A€ A:GnNuwsCIl(Ay) # 0} is finite. Hence, {wsCIl(Ay) : X €
A} is ws- locally finite. Since, U{wsCl(Ay) : A € A} C wsCI(U{Ay :
A € A}). To prove wsCl(U{Ax : X € A}) C W{wsCl(Ay) : A € A}
Let © ¢ U{wsCIl(Ax) : A € A}. Since by what we have proved above
{wsCIl(Ay) : A € A} is ws- locally finite, so there exist an ws- open set U
containing = such that Ag = {A € A : UUwsCIl(A)) # 0} is finite. Set
V=UU(M{X —wsCIl(A)) : A € Ag}) is ws- open subsets of X containing
x such that VN (U{Ay : A e A}) =U{VNAy: A€ A} =0. Thus = ¢
wsCL(U{Ax € A}), hence wsClL(U{Ay : A € A}) C U{wsCIl(Ax) : A € A}
Therefore, wsCI(U{Ax : A € A}) = U{wsCIl(AN) : A € A}

2) Since wsb(Uyep Ax) = wsClUrep Ar) NwsCUX = Uyep AN)
= Unea wsCl(AN) NwsCUX — Upea Ar) € Unea (@sCl(AN) NwsCU(X —

Ay)) = Ujea wsb(An).
O]

Corollary 3.7. Let X be an wg- paracompact space, and let H and F be two
subsets in which F is an ws- closed subset of X which is disjoint from H. If for
every x € F, there exist disjoint ws- open sets U, and V, containing x and H,
respectively. Then, there are disjoint ws- open sets U and V containing F' and
H, respectively.

Proof. Consider the ws- open covering {U, },er U{X — F} of an ws- paracom-
pact space X. Then by Corollary 3.5, there exists an wg- locally finite ws- open
covering {Gy }rerU{G} of X such that G C X —F and G, C U,, for each x € F..
Since U, NV, = 0, then G, NV, = 0, so wsCI(G,) NV, = 0, for each z € F.
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Then by Proposition 3.6, the sets U = | J,cp Gz and V = X — |, p wsCl(G)
are the required ws- open sets of X. Thus, completes the proof. O

Definition 3.8 ([4]). A space X is said to be:

1) ws— T4 space, if for each distinct points x and y of X, there exists disjoint
ws- open sets U and V' containing x and y, respectively.

2) ws —T1 space, if for each pair of distinct points of X, there exist ws- open
sets U and V such that x e U, y ¢ U andy € V,y ¢ V.

3) ws- regular space, if each ws- closed subset H of X and a point x in X
such that x ¢ H, there exist disjoint ws- open sets U and V' containing x
and H, respectively.

4) ws- normal space, if for each pair of disjoint ws- closed sets A and B in X,
there exist disjoint ws- open sets U and V such that AC U and BC V.

Proposition 3.9. Each ws- paracompact ws — Ty (ws- regular) space is an ws-
normal space.

Proof. Let X be an ws- paracompact ws — T space and let xg be any point
in X, which is not in arbitrary ws- closed subset F' of X. Therefore, for each
x € F, there are disjoint ws- open sets U, and V, containing = and {zp}, so by
Proposition 3.7, there exist disjoint ws- open sets U and V containing F' and
xg. This shows that X is ws- regular. Thus, X is ws- paracompact ws- regular
space. Let F' and H be any two disjoint ws- closed subsets of X. Since, H is ws-
closed, so by ws- regularity of X, for each z € F, there exist disjoint ws- open
sets U, and V, containing x and H. Therefore, by Proposition 3.7, there exist
disjoint ws- open sets U and V containing F' and H. Thus, X is an wg- normal
space. ]

Example 3.10. Since the usual space on R is an ws — 15 but not ws- normal
space, so by Proposition 3.9, it is not ws- paracompact.

Proposition 3.11. Let {A) : A € A} be a family of subsets of a space X and
{By : v € I'} be an ws- locally finite ws- closed cover of X such that for each
v €T, the set {\ € A: B,N Ay # 0} is finite. Then there exists an ws- locally
finite family {Gy : X\ € A} of ws- open sets of X such that Ay C Gy, for each
AeA.

Proof. For each A, let Gy = X — (U{By : B, N Ay = 0}). Then A\ C Gy,
and since {B, : v € I'} is ws- closed sets, so wsCl(By) = B, for all v € T
Since, { B, : v € I'} is ws- locally finite, so by Proposition 3.6, wsCl(U,cr By) =
U, er wsCU(By) = U,cr By, this implies that G\ is an ws- open sets, for each
A eT. Let z € X. Since, {B, : v € I'} is ws- locally finite, so there is an ws-
open set U containing x such that the set v = {7y € I': U U B, # 0} is finite.
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Thus, U N B, = 0, for each v ¢ T'g. Therefore, U C U{B, : v € I'y}. Also,
since for each v € T'p, Gy N B, = 0 if and only if Ay N B, = (. The finiteness
of {\ € A: ByN Ay # 0} implies the finiteness of {\ € A: UN G, # 0}. Thus,
{Gx : A € A} is ws- locally finite of ws- open subsets of X. O

Theorem 3.12. A space X is ws- paracompact ws- normal if and only if every
ws- open covering of X has an wgs- locally finite ws- closed refinement.

Proof. Necessity. Let {Uy}rea be an ws- open covering of an wgs- paracompact
ws- normal space X. So by Corollary 3.5, there exists an ws- locally finite wg-
open covering {V)}ea of X such that V), C U,, for all A € A. Since, X is an
ws- normal space, then by [Theorem 5.27, 4], there exists an ws- locally finite
wg- closed refinement of {V)}ep which also covers X.

Sufficiency. Let X be a space with the property that every ws- open covering
of X it has an ws- locally finite ws- closed refinement. Thus, by [Theorem 5.27,
4], X is ws- normal space. It remains only to show that X is ws- paracompact.
Let {W)}rea be an ws- open covering of X and {F,},cr be an ws- locally finite
ws- closed refinement of {Wy}xcp. Therefore, for each x € X, there exists an
ws- open set U, containing x such that the set {y € I : U, N F,, # 0} is finite.
Consider {E, },cy is an ws- locally finite ws- closed refinement of the ws- open
covering {Uy }zex of X, then for each v € 0, the set {y € T : F, N E, # 0} is
finite. So by Proposition 3.11, there exists an ws- locally finite family {G}~er
of ws- open sets of X such that I, C G, for each v € I, which is also covers X.
Since, {F, }~er is refinement of {Wy}aea, so for each v € T, there is A(y) € T
such that F, C Wy, . Therefore, {G N W) (7)}yer is an ws- locally finite ws-
open refinement of {W)} ca. Hence, X is ws- paracompact space. ]

4. ws-paracompact subset

In this section, we study some results of paracompactness on a subspace.

Proposition 4.1. Every ws- paracompact, 6- open subset of a space X is an
ws- paracompact subspace.

Proof. Let A be an ws- paracompact, d- open subset of a space X and let
{Ux}xen is a covering of A by ws- open subsets of A. Then by [Theorem 3.4,4],
{Ux} e is a covering of A by ws- open subsets of X. By hypothesis, there exists
an ws- locally finite ws- open refinement {W, },cr of the family {V)}xca which
covers A also. Therefore, by [Proposition 3.6, 4], {W, N A},cr is an ws- locally
finite ws- open refinement of {Uy}rea in A. Thus, A is an ws- paracompact
subspace of X. O

Proposition 4.2. An ws- closed subset of an ws- paracompact space is an ws-
paracompact subset.
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Proof. Let F be an ws- closed subset of an ws- paracompact space X and let
{Ux}xen is a covering of F' by ws- open sets of X. Then {Uy}xepr U{X — F} is
an wg- open covering of X. By hypothesis and by Corollary 3.5, there exists an
wg- locally finite ws- open covering {Wy}xep U{W} of X such that W C X — F
and Wy C U,, for each A € A. Therefore, {WW)} ca is an ws- locally finite
wg- open refinement of {Uy}rcp which covers F. This shows that F' is an ws-
paracompact relative to X. O]

Proposition 4.3. If a space X is ws — Ts space and has a subset I which is
ws- paracompact relative to X, then for each x € X — F', there exist two disjoint
wg- open sets of X containing r and F.

Proof. Let F' be an ws- paracompact subset of an ws — 1o space X and let x be
any point of X — F'. Then for each y € F', there exist ws- open sets U, and V},
such that y € Uy, x € V,, and U, NV, = (. This implies that wsCl(U,) NV, = 0.
Hence, = ¢ ws;CI(Uy), for each y € F. Now, {Uy}yer is cover of F' by ws- open
subsets of X. Thus, by hypothesis and by Corollary 3.5, there exists an wg-
locally finite covering {Wy},cr of F' by ws- open subsets of X such that for
each y € F, W, C Uy. Therefore, x ¢ ws;CI(W,), for each y € F. Hence, by
Proposition 3.6, U = U,cp Wy and V = X — U, pwsCU(W,), which are ws-
open sets which containing F' and x respectively. O

From Proposition 4.3, we get the following result:

Corollary 4.4. Every ws- paracompact subset of an ws — T space is an wg-
closed.

Corollary 4.5. Every ws- reqular, ws — 11 space is an ws — T space.

Proposition 4.6. If X is an ws- reqular ws — 11 space and F is a subset of
X which is ws- paracompact relative to X, then for each ws- open set U in X
containing F in X, there exists an wgs- closed set H in X containing F' and it
1s contained in U.

Proof. Since X is ws- regular ws — 17 space, so by Corollary 4.5, and Corollary
4.4, F is ws- closed subset of X. Therefore, by [Theorem 5.4, 4], for each x € F,
there is ws- open set U, such that x € U, C wsCIl(Uy) C U. Since F is ws-
paracompact relative to X, so there exists an ws- locally finite family {V, }er
of F by ws- open sets of X which refines {U,},cr and covers F. Therefore, by
Proposition 3.6, H = |, cp wsCl(Vy) is required ws- closed set. O

Definition 4.7. A topological space (X, T) is called ws- connected space, if X
is not a union of two monempty disjoint ws- open sets, otherwise it is ws- dis-
connected. Obuviously from Definition 4.7, we get the following result:

Theorem 4.8. A space X is ws- disconnected if and only if there exists a
nonempty proper subset of X which is both ws- open and ws- closed in X.
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Corollary 4.9. A space X is ws- connected if and only if the only nonempty
subset of X which is both ws- open and ws- closed is X itself.

Theorem 4.10. Let X be ws- disconnected space, then the following statements
are equivalent:

1) X is an ws- paracompact space.

2) Ewvery proper wgs- closed subset of X is ws- paracompact relative to X.

4

)

3) Ewvery proper 0- open,ws- closed subset of X is ws- paracompact subspace.
) Every proper - open, ws - clopen subset of X is ws- paracompact subspace.
)

5) There exists a proper d- open, ws- clopen subset F' of X such that both F

and X — F are ws- paracompact subspace of X .

Proof. (1 — 2) and (2 — 3), Follows from Proposition 4.2 and Proposition 4.1,
respectively.

(3 = 4) and (4 — 5) are obvious. We prove if (5), we get (1). Let X be
a space that contains a proper §- open,ws- clopen subset F' in which both F
and X — F are ws- paracompact, and let {G)}rep be any ws- open cover of X.
Then {F N Gy}rea and {(X — F) N Gr}ren are covers F' and X — F by ws-
open subset of F' and X — F, respectively. Therefore, there exist ws- locally
finite refinements {V, } er and {V, },e9 of {FNGr}ren and {(X —F)NGr}rea
covering F' and X — F, respectively such that V, is an ws- open in F, for each
v € ' and V,, is an ws- open in X — F, for each v € J. By [Theorem 3.4, 4],
both V, and V, are ws- open sets in X, for each v € I' and v € 9. Therefore,
{Vi.}ueyuo is an ws- locally finite ws- open refinement of {Gy}xea which covers
X. Hence, X is ws- paracompact space. O

Remark 4.11. From Theorem 4.10, we notice that, if X is ws- connected, then
by Corollary 4.9, the only ws- clopen subsets of X are empty set and X itself.
So the condition that X is ws- disconnected is essential.

A function f : X — Y is said to be an ws- continuous [3], if the inverse
image of each open subset of Y is an wgs- open subset in X.

Proposition 4.12. Let f : X = Y be an ws- continuous surjection which maps
ws- open sets onto open sets. If K is ws- paracompact relative to X, then f(K)
18 paracompact relative to Y .

Proof. Let {G)}xca be any covering of f(K) by open sets of Y. Since, f is
ws- continuous surjection function, then {f~1(G))} is a covering of f(K) by
ws- open subsets of X. But, K is ws- paracompact relative to X, thus, there
exists an w;- locally finite ws- open family {V/, }er of subsets of X which refines
{fH(Gx)}rea and covers K, so by hypothesis, {f(V,)},er is a locally finite
family of open subsets of Y which refines {G} e and covers f(K). Therefore,
f(K) is paracompact relative to Y. O
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The ws- paracompactness and paracompactness are independent, as shown
in the following examples:

Example 4.13. Consider the co-countable topology (R,7coc), (Tcoc)ws =
{0, R}, so R is ws- paracompact, but it is not paracompact.

Example 4.14. Consider the closed unit interval I of the usual topology (R, 2).
Since, I is compact subset of R, so (I,%r) is compact space and hence it is
paracompact. Since (I,2d7) is ws — T» but not ws- normal, so by Proposition
3.9, it is not ws- paracompact.

Theorem 4.15. The union of ws- locally finite family of ws- open ws- paracom-
pact subsets of a space X is ws- paracompact subset.

Proof. Let {U, : a € I} be any ws- locally finite family of ws- open, ws-
paracompact sets and take U = U{U, : a € I} . Let {V3 : § € J} be any ws-
open covering of U, by ws- open subsets of X. Then, for each o, {V3NU, : f € J}
is a covering of U, by ws- open sets. Since U, is ws- paracompact relative to
X, then there exist wg- locally finite family of ws- open sets, {Dy : A € K%} of
X which refines {VgNU, : B € J} and covers Uy, where K is infinite cardinal.
Consider the family F = {D) : A € K% « € I}. Then F is ws- locally finite ws-
open refinement of {V3 : § € J} and hence, U is ws- paracompact relative to
X. O
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