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Abstract. This paper is dealing with a split extension group of the form 3°:(2 x M),
which is a maximal subgroup of the Conway simple group Cos. We refer to this extension
by G. We firstly determine the conjugacy classes of G using the coset analysis technique.
The structures of inertia factor groups were determined through deep investigation on
the maximal subgroups of the maximal subgroups of 2 x Mj;. We found the inertia
factors to be the groups 2 x Mi;, Az2 (non-split) and (S3 x S3):2. We then determine
the Fischer matrices of G and apply the Clifford-Fischer theory to compute the ordinary
character table of this group. The Fischer matrices of G are all integer valued, with
sizes ranging from 1 to 4. The full character table of G is 37 x 37 complex valued matrix
and is given at the end of this paper.

Keywords: group extensions, Matheiu group, inertia groups, Fischer matrices, char-
acter table.

1. Introduction

the Conway group Cos is of order 495 766 656 000. From the Atlas [15] we can
see that Cos has 14 conjugacy classes of maximal subgroups. The fifth largest
maximal subgroup is a group of the form 3%:(2 x Mj). We refer to this group
by G and clearly it has order 243 x 2 x | M| = 3 849 120 and index 128 800 in
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Cos. In fact the normalizer of an elementary abelian group 3° in Cos will have
the form of G; that is N, (3°) = 3%:(2 x My;). Using GAP [16] we were able to
construct this split extension group in terms of permutations of 33 points. We
used the coset analysis technique to construct the conjugacy classes of G, where
correspond to the 20 classes of 2 x My, we obtained 37 classes of G. Then by
looking on the maximal subgroups of the maximal subgroups of 2 x M1, we were
able to determine the structures of the inertia factor groups. Then we computed
the Fischer matrices of the extension and we found to be integer valued matrices
with sizes ranging from 1 to 4. Finally we were able to compute the ordinary
character table of G using Clifford-Fischer theory and we supplied it at the end
of this paper.

The character table of any finite group extension G = N-G (here N is the ker-
nel of the extension and G is isomorphic to G/N) produced by Clifford-Fischer
Theory is in a special format that could not be achieved by direct computa-
tions using GAP or Magma [14]. Also there is an interesting interplay between
the coset analysis and Clifford-Fischer Theory. Indeed the size of each Fischer
matrix is ¢(g;), the number of G-classes corresponding to [g;]¢ obtained via the
coset analysis technique. That is computations of the conjugacy classes of G
using the coset analysis technique will determine the sizes of all Fischer matrices.

For the notation used in this paper and the description of Clifford-Fischer
theory technique, we follow [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

By the Atlas of Wilson [25], we see that C'o3 has an absolutely irreducible
module of dimension 22 over Fy. Using the two 22 x 22 matrices over Fo that
generate Cos together with the program for obtaining maximal subgroups of
Cog given in [25] we were able to locate our group G inside Cos in terms of
22 x 22 matrices over Fy. The following two elements a and b generate G.

HOROOOOOHROHOOHOOROOOOO
ORHRHORHRHOOOOHOOOORHKHOR
HOOFROOOORHHRHORRHEROOO R K
HOFHOFHOFHOFHOFHFOOFROFHOORORO
ORHROOFROHHOHROOOOHOOKRKR R
OO0 O0CO0O0O0OO0OHORKHOHOOHOOOOO
OCOO0OHOOROOOORFOOORFOOOO
OHFROORHRHEFROOOHROOROOKRKR KR
HHEFOOFHRFRFHFHFOHFHFOQOOHFHOHFHOOKRKHKKH
HOOOOO+HOOHHHOOOROOOOOO
HFRFOORRFRHRHROROROOOROOKRKRREKF
OCOO0OHOOOORHFHFOOOOFHHFHOOORO
OHRFROOHORHREHOOHOHRORRKR
HOOROOOOOOOROOORFOOORO
OO0 0O0O0OROOHOOOOHOOROORO
OCOFRHFRFOOOFRHOFHOOHFHOOOOHRO
HEHEHRFOOHFHFRHOFHFHEFEFHEHOOROKRHO
COO0OROFROOFRFEORMRKEEROOOORO
HOOrFROOOOHFHOFHFHFORRFEHEHFEFOOORO
HOFHROOOOOrHHEFEHOOORROOOOO
COROCOFROHROOOHROOORROR KR -
FORHRHRORFROOOORORRRROOOO
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S
I
OCO+HHOOOOOOOO0OOO0OOOHOOHOO
HFOR HROROHORRRORHORKHRO
CORRRRERREREHEREREHOHHEHEHEHOOOO K
HOOFRHFHOOFROOOQOOFROORKFEKFEKFEKFEO
HOFHOHFHHOFHOOFROREREREREFEROORO
HEHFEFOHOHOOOOOOQOORORKHOR
HEMHEHORFRFOOORFHFOOOOROROOOO
OCORRRRPRROFROORRHERERRERRERRERRLRORO
OHOQOOFRKFHFEFOOHOOHOOHORORO
OCORKFROORKRRERREREEHEHORMHOOKHHO K
OO0 OO0OOOFRFEFFEFFEFOOOFROKRFOR
O OOR R RO HEHEHOHOHROO RO
HERORHHOOOHHOHOOOOOROOO
OFHFHFOOOORFRFHFOOROOOORKEOOO
FRRROORRFRFRHRORFRORROOOOOR
HFOOHRRORRRHRHEEOHRRHRHEHOOOOO
OHOOCOOFRFEFFEFOOFRFHOFRHFHOOOOOR
OHOOHOKRRRHRHORHROOOROO
OFHOFHFRFFHFOOOFHOOFROOORFKFOOR
COO0OHOOHOHORHOHRRHORRORO
PR ORRFHHRR R HOROOHRROHOOOO
HOHFOFHFOOFROOHOFHFOOOOOOROM

where o(a) = 4, o(b) = 3 and o(ab) = 22.

For the sake of computations, we used few GAP commands to convert
the representation of our group G from matrix into permutation representa-
tion, where we were able to represent G in terms of the set {1,2,---,33}.
Thus in terms of permutations and using (ci,ca,- -+ ,¢i) to denote the k-cycle
(c1 ca -+ c), the group G is generated by g, and gy, where

g, = (1,4,23,29)(2,15,19,10)(3,16,24,33)(6,25,26,31)(7, 12,17, 21)
(8,9, 30, 32)(13, 20),

g, = (1,3,12)(2,22,18)(4,25,32)(5,11,21)(6,23,13)(7,9, 28)(8, 19, 33)
(14,27,31)(15, 16, 20).

Since G can be constructed in GAP, it is easy to obtain all its maximal sub-
groups. In fact G has 7 conjugacy classes of maximal subgroups. The second
largest maximal subgroup of G is a group of the form (3%:(A4;2)):S3 := T, with
order 349920 and index 11 in G. The group 7 itself has also 7 conjugacy classes
of maximal subgroups and the second largest maximal subgroup of 7" is a group
of the form 3%:(2 x (A452)) = 3*:(2 x Myg) := M. The order of M is 116640 and
its index in 7" is 3 (and hence has index 33 in G). In fact M gives rise to the
above permutation representation of G on 33 points.

Remark 1. From the Atlas of Wilson [25] we see that C'os can be generated in
terms of permutations of 276 points and thus any maximal subgroup (including
our group G) will be generated in terms of permutations acting on 276 points.
However starting with the 22-dimensional matrix representation over Fy for Cos
(available in [25]), then generating G in terms of 22 x 22 matrices over Fy (for
example the above generators a and b) and then using few GAP commands, we
were able to generate G in terms of permutations on only 33 points. Indeed this
will work faster for the required computations.

Having G being constructed in GAP, it is easy to obtain all its normal
subgroups. In fact G possesses three proper normal subgroups of orders 243,
486 and 1924560. The normal subgroup of order 243 is an elementary abelian
group isomorphic to N.
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In GAP one can check for the complements of N in G, where in our case
we obtained only one complement isomorphic to 2 x Mj; and together with N
gives the split extension in consideration.

2. The conjugacy classes of G

In this section we compute the conjugacy classes of the group G using the coset
analysis technique (see Basheer [2], Basheer and Moori [3, 4, 6] or Moori [18]
and [19] for more details) as we are interested to organize the classes of G corre-
sponding to the classes of 2 x M. Firstly note that M;; has 10 conjugacy classes
(see the Atlas) and thus 2 x Mj; will have 20 conjugacy classes. Corresponding
to these 20 classes of 2 x M1, we obtained 37 classes in G.

In Table 1, we list the conjugacy classes of G, where in this table:

e k; is the number of orbits Q;1,Qi2,- -, Qix, for the action of N on the
coset Ng; = Ng;, where g; is a representative of a class of the complement
(=2 2 x May) of N in G. In particular, the action of N on the identity coset N
produces 243 orbits each consists of singleton. Thus for G, we have k; = 243.

e fij is the number of orbits fused together under the action of Cg/(g;)
on Q1,Q2,- - ,Qk. In particular, the action of Cz(lg) = G on the orbits
Q1,Q2, -, Qy affords three orbits of lengths 1, 110 and 132 (with correspond-
ing point stabilizers 2 x M, 32:QD1s and S5, where QD1¢ is the quasi-dihedral
group of order 16. Thus f1; =1, fi2 =110 and fi3 = 132.

e m;;’s are weights (attached to each class of G) that will be used later in
computing the Fischer matrices of G. These weights are computed through the
formula

) miy = Ng(V3) : Colay)] = IV

where N is the kernel of an extension G that is in consideration.

Table 1: The conjugacy classes of G

[ lgle | ki | fij | mij [ [9s]a [ 0(9i5) [ [9:5]el [1Ca(9:)] |
=1 mi=1| g1 1 1] 3849120
g1 =1A | k1 =243 | fiz =110 | m12 = 110| g12 3 110| 34992
fi3 =132 my3 =132 gi3 3 132| 29160
go =2A ko =1 foo =1] maoo =243 | goo 2 243 15840
fan=1 ms1 =9 g3 2 1485 2592
g3 =2B | ks =27 | fs2=06| m32 =54 g3 6 8910 432
faz =8| ms3="T72| gs3 6 11880 324
faa =12| may = 108| gs4 6 17820 216
gy = 2C ki=9 fan=1 my1 = 27| gu1 2 4455 864
fi2 =8| myz =216 gao 6 35640 108

continued on next page
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Table 1 (continued from previous page)

[ lgle | ki ] fij | mi; | [9i]a | 0(9i5) [ lgislal [ 1Oz (i) ]
for=1] ms =27] gm 3 11880 324
g5 =3A | ks =9 fso=2| ms2=>54| gso 3 23760 162
foz=2| ms3=>54| gs3 9 23760 162
f54 =4 msq4 = 108 gs54 9 47520 81
ge = 4A ke =3 fer=1 me1 = 81| ges1 4 80190 48
feo=2| mex=162| gso | 12 |160380 24
fro=1] mn =27 gn 4 26730 144
g7 =4B k7 =9 fro=4] mp =108 g7 12 1106920 36
frs=4| mz3=108| gr3 | 12 [106920 36
gs = 5A ks =3 f81 =1 mg1 = 81 gsi 5 128304 30
fsa =2| mgy =162 | gso 15 | 256608 15
go =64 | kg=1 for=1] mor =243] go1 6 106920 36
g10 =6B | k1o =3 f10’1 =1 mio,1 = 81 g10,1 6 106920 36
f1072 =2 mio,2 = 162 g10,2 18 213840 18
gi1 = 6C kll =3 f11,1 =1 mii1 = 81 g11,1 6 106920 36
f1172 =2 miy2 = 162 g11,2 6 213840 18
gi2=8A | kia=3 | fion=1| miz1 =811 gi21 8 80190 48
f12’2 =2 mi2,2 = 162 g12,2 24 160380 24
913 =8B | kiz=3| fizn=1| mi31 =281 gi31 8 80190 48
fiz2 =2|mize =162 g132 | 24 |160380 24
914 = 8C | kiu=1 f1471 =1 miq1 = 243 g14,1 8 240570 16
gis = 8D | kis=1 15,1 = mis1 = 243 g15,1 8 240570 16
gi6 = 10A k16 =1 f16’1 =1 mie,1 = 243 916,1 10 384912 10
gi7 = 11A k17 =1 f17’1 =1 mir1 = 243 g17.1 11 349920 22
gis =11B| kis=1 | fisq1 =1|mis1 =243 ] g1s1 | 11 [349920 22
g9 =22A| kig=1| fio1 =1|mig1=243| gi91 22 349920 22
goo = 228 k‘QO =1 f20,1 =1 m20,1 = 243 920,1 22 349920 22

3. The inertia factor groups of G

We recall that knowledge of the appropriate character tables of inertia factor
groups is crucial in calculating the full character table of any group extension.
Since in our extension G, the normal subgroup 3° is abelian and the extension
splits, it follows by applications of Mackey’s Theorem (see for example Theorem
3.3.4 of Whitley [24]), that every character of 3% is extendible to an ordinary
character of its respective inertia group Hj. Thus all the character tables of
the inertia factor groups that we will use to construct the character tables of G
are the ordinary ones. Next we determine the structures of the inertia factor
groups.

We have seen from Section 2 that the action of G = 3%:(2 x M1;) (which can
be reduced to the action of 2 x Mj;) on the classes of N = 3° yielded three orbits
of lengths 1, 110 and 132 (and the corresponding point stabilizers were 2 x My,
32:QQD1g and S5). By a theorem of Brauer (see for example Theorem 5.1.5 of
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Mpono [22]), it follows that the action of G on Irr(NN) will also produce three
orbits. We used Programme C of [23], which can also be found in [20, 21], to
determine the lengths of the orbits of G or just 2 x M1 on Irr(N). We found that
the action of 2 x Mj; on Irr(IV) produces three orbit of lengths 1, 22 and 220.
Let Hy, Hy and Hj be the respective inertia factor groups of the representatives
of characters from the orbits with previous lengths. We notice that these inertia
factors have indices 1, 22 and 220 respectively in 2 x M71. Now since M has 5
maximal subgroups, the group 2 x Mi; will have 6 maximal subgroups, namely
M7, itself together with the direct product of each maximal subgroup of M7 by
Zo. Let T1,Th, - - - , T be representatives of the conjugacy classes of the maximal
subgroups of 2 x M. In Table 2, we give few information on these maximal
subgroups.

Table 2: The maximal subgroups of 2 x My

T; Ti]  [2x My : Tj
My, 7920 2

2x My =2 x (A42) 1440 11

2 x PSL(2,11) 1320 12

2 % (3%:QDig) 288 55

2 x Ss 240 66

2 x GL(2,3) 96 165

Now the first inertia factor group Hi of 2 x Mj; has an index 1 and thus
Hy = 2 x Mj; itself. Since we have the character table of Mj; (see the Atlas)
we can easily construct the character table of 2 x Mj;, which we supply below
as Table 3.

The second inertia factor group Ho has index 22 in 2 x M;j;. From Table 2
we can see that the only index of a maximal subgroup that divides 22 is 11. It
follows that Hs is an index 2 subgroup of 2 x Mg = 2 x (Az2). Now the group
2 x (Ag2) has 6 conjugacy classes of maximal subgroups, each class represented
by Ag2 (twice), 2 x Ag, 2 x (3%:Qg), 2 x (5:4) and 2 x QD14 with respective
orders 720 (3 times), 144, 40 and 32, where Qg and QDj¢ are the quaternion
and quasi-dihedral groups of orders 8 and 16 respectively. Therefore we can see
that

2) Hy € {A4;2,2 x Ag}.

Using GAP we were able to construct the character tables of A;2 and 2 x Ag,
where below in Table 4 we only supply the character table of A2 as the character
table of 2 x Ag can be constructed easily from the character tables of Zs and of
Ag (available in the Atlas).



ON A MAXIMAL SUBGROUP OF THE CONWAY GROUP Cos 363

Table 3: The character table of Hy = G = 2 x My,

I [ 1A 2A2B2C 3A4A4B5A 6A 6B 6C 8A 8B 8C 8D 10A 11A 11B 224 22B|)
[[Cr, (A)1[[15840 15840 96 96 36 16 16 10 36 12 12 16 16 16 16 10 22 22 22 22|

X1 1 1111111111 1 1 1 1 1 1 1 1 1
X2 i -1 1-1 1 1-1 1-1 1-1-1 1 1-1 -1 1 1 -1 -1
X3 10 10 2 2 1 2 2 0 1-1-1 0 0 0 0 0 —1 —1 —1 —1
X4 0 -10 2-2 1 2-2 0-1-1 1 0 0O O O O —1 —1 1 1
X5 10 -10-2 2 1 0 0 0-1 1-1 A—-A A—-A 0 -1 -1 1 1
X6 0 -10-2 2 1 0 0 0-1 1-1—-A A—-A A 0 -1 -1 1
X7 0 10-2-2 1 0 0 0 1 1 1 A A-A—-A 0 -1 —1 —1 -1
X8 0 10-2-2 1 0 0 0 1 1 1-A—-A A A 0 -1 —1 -1 -1
X9 11 1 3 3 2-1-1 1 2 0 0-1-1-1-1 1 0 0 0 O
X10 1 -11 3-3 2—-1 1 1-2 0 0 1 -1-1 1 -1 0 0O O O
X11 6 —-16 0 0-2 0 0 1 2 0 0 0 0 0O 0 —-1-B-B B B
X12 6 —-16 0 0-2 0 0 1 2 0 0 0 0O 0O O —1-B—-B B B
X13 16 6 0 0-2 0 0 1-2 0 0 0 0 O O 1-B —-B-B —-B
X14 16 16 0 0-2 0 0 1-2 0 0 0 O O O 1—-B —-B —B —B|
X15 44 44 4 4-1 0 0-1-1 1 1 0 O O O -1 O O O O
X16 44 —44 4-4-1 0 0-1 1 1-1 0 O O O 1 O O O O
X17 45 45-3-3 0 1 1 0 0 0 0-1-1-1-1 0 1 1 1 1
X18 45 —-45-3 3 0 1-1 0 0 0 0O 1 —-1-1 1 0 1 1 —1 —1
X19 5 55-1-1 1-1-1 0 1-1-1 1 1 1 1 0 0 0 0 0
X20 55 —55—-1 1 1-1 1 0-1—-1 1 -1 1 1 -1 0 0 0 0 0

where in Table 3, A = —iv/2 and B = % — z—VQH.

Table 4: The character table of A52

“ la 2a 3a 4a 4b 5a 8a 8b”
H\CHz(h)\“720 16 9 8 4 5 8 8”

X1 T 1 1 1 1 1 1 1
X2 111 1-1 1 -1 -1
X3 9 1 0 1-1-1 1 1
X4 9 1 0 1-1 -1 -1
X5 10 2 1-2 0 0 0 0
X6 10-2 1 0 0 0—iv2 iv2
X7 10-2 1 0 0 0 ivV2—iv2
X8 16 0—-2 0 0 1 0 0

We keep the information that |Irr(A2)| = 8 and |Irr(2 x Ag)| = 14 in mind
and we continue to look at the third inertia factor group Hs, where later we will
determine both Hs and Hs simultaneously.

Now the third inertia factor group Hs has index 220 in 2 x M. Again from
Table 2 we can see that the only indices of maximal subgroups that divides 220
are 2, 11 and 55. Therefore Hj is either

e index 110 subgroup of M,
e index 20 subgroup of 2 x (A42) or
e index 4 subgroup of 2 x (32:QD1g).

Now this requires more analysis on the structures of the subgroups of Mjq,
2 x (A52) and 2 x (32:QD1). We consider each case of the above:

e From the Atlas we can see that an index 110 subgroup of M1; must be either
an index 10 subgroup of Mg = A2, or an index 2 subgroup of 32:QD16. Now
Ag2 has four maximal subgroups, namely Ag, 3%:Qs, 5:4 and QD1 of respective
orders 360, 72, 20 and 16. Thus Hj is either a subgroup of Ag with index 5 or is
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isomorphic to 32:Qg. However the group Ag does not contain a subgroup of order
72 (the largest maximal subgroup of Ag is As, which is of order 60). Therefore
a subgroup of Az2 of index 10 must necessarily be isomorphic to 3%:Qs.

From another side the group 3%:Q D1 has four maximal subgroups, namely
32:Qg, 3%:8, (93 x S3):2 and QD16 with respective orders 72, 72, 72 and 16.
Therefore an index 2 subgroup of 3%2:QD1g must necessarily be isomorphic to
one of the first three maximal subgroups; that is either 32:Qg, 32:8 or (S3x.53):2.
Now we conclude this case by saying that if Hs is an index 110 subgroup of M1,
then Hj € {3%:Qs, 3%8, (S5 x S3):2}.

e We now consider the case that Hs is an index 20 subgroup of 2 x (4;2). The
2 x (Ag2) has 6 conjugacy classes of maximal subgroups, each class represented
by Ag2 (2 isomorphic non-conjugate copies), 2 x Ag, 2 x (3%:Qg), 2 x (5:4) and
2xQD1s. Because of the order, only the first four maximal subgroups (42, 442,
2 x Ag and 2 x (3%:Qs)) can contain Hjz with respective indices 10, 10, 10 and
2. As of the above case, if H3 is an index 10 in A2 (any of the non-conjugate
copies), then H3z will be isomorphic to a subgroup of the form 32:Qs.

The group 2 x Ag has 6 conjugacy classes of maximal subgroups, each class
represented by Ag, 2 x A5 (2 isomorphic non-conjugate copies), 2 x (3%:4) and 2 x
S4 (2 isomorphic non-conjugate copies) with respective orders 360, 120 (twice),
72, 48 (twice). We know that Ag has no index 5 subgroup (see the Atlas).
Therefore if H3 is a subgroup of 2 x Ag, then it must be isomorphic to 2 x (3%:4).

The group 2 x (32:Qg) has 8 conjugacy classes of maximal subgroups, each
class represented by 2 x (3%:4) (3 isomorphic non-conjugate copies), 3%:Qg (4
isomorphic non-conjugate copies) and 2 x Qg with respective orders 72 (7 times)
and 16. Therefore Hs € {2 x (32:4), 3%:Qs}.

Now gathering all the possibilities of Hs in this case, we conclude this case
by saying that if H3 is an index 20 subgroup of 2 x (452), then Hs € {3%:Qs, 2 x
(3%:4)}.

e Here we consider the case that H3 is an index 4 of 2 x (3%:QQ D1¢). Firstly 2 x
(32:QD16) has 8 conjugacy classes of maximal subgroups, each class represented
by (3%:8):2 (4 isomorphic non-conjugate copies), 2 x (3%:Qs), 2 x ((S3 x S3):2),
2 x (32:8) and 2 x QD16 with respective orders 144 (7 times) and 32. We look
at the cases (32:8):2, 2 x (3%:Qg), 2 x ((S3 x S3):2) and 2 x (3%:8).

The group (32:8):2 has 4 conjugacy classes of maximal subgroups, each class
represented by (S3 x 53):2, 32:Qg, 3%:8 and QDg with respective orders 72 (3
times) and 16. Thus possibilities for H3 are (S3 x S3):2, 3%:Qg or 3%:8.

The group 2 x (32:Qg) has 8 conjugacy classes of maximal subgroups, each
class represented by 2 x (3%:4), 32:Qg (4 times), 2 x (3%:4) (twice) and 2 x Qg with
respective orders 72 (7 times) and 16. Thus possibilities for Hz are 2 x (32:4) or
321@8-

The group 2 x ((S3 x S3):2) has 8 conjugacy classes of maximal subgroups,
each class represented by 2 x (3%:4), (S3 x 93):2 (4 times), 2 x S3 x S3 (twice)
and 2 x Dg with respective orders 72 (7 times) and 16. Thus possibilities for Hs
are 2 x (32:4), (S3 x S3):2 or 2 x S3 x S3.
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The group 2 x (32:8) has 4 conjugacy classes of maximal subgroups, each
class represented by 2 x (3%:4), 3%:8 (twice) and 8 x 2 with respective orders 72
(3 times) and 16. Thus the only possibility for Hs is to be 32:8.

Now we conclude this case by saying that if H3 is an index 4 subgroup of
2% (32:QD1g), then Hz € {32%:Qs, 2x(3%:4), (S3xS3):2, 3%:8, 2x S3x 53, 32%:8}.

Now combining the possibilities of H3 in the above three cases, we deduce
that

(3) Hs € {3%:Qs, 3%:8, (S5 x S3):2, 2 x (3%:4), 2 x S3 x S3}.

Remark 2. Using GAP we were able to obtain that |Irr(3%:Qg)| = 6, [Irr(3%:8)| =
ITrr((S3 x S3):2)| = 9, |Trr(2 x (3%:4))| = 12 and |Irr(2 x S3 x S3)| = 18. Also we
recall that |Irr(Ag2)| = 8 and |Irr(2 x Ag)| = 14. These information will help us
in determining Hy and eliminating many possibilities for Hs as we will see in
Proposition 3.1 below.

Proposition 3.1. The group Hs is A2 while Hs is either 3%:8 or (S3 x S3):2.

Proof. By Table 1 we can see that the number of conjugacy classes of G is 37
and thus |Irr(G)| = 37. We have all also indicated before that since the extension
@ splits and the kernel 3° is ableian, then all the character tables of the inertia
factor groups that we will use to construct the character table of G are the
ordinary ones. Now by Equations (2) and (3) we have

(Ha, H3) € {(A52,3%:Qs), (452,3%8), (A2, (S5 x S5):2), (A52,2 x (3%:4)),
(Ag2,2 x S3 x S3), (2 x Ag,3%:Qs), (2 x Ag,3%:8), (2 x Ag,
(S5 x S5):2), (2 x Ag, 2 x (3%:4)), (2 x Ag,2 x S5 x S3)}

and respectively we have

(4) ([ler(Hp)|, [Ier(Hz)|) € {(8,6), (8,9), (8,9), (8,12), (8,18),
(14,6), (14,9), (14,9), (14,12)), (14,18)}.

We know that [Trr(G)| = Y7, [Trr(H;)|. From Table 3 we have that [Trr(Hy)| =
20. It follows that |Irr(Ha)|+ |Irr(H3)| = |Irr(G)|— |[Irr(Hy)| = 37—20 = 17. Now
the only possible pairs that satisfying the relation |Irr(Hsa)| + |Irr(Hs)| = 17 are
(8,9) and (8,9); that is (Hs, H3) € {(A452,3%8), (A52,(S3 x S3):2)}. In either
case we can see that Hy = A2 and Hsj is either 32:8 or (S3x S3):2 as claimed. [

The character table supplied in Table 4 is the character table of the second
inertia factor group Hs. We now proceed to determine Hs, which by Proposition
3.1 is either 3%:8 or (S3 x S3):2. Using GAP we constructed the character tables
of both 3%:8 and (S5 x S3):2, which we show in Tables 5 and 6 respectively.

Proposition 3.2. The third inertia factor group Hs is (S5 x S3):2.
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Table 5: The character table of 32:8

la 2a 3a_4a_4b 8a 8b 8c 8d||

H\cgz, mI7z_s

9 8 8 8

8

o
Hesd

|

X1 1 1 1 1 1 1 1 1 1
X2 11 1 1 1 —-1-1-1-1
X3 1-1 1 A—-A B-B B-B
X4 1-1 1-A A-B B-B B
X5 1-1 1-A A B-B B-B
X6 1-1 1 A-A—-B B-B B|
X7 11 1-1-1 A A-A-A
X8 11 1 -1-1-A-A A A
X9 8 0-1 0 0 0 0 0 O

where in Table 5, A = —i and B = —E(8).

Table 6: The character table of (S3 x S3):2

” la 2a 2b 2c 3a 3b 4a 6a 617”
[Csaxsp2MI|[72 12 12 8 18 18 4 6 6

,_.
—
—
—
—

NNOOO =

cCoNNO R KR
|
cCoocoNR K~
||

FRNNNR PR

N S N N N

[l S S

[
OO0 OO KF MK
| | |
[
PR OOOKRKFEKEKE

OO RFEORRFEKF

Proof. By Table 1 we can see that the class gig € [6B]2x s, affords 2 conjugacy
classes in G. This implies that ¢(g19) = 2 and hence the corresponding Fischer
matrix Fig to this class will be of size 2. By description of Fischer matrices (for
example see [2]), the first row of Fio will correspond to the first inertia factor
group Hi; = 2 X My1. Thus the second row of F19 must correspond to either Hy
or H3 depending on the fusions. From Tables 4 and 5 we can see that neither Ho
nor 32:8 has an element of order 6 so that it fuses into [6B]ax s, - This argument
shows that H3 # 32:8. Since by Proposition 3.1, Hs € {32:8, (S5 x S3):2} and
we just established that Hsz # 32:8, it follows that Hz = (S3 x S3):2. Hence the
result. O

We summarize that the inertia factor groups are H| = G = 2 x My, Hy =
Ay2 (non-split) and Hs = (S3 x S3):2.

Next we turn to determine the fusions of classes of the inertia factor groups
of the extension into the classes of G = 2 x M71. We have used the permutation
characters of G on the inertia factor groups and the centralizer sizes to determine
the fusions of these inertia factors into G. We list these fusions in Tables 7 and
8.

Table 7: The fusion of Hy into 2 x M,

[9]H2|—>| [$]2><M11 [Q]H2|—>| [x]2><M11
la 14 4b 4B
2a 2B 5a 5A
3a 3A 8a 8A
4a 4A 8b 8B
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Table 8: The fusion of Hs into 2 x My

367

[Q]H3|_>| [x]QXMn [Q]H3|—>| [x]2><M11
la 1A 3b 3A
2a 2B 4a 4B
2b 2B 6a 6B
2c 2C 60 6C
3a 3A

4. Fischer matrices of G

In this section, we use the arithmetical properties of Fischer matrices, given in
Proposition 3.6 of [3], to calculate some of the entries of the Fischer matrices
and also to build an algebraic system of equations. To build these systems of
equations, we firstly recall that we label the top and bottom of the columns of
the Fischer matrix F;, corresponding to g;, by the sizes of the centralizers of
gij, 1 < j < c(g:) in G and m;; respectively. In Table 1 we supplied |Cx(gi;)|
and m;j, 1 <14 <20, 1 <j < c(g;). Also having obtained the fusions of the
inertia factor groups into 2 x M1, we are able to label the rows of the Fischer
matrices as described in [2, 3].

Since the size of the Fischer matrix F; is ¢(g;), it follows from Table 1 that the
sizes of the Fischer matrices of G range between 1 and 4 for all i € {1,2,---,20}.
Now with the help of the symbolic mathematical package Maxima [17], we were
able to solve the systems of equations and hence we have computed all the
Fischer matrices of G, where we found that all these matrices are integer valued.
Below we list these matrices.

F1
91 911 912 9g1i3 )
o(g15) 1 3 3 92 921
[Ca(g1))] 3849120 34992 29160 o(g2;) 2
(k,m) 1CH, (91km)] [Cz(g2;)] 15840
(1,1) 15840 1 1 1 (k,m)  [CH, (g2rm)l
2, 1) 720 22 -5 4 1T, 1) 15840 1
3,1) 72 220 4 -5 ma; 243
miy T 110 132
T3
93 931 932 933 934 Fa
o(g3;) 2 6 6 6 94 941 ga2
[C=(g3,)] 2592 432 324 216 0(gaj) 2 6
(k,m) 1CH, (93km)] [Ca(945)] 864 108
(1, 1) 96 T 1 1 1 (k,m) [Ch,y (9akm)]
2, 1) 16 6 3-3 0 (1, 1) 96 T 1
3, 1) 12 8 —4 —1 2 (3,1) 12 8 —1
(3,2) B 12 0 3 -3 mag 27 216
m3; 9 54 72108
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Fs
95 951 952 953 954 Te
o(g5;5) 3 3 9 9 96 961 962
[Cq (9501 324162162 81 o(967) 1 12
(k,m) 1CH, (95km)] 1C5(g65)] 864 108
(1, 1) 36 T 1 1 1 (ksm) 1CH, (96km)]
2, 1) 9 4 -2 -2 1 1,1 16 T 1
(3, 1) 18 2 0-1-1 Z,1) B 2 —1
(3,2) 18 2 1 2 -1 me; 81162
ms; 27 54 54108
Fr7 Fs
97 971 972 973
o(975) 1 12 12 O<ZS ) gsé g%
[C=(g7.)] 144 36 36 83 -
s td [Ca(gs;)l 30 15
(k,m) |CH, (97km)|
k= (k,m) [Cu, (98km)]
[ERD) 16 T 1 1
=D T 4o 1 EN) 10 T 1
(3:1) 1 4 1 -2 (C7RY)] 5 2 -1
m7; 27 108 108 msj 81162
Fo g e g g
910 910,1 910,2
99 991 : :
o(907) 3 o(9105) 6 18
— (90, - [C=(9107)] 3618
1C=(995)] 36
Gom) TCn Gaom] (k,m)  1CHy (910km)l
T ksa T (1,1) 12 1 1
L ] 3, 1) 6 2 -1
mo; 343 mi0g 81 162
Fi1 Fi2
911 911.1 911.2 912 912.1 912.2
o(g9115) 6 6 o(g9125) 8 24
[Cx(g115)] 36 18 [C=(g125)] 48 24
(k,m)  1Chy (9116m)l (k,m)  1CHy (912km)l
T, D 12 T 1 [€9) 16 T 1
G,1) 6 2 -1 1) 3 2 -1
M1y 81 162 M1z 81 162
Fi3 Fia
913 913.1 913.2 o o
o(913;) 8 24 L Lt
— - o(g145) 8
1C&(g13;)] 48 24
L T [Ca(g145)] 16
(k;m)  [Ch, (913Km)] e
k (k;m)  1CH, (914km)]
1T, D 16 T 1
1) 8 2 -1 (L, 1) 16 L
mig, 81 162 Midj 243
Fis Fi6
915 915.1 916 916.1
o(915;) 8 o(9165) 10
[C=(g15;)] 16 [C=(g165)] 10
(k,m)  1CH, (g156m)] (k,m)  1CH, (916Km)I
[€9) 16 1 [E9) 10 T
mis; 243 mig; 243
Fir Fi8
917 917.1 918 918.1
o(g917;) 11 o(g18;) 11
[C&(g9175)] 22 [C=(g185)] 22
(k,m)  1Cwy (917km)] (k,m)  1CH, (918km)]
(T, 1) 22 T [€R)) 22 T
mi7; 243 misg; 243
Fi9 F20
919 919.1 920 920,1
o(g919;) 22 o(g20;) 22
1C5(919;)] 22 [Ca(920;)] 22
(k,m) — [Cwy (919km)| (k;m)  1CH, (9206m)I
(T, 1) 22 T (T, 1) 22 T
mig; 243 ma0; 243
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5. The character tables of G

Throughout Sections 2, 3 and 4 we have found:

e the conjugacy classes of G (Table 1),

e the inertia factor groups Hy, Hy and H3 of G and their character tables
(Tables 3, 4 and 6). Also we obtained the fusions of classes of the inertia factors
Hs and Hjz of G into 2 x My, (Tables 7 and 8),

e the Fischer matrices of G (Section 4).

It follows by [2, 3] that the full character table of G can be constructed easily
in the format of Clifford-Fischer theory. This table will be partitioned into 60
parts corresponding to the 20 cosets and the three inertia factor groups. The
full character table of G is 37 x 37 C-valued matrix. In Table 9, we supply the
character table of G in the format of Clifford-Fischer Theory. In this table we
have also included the fusions of the conjugacy classes of G into the conjugacy
classes of the Conway group Cos, where the classes of Coz as in the Atlas.
Finally we would like to remark that the accuracy of this character table has
been tested using GAP.

Table 9: The character table of G

[ leide 1 A [ _24] 2B [2C__| 34 [4A I iB i
[ loiile Tl Ta__ 3a__ 3b] 2a] 2b 6a 6b 6c] 2c 6d] 3c 3d 9a 9b[4a 12a] 4b 12b 12|
[[IC&(g:;)1][3849120 34992 29160[15840[2592 432 324 216[1184 108]324 162 162 81] 48 24[144 36 36]|
[ = Cos ] 1A~ 3A  3B][ 2B] 2A 6A 6B 6C| 2B 6D[3B 3C 9A 9B[4B 12B[4A 124 12C]]
X1 1 1 1 1 1 1 1 1 1 1] 1 1 1 1] 1 i 1 1 1
X2 1 1 1] -1 11 1 1| -1 -1 1 1 1 1| 1 1l -1 -1 -1
X3 10 10 10| —10 2 2 2 2/ -2 -2/ 1 1 1 1| 2 2/-2 -2 -2
X4 10 10 10 10 2 2 2 2 2 2/ 1 1 1 1] 2 2/ 2 2 2
X5 10 10 10| —10| -2 -2 -2 -2 2 2/ 1 1 1 1l 0o o o ©0 ©
X6 10 10 10| —10| -2 -2 -2 -2 2 2/ 1 1 1 1l 0o o 0o O ©
X7 10 10 10 0/ -2 -2 -2 -2 -2 -2/ 1 1 1 1l 0 o 0O 0 O
X8 10 10 10 0/ -2 -2 -2 -2 -2 -2/ 1 1 1 1l 0 o 0o 0 O
X9 11 11 11| —11 3 3 3 3 -3 -3 2 2 2 2/[-1 -1 1 1 1
X10 11 11 11 11 3 3 3 3 3 3 2 2 2 2/-1 —-1|-1 -1 -1
X11 16 16 16| —16 0O 0 0 o0 0 0/-2 -2 -2-2{ 0 o0 0 0 O
X12 16 16 16| —16 0O 0 0 o0 0 0/-2 -2 -2-2{ 0 o0 0 0 O
X13 16 16 16 16 0O 0 0 o0 0 0-2-2-2-2{0 0 0 0 O
X14 16 16 16 16 0O 0 0 o0 0 0/-2-2-2-2{ 0 0 0 0 O
X15 44 44 44| —44 4 4 4 4] -4 —4|/-1 -1 -1 -1 0 O 0 O ©
X16 44 44 44 44 4 4 4 4 4 4/-1 -1 -1-1 0 o0 O 0 O
X17 45 45 45| —45| —3 -3 -3 -3 3 3 0 0 0 O 1 1l-1 -1 -1
X18 45 45 45 45| -3 -3 -3 —-3| -3 -3 0 0 0 O] 1 1l 1 1 1
X19 55 55 55| —55| —1 —1 —1 —1 11 1 1 1 1|-1 -1 1 1 1
X20 55 55 55 55| -1 -1 —1 —1| -1 —1| 1 1 1 1|-1 —1|-1 -1 -1
X21 22 -5 4 0 6 3 -3 0 0 0] 4 —2 -2 1| 2 -1 4 —2 1
X22 22 -5 4 0 6 3 -3 0 0 0 4 -2 -2 1| 2 —-1/-4 2 -1
X23 198 —45 36 0 6 3 -3 0 0o o o o o0 O 2 —-1] 4 -2 1
X24 198 —45 36 0 6 3 -3 0 0o o o o o0 O 2 —-1|-4 2 -1
X25 220 —50 40 o|-12 -6 6 0 0 0o 4 -2 -2 1 0 o0 0 0 O
X26 220 —50 40 o|-12 -6 6 0 0 0o 4 -2 -2 1 0 o0 0 0 O
X27 220 —50 40 ol 12 6 —6 0 0 O 4 -2 -2 1/-4 2/ 0 0 O
X28 352 —80 64 0 0 0 0 O 0 0/-8 4 4-2/ 0 0 0 0 O
X29 220 i -5 0 20 -4 2 —1] -8 1] 4 1 1 -2[ 0 o0f—-4 -1 2
X30 220 4 -5 o] 20 -4 2 -1 8 -1 4 1 1-2/ 0 o0 4 1 -2
X31 220 4 -5 0 4 4 4 -5 8 -1 4 1 1-2/ 0 o0 -4 -1 2
X32 220 4 -5 0 4 4 4 -5 -8 1| 4 1 1-2/ 0 O 4 1 -2
X33 440 8 —10 0|-24 0 -6 6 0 o 8 2 2-4 0 o0 0O 0 O
X34 880 16 —20 0|-16 8 2 —4 0 0-2-2-5 1 0 o0 0 0 O
X35 880 16 —20 0 0O 0 O 0/-16 2/-2 -5 4 1l 0 ©0f 0 0 ©
X36 880 16 —20 0 0O 0 O 0| 16 —2(-2 -5 4 1l 0 O 0 ©0 ©
X37 880 16 —20 o] 16 -8 —2 4 0 0/-2 4 -5 1 0 0 0 0 O
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[ Toide [BA [6AT6B [6C [8A [8B [8CT8D[10A[11A[11B[224[22B]]
[ Tgijlg [[Ba 15a] 6e[6F 18a[ 6g 6h] 8a 24a] 8b 24b[ 8c[ 8d[ 10a]1la] 11b]22a] 220]|
[[Cz(gi,)I[[30 15[ 36[ 36 18[ 18 36] 48 24] 48 24 16] 16] 10| 22] 22] 22[ 22]|
[ Cos [[5B 15B[6D][6C 18A[6E 6D| 8A 24A[ 8A 24A[ 8C[ 8C[10B[11A[11B[22B[22B]]
X1 1 1] 1] t 1] 1 1] 1 1] 1 1] 1| 1] 1 1] 1] 1] 1
X2 1 1|-1| 1 1]-1 —1| -1 —1| =1 —1| 1| 1| —1| 1| 1| —1] =1
X3 o o|]-1|-1 -1 1 1 o o o o of o of —-1] -1 1| 1
X4 o o 1/-1 —-1|-1 -1 o o o o ol o of -1 -1 —1| -1
X5 0 ol-1] 1 1|-1 -1 A A|-A —A|-A| A| o -1 -1 1| 1
X6 0o ol-1] 1 1|-1 —-1|—-A —A| A A| A|-A| o -1 -1 1| 1
X7 o of 1 1 1] 1 1| A A|-A —A| A|l-A| o —-1| —-1| —-1| -1
X8 o of 1 1 1] 1 1|-A —A| A A|-A| A| o —-1| —-1| —-1| -1
X9 1 il-2| o o o of 1 1| 1 1| -1|-1] =1 o] o of o
X10 1 il 21 o o o of -1 —1| -1 —1|—-1|-1| 1| of of of o
X11 1 1] 2/ 0o o o of o o o o of of -1 c|l C|-c|-C
X12 1 1 2/ o ol o of o of o of of o -1 C| c|-C|-C
X13 1 1|-2| o0 ol o of o of o of of o 1| ¢| C| c| C
X14 1 1|—-2 0 ol o o o ol o o of o 1| C| c| C| c
X15 -1 -1 1| 1 1|-1 -1 o of o o of of 1 of o o o
X16 -1 —1|-1| 1 1l 1 1 o of o o] of o] -1 of o of o
X17 o o o o o o o 1 1 1 1|-=1|-=1 o 1| 1| —1| -1
X18 o of of o o o o-1 —1]-1 —1|-1-1 of 1| 1 1 1
X19 o of-1|-1 -1 1 1| -1 —1| -1 —1| 1| 1| o| o o] of o
X20 o of 1|-1 —1|-1 -1 1 1| 1 1| 1| 1| o] o] o] of o
X21 2 —1] o] 0 of o o] 2 —1] 2 —1] o] o] o] o] o] of o
X22 2 -1 ol o of o of-2 1/-2 1| of o o o o] of o
X23 -2 1 ol o of o o -2 1|-2 1| ol o of of o o o
X24 -2 1 ol o of o of 2 —1| 2 —1| ol o of of o o o
X25 o of ol o of o of B A|-B —A| o/ of o o o| of o
X26 o of ol o o o o|-B —-A| B Al o of of o o| o o
X27 o of of o o o o o o o of o o o o o o o
X28 2 -1, o/l o o o o/ o o o o| of of o o] of o o
X29 0 0 0] 2 —1] 1 —2[ 0 0] 0o o of of o] of o] of o
X30 o of of] 2 —1/-1 2/ o o/ o of o of of o o o o
X31 o of o]-2 1/-1 2| o o/ o of o o o o o o o
X32 o ol o]-2 1 1 -2/ o o/ o of o of o o o o o
X33 o o of o o o o o o o of o o o o o o o
X34 o of of 2 -1 0 o o o o of o o o o o o o
X35 o of of o o-1 2 o o o of o of o o o o o
X36 o o oo o 1-2 o o o of o of o o o o o
X37 0o ol o]-2 1 0 o o o o of o o o o o o o

where in Table 9, A = —iv/2, B =2iy2and C =} —i

—
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