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Simple semirings appear in many fields of mathematics. In order to charac-
terize simple semirings with bi-absorbing element, it is necessary to have some
information on minimal left ideals. In this note, basic properties of minimal left

ideals in semirings are investigated.

1. Prerequisities

1.1 Semigroups. Let S = S(x) be a semigroup. If A, B are subsets of S then
AxB ={axbla€ Abe B}. An element a € S is called left/right neutral
(absorbing) if axb=b/bxb=0b(axb=a /bxa=a) for every b € S. We
denote by L(S(x)) (R(S(x))) the set of left (right) absorbing elements and we

put LT(S(x)) ={ae S|laxS| =1} (RT(S(*)) ={a€S||Sxa|=1}).

The semigroup S is called

- left (right) cancellative if axb # axc (bxa # cxa) for all a,b,c € S, b # c,

- idempotent if a * a = a for every a € S,

x. Corresponding author
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- constant if |S * S| = 1.

If the semigroup S is commutative then, for a,b € S, we write a < b iff
be (axS)U{a}. We write a < biff a <b| and a # b.

1.2 Semirings. A semiringis an algebraic structure with two associative binary
operations, usually denoted as addition and multiplication, where the addition
is commutative and the multiplication distributes over the addition.

Let S be a semiring. Then 0g € S (0og € S) means that S has the uniquely
determined additively neutral (absorbing) element Og (0g). On the other hand,
Os ¢ S (0os ¢ S) means that no such element exists in S. Similarly, 1g € §
means that S contains the uniquely determined multiplicatively neutral element
1g. There is no specific way how to denote multiplicatively absorbing elements,
but if the additively neutral element Og is multiplicatively absorbing then Og
is called the zero element. The set of left (right) multiplicatively absorbing
elements will be denoted by L(S) (R(S)) in the sequel.

The semiring S is called congruence-simple if it has just two congruence
relations. The following basic classification of congruence-simple semirings can
be found in [1], Theorem 2.1 and Lemma 1.4.

Proposition 1.2.1. Let S be a congruence-simple semiring. Then just one of
the following four cases takes place:

1. S is additively cancellative;

2. S is additively idempotent;

3. S is additively constant;

4. 05 €8,25 ={og} and S+ S =S5 (and S is infinite).

Every two-element semiring is congruence-simple and there are just ten two-
element semirings up to isomorphism:

Si1(+) Si(v) Sa(+) Sa(+)
S3(+) S3(+) Sa(+) Sa(-)
S5(+) Ss(+) Se(+) Se(-)
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Si(+) | 0 o S:() | 0 o Ss(+) | 0 o Ss() | 0 o
0 o 0 0 o 0 0 o

0 o o 0 0 o

So(+) ‘ a o So(+) ‘ a o S1o(+) ‘ a o S10(+) ‘ a o
0o o a o

o o 0 o o 0 o o o o

1.3 Semimodules. Let S be a semiring. A (left S—) semimodule is a commuta-
tive semigroup M (= M (+)) together with a scalar multiplication S x M — M.
The semimodule M is called

- minimal if |M| > 2 and N = M whenever N is a non-trivial subsemimod-
ule of M;

- stmple if it has just two congruence relations;

- faithful if for all a,b € S, a # b, there is at least one x € M with ax # bx.

2. Ideals-basic facts

Let S be a non-trivial semiring. A non-empty subset I of S is called
- a left (right) ideal if (I +I1)USICI ((I+I1)UISCI);
- an ideal if (I +1)USTUIS C I;
- a bi-ideal if (S+1)USIUIS C .
A (left, right, bi-) ideal is said to be
- trivial if |I] = 1;
- properif I #£ S;

- minimal if it is non-trivial and K = I whenever K is a non-trivial (left,
right, bi-) ideal such that K C I.

The semiring S is called

- (left, right, bi-) ideal-simple if S has no proper non-trivial (left, right, bi-)
ideal;

- (left, right, bi-) ideal-free if S has no proper (left, right, bi-) ideal.
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The following four assertions are straightforward.

Lemma 2.1. Let a € S. Then:

(i) The one-element set {a} is a left (right) ideal of S iff the element a is
right (left) multiplicatively absorbing.

(ii) The set {a} is a bi-ideal iff a is bi-absorbing. O

Lemma 2.2. Assume that L(S) # 0 (R(S) #0). Then:

(i) L(S) (R(S)) is an ideal and it is the smallest left (right) ideal of S.

(i) [L(S)| = 1 iff |[R(S)| = 1 and then L(S) = {a} = R(S), where a is
multiplicatively absorbing.

(if) If |L(S)| > 2 (IR(S)| > 2) then R(S) = 0 (L(S) = 0).

(iv) L(S) (R(S)) is bi-idempotent.

(v) If a,b € L(S) (a,b € R(S)) are such that a < b then the two-element set
{a,b} is a minimal right (left) ideal. O

Lemma 2.3. (i) L(S) C LT(S) (R(S) C R™(S)) and L*(S) (R"(S)) is an
ideal of S, provided that L*(S) # 0 (RT(S) #0).

(ii) There is a mapping o : LT(S) — L(S) (a : RY(S) — R(S)) such that
aS = {a(a)} (Sa = {a(a)}) for every a € LT(S) (a € R*(S)).

(ii) a| L(S) = id (| B(S) = id).

(iv) a? = o, a(a+b) = a(a) + a(b) and alca) = cala) (alac) = ala)c) for
all a,b € LY(S) (a,b€ RT(S)) and c€ S. O

Lemma 2.4. If I is a bi-ideal of S then the relation (I x I)Uidg is a congruence
of the semiring S. In particular, the semiring S is bi-ideal-simple, provided that
it 1§ congruence-simple. O

3. Minimal left ideals-basic observations (a)

In this part, let S be a semiring and K be a minimal left ideal of S. We put
A={ae€K|Sa=K},B=KNR"(S)={a€K||Sa|=1},C =KNR(S) =
{ae K|Sa={a}},D={ac K|Ka=K}, E={a€ K||Ka| =1} and
F={aecK|Ka={a}}.

The following seven assertions are easy.

Lemma 3.1. (i) AUB=K and ANB =0.
(ii) B is a left ideal of S, provided that B # (.
(iii) Either B=10 or |B| =1 or B=K.
(iv) C C B, R(S)K C C and C # 0 iff R(S) # 0.
(v) DUE=K and DNE = 1.
(vii DCA BCFEand CCFCE.
(vii) If E # () then E is an ideal of K. O

Lemma 3.2. Let B = K (see 3.1(iii)). Then just one of the following five cases
holds:
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~

. KCR(S), |[K|=2 and K = {0k,0K};

2. SK = {0k} and K = {0, 0 };

3. SK = {ok} and K = {0k,0K};
4. SK ={ox} =K+ K and |K|=2;
5. SK = {0k} and K(+) is a finite cyclic group of prime order. O

Lemma 3.3. Let B= K and |K| > 3. Then SK = {0k} and K(+) is a finite
cyclic group of prime odd order. O

Lemma 3.4. Let |B| =1 (see 3.1(iii)). Then just one of the following two cases
holds:

1. B ={0k}, Ok K = {0x} = SO and Sa = K for every a € K \ {Ox}.
Besides, either 0 S C R(S) and |0xS| > 2 or Ok is multiplicatively
absorbing in S, K C S+ 0x and S+ Ok s a bi-ideal of S;

2. B = {ox}, ok K = {ox} = Sox and Sa = K for every a € K \ {ok}.
Besides, either ogS C R(S) and |oxS| > 2, or ox is multiplicatively
absorbing in S, KN (S +ox) = {okx} and S + ok is a bi-ideal of S. [

Lemma 3.5. Let B = {0k} (see 3.4). Then:

(i) E={aec K|Ka={0k}}.

(i) 0Ok e L={a€ S|aK ={0k}} and L is an ideal of S.

(iii) If K C L then KK = {0k}, E = K and K x K = p, where g is the
congruence of S defined by (a,b) € o iff ac = be for every c € K.

(iv) If K ¢ L then LK = KN L = {0x}. 0

Lemma 3.6. Let B = {ox} (see 3.4). Then:
(i) E={ae K|Ka={ox}}.
(ii) ox € L={a € S|aK = {ox}} and L is an ideal of S.
(iii) If K C L then KK = {ok}, E=K and K x K C p (see 3.5(iii).
(iv) If K ¢ L then LK = K N L = {ox}. O

Lemma 3.7. Let B = {0k} see 3.4) and J ={a € K|0x € K+a}. Then:
(i) J is a left ideal of S.
(ii) Either J ={0x} or J =K.
(iii) If J = {0k} then K + (K \ {0x}) C K\ {Ox}.
(iv) If J = K then K(+) is a group. O

Lemma 3.8. Let B = {Ox} = J (see 3.7). Then either E = K or D is
a subsemiring of K (in fact, K+ D C D).
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Proof. Assume that D # (). Clearly, DD C D. 1If a,b € K are such that
a+b¢ Dthena+be E, K(a+b)={0x} by 3.5(i), and hence ca + ab = Og
for every ¢ € K. Now, ca = 0g = cb follows from 3.7(iii), so that a,b € E. [

Lemma 3.9. Da =D for every a € D.

Proof. Clearly, DD C D. If a,b € D then b = ca for some ¢ € K and
K = Kb= Kca, |Ke| >2 and c € D. O

Lemma 3.10. Assume that K is multiplicatively idempotent. Then just one of
the following three cases is true:

1. K is additively idempotent and ab = a for all a,b € K (then E =10);
2. |[K|=2 and K = Sg (then E = K);
3. |E]=1.

Proof. We have Ka = {a®} = {a} for every a € E, and hence E C R(S) and
E=R(S)NK. If |[E| > 2 then K C R(S) and it is clear that K = Ss. On the
other hand, if £ = () then Ka = K and baa = ba for all a,b € K. Thus ab = a
for all a,b € K. O

4. Minimal left ideals-basic observations (b)

Let S be a semiring and K be a minimal left ideal such that |B| = 1 (see 3.4).
Then B = {q}, where either ¢ = Ox or ¢ = ox. Besides, ¢ € R(S), KR(S) =
K N R(S) = {q}, ¢S C R(S) and ¢K = {q}, so that ¢ is multiplicatively
absorbing in K. We have Sa = K for every a € K \ {¢}, KE = {¢}, E is an
ideal of K and Ka = K for every a € D = K \ E (see 3.5, 3.6).

Lemma 4.1. (i) ¢ ¢ (K \ {q})a for every a € D.
(ii) If a € K then either Ba # b for every b € K, b # q, or a is right
multiplicatively neutral in K.

Proof. (i) The set {b € S|ba =q} is a left ideal of S.
(ii) The set {b € K |ba = b} is a left ideal of S. O

The following six assertions are straightforward.

Lemma 4.2. Let a € K be such that a*> = a. Then:

(i) If a # q then a is right multiplicatively neutral in K.

(i) If a # q then (a + q)? = a + b+ ab+ b% for every b € K. If, moreover,
b> = b # q then (a +b)%* = 2(a +b).

(iii) (a+¢)* =a+q.

(iv) If a # q then (ba)? = b? for every b € K.
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(v) If a # q then (ab)? = ab® for every b € K.

(vi) If b € K is such that b*> = b # q then 2c = c(a + b) for every c € K. If,
moreover, 2c # q then a +b # q. If 2c = ¢ # q then (a +b)? = a + b. Ol

Put I,(K) ={a € K|2a =a}, [n(K)={a € K|a®> =a} and I,(K) =
{aeK|2a=q}.

Lemma 4.3. (i) q € [,(K) and I,(K) is a left ideal of S.
(i) Either 1,(K) = {q} or I,(K) = K (so that K is additively idempotent).
O

Lemma 4.4. (i) g € I,(K) and I,(K) is a left ideal of S.

(i) Either I,(K) = {q} or I,(K) =K.

(i]) If I(K) = K then I,(K) = {q}.

(iv) If I,(K) = {q} = I.(K) and either ¢ = o, or ¢ = 0k and J = {0k}
(see 3.7(iil)) then, for every a € K \ {q}, the additive subsemigroup Na =
{a,2a,3a,...} is a copy of the additive semigroup of positive integers. O

Lemma 4.5. Let I,(K) = K. Then:
(i) Iy (K) is a subsemiring of K.
(i) ¢ € I,(K) and ab = a for all a,b € I,,(K), b # q.
(iii) If a € Ln,(K) \ {q} then a is right multiplicatively neutral in K.
(iv) a+b# q for all a,b € I,(K) \ {q}- O

Lemma 4.6. Let a € K be such that a™ = a for some m > 2. Put b =
a+a®+---+am™'. Then:

(i) ab=b = ba.

(ii) If b = ¢ = Og and a # O then K(+) is a p-elementary group for a
prime p (see 3.7).

(iii) If b # q then a is right multiplicatively neutral in K, a € I,(K) and
b = ma. O

Lemma 4.7. Let a € K be such that ¢ # a™ € I,(K). Then a™*! = a. O

Lemma 4.8. Leta € K and 1 < m < n be such that a™ = a"™. Then
a™=m) ¢ I, (K).
Proof. As ¢ = a™ -a" ™ = a™, we have a™ = a™

, a
a™ - @™M=m) and hence ™" . gm(n—m) — gm(n-—m)

Lemma 4.9. Let a € K\ I,,(K) be such ¢ # a+a®+---+a* for every k > 1.
Then either ¢ = Oxg = a' for some | > 2 or the multiplicative subsemigroup
aN ={a,a?,a,...} is a copy of the additive semigroup of positive integers.
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Proof. Assume, on the contrary, that a” = a” for some 1 < m < n. By 4.8,
a1 = a™m) ¢ I, (K). By 4.7, either amn=m)+l — 4 or gmn—m) — q. If
a™=m) = g then ab = b = ba for b = a4+ a® + --- + ™™ ™) p £ ¢ and
a € I,(K) by 4.1(ii), a contradiction. Thus a" ("~ = ¢, and hence ¢ = Ox (if
q= ok then a+a®+--- 4+ a™" "™ = o) = q). O

Lemma 4.10. Assume that ¢ = 0.

(i) If a € E then a = {0k,a} and Na U {0k} is the subsemiring of K
generated by a.

(ii) If a € I,(K) then a = {a} and Na is the subsemiring of K generated
by a.

(iii) If K is not a ring and a € D\ I,,(K) then a¥ is a copy of the additive
semigroup of positive integers, (a) = { > " na;|m > 1,0 <ng,> . n; #0} is
the subsemiring of K generated by the element a and (a) C D.

Proof. (i) We have a? = 0.

(i) We have a? = a.

It follows from 4.1(i) that Ox ¢ a". We have a € D and D is a subsemiring
of K by 3.8. Thus (a) C D. The rest follows from 4.9. O]

For e € I,(K),let G ={a€ K|ea=a} and G. = G \ {q}.

Lemma 4.11. Let e € I,,,(K). Then e,q € G} and G} is a right ideal of
the semiring K, If e = q then GT = {q}. If e # q then |G| > 2 and e is
multiplicatively neutral in G O

Lemma 4.12. Lete € I,,,(K)\{q}. Then G, is a subgroup of the multiplicative
semigroup K(-) and e is the multiplicatively neutral element of G;. Moreover,

G, CD.

Proof. Clearly, e € G.. If a,b € G, then a € Ka, b € Kb, and hence a,b € D,
ab € D and ab € G.. By 4.5(iii), e is right multiplicatively neutral in K, so that
e is the multiplicatively neutral element of G..

Let a € Ge. Then ba = e for some b € K, eb = bab and a = ae = aba.
We have ab # ¢, and therefore b € D and ¢b = e for some ¢ € K. Then
a = ea = cba = cb=c, ab= e, eb = be = b and we see that G is a multiplicative
group. O

Lemma 4.13. Lete, f € I,(K)\ {q}, e # f. Then Ge NGy = 0.

Proof. If a € G. N Gy then ea = a = fa. But e = ab for some b € G, and we
have f = fe = fab=ab=e. O



MINIMAL LEFT IDEALS IN SEMIRINGS 381

Lemma 4.14. Assume that no subsemigroup of the multiplicative semigroup
of D is a copy of the additive semigroup of positive integers. Then D = |JGe,

ee€In(K)\{q}

Proof. Let a € D. Then ba = a for some b € D (see 3.9), and hence b™a = a
for every m > 1. According to our assumption, b" € I,,(K) \ {q} for some
n > 1. O

Lemma 4.15. Lete, f € I,,(K)\{q}. The mapping a — fa is an isomorphism
of the multiplicative group G onto the multiplicative group Gj.

Proof. First, ffa = fa, and so fa € Gy. Furthermore, by 4.5(iii), fab =
fafbF for all a,b € G, and therefore a — fa is a multiplicative homomorphism
of G, into Gy. If a € G, is such that fa = f then a is right multiplicatively
neutral in K by 4.1(ii), and so a = ea = e. It means that the homomorphism is
injective. Finally, if c € Gy then ec € G, and fewc = fc=c. O

Lemma 4.16. Assume that K is multiplicatively idempotent. Then ab = a for
all a,b € K, b # q, and just one of the following three cases holds:

1. |[K| =2 and K = Sy (then q =0k );
2. K is additively idempotent;
3. q =ok and 2a = og for every a € K.o

Proof. It follows immediately from 4.2(i) that ab = a for all a,b € K, b # q.
Now, c(a+b) =ca+cb=2cfor all c € K and a,b € K\ {¢}. If a + b = q then
2¢ =g and I,(K) = K. If, moreover ¢ = Ox then K(+) is a 2-elementary group
and a = a(a + b) = aa + ab = 2a = O for O # a # b # Ox. Now, it follows
easily that |K| =2 and K = S;. Finally, if a + b # ¢ for all a,b € K \ {¢q} then
K (+) is idempotent. O

5. Partial summary (a)

Let S be a semiring and K be a minimal left ideal of S such that B = {0k}
(see 3.4). We put K* = K \ {Ox} and I,,,(K)* = I,,(K) \ {Ox }.

Proposition 5.1. (i) Ok K = {Ox} = S0k

(i) 0k S C R(S).

(iii) Sa = K for every a € K*.

(iv) 0Ok e L={a€S|aK ={0x}} and L is an ideal of S.

(v) If K C L then KK = {0k} and K x K C p, where g is the congruence
of S defined by (a,b) € o iff ac = bc for every c € K.

(Vi) If K C L and p= S x S then SK = {0k}.
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(vii) If SK = {0k} (or L = S) then either |K| = 2 or K(+) is a finite
(cyclic) group of prime order. (viii) If K ¢ L then LK = LN K = {0k}.

(ix) If |R(S)| = 1 then Ok is multiplicatively absorbing in S and S + Ok is
a bi-ideal of S.

(X) If S+ 0 =8 then O = 0Og.

(xi) E={a€eK||Ka|=1}={a€e K|Ka={0xk}}.

(xii) F = K iff K C L (see (v) and (vi)).

(xiii) DD=D ={a€ K|Ka= K} and Da= D for every a € D.

(xiv) K =EUD and END = {.

(xv) 0K ¢ K*D.
(xvi) Either K is additively idempotent or 2a # a for every a € K*.

(xvil) Either 2a = O for every a € K (so that K(+) is a 2-elementary
group), or 2b # Ok for every b € K* and K = {2a|a € K }.

(xviii) Either K(+) is a group or K + K* C K*.

(xix) If a € L,,(K)* then a is right multiplicatively neutral in K.

(xx) In,(K)* C D.

Proof. See 3.4, 3.5, 3.7, 3.8, 3.9 and 4.2, 4.3, 4.4. O

Proposition 5.2. Assume that K(+) is not a group and that KK # {0k}.
Then:

(i) K+ K* C K*.

(ii) D is a subsemiring of K and K + D C D.

(iii) For every e € I,(K)*, Ge = eK* = {a € K|ea = a} is a subsemir-
ing of K, e is the multiplicatively neutral element of G and the multiplicative
semigroup of G is a group.

(iv) G5 = Ge U{0k} = eK s a right ideal of K.

(v) Either G, = {e} or the multiplicative group of G is infinite and torsion-
free.

(vi) If e, f € I,(K)*, e # f, then Ge NGy =  and the mapping Ge —
fGe = Gy is an isomorphism of the semiring G. onto the semiring G .

Proof. See 3.7(iif), 4.10, 4.11, 4.12, 4.13 and 4.15. O

Proposition 5.3. Assume that K(+) is not a group, KK # {0Og} and no
multiplicative subsemigroup of D is a copy of the additive semigroup of positive
integers. Then:

(i) D = L, (K)* is a subsemiring of K, K+ D C D and D is just the set of
elements from K that are right multiplicatively neutral in K.

(ii) DU {0k} is a right ideal of K.

(iii) F is an ideal of K.

(iv) K is additively idempotent.

(v) The relation (D x D) U (E x E) is the greatest proper congruence of the
(left K-) semimodule kK.
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(vi) For every a € K, aFE = {0k}, aD = {a} and aK = {0k, a}.

Proof. (i) It follows from 5.2(v) that G =}e} for every e € I,,(K)*. Now, 4.14
implies D = I,,,(K)*. The rest follows from 5.2(ii).

(ii) This follows immediately from (i).

(iii) Easy to see.

(iv) If a € K and b € D then a +a = ab+ ab = a(b+ b) = a (we have
2be D).

(v) and (vi) These assertions are obvious. O

5.4 Assume that K(+) is not a group, KK # {Ox} and D = I,,,(K)* (see 5.3).
Then the assertions 5.3(i),...,(vi) are true and we define a relation ¥ on K by
(a,b) eViff {ce Slcac E} C{ceS|cbe E}.

Lemma 5.4.1. ¢ is reflexive and transitive. Moreover, (a,b) € ¥, provided that
b<a.

Proof. If b < a and ca € E then ¢b € E, since ¢b < ca. O
Lemma 5.4.2. If (a,b) € ¥ then (a+c¢,b+c) € ¥ and (da,db) € 9 for allc € K
andd € S.

Proof. Use 5.3(i),(iii). O

Lemma 5.4.3. (0x,a) ¢ O for every a € K*. O

Lemma 5.4.4. (i) 0 = ker(9) is a congruence of the (left S-) semimodule K .
(ii) (O, a) ¢ o for every a € K*.

Proof. Use 5.4.1, 5.4.2, and 5.4.3. O

Lemma 5.4.5. o is the (unique) greatest proper congruence of the (left S-)
semimodule sK and o C (D x D)U (E x E).

Proof. Let 7 be a congruence of K such that 7 ¢ o. Take (a,b) € 7\ o and
assume that ca ¢ F and ¢b € E for some ¢ € S (the other case being symmetric).
Now, ca € D, dca = d and dcb = O for every d € K. Consequently, (d,0x) € T
and T = K x K. O
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Corollary 5.4.6. The (left S-) semimodule sK is simple iff o = idk. O
Corollary 5.4.7. The factorsemimodule s K /o is both minimal and simple. [

Lemma 5.4.8. Leta € K and F, ={f € S|fa€ E}. Then:
(i) Fue+ F, CF, and KF, C E,.
(il)) S+ (S\ F,) C S\ F,.
(iii) £ C F,.
(iv) Fp, =S iff a = 0g.
(v) KCF,iffac E.
(vi) If a € D then K N F, = {0k}.

Proof. It is easy (use 5.3). O

Lemma 5.4.9. Let a € K be such that b = op € F = F,. Then, for every
c € K, we have:

(i) cbay = Ok for every a1 € K such that (a,a +a1) € 0.

(i) cbag = ¢ for every ag € K such that (a,a + a2) ¢ o.

Proof. (i) We have b € F, = Fy, 14, and so b € Fy,, ba; € E and cba; = 0.
(ii) We have Fyiq, C F,, and hence bja € E and bjay ¢ E for some by € S.
Now, by +b =0, ba € F, bay € D and cbas = c. ]

6. Partial summary (b)

Let S be a semiring and K be a minimal ideal of S such that B = {ox} (see
3.4). We put K° = K\ {ox} and I,,,(K)° = L,(K) \ {ox }.

Proposition 6.1. (i) ox K = {ox} = Sok.

(ii) ox S C R(S.

(iii) Sa = K for every a € K°.

(iv) ok € Ly ={a € S|aK ={ox}} and L is an ideal of S.

(v) If K C Ly then KK = {ox} and K x K C p, where ¢ is the congruence
of S defined by (a,b) € o iff ac = bc for every c € K.

(vi) If K C Ly and o= S x S then SK = {ok}.

(vii) If SK = {ok} (or Ly = S) then either |K| = 2 or K(+) is a finite
(cyclic) group of prime order.

(viii) If K € Ly then L1 K = Ly N K = {o}.

(ix) If |R(S)| = 1 then ok is multiplicatively absorbing in S, S + ok is a
bi-ideal of S and K ¢ S + ok .

(x) If S = o = {ox} then ox = og.

(xi) E={a€eK||Ka|=1}={a€e K|Ka={ok}}.

(xii) E = K iff C Ly (see (v) and (vi)).

(xiii) DD=D ={a€ K|Ka= K} and Da= D for every a € D.

(xiv) K =EUD and END = {.
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) ox ¢ K°D.
i) Fither K is multiplicatively idempotent or 2a # a for every a € K°.
(xvil) Fither 2a = ok for every a € K, or 2b # ox for every b € K° and
K={2a|lac K}.
(xviii) If a € I,,(K)® then a is right multiplicatively neutral in K.
(xix) I, (K)° C D.

(xv
(xv

Proof. See 3.4, 3.6, 3.9 and 4.2, 4.3, 4.4. O

Proposition 6.2. (i) For every e € I,,(K)°, the set H. = {a € K°|ea =a}
is a subgroup of the multiplicative semigroup K(-) and e is the multiplicatively
neutral element of H.. Moreover, H, C D.

(i) Hf = eK = H. U{ok} is a right ideal of K.

(iii) If a € He is such that a™ = a™ for some 1 < m < n then either a = e
or o = a+a%+ -+ an—mm,

(iv) If e, f € In(K)°, e # f, then H.N Hy = 0 and the mapping He —
fH, = Hy is an isomorphism of the multiplicative groups.

(v) Ife, f € I,(K)° then the mapping H} — fH} = Hf+ 18 an isomorphism
of the semirings.

Proof. See 4.9. 4.11, 4.12, 4.13 and 4.15. O

Lemma 6.3. Let e € I,,(K)° be such that 2e = ox. Then 2K = {ox} =
H.+ H..

Proof. First, 2K = {ox} by 6.1(xvii). Next, (a +€)?> = a®> +2a + e = ox
for a € H., and hence a + e = og and ab+ b = ok for all a,b € H,. Thus
H.+ H, ={ox} O

Lemma 6.4. Let e € I (K)° be such that e € F, = {a € H.|a+ e # ok }.
Then:

(i) Fe is a subsemiring of K and the multiplicative semigroup of F. is a
group.

(i) If F. # {e} then the multiplicative group of F is infinite and torsionfree.

(iii) If Fe = {e} then 2a = a and a + b = ok for all a,b € He, a # b.

Proof. (i) We have a + e € H, for every a € H.. Now, e +a+ b+ ab =
(a+e)(b+e) € H for a,b € H,, and hence a+b € F, and ab € F,.. If c € H, is
such that ac = e then ox # (a + e)c = e + ¢, so that ¢ € F..

(i) Use 6.2(iii).

(iii) If ¢ € H, is such that ac = e then (a + b)c = e + be and be # e. Since
F. = {e}, we have e + bc = og, and hence a + b = og as well. Of course, 2e = e
by (i). O



386 BARBORA BAT{KOVA, ToMAS KEPKA AND PETR NEMEC

Proposition 6.5. Assume that KK # {ox} and no multiplicative subsemigroup
of D is a copy of the additive semigroup of positive integers. Then:

(i) D # 0 and Da = D for every a € D.

(i) D =JHe, € € I, (K)°.

(iii) For every e € I,,,(K)°, the multiplicative group of H. is periodic.

(iv) a+ b= ok for all a,b € H, a #b.

(v) If 2e # ok then 2a = a for every a € H..

(vi) If 2e = ok then a +b = ok for all a,b € H,.

Proof. (i) See 6.1(xii),(xiii).

(if) This is 4.14.

(iii) This follows immediately from our assumption.

(iv), (v) and (vi). If 2e = ok then 6.3 applies. If 2e # ox then F, = {e} by
6.4(ii) and 6.4(iii) applies. O

Proposition 6.6. Assume that K is multiplicatively idempotent and ) # D =
I (K)°. Then:

(i) D is a subsemiring of K.

(ii) If a,b € K are such that a <b and b € D then a € D.

(iii) F is a bi-ideal of K.

(iv) aD = {a} and aF = {ok} for every a € K.

Proof. Easy (use 4.5). O

6.7 Assume that KK # {ox} and no multiplicative subsemigroup of D is a
copy of the additive semigroup of positive integers (see 6.5).

Lemma 6.7.1. (i) DD = D.

(ii) KE = {ok}.

(iii) Da = D and Ea = E for every a € D.

(iv) If a,b € K are such that ab € E then either a € E, or b € E and
ab = og.

Proof. (i) See 6.1(xiii).

(ii) See 6.1(xi).

(iii) We have K = Ka = Da U FEa, where Da C D and Ea C E. Thus
Da =D and Fa = E.

(iv) This follows immediately from (i). O

Lemma 6.7.2. Let a € D. Then:
(i) a € H, for a uniquely determined e € 1U,(K)°.
(ii) Hra = Hy for every f € I, (K)°.
(iii) aH; = H;.
(iv) aD = H, and aK = H} = H. U {ok}.
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Proof. (i) By 6.5(ii), a € G, and, by 6.2(iv), the idempotent e is determined
uniquely.

(ii) We have Hya C DD C D by 6.7.1(i) and fba = ba for every b € Hy.
Thus Hya C Hy. Since Da = D, we get Hya = Hy.

(iii) Clearly, aHy C H.. On the other hand, if b € H, then b = ac for some
c € He (see 6.2(i)), and hence b = afc, while fc € Hy (use 6.1(xviii).

(iv) This follows from (iii). O
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