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Abstract. The primary concern of this paper is to introduce the notion of (p,q)-
o relative Gol’dberg type, (p, ¢)-¢ relative Gol’dberg weak type of entire functions of
several complex variables and study some growth properties based upon them.
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order, (p, ¢)-¢ relative Gol’dberg lower order, (p, q)-¢ relative Gol’dberg type, (p, q)-¢
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1. Introduction, definitions and notations

The symbols C™ and R™ will stand for complex and real n-spaces respectively .
In addition, let us assume that the points (z1, 22, - - -, 2,), (m1, ma, - -+, my) of C"
or I"™ be represented by their corresponding unsuffixed symbols z, m respectively
where I denotes the set of non-negative integers. Then the modulus of z, denoted
by |z, is defined as |z| = (|z1|> +--- + \zn\z)% If the coordinates of the vector
m are non-negative integers, then the expression 27" - - 2/ will be denoted by
2™ where ||m| =my + - - + my.

Consider D C C" to be an arbitrary bounded complex n-circular domain
with center at the origin of coordinates. Then for any entire function f(z)
of n complex variables and R > 0, My p(R) may be defined as My p(R) =
SUp,ep,, |f(2)| where a point 2 € Dpg if and only if 5 € D. If f(z) is non-
constant, then My p(R) is strictly increasing and its inverse Mf_ll) :(|£(0)],00) —

(0, 00) exists such that limp_,~ Mf_}J(R) = 0.

x. Corresponding author
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For k € N, we define exp*! R = exp(exp*~1 R) and logll R = log(log[k*” R)
where N is the set of all positive integers. We also denote log[o] R =R, log[_” R=
expR, expl) R = R and exp"U R = log R. Further we assume that throughout
the present paper p, ¢ and m always denote positive integers. Also throughout
the paper an entire function f(z) of n-complex variables will stand for an entire
function f(z) for any bounded complete n-circular domain D with center at
origin in C". Taking this into account, we recall that Datta et al. [6] defined
the concept of (p, q)-th Gol’dberg order and (p, ¢)-th Gol’dberg lower order of
an entire function f(z) of n-complex variables where p > ¢ in the following way:

p
p%)’q) (f) = limsup k)g[]]\ﬁ’l)(R)
R—+00 log'’ R

APD(f) — lim in log” M. (R)
R—+00 10g[Q] R
F o o (2,1) (2,1) .

or p = 2 and ¢ = 1, the symbols p;;"(f) and \};7/(f) are respectively
denoted by pp(f) and Ap(f) which are actually classical growth indicators (see
e.g. [9, 10]). However in the line of Gol’dberg (see e.g. [9, 10]), it may be
easily established that p(g’q)( f) and /\%’q)( f) are independent of the choice of
the domain D, and therefore one can write p®9(f) and A®9(f) instead of
pg7q)( f) and )\%’Q) (f) respectively.

In [13], Shen et al. introduced the definition of (p, ¢)-¢ order of an entire
function. For details about (p,q)-¢ order, one may see [13]. Consequently the
definition of (p,q)-¢ Gol’dberg order and (p, q)-¢ Gol’dberg lower order of an
entire function f(z) of n-complex variables are established in [4] which are as
follows:

Definition 1 ([4]). Let ¢(R) : [0,400) — (0,+00) be a non-decreasing un-

bounded function. Then the (p,q)-¢ Gol’dberg order p%”q)(f, ) and (p,q)-p

Gol’dberg lower order Ag’q)(f, ©) of an entire function f(z) of n-complex vari-

ables are defined as

Pl M p(R)
B0 ) — lim sup 25 .0 ()
pp-(F:%) R—>+o<I>) log[q} o(R)

logl?! M
AED (£, ) = lim it 28~ 200
R—+o0  ]ogld] ©(R)

The above definition avoids the restriction p > ¢q. However, an entire function
f(2) for which pg’q)( f,¢) and /\g’q)( f,) are the same is called a function
of regular (p,q)-¢p Gol’dberg growth. Otherwise, f(z) is said to be irregular

(p, q9)- Gol’dberg growth. For any non-decreasing unbounded function ¢(R) :
logl) o( R)
?ogg[‘ﬂ% =1 for all a > 0,

then one can easily verify that p(Dp’q)( f,p) and )\(g’q)( f, ) are independent of

[0, +00) — (0, +00), if it is assumed that limp_, 4
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the choice of the domain D, and therefore one can use the symbols p(p’Q)( %)
and A9 (f ) instead of p(g’q)(f, ¢) and )\(g’q)(f, ) respectively.

If o(R) = R and p > ¢, then Definition 1 coincides with the definition
of (p,q)-th Gol'dberg order and (p, q)-th Gol’dberg lower order introduced by
Datta et al. [6].

Concerning this we just state the following definition:

Definition 2. An entire function f(z) of n-complex variables is said to have
indez-pair (p, q)-¢ if b < pPD(f, ) < oo and pP~14=V(f, ) is not a nonzero
finite number, where b = 1 if p = q and b = 0 for otherwise. Moreover if
0 < pPD(f, ) < oo, then

pP=D(f 0) =00,  for n<p,
pPI(f0) =0,  for n<q,
p(l’+”"1+”)(f, p)=1, forn=1,2---

Similarly for 0 < AP (f, ¢) < oo,

A=) (f, ) = 00, for n<p,
Aptnatn) (f oy =1, for n=1,2,---

Consequently for ¢(R) = R, Definition 2 reduces to the the definition of
index-pair (p,q) of an entire function f(z) of n-complex variables. For detail
about index-pair (p,q) of an entire function f(z) of n-complex variables, one
may see [3].

However for any two entire functions f(z) and g(z) of n-complex variables,
Mondal et al. [11] introduced the concept of relative Gol’dberg order of f(z)
with respect to g(z). In the case of relative Gol’dberg order, it therefore seems
reasonable to define suitably the (p, ¢)-th relative Gol’dberg order. With this in
view one can introduce the following definition in the light of index-pair.

Definition 3 ([3]). Let f(z) and g(z) be any two entire functions of n-complex
variables with index-pairs (m,q) and (m,p) respectively. Then the (p, q)-th rela-
tive Gol’dberg order pé’jg)(f) and (p, q)-th relative Gol’dberg lower order )\é{’g)(f)
of f(z) with respect to g(z) are defined as

p%)(f) ~ lim SUP log/”! Mgfé(Mf,D(R))'
)\gfg)(f) R—+oo inf logld R

Definition 3 avoids the restriction p > ¢ of Definition 1.3 of [1]. In view of
Theorem 2.1 of [1] one can easily prove that pép bq)( f) and )\ép j’g)( f) are indepen-

dent of the choice of the domain D, and therefore one can write pép 7q)( f) and
)\gp’Q)(f) instead of pgfg)(f) and Ag’g)(f).
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Further an entire function f(z) of n-complex variables for which pgp ’q)( f)

and )\ép ) (f) are the same is called a function of regular relative (p, q¢) Gol’dberg
growth with respect to an entire function g(z) of n-complex variables. Other-
wise, f(z) is said to be irregular relative (p,q) Gol'dberg growth with respect

to g(2).
In [4], Biswas has further introduced the notion of relative (p, ¢)-th Gol’dberg

type crgg)(f), relative (p, ¢)-th Gol’dberg lower type a(p q)(f) relative (p, ¢)-th
Gol’dberg weak type Tg(’pD)(f) and another growth indicator (” )(f) in the light
of index-pair which are as follows:

Definition 4 ([3]). Let f(z) and g(z) be any two entire functions of n-complex
variables with indez-pairs (m, q) and (m,p) respectively, such that 0 < pép’q)(f) <
+00. Then the relative (p, q)-th Gol’dberg type agg)(f), relative (p, q)-th Gol’dberg

lower type & pQ)(f) of f(z) with respect to g(z) are defined as:

UG s g MM ()
*g’z?)(f) Rroo inf (o0 la-1] gy (1)

Definition 5 ([3]). Let f(z) and g(z) be any two entire functions of n-complex
variables with index-pairs (m, q) and (m, p) respectively, such that 0 < /\gp’Q)(f) <
+oo. Then the relative (p,q)-th Gol’dberg weak type Tg(i’)q)(f), and the growth in-

dicator ?gfg)(f) of f(z) with respect to g(z) are defined as:

f lim sup IOg[p 1]M (MfD(R))
?Pq " Roo inf (logl~ 1] R)Agp (1)

Since Gol’dberg has shown that (see [9, 10]) Gol’dberg type depends on the
domain D, all the growth indicators defined in Definition 4 and Definition 5 also
depend on D (cf. [3]).

Now in order to make some progress in the study of relative Gol’dberg order,
n [4], the definition of (p, q)-¢ relative Gol’dberg order and the (p, q)-¢ relative
Gol’dberg lower order in view of index-pair are given which are as follows:

Definition 6 ([4]). Let ¢(R) : [0,400) — (0,+00) be a non-decreasing un-
bounded function. Also let f(z) and g(z) be any two entire functions of n-
complex variables with index-pairs (m,q) and (m,p) respectively. The (p,q)-p
relative Gol’dberg order and the (p,q)-¢ relative Gol’dberg lower order of f(z)
with respect to g(z) are defined as

log”! M. },(M;,p(R))
(f ¢) = limsup
R—+00 log[q] ©(R)

and

log[p]M L(M;p(R))
)\(P#]) , :1~ 3 f
o0 (@) = il = T R
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Further an entire function f(z) of n-complex variables for which ,o(p ) (f, )

and )\gj g)( f,¢) are the same is called a function of regular (p,q)-¢ relative
Gol’dberg growth with respect to an entire function g(z) of n-complex variables.
Otherwise, f(z) is said to be irregular (p, q)-¢ relative Gol’dberg growth with
respect to g(z).

In this paper, we assume that the nondecreasing unbounded function ¢(R)

logldl (aR)
%—lforaﬂa>0.

Since, Biswas et al. [4] have already shown that p ( fy¥) and )\gj g)( f,yp) are

independent of the choice of the domain D when go(R) : [0, +00) — (0,400) is

: [0,400) — (0,400) always satisfies limp_, 4o

. . . . ld]
a nondecreasing unbounded function and satisfies hmRﬁjLoo % =1 for

all &« > 0, so here we shall always use the notations p ( f,p) and )\gp ) (f, )

instead of p(p Q)(f, ¢) and )\g?g)(f, ) respectively.
Now, for the development of such growth indicators, one may introduce
(p,q)- gp relatlve Gol’dberg type 0 (f, ©), (p,q)-¢ relative Gol’dberg lower

type O'g D (f, ©), (p,q)-¢ relative Gol dberg weak type Tg(‘:an)(f, ¢) and another
growth indicator T(p q)( f, ) with the help of index-pair in the following way:

Definition 7. Let ¢(R) : [0,4+00) — (0,400) be a non-decreasing unbounded
function. Let f(z) and g(z) be any two entire functions of n- complex variables

with indez-pairs (m,q) and (m,p) respectwely, such that 0 < p (f, ¢) < 4o00.
Then the (p,q)-p relative Gol’dberg type Jg,D (f, ) and the (p,q)-¢ relative

Gol’dberg lower type a(pq (f,¢) of f(z) with respect to g(z) are defined as:

0(qu)(f, ©) i sup 10g[p 1]M (MfD(R))

111 :
—(pg)(f7 @)  R—too inf (logls™ @(R))ng (f.9)

Definition 8. Let p(R) : [0,4+00) — (0,400) be a non-decreasing unbounded
function. Let f(z) and g(z) be any two entire functions of n-complex variables

with indez-pairs (m,q) and (m,p) respectively, such that 0 < /\gp’q)(f, v) <
+oo. Then the (p,q)-p relative Gol’dberg weak type Tg(%n(f, @) and the growth

indicator ?gfg)(f, ©) of f(z) with respect to g(z) are defined as:

I,J[()I (f, e ~ i WP IOg[p_l] M;,})(Mf,D(R))
f)’Dq (f’ ) R—+oo inf (log[q—l] ¢(R))Aép’Q)(f,¢) '

I

As earlier it was discussed that the relative (p, ¢)-th Gol’dberg type, relative
(p, q)-th Gol'dberg lower type and all the other growth indicators mentioned in
Definition 4 and Definition 5 depend on the particular choice of the domain D,
naturally the growth indicators introduced in Definition 7 and Definition 8, in
general, also depend upon the domain D.
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In this paper we wish to study some growth properties based upon the notion
of (p, q)-p relative Gol’dberg type, (p, q)-¢ relative Gol’dberg weak type and the
other growth indicators of entire functions of several complex variables.

2. Lemmas

In this section we state some lemmas which will be frequently used to prove the
main results of the paper.

Lemma 1 ([5]). Let g(z) be any entire function of n complex variables with
reqular (m,p)-¢ growth and with non zero finite (m,p)-p Gol’dberg order. Also
let f(z) be another entire function of n complex variables with indez-pair (m, q).

Then ()
(p,9) _ P ol (fv 90)
pg (f7 SD) - p(mm) (g)
Further when 0 < \(™9(f ) < oo, then
A9 (£, 0)
(»,9) — P
)‘g (f,0) \(mp) (9) .

The above lemma can easily be derived from the conclusion of Theorem 1
already mentioned in [5]. In the similar fashion, from Theorem 1 in [5] the
following lemma may be proved:

Lemma 2 ([5]). let f(z) be any entire function of reqular (m,q)-p Gol’dberg
growth with non zero finite (m,q)-p Gol’dberg order. Also let g(z) be another
entire function with 0 < \™P)(g) < co. Then

N9 (f )
(p,9) — i
Pg (fip) = Amep) (g)
Further if 0 < pl™P)(g) < oo, then
(m,q)
(r,9) — pi(f"p)
)‘g (fip) = P(m’p) (9) '

3. Main results

In this section we present the main results of the paper.

Theorem 1. Suppose that g(z) and f(z) are any two entire functions of n
complex variables. Also let g (z) be of regular (m,p)-Gol’dberg growth. Then

1
[a%””l)( f, Qp)] P ()
75" (9)

—(m,q) mP) (g)
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__1_ __1_
< max [a%”’“ (f,so)]"<”’p><g> [o%“"” (f,so)]"<m’p><g>
) 75" (9) 5 ()

o5, <p>] T
a&;“’) (9)

Proof. In view of the first part of Lemma 1, we obtain from the definitions of
o9 (f, ) and G (f, ) that

log o (f, ) = limsup[log”! M_ 5 (R) — pPD(f,) - logl! (M L (R))]
R—+o00 ’

i.e., loga (f ®)

= limsup ——— [p"™P)(g) - log” ML (R
(3.1) — "”(fw)-10g[‘J]s0(M511>(R))]
and
1
- S pmP)(g) - logl ML
log 1) (f, ) = i inf (g )[ (9) - log®” M 1,(R)
(3:2) = pmD (£, 0) -logh o(M; | (R))].

Now from the definitions of Jgn’q)( f,¢) and EgL’q)( f, ), it follows that

(3.3)  logar?(f,¢) —lj%miup[log[ TR = p™ 9 (f,) -1ogl o(M },(R))]
— 100

and

(34) logay"(f,p) =lim infllog!"! R — p™D(f, ) -logl®) (M 1,(R))] -

Similarly, from the definitions of U(Dm’p )( ) and O'( P )( ), we get that

(3.5) log o—(m’p) (9) = lliqm iup[log[m] R — p(™P)(g) - 1logl”! M;})(R)] and
— 400
(3.6) loga;"(g) = liminfllog! R — p("¥(g) -logh” M, },(R)] .

Therefore, from (3.2), (3.4) and (3.5), it follows that

_ 1 m m _
log ") (£, )= grgfgm[log[ FR—p(™ 9 (£, 0)-1og¥ (M 1,(R))

— (logl™ R — pl™P) (g) -log" M _],(R))]
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i.e.,log a(pq (f, 9> ! [lim inf (log™ R—p™D(f, )

p)(g) R—+00
log¥l (M 1, (R) — 1}52 iup(log[m] R — pt"?)(g) -logl"l M },(R))]
1
(37 deloga, B (f ) = o057 (fg) ~ log o (g))

Similarly, from (3.1), (3.3) and (3.6), we have

(p ) : 1
lo o, ,@)=lim su
800 (:#)= Roston 92 (g)

logl¥ (M 1,(R) — (log™ R — p™)(g) - logl®! M_7,(R))]

i.e. loga (f(p)

log™ R—p(m™)(f, )

L flim sup(log™) R—p"9) (£,
P(mp)( ) R—+o0

ol (M [,(R)) — lim inf(log™ R — p™P) (g) -logl"! M_],(R))]

R—+o00

1 (m.0) (m,p)
(3.8) i.e. loga (f, )_W(logaD D(f, o) — log ), TP (g)) .

Again, in view of (3.2), (3.3), (3.4), (3.5) and (3.6), we obtain that

log 7" (f, 9= liminf———[logl™) R — o) (£, o). logle) (M 7 bR)

R0 pm2) (g)
— (logl™ R — pt™P)(g) -1og" M1, (R))]
(p.a) 1
i.e.,loga, (f,p) < ——X
piP(g)
[m] (m.q) la] (=1
minlim inf(log™ R — p™ (£, ) - log® p(M p(R)))

+ lim sup(log™ R — p(™P)(g) - log!”! Mg_é(R)),
R—+o00 ’

limsup(log™ R — p™9(f, o) - logl? SD(Mf_ll)(R)))
R—+o0 ,

+ lim inf(log!™ R — p(™P)(g) - logl?! M;})(R))]

R—+o00
1
i.e. loga(pq)(f, ) < I(;(Tp)()x
min(lim inf (log™ & — p"9)(f, ) - logl?) (M 1 (R)))
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— lim inf(log!™ R — p™P)(g) - 1ogl” M~L(R)),

R—+o00 9.0
lim iup(log[m} R~ p™9D(f,0) -logll (M },(R)))
—+00
~ lim ilig(log[m} R — p™P)(g) -1og®l M, |, (R))]
1 . —(m,
(3.9) i.e. loga (f, ) < p(Tp)(g)mm[logasj q)(f, ®)

—1og 77" (g), log a7V (f, ) — log a7 ()] .

Further from (3.1), (3.3), (3.4), (3.5) and (3.6), we obtain that

1
log o P29 — limsu logl™ R—p(™9 (£, 9)-1ogl¥ (ML (R
80y (f¢)=lim sup p(mﬁp)@[ g PO (f, Q- log (M 1 (R))

— (log™ R — p™P)(g) -logl” M}, (R))]
RN
PP (g)

(m] g — ,(m.a) - logld —1
max[%glfg(log R—p (f, ) - logi ¥ (M} 1 (R)))

+lim sup(log™ R — p™)(g) - 1ogl?! M_],(R)),
R—+o00 ’

i.e. loga (f, p) >

lim sup(log[m} R— p(m’Q)(f, ©) - log[‘ﬂ SO(M;})(R)))
R—+00 '

+ lim mf(log[ m R p(m’p) (9) - log[p] M;},(R))}

R—+00
1
i.e. loga (f, ) > ———X
max[hm}rnf(log[ m R p(m’q)(fa ©) - IOg[q] ‘P(Mf%)(R)))
R—+oc0 ’

m, -1
_ %’Ei{iﬁ(log[ IR — pmP)(g) - logl?! M }(R)),

lim sup(log[m] R — ,O(m’q)(fa ©) - log[‘ﬂ SO(M;%)(R)))
R—+00 '

— limsup(log!™ R — p™?)(g) - logl" M_1,(R))]
R—+oc0 ’

(3.10) i.e. logo' (fv = (

1 m
p(Tp)(g) maX[lOg ED ’q) (f, QO)

—1og ") (g),1og TV (£, 0) — log a7 ()] .

Thus the theorem follows from (3.7), (3.8), (3.9) and (3.10) . O

Theorem 2. Let g (z) and f (z) be any two entire functions of n complex vari-
ables such that 0 < AX(™P) (g) < oo and f(2) be of regular (m,q)-¢ Gol’dberg
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growth with non zero finite (m,q)-p Gol’dberg order. Then

1
T(D'm#J) (f’ QD) A(m,p) (g)
T

75 (g)

1 1
cwind [0 ) [T TR (f,0) |
= T( ? (g) N

D g ) g)

1 1
< max 5 (f, ) “’”’p)“’), 7o) (£, o) | X @
5" (9) 75" (9)

1
—(m,q) Nmp) ()
, n  (fie) | Y@
< U;?Dq) (f7 90) < [D(m?)()] .
™ g

Proof. From the definitions of ?gn’Q)(f, ¢) and Tgn’Q)(f, ©), we obtain that

log 75" (f,) = llizmiup[log[m}R—A(m’q)(f, ¢) - log' (M} (R))] and
— 100
log 7" (f.¢) = liminfllog! R = X" 9(f, ) -log? (M (R))] -

Similarly, from the definitions of 7'( ) (g9) and 7'1(7 P )( ), it follows that

log 7y (g) = lj%miup[log[m]R—)\(m’p)(g)~log[p] M, Y(R)] and
—r+00

log 7 (m,p)(g) _ liminf[log[m] R— )\(mﬁp)(g) -1og!?! Mg—l(R)] .

R—+o00

Now, using the same method of Theorem 1, one may easily prove the con-
clusion of the present theorem with the help of Lemma 2, (3.1), (3.2) and the
above inequalities. O

Similarly in the line of Theorem 1 and Theorem 2 and using the second part
of Lemma 1 and Lemma 2, the following two theorems may easily be proved
and so their proofs are omitted:

Theorem 3. Suppose that g(z) and f(z) are any two entire functions of n
complex variables such that g (z) be of reqular (m p) Gol’dberg growth with non
zero finite (m,p)-th Gol’dberg order and 0 < A9 (f ) < oo. Then

(mq) <m,lp7>

o (f, w)]* D (vg
R 9(f,0)
[ 7o) (g) oD

s
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1 1
< min 5 q) (f, 90) A(m.p) (g) | ?(D Q) (f, <P) A(m.p) (g)
(m.p)
™ (

9) " (9)

-1 -1

- [Tém#l) (f, 90)] A(MP) (g) [T%n’q) (f, 90)] A(MP) (g)
" (9) 75" (9)

Theorem 4. Let g(z) and f (2) be any two entire functions of n complex vari-
ables such that 0 < p™P) (g) < oo and f(2) be of regular (m,q)-p Gol’dberg
growth with non zero finite (m,q)-p Gol’dberg order. Then

(m,) G
(f ¢) P (9)
[& <>] <7l (19

! 1
min E(m,p) ( ) 9 (m p) (
.\ op " (9)
1 L
< max !W] A !W] p(mP) (g)
75" (9) 5" (9)

1

(m,q) (m.p)

_(p, o f7 (p P (9)

sfﬁ@wglﬂwg)] .
Op (9)
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