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Abstract. In this paper we introduce the notions of relative p-order and relative
p-lower order of entire functions of several complex variables. We study then some
growth properties in connection with relative @-order and relative ¢-lower order of
entire functions of several complex variables.

Keywords: Entire functions, relative p-order, relative ¢- lower order, several complex
variables, Property (R), Property (P), growth.
1. Introduction, definitions and notations

Let f be a non-constant entire function of two complex variables holomorphic
in the closed polydisc

U=A{(z1,22): |zi| <mi, i=1,2forall r; >0,ry >0}
and My (r1,r2) = max {|f (21,22)| : |zs| < 7, i =1,2}. Then in view of maxi-
mum principle and Hartogs theorem [8, p. 2, p. 51}, My (r1,r2) is an increasing

functions of r1,ry. In this connection the following definition is well known:

Definition 1 ([1, 8]). The order ,,p (f) and the lower order ,,A (f) of an entire
function f of two complex variables are defined as

vep (f) li sup loglog My (r1,72)
v (f) r1,ra—o0 inf log (r172) :

*. Corresponding author
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The equivalent formula for ,,p (f) [8, p. 338] is

wp (f)=infp >0: My (r1,r2) <exp|(rire)”] for all ri > R(p),r2 > R(p) .
Similarly, one can define , A (f) as

wA (f) =supp > 0: Mg (ri,r2) > exp[(rir2)"] for all ri > R(u),r2 > R (1) .

In [6], Chyzhykov et al. introduced the definition of ¢-order of a meromor-
phic function on single variable in the unit disc. For details about ¢-order, one
may see [6]. Extending this notion, it is natural for us to give the y-order of
entire function holomorphic in the closed polydisc {(z1,22) : |zi| <73, i =1,2
for all 1 > 0,79 > 0} which is as follows:

Definition 2. Let ¢; (r1,72) | i = 1,2 : [0,400) x [0,400) — (0,+00) be a
non-decreasing unbounded function of two variables r1 and ro. The p-order of
an entire function f of two complex variables denoted by ,,p (f,p) is defined as:

v (fy0) =inf {pn > 0: My (r1,72) < exp[(¢1 (r1,72) 02 (r1,72))"],
> R(p),r2 > R(p)}.

If we consider ¢ (r1,72) =1 (r1,72) @2 (r1,72) =r1r2 or 1 (11,72) = @2 (r1,72)
= (7"17"2)%, then Definition 2 coincides with Definition 1.

Analogously, one can define the ¢-lower order of f of two complex variables
denoted by 4, A (f, ) as follows :

v (o) =sup{u > 0: M (ri,r2) > exp [(p1 (r1,72) @2 (r1,72))"];
r > R(p),r2 > R(u)},

where ¢; (r1,7r2) | i = 1,2 : [0,400) x [0,4+00) — (0,+00) be a non-decreasing
unbounded function of two variables 1 and 7s.

Now if we consider Definition 1 for single variable, then the definition coin-
cides with the classical definition of order (see [14]) which is as follows:

Definition 3 ([14]). The order p(f) and the lower order X(f) of an entire
function f are defined in the following way:

p(f) _ lim sup M
A(f)  r=oo inf log r
where My (r) = max {|f ()| : |2| = r}.

Further if f is non-constant then My (r) is strictly increasing and contin-
wous, and its inverse M;~! : (|f(0)],00) — (0,00) exists and is such that
lims_yoo M¢~1(s) = oo. Bernal {[2], [3]} introduced the definition of relative
order of f with respect to g, denoted by p, (f) as follows:

pg(f) = inf{u>0:M;(r) <My (r*) for all r > ro(u) > 0}

. log Mt (Mj (r))
= limsup .
r—00 logr
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The definition coincides with the classical one [14] if g (z) = exp z.

During the past decades, several authors (see [5], [9], [10], [11], [12], [13])
made close investigations on the properties of relative order of entire functions
of single variable. In the case of relative order, it was then natural for Banerjee
and Dutta [4] to define the relative order of entire functions of two complex
variables as follows:

Definition 4 ([4]). The relative order between two entire functions of two com-
plex variables denoted by ,pq (f) is defined as:

vy (f) = inf {pn >0 My (r1,m9) < My (', 75) 37 = R(p),r2 = R (1)}
where f and g are entire functions holomorphic in the closed polydisc
U=A{(z1,22) : |zi| <mi, i=1,2 for all r1 > 0,79 >0}
and the definition coincides with Definition 1 {see [4]} if g (z) = exp (z122) .

Extending this notion, Dutta [7] introduced the idea of relative order of
entire functions of several complex variables in the following way:

Definition 5 ([7]). Let f(z1,22,...,2n) and g(z1, 22, ..., 2n) be any two entire
functions of n variables z1, 22, ..., 2z, with mazimum modulus functions M (r1,
72, ..., n) and Mgy(r1,72, ...,Tn) Tespectively then the relative order of f with
respect to g, denoted by ., py (f) is defined by

onPg (f) =1nf {p > 0: My (11,72, ...,m0) < M, (ri et
forri > R(u),i=1,2,...,n} .

Similarly, one can define the relative lower order of f with respect to g
denoted by 4,y (f) as follows :

wn g (f) =sup{p >0: My (ri,r2,....m) > M, (rh ety s
forr; > R(u),i=1,2,...,n} .

Now in order to make some progress in the study of relative order of entire
functions of several complex variables, one may introduce the definition of rel-
ative p-order between two entire functions of several complex variables in the
following way:

Definition 6. Let p; (r1,72,...,70) | = = 1,2,..,n : [0,400) X [0,+00) X ... X
[0,+00) — (0,400) be a non-decreasing unbounded function of n variables
71,79, ..., . Also let f and g be any two entire functions of n complex vari-
ables with mazimum modulus functions My (11,72, ...,mn) and Mg (ri,72,...,7y)

respectively then the relative p-order of f with respect to g, denoted by, pg (f, )
1s defined by

vnPyg (f’ 90) = inf {'u’ >0: Mf (1"1,7’2, "'7Tn) < M!] (¢§La(pga ) Qpﬁ)v
forri>R(p),i=1,2,..,n},

where @; | i =1,2,..,n stand for @; (r1,r2,....,70) |1 =1,2,..,n.
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If we consider ¢1(71,72,...,7n) = 71, ©2(T1,72, ey Tn) = T2, ooy ©n(r1,72, ..y
Tr) = Ty, then Definition 6 coincides with Definition 5. Also if we consider n = 2
and g (z122) = exp (2122), then Definition 6 coincides with Definition 2.

Likewise, one can define the relative (p-lower order of f with respect to g
denoted by 4, g (f,¢) as follows:

vn>‘g (f7 90) = Sup {:U’ > O : Mf (Tl?r?ﬂ ...,Tn) > Mg (90;1L7Q057 7%0%)7
forr; > R(p),i=1,2,....,n},

where ¢; | i = 1,2,..,n : [0,400) X [0,+00) X ... X [0,+00) — (0,400) be a
non-decreasing unbounded function of n variables r1, 79, ..., 7s.

Further an entire function f of several complex variables for which relative
p-order and relative p-lower order with respect to another entire function g of
several complex variables are the same is called a function of regular relative
p-growth with respect to g. Otherwise, f is said to be irregular relative -
growth.with respect to g.

In this connection just we state the following two definitions which will be
needed in the sequel:

Definition 7 ([7]). The function f(z1, z2, ..., zn) is said to have Property (R) if
for any o > 1 and for all large 11,79, ..., 79,

(M (r1,72, ooy )2 < My (15,75, ..,75)

ry
For examples of functions with or without the Property (R), one may see [7].

Definition 8. A pair of functions f(z1, 22, ..., zn) and g(z1, 22, ..., z,) of n com-
plex variables are mutually said to have Property (P) if for all sufficiently large
values of 71,79, ...,Tn, both

My.g(ri,re,...imn) > My (11,72, ...,79)

and

Mf'g (Tlv r2, -'-7Tn) > Mg (Tl,TQ, e T'n)

hold simultaneously.

One can easily verify that the functions f(z1, 22, ..., 2n) = exp (2122...2,) and
9(21, 22, ..., 2n) = exp (2122...2,)* have the Property (P).

Here, in this paper, we aim at investigating some basic properties of relative
p-order and relative p-lower order of entire functions of several complex variables
with respect to another one under somewhat different conditions. We do not
explain the standard definitions and notations in the theory of entire function
of several complex variables as those are available in [8].
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2. Lemma

In this section we present a lemma which will be needed in the sequel.

Lemma 1 ([7]). Suppose that f be a non constant entire function of several
complex variables, « > 1 and 0 < B < «a. Then, My (ari,ary,...,ar,) >
BM;y (r1,72,...,1m0) for all sufficiently large 1,73, ..., 7y.

3. Theorems.

In this section we present the main results of the paper.

Theorem 1. Let us consider fi1, fo and g1 be any three entire functions of
several complex variables. Also let at least fy or fo be of regular relative ©-
growth with respect to g1. Then

onAgr (f1 £ f2,p) < max { vn gt (f1,9), vn Agi (f2; )} -

The equality holds when any one of v, Ag, (fis©) > v, Agi (fj, @) with at least f;
is of regular relative p-growth with respect to g1 where i,7 =1,2 and i # j.

Proof. If ,, Ay, (fi1 £ f2,¢) = 0 then the result is obvious. So we suppose that
omAg (f1 £ f2,0) > 0. We can clearly assume that ., Ay, (fz, @) is finite for
k = 1,2. Further let max {,, Ag; (f1,%), v.Aq1 (f2,9)} = A and fs be of regular
relative p-growth with respect to g;.

Now for any arbitrary € > 0 from the definition of ,, Ay, (f1, ), we have for
a sequence values of rq,79, ..., 7, tending to infinity that

Mfl (Tla T2y .eey 'rn) < Mgl (gpg vn gy (fl,(P)-‘rE), (pg vnAgy (fl,@)‘i‘i), " @Szvn)\gl (fla%o)-‘rs))
(3.1) i.e., My (11,72, ...,m0) < Mgl(@gA+E),<PgA+E); ...,QO%A+E)) '

Also for any arbitrary € > 0 from the definition of ., pg, (f2, ) (=v, Agi (f2,9)),
we obtain for all sufficiently large values of rq, 79, ..., 7, that

Mf2(7“1,7”2, R Tn> <

Condor (F2i0)4e)

» 2 URRRS]

.2\491 (spg ’Un)\gl (f2,<P)+€) 7(1””)‘91 (fQ,SD)-‘rE))

) A
(3.2) i€y My, (r1,72,.0m0) < My, (‘Pg +€)> ¢§A+6), ey SD;A—’_‘E)) .

Since Mg 44, (11,72, .0y 7n) < My, (11,72, .., 70) + My, (71,72, ..., 75) for suf-
ficiently large r1, 79, ..., 7, we obtain from (3.1) and (3.2) for a sequence values
of 1,79, ..., tending to infinity that

(33) MflifQ (T17 TQ, ey Tn) < 2Mgl (gpgA—i_a)’ ()OgA—’_s)a ceey SOSLAJ'_S)) .
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Therefore in view of Lemma 1, we obtain from (3.3) for a sequence values of
71,72, ..., T tending to infinity that

A A
Mfl:l:fz (7“1,’/“2,...,T‘n) < Mgl (380& +5)73S0§ +E)7“"33051A+6))
) A+3 A+3
ie., Mptg, (r1,7r2,...,rn) < My, (90& + 8)7905 + 8)7---780£LA+35)> _

Since € > 0 is arbitrary, we get from above that

vn g1 (it fop) <A= maX{vn/\gl (f1,9)s vaa (f2,0)} -

Similarly, if we consider that f; is of regular relative p-growth with respect
to g1 or both f; and fs are of regular relative p-growth with respect to g1, then
one can easily verify that

(3.4) wn g1 (f1 £ f2,0) < A = max {’Un)\gl (f1,9) vn g1 (fo, )}

Now let 4, Ag, (f1,9) > v, Agi (f2,) and at least fo be of regular relative
p-growth with respect to g;. Also let f = fi £ fo. Then in view of (3.4)
we get that ,, Ay, (f,¢) < v, A (f1, ). As, fi = (f = f2) and in this case we
obtain that ,, Ag, (f1,) < max{,,Ag, (f,¥), v Ag (f2,9)}. As we assume that

onAgi (f2,0) < v, Agi (f1, ), therefore we have ,,Ag, (f1,9) < v, g (f, ) and
hence

vn g1 (f1 £ fo,0) > un gt (fi,) = max{vn)‘gl (f1,0), un gy (fo,0)}-

Further if we consider ,,Ag, (f1,¥) < v,Ag, (f2,¢) and at least fi be of regular
relative p-growth with respect to g;, then one can also verify that

(3.5) vnAgi (fi £ f2,) 2 A = max {vn)‘g1 (f1,9) vn g1 (fo, )}

So the conclusion of the second part of the theorem follows from (3.4) and
(3.5). O

Theorem 2. Let us consider f1, fo be any two entire functions of several com-
plex variables with relative p-order , pg, (f1,9) and v, pg, (f2,¢) with respect to
another entire function g1 of several complex variables. Then

vn Pg1 (fl + f2780) < maX{ vn Pg1 (fl,‘:@)a vn Pg1 (f2a90)}-
The equality holds when ., pg, (f1,90) # v,Pg (f2,%)-

We omit the proof of Theorem 2 as it can easily be carried out in the line of
Theorem 1.

Theorem 3. Let f1, g1 and g2 be any three entire functions of several complex
variables such that ,, g, (f1,¢) and ,, Ag, (f1,¢) exit. Then

’Un/\glﬂ:sn (fh 90) > min{ 'Un)\gl (fh 90) ) 'Un)\QQ (fh 90)} :
The equality holds when ,, Ag, (f1,9) 7 v, Ago (f1,¢)-
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Proof. If ,, Ay, +4, (f1,) = oo then the result is obvious. So we suppose that
onAgitgs (f1,) < 00. We can clearly assume that ,, Ay, (f1,) is finite for k& =
1,2. Further let ¥ = min {,, Ay, (f1,%), wuAg: (f1,%)}. Now for any arbitrary
¢ > 0 from the definition of ,, Ay, (f1, ), we have for all sufficiently large values
of r1,7rg, ...,y that

vn>\ 3 - vn)\ 3 - vn)\, ) -
Mgk((pg_ gk(fl (p) 5)7<)0(2 gk(fl L’D) 6)7 ,SD’E‘L gk(fl Sﬂ) E)) < Mf1 (TI;T27 ...,Tn)

where k =1, 2.
Therefore from above we get for all sufficiently large values of 1,72, ...,
that

(3.6) M, ((pgw—S)’SOg\I’_E), e gpgl’_a)) < My, (r1,r2,...,mn) where k =1,2.

Since My, +g, (11,72, ..y Tn) < Mg, (11,72, ... 70) + Mg, (11,72, ...,y for suffi-
ciently large ry, 79, ..., 7, we obtain from above and Lemma 1 for all sufficiently
large values of rq, 79, ..., 7, that

Mptgn (A%, 7)< By [, 9,

+ My, M%E), {79 wﬁf"a)}

. v— v— _
’L-e-uMg1:|:92 (SOg 6)7()0; 8)7 7@7(}/ E)) < 2Mf1 (7'177’2, ---7Tn)

, 1\ (o (1\ (v 1\ (.
1.e., Mg, +g, <<3) W(lqj 8)7 <3) wéﬁ/ 8), e (3) cp;‘P )> < My, (r1,72, ey )

i.e., Mg +g, (gagqj_&a), cpgl/_?’a), - <p(‘1’*35)) < My, (r1,7r2,..0T0) -

n

Since € > 0 is arbitrary, we get from above that

(3.7) v Agi£gs (f1,0) =2 ¥ =min{ ,, Ag; (f1,9), v, Agy (f1,90)}-

Now let 4, Ag, (f1,9¢) < v, Ago (f1,¢) and g = g1 & g2. Then in view of (3.7)
we get that ,, Ay (f1,9) > v, Ag (f1,%). Further, g1 = (g = ¢g2) and in this case
we obtain that ,, Ay, (f1,¢) > min{,,A\g (f1,9©), v, Ag (f1,9)}. As we assume

that 4, Ag, (f1,0) < vnAga (f1,¢) , therefore we have un gy (f1,¢) > un g (f1,9)
and hence

vnAg1£gs (fi,p) < vn gt (f1,¢) = min { vn g1 (f1,0), vn g (f1,0)}-

Similarly, if we consider ,, Ag, (f1,%) > v, Ag (f1,¢), then one can also derive
that

(3.8) vn Agitgo (f1,) <V =min{ vn g1 (f1,9), vn g (f1,9)} -

So the conclusion of the second part of the theorem follows from (3.7) and
(3.8). O
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Theorem 4. Let f1, g1 and g2 be any three entire functions of several complex
variables such that y, pg, (f1,¢) and 4, pg, (f1,¢) exit. Also let f1 be of reqular
relative p-growth with respect to at least any one of g1 or go. Then

vnPg1tgo (f1,) > min {vnpg1 (f1,9), vnPga (fi,0)} -

The equality holds when any one of v, pg, (f1,9) < v.pg; (f1,0) with at least fi
is of regular relative p-growth with respect to gj where i,j = 1,2 and i # j.

We omit the proof of Theorem 4 as it can easily be carried out in the line of
Theorem 3.

Theorem 5. Let f1, fo, g1 and g2 be any four entire functions of several complex
variables. Then

vn Prg2 (1 £ f2,0) < maxmin{y, pg, (f1,9), v,0g.(f1,9)}
min{y, pg; (f2,9)s v g2 (f2,9)}]

when the following two conditions hold:

(1) v, Pg; (f1,0) < wapg; (f1,0) with at least f1 is of regular relative @-growth
with respect to g; fori =1,2, 7 =1,2 and i # j; and

(i1) v, Pg; (f2,0) < vapg; (f2,0) with at least fa is of regular relative @-growth
with respect to g; fori =1,2, 7 = 1,2 and i # j.

The equality holds when

vnpg1(fi790) <ovp pgl(fjaﬂo) and vnpgz(fi,SO) <uvn sz(fja‘ﬂ)
hold simultaneously fori=1,2; j = 1,2 and i # j.

Proof. Let the conditions (i) and (i) of the theorem hold. Therefore in view
of Theorem 2 and Theorem 4 we get that

max[min{ v, 0g, (f1,9)s v,Pgs (f1, )}, min{ v, pg, (f2,0); v, P9 (f2,0)}]
= max[ ’Unpglﬂ:QQ(fla ()0)7 vnPg1Eg2 (f?) SD)]
(39) > Unpg1:tgz(f1 if?a@)'

Since v, pg, (fir ) < vapgr (f5:¢) and v, pgs (fis ©) < v,pg, (fj,¢) hold simul-
taneously for i = 1,2; j = 1,2 and i # j, we obtain that

either min{ Unpgl(f]-?so)’ Unpg2(f]-’ ¢)} > min{ vnpgl(f2790)a vnpgz(f%@)} or

min{ v, pg, (f2,9); v, Pgs(f2,0)} > min{ o, pg, (f1,0)s v, 04, (f1, )} holds.

Now in view of the conditions (i) and (ii) of the theorem, it follows from
above that

either y, pg,+g, (f1,90) > v, Pg1£gs (f2,0) OF v, Pg1xgs (f2,0) > v, Pg14gs (f1,0)

which is the condition for holding equality in (3.9).
Hence the theorem follows. t
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Theorem 6. Let f1, fo, g1 and gs be any four entire functions of several complex
variables. Then

vn)‘gligz(fl + fa,¢) > min[max{ vn g1 (f1, ), vn g1 (f2,0)},
max{ v, Ag, (f1,P); v, g (f2,0)}]

when the following two conditions hold:

(1) v Agy (fir©) > v, Agy (fj, ) with at least f; is of reqular relative p-growth
with respect to g1 fori =1,2,j =1,2 and i # j; and

(1) vuAga (fir @) > wuAgs (f, ) with at least f; is of regular relative p-growth
with respect to go fori=1,2,j=1,2 and i # j.

The equality holds when ,, Ay, (f1,0) < v, Ag; (f1,0) and ,, Mg, (f2,0) <
unNg; (f2,) hold simultaneously for i =1,2; j =1,2 and i # j.

Proof. Suppose that the conditions (i) and (ii) of the theorem hold. Therefore
in view of Theorem 1 and Theorem 3, we obtain that

min[max{ v, Ag, (f1,%); v, g1 (f2,0)},
(3.10)  max{ v, Ay (f1,¥), vaAg(f2,9)}]
= min[ 'Un)\gl(fl + f27s0)’vn )‘gz(fl + f2790)] > Un)‘gliQQ(fl + f2790)‘

Since 4, Ag, (f1,9) < v Ag; (f1, ) and o, A, (f2, 9) < v, Ag; (f2, ¥) hold simul-
taneously for i = 1,2; j = 1,2 and 7 # j, we get that

either max{ vn g1 (f1,9), un gy (f2, ¢)} < max{ vn/\gz(f1780)a vn)\gz(f%‘P)} or

max{ vn)\gz(fla ‘P)v vn)‘gz (f?a(P)} < max{ vn)‘g1 (fh@)v vn)‘y1 (f?a@)} holds.

Since condition (i) and (iz) of the theorem hold, it follows from above that

either vn)‘gl(flif%%@) < vn)‘gz(flif%So) or vn)‘gz(flifZaQO) < vn/\g1(f1:tf2790)

which is the condition for holding equality in (3.10).
Hence the theorem follows. O

Theorem 7. Let fi, fo and g1 be any three entire functions of several complex
variables. Also let at least fi or fo be of reqular relative p-growth with respect
to g1. Then

vn g1 (f1- fo,p) <max{ v g1 (f1,0), v Agy (f2,¢)}

provided g1 has the Property (R). The equality holds when fi1 and fao satisfy
Property (P).

Proof. Suppose that ., Ay, (f1- f2,¢) > 0. Otherwise if ,, Ay, (fi- f2, ) = 0 then
the result is obvious. Let us consider that fs is of regular relative p-growth with
respect to gi. Also suppose that max {,, Ag, (f1,9¢).0, Agi (f2, )} = A. We can
clearly assume that ,, Ag, (fx, ) is finite for k =1, 2.
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Since My, .f,(r1,72, ...y ) < My, (11,72, ...,m0) - My, (11,72, ..., 7y, for all large
71,72, ..., Tn, We have from (3.1), (3.2) for a sequence values of r1, 79, ..., 7, tending
to infinity that

My, g, (11,72, .0m) < [Mgl <Q05A+5), @gA+E), - (pglAJrg))r .

Also, in view of Definition 7, we obtain from above for any 6 > 1 and for a
sequence values of rq, 79, ..., 7, tending to infinity that

g eeey n

o(A+ S(A+
Mfl'fQ (7"1,7“2, ) T”) < Mgl ((pl( 6)7 802( 2 (pé(A'i‘a)) 5

since g1 has the Property (R). Since & > 0 is arbitrary, now letting 6 — 17, we
get from above that

v g (f1+ f2,0) <A =max{y,\g, (f1,0)5 vaAgi (f2,0)}-

Similarly, if we consider that f; is of regular relative p-growth with respect
to g1 or both f; and f> are of regular relative p-growth with respect to g1, then
also one can easily verify that

(3.11) vn g1 (fi- fa, ) <A =max{ vn g1 (f1,9), vn g1 (fo,0)}-

Now let fi and fo satisfy Property (P), then of course we have My, .4, (r1, 2, ...,
rn) > My, (r1,72,...,mn) and My,.4, (r1,72,...,7) > My, (r1,72,...,17y) for all
sufficiently large values of r1, 79, ..., 7,. Therefore from the definition of relative
p-lower order, we get for a sequence values of rq,79,...,7, tending to infinity
that

My, (r1,7r2,...m0) < My, .4, (11,72, .0y T)

< My, (‘Pg A (fllpr)ﬁg), gpg ”")\91(fl'fz"p)JrE)7 - <Pr(L v Agy (fl‘fZ,‘P)+€)> ‘

Since € > 0 is arbitrary, we get from above that ,, Ag, (fi - f2,¢) > v, Ag (f1,¢).
Similarly o, Ag, (f1 - f2,0) > v, Ag (f2,¢) and therefore

(3.12) v (f1+ f2,0) 2 A =max{y, Ag (f1.9) s vaAg (f2:0)}-
Hence the theorem follows from (3.11) and (3.12). O

Now we state the following theorem which can easily be carried out in the
line of Theorem 7 and therefore its proof is omitted.

Theorem 8. Let us consider f1, fo be any two entire functions of several com-
plex variables with relative p-order , pg, (f1,¢) and v, pg, (f2,¢) with respect to
another entire function g1 of several complex variables. Then

unPgr (f1+ fa,0) < max{y,pg (f1,9) 5 v,Pg (f2, )}

provided g1 has the Property (R). The equality holds when fi1 and fao satisfy
Property (P).
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Theorem 9. Let fi, g1 and g2 be any three entire functions of several complex
variables. Also let Ay, (f1) and Ay, (f1) exist. Then

vnAg1-ga (f1,%) > min {vn)‘g1 (f1,0), vn g (f1,0)}

provided g1 - g2 has the Property (R). The equality holds when g1 and go satisfy
Property (P).

Proof. Suppose that ,,Ag,., (f1,¢) < o0o. Otherwise if ,, Ag,.q, (f1,9) = 00
then the result is obvious. Also suppose that min {,, Ag, (f1,¢) o, Ago (f1,9)} =
U. We can clearly assume that ,, Ag, (f1,) is finite for k =1, 2.

As My, .g, (11,72, ...;m0) < Mg, (11,72, ...,70) - Mg, (71,72, ...,75) for all large
T1,72, ..., Tn, We get in view of (3.6) for all sufficiently large values of 71,79, ..., 7,
that

v— v— —
Mgl‘QQ (805 5)’g0é 6)7 790'2\1! 6)> < [Mfl (T17T25 "-arn)]z

1
i.e., [Mgl'gz (wg‘y—&),@gy_a)’ _..,907(;11_‘5)>] 2 < Mf1 (7’1,7’2, ...,Tn) .

Now in view of Definition 7 we obtain from above for any § > 1 and for all
sufficiently large values of rq, 79, ..., 7, that

(T—e) (T—¢) (T—¢)

Mg1~g2 (@1 ° » Po e ? > < Mfl (T17T27~--arn)

since g1 - g2 has the Property (R). Since € > 0 is arbitrary, now letting § — 17,
we obtain from above that

(3.13) v Agi-go (f1,0) > W =min{ 4, Ag, (f1,0) v, Ago (f1,0)}-

Now let g1 and g9 satisfy Property (P), then of course we have My, .4, (71,72, ...,
rn) > Mg (r1,72,...,rn) and My, .g, (71,72, ..., 70) > Mg, (11,72, ...,7y) for all suf-
ficiently large values of rq,79,...,7,. Therefore from the definition of relative
p-lower order, we get for all sufficiently large values of r{, 79, ..., 7, that

]\4571 (ng vnAg1-99 (fl,‘P)*E)’ 905 vnAg1-92 (fl;‘P)*E)’ - (pg”n)‘gl‘m (flﬁp)fg))

< Mgl'gz( gvnAgl-gz(fl,w)—E)’ (pé vnAg1-92 (fl#’)—S)’ - g£)£L7Jn/\g1.92(]‘1,90)_5))

S Mf1 (7’1,7’2, ...,rn).

Since € > 0 is arbitrary, we get from above that ,, Ag; (f1,%©) > v, Ag1-go (f1,9)-
Similarly 4, Ag, (f1,9) > v, Agi-go (f1, ) and therefore

(3.14) v Ag1-go (f1,) <V =min { vn g1 (f1,9) o, Agy (f1, ©)}-

Hence the theorem follows from (3.13) and (3.14). O
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Theorem 10. Let fi, g1 and go be any three entire functions of several complex
variables. Also let f1 be of reqular relative p-growth with respect to at least any
one of g1 or gs. Then

vnPg1-g2 (f1,%) > min { vn Pg1 (f1,0), vn Pga (fi,v)}

provided g1 - g2 has the Property (R). The equality holds when g1 and go satisfy
Property (P).

We omit the proof of Theorem 10 as it can easily be carried out in the line
of Theorem 9.

Now we state the following two theorems without their proofs as those can
easily be carried out with the help of Theorem 8, Theorem 7, Theorem 9 and
Theorem 10 and

in the line of Theorem 5 and Theorem 6 respectively.

Theorem 11. Let fi, fo, g1 and g2 be any four entire functions of several
complex variables. Also let g - go satisfy the Property (R). Then,

vnPgr-go (f1° f2,0) =
max [mln{ vn Pg1 (f17 QO) y vnPga (f17 QO)} 7min{ vn Pg1 (f27 SO) y vnPga <f27 SO)H )
when the following four conditions hold:

(1) f1 is of regular relative p-growth with respect to at least any one of g1 or

g2;
(ii) fo is of regular relative p-growth with respect to at least any one of g1

or gz2;

(#i1) f1 and fa satisfy Property (P); and

(iv) g1 and go satisfy Property (P).
Theorem 12. Let f1, fo, g1 and go be any four entire functions of several
complex variables. Also let g1 - g2, g1 and go satisfy the Property (R). Then,

vnAg1-go (f1 - f2, ) = min[max{ vnAg1 (f1, %), vn g1 (fo, )},
ma‘X{ Un)\QQ(fla 90)7 Un)\QQ(f27 90)}]7

when the following four conditions hold:
(1) At least f1 or fo is of regular relative @-growth with respect to g ;
(i) At least f1 or fa is of reqular relative p-growth with respect to ga;
(#i1) f1 and fo satisfy Property (P);
(tv) g1 and g2 satisfy Property (P).

Theorem 13. Let f, g and h be any three entire functions of several complex

variables such that 0 < ,, A (f,0) < v.pn (fio) < 00 and 0 < 4, An(g) <
onPh (g) < 00. Then

V. A bl . ’L)n)\ 9 Un b
nvn};;fj(cgf) S who(fre) < mm{ vn’;\ffj(cgs)p)’ Uf];ffj(cgs)p)}
< vn>\h (fa (P) vn Ph (fa @)} vn Ph (fa ()0)
=ma { o (@) (g) J S PO < Ty
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Proof. From the definitions of ,,, py(f, ¢) it follows for all sufficiently large val-
ues of r1,79, ...,7, that

(3.15) Mf(’f’l,r27--~77’n) < Mg((pgvnpg(fﬁp)Jri)?wgvnpg(fﬁo)JFE) (P%vnpg(fﬁ’)Jrg))

and for a sequence values of r{, 79, ..., 7, tending to infinity we obtain that
(316) Mf(rlj 7"2, - ,',.n) > Mg((pg vnpg(f#ﬂ)_f)’ 805 vnpg(fvw)_5)7 - SogLUnpg(fvsa)_E))'

Similarly from the definition of ., A\y(f, ), we have for all sufficiently large
values of r1,7s, ..., 7, that

(3.17) My (r1, 72, ... mn) > My( ’Un)‘g(fvso)_a)’ 905 ’UnAg(fﬁO)_E)’ - (PglvnAg(f#P)—E))
and also for a sequence values of r1,ro, ..., 7, tending to infinity that
(3.18) Mf(rlv o Tn)<Mg(80§ vn>‘g(f:<ﬂ)+5)7 Sﬁg vn>\g(f7<P)+5)’ - (pglvnkg(fﬁp)‘f'a))‘

Further from the definitions of ,, pn(g) it follows for all sufficiently large
values of r1,79, ..., 7, that

(3.19)  My(1, 02, .., n) < Mh(SOg mph(g)—&-a)7 90; mph(g)—i-a), - SO%vnph(g)—&-e))
and for a sequence values of rq, 79, ..., 7, tending to infinity we obtain that
(3‘20) Mg(@l, 09, . ‘Pn) > Mh(épg unph(g)—e)’ @g Unph(g)_5)7 . @%vnph(g)_e)).

Likewise from the definitions of ,, Ay (g) it follows for all sufficiently large
values of r1,7s, ..., 7, that

’Un>‘ - ’Un>‘ - v -
(321) Mg(@ly@?a--w‘ﬂn) > Mh(‘Pg h(g) 5)7805 h(g) 5)7"'7()07(1 n)\h(g) E))
and for a sequence values of rq, 79, ..., r, tending to infinity we obtain that

(3.22) M, (1,02, ..., n) < Mh(90§ v An(9)+e) Sogvnkh(g)-f-a)’_.'780£Lvn>\h(9)+a)).

Y

Now, from (3.18) and in view of (3.19), for a sequence values of r1,rg, ...,y
tending to infinity, we get that

Mf<7,.1’ 79, ey Tn) < Mh(‘Pg on Ag(f,)+e)( vnph(g)JFE)’
(wnAg(fs0)+€)( v pn(g)+e) (wnAg(fs0)+€)( v pn(g)+e)
()02 AR 9071 )

Since € > 0 is arbitrary, we get from above that

A 0) < w X (f0) - wnpn(g)

v A )
(3.23) ie., W < w (i) .
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Analogously from (3.17) and in view of (3.20) it follows for a sequence values of
71,72, ..., T tending to infinity that

My (1,72, ) > My (i} om0l 9)=E)Comon(a)=2)

( Un)‘g(f790)_5)( Unph(g)_e) .

@2 qu(lvn)‘g(f:@)_a)( Unph(g)_e))'

ey

As (> 0) is arbitrary, so we obtain from above that

vnPR(fr0) = 0, Ag(f,0) + vapn(9),

(3.24) e wh(Fr9) < ”’;if(gf) .

Similarly from (3.16) and in view of (3.21) we have for a sequence values of
71,72, ..., 7y tending to infinity that

My(r, 72, ey > My (il P99~ ndn(a)=2)

gpé Unpg(f,lp)—t?)( UTLAh(g)_E)’ s g07(1Unp!](.fﬂ‘lp)_g)( Un>‘h(g)_6))'

Since € > 0 is arbitrary, it follows from above that

vnPr(fr0) = 0,pg(fr )+ v AR(9),

. vnph(fa (70)
(3.25) i€ v, Pg(fr ) < Conle)

Further from (3.15) and in view of (3.19) we get for all sufficiently large values
of 1,79, ..., 7, that

My (ri,r2,...;mn) < Mh(90§ wnpolFe)Fell U"ph(g)JrE),

<Pé on Pg(fr0)+e)( Unph(9)+5)’ ‘ gOELvnpg(f,w)Jrf)( vnph(g)+€))‘

ooy

As ¢ > 0 is arbitrary, we obtain from above that

vnPR(fy0) < w,pg(fr ) w.rn(9),

(326) 2"6'7 vnpg(ﬁ 90) 2 W

Moreover, from (3.15) and in view of (3.22) we have for a sequence values of
71,72, ..., 7 tending to infinity that
Mg(ri,72,005m0) < Mh(ﬁp(l wnpalh ey v"/\h(g)Jre),
( 'Unpg(f#?)‘i‘a)( Un)‘h(g)+5) ( unpg(f730)+5)( Un)‘h(g)+5)
') e Pn )

Since € > 0 is arbitrary, it follows from above that

A 0) < wnpg(fr0) - wnAn(g)
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. UnAh(f7 90)
(3.27) i€, v,pq(f, ) > )

Likewise from (3.17) and (3.21), it follows for all sufficiently large values of
71,79, ..., 7y that
M (ry, 7, ) > Mh(gog vn Ag (frp)—€)( vnAh(g)*E)’

90§ un Ag(fr0)—€)( Un)‘h(g)_e)’ ‘ @( vnAg(fr0)—€)( vn/\h(g)—e))‘

- ¥n

As e > 0 is arbitrary,we obtain from above that

vn)\h(f7 SD) > vn)‘g(f, 90) : vn)\h(g)a

. v )\h(fa 90)
3.28 i.e., v, Ag(f, ) < 7=
( ) g( ) UnAh(g)
Hence the theorem follows from (3.23), (3.24), (3.25), (3.26), (3.27) and
(3.28). 0
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