ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 44-2020 (483-498) 483

Orbit-maximal green sequences and general-maximal green
sequences

Diana Ahmad

Department of Mathematics

Zhejiang University ( Yuquan Campus)
Hangzhou, Zhejiang 310027

P. R. China
diana.ahmadsy@yahoo.com

Fang Li*

Department of Mathematics

Zhejiang University ( Yuquan Campus)
Hangzhou, Zhejiang 310027

P. R. China

fangli@zju.edu.cn

Abstract. In this paper we introduce the orbit-maximal green sequences for a skew
symmetrizable matrix and set the relation between orbit-maximal green sequences and
the maximal green sequences of its folding matrix. We also generalize the concept of
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1. Introduction

Cluster algebra is a very important mathematical innovation, which was intro-
duced by S. Fomin and A. Zalevensky in [5]. Its importance and effectiveness
come from its connection with different branches of mathematics and math-
ematical physics such as Teichmuller theory, canonical basis, total positivity,
Poisson-Lie groups, Calabi-Yau algebras and representation of finite dimensional
algebras. One of the most interesting things in studying cluster algebra is that
this study can be associated with combinatorial tools or geometrical description.

Maximal green sequences are a very important concept related to cluster
algebras established by Keller [8] for the skew symmetric case, then and after
the sign coherence property was proved for the skew-symmetrizable case [7], the
definition was expanded to include the skew-symmetrizable matrices.

In this paper we approach this concept from different angles presenting new
related definitions with some new results. We also give a generalization in a
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way that makes this generalized case a property owned by any given skew-
symmetrizable matrix of finite size.

Firstly, we recall the definition of a group of automorphisms for a skew-
symmetrizable matrix as mentioned in [4], [11]. Under the action of the group,
mutations in directions of indices of the same orbit commute [4] which make it
possible to introduce the so-called orbit-mutation in [4]. We firstly note that
after mutating in direction of any orbit, all the columns in the C-matrix whose
indices are of the same orbit have the same sign (Lemma 3.11). This allows
us to define the orbit-mazimal green sequence. We also prove that every orbit-
maximal green sequence for a skew-symmetrizable matrix in a stable admissible
pair corresponds to a maximal green sequence for its folding matrix (Theorem
3.19). Using this result we prove that the minimum length of any orbit-maximal
green sequence for a skew-symmetrizable matrix is the number of the orbits
(Corollary 3.22). Then, we study the relation between the orbit-maximal green
sequences of a skew-symmetrizable matrix and the maximal green sequences of
this matrix and prove that every orbit-maximal green sequence corresponds to
a maximal green sequence (Theorem 3.25). The raised question here is when
and how to create a corresponding orbit-maximal green sequence built from a
given maximal green sequence? We discuss this question for maximal green
sequences obtained from an admissible numbering by source for acyclic skew-
symmetrizable matrices.

On the other hand, we introduce the general-mazximal green sequence which
produces a maximum number of red indices. This generalization makes every
skew-symmetrizable matrix own a general-maximal green sequence. The inter-
esting question here is that: how many red indices can be obtained maximally?
We call this maximal number the red size. We prove that the red size of any de-
composable skew-symmetrizable matrix is greater than or equals the sum of the
red sizes of its skew-symmetrizale components (Theorem 4.8). Finally, we define
general orbit-mazximal green sequences and study the connection with general-
maximal green sequences of a skew-symmetrizable matrix under the action of
an automorphism group.

2. Preliminaries

Recall that B = (b;;) € M,(Z) is said to be a skew-symmetrizable matrix if
there is a diagonal matrix D with positive integer entries such that DB is a
skew-symmetric matrix. We call D the symmetrizer matrix.

Let B = (bij) € Myymn(Z) then B is said to be skew-symmetrizable if its
principal part which is the square sub-matrix B = (b; ;) for 1 < 4,5 < n is
skew-symmetrizable. We call B the extended matriz of B.



ORBIT-MAXIMAL GREEN SEQUENCES AND GENERAL-MAXIMAL GREEN ... 485

The mutation of a matrix B in direction k where 1 < k < n is the matrix
up(B) = B = (b;j) where:
—bij, ifiorj =k,
b;j = 1 '
bij + 5(’ bik | brj + bir | brj |), otherwise

This is called the exchange relation of the mutation. Given a skew symmetrizable

matrix B = (IB) € Mopxn(Z), let E; = <go> be the matrix obtained from

B by a composition of mutations e = pi, fk, ;----pky, 1 < kj < n for every
1 < j <s. The lower part of /Bz is called the C' — matriz of ,BZ By the sign
coherence property proved in [7], all the entries of a given column in C, are of
the same sign.

Definition 2.1. An index k for 1 < k < n is called green (respectively, red)
if the entries of the column indexed by k in C, are non-negative (respectively,
non-positive).

Definition 2.2. A sequence of indices (k1, k2, ....,ks), where 1 < k; < n for
all i € {1,2,..., s}, is called a green sequence if k; is green in py, ...k, (B) for
1 <4 <'s. Such sequence is called mazimal if ,uks....,ukl(é) does not have any
green indices.

By convention, we denote Mko(é) = B.

3. Orbit-maximal green sequences

Suppose we have a skew-symmetrizable matrix equipped with a group of auto-
morphisms, we will expand the sign-coherence idea to the orbit-sign coherence
idea and introduce the orbit-maximal green sequences.

Definition 3.1. Let B € M, (Z) be a skew-symmetrizable matrix and S,, be
the group of permutations on the set {1,2,..,n}. Let g € S,, then g is said to
be an automorphism of B if by; 4; = b;; for every 1 <1i,j <n.

Definition 3.2. Let G be a subgroup of 5,, G is said to be an automorphism
group of B if for every g € GG, g is an automorphism of B.

We denote the G-orbits by i for 1 <i < n.

Definition 3.3. An automorphism g of a skew-symmetrizable matrix B is said
to be admissible if:

bi,jbi,j > 0, bii, = 0 for any 41,42 falling in the same G-orbit and 1 < j < n.

Definition 3.4. Let G be a group of automorphisms of a skew-symmetrizable
matrix B, the group G is said to be an admissible automorphism group and the
pair (B, G) is said to be admissible if ¢ is an admissible automorphism for every
g€ qG.
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By [4, Lemma 2.12], we note that mutations in directions falling in the
same orbit commute whenever we have an admissible pair (B, G), pi, i, (B) =
Wiy fip (B), for every iy,is € 4. Thus, the so-called orbit-mutation can be defined
as follows:

Definition 3.5. Let (B,G) be an admissible pair, the orbit-mutation in direc-
tion ¢ is the composition p;(B) = [z i (B).

Remark 3.6. It is clear that c¢;; = cg;4; for any g € S, and any c¢;; € I,,.
Thus any subgroup of S, can be considered as an automorphism group for the
identity matrix, even though I, is not skew-symmetrizable.

Remark 3.7. The sign-coherence property for the C—matrices obtained from

~ B
the extended matrix B = ( I > by orbit-mutations, can be regarded as a suitable
n

substitution of the admissibility condition to be used in the results of this paper.

An admissible automorphism group of an extended skew-symmetrizable ma-

trix B = <f) € Maopxn(Z) is defined to be any admissible automorphism group

n
of its principle part B. N
We denote by BF the matrix obtained from B by the orbit-mutation in

direction k, that is,
~ ~ Bk
k

Assume (B, G) is an admissible pair. Then, by induction, it follows from [4], [11]

. . . —— BY. .. .
that the orbit-mutation of a skew-symmetrizable matrix B = < I > in direction
n

k for 1 < k < n is given by the following form:

i —bij, if i or jek
k __ .
(1) bi; = bij + %Z(\ bit | bej + bt | b |), otherwise
tek
B —Cij, if j c Z?
k .
(2) Cij = ¢ij + %Zﬂ cit | by +cit | bej |), otherwise
tek

Remark 3.8. Let (E, G) be an admissible pair, it is clear that i € k if and only
if g(i) € k forevery g€ Gand 1 <i,k <n. Ifi or j€ k:thenbfj = —bj; ,cfj =

i . k o k _ 1k
—Cijs %ﬂd byiyati) = ~bate() Cotiyats) = ~Calide(s)- Hence by = by, and
ij - Cl;(i)g(j) in this case.

Clearly if ¢ runs over k, then g(t) runs over k for every g € G, then: 13, (|
bit | by + bit | bij 1) = 3 2 p—grer (| bars | brati) + Batirs | bty 1)
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3 vl it | bej + cat | btj ) =32 =gl cotins | o) + Cotirs | 0pg(y 1) thus
bf} = b’;(z) (j) and ck = (l)g(j) for every k € {1,2,...,n} and g € G, in case we
mutate in the dlrectlon k where i and j are not in k.
From the previous discussion, we note that if G is an automorphism group
~ - ~ k
for B = (f), then it is also an automorphism group of B¥ = g (B) = <5E>
n
forl <k<n.

In the following discussion we need to deal with a composition of orbit-
mutations, but first a condition needs to be established to guarantee the admis-
sibility after such composition.

Definition 3.9. An admissible pair (_ G) is said to be stable if for any se-
quence of orbit-mutations (k1, ka....... ) /-cs) the pair (Mk, H_yeeeeeees v, (B),G) is
an admissible pair for every 1 < j < s.

Remark 3.10. By [4], [11], the relations (1) and (2) are used to obtain an
orbit-mutation for any skew-symmterizable matrix in a stable admissible pair.

Let pq, (B ) be the matrix obtained by a composition of orbit-mutations
where o4 := (k1, ko, ..., ks). Because the orbit-mutation is nothing but a com-
position of mutations in directions of all indices falling in this specific orbit,
it is clear that the property of sign-coherence proved in [7, Theorem 3] is well
preserved for the C-matrix C% of the extended skew-symmetrizable matrix

Os Bo-s
7= ()
Lemma 3.11. Let (B, @) be a stable admissible pair and let B¥ = pz(B) =

k _
(g’;> be the orbit-mutation in direction k£ for 1 < k < n. If 41,49 are of the

same orbit, the columns indexed by 41,49 in the C-matrix C* have the same
sign.

Proof. For any i1,z falling in the same orbit, there i 1s g€ G such that g(zl)

ip. Note that ¢ is an automorphism for pz(B B), thus clZ = g(l)g(“) g(lm for
any 1 <[ < n. By the sign coherence property the two columns 1,42 in the
C-matrix C* have the same sign since they have two equal entries. O

In the light of the previous lemma we denote the sign of an orbit i by sgn(i)
for any i € {1,2,....,n}. Now we can establish the definitions of the orbit-
maximal green sequence.

Definition 3.12. Let (B,G) be a_stable admissible pair and let C7* be the
C — matriz of B?s obtained from B by a sequence of orbit-mutations, Bos =
lo, (B ) where o, := (ki, ka, ..., k) such that 1 < kj <nand 1 < j <s, then the
orbit 7 is said to be green (respectively, red) if sgn(i) is nonnegative ( respectively,
nonpositive) in C.
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Definition 3.13. Let (E,G) be a stable admissible pair, o, := (Nl_ﬁ,/%g, vy k)
be a sequence of orbit-mutations and let C?7 be the C-matriz of B obtained
from B by the sequence of orbit-mutations (ki, kg, ....... , Ej) for 1 < j <s, then
(k1, k... ,ks) is said to be an orbit-green sequence if for every 1 < j < s, k; is

a green orbit in C?—1. The sequence (k1 kg....... , ks) is said to be orbit-mazimal
green sequence if B doesn’t have green orbits.

Now we define the folding of a matrix as mentioned in [4] and [11].

Definition 3.14. Let (E ,G) be a stable admissible pair, the folding matrix of

B is given by 7(B) = (ZE?;) € Moy xm(Z), where :

(3) m(B) = (b;) such that, bj; = » by;
fei

(4) m(C) = (¢7) such that, ¢ ;= Zij
fei

and m is the number of the G-orbits.

By [4, Lemma 2.5], the folding matrix of a skew-symmetrizable matix is
skew-symmetrizable.

Lemma 3.15. Let (B,G) be a stable admissible pair, such that B = <B> €

In
m(B)

Moapxn(Z), then 7(B) = < /

), where m is the number of the G-orbits.

Proof. Let ¢;; =€ m([,,). By the definition of the folding matrix and the nature
of the the entries of I,,, we have:

1, if
Cij = .
0, if

”

SHEESN
.Sl

Since the folding of an extended skew-symmetrizable matrix B = <B> €

Moynyn(Z) in a stable admissible pair (B,G) is of the form 7(B) = <7T(B>),

where 7(B) is a skew-symmetrizable matrix, the natural question here is: what
is the relation between orbit-maximal green sequences for the matrix B and
maximal green sequences for its folding matrix w(B).

The following Proposition shows the entries of the folding C-matrix after
mutation in direction k as an index.
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Proposition 3.16 ([11, Proposition 5.8]). Let B be any skew-symmetrizable
integer matrix and let o be a stable admissible automorphism of B. The matrix

m(C) which is the C-matrix of the matrix m(B) satisfies the recursion relation:

cij + (| g | bgz + ez [ b; |),  otherwise

The following Lemma is a generalization of Theorem 2.24 in [4].

Lemma 3.17. Let (E, G) be a stable admissible pair and B is of the size n x n,

then 7(uz(B)) = pp(m(B)) for every 1 < k < n.

Proof. As for the principal part of the extended matrix B , it was proved in [4,
Theorem 2.24].
For the C-matrix, we have the following points:

e the orbit-mutation of this matrix which is given in (2)

e the folding of this matrix which is given in (4)

e the mutation of the folding C-matrix which is given in (5).
e the sign coherence property.

By the previous points, we get the desired result following the same steps of the
proof in Theorem 2.24 [4]. O

Remark 3.18. According to the familiar method of indexing a matrix and to
avoid ambiguity, the matrix m(B) = (b5) for 1 < 4,j < n will be referred to
as F' = (Fifjf) for 1 < if,jf < m such that i/ represents the order of the row
or column indexed by 7 in 7(B) and m is the number of the orbits. Here, i/ is
called the natural corresponding index of i.

Theorem 3.19. Let (B, G) be a stable admissible pair. Then (k1 ka....... ,ks) is
an orbit-maximal green sequence for B if and only if the natural corresponding
sequence (k:{ ,k:{ ....... ,kg ) is a maximal green sequence for its folding matrix
m(B) =F.

Proof. Let N (m(B))

B m(B%) .
= <7<
T <C0j) (W(C”J’)) for every 1 < j <s.

By Lemma 3.17 we have:
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That is, (7(C))% can be considered as the folding of the matrix C?, by the
definition of the folding matrix:
= ZC?kjo such that cf,gjﬂ e C%.

ikj41 -
tei

By the sign coherence property, we have that c%g - is non-negative (non-positive)
if and only if C:lijﬂ is non-negative (non-positive) for every t € ¢ and 1 < j <
s — 1. That is, the column indexed by k:Jf 41 in (w(B))% is green (respectively,
red) if and only if the column indexed by kji1 is green (respectively, red) in
B9 and as a result the orbit ]%j+1 is also green (respectively, red) for every
1 <j <s—1by Lemma 3.11. Moreover, (7(B))’ has no green indices if and
only if B?s has no green orbits, and the result follows. O

The result which determines the minimal length of any maximal green se-
quence for a skew-symmetric matrix [2, Corollary 2.18] is clearly true in the
skew-symmetrizable case.

Proposition 3.20 ([2, Corollary 2.18]). If B is a skew-symmetrizable matrix of
the size n x n which admits a maximal green sequence, then the minimal length
of any maximal green sequence for B is n.

Definition 3.21. The length of an orbit-maximal green sequence is the number
of the orbits in this sequence.

Corollary 3.22. Let (E, G) be a stable admissible pair, the minimum length
of any orbit-maximal green sequence is the number of G-orbits.

Proof. By Theorem 3.19 every orbit-maximal sequence for B corresponds to

a maximal green sequence for its folding matrix m(B) € My, xm(Z) where m is
the number of the orbits. By Proposition 3.20 the minimum length of any such

maximal green sequence is m, and this is the required. O
0 2 2 0
-2 0 0 2
-2 0 0 2
0 -2 =20
Example 3.23. B = - — = is an acyclic skew symmetric
1 0 0 0
0 1 0 O
0 0 1 0
0 0 0 1

matrix, the pair (E , G) is an admissible pair where G = ((2, 3)), by [4, Theorem
2.23] this pair is stable admissible.
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0 2 2 0
-2 0 0 2
-2 0 0 2
0 -2 -2 0
Ui 50 (E) = - —— , thus (4,2,1) is an orbit-maximal
—1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1
0 2 0
—4 0 4
0 -2 0
green sequence. The folding matrix W(E) = - — = . The natural
1 0 0
0 1 0
0 0 1

corresponding sequence for the sequence (4,2,1) is (3,2,1). It is easy to check
that (3,2,1) is a maximal green sequence of the folding matrix.

Clearly, the existence of orbit-maximal green sequences for a given skew-
symmetrizable matrix B is related to two factors; the matrix entries and the
group G itself for which the pair (B,G) is a stable admissible pair. We will
prove that every orbit-maximal green sequence is corresponding to a maximal
green sequence.

Lemma 3.24. Let (E ,G) be an admissible pair, the entries of the column ¢; in
the C—matrix are invariant under any mutation in direction 4; # 7;, where 4, %,
are of the same orbit i.

Proof. Let C;m'j be one of these entries then c;“.j = Chi; + %(|Ckil |biyi; + Criy|biyi; |)
for every 1 < k < n. Since the pair is admissible, we have biyi; = 0 and thus
c;m-j = Chi,- O

In the following Theorem, we denote the indices of the orbit is by is1, 412, ..., i,
where 1 < s < m and m is the number of the orbits, that is [, denotes the num-
ber of the indices in the orbit .

Theorem 3.25. Let (E , G) be a stable admissible pair, then every orbit-green
sequence (respectively, orbit-maximal green sequence) of (B, ;) corresponds to
a green sequence (respectively, maximal green sequence) of B.

Proof. (i) Suppose (i1, 42, ....., i) is an orbit-green sequence, then is is a green
orbit in the C-matrix of the extended matrix ji;__, ...pu5 py; (B) for every 1 < s <
k. By the definition of orbit mutation, the stability of the admissible condition
and Lemma 3.24 the column indexed by if, is green in the C'—matrix of the
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extended matrix /’I/ifg—l"'/"tifl"'/’l‘illl"':u‘ill(é) for every 1 < f < k and every

1 < g <ly. Hence the sequence (i11, ..., 01, -, iK1, ---, ikl ) 1S & green sequence.
(ii) Suppose (i1, %2, ....., i) is an orbit-maximal green sequence, then by the

proof of the part (i), (i11, ..., %14, -, Ik1, -, Gk1, ) 1S @ green sequence which changes

the matrix B into the matrix o, ...fliy, - iy, sy B o~ B and
I, Kk ! th I, -1,

thus this green sequence is maximal.

We do not think that it is always possible to construct an orbit-maximal
green sequence from a given maximal green sequence for a skew-symmetrizable
matrix B since a stable admissible pair (E, G) may not exist. Let us suppose
that such pair does exist and B admits a maximal green sequence, still we do
not think that when changing index mutation into orbit-mutation, the green
indices are guaranteed to remain green. This raises the following question:

Question 3.26. When can a maximal green sequence for a skew-symmetrizable
matrix B in a stable admissible pair (B, G) be reconstructed as an orbit-maximal
green sequence?

In an attempt to answer this question, we will discuss a special case of both
skew-symmetrizable matrices and maximal green sequences.

Definition 3.27. A skew-symmetrizable matrix B is said to be acyclic if there

are no entries iy, ..., iy such that b;, ;; > 0 for every 1 <j <k —1 and it = 1.

Definition 3.28. A source in a skew-symmetrizable matrix B of the size n x n
is an index ¢ where 1 <i<nand by, >0foralll1 <k <n.

Definition 3.29. An admissible numbering by sources of a skew-symmetrizable
matrix B is an n-tuple (i1,12,...,7,) such that the indices of B are {iy,...,in}
with i1 a source in E, and for any 2 < k < n, the vertex iy is a source in
sz71MZI(B)

In [2, Lemma 2.20] the following Proposition was considered for quivers (in
the skew-symmetric case). It can be easily checked that it is true for the skew-
symmetrizable case following the same steps.

I,
symmetrizable matrix. Then any admissible numbering by sources of Bis a
maximal green sequence.

Proposition 3.30 ([2, Lemma 2.20]). Let B = <B> € Mapxn(Z) be a skew-

We will call such maximal green sequence an admissible numbering mazximal
green sequence.

I,
Moy xn(Z) and suppose j is another green (respectively, red) source in this ma-
trix, then j will remain a green (respectively, red) source in the matrix p;(B).

Lemma 3.31. If ¢ is a source in a skew-symmetrizable matrix B = <B> €
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Proof. The result follows by substituting b;; = 0 in the exchange relations. [

I,
Moy xn(Z) is an acyclic skew-symmetrizable matrix and let s = (s1,52,.., Sn,)
be an admissible numbering maximal green sequence of B.

Theorem 3.32. Let (B, G) be a stable admissible pair such that B = <B> €

(i) We can always re-arrange this sequence in a way such that the indices of
the orbit represented by s; are successive and are followed by the indices of the
orbit represented by ss (in case they are not of the same orbit) and so on, to
produce a new admissible numbering maximal green sequence of B.

(ii) This new admissible numbering maximal green sequence corresponds to
an orbit-maximal green sequence.

Proof. (i) If the indices of s are arranged in the way described above, there is
nothing to do. Suppose that there are tow consecutive indices sg, sp+1 which
do not meet the above description and they are the first indices to do that.
We denote the orbits of G by 41,12, ....,%, and the indices of each orbit by
ig = {igi,esig,} for 1 < g < m. Without losing of generality we suppose
the first index of the orbit i; in s is 441, Sk = %, Sk+1 = g1, with ¢ # d and
1 < w < [;. Mutations before starting mutating in directions of indices of the
orbit 7; can be regarded as orbit-mutations. We denote the matrix obtained by
this orbit-mutations B’. i; is a source in the matrix B’. Since G is a group of
automorphisms, by;,, > 0 if and only if by;, ;2 0 for every 1 < g < n and every
1 < f < I;. Hence iy is also a source in the matrix B’ for every 1 < f < I;.
Since B’ is obtained by a composition of orbit-mutations and #;; is green, then
by Lemma 3.11 all the indices of the orbit i; are green. By Lemma 3.31 if
will remain a green source in the matrix /’I’itffl"lu’itl(B/) for every 1 < f < [;.
Ski1 = igq1 18 a green source in i, .-l (B') again by By Lemma 3.31 it will
remain a green source in p;(B'). By iterating the same previous discussion
we can put the indices of the orbit ig together such that every ig4, is a green
source in the matrix fu;,, ,..jti, g, (B') for every 1 < r < 13, We do the same
for all orbits whose indices are not successive. Finally we get a new admissible
numbering maximal green sequence arranged as required.

(ii) By the first part of the proof, we can transform s into a new admissible num-
bering maximal green sequence s’ where the indices of each orbit are successive
8" = (115 ey 110y s -eoes imls oos Ul ) = (115 ooy 4m), Where 74 is a green orbit in
Wi, --Hi; (B) for every for 1 < g < m and pi,...... ,ul-l(g) has no green orbits.
By the definition of the orbit-maximal green sequence, the result follows. ]

4. General-maximal green sequences

It is not necessary for a skew symmetrizable matrix to have a maximal green
sequence, this fact is a motivation to set a more general concept.
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Definition 4.1. Let B = (?
n

and let 7 = (k1, .., ks—1, ks) be a green sequence, such sequence is called a general-
mazximal green sequence if pu, pig. .....pk, (B) has the maximum number of red
indices among the red indices obtained by any other green sequences.

) € Manxn(Z) be a skew-symmetrizable matrix

Definition 4.2. Let B = (IB
n

and let 7 = (k1, ..., ks—1, ks) be a general-maximal green sequence for this matrix,
the maximum number of red indices obtained by 7 is called the red size of B. A
general-maximal green sequence becomes a maximal green sequence when the
red size of B is n.

) € Msnxn(Z) be a skew-symmetrizable matrix

A general-maximal green sequence which is not a maximal green sequence
is called a proper general-maximal green sequence.

Proposition 4.3 ([10, Theorem 12]). Let Q4 a cyclic quiver with three ver-
tices 1,2, 3, such that there are a-many arrows from 1 to 2 and b-many arrows
from 2 to 3 and c-many arrows from 3 to 1. If a,b,c > 2, then the quiver Qg ¢
does not admit a maximal green sequence

Now we can find a general-maximal green sequence for 3 x 3 quivers which
do not admit a maximal green sequence.

0 -3 4
Example 4.4. B=| 3 0 —3|. By Proposition 4.3 this matrix does not
-4 3 0
admit a maximal green sequence thus its red size is at most 2.
0 -3 4 0 3 -5 0 -3 )
3 0 -3 -3 0 3 3 0 —12
—4 3 0 5 -3 0 -5 12 0
o £ o o _
1 0 0 1 0 0 -1 3 0
0 1 0 3 -1 0 -3 8 0
0 0 1 0 0 1 0 0 1
0 57 -5
—57 0 12
5 —12 0
5 o
-1 3 0
-3 8 0

0 12 —1

Thus the green sequence (2,1,3) is a general-maximal green sequence since it
gives two red indices.
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Since we deal with matrices of finite size, a general-maximal green sequences
always exists, yet determining the red size of a given skew-symmetrizable matrix
is not easy, especially in the infinite-mutation case. In the following we will
discuss the red size of a reducible skew symmetrizable matrix. For more detailed
information and results about reducibility we refer to [3]. We recall that an
integer matrix is said to be a column (row) sign coherent if the nonzero elements
which are of the same column (row) have the same sign. An integer matrix By €
My xn(Z) is said to be uniformly column (row) sign coherent with respect to a
skew symmetrizable matrix By € M,,«,(Z), if for any composition of mutations
Wiy bley b, Where 1 < k; < n for 1 < ¢ < s, the lower part of the matrix

B
Moy -veeeflky B; is still column (row) sign coherent.

Proposition 4.5 ([3, Corollary 3.3]). Any integer matrix with non-negative en-
tries is uniformly column sign coherent with respect to any skew symmetrizable
matrix which shares the same number of columns.

Definition 4.6. Let B be a skew symmetrizable matrix. We say that B is
reducible, if B can be written as a block matrix as follows

(B B3
o= )
such that By € My, xn,(Z), By € Mp,xn,(Z), and the proper submatrix By €
M, %n, (Z) has non-negative entries.
. . B, Bs

Proposition 4.7 ([3, Proposition 3.7]). Let B = B B be a skew-

2 4
symmetrizable matrix, with By € M,x,(Z) and By € Mp,xm(Z). Then B,
is uniformly sign coherent with respect to B if and only if By is invariant

under any composition of mutations g, g, | .....-fik, = foy, Where 1 < k; < n,
1< <s.

In [3], it was proved that for a reducible matrix B = (gl g3>, k (re-
2 4

spectively, j) is a maximal green sequence for B; (respectively, By) if and only
if k= (kj) is a maximal green sequence for B. In the following theorem, we
find the relation between the red size of a reducible skew-symmetrizable ma-
trix and the red sizes of the skew symmetrizable matrices which appear in its
decomposition.

Theorem 4.8. Let B = (gl g?)) be a reducible skew-symmetrizable ma-
2 4

trix with By € My, xn,(Z) and By € My,xny(Z), 05 := (K1, ...., ks) is a general-
maximal green sequence for By with red size k, and 7, := (3, ....,[,) is a general-
maximal green sequence for By with red size I. Then m the red size of B is
greater than or equal to k + (.
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Proof. When applying the sequence of mutations o, we will get k red indices.

By
Because of the non negative entries of the submatrix | 7, | it is uniformly
0
sign coherent with respect to B; by Proposition 4.5. By Proposition 4.7, the
B4
submatrix| 0 is mutation invariant in directions 1 < kg, ....k1 < n. As a
I,

result when applying the sequence of mutations 7. we will get | new red indices

. . Inl CO—S . . . . O
while the C-matric py,..px, 0 ) = g | remains invariant since I
n2

is uniformly column sign coherent with respect to the skew symmetrizable By
because of its non-negative entries. Then the total number of the red indices that
we get after applying the composition (7,05) is k + [ and the result follows. [

And here we raise the following question:

Question 4.9. Does the red size of a reducible skew-symmetrizable matrix
equal the sum of the red sizes of the skew-symmetrizable matrices which appear
in its decomposition ?

Corollary 4.10. Let B = (g; gi
of the size n x n with By € My, xn,(Z) and By € My,xny(Z), 05 := (k1,...., ks)
is a general-maximal green sequence for B; with red size k, and 7, := (I1, ...., ;)
is a general-maximal green sequence for By with red size [. If o4 or 7, is proper,
then the red size m of B is determined by [ + k < m < n.

> be a reducible skew-symmetric matrix

Proof. The left part of the inequality is obtained from Theorem 4.8. If m = n,
then B admits a maximal green sequence. By [10, Theorem 1.4.1] any induced
sub-matrix also admits a maximal green sequence. Hence, £k = n; and [ = ngy
which contradicts with the hypothesis that one the general-maximal sequences
0s,Ty 1S proper. ]

Since every orbit-maximal green sequence in a stable admissible pair corre-
sponds to a maximal green sequence, see Theorem 3.25, some skew-symmetrizable
matrices admit orbit-maximal green sequences while others do not. By follow-
ing the same method of maximal green sequence generalization, we define the
general orbit-maximal green sequence.

Definition 4.11. For a stable admissible pair (E,G) and an orbit-green se-
quence o = (ki,....... ,ks_1,ks), this sequence is said to be a general orbit-
mazximal green sequence if ,ua(é) has the maximum number of red orbits among
the red orbits obtained by any other orbit-green sequences. Similarly the num-
ber of these red orbits (which are obtained maximally) is called the orbit-red

size of B.



ORBIT-MAXIMAL GREEN SEQUENCES AND GENERAL-MAXIMAL GREEN ... 497

It is clear that every orbit-maximal green sequence for a skew-symmetrizable
. B . . P .

matrix B = < I ) € Mspxn(Z) in a stable admissible pair (B, G) is a general
n

orbit-maximal green sequence whose orbit red size is the number of orbits ob-

tained under the action of G .

Lemma 4.12. Let B be a skew-symmetrizable matrix of the size n = 3 x 3
and (B, G) be a stable admissible pair with G not trivial (G is not the identity
or S3), then every general orbit-maximal green sequence has an orbit red size
m = 2 (that is, it is an orbit-maximal green sequence).

Proof. Since G is not trivial, G has two orbits j = {i1,i2} and m = {iz}. By
the admissibility b;,4, = 0 and b;,4,.b55; > 0. Hence B is acyclic with i3 is
the only source and i1,io are two sinks or i3 is the only sink and 1,79 are two
sources. Thus (m,j), (j, m) are two orbit-maximal green sequence and m = 2
is the maximum number of red orbits to be obtained. ]

In analogy to Theorem 3.25, we get the following result:

Corollary 4.13. For a stable admissible pair (E , G), every general orbit-maximal
green sequence corresponds to a general-maximal green sequence.
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