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Convolution conditions for q-Sakaguchi-Janowski type functions
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Abstract. In this paper, we derived convolution conditions for Sakaguchi-Janowski
type functions. Those results contains some interesting corollaries as special cases.
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1. Introduction and definitions

Bieberbach conjecture, Milin conjecture, Robertson conjecture, Sheil-small con-
jecture, Rogosinski conjecture, Littlewood conjecture, etc, attracted eminent
mathematicians to work in the theory of univalent functions. Attempts to prove
or disprove these conjectures inspired research not only to develop elegant and
useful techniques in complex analysis but also led to the introduce and study
of various subclasses of univalent functions. Functions with positive real part
play a crucial role in Geometric Function Theory as its significance can be seen
from that all the simple subclasses of the class of univalent functions have been
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defined by using this concept. Motivated by this class Janowski [6] defined the
class P (A,B).

Let A denote the class of functions of form

(1) f(z) = z +

∞∑
n=2

anz
n,

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1},

and normalized by f(0) = f ′(0) − 1 = 0. Let Ω denote the class of analytic
functions ω in U with ω(0) = 0, |ω(z)| < 1. We denote by P (A,B) the Janowski
class containing functions p of the form

p(z) =
1 +Aω(z)

1 +Bω(z)
, − 1 ≤ B < A ≤ 1, ω ∈ Ω.

Definition 1.1. The convolution or Hadamard product, of two analytic func-
tions

f(z) = z +
∞∑
n=2

anz
n(|z| < R1) and g(z) = z +

∞∑
n=2

bnz
n(|z| < R2),

is defined as the power series

(f ∗ g)(z) = z +

∞∑
n=2

anbnz
n, |z| < R1R2.

The fractional q-calculus is the extension of the ordinary fractional calculus
in the q-theory. The theory of q-calculus operators in recent past have been
applied in the areas of ordinary fractional calculus, optimal control problems
and in finding solutions of the q-difference and q-integral equations, and in q-
transform analysis and also in the geometric function theory of complex analysis.
For more details on the subject, one may refer to [1, 2, 3, 9], and [15].

In early twentieth century, Jackson [4] initiated q-calculus and developed the
concept of the q-derivative and q-integral.

Definition 1.2. For a function f ∈ S given by (1) and 0 < q < 1, the q-
derivative of f is defined by

(2) Dqf(z) =

{
f(z)−f(qz)

z(1−q) , z ̸= 0,

f ′(0), z = 0.
, where (0 < q < 1)

Equivalently (2), may be written as

Dqf(z) = 1 +

∞∑
n=2

[n]qanz
n−1, z ̸= 0
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where

[n]q =

{
1−qn

1−q , q ̸= 1

n, q = 1.

Note that as q → 1−, [n]q → n. For a function f(z) = zn, we can observe that

Dqf(z) = Dq(z
n) =

1− qn

1− q
zn−1 = [n]qz

n−1.

Then
lim
q→1−

Dqf(z) = lim
q→1−

[n]qz
n−1 = nzn−1 = f ′(z),

where f ′(z) is the ordinary derivative. As a right inverse, Jackson [5] presented
the q-integral of a function f as∫ z

0
f(t)dqt = z(1− q)

∞∑
n=0

qnf(zqn),

provided that the series converges.
Under the hypothesis of the definition of q-difference operator, we have the

following rules:
(i) Dq(af(z) ± bg(z)) = aDqf(z) ± bDqg(z), where a and b any real (or

complex) constants;
(ii) Dq(f(z)g(z)) = g(qz)Dqf(z)+f(z)Dqg(z) = f(z)Dqg(z)+Dqf(z)g(qz);

(iii) Dq

(
f(z)
g(z)

)
=

g(z)Dqf(z)−f(z)Dqg(z)
g(qz)g(z) .

Now, we introduce the following classes of analytic functions

(i) f ∈ S∗
q (A,B, t) if

(1−t)zDqf(z)
f(z)−f(tz) ∈ P (A,B);

(ii) f ∈ Kq(A,B, t) if and only if zDqf ∈ S∗
q (A,B, t);

(iii) f ∈ S∗λ
q (A,B, t) if

eiλ
(1−t)zDqf(z)

f(z)−f(tz)
−i sinλ

cosλ ∈ P (A,B);

(iv) f ∈ Kλ
q (A,B, t) if and only if zDqf ∈ S∗λ

q (A,B, t);
where in (iii) and (iv) λ is real and |λ| < π

2 .

Remark 1.3. (i) As q → 1−, t = o, A = 1− 2α and B = −1, we get the class
S∗(α, 1, t) introduced by Owa [8].

(ii) As q → 1−, t = −1, A = 1 − 2α and B = −1, we get the class
S∗(α, 1,−1) introduced by Sakaguchi [12].

2. Main results

Theorem 2.1. The function f ∈ Kq(A,B, t) in |z| < R ≤ 1 if and only if

1

z

f ∗
z +

(1+Bx)+([2]q−1)un(t)(1+Ax)
(1+Bx)−un(t)(1+Ax) qz2 +

(1+q−[2]q)un(t)(1+Ax)
(1+Bx)−un(t)(1+Ax) qz

3

(1− z)(1− qz)(1− q2z)

 ̸= 0,

|z| < R, |x| = 1, where un(t) =
∑n

j=1 t
j−1 and |x| = 1.
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Proof. The function f ∈ Kq(A,B, t) if and only if

(1− t)Dq(zDqf(z))

Dqf(z)−Dqf(tz)
̸= 1 +Ax

1 +Bx
, (|z| < R, |x| = 1, Bx ̸= −1)

which implies

(3) (1− t)Dq(zDqf(z))(1 +Bx)− (1 +Ax) (Dqf(z)−Dqf(tz)) ̸= 0.

Setting f(z) = z +
∑∞

n=2 anz
n, we have

Dqf = 1 +
∞∑
n=2

[n]qanz
n−1

Dq (zDqf) = 1 +
∞∑
n=2

[n]2qanz
n−1 = Dqf ∗ 1

(1− z)(1− qz)
.

The left hand side of (3) is equivalent to

(1 +Bx)

[
Dqf ∗

∞∑
n=1

[n]qanz
n−1

]
−Dqf ∗

∞∑
n=1

un(t)(1 +Ax)zn−1

= Dqf ∗
∞∑
n=1

[(1 +Bx)[n]q − un(t)(1 +Ax)] zn−1

= Dqf ∗
(
−un(t)(1 +Ax)

1− z
+

1 +Bx

(1− z)(1− qz)

)
= Dqf ∗

(
(1 +Bx)− (1− qz)un(t)(1 +Ax)

(1− z)(1− qz)

)
.

Thus

(4)
1

z

zDqf ∗
z + un(t)(1+Ax)

(1+Bx)−un(t)(1+Ax)qz
2

(1− z)(1− qz)

 ̸= 0.

Since zDqf ∗ g = f ∗ zDqg, we can write (4) as

1

z

f ∗
z +

(1+Bx)+([2]q−1)un(t)(1+Ax)
(1+Bx)−un(t)(1+Ax) qz2 +

(1+q−[2]q)un(t)(1+Ax)
(1+Bx)−un(t)(1+Ax) qz

3

(1− z)(1− qz)(1− q2z)

 ̸= 0,

|z| < R, |ρ| = 1, which completes the proof.

As q → 1− and t = 0, we have following result proved by Ganesan and
Padmanabhan in [7].

Corollary 2.2. The function f ∈ K(A,B) in |z| < R ≤ 1 if and only if

1

z

[
f ∗

xz + (Ax+Bx+2)
B−A z2

(1− z)3

]
̸= 0.
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Remark 2.3. As q → 1−, t = 0 and A = 1, B = −1, we get convolution
condition characterizing convex functions as in Silverman et al. in [13] with a
suitable modification.

Theorem 2.4. The function f ∈ S∗
q (A,B, t) in |z| < R ≤ 1 if and only if

1

z

f ∗
z + un(t)(1+Ax)

(1+Bx)−un(t)(1+Ax)qz
2

(1− z)(1− qz)

 ̸= 0, (|z| < R, |x| = 1),

where un(t) =
∑n

j=1 t
j−1.

Proof. Since f ∈ S∗
q (A,B, t) if and only if g(z) =

∫ z
0

f(ζ)
ζ dqζ ∈ Kq(A,B, t), we

have

1

z

g ∗ z +
(1+Bx)+([2]q−1)un(t)(1+Ax)

(1+Bx)−un(t)(1+Ax) qz2 +
(1+q−[2]q)un(t)(1+Ax)
(1+Bx)−un(t)(1+Ax) qz

3

(1− z)(1− qz)(1− q2z)


=

1

z

f ∗
z + un(t)(1+Ax)

(1+Bx)−un(t)(1+Ax)qz
2

(1− z)(1− qz)

 .

Thus the result follows from Theorem 2.1.

As q → 1−, t = 0, we have following result proved by Ganesan and Padman-
abhan in [7].

Corollary 2.5. The function f ∈ S∗(A,B) in |z| < R ≤ 1 if and only if

1

z

[
f ∗

xz + 1+Ax
B−A z2

(1− z)2

]
̸= 0, (|z| < R, |x| = 1).

As a corollary we can derive coefficient inequalities for the class S∗
q (A,B, t).

Corollary 2.6. A function f ∈ A is in the class S∗
q (A,B, t) if and only if

f(z) = 1 +
∞∑
n=2

Anz
n−1 ̸= 0,

where An =
([n]q−un(t))+([n]qB−Aun(t))ρ

ρ(B−A) an and un(t) =
∑n

j=1 t
j−1.

Proof. A function f ∈ S∗
q (A,B, t) if and only if

(1− t)zDqf(z)

f(z)− f(tz)
̸= 1 +Aρ

1 +Bρ
.

That is
(1 +Bρ)(1− t)(zDqf(z))− (1 +Aρ) [f(z)− f(tz)] ̸= 0
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which implies

(B −A)ρz

[
1 +

∞∑
n=2

[n]q(1 +Bρ)− un(t)(1 +Aρ)

]
anz

n ̸= 0.

This simplifies into

1 +
∞∑
n=2

([n]q − un(t))([n]qB −Aun(t))ρ

ρ(B −A)
anz

n−1 ̸= 0,

which completes the proof.

Remark 2.7. As q → 1−, t = 0 and A = 1, B = −1, we get convolution
condition characterizing starlike functions as in Silverman et al. in [13] with a
suitable modification.

Theorem 2.8. For |z| < R ≤ 1, λ real with |λ| < π
2 and |x| = 1, we have

f ∈ Kλ
q (A,B, t) if and only if

1

z

f ∗
z +

(1+Bx)+([2]q−1)un(t)(1+ϕx)
(1+Bx)−un(t)(1+ϕx) qz2 +

(1+q−[2]q)un(t)(1+ϕx)
(1+Bx)−un(t)(1+ϕx) qz

3

(1− z)(1− qz)(1− q2z)

 ̸= 0,

|z| < R, |x| = 1, where ϕ = (A cosλ+ iB sinλ) e−iλ and un(t) =
∑n

j=1 t
j−1.

Proof. We have, f ∈ Kλ
q (A,B, t) if and only if

eiλ
(1−t)Dq(zDqf(z))
Dqf(z)−Dqf(tz)

− i sinλ

cosλ
̸= 1 +Ax

1 +Bx
, (|z| < R, |x| = 1, x ̸= −1)

which implies

(5) (1− t)(Dq(zDqf(z))(1 +Bx)− (1 + ϕx) (Dqf(z)−Dqf(tz)) ̸= 0.

Proceeding exactly as in Theorem 2.1 we arrive at the result by replacing A by
ϕ.

As q → 1−, t = 0, we have following result proved by Ganesan and Padman-
abhan in [7].

Corollary 2.9. For |z| < R ≤ 1, λ real with |λ| < π
2 and |x| = 1, we have

eiλ
(zf ′(z))′

f ′(z)
∈ P (A,B)

if and only if

1

z

f ∗
xz +

(
x+ 2(1+ρeiλ(A cosλ+iB sinλ))

B−e−iλ(A cosλ+iB sinλ)

)
z2+

(1− z)3

 ̸= 0.
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Theorem 2.10. For |z| < R ≤ 1, λ real with |λ| < π
2 and |x| = 1, we have

f ∈ S∗λ
q (A,B, t) if and only if

1

z

f ∗
z +

([2]q−1)un(t)(1+ϕx)
(1+Bx)−un(t)(1+ϕx)qz

2 +
(1+q−[2]q)un(t)(1+ϕx)
(1+Bx)−un(t)(1+ϕx) qz

3

(1− z)(1− qz)(1− q2z)

 ̸= 0, |z| < R, |x| = 1,

where ϕ = (A cosλ+ iB sinλ) e−iλ and un(t) =
∑n

j=1 t
j−1.

Proof. The result follows from Theorem 2.8 in the same manner that Theorem
2.4 followed from Theorem 2.1.

For t = 0, we have following result proved by Ganesan and Padmanabhan
in [7].

Corollary 2.11. For |z| < R ≤ 1, λ real with |λ| < π
2 and |x| = 1, we have

eiλ
zf ′(z)

f(z)
∈ P (A,B)

if and only if

1

z

[
f∗

([
B−eiλ(A cosλ+iB sinλ)

]
xz+

[
1+xeiλ(A cosλ+iB sinλ)

]
z2

(1−z)2

)]
̸= 0.

As a corollary we can derive coefficient inequalities for the class S∗λ
q (A,B, t).

Corollary 2.12. A function f ∈ A is in the class S∗λ
q (A,B, t) if and only if

f(z) = 1 +

∞∑
n=2

dnz
n−1 ̸= 0,

where dn =
([n]q−un(t))+([n]qB−γun(t))ρ

ρ(B−A) an and γ = (A cosλ+ iB sinλ) e−iλ.

Proof. A function f ∈ S∗
λ(A,B, t) if and only if

eiλ
(1−t)zDqf(z)
f(z)−f(tz) − i sinλ

cosλ
̸= 1 +Aρ

1 +Bρ
.

That is

(1 +Bρ)(1− t)(zDqf(z))− (1 + γρ) [f(z)− f(tz)] ̸= 0.

The rest of the proof follows as in Corollary 2.6.

Remark 2.13. As t = 0 and A = 1, B = −1, we get convolution condition
characterizing spirallikeness of functions as in Silverman et al. in [13].
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