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Abstract. In the paper, by introducing the concept of (s, m)-GA-e-functions and
using Hélder’s integral inequality, the authors develop several new integral inequalities
of the Hermite-Hadamard type for extended (s, m)-e-GA-convex functions.
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1. Introduction

Throughout this paper, we use the following notations:
R = (—00,00), Rp=1[0,00), and Ry = (0,00).
Let us recall and review some concepts of convex functions.

Definition 1.1 ([13]). A function f: I CR — R is called to be convex on an
interval I if

FOz+ (1 =Ny) <Af(2)+ (1 =N f(y)
for all z,y € I and X € [0,1].

*. Corresponding author
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Definition 1.2 ([2]). For some s € (0,1], a function f: I CR — R is called to
be s-convex in the second sense on an interval I if

(L.1) FOz 4+ (1= Ny) <N f(z) + (1= A)°f(y)
for all z,y € I and X € [0,1].

Definition 1.3 ([23]). For some s € [—1,1], a function f : I C R — R is
called to be extended s-convex on a interval I if the inequality (1.1) holds for all
x,y €I and X € (0,1).

Definition 1.4 ([19]). For some m € (0,1], a function f :[0,b] — R is called
to be m-convex on [0,b] if

Oz +m(1 = Ny) < Af(2) +m(l =) f(y)
for all z,y € [0,b] and X\ € [0, 1].

Definition 1.5 ([5, 15]). For some (s,m) € (0,1] x (0, 1], a function f : [0,b] —
R is called to be (s,m)-convex on [0,b] if

(1.2) FOz+m(1 = Ny) <X f(x) +m(l - A)°f(y)
for all z,y € [0,b] and X € [0,1].

Definition 1.6 ([27]). For some (s,m) € [—1,1]x(0, 1], a function f : [0,b] = R
is called to be extended (s, m)-convex on [0,b] if the inequality (1.2) is valid for
all z,y € [0,b] and X € (0,1).

Definition 1.7 ([14]). A function f : I C Ry — R is called to be geometrically-
arithmetically-convex (or say, GA-convez) on I if

F(@y' ™) < Af(@) + (1= N f(y)
for all z,y € I and X € [0,1].

Definition 1.8 ([16]). For e > 0, a function f : I C Ry — R is called to be
e-GA-convex on I if

F@y' ™) S Af(@) + (L= N f(y) +e
for all z,y € I and X € [0,1].

Definition 1.9 ([11, 12]). For some (s,m) € [—1,1] x (0,1], a function f :
(0,b] — R is called to be extended (s, m)-GA-convex on (0,b] if

f @y V) <N f () +m(l = 2 f(y)

for all z,y € (0,b] and X € (0,1).
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The well-known integral Hermite-Hadamard inequality for convex functions
reads that, if f is a convex function on [a, b], then

In recent decades, plenty of integral inequalities of the Hermite-Hadamard type
for various kinds of convex functions have been established in, for example,
[1, 3,4, 6, 7,8, 17, 20, 22, 25, 26]. In particular, some integral inequalities of
the Hermite-Hadamard type for geometrically convex functions and for s-GA-
convex functions were studied in [9, 10, 18, 21, 24, 28|.

2. A new definition and two lemmas

Now we extend Definition 1.9 by introducing the definition of extended (s, m)-
e-GA-convex functions.

Definition 2.1. For some (s,m) € [—1,1] x (0,1] and € > 0, a function f :
(0,b] — Rq is called to be extended (s, m)-e-GA-convexr on (0,b] if

F@y™ V) <N f(z) +m(l =N fy) +e
for all x,y € (0,b] and X € (0,1).

It is clear that, when € = 0 in Definition 2.1, one will derive Definition 1.9.
In order to prove our main results, we need the following lemmas.

Lemma 1. Let f : I C Ry — R be differentiable on the interior I° and a,b € I
with a < b. If f" € Li([a,b]) and X € (0,1), then

1 b
a0 = = lna/a f(;) dz

A 1
= (Inb—1Ina) U tal_tbtf’(al_tbt)dt—/ (1—t)al_tbtf’(al_tbt)dt}

0 A

Proof. Integrating by part and changing variables of integration yield
A 1
(Inb—1Ina) [ / ta' ' f (ar ') dt — / (1 —t)a' "' f'(a' "0") dt]
0 A

A 1
:/ tf/(aktbt) d(aktbt) _/ (1- t)f/(alftbt) d(alftbt)

0 A

= A (") + (1= N f(a' ) - /1 fa'~"v") dt

0
b
= f(a' ) — lnbilna /a f? dz.

This completes the proof of Lemma 1. O
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Lemma 2. Let x,y >0, A € (0,1), and s € [-1,1]. Then

AYAL(a, y) — 2

A , TFY;
F(w,y;/\):/o tetyt~tdt = 2 Iny —Inz
77 r =Y,
A
G(z,y; A, s) :/ tite + (1 —t)ylt*dt
0
:(8+2))\JI+(8+3—(8+2))\)y)\5+2
(s +2)(s+3) ’
and
A
H(x,y;)\,s):/ ttx + (1 —t)y](1 —t)°dt
0
2+ (s+ Dy —[(1=XN)(s+1)(L+2X2+ As)y
F(24 A5+ 1)(2+ 2\ + As)z))(1 — N5 et
= (s+ D)(s+2)(s+3) TS EEl
Ny —2z)—2(In(1 = \) + Nz e 1

2 )
where the logarithmic mean L(x,y) is defined as

ﬁj x4y
L(x,y) = Iny —Inx

x, T =1y.

3. Main results

We are now in a position to establish some integral inequalities of the Hermite-
Hadamrd type for functions of the extended (s, m)-e-GA-convexity.

Theorem 1. Let (s,m) € [—1,1] x (0,1] and X € (0,1) and let f: (0,b*] - R
be a differentiable mapping on (0,b*], where a,b € (0,b*], a < b, b™ < b*, and
f" e Li([a,b)). If | f'|9 is extended (s,m)-e-GA-convex on (0, max{b'/™ b}] for
q > 1, then

. 1 " f(2)

Apl—AY

f(ab ) Inb—lna/a x dz
Inb—1Ina

< - -

- 6l

(3.1) +6mH(a,b; )\, )| f/(6/™)|" + eX?[2a + (3 — 2)b])
+ Fl_l/q(bya; 1- )‘7 5) (GH(bv a; 1- >‘7 S)|f/(a)’q
+6mG(b,a;1— A, s)| 1 (BY™) |7+ 2(1 — N)2[(1 + 20)a + 2(1 — A)p]) 7],

[F1719(a, b; 1) (6G (a, b A, )| ()|

where F'(a,b;\), G(a,b; A\, s), and H(a,b; A\, s) are defined as in Lemma 2.
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Proof. By Lemma 1 and Hoélder’s integral inequality, we have

1 b
‘f(“Abl_A) B lnb—lna/a fi«w) de
A 1
< (Inb—Ina) {/ tatblft‘f’(atblft) ‘ dt—i—/ (l—t)atblft‘f’(atblft) ‘ dt]
0 A
A 1-1/q A 1/q
(3.2) < (Inb—Ina) [(/ tatbl_tdt) </ tatbl_t’f’(atbl_tﬂth)
0 0

+ (/:(1 — t)atbl_tdt)l_l/q (/}\1(1 B t>atb1—t|f/(atbl_t)|th> 1/1.

By Lemma 2, we can obtain

A
(3.3) / (1 —t)a'b'~tdt = F(a,b; \, s)
0
and
1
(3.4) / (1—t)a'd'tdt = F(a,b;1 — ), s).
A

Using the extended (s,m)-e-GA-convexity of |f’|7, the geometric-arithmetic
mean inequality, and Lemma 2 gives

A
/ tatbl—t‘f/(atbl—t)‘q dt

0

A
(35) < /0 tlta+ (1 — 6)b][t°] f'(@)|? + m(L — t)°| f/ (b/™)|* + €] dt

= G(a,b; A\, 8)|f'(a)|T+mH (a,b; \, s)| £/ (b/™) \q—i—%e)\Q [2Aa+(3—2))]

and

1 1
/ (1—t)a'd" | f (a'b' )| dt < / (1 =t)[ta+ (1 —t)b][t°] f'(a)|?
A A

(3.6)  +m(1—t)*|f (™))" +e]dt = H(b,a;1 — A, s)|f'(a) ]
e(1 = N)2[(1+2X)a + 2(1 — \)b]
. :

+mG(b,a;1 — A, 3)‘f/(bl/m) ‘q +

Substituting inequalities (3.3), (3.4), (3.5), and (3.6) into the inequality (3.2)
results in the inequality (3.1). The proof of Theorem 1 is complete. O
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Corollary 1. Under conditions of Theorem 1, if s = —1, we have
1 * f(x)
Al
1@ lnb—lna/a s 47
Inb—1Ina

< g FTY a0, ~1) (300 (a — b) + 200)[ (@)

+3mA2(b—a) — 2a(In(L — A) + V]| £/ (6Y/™)|" + e?[2ha + (3 — 2/\)b])1/q
+ FYb,a51 — X\, 1) (3[(1 = X)2(a — b) — 2b(1 — A+ In N)] [ f/(a)|?
+3m[(b—a)(1 — X\ + 2a(1 — N)]| £/ (6"/™)|*
+e(l— N)2[(1+20)a +2(1 — Ap]) 9.
Theorem 2. Let (s,m) € [—-1,1] x (0,1] and X € (0,1) and let f : (0,0*] = R
be a differentiable mapping on (0,b*], where a,b € (0,b*], a < b, b/™ < b*, and

f" € Li([a,b]). If |f'|7 is extended (s, m)-e-GA-convex on (0, max{b"/™ b}] for
q > 1, then

1 b
‘f(akbl_k) T nb— lna/a f;:r:) dz

s+2
(37  x < A
s+2

< e [F (a,b; \)

1 l/q
If'(a)|? + mT (A, s)}f'(bl/m) |+ 25)\2> + F'=Ya(p, g;

m(l — \)*+2 (1 — \)2
1—)\,5)T(1—)\,5)|f’(a)|’1+W‘f/(bl/m)’q+(1)\)]’

s+ 2 2
where
_ _ s+1
A 1—(1-=2X) (1+)\—+—)\5)7 l<s<1:
T()\,s):/ t(1—t)°dt = (s+1)(s+2)
0 —A—1In(1—-M\), s=—1.

Proof. By Lemma 1 and Hélder’s integral inequality, we have
. 1 " f(z)
Apl=X) _
‘f(a ) lnb—lna/a x do
A 1
< (Inb—1Ina) [/ mtbl—t\f’(atbl—f)\dH/ (1—t)atbl—t}f’(atbl—t)\dt]
0 A

(3.8) < (Inb-Ina) K/OAt(atb”)q/(“) dt) 11/q(/0At\f’(atblt) K dt) v
o ([ an@yrenad ™ ([aop@ipra)

By Lemma 2, we obtain

A
(3.9) / t(atblft)Q/(q—l) dt = F(aq/(qfl)j bq/(qfl); A, S)
0
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and
1
(3.10) / (1 =) (a'b' =)D qp = p(pe/e=D q9/(@1;1 =\ s).
A

From the extended (s, m)-e-GA-convexity of |f’|?, we have

A
(3.11) / ta'b™ | /(a0 )| dt

0

A

g/ t[t°1f (@) + m(1 —t)°| £/ (0/™)|" + €] dt
0
)\s+2

m 1
= S_|_72|f/(a)\q +mT (A, 5)‘f’(b1/ )T+ §€>\2

and

1
(3.12) A(1—t)\f’(atb1—t)]th

1
< [ A= BEIF @I+ m(1 = | @) <] e
A
m(L = N2y, L 2
=T(L=NIf @I+ =5 (™)|" + 51 =N
Substituting (3.9), (3.10), (3.11), and (3.12) into the inequality (3.8) leads
0 (3.7). The proof of Theorem 2 is complete. O

Theorem 3. Let (s,m) € [—1,1] x (0,1] and X € (0,1) and let f: (0,b*] - R
be a differentiable mapping on (0,b*], where a,b € (0,b*], a < b, b™ < b*, and
f" € Li([a,b]). If |f'|7 is extended (s, m)-e-GA-convex on (0, max{b"/™ b}] for
q > 1, then

_ 1 " f(=)

Ap1—Ay

‘f(a b ) Inb—lna/a x dz
Inb—Ina {( AL (a*0/(@=1) 1/ @=D)p(1-Na/(g-1)1=1/a

= 6l/q
/\11+8+1

1/q
(3.13) x ——e)itt
q+s+1

(1= N/ 4D L (q(-Na/a=1) 1N/ (a-1)y)1=/a <B(1 Y

m(1-\)atstl !f’ (bl/m) ‘q n g(1 — \)att ) 1/1 ’

S @ImBOg s+ DI E)[

x q+1, s+1)|f'(a)|9+
g+ s @) .

where B(\, «, B) is incomplete Beta function defined by

I'(a+P)

A el B—1
W/Ot (1—0)PLdt, a,8>0.

B(Aa,B) =
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Proof. By Lemma 1 and Hoélder’s integral inequality, we have

- 1 > )
‘ﬂMHA%WM—maL s 47
A 1
< (Inb—1Ina) [ / ta'b' [ f (a'b' ) [ d b+ / (1=1)a'd""|f' (b ™")] dt]
0 A
A 1-1/q / A 1/q
(3.14) <(Inb—Ina) [(/ (atblft)q/(q—l) dt> (/ tq‘f/(atblt)‘th>
0 0

1 1-1/q s r1 1/q
tp1—t\a/(a—1) _ 1 tpl—t
+<A(ab ) dQ <A(1 )4 f (a'd )WdO },

where
A

(3.15) / (atbl—t)‘I/(q_l)dt = b9/ (@) [ (gAa/ (a=1) pha/la=1))
0

and

1
(3.16) / (atbl—t)q/(q—l) dt = (1= N/ @D (o(1-Ve/ a1 p(1-a/(a-1))
by

From the extended (s, m)-e-GA-convexity of |f’|?, we have

A A
(3.17) [:tﬂf(a%lt)fdifiéthﬂf%a”q+"Kl“wﬂf%bwm)w+€ dt

—zgff;umm%+m3u +1s+1%ﬂ@mﬂw+—l—evﬂ
Cg+s+1 T g+17
and
1 q 1
[a-orannaes [a-oreisar
A A
+mu—¢fvxwmﬁﬁ+%dt
(3.18) =B(1—=Xq+1s+1)|f(a)
m(l _ )\)q+s+1 L1 1
A (™) —— (1 — NI
Substituting (3.15), (3.16), (3.17), and (3.18) into the inequality (3.14) derives
the inequality (3.13). The proof of Theorem 3 is complete. O
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