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More accurate Young, Heinz-Heron mean and Heinz
inequalities for scalar and matrix
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Abstract. In this paper, we mainly give some refinements of Heinz mean-Heron mean
inequality Fi,(,)(a,b) > H,(a,b) where a(v) =1 —4(v —v?). More precisely, interpola-
tion between them are established motivated by refinements of Young inequality. The
matrix versions of these inequalities are also obtained in the last part.
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1. Introduction

Nowadays, refinements, generalizations and extension to a multidimensional case
of classical Young inequality, which states that if a,b > 0 and v € [0, 1], then

(1) aVyb > aflyb

with equality if and only if a = b, have arisen researchers’ attention. The
weighted arithmetic and geometric means are defined, respectively, as follows
aVyb = (1 —v)a + vb and afl,b = a' ~Vb". After discovering, the Young inequal-
ity was studied by numerous researchers, who either reproved it using various
techniques, or applied and generalized it in many different directions.
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Replacing (v, b) by (2v, Viab) when v € [0, 3] and (v,b) by (2—2v, vab) when
v € [3,1] in (1) we got [1]

(2) aVyb > afyb + 2ro(aVb — afh),
where rop = min{v, 1 — v}.
Replacing (v,b), (v,a), (v,a) and (v,b) by (2v,Vab), (

1-
1,v/ab) and (2 — 2v, Vab) respectively when v € [0,1], v € (1,3], v G (3,3] and
v € (2,1] in (2) we got [2]

aV,b > affyb + 2v(aVb — atb) + ri(a + affb — Qaﬁ%b), 0<v<
aVyb > afyb+ 2(1 — v)(aVb — afib) + r1(b + atb — Qaﬁsb)
where r; = min{rg, 1 — ro}.

Inequality (1) in multidimensional case has been obtained by M. Sababheh
and D. Choi [3]

aVyb > aflyb+ Sy (v;a,b),

where Sy (v;a,b) = Zj\le 55(v)( 2\]/a2j*1—kj(v)bkj(v) _ 2\]/a21*1—kj(v)—lbkj(v)+1)2

5;(v) = (=1)50)20 1y 4 (— 1) LR () = [27-10] and ry(v) = [270].
Here [z] is the greatest integer less than or equal to x.

Although classical, the refinements of Young inequality is still of great inter-
est to numerous authors.

M. Krni¢ [4] obtained that

(3) aVyb > afyb+ 4v(1 — v)(aVb — afb)

when (2v — 1)(b — a) > 0 and reverse inequality when (2v — 1)(b —a) < 0.
Recently, M. Sababheh refined M. Krni¢’s result in [5] using the method of
inductive quadratic interpolation.

Refining Young inequality or Young type inequalities can go forever, in the
sense that one can find further refining terms for all refinements in the literature
and extend it to matrix, norm and determinant inequality. We encourage the
reader to figure different methods to obtain refinements of these inequalities.

So far the mentioned inequalities were involving a combination of a, b, i.e.
aVyb = (1 —v)a + vb. There exist some inequalities involving a combination of
aVb, affb. In the following some of them are listed.

Both means, Heinz and Heron means, interpolate between the geometric and
arithmetic means, defined respectively for a,b > 0 as follows

aﬁvb + aﬁl—vb

Hy(a,b) = 5

and Fy(a,b) = (1 —v)atb + vaVhb.

It follows from inequality (1) when v = 3 that the Heinz and Heron means
interpolate between geometric mean and arithmetic mean

atb < Hy(a,b) < aVb and afb < F,(a,b) < aVb.
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R. Bhatia [6] proved that the Heinz and Heron means satisfy the following
inequality

(4) Fa(v)(aa b) 2 Hv(a'> b)v

where a(v) = 1 — 4(v — v?).

One of the questions that arises from this work is the following. Does this
inequality between means of positive numbers lead to further refinements?

F. Kittaneh and Y. Manasrah [7] proved that

(5) aVb > H,(a,b) + ro(aVb — afb).
W. Liao and P. Long [8] refined the above result as follows
aVb > Hy,(a,b) + 2ro(aVb — afib) + r1(aVb + afib — ajj%b - aﬁ%b)
and
(aVb)? > Hy(a,b)? + 2rg((aVD)? — (ath)?) 4 4r1[(aVD)? — (aVb)(ath)].

Further refinements of Heinz inequality have been obtained by numerous
researchers. In what follows, we mainly present some refinements of general
Heinz inequality and Heinz-Heron mean inequality motivated by the Young-
type inequalities presented as above.

The organization of the paper is as follows. We firstly present several re-
finements of Young inequality and Heinz-Heron mean inequality with a series
of similar inequalities are then presented. In the last part of this paper, these
refinements are applied to matrix case.

2. Main results

In this section we mainly present some inequalities for scalars and then we
present several matrix inequalities.

2.1 Scalar results

In this part of the paper, we mainly show some scalar results. The main ap-
proach we used in proving the scalar results is some delicate and tricky compu-
tations.

Theorem 2.1. If a,b> 0 and v € [0,1], then

(6) aVyb > afyb+ 4v(1 — v)(aVb — afb)

NI

holds for (g)”_ > 1.
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Proof. If a,b > 0 and v € [0, 1], the inequality (6) for a = 1,b =t > 0, becomes

1Vt > 18t + 4dv(1 — ) (1VE — 14t).

Let L4t
£t) = 1—v+vt—t”—4v(1—v)(% _ V).
Then 1 .
() =v—ot" ' —4o(l — v)(§ - Tﬁ)
and

1

f(t) = vl — )t 2 —v(1 — U)t_% =v(l— ’U)t_%(tv_z —1).

In view of =2 > 1, then #*~2 — 1 > 0 which means f"(t) > 0. Hence, f'(t)

is increasing on (0,00), f/(1) = 0 and f(1) = 0. So, f(t) is decreasing on (0, 1]

and increasing on (1,00). Consequently, f(¢) > 0 for v € [0,1] and =3 > 1.
This proved that

aVyb > aflyb + 4v(1 — v)(aVb — afh).
hold for a,b > 0, v € [0,1] and (2)*"7 > 1. 0

Remark 2.2. In view of 4v(1—v) —8v(1—2v) < 0 when v € [0, 3], it is natural
to consider refining inequality (6). Using the same method of Theorem 2.1, we
have

aVyb > afyb + 8ro(1 — 2r¢)(aVb — atd)

for a,b >0, v € [0,1] and (g)”_% > 2.

In the following, we refine the Heinz and Heron means inequality using the
same method as above. As afb < H,(a,b) < F,(a,b) < aVb, we are interested
in finding an upper bound or a lower bound of F,(a,b) — Hy(a,b).

Theorem 2.3. The Heinz and Heron means satisfy

(7) Fy(a,b) > Hy(a,b) +4v(1 — v)(aVb — afb)

-

fora,b>0,ve0,1], a=1—4(v—v?) and (2)”7% + (3)57” > 4.

Proof. Inequality (7), in expanded form, says

l—vpv vipl—v
4(0—02)\@“1—4@—@2))“‘;1’ > @b ;“ b +4u(1—u)(“T+b—\/%).
Puta=1,b=t,
v 1—v
Ao — Wi+ (1 — A — o)t > BT gy v

- 2
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Let
v 1—v
F(#) = 4 — v Vi + (1 — 40 — v2)) T wa- v)(% _ V).
Then
v 1 —v)t7?
() = 4(=%) o (=019~ = au1-0) (G- )

and

(1) = A=) (= -

In view of "2 + 27 > 4, we have f"(t) > 0. Then f(1) = f'(1) = 0 which
means that f(¢) is decreasing on (0, 1] and increasing on (1,00), respectively.
Consequently, f(t) > 0 for v € [0, 1] and =5 a7 > 4. This proved that

Fy(a,b) > Hy(a,b) + 4v(1 — v)(aVb — afib)
holds for a,b > 0, v € [0,1], a = 1 — 4(v — v?) and (2)”_% + (g)%_” > 4. O

We emphasize that the significance of this result is to lead to as many refining
inequalities as we wish. Provided that f(v) = 4v(1—v)(aVb—afb), we can refine
f(v) to find an upper bound or a lower bound. Follow the same logic of Theorem
2.3, if we choose f(v) = 8v(1 — 2v), then we can have the following corollary.

Corollary 2.4. Ifa,b >0 and v € [0, 1], then we can have

Fy(a,b) > Hy(a,b) + 8v(1 — 2v)(aVb — afb)

1

for a=1—4(v—v?) and (g)”fé + (b2 > 6.
Put

14+t v+t
2 2

81— 2@(% ~ VA,

F(t) = 4(v =0 )VE+ (1 4(v - 7))

the detail proof of Corollary 2.4 is similar to the above theorems. Here we leave
it to the reader.

Remark 2.5. It is obvious that inequality (7) is a refinement of inequality
(4). But it is not a general refinement since inequality (7) constraints (%)”_% +
(%)%_” > 4. One way to refine inequality (4) without constraints of £ is to
weaken o which we present as follows.
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Theorem 2.6. The Heinz and Heron means satisfy

(8) Fg(a,b) > Hy(a,b) + 4v(1 — v)(aVb — atd)
fora,b>0,vel0,1] and f =1 — 8max{v,1 — v} min{l — 2v,2v — 1}.
Proof. If a,b > 0 and v € [%, 1], inequality (8) for a = 1,b =t > 0, becomes

14+t v+t 1+t
8u(1 — 20)v/7 + (1 — 8u(1 — 20)) ‘; > +2 4 do(1 —o)(t

).

Let

10 = S0(1 ~ 20V (1 =01 —20) S LT g (v,
Then
oy 1 1 ot P4 (1—w)t? 1 1
F1(8) = 80(1-20) o (1-Bu(1-20) 5 - : ~4u(1-0)(3- )
and
) = —20(1 - 2U)t7% n v(l —v)tv—2 —f—2v(1 S w1 U)tf%
= w3 ety

Since 2% —3 > —1 for v € [3,1], then f”(t) >0, f’(1) = f(1) = 0 which means

1—v
that f(t) is decreasing on (0, 1] and increasing on (1, 00), respectively. Hence,

we have f(t) > 0 for v € [, 1]. Consequently,
Fg(a,b) > Hy(a,b) + 4v(1 - v)(aVb — atb) (%)
holds for v € [£,1] and 8 =1 — 8max{v,1 — v} min{l — 2v,2v — 1},
Replacing v by 1 — v and exchanging a and b in (), then we have inequality

(8) holds for v € [0, 3] and 8 =1 — 8max{v,1 — v} min{l — 2v,2v — 1}. O

In view of aVb > F,(a, b), we take inequality (8) as a refinement of inequality
(5). Next, we present a squared version refinement of inequality (5).

Theorem 2.7. If a,b> 0 and v € [0,1], then we can have
(9) (a+b)? > 4(H,(a,b))? + 8v(1 — v)(a®>Vb* — a®§b?)

for (2v —1)(b? — a?) > 0.
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Proof. From inequality (8), we have

a+b

> Hy(a,b) +4v(1 — v)(aVb — afih).

By virtue of replacing a by a? and b by b?, respectively, then
(a+b)% — 4H,(a,b)% = a® + b — (a~"b")% — (a¥b!?)?
= (1 —v)a®4+vb*—(a'7b")?+va®+(1 — v)b?—(a’b' 9)?
> 8u(1 —v)(a*Vb? — a®4b?) by(1.3)
holds for (2v — 1)(b? — a?) > 0. Hence,
(a+b)? > 4(H,(a,b))? + 8u(1 — v)(a®>Vb* — a*4b?).

2.2 Matrix inequalities

To state our results in this part, we introduce the following matrix theories.
Let M, (C) be the algebra of n xn complex matrices. For Hermitian matrices
A, B € M,(C), we write that A > 0 if A is positive semidefinite, A > 0 if A if
positive definite and A > Bif A— B > 0.
In this part, the weighted arithmetic and geometric matrix means are defined
for A, B > 0 as follows

AV,B=(1-v)A+vB and Af,B=A2(A 2BA 2)"A2,

while we use the standard notations AVB and AfB for AV%B and Aﬁ%B,

respectively. The scalar Young inequality aV,b > af,b can be used to prove the
matrix Young inequality
AV,B > Af4,B

holds for A,B > 0 and v € [0,1]. The matrix version of the Heinz means is

defined by

Af,B+ Af1_,B
HU(A,B): ﬁ’U +2 ﬁl v ’

where A, B > 0 and v € [0,1]. The matrix version of the Heron means is defined
by

F,(A,B)=(1—-v)AtB +vAVB
for 0 <wv <1.

To reach inequality for bounded self-adjoint matrix on Hilbert space, we shall
use the following monotonicity property for matrix functions: If X € M, (C)
with a spectrum S,(X) and f,g are continuous real-valued functions on an
interval containing S,(X), then

f(t) = g(b),t € Sp(X) = f(X) = g(X).

For more details about this property, the reader is referred to [9].
Now we are in a position to give our first matrix inequality.
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Theorem 2.8. Let A, B > 0 and v € [0, 1], then we can have
(10) F3(A,B) > Hy(A,B) +4v(1 —v)(AVB — AfB)
for f=1—8max{v,1 — v} min{l — 2v,2v — 1}.

For A = (a;j) € My(C), the Hilbert-Schmidt norm of A is defined by ||A|> =
\/ 2t j=1laij[% || - [|2 has the unitarily invariant property: [|[UAV|2 = [ Al|2 for
all A € M,(C) and all unitary matrices U,V € M, (C).

Theorem 2.9. Suppose that two matrices A, B and positive real numbers m,
m/, M, M’ satisfy either of the following conditions:
Ho0<mI<B<mI<MI<ALMI;
(i) 0<mI<A<mMI<MI<B<MI.
Then

(11) ||[AX + XB|2 > ||[AY""XBY + A"XB'7?||2 + 4v(1 — v)|AX — XB||%.
for A,B,X >0, ve€l0,1] and (2v — 1)((M')? — (m')?) > 0.

Proof. Since A, B > 0, then by spectral theorem there are unitary matrices
U,V and diagonal matrices D1 = diag()\;) and Dy = diag(p;) for i = 1,--- ,n,
such that

A=UDU* and B =VDyV*.
For our computations, let Y = U*XV = [y;;]. Then we have

AX + XB=U[(\ + /Lj)yij]v*.

If v € [0, 1], utilizing (9) and the unitarily invariant property of || - |2, we have
n
IAX + XBI3 = > (N +w)°lyil
ij=1
" B B A
>3 O A sl — o) (L A
ij=1

= |JAYVXBY + A" XB7Y|3 + 4v(1 — v)||AX — XB|3
for A,B >0, v € [0,1] and (2v — 1)((M")? — (m')?) > 0. That is
|AX + XBJ||2 > ||[A"""XBY + A’XB'7||3 + 4v(1 — v)||AX — X BJ3.
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