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Abstract. The main objective of this study is to demonstrate the absence of the
nontrivial global solutions of some fractional evolution integral equations and systems.
We show that the critical exponent of Fujita type coincides with that obtained by S.
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1. Introduction

The most development of the fractional calculus was into the turn of the 20th
century, because it has been used to describe diverse phenomenon in sciences and
engineering for its special fundamental properties. Caputo [23] reformulated the
most definitions of Riemann derivatives in order to solve some fractional order
differential equations and systems from the point of view of various considera-
tions, mainly to ensure that the problem is well posed, then in the majority of
cases, the obtained results generalize or at least extend those obtained in the
classical case.
In the first part of this study, we deal with the following Cauchy problem:

Dju+ (~ )" = s fo(t —7) 77 [u P dr,
u(0, ) = up(x),

(1)

where m > 1, p > 1, 0< < land 0 <y < 1 D§|t denotes the Caputo
fractional derivative of order (5.
The fractional Laplacien operator is defined as

(=) Pu(t,z) = FHEPF(u)(€)(2), we H,
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where H? is the homogeneous Sobolev defined by

HRYY={ue s : (-A)?uec ’RY)}, BeN,
HRY) ={ue L*RY) : (-A)"Pue I*RY)}, B¢N,

S’is the Schwartz space. F is the standard Fourier transform and F~! its
inverse.
We observe that the last problem can also be reformulated as follow
@) Dg‘tu—k(—A)mu:Do_'to‘ |uP;a=1—17
u(0,z) = uo(x),

and we was motived mathematically by many interesting works which deal with
nonexistence and blow up of solutions of differential integral equations and sys-
tems, we cite particularly the problem treated by establishment of a critical
exponent, which has been used as a very effective tool for studying the nonexis-
tence of solutions for evolution equations and systems. Our interest is to prove
the absence of nontrivial global weak solutions for the problem (1) by looking
at critical exponents. The found result is more general than the one established
by Sun and Shi [15], when they treated the following Cauchy problem

) {ut + (D) = s ot =) [u P dr,

u(0,2) = uo(x),

they proved that if

2m(2 — 1
1<p<max{1+ m ) }

(N —2m +2my)4 v

then the problem does not accept any nontrivial solution. We cite also the paper
of Fino and Kirane [3], the authors consider the following problem

up+ (=0)Pu = s [t =) Ju P dr,
u(O,x) - u0<m)7
where 0 < <2 and 0 < v < 1. They proved that if

B2+7) 1
N-B+oy Py

where in the case p = p* and S € (0, 2), they take

l<p<p'=1+

then the solution of the posed problem blows up in a finite time for ug € Co(R™).
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The absence of the nontrivial global solutions was also considered for a time-
space fractional evolution systems, in [29] Xu and Tan shows that any solution
(u,v) to the next problem

w4 (=D /2y = 7) fo | v [Pt dr,
Ut+(—A)B2/2U— 1 5 fo 5\u|p Lar,
U(O,.%') - U’O( )7 (Oax) - UO( )7

blows up in a finite time for ug, vy € Co(R™N) (with ug, v > 0,ug, v Z 0) under
appropriate conditions as

2§ 1— 1 (2— 1—6 1
N<max{( )p+ (1 —7)pq + ’( v)q + ( )pg + }
pq—1 pq—1
or
1 1
p<—-and g< —,
0 Y

where 0 < 7,0 < 1, p,q > 1 and 0 < S1,82 < 2. In the second part of this
study, we extend the above result by replacing u; and v; respectively by Dg| U
and D0|tv where 0 < 8 < 1.

The paper is organized as follows. In section 1, we present some definitions
of fractional calculus that will be used throughout this paper. In section 2,
we present the our first main result concerning the absence of nontrivial global
weak solutions for the problem (1). In section 3, we extend the first result to
studying the blow-up of solutions for a time-space fractional evolution systems.

2. Preliminaries

In this section, we present some basic notions of fractional derivatives and
integrations that will be required in later sections and which can been founded
in [23].

Definition 1. For 0 < a < 1, the Riemann-Liouville derivatives of order o for
a continuous function f :[0,00) — R, are defined by

Dy f(t) = (11—0025/0 (t—=7)"“f(r)dr

T
Dl (0 = ~mr—ay | 70 H0r

Definition 2. For 0 < a < 1, the Caputo derivative of order o for a differen-
tiable function f:[0,00) — R can been written as

DG(0) = o, (=7 e
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It is clear that
DG, f(t) = Dg,[f(t) — f(0)].

On the other hand, for every differentiable functions f,g : [0,00) — R, we
have the following formula of integration by parts

/DOtfg /Dt|Tgf

and for f € C?[0,00), we have

~DDjjpf(t) = DgF f().

Forn>1land 0 <a<1. Let

_Ja-pm 0<t<T,
(4) (1) = {07 o
then
l-—a+n)Bl-an-1)__, tin—a
t|Tf( ) F(l — OZ) T (1 - T)n )
and

[ s s = et

3. Nonexistence results

Definition 3. Let 8 = 2,ug € Co(RY). We calle u is a mild solution of (2), if

(5) u = Py(t)up + /0 (t —5)* 1S, (t — S)D0|t1 v |ulP.

for more detail see [28]

Definition 4 (Weak solution). Let u € C[(0,T),LP(R) N L. .((0,T) x R™) N
L7 .((0,T) x R™))] is a local weak solution to problem (2), if

/Q ug DﬁTcp(t,:c)dxdt—i—/ o(t,z)D ol & |ulP
T

T

— /Q u Dfngo(t,:z)dxdt+ / (=A)"up(t, z)

Qr

where Qr = [0,T] x Q; Q = suppp ,the test function ¢ € Ctl’f(QT), o(t,z) =0,
if T = oo the solution is global.
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Theorem 1. Letp > 1,0 < a+ (8 <1 and ug > 0, assume that p > NB T+ 1
with N > 2m is satisfied if

m(a + B)

< 1 2
P= mam{Q —I—Nﬁ—Qm(a—i—B)

The problem (2) does not admit nontrivial global weak solution.

Proof. On the contrary, suppose that u is is nontrivial nonnegative solution for
all time ¢ > 0. Choose the test function

¢(t,x) = Diird = ¢y (2) Diippa(t), 1> ]%
where
p1(x) = <I><T|g:;n> =®(§) = {(1) 2;25 1
and N
Pa(t) = <1—T> ,77>max{p(§jlﬂ>_1’a+g+1}_

Using the Definition 4, we obtain
/ uo DﬁTDf“Tgﬁdacdt —i—/ Diir¢ Do_lto‘\u|p
Qr Qr

:/ thlTDt|T<pda:dt+/ (=A)™u Dyjpp.
T

T
A simple computation yields Dt|T( f“T@) = Dﬁ;ﬁ o, we obtain
cri—(ath) umpﬁ(z)daz—k/ @lulP
RN Qr

— [ udh Dy ea(dude + [ a2y ) D

T T

The application of Ju inequality
(—A)"¢) < 1oy H(=A) "1,

implies that

/ @lulP < c/ uQDa_l(_A)m(pl(x)DﬁTm —|—/Q ugh Dt|T ©a(t)dxdt.

T Qr

For estimating the second member of the above inequality, we write

1 =
/ ugh H(=A)™ 1 Dijrpa :/Q u@r oy (=A) o1 Djirpr ¢
T T
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According to e—Young inequality
XY <eXP+c(e)Y? ,p+p =pp,
we have
/ ()" Dl < < /Q g () / ) P (=) "1 Drpalt 5

In the same way, we get

- o2
uph Dt|T pa ¢ [ulP@ + ca(e) |901Dt|T pa|” v
Qr Qr Qr

When ¢ is small, we obtain

1 1
~ l—p' — -1 / / 51
[ ke sc( [ oo e + [ D5 el el ).
Qr Qr Qr

The change of variables

Implies that

/ lulP@ < T~ (=14 (a+B)p’ — Nﬁ)[/fl 2<D|(—A)mq>(§)p'd§+/
<

T |€]<2

@ldg] .
Then, we have the estimate

/ lulPg < cT~((et+B)p p-1-38)

T

N
We put 6 = —((a+B)p' — 1 — 2—75), then
In the case § < 0, let T — 400, we obtain fQT |u|P@ < 0. This implies that
u = 0.

In the case 6 =0, let p1(x) = <I><

I:clﬁ > and using p > N,B o+ 1, we get

(5)zm
/ lulPp < cu? ~om +cp” e
Qr
This implies that « = 0 when p — oo. U

Remark 2. If § = 1 we go back to classical problem that was treated by Sun
and Shi [15].
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4. Nonexistence result for fractional evolution systems

This section is devoted to the study of the nonexistence of a solution in a frac-
tional evolution system that is the core of our study.

B I _
(©) Dg‘/t(u —up) + (—A)m/u = Dolg\vP’, a=1-—x~
Do‘t(v —vg) + (=A)" v = Dy, lul9,6 =1—p".
Theorem 3. Let p,q > 1. The system (6) does not admit nontrivial global weak
solution for all

N<{(5/36)+(B+a)—(1—$) (BJIZ‘I)+(6’+1—5)—(1_Z]{])}
( X )_|_((ﬁ)/) ’ ( 3 )_'_((5,/)/) .

2p'm’q

2q'mp
Proof. The proof proceeds by contradiction. Let
&1(t,2) = Djipg’ = Diip (¢ (2)pa (1)),

and

&(t,x) = DYr¢’ = Dip()(2)ea(1))
such that

pila) =2 and () = (1- 1) |

_ =1 > i —1
g—1 P

The weak solution to system (6) such that

where | > max{p’,¢'} and n > ma:v{ Q’é/a-hﬁ)—l p(3+6)-1 }

cTi—(ath) uocpll(x)dx—l-/ o'vlP

RN T

— [ udh Dy ea(dude + [ w2y ) D,
T

T
and

ch_(6+5')/Nvocpll(x)dx+/ o' |u|?
R

Qr

T

T

By the Holder inequality, we may write

/ ugh Dﬁ;ﬂwg(t)dxdt < [/
Qr

Qr

1
7

1
q %1 |2
|| [ A@ed 105 el |

Qr
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and

‘ =

1
q g = m o /| a
/ u(—A)msoa(x)Dﬁmg[ /Q \umo’} [ /Q P T (- A o Dyl |
T T

T
1
INITE [ / |u,q¢] "4,
T QT

=1 1 , =L 1
— ' I— — / =
A= | [ Aol 105l 1 + [0 [ A Al
T T

Then

where

Similarly ,we obtain the estimate
1
p
[ <[ [ ]
Qr Qr

1 1
v ol

-1
l—p =1 ’ /
v+ [C /Q A GE (=AY o1 DYl 17 |
T

where
;1 ! /
5-| | e il
T

Consequently we can write

1—L .
Prq
[ / |v|f’£1} < Bi A,
T
1-L )
prq
[/ !ul%] < Ar.B.
T

If we use the change of variables as
t=Rr and x:R%y in A,
and
6/

t=Rr and z=R2y in B.

We find the following estimation

1—L
[ / |v|p51} < C(R—ll)%.R—b
T

where

1 /N
ll:(é/+5)_ﬂ<2m'+1)’

~|



NONEXISTENCE RESULTS OF GLOBAL SOLUTIONS FOR FRACTIONAL ORDER ... 629

ZQZ(B—I—OA)—ql/(NB—i-l).

2m

The case % + Iy > 0 is equivalent to

I R )

o’ B
2p'm’q + 2mq’

Similarly

B+o / 5 —(1 - L
yo B0,
R
2q9'mp 2m/p’

That’s why to obtain contradiction it suffices to assume

Y0) 4 (B4 a) — (1— L) (5+°‘)+(5'+1—5)_(1_1)}

N<max{ q pPq : p Pq

5 B) B 4 &
+ 2mq’ 2¢'mp + 2m/p’

2p'm’q
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