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A note on dimensions in N-groups
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Abstract. The concepts essential and finite dimension played an important role in the
development of the dimension theory of modules over rings. Finite dimension, essential,
strictly essential, and some related concepts were studied in nearrings and N-groups by
Reddy-Satyanarayana [11], Satyanarayana [14, 20], Satyanarayana-Syam Prasad [22,
23, 24, 25]. In this paper, the authors introduced the concept finite 1-dimension and
studied the relationship between finite dimension and finite 1-dimension. Some related
examples are also provided.
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1. Introduction

A nearring is a set N together with two binary operations + and · such that

(1) (N,+) is a group (not necessarily abelian)

(2) a · (b · c) = (a · b) · c,

(3) (a+ b) · c = a · c+ b · c for all a, b, c ∈ N .

In view of (3), N satisfies the right distributive law, and so it is called a
right nearring. It is evident that 0 · n = 0 for all n ∈ N . However, n · 0 need
not be equal to 0, in general. We denote N0 = {n ∈ N : n · 0 = 0}, the zero-
symmetric part of the right nearring. If N = N0 then we say that the nearring
N is zero-symmetric.

Let (G,+) be a group. By an N -group, we mean a mapping N × G → G
(the image of (n, g) ∈ N × G is denoted by ng), satisfying the following two
conditions

(1) (n+ n1)g = ng + n1g, and

(2) (nn1)g = n(n1g) for all g ∈ G and n, n1 ∈ N .

We will denote this N -group by NG or simply by G. For preliminary def-
initions and results we refer to Pilz [8], and Satyanarayana-Syam Prasad [29].
An ideal I of G is said to be essential (strictly essential, resp.) in an ideal J
of G if it satisfies the condition: K is an ideal (N -subgroup of G, resp.) of G,
I ∩K = (0),K ⊆ J imply K = (0).

2. Finite dimension in N-Groups

In this section we introduce the concept “N -group with finite dimension” and
provide few examples for such type of N -group.

Definition 2.1. Let H be an ideal of G. Then H is said to have finite dimension
if for any increasing chain A1 ⊆ A2 ⊆ ... of ideals of G contained in H, there
corresponds a positive integer k such that Ai is essential in Ai+1 for all i ≥ k.

Definition 2.2 ([14]). Let H be an ideal of G. Then H is said to have Finite
Goldie dimension (FGD, in short) if H do not contain an infinite number of
non-zero ideals of G whose sum is direct.

Theorem 2.1 ([14]). Let H be an ideal of G. Then the following are equivalent:

(i) H has finite Goldie dimension.

(ii) For any increasing sequence H0 ⊆ H1 ⊆ ... of ideals of G with each
Hi ⊆ H, there exists an integer k such that Hi is essential in Hi+1 for i ≥ k.
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Note 2.1. From Theorem 2.1 we conclude that the following two conditions are
equivalent for an ideal H.

(i) H have finite dimension.
(ii) H has finite Goldie dimension.

Proposition 2.1. Every finite N -group G must have finite dimension.

Proof. Let G be a finite N -group. Then the number of elements in G is finite.
Let k = |G|. In a contrary way, suppose that G does not have finite dimension.
Then there exists an ascending infinite sequence A1 ⊆ A2 ⊆ ... of ideals of G
such that for any positive integer n, there exist an integer i such that i ≥ n and
Ai is not essential in Ani+1. Now we use mathematical induction to create an
infinite number of elements in G. For n = 1, there exists an integer i1 such that
Ai1 is not essential in Ai1+1. Now it is clear that Ai1 ( Ai1+1 and so there exists
a1 ∈ Ai1+1 \ Ai1 . For n = i1 + 1 there exist an integer i2 such that i2 ≥ i1 + 1
and Ai2 is not essential in Ai2+1. It is clear that Ai2 ( Ai2+1 and so there exist
a2 ∈ Ai2+1 \ Ai2 . Note that i2 ≥ i1 + 1 ≥ i1. So Ai1 ⊆ Ai+1 ⊆ Ai2 ⊆ Ai2+1.
Since a2 ∈ Ai2+1 \ Ai2 and a1 ∈ Ai1+1 ⊆ Ai2 , it follows that a1 ̸= a2. After
selecting i1 ≤ i2 ≤ ... ≤ is, we select is+1 as follows: For n = is, there exists an
integer i(s+1) such that i(s+1) ≥ n = is and Ai(s+1)

is not essential in Ai(s+1)+1. It
is clear that Ai(s+1)

( Ai(s+1)+1 and so there exist as+1 ∈ Ai(s+1)+1 \Ai(s+1)
with

as+1 /∈ {a1, a2, ..., as} . By mathematical induction we get an infinite number
of elements a1, a2, ..., as, ... in G, a contradiction to the fact that G is a finite
set.

Proposition 2.2. Every N-group with ascending chain condition on its ideals
must have finite dimension.

Proof. Let G be an N -group with ACC on its ideals. Let A1 ⊆ A2 ⊆ ... be
an increasing chain of ideals of G. Since G have ACC on its ideals, this chain
A1 ⊆ A2 ⊆ ... must be stationary after some stage. That is, there exists a
positive integer s such that As = As+1 = As+2 = .... Now it is clear that Ai is
essential in Ai+1 for i ≥ s. Hence G has finite dimension.

Definition 2.3 ([11]). An N -group G is said to be completely reducible if G
is equal to the sum of all of its simple ideals. If G contains infinite number of
simple ideals whose sum is direct, then G has no finite dimension. In this case
dimension of G is infinite.

Proposition 2.3. Every N -group G which is completely reducible and which
can be written a finite sum of simple ideals of G, must have finite dimension.

Proof. Let G be an N -group which is completely reducible and which can be
written as finite sum of simple ideals of G. Suppose G = H1 ⊕ H2 ⊕ ... ⊕ Hs

where s is a positive integer and Hi, 1 ≤ i ≤ s are ideals of G.
Write Bi = H1 ⊕ H2 ⊕ ... ⊕ Hs for 1 ≤ i ≤ s. Since the sum is direct

and by Theorem 2.3.5 of Satyanarayana-Syam Prasad [29] we get Bi+1/Bi =
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(H1 + ...+Hi+1)

(H1 + ...+Hi)
∼=

Hi+1

(H1 + ...+Hi) ∩Hi+1

∼=
Hi+1

(0)
∼= Hi+1. Hence by Propo-

sition 2.38 of Pilz [8], we get that (0) ⊆ B1 ⊆ B2 ⊆ ... ⊆ Bs = G is a composition
series of G. Since this composition series is finite, by Theorem 2.41 of Pilz [8],
G has ACC and DCC on its ideals. Now by Proposition 2.2, we have that G
have finite dimension.

Note 2.2. Every module M over a ring R with finite Goldie dimension is an
N -group G with finite dimension, by considering R as a nearring N and M as
G.

Proposition 2.4. If G has finite dimension, then every ideal H of G must have
finite dimension.

Proof. Suppose G has finite dimension. let H be an ideal of G. To verify that
H have finite dimension, let A1 ⊆ A2 ⊆ ... be an infinite sequence of ideals of G
contained in H. Since A1 ⊆ A2 ⊆ ... is an ascending chain of ideals in G and G
have finite dimension, we can get a positive integer s such that Ai is essential
in Ai+1 for all i ≥ s. This sows that H have finite dimension.

3. Finite 1-dimension in N-groups

In this section, we study the concept strictly essential ideal of an N -group G and
study finite 1-dimension in N -groups. We also observe the relationship between
finite dimension studied in section-1 and finite 1-dimension.

Definition 3.1 ([17]). An ideal H of G is said to be strictly essential in G if
H ∩A = (0), A is an N -subgroup of G imply A = (0).

(ii) Let H1 and H2 be two ideals of G such that H1 ⊆ H2. Then H1 is said
to be strictly essential (with respect to H2) in H2 if H1 ∩A = (0), A ⊆ H2, A is
an N -subgroup of H2 imply A = (0).

Lemma 3.1. Suppose that N is a zero-symmetric nearring.
(i) Every strictly essential ideal of G is an essential ideal of G.
(ii) Let H1 and H2 be two ideals of G such that H1 ⊆ H2. Then “H1 is

strictly essential in H2” (with respect to H2) imply that “H1 is essential in
H2” (with respect to H2) when we consider H2 as N -group. Hence H1 is also
essential in H2.

Proof. (i) Let H be a strictly essential ideal of G. To verify that H is an
essential ideal, take an ideal A of G such that H ∩ A = (0). Since N is a zero
symmetric, by Proposition 1.34 (b) of Pilz [8], we have A is an N -subgroup of
G. Since H ∩A = (0), A is an N -subgroup, and H is strictly essential, it follows
that A = (0). Therefore, H is an essential ideal of G.

(ii) Suppose that H1 is strictly essential in H2. Now we wish to verify that
H1 is essential in H2. Suppose H1 ∩ A = (0), A is an ideal of H2 (consider H2

as N -group). Note that N is a zero symmetric nearring, A is an N -subgroup
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of H2. Now, since H1 ∩ A = (0), A is an N -subgroup of H2 and H1 is strictly
essential in H2, it follows that A = (0). This shows that “H1 is essential in
H2”.

The following example shows that every essential ideal of G need not be
strictly essential.

Example 3.1. Let G be the symmetric group (written additively) on three
elements. Then G can be considered as a N -group, where N = Z, the nearring
of integers.

(i) Let P be the alternating subgroup of G. Then P is only the proper ideal
of G. So P is essential in G.

(ii) Note that P = {f, f2, e}, where f = (123) = (12)(13); f2 = (132) =
(13)(12); f3 = e = (1). Write Q = {g, e} where g = (12). Then g2 = e. So Q is
an N -subgroup of G.

(iii) Since P ∩ Q = (0), Q is an N -subgroup of G such that Q ̸= (0), it
follows that P is not strictly essential in G.

Note 3.1. From the Example 3.1, we conclude that, in general, every essential
ideal need not be a strictly essential ideal.

Definition 3.2. An ideal H of G is said to have finite 1-dimension, if for any
increasing chain A1 ⊆ A2 ⊆ ... of ideals of G contained in H there exists a
positive integer i such that Ai is strictly essential in Ai+1.

Theorem 3.1. Let N = N0 and H be an ideal of G. If H have finite 1-
dimension, then H must have finite dimension.

Proof. Suppose H is having finite 1-dimension. To verify that H have finite
dimension, take an increasing sequence A1 ⊆ A2 ⊆ ... of ideals of G contained in
H. Since H have finite 1-dimension, we can conclude that there exists a positive
integer k such that Ai is strictly essential in Ai+1 for all i ≥ k. By Lemma 3.1
(ii), we conclude that Ai is essential in Ai+1 for all i ≥ k. Thus we have proved
that given an increasing sequence A1 ⊆ A2 ⊆ ... of ideals of G contained in H,
there corresponds a positive integer k such that Ai is essential in Ai+1 for all
i ≥ k. Hence H has finite dimension.

Example 3.2. As in Example 3.1, let G be the symmetric group (written
additively) on three symbols 1, 2 and 3. Then G can be considered as an N -
group where N = Z, the nearring of integers. Let P be the alternating subgroup
and Q be the subgroup {g, e}, as given in Example 3.1.

(i) Write Gi = G,Pi = P,Qi = Q for all positive integers i. Consider the
direct sum G of the N -groups {Gi}i∈Z+ .

Then G = G1 ⊕G2 ⊕ ....

(ii)
∑∞

i=1 Pi ⊆ G1 ⊕
∑∞

i=2 Pi ⊆ G1 ⊕ G2 ⊕
∑∞

i=3 Pi ⊆ ... is an increasing
sequence of ideals of G.
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(iii) Since P1 is essential in G1, we have that
∑∞

i=1 Pi = P1 ⊕
∑∞

i=2 Pi is
essential in G1 ⊕

∑∞
i=1 Pi. Since P2 is essential in G2, we have that

∑∞
i=2 Pi =

P2 ⊕
∑∞

i=3 Pi is essential in G2 ⊕
∑∞

i=3 Pi, and so G1 ⊕
∑∞

i=2 Pi is essential in
G1 ⊕G2 ⊕

∑∞
i=3 Pi.

In this way we can verify that for all n ≥ 1, G1⊕G2⊕ ...⊕Gn⊕
∑∞

i=n+1 Pi is
essential in the next term G1⊕G2⊕...⊕Gn⊕Gn+1⊕

∑∞
i=n+2 Pi. So the sequence

considered satisfies the property given in the definition “finite dimension”.
(iv) Since P1 ∩Q1 = (0), Q1 is an N -subgroup of G1 and Q1 ̸= (0), we have

that P1 is not strictly essential in G1.
Since (P1 ⊕

∑∞
i=2 Pi) ∩ Q1 = (0), Q1 ̸= (0), Q1 is an N -subgroup of G1 ⊕∑∞

i=2 Pi, it follows that P1⊕
∑∞

i=2 Pi =
∑∞

i=1 Pi , is not essential in G1⊕
∑∞

i=2 Pi.
(v) Since P2 ∩Q2 = (0), Q2 is an N -subgroup of G2 and Q2 ̸= (0), we have

that P2 is not strictly essential in G2.
Since (P2 ⊕

∑∞
i=3 Pi) ∩ Q2 = (0), Q2 ̸= (0), Q2 is an N -subgroup of G2 ⊕∑∞

i=3 Pi, it follows that P2⊕
∑∞

i=3 Pi, is not essential in G2⊕
∑∞

i=3 Pi, and hence
G1 ⊕

∑∞
i=2 Pi = G1 ⊕ P2 ⊕

∑∞
i=3 Pi is not essential in G1 ⊕G2 ⊕

∑∞
i=3 Pi.

(vi) If we continue as in (iv) and (v), we can understand that for all n ≥ 1,
G1 ⊕ ... ⊕ Gn ⊕

∑∞
i=n+1 Pi is not strictly essential in the next term G1 ⊕ ... ⊕

Gn ⊕Gn+1 ⊕
∑∞

i=n+2 Pi.
So this sequence considered does not satisfy the property given in the defi-

nition “finite 1-dimension”.
(vii) From the discussion in (vi), we can conclude that G does not have finite

1-dimension.

(viii) Now we verify that G does not have finite dimension.
Consider the increasing sequence P1 ⊆ P1 ⊕ P2 ⊆ P1 ⊕ P2 ⊕ P3 ⊆ ... of

ideals of G. It is clear that P1 ⊕ ...⊕ Ps is not essential in P1 ⊕ ...⊕ Ps ⊕ Ps+1,
since (P1 ⊕ ...⊕ Ps) ∩ Ps+1 = (0) and Ps+1 ̸= (0). Thus G does not have finite
dimension.

Example 3.3. If G is an N -group satisfying DCC on its ideals, then G must
have finite 1-dimension. Let G be an N -group satisfying DCC on its ideals. Let
A1 ⊆ A2 ⊆ ... be an increasing sequence of ideals of G. Since G has DCC on its
ideals, there exists a positive integer s such that As = As+1 = ... Now As+t is
strictly essential in As+t+1 for all t ≥ 1. Now we verified that for any increasing
sequence of ideals A1 ⊆ A2 ⊆ ..., there exists a positive integer s such that Ai

is strictly essential in Ai+1 for all i ≥ s. So we can conclude that G have the
finite 1-dimension.

Example 3.4. A routine verification shows that every finite N -group G must
have the finite 1-dimension.

Example 3.5. Every module with finite Goldie dimension must have finite
1-dimension.

For this, take a module M over a ring R. The ideals and N -subgroups
of G = M (as an N -group over N = R) coincides (as M is a module). So
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the concepts “finite dimension” and “finite 1-dimension” coincides for modules.
By Note 2.2, we know that M have finite dimension. Hence M has finite 1-
dimension.
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