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Abstract. The Roman domination stability of a graph G, denoted by st,r(G), is the
minimum number of vertices whose removal changes the Roman domination number of
G. In this paper, we continue the study of this concept, and determine the Roman dom-
ination stability of some classes of graphs, including paths, cycles, complete bipartite
graphs and some Cartesian products of paths and complete graphs.
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1. Introduction

Let G = (V(G), E(G)) be a simple graph of order n with vertex set V(G) and
edge set E(G). The open neighborhood of a vertex v € V is the set N(v) =
{uluv € E}, and its closed neighborhood is N[v] = N(v) U {v}. The degree
deg(v) of a vertex v is |[N(v)|. We refer to A(G) and 6(G) as the mazimum
degree and the minimum degree among the vertices of G, respectively. With K,
we denote the complete graph on n vertices, with C), the cycle on n vertices,
and with P, the path on n vertices. The cartesian product of two graphs Gy
and Gy is the graph G10G3 with vertex set V(G1) x V(G2), where two vertices
(u1,u2) and (v1,vy) are adjacent if and only if either u; = vy and ugve € E(G3)
or ug = vy and uyvy € E(G1). An r-partite graph G is a graph whose vertex
set V(G) can be partitioned into 7 sets of pairwise non-adjacent vertices. For
positive integers p1, p2, ..., pr, the complete - partite graph K, p, . p,. is the r-
partite graph with partition V(G) = Vi UVoU...UV, such |V;| = p; for 1 <i <r
and such that every two vertices belonging to different partite sets are adjacent
to each other. A set S C V(@) is a domination set of G, if every vertex not
in S is adjacent to a vertex in S. The domination number of GG, denoted by
v(G), is the minimum cardinality of a domination set in G. A domination set
of cardinality v(G) is called a v(G)-set.

The concept of domination stability in graphs has been introduced by Bauer
at al [2] . The domination stability of a graph G is the minimum number of ver-
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tices whose removal changes the domination number. We denote the domination
stabilitay of a graph G by st (G).

A function f : V. — {0,1,2} having the property that for every vertex
v € V with f(v) = 0, there exists a vertex v € N(v) with f(u) = 2, is called
a Roman dominating function or just an RDF. The weight of an RDF f is the
sum f(V) = > < f(v). The minimum weight of an RDF on G is called the
Roman domination number of G and is denoted yr(G). An RDF on G with
weight yr(G) is called a ygr-function of G. For an RDF f in a graph G, we
denote by V; (or Vif to refer to f) the set of all vertices of G with label ¢ under
f. Thus an RDF f can be represented by a triple (Vp, V1, V2), and we can use
the notation f = (Vp, Vi, V2). The concept of Roman domination is studied in,
for example, [3,5,6] .

Amraee et al. [1] studied the concept of Roman domination stability in
graphs. The Roman domination stability of a graph G, denoted by styr(G), is
the minimum number of vertices whose removal changes the Roman domination
number of G. In this paper, we continue the study of this concept, and deter-
mine the Roman domination stability of some classes of graphs, including paths,
cycles, complete bipartite graphs and cartesian products PP, and K,[1K,.

The following are useful.

Theorem 1 ([3]). For paths and cycles,

')’R(Pn) = 'YR(CTL) = (2?”1

Theorem 2 ([4]). Forn > 2, yg(POP,) =n+ 1.

2. Results

We begin with determining the Roman domination stability of paths.

2 =0 d3
Theorem 3. For a path P,, St r(P,) =4 n (mod 3) .
I, n=1or2 (mod 3)

Proof. Assume first that n = 0 (mod 3). Let n = 3k, for some integer k > 1.

By Theorem 1, yg(P,) = [@] = 2k. Clearly removal of a leaf and a support
vertex of P, produces the path P,,_5, and by Theorem 1, yp(P,—2) = [W] =
[%T_ﬂ =2k — 1 < yr(Pn). Thus sty,(P,) < 2. Let v be a vertex of P,. If
v is a leaf of P, then P, — v = P,_1, and so by Theorem 1, we obtain that
Yr(Py, — v) = yr(P,). Thus assume that v is not a leaf of P,. Then P, — v
has two components P,, and P,,, where nj + ng = n — 1. Then yg(P, —v) =
YR(Pn,) + Yr(Pr,), and it is straightforward to see that yr(P, — v) = yr(FPn).
We deduce that st,,(P,) > 2. Consequently st,(P,) = 2.

Next assume that n = 1 (mod 3). Let n = 3k + 1, where k is a positive
integer. By Theorem 1, yr(P,) = 2k+ 1. Since removal of a leaf of P, produces
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the path P,,_1, and yr(P,—1) = 2k by Theorem 1, we conclude that styr(Py) =
1.
The proof for the case n =2 (mod 3) is similar. O

We next determine the Roman domination stability of a cycle C,,.

2 =0 d3
Theorem 4. For a cycle Cy,, styg(Cy) = n (mod 3) '
1 n=1or2 (mod3)

Proof. Assume that n =0 (mod 3). Let n = 3k for some integer k. Then by
Theorem 1, vr(C,) = 2k. Clearly removal of a vertex leaves a path P,,_;, and
YrR(Pn—-1) = 2k by Theorem 1. Thus st.,(C)) > 2. On the other hand removal of
two adjacent vertices of C,, leaves a path P,,_o with Roman domination number
2k — 1 by Theorem 1. Thus st,,(C,) < 2. Consequently, st,(Cy) = 2.

Next assume that n = 1 or 2 (mod 3). Then Removal of a vertex of Cp,
produces a path P,_; with Roman domination number less than yr(C,), by
Theorem 1. Consequently, st,,(Cy) = 1. O

Theorem 5. For complete bipartite graph K, , with m <n, we have:

m—2, m>3
Sty (Kmn) = < 2, m=1,n=2
1 o.w

I

Proof. Let X and Y be the partite sets of K, ,, where | X| =m and |Y| = n.
Assume that |X| = 1. Clearly yr(Kp,n) = 2. If |Y| = 1, then removal of
the vertex of X produces a K; with Roman domination number one, and so
sty (Kmn) = 1. If |[Y| > 3, then removal of the vertex of X produces a graph
K, with n > 3, and note that ygr(K,) > 2. Consequently, styp(Kmpn) = 1. It
remains to assume that |Y| = 2. It can be easily seen that removal of any vertex
of K, n does not change the Roman domination number, and so st., (K.n) > 2.
On the other hand, removal of Y leaves the graph K7 with Roman domination
number one, and thus st (K, ) < 2. Consequently, st (Kmn) = 2.

Next assume that |X| = 2. Then yr(K,, ) = 3, while yp(Kyppn —v) = 2,
where v is a vertex of X. Consequently, st (Km.n) = 1.

If | X| = 3, then yr(K,n) = 4, while yr(Kp, n —v) = 3, where v is a vertex
of X. Consequently, sty,(Kmn,) = 1.

Now we assume that |X| > 4. Clearly, yr(Kp, ) = 4. Note that removal of
m — 2 vertices of X produces the graph Kj,, with Roman domination number
3, and 50 sty (Kmyn) < m —2. On the other hand removal of at most m — 3
vertices of K, , leaves at least three vertices in X and at least three vertices
in Y, and thus the remaining graph has Roman domination number at least 4.
Thus, sty,(Kmn) > m — 2. Consequently, sty (Kmn) =m — 2. O

Theorem 6. For every n € N, st,gr(P0P,) = 1.
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Proof. By Theorem 2, vg(P.0OP,) = n+ 1. Since P,O0P; = K5, we see that
styr(P0OP)) = 1. Since PB,0OP, = Cy, we can see that styg(P20P) = 1. Thus
assume that n > 3. Assume that n is even. Since yg(P0OP,) = n+1 is
odd, for any yr(P>00P,)-function f, there is a vertex v with f(v) = 1. Then
Removal of v produces a graph with Roman domination number at most n,
and thus styg(P20P,) = 1. Next assume that n is odd. By re-labeling of the
vertices of P,[1P,, assume that vg, v1, ..., v,_1 are the vertices on the top row and
wp, W1, ..., Wy_1 are the vertices on the bottom row. Let H = PP, — vg. We

4
show that yg(H) < n. If n =1, s0, n = 4k+1, k € N, then it is straightforward

4
to see that the function f : V(H) — {0, 1,2} defined by f(v;) = {3’ 1=3,
, ow
2, i=1,
and f(w;) = ¢ 1, i=n, is an RDF for H, implying that
0, ow
4k 4k
< = 2(— — = =n.
vr(H) < D flv) =2 D)2 Hl=4k+1=n
veV (H)

It n = 3, 80, n =4k + 3, k € N, then the function f: V(H) — {0,1,2} defined

2, iéS, 5 4 1
by f(vi) = 1, i=n, and f(w;) = { » "= is an RDF for H, implying

0, ow
0, ow
that
Ak 4(k +1)
vr(H)< Y fv) () +i+2= ) =4k+3=n
veV (H)

Consequently, styr(20OP,) = 1. 0

1 —q| <1
Theorem 7. If ¢ < p, then styr(K,0K,) = ¢ lp—ql <1, '

P—q¢ p—q=2

24, p#4q

Proof. By Proposition 3 of [4] we have vr(K,0K,) = - CIf
q—1 p=4q

v € V(K,OK,) then according to the proof of Proposition 3 of [4],

2q7 p_QZ27
Yr(KpOK; —v) =<2¢—1, p—q=1,.
2q—2, p=gq

Thus, stygr(KpOK,) =1if p=q or |p —¢| = 1. Next assume that [p —g| > 2.
We will show that stygr(K,0Ky) =p —q.
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By re-labeling the vertices of KpllK,, assume that

V(K,OK,) = {vgl), "'71}1(11)’ ...,fu%a), AR TLCON vgq), ...,v(q)}.

For an integer a with 1 < o < g, it is straightforward to check that the function
f defined by
2, 1<i,j<qi=ji#a
fe) =41, i=j=a,
0, ow

is an RDF for K,00K, — {U[(;T_)l, ...,vz()a)}. Since w(f) =2(¢—1)+1=2q9—1, we
obtain that vr(KpOK, — {v\7), .. vy”}) < 2¢—1 and s st,g(KpOKy) < p—q.
We show that st,g(KpOK,) = p—q. For this purpose, we show that the removal
of less than p — ¢ vertices of K,0K, does not change yR(K,00K,). Let H be
a graph obtained from K,[1K, by removing x vertices, where x < p —¢q — 1.
Clearly each column has at least two vertices. For column 1, we assign 2 to a
vertex of this column and 0 to any other vertex of this column. Assume the
vertex of the column 1 valued 2 is in the row i;. For column 2, we assign 2 to a
vertex of this column on a row 75 < 77 and 0 to any other vertex of this column.
For column 3, we assign 2 to a vertex of this column on a row i3 & {i1,i2} and 0
to any other vertex of this column. We continue this process to obtain an RDF
of weight 2¢ in H, and so yg(H) < 2q. Suppose that yr(H) < 2q. Let f be a
vr(H)-function. Then there is a row ¢ such that the sum of labels of vertices
of this row under f is at most one. Using this row, since any vertex valued 0 is
adjacent to a vertex valued 2, we obtain that w(f) > 2q, a contradiction. We
thus deduce that ygr(H) = 2¢. Consequently, st,r(K,0K,) =p —q. O
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