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1. Introduction

In 1972, a generalization of abelian semigroups initiated by Naseerdin et al [6].
In ternary commutative (abelian) law: abc = cba, they introduced the braces
on the left side of this law and explored a new pseudo associative law, that
is (ab)c = (cb)a. This law (ab)c = (cb)a is called the left invertive law. A
groupoid S is said to be a left almost semigroup (abbreviated as LA-semigroup)
if it satisfies the left invertive law: (ab)c = (¢b)a. An LA-semigroup is a midway
structure between an abelian semigroup and a groupoid. Ideals in LA-semigroup
have been investigated by [14].

In [4] (resp. [1]), a groupoid S is said to be medial (resp. paramedial) if
(ab)(cd) = (ac)(bd) (resp. (ab)(cd) = (db)(ca)). In [6], an LA-semigroup is
medial, but in general an LA-semigroup needs not to be paramedial. Every
LA-semigroup with left identity is paramedial by Stevanovic et al [14] and also
satisfies a(bc) = b(ac), (ab)(cd) = (dc)(ba).

Kamran [5], extended the notion of LA-semigroup to the left almost group
(LA-group). An LA-semigroup S is said to be a left almost group, if there exists
left identity e € S such that ea = a for all a € S and for every a € S there exists
b € S such that ba = e.

Rehman et al [16], initiated the concept of left almost ring (abbreviated as
LA-ring) of finitely nonzero functions which is a generalization of a commutative
semigroup ring. By a left almost ring, we mean a non-empty set R with at least
two elements such that (R, +) is an LA-group, (R,-) is an LA-semigroup, both
left and right distributive laws hold. For example, from a commutative ring
(R,+,-), we can always obtain an LA-ring (R, ®, -) by defining for all a,b € R,
a®b=>b—aand a-bis same as in the ring. Despite the fact that the structure
is non-associative and non-commutative, however it possesses properties which
usually come across in associative and commutative algebraic structures.

A non-empty subset A of an LA-ring R is called an LA-subring of R ifa —b
and ab € A for all a,b € A. A is called a left (resp. right) ideal of R if (A, +)
is an LA-group and RA C A (resp. AR C A). A is called an ideal of R if it is
both a left ideal and a right ideal of R.

An LA-subring A of R is called a bi-ideal of R if (AR)A C A. A non-empty
subset A of R is called a generalized bi-ideal of R if (A,+) is an LA-group
and (AR)A C A. Every bi-ideal of R is a generalized bi-ideal of R. An LA-
subring A of R is called a (1,2)-ideal of R if (AR)A% C A.

We will initiate the concept of regular (resp. left regular, right regular, (2, 2)-
regular, left weakly regular, right weakly regular, intra-regular) LA-rings. We
will also define the concept of fuzzy left (resp. right, bi-,generalized bi-, (1,2)-)
ideals.

We will describe a study of regular (resp. left regular, right regular, (2,2)-
regular, left weakly regular, right weakly regular, intra-regular) LA-rings by the
properties of fuzzy left (right, bi-, generalized bi-) ideals. In this regard, we will
prove that in regular (resp. left weakly regular) LA-rings, the concept of fuzzy
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(right, two-sided) ideals coincides. We will also show that in right regular (resp.
(2, 2)-regular, right weakly regular, intra-regular) LA-rings, the concept of fuzzy
(left, right, two-sided) ideals coincides. Also in left regular LA-rings with left
identity, the concept of fuzzy (left, right, two-sided) ideals coincides. We will
also characterize left weakly regular LA-rings in terms of fuzzy right (two-sided,
bi-, generalize bi-) ideals.

2. Basic definitions and preliminary results

First time concept of fuzzy set introduced by Zadeh in his classical paper [19].
This concept has provided a useful mathematical tool for describing the behavior
of systems that are too complex to admit precise mathematical analysis by
classical methods and tools. Extensive applications of fuzzy set theory have
been found in various fields such as artificial intelligence, computer science,
management science, expert systems, finite state machines, Languages, robotics,
coding theory and others.

It soon invoked a natural question concerning a possible connection between
fuzzy sets and algebraic systems like (set, group, semigroup, ring, near-ring,
semiring, measure) theory, groupoids, real analysis, topology, differential equa-
tions and so forth. Rosenfeld [?], was the first, who introduced the concept of
fuzzy set in a group. The study of fuzzy set in semigroups was established by
Kuroki [9]. He studied fuzzy ideals and fuzzy (interior, quasi-, bi-, generalized
bi-, semiprime) ideals of semigroups. Liu [11], introduced the concept of fuzzy
subrings and fuzzy ideals of a ring. Many authors have explored the theory of
fuzzy rings (for example [3, 10, 12, 13, 18]). Gupta et al [3], gave the idea of
intrinsic product of fuzzy subsets of a ring. Kuroki [10], characterized regular
(intra-regular, both regular and intra-regular) rings in terms of fuzzy left (resp.
right, quasi, bi-) ideals.

By a fuzzy subset p of an LA-ring R, we mean a function p: R — [0,1] and
the complement of u is denoted by p/, is also a fuzzy subset of R defined by
w'(z) =1— p(x) for all z € R.

A fuzzy subset p of an LA-ring R is a fuzzy LA-subring of R, if u(x —y) >
min{y(z), p(y)} and p(zy) > min{u(z), p(y)} for all z,y € R.

Equivalent definition: A fuzzy subset p of an LA-ring R is a fuzzy LA-
subring of R, if pu(x 4+ y) = min{u(z), u(y)}, p(-2z) = p(x) and p(zy) >
min{p(z), u(y)} for all z,y € R.

p is a fuzzy left (resp. right) ideal of R, if u(z —y) > min{u(x), u(y)} and
w(zy) = p(y) (resp. p(zy) = p(z)) for all z,y € R.

u is a fuzzy ideal of R, if it is both a fuzzy left and a fuzzy right ideal of R.
Every fuzzy ideal (whether left, right, two-sided) of R is a fuzzy LA-subring of
R,here we are giving the example which show that the converse is not true.
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Example 1. Let R ={0,1,2,3,4,5,6,7}. Define 4+ and - in R as follows :

+ 01234567 - 012 3 45 67
0 01 234567 00 0O0O0OO0OO0OTODP
1 20316 475 104400440
213025 746 204400440
332107 6 5 4 and 300 000O0O0O0
4 45 6 701 2 3 403 3 00330
5 6 4 75 2 0 31 5 07700770
6 5746 1 3 0 2 6 07700770
7T 7T 6 543210 703300330

Then R is an LA-ring and p be a fuzzy subset of R. We define u(0) =

u(4) = 0.7, p(1) = p(2) = pu(3) = p(5) = u(6) = () = 0. Then j is a fuzzy
LA-subring of R, but not fuzzy right ideal of R as

p(4l) = pa(3) =0.
nw4) = 0.7.

S (A1) # p(4).

A fuzzy LA-subring p of an LA-ring R is a fuzzy bi-ideal of R if u((za)y) >
min{u(z), u(y)} for all x,y,a € R.

A fuzzy subset p of an LA-ring R is a fuzzy generalized bi-ideal of R if p(z —
y) = min{u(z), u(y)} and p((za)y) = min{u(z), u(y)} for all z,y,a € R. Every
fuzzy bi-ideal of R is a fuzzy generalized bi-ideal of R.

A fuzzy LA-subring p of an LA-ring R is called a fuzzy (1,2)-ideal of R if
u((za)(y2)) > min {u(z), p(y), p(2)} for all z,9, 2,0 € R.

Let A be a non-empty subset of an LA-ring R. Then the characteristic func-
tion of A is denoted by x4 and defined as

(2) 1, ifzxeA
xTr) =
xa 0, ifedA

The product of two fuzzy subsets p and v is denoted by u o v and defined
as:

n

\/ {/\{N(ai) Av(b)}}, ifz= iaibi, a;,b; € R

(nov)(a) = o= ab
=1

Now we are giving the some fundamental properties, which will be very
helpful in the next section.
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Theorem 1. Let A and B be two non-empty subsets of an LA-ring R. Then
the following conditions hold.

(1) If A C B then x4 C xB-

(2) xa0°XxB = XAB-

(3) xaUXB = xaus-

(4) xANXB = XANnB-

Proof. Straight forward. O

Example 2. Let R = {a,b,c,d}. Define + and - in R as follows :

+la b ¢ d - la b ¢ d
a|la b ¢ d ala a a a
b |d a b c and bla b a b
c |lc d a b cla a ¢ c
d|b ¢ d a dla b ¢ d

Then R is an LA-ring and p be a fuzzy subset of R. We define p(a) = p(c) =
0.7, (b) = p(d) = 0. Then p is a fuzzy ideal of R.

Lemma 2.1. Every fuzzy left (resp. right, two-sided) ideal of an LA-ring R is
a fuzzy bi-ideal of R. But the converse is not true in general.

Proof. Straight forward. O

Example 3. Above p in example 1 is also a fuzzy bi-ideal of R ,but not right
ideal of R.

Lemma 2.2. Every fuzzy bi-ideal of an LA-ring R is a fuzzy (1,2)-ideal of R.
Proof. Straight forward. O

Remark 1. Every fuzzy left (resp. right, two-sided) ideal of an LA-ring R is a
fuzzy (1,2)-ideal of R.

Proposition 2.1. Let R be an LA-ring having the property a = a? for every
a € R. Then every fuzzy (1,2)-ideal of R is a fuzzy bi-ideal of R.

Proof. Suppose that p is a fuzzy (1,2)-ideal of R and a,z,y € R. Thus

p((za)y) = p((za)(yy)) = min{u(z), u(y), p(y)} = min{u(z), p(y)}-
Therefore p is a fuzzy bi-ideal of R. O

Lemma 2.3. Let R be an LA-ring and ) # A C R. Then A is an LA-subring
of R if and only if the characteristic function xa of A is a fuzzy LA-subring of
R.

Proof. Straight forward. O
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Lemma 2.4. Let R be an LA-ring and ) # A C R. Then A is a left (resp.
right) ideal of R if and only if the characteristic function x4 of A is a fuzzy left
(resp. right) ideal of R.

Proof. Straight forward. O

Proposition 2.2. Let R be an LA-ring and ) # A C R. Then A is a (1,2)-ideal
of R if and only if the characteristic function xa of A is a fuzzy (1,2)-ideal of
R.

Proof. Let A be a (1,2)-ideal of R, this implies that A is an LA-subring of
R. Then x4 is a fuzzy LA-subring of R, by the Lemma 2.3. Let a,z,y,2 €
R. If z,y,z € A, then by definition xa(z) = 1 = xa(y) = xa(z). Since
(za)(yz) € A, A being a (1, 2)-ideal, so x4((za)(yz)) = 1. Thus xa((za)(yz)) >
min{xa(z), xa(y), xa(z)}. Similarly, we have x4 ((za)(yz)) > min{xa(z), xa(y),
xA(2)}, when x,y,z ¢ A. Hence the characteristic function x4 of A is a fuzzy
(1,2)-ideal of R.

Conversely, assume that the characteristic function x 4 of A is a fuzzy (1, 2)-
ideal of R, this implies that x4 is a fuzzy LA-subring of R. Then A is an LA-
subring of R by the Lemma 2.3. Let t € (AR)A2, so t = (wa)(yz), where
z,y,z € A, a € R. So by definition xa(z) = 1 = xa(y) = xa(z). Since
xA((za)(yz)) > xa(x) A xaly) A xa(z) = 1, xa being a fuzzy (1,2)-ideal of
R. Thus xa((za)(yz)) =1, i.e., (xa)(yz) € A. Hence A is a (1,2)-ideal of R. [

Remark 2. Let R be an LA-ring and () # A C R. Then A is a bi-ideal of R if
and only if the characteristic function x4 of A is a fuzzy bi-ideal of R.

Zadeh [19], introduced the concept of level set. Das [2], studied the fuzzy
groups, level subgroups and gave the proper definition of a level set such that:
let p be a fuzzy subset of a non-empty set S, for ¢ € [0, 1], the set u, = {z € S|
wu(x) > t}, is called a level subset of the fuzzy subset pu.

Let u be a fuzzy subset of an LA-ring R, then for all ¢t € (0, 1], we define a
set U(p;t) ={x € R | u(z) > t}, which is called an upper t-level of p.

Lemma 2.5. Let p be a fuzzy subset of an LA-ring R. Then u is a fuzzy LA-
subring of R if and only if upper t-level U(u;t) of p is an LA-subring of R for
all t € (0,1].

Proof. Straight forward. O

Lemma 2.6. Let u be a fuzzy subset of an LA-ring R. Then p is a fuzzy left
(resp. right) ideal of R if and only if upper t-level U(u;t) of p is a left (resp.
right) ideal of R for all t € (0,1].

Proof. Straight forward. O
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Proposition 2.3. Let u be a fuzzy subset of an LA-ring R. Then i is a fuzzy
(1,2)-ideal of R if and only if upper t-level U(u;t) of 1 is a (1,2)-ideal of R for
all t € (0,1].

Proof. Suppose that p is a fuzzy (1,2)-ideal of R, this implies that p is a
fuzzy LA-subring of R. Then U(u;t) is an LA-subring of R by the Lemma
2.5. Let z,y,z € U(p;t) and @ € R, then by definition u(x), u(y), u(z) > t.
Now p((za)(yz)) > p(x) A u(y) Ap(z) > t, p being a fuzzy (1,2)-ideal of R, i.e.,
(za)(yz) € U(u;t). Therefore U(u;t) is a (1,2)-ideal of R.

Conversely, assume that U(u;t) is a (1, 2)-ideal of R, this means that U (u;t)
is an LA-subring of R. Then p is a fuzzy LA-subring of R by the Lemma 2.5.
We have to show that u((za)(yz)) > p(x) A u(y) A u(z). We suppose a con-
tradiction u((za)(yz)) < p(@) V pu(y) Vv p(z). Let p(z) =t = u(y) = p(z), so
(@), p(y), m(z) = t, e, z,y,2 € U(pst). But p((za)(yz)) <t ie., (za)(yz) ¢
U(p;t), which is a contradiction. Therefore pu((za)(yz)) > p(z)Au(y)Ap(z). O

Remark 3. Let i be a fuzzy subbset of an LA-ring R. Then p is a fuzzy bi-ideal
of R if and only if upper t-level U(u;t) of p is a bi-ideal of R for all ¢ € (0, 1].

3. Characterizations of LA-rings

In this section, we characterize different classes of LA-ring in terms of fuzzy
left (right, bi-, generalized bi-) ideals. An LA-ring R is a regular, if for every
element = € R, there exists an element a € R such that x = (za)z. An LA-ring
R is an intra-regular, if for every element x € R, there exist elements a;,b; € R
such that z = Z?:l(aiajz)bi.

An LA-ring R is a left (resp. right) regular, if for every element x € R,
there exists an element a € R such that z = ax? (resp. x2a). An LA-ring R is
completely regular if it is regular, left regular and right regular.

An LA-ring R is a (2,2)-regular if for every element x € R, there exists an
element a € R such that z = (z%a)2?.

An LA-ring R is a locally associative LA-ring if (a.a).a = a.(a.a) for all
a € R.

A ring R is a left (resp. right) weakly regular if I2 = I for every left (resp.
right) ideal I of R, equivalently x € RxRx(x € xRxR) for every x € R. An
LA-ring R is called a weakly regular if it is both a left weakly regular and a
right weakly regular [15].

Now we define this notion in a class of non-associative and non-commutative
rings (LA-ring).

An LA-ring R is called a left (resp. right) weakly regular if for every element
x € R, there exist elements a,b € R such that z = (ax)(bx) (resp. x = (za)(xb)).
An LA-ring R is called a weakly regular if it is both a left weakly regular and a
right weakly regular.

Lemma 3.1. Fvery fuzzy right ideal of an LA-ring R with left identity e, is a
fuzzy ideal of R.
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Proof. Let p be a fuzzy right ideal of R and x,y € R. Thus u (zy) = p((ex)y) =
i ((yx)e) > p(yz) > p(y). Hence p is a fuzzy ideal of R. O

Lemma 3.2. Every fuzzy right ideal of a reqular LA-ring R is a fuzzy ideal of
R.

Proof. Suppose that p is a fuzzy right ideal of R. Let x,y € R, this implies
that there exists @ € R, such that = = (za)x. Thus p(zy) = p(((za)z)y) =
w((yz)(za)) > p(yx) > p(y). Therefore p is a fuzzy ideal of R. O

Proposition 3.1. Let R be a reqular LA-ring having the property a = a® for
every a € R, with left identity e. Then every fuzzy generalized bi-ideal of R is a
fuzzy bi-ideal of R.

Proof. Let p be a fuzzy generalized bi-ideal of R and x,y € R, this implies
that there exists a € R such that z = (za)z. We have to show that u is a fuzzy
LA-subring of R. Thus

plzy) = p(((za)z)y) = p(((za)z?)y) = p(((za)(zx))y)
= p((z((za)z))y) > min{u(z), u(y)}-

Hence p is a fuzzy LA-subring of R. O

Lemma 3.3 ([7, Lemma 8|). Let R be an LA-ring with left identity e. Then Ra
is the smallest left ideal of R containing a.

Lemma 3.4 ([7, Lemma 9]). Let R be an LA-ring with left identity e. Then aR
is a left ideal of R.

Proposition 3.2 ([7, Proposition 5]). Let R be an LA-ring with left identity e.
Then aR U Ra is the smallest right ideal of R containing a.

Lemma 3.5. Let R be an LA-ring. Then pov C pNv for every fuzzy right
ideal 1 and for every fuzzy left ideal v of R.

Proof. Let i be a fuzzy right and v be a fuzzy left ideal of R and z € R. If x
cannot be expressible as x = > | a;b;, where a;,b; € R and n is any positive
integer, then obviously pov C u Ny, otherwise we have

(nov)(x) = Vo AN k@) Av o)}y

e=3liy aibi =1

Vo A {e(aibi) Av (aibi)}}

a=30i aibi =1

=V AAw @b} = @) @).
2=, aibi =1
= pov Cunu.

IN
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Theorem 2. Let R be an LA-ring with left identity e, such that (xe)R = zR
for all x € R. Then the following conditions are equivalent.

(1) R is a regular.

(2) pNv = pov for every fuzzy right ideal p and for every fuzzy left ideal
v of R.

Proof. Suppose that (1) holds. Since pov C uNv, for every fuzzy right ideal
u and every fuzzy left ideal v of R by the Lemma 3.5. Let x € R, this implies
that there exists an element a € R such that z = (za)z. Thus

(mow)(z) = Voo AL e (a) Av o)}
T=3 iy aib;
> min{u(za),v(x)} > min{u(z), v(z)}
= (wAv)(@) = (nOv)(@).
= pNv<Cpuow.

Hence pNv = pov, ie, (1) = (2). Assume that (2) is true and a € R.
Then Ra is a left ideal of R containing a by the Lemma 3.3 and aR U Ra
is a right ideal of R containing a by the Proposition 3.2. So xgr, is a fuzzy
left ideal and x,ruR. is a fuzzy right ideal of R, by the Lemma 2.4. By our

assumption XaRURa NV XRa = XaRURa © XRa, 1-€., X(aRURa)NRa = X(aRURa)Ra: Thus
(aRURa)NRa = (aRURa)Ra. Since a € (aRURa)NRa, ie., a € (aRURa)Ra,
so a € (aR)(Ra) U (Ra)(Ra). Now (Ra)(Ra) = ((Re)a)(Ra) = ((ae)R)(Ra) =
(aR)(Ra). This implies that

(aR)(Ra) U (Ra)(Ra) = (aR)(Ra) U (aR)(Ra) = (aR)(Ra).
Thus a € (aR)(Ra). Then
a = (ar)(ya) = ((ya)r)a = (((ey)a)z)a = (((ay)e)r)a
= ((ze)(ay))a = (a((ze)y))a € (aR)a, for any z,y € R.

This means that a € (aR)a, i.e., a is regular. Hence R is a regular, i.e.,
(2)=(1). O

Theorem 3. Let R be a regular locally associative LA-ring having the property
a = a? for every a € R. Then for every fuzzy bi-ideal i of R, u(a™) = p(a®") for
all a € R, where n is any positive integer.

Proof. For n = 1. Let a € R, this implies that there exists an element x € R
such that a = (azx)a. Now a = (ax)a = (a?z)a?, because a = a?. Thus

p(@) = w((@0e) 2 minfu () 4 (@)} = 1 (0?)
= p(ea) = min{u(a),p(a)} = p(a).
= ula)=p a2) .
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Now a? = aa = ((a®z)a®)((a*zx)a?®) = (a*x?)a®, then the result is true for
n = 2. Suppose that the result is true for n = k, i.e., u(a®) = u (a%) . Now
akftl = gkg = ((a%xk)a%)((an)aZ) — (a2(k+1)xk+1)a2(k+1)_ Thus

y (ak—l-l) - & <(a2(k+1)$k+1)a2(k+1)> > min{M(GQ(k—&-l))’ " (a2(k+1))}
— (a2(k+1)) —u (ak+1ak+1)>
min{ (ak+1)) g (ak+1)>} = p(aFD).

= N(akJrl) — ,U,(CLQ(kJrl)).

v

Hence by induction method, the result is true for all positive integers. [

Lemma 3.6. Let R be a (2,2)-reqular LA-ring. Then every fuzzy left (resp.
right) ideal of R is a fuzzy ideal of R.

Proof. Let i be a fuzzy right ideal of R and =,y € R, this implies that there
exists an element a € R such that x = (22a)2?. Thus u(zy) = p(((z%a)2?)y) =
w((yr?)(z2a)) > p(yx?) > u(y). Hence i is a fuzzy ideal of R. Similarly, for left

ideal. O

Remark 4. The concept of fuzzy (left, right, two-sided) ideals coincides in
(2,2)-regular LA-rings.

Proposition 3.3. Every fuzzy generalized bi-ideal of (2,2)-reqular LA-ring R
with left identity e, is a fuzzy bi-ideal of R.

Proof. Suppose that p is a fuzzy generalized bi-ideal of R and z,y € R, this
means that there exists an element a € R such that x = (2%a)z?. We have to
show that p is a fuzzy LA-subring of R. Thus

p(zy) = p(((zPa)a®)y) = p(((z%a)(zz))y)
= p((a((Ea)))y) > min{a(@), m(y)}.

Therefore p is a fuzzy LA-subring of R. O

Theorem 4. Let R be a (2,2)-regular locally associative LA-ring. Then for
every fuzzy bi-ideal p of R, p(a™) = p(a®) for all a € R, where n is any
positive integer.

Proof. Same as Theorem 3. O]

Lemma 3.7. Let R be a right reqular LA-ring. Then every fuzzy left (resp.
right) ideal of R is a fuzzy ideal of R.
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Proof. Let i be a fuzzy right ideal of R and =,y € R, this implies that there
exists a € R such that 2 = 22a. Thus

wzy) = p((z7a)y) = p(((vr)a)y) = p(((az)w)y)
= p((yz)(az)) > pyz) > ply).

Hence p is a fuzzy ideal of R. Similarly, for left ideal. O

Remark 5. The concept of fuzzy (left, right, two-sided) ideals coincides in right
regular LA-rings.

Proposition 3.4. Fvery fuzzy generalized bi-ideal of a right regular LA-ring R
with left identity e, is a fuzzy bi-ideal of R.

Proof. Suppose that p is a fuzzy generalized bi-ideal of R and z,y € R, this
means that there exists a € R such that x = 22a. We have to show that p is a
fuzzy LA-subring of R. Thus

p(zy) = p((@Pa)y) = p(((zz)(ea))y) = u(((ae)(zz))y)

(
= w((z((ae)z))y) = min{u(z), u(y)}.
Therefore p is a fuzzy LA-subring of R. O

Lemma 3.8. Let R be a left reqular LA-ring with left identity e. Then every
fuzzy left (resp. right) ideal of R is a fuzzy ideal of R.

Proof. Assume that u is a fuzzy right ideal of R and z,y € R, then there exists
an element a € R such that x = az?. Thus

p(ry) = pllaz?)y) = p((alz))y) = p((z(az))y)
= wy(ax))z) = p(y(az)) = u(y).

So p is a fuzzy ideal of R. Similarly, for left ideal. O

Remark 6. The concept of fuzzy (left, right, two-sided) ideals coincides in left
regular LA-rings with left identity.

Proposition 3.5. Every fuzzy generalized bi-ideal of a left reqular LA-ring R
with left identity e, is a fuzzy bi-ideal of R.

Proof. Let pu be a fuzzy generalized bi-ideal of R and x,y € R, this implies
that there exists a € R such that z = ax?. We have to show that u is a fuzzy

LA-subring of R. Thus u(zy) = u((az®)y) = u((a(zz))y) = p((z(azx))y) >
min{u(x), u(y)}. Hence p is a fuzzy LA-subring of R. O

Theorem 5. Let R be a reqular and right reqular locally associative LA-ring.
Then for every fuzzy right ideal u of R, u(a™) = u(a®®) for all a € R, where n
1S any positive integer.
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Proof. For n = 1. Let a € R, this means that there exists an element z € R

such that a = (azx)a and a = a?z. Now a = (az)a = (az)(a’z) = a3x?. Thus

pla) = p(a’s®) > p(a®) = plaa®) > min{u (a), u (a®)}
> min{u(a),p(a),pu(a)} = p(a).
= u(a) :,u,(a?’).
Here a® = aa = (a32?)(a®2?) = aS2*, then the result is true for n = 2.

Assume that the result is true for n = k, ie., p(a*) = u(a®*). Now a*+1 =
aka = (a3k$2k)(a3$2) — ¢3(k+1) 1.2(k+1) Thus

2

p(a+ly = u(ag(k+1)az2(k+1)) > M(a3(k+1)) = 1(a3+3)
—  u(a**1a?**2) > min{u (ak—H 1 a2k+2)}
> min{u (ak+1> iy <ak+1) iy (ak+1 Y = 4 ak+1> .
= (a1t = u(ag(kﬂ)).
Hence by induction method, the result is true for all positive integers. [

Theorem 6. Let R be a right regular locally associative LA-ring. Then for
every fuzzy right ideal p of R, u(a™) = u(a®®) for all a € R, where n is any
positive integer.

Proof. For n = 1. Let a € R, then there exists an element x € R such that
a = a®z. Thus

pala) = pa(a®c) > pa(a®) = pa(aa)
> min{pa (a),pa(a)} = pa(a) = pla) = p(a®).

2 2 2

Now a? = aa = (ax)(a?z) = a*z?, then the result is true for n = 2. Suppose
that the result is true for n = k, ie., u(a®) = pa®). Now a**! = aFa =

(anxk)(a%c) — q2k+1) . (k+1)  Thus

p(at ) = p(@@E 2ty > (o)
M(a2k+2) — u(ak+1ak+1)
> minfp (a51) e () = g (a571) = (@) = pu(a2FHY).
Hence by induction method, the result is true for all positive integers. [

Lemma 3.9. Let R be a right reqular locally associative LA-ring with left iden-
tity e. Then for every fuzzy right ideal 1 of R, p(ab) = p(ba) for all a,b € R.

Proof. Let a,b € R. By using Theorem 6 (for n = 1). Now

plab) = p((ab)?) = u((ab)(ab))
= p((ba)(ba)) = p((ba)?*) = u(ba).
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Remark 7. It is easy to see that, if R is a left regular locally associative LA-ring
with left identity e. Then for every fuzzy left ideal p of R, u(a™) = u(a®") for
all a € R, where n is any positive integer. And also for every fuzzy left ideal u
of R, p(ab) = p(ba) for all a,b € R.

Lemma 3.10. Let R be a right weakly reqular LA-ring. Then every fuzzy left
(resp. right) ideal of R is a fuzzy ideal of R.

Proof. Suppose that i is a fuzzy right ideal of R and x,y € R, this means that
there exist a,b € R such that x = (za)(xb). Thus

ulry) = p(((za)(xb))y) = p((((xb)a)r)y)
= p((((ab)z)z)y) = p((yz)((ab)z))
— u((yo)(na)) say ab=n
> pyr) = p(y)
Therefore p is a fuzzy ideal of R. Similarly, for left ideal. O

Remark 8. The concept of fuzzy (left, right, two-sided) ideals coincides in right
weakly regular LA-rings.

Proposition 3.6. Fvery fuzzy generalized bi-ideal of a right weakly reqular LA-
ring R with left identity e, is a fuzzy bi-ideal of R.

Proof. Assume that p is a fuzzy generalized bi-ideal of R and z,y € R, then
there exist elements a,b € R such that x = (za)(zb). We have to show that
is a fuzzy LA-subring of R. Thus p(zy) = p(((za)(xb))y) = p((z((za)b))y) >
min{p(x), u(y)}. So p is a fuzzy LA-subring of R. O

Lemma 3.11. Let R be a left weakly reqular LA-ring. Then every fuzzy right
ideal of R is a fuzzy ideal of R.

Proof. Let p be a fuzzy right ideal of R and z,y € R, this implies that
there exist a,b € R such that z = (az)(bx). Thus p(zry) = p(((az)(bz))y) =
w(y(bx))(az) > u(y(bx)) > p(y). Hence u is a fuzzy ideal of R. O

Lemma 3.12. Let R be a left weakly reqular LA-ring with left identity e. Then
every fuzzy left ideal of R is a fuzzy ideal of R.

Proof. Suppose that u is a fuzzy left ideal of R and z,y € R, this means that
there exist a,b € R such that z = (ax)(bx). Thus

ply) = p((az)(br))y) = p(((ad)(zz))y)
= w(z((ab)x))y) = p((y((ab)x))x) = p(x).

Therefore p is a fuzzy ideal of R. O
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Proposition 3.7. Every fuzzy generalized bi-ideal of a left weakly reqular LA-
ring R with left identity e, is a fuzzy bi-ideal of R.

Proof. Assume that p is a fuzzy generalized bi-ideal of R and z,y € R, then
there exist elements a,b € R such that x = (ax)(bx). We have to show that u is
a fuzzy LA-subring of R. Thus

pley) = p(((az)(be))y) = p(((ab)(zz))y)
p((x((ab)z))y) = min{p(z), u(y)}-

So p is a fuzzy LA-subring of R. O

Remark 9. It is easy to see that, if R is a left (resp. right) weakly regular
locally associative LA-ring. Then for every fuzzy left (resp. right) ideal u of R,
p(a™) = p(a®®) for all a € R, where n is any positive integer.

Theorem 7. Let R be an LA-ring with left identity e, such that (ze)R = xR
for all © € R. Then the following conditions are equivalent.
(1) R is a left weakly regular.

(2) pNv =pov for every fuzzy right ideal p and for every fuzzy left ideal
v of R.

Proof. Suppose that (1) holds. Since pov C uNv, for every fuzzy right ideal
u and every fuzzy left ideal v of R by the Lemma 3.5. Let x € R, this implies
that there exist a,b € R such that = (ax)(bx) = (ab)(zx) = z((ab)z). Now

(nov)(z) = Vo AN fua) Av o)}y
z=3 iy aib; =1
> ple) Avl(ab)z) > p(z) Av(e) = (1N v)(a).
= pNv<Cpuow.

Hence pNv = pov, ie, (1) = (2). Assume that (2) is true and a € R.
Then Ra is a left ideal of R containing a by the Lemma 3.3 and aR U Ra is
a right ideal of R containing a by the Proposition 3.2. So xpg, is a fuzzy left
ideal and x,rURq 1S a fuzzy right ideal of R, by the Lemma 2.4. Then by our
assumption XarURaMXRa = XaRURa©XRa, 1.€., X(aRURa)NRa = X(aRURa)Ra by the
Theorem 1. Thus (aRURa)NRa = (aRURa)Ra. Since a € (a¢RURa)N Ra, i.e.,
a € (aRURa)Ra,so a € (aR)(Ra)U(Ra)(Ra). This implies that a € (aR)(Ra) or
a € (Ra)(Ra). If a € (Ra)(Ra), then R is a left weakly regular. If a € (aR)(Ra),
then

(aR)(Ra) = ((ea)(RR))(Ra) = ((RR)(ae))(Ra)
= (((ae)R)R)(Ra) = ((aR)R)(Ra)
— ((RR)a)(Ra) = (Ra)(Ra)
Hence R is a left weakly regular, i.e., (2) = (1) O



FUZZY BI-IDEALS IN LA-RINGS 759

Theorem 8. Let R be an LA-ring with left identity e, such that (xe)R = zR
for all x € R. Then the following conditions are equivalent.

(1) R is a left weakly regular.

(2) pN~y C por for every fuzzy bi-ideal p and for every fuzzy ideal v of R.

(3) vy Cvoxy for every fuzzy generalized bi-ideal v and for every fuzzy
ideal v of R.

Proof. Assume that (1) holds. Let v be a fuzzy generalized bi-ideal and ~ be
a fuzzy ideal of R. Let x € R, this means that there exist a,b € R such that
x = (az)(bzx) = (ab)(zx) = z((ab)x). Thus

\/ {/\ {m (@) Ay (bi)}}

z=y_1 | ab; =1

p(z) Ay((ab)z)

u(@) Ay(z) = (N y) ().
vy Crony.

(rov)(z)

I v v

Therefore (1) = (3). It is clear that (3) = (2). Suppose that (2) holds.
Then Ny C po-y, where u is a fuzzy right ideal of R. Since po~y C punN-,
so o~y = pN-~. Therefore R is a left weakly regular by the Theorem 7, i.e.,
(2)=(1). O

Theorem 9. Let R be an LA-ring with left identity e, such that (xe)R = zR
for all x € R. Then the following conditions are equivalent.

(1) R is a left weakly regular.

(2) pNyNSC (woy)od for every fuzzy bi-ideal i, every fuzzy ideal v and
for every fuzzy right ideal § of R.

(3) vNyNd C (vory)od for every fuzzy generalized bi-ideal v, every fuzzy
ideal v and for every fuzzy right ideal § of R.

Proof. Suppose that (1) holds. Let v be a fuzzy generalized bi-ideal, v be a
fuzzy ideal and 0 be a fuzzy right ideal of R. Let x € R, then there exist elements
a,b € R such that z = (ax)(bx). Now

x = (ax)(bz) = (zb)(za)
zb = ((az)(bx))b= ((zzx)(ba))b
= (b(ba))(zz) = c(xx) = x(cx) say ¢ = b(ba)
Thus
(voy)od)(z) = Vo Ao (@) nd0i)})

=31 aib; =1
(v oy)(zb) Ad(za)

v
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> (vony)(zh) Ad(x)

=V AN e Av@} ) Ab)
xb=3"7 | piq; =1

> v(x) Ay(ex) Ad(x)

> u(@) Ay(e) A d() = (10 N 8)(2).

= unNyNdéC (rvoy)od.

Hence (1) = (3). Since (3) = (2), every fuzzy bi-ideal of R is a fuzzy
generalized bi-ideal of R. Assume that (2) is true. Then pNyNR C (upovy)o R,
where p is a fuzzy right ideal of R, i.e., pN~y C po-y. Since poy C pNr,
so po~vy = pN-~. Hence R is a left weakly regular by the Theorem 7, i.e.,
(2)=(1). O

Lemma 3.13. Let R be an intra-regular LA-ring. Then every fuzzy left (resp.
right) ideal of R is a fuzzy ideal of R.

Proof. Suppose that p is a fuzzy right ideal of R. Let z,y € R, this im-
plies that there exist a;,b; € R, such that z = Y (a;2%)b;. Thus p(zy) =
w(((aiz®)b)y) = u((ybi)(a;x?)) > u(yb;) > u(y). Hence u is a fuzzy ideal of R.
Similarly, for left ideal. O

Proposition 3.8. Fvery fuzzy generalized bi-ideal of an intra-reqular LA-ring
R with left identity e, is a fuzzy bi-ideal of R.

Proof. Let u be a fuzzy generalized bi-ideal of R and x,y € R, this implies
that there exist a;,b; € R such that x = Z?Zl(aiajz)bi. We have to show that
is a fuzzy LA-subring of R. Now

r =

Thus p(xy) = p((zn)y) > min{u(z), u(y)}. Hence p is a fuzzy LA-subring
of R. O

Theorem 10. Let R be an LA-ring with left identity e, such that (xe)R = xR
for all x € R. Then the following conditions are equivalent.

(1) R is an intra-regular.

(2) pNv C pov for every fuzzy right ideal v and for every fuzzy left ideal

u of R.
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Proof. Assume that (1) holds. Let € R, then there exist elements a;,b; € R
such that = "% | (a;2?)b;. Now
r = (a;x®)b; = (ai(zx))b; = (x(a;x))(eb;)
= (ze)((a)bi) = (aiz)((ze)b;).
Thus

(nov)(x) = Vo A s@) Av (b))
z=3 iy aib; =1
> min{u(aiz), v((ze)bi)} = min{u(z), v(z)}
= (wAv)(@) = (unv)(z).
= pNv<Cpuow.

Hence (1) = (2). Suppose that (2) is true and a € R. Then Ra is a left
ideal of R containing a by the Lemma 3.3 and aR U Ra is a right ideal of R
containing a by the Proposition 3.2. This means that xgr, is a fuzzy left ideal
and XqRrURe i a fuzzy right ideal of R, by the Lemma 2.4. By our supposition

XaRURa N XRa € XRa © XaRURas 1-€-; X(aRURa)nRa & X(Ra)(aRURa)- Lhus (aR U
Ra) N Ra C Ra(aR U Ra). Since a € (aRU Ra) N Ra, i.e., a € Ra(aRU Ra) =

(Ra)(aR) U (Ra)(Ra). Now
(Ra)(aR) = (Ra)((ea)(RR)) = (Ra)((RR)(ae))
= (Ra)(((ae)R)R) = (Ra)((aR)R)
= (Ra)((RR)a) = (Ra)(Ra).

This implies that

(Ra)(aR) U (Ra)(Ra) = (Ra)(Ra)U (Ra)(Ra)

(Ra)(Ra) = ((Ra)a)R

= ((Ra)(ea))R = ((Re)(aa))R
(Ra”)

a®)R.

2y

Thus a € (Ra?)R, i.e., a is an intra regular. Therefore R is an intra-regular,
ie, (2)=(1). O

Theorem 11. Let R be an intra-reqular locally associative LA-ring. Then for
every fuzzy right ideal p of R, u(a™) = u(a®®) for all a € R, where n is any
positive integer.

Proof. For n = 1. Let a € R, this implies that there exist elements x;,y; € R
such that a = > (z;a?)y;. Thus
pla) = p((ria®)y) > plaia®) > pla?)
= p(aa) = min{u(a), p(a)} = p(a).
= ula) = pla?).



762 N. KAUSAR, M. MUNIR, B. UL ISLAM, M. ALESEMI, SALAHUDDIN axp M. GULZAR

Now a? = aa = ((w;a?)y;)((v:a%)y;) = (2%a*)y?, then the result is true for
n = 2. Assume that the result is true for n = k, i.e., u(a®) = u(a?*). Now
aFtl = gFg = (( k Qk)yl )(( Q)yi) — (x/;c+1a2(k+1)) k+1 _Thus

u(akH) _ (( k+1 2(k+1) ) k—l—l) ( k+1 2(k+1))
> ( k—i—l)) 'u(ak—&-l k+1)
> min{u ( k+1)> ( k+1)> _ (a(k+1)) .
= 'u( k+1> 'u( 2(k+1))
Hence by induction method, the result is true for all positive integers. [

Proposition 3.9. Let R be an intra-regular locally associative LA-ring with left
identity e. Then for every fuzzy right ideal p of R, p(ab) = p(ba) for all a,b € R.

Proof. Same as Lemma 3.9. O
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