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1. Introduction

Malghan [10] defined generalized closed functions and obtained the preserva-
tion theorems of normality and regularity. Recently Arya and Nour [2] defined
generalized semi-open sets and used them to obtain some characterizations of
s-normal spaces due to Maheshwari and Prasad [9]. Dorsett ([5], [6]) defined and
studied the concepts of semi-normal spaces and semi-regular spaces respectively.
Quite recently, Devi et al. [4] have introduced generalized semi-closed functions
and shown that the continuous generalized semi-closed surjective image of a
normal space is s-normal. Present authors [13] introduced the notion of 8-sgp-
closed set. Object of this article is to continue the study of #-sgp-closed sets by
intercalating new classes of mappings called 6-sgp-open map, #-sgp-closed map,
pre-6-sgp-open map, pre--sgp-closed map, contra pre-6-sgp-open map and con-
tra pre-6-sgp-closed map using #-sgp-open and #-sgp-closed sets and also defined
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new spaces called f-sgp-regular and 0-sgp-normal utilizing 0-sgp-closed set. We
also investigated properties and characterizations of above mappings and spaces.

2. Preliminaries

In this paper, no separation axioms are taken up on the notations (X, 7) and
(Y,0) (or simply X and Y) which stands for topological spaces except clearly
stated. If M C X then Cl(M) and Int(M) stands for closure of M and the
interior of M in X respectively.

We recall some definitions used in this paper to make it self-contained.

Definition 2.1. A subset A of a space X is called
(i) a semi-open set [8] if A C Cl(Int(A)).
(ii) a semi-closed set [2] if Int(CI(A)) C A.
(iii) a pre-open [11] if A C (Int(Cl(A)))

Definition 2.2. The pre-6-closure denoted by pCly(A), is the set of all pre-6-
cluster points of A. A subset A is called pre-6-closed set [1] if A = pCly(A). The
complement of pre-f-closed set is pre-f-open set.

Definition 2.3. A subset A of a topological space X is called #-semigeneralized
pre-closed set [14] (briefly, 6-sgp-closed) if pCly(A) C U whenever A C U and U
is semi-open in X. The complement of f-semigeneralized pre-closed set is called
f-semigeneralized pre-open (briefly, -sgp-open).

Definition 2.4. A space X is said to be Tpsg, [16] if every f-sgp-closed set is
semi-closed set.

Definition 2.5. A function f : X — Y is called 6-sgp-irresolute [16](resp.,
semi-totally semi-continuous [7], #-sgp-continuous [16], irresolute [3]) if f~1(F)is
0-sgp-closed(resp., both semi-open and semi-closed, -sgp-closed, semi-closed) in
X for every 6-sgp-closed set (resp., semi-open set, semi-closed set, semi-closed
set) Fof Y.

Definition 2.6. For a subset A of X, #-semigeneralized pre-closure [15] of A,
denoted by 6-sgpCl(A) and is defined as #-sgpCl(A) = N{G : A C G, G is
-sgp-closed in X }.

Definition 2.7. [18]A space X is said to be:

(i) B-sgp-To, if for each pair x,y € X and x # y, there is a #-sgp-open set
containing one point but not the other.

(ii) O-sgp-T1, if for each pair of unequal points z,y € X, there are disjoint
O-sgp-open sets U and V such that z e U,y ¢ Uand y eV, z ¢ V.

(iii) B-sgp-To, if for each pair of unequal points z,y € X, there are disjoint
f-sgp-open sets U and V such that x e U, y € Vand UNV = ¢.
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3. 0O-sgp-open and #-sgp-closed mappings

Definition 3.1. Let f : X — Y be a map. Then f is called #-sgp-open (resp.,
O-sgp-closed) if f(M) is 6-sgp-open set (resp., #-sgp-closed set) in Y for every
semi-open set (resp., semi-closed set) M in X.

Theorem 3.2. A map f: X — Y is 0-sgp-closed if and only if for each subset
P of Y and for each semi-open set Q containing f~1(P) there is a semi-open
set of R of Y such that P C R and f~Y(R) C Q.

Proof. Assume that f is #-sgp-closed map. Let P be a subset of Y and Q be
a semi-open set of X such that P C f(Q), that is f~1(P) C Q. Now Q° is
semi-closed set in Y. Then f(Q°) is #-sgp-closed in X, since f is 6-sgp-closed
map. So, Y — f(Q°) is O-sgp-open in X. Thus R =Y — f(Q°) is a #-sgp-open
set containing P such that f~1(R) C Q.

Conversely, suppose that F is a semi-closed set in X. Then f~1(Y — f(F)) C
X — F and X-F is semi-open. By hypothesis, there is a 6-sgp-open set R of Y
such that Y — f(F) C Rand f~Y(R) C X — Fand so F C X — f~}(R). Hence
Y —RC f(F) C f(X — f7}(R)) CY — R which implies f(F)=Y-R. Since Y-R
is #-sgp-closed, f(F) is #-sgp-closed and thus f is #-sgp-closed map.

Theorem 3.3. If f : X — Y is irresolute, pre-6-closed and B is 6-sgp-closed
subset of X, then f(B) is #-sgp-closed in Y.

Proof. Let M be a semi-open set in Y such that f(B) € M. Since f is
irresolute, f~!(M) is a semi-open set containing B, that is B C f~1(M).
Hence pCly(B) C f~Y(M), as B is -sgp-closed in X. Since f is pre-f-closed,
f(pCly(B)) is pre-O-closed. So, f(pCly(B)) is a #-sgp-closed set contained in
the semi-open set M, that is f(pClg(B)) € M. Now pCly(f(B)) € pClg
(f(pClp(B))) = f(pCly(B)) € M. Hence pCly(f(B)) C M. Therefore f(B)
is #-sgp-closed set in Y.

Remark 3.4. The composition of two 6-sgp-closed maps need not be 6-sgp-
closed as seen from the following example.

Example 3.5. Let X=Y=Z={p,q,r}, 7 = {¢, {p}, {a}. {p, ¢}, X}, o = {8, {p},
{q,7},Y} and n = {¢,{p,q}, Z}. Let f: X — Ybe the identity map and define
g:Y — Z by g(p) =g(q) =r and g(r) = p. Then both f and g are #-sgp-closed
maps but their composition go f : X — Z is not #-sgp-closed map. Since for
semi-closed set {r} in X, (gof)({r}) = g(f({r})) = {p} which is not #-sgp-closed
set in Z.

Corollary 3.6. Let f: X — Y be a 0-sgp-closed map and g : Y — Z be pre-
f-closed and irresolute, then their composition go f : X — Z is 6-sgp-closed.

Proof. Let B be a semi-closed set of X. Then by hypothesis f(B) is §-sgp-closed
in Y. Since g is pre-6-closed and irresolute, by theorem 3.3, g(f(B)) = (go f)(B)
is #-sgp-closed in Z. Hence (g o f) is 6-sgp-closed.
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Theorem 3.7. Let f: X — Yand g : Y — Z be 6-sgp-closed maps and Y be
a Tpsgp. Then their composition (g o f) is §-sgp-closed.

Proof. Let D be a semi-closed set of X. Then by hypothesis f(D) is a 6-sgp-
closed in Y. Since Y is a Tpsgp, f(D) is semi-closed in Y. Also by assumption
g(f(D)) is #-sgp-closed in Z. Hence (g o f) is #-sgp-closed.

Theorem 3.8. Let f : X — Y and g : Y — Z be two maps such that their
composition go f : X — Z is a 6-sgp-open. Then the following statements are
true.
(i) If f is semi-totally semi-continuous and surjective, then g is §-sgp-open.
(ii) If g is O-sgp-irresolute and injective, then f is f-sgp-open.

Proof. (i) Let D be a semi-open set in Y. Then f~!(D) is both semi-open and
semi-closed in X as f is semi-totally semi-continuous. Since (go f) is #-sgp-open
map and f is surjective, (go f)(f~1(D)) = g(D) is f-sgp-open set in Z. Therefore
g is a #-sgp-open in X.

(ii) Let H be a semi-open set of X. Since (go f) is #-sgp-open, (go f)(H) is a -
sgp-open set in Z. Since g is §-sgp-irresolute, g~ ((go f(H))) = g ' (g(f(H))) =
f(H) is 0-sgp-open set in Y, since g is injective. Thus f is a 6-sgp-open in X.

Theorem 3.9. For any bijection f : X — Y the following statements are
identical:

(i) f~!is H-sgp-continuous.

(ii) f is a #-sgp-open map.

(iii) f is a O-sgp-closed map.

Proof. (i) — (ii) : Let Q be a semi-open set of X. By assumption (f~1)~1(Q) =
f(Q) is B-sgp-open set in Y and so f is #-sgp-open map.

(7i) = (4i1): Let P be a semi-closed set of X. Then P¢ is semi-open in X. By
assumption f(P€) is #-sgp-open set in Y, that is f(P¢) = (f(P))¢ #-sgp-open
set in Y and therefore f(P) is #-sgp-closed set in Y. Hence f is #-sgp-closed map.

(7i1) — (i): Let P be a semi-closed set of X. By assumption f(P) is #-sgp-
closed set in Y. But (f~1)"}(P) = f(P) and therefore f is §-sgp-continuous.

Theorem 3.10. If f : X — Y is semi-open, #-sgp-irresolute onto and M is a
6-sgp-closed set in Y, then f~1(M) is a f-sgp-closed set in X.

Proof. Let J be any semi-open set of X containing f~!(M). Then M C f(J)
and f(J) is semi-open in Y. Since M is #-sgp-closed set in Y, pCly(M) C f(J) and
hence f~Y(M) C f~1(pCly(M)) C J. Since f is f-sgp-irresolute, f~(pCly(M))
is -sgp-closed in X and hence we have pCly(f~1(M)) C f~1(pCle(M)) C J.
This shows that f~1(M) is #-sgp-closed set in X.

Theorem 3.11. If f: X — Y is onto, -sgp-open. If X is 0-sgp-T1 and Tpsgp,
then Y is 0-sgp-T1.
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Proof. Let m; and ms be two points of Y. Since f is onto, there exist distinct
points n; and ngy of X such that f(n1) = my and f(ng) = my. Since X is a 0-sgp-
T}, there exist #-sgp-open sets J and K such that n; € J and ny ¢ J and ny € K
and n; ¢ K. Again since X is Tp,gp, J and K are semi-open sets in X. As f is
0-sgp-open map, f(J) and f(K) are 6-sgp-open sets such that m; = f(ny1) € f(J),
me = f(na) ¢ f(J) and my = f(n1) ¢ f(K),me = f(n2) € f(K). Hence Y is
9—sgp—T1.

4. Pre-0-sgp-closed and pre-f-sgp-open mappings

Definition 4.1. A map f : X — Yis called pre-6-sgp-closed(resp., pre-0-sgp-
open) if f(M) is #-sgp-closed(resp., f-sgp-open) in Y for every §-sgp-closed(resp.,
f-sgp-open) set M of X.

Theorem 4.2. If f: X — Y is semi-totally semi-continuous, pre-0-sgp-closed
and N is a #-sgp-closed subset of X, then f(N) is §-sgp-closed set in Y.

Proof. Let M be a semi-open set such that f(IN) C M. Since f is semi-
totally semi-continuous f~!'(M) is a semi-open set containing N, that is N C
f~1(M).Hence pCly(N) C f~1(M) as N is f-sgp-closed set in X. Since f is pre-
0-sgp-closed, f(pClyg(N)) is G-sgp-closed set. So f(pClyg(N)) is -sgp-closed set
contained in semi-open set M, that is f(pCly(N)) € M Now pCly(f(N)) C
pCla(f(0 — sgpCI(N))) € pCla(f(pCly(N))) = F(pCly(N)) C M. Hence
pClo(f(N)) C M. Therefore f(N) is a §-sgp-closed set in Y.

Theorem 4.3. The property of a space being 6-sgp-Tj is preserved under one-
one, onto, pre-f-sgp-open map and hence is a topological property.

Proof. Let X be a 6-sgp-Tp-space and Y be any other topological space. Let
f: X — Y be one-one, onto, pre-6-sgp-open map from X to Y. Let y1, y2 € Y
with y; # yo and since f is one-one, onto, there exist distinct points x1,x2 € X
such that f(z1) = y1, f(x2) = y2. Since X is 0-sgp-Ty, there exists a #-sgp-open
set J in X such that 1 € J but x5 ¢ J. Since f is pre-f-sgp-open map, f(J)
is O-sgp-open set containing f(z1) but not containing f(z2). Thus there exist
a O-sgp-open set f(J) in Y such that y; € f(J) but y2 ¢ f(J) and hence Y is
f-sgp-Ty. Again as the property of being 0-sgp-Tj is preserved under one-one,
onto map, it is also preserved under homeomorphism and hence is a topological
property.

Theorem 4.4. Let f : X — Y be a 6-sgp-closed map and g : ¥ — Z be a
pre-0-sgp-closed map and semi-totally semi-continuous, then their composition
go f: X — Z is 0-sgp-closed.

Proof. Let K be a semi-closed set in X. Then by hypothesis f(K) is 6-sgp-
closed set Y. Since g is pre-6-sgp-closed map and semi-totally semi-continuous,
by Theorem 4.2 g(f(K)) = (go f)(K) is 0-sgp-closed set in Z. Hence (g o f) is
f-sgp-closed.
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Definition 4.5. A map f: X — Y is called contra pre-6-sgp-open if for every
O-sgp-open set O of X, f(O) is f-sgp-closed set in Y.

Definition 4.6. A map f: X — Y is called contra pre-6-sgp-closed if for every
0-sgp-closed set F of X, f(F) is O-sgp-open set in Y.

The following examples show that contra pre-8-sgp-closedness and contra
pre-0-sgp-openness are independent.

Example 4.7. Let X=Y= {p,q,7}, 7 = {X, ¢, {p} . {a}, {p. ¢} . {p,7} . {q,7}}
and o ={Y, ¢ {p},{q},{p.q}}. Wehave 0-sgp-open sets in X are {X, {p},{q,}}
and 6-sgp-open sets in Y are {Y, {p},{q},{p,7}.{q,r}}. Let f: X — Y is de-
fined by f(p) = f(r) =1, f(q) = q and g : X — Y is by g(p) = g(a) = p, g(r)
= (. Then f is contra pre-6-sgp-open but not contra pre-0-sgp-closed and g is
contra pre-6-sgp-closed but not contra pre-6-sgp-open.

Remark 4.8. Contra pre-6-sgp-closedness and contra pre-6-sgp-openness are
equivalent if the map is onto.

Theorem 4.9. For a map f: X — Y the following properties are equivalent:

(i) f is contra pre-f-sgp-open.

(ii) For every subset D of Y and for every 6-sgp-closed subset E of X with
f~Y(D) C E, there exists a f-sgp-open subset G of Y with D C G and f~}(G) C
E.

(iii)For every point ¢ € Y and every #-sgp-closed subset E of X with f~!(q) C
E, there exists a 6-sgp-open subset G of Y with ¢ € G and f~}(G) C E.

Proof. (i) — (ii): Let D be a subset of Y and let E be a 6-sgp-closed subset
of X with f~1(D) C E. For the case D # ¢, put G = [f(E°)]¢. Then f~1(G) =
[f~Y(E)]¢ C E and G is a f-sgp-open subset of Y. We claim that D C G. There
are two cases to be considered.

Case 1: f~1 ( ) # ¢. Since f~ (D) E, we have f(E¢) C D®and D C G.

Case 2: f~Y(D) = ¢. Since f YD) = ¢ C E, we have f(E°) C f(X). We
have D N f(X) = ¢, because f~1(D) = ¢ and D # ¢. Thus D C [f(X)]® C
[f(E9)]¢ = G . For the case D = ¢, put G = ¢. Then the set G is required
f-sgp-open of Y.

(7i) = (4i7) : It suffices to put D=q, in (ii).

(i4i) — (i): Let H be a 6-sgp-open subset of X. Then ¢ € [f(H)]° and
E = H¢ First we claim that f~'(q) C E. For non empty set f~1(q), let
p e fHq); f(p) = q & f(H). Suppose that p ¢ H and so ¢ = f(p) € f(H).
By contradiction, p € E for any p € f~!(q), that is f~'(¢) = ¢ C E. For
the case where f~1(q) = ¢, we have f~1(q) = ¢ C E. For both cases, we can
use (iii) and get the following: there exists a f-sgp-open set G, C Y such that
q € Gy and f~1(G,) C E = H¢. Namely, (x) f~1(G,) N H = ¢ holds for each
q € [f(H)]°. Finally we claim that [f(H)]°U{G,:q € [f(H)]}. Obviously, we
have that [f(H)}° C U{Gy : q € [f(H))°}
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Conversely, let p € [J{Gq:q € [f(H)]°}. Then there exists a point r €
[f(H)]¢ such that p € G,. Suppose that p ¢ [f(H)]°. Then p € f(H) and
there exists a point b € H such that f(b)=p. Thus we have that f(b) € G, and
so b € f~1(G,). We have a contradiction to (x) above, that is b € f~1(G,) N
H. Hence, we show that |J{G,:q € [f(H)]|‘} C [f(H)]® and so [f(H)|® =
U{G,:q € [f(H)]‘}. Hence f(H) is a #-sgp-closed subset of Y.

5. 6-sgp-regular and #-sgp-normal spaces

Definition 5.1. A topological space X is said to be #-sgp-regular if for every 6-
sgp-closed set P and each point x which is not in P, there exist disjoint semi-open
sets M and N such that x € M, P C N and M NN = ¢.

Definition 5.2. A topological space X is said to be #-sgp-normal if for every
pair of disjoint #-sgp-closed sets P; and P> in X, there exist disjoint semi-open
sets M and N such that P, C M, P, C N and M NN = ¢.

Theorem 5.3. Let X be a topological space. Then the following statements
are identical: (i) X is #-sgp-regular.

(ii) For each point € X and for each #-sgp-open nbd Z of x, there exists a
semi-open set Q of x such that pCly(Q) C Z.

(iii) For each point x € X and for each 6-sgp-closed not containing x, there
exists a semi-open set Q of x such that pCly(Q) N F = ¢.

Proof. Let Z be a 0-sgp-open nbd of x. Then there exists a #-sgp-open set K
such that x € K C Z. Since K€ is #-sgp-closed set and = ¢ K¢, by hypothesis
there exist semi-open sets P and Q such that K¢ C P, z € Q and PNQ = ¢ and
so @ C P°. Now pCly(Q) C pCly(P¢) = P° and K¢ C P implies P C K C Z.
Therefore pCly(Q) C Z. Hence (i) implies (ii).

Let F be any 0-sgp-closed set and x ¢ F. Then x ¢ F° and F° is f-sgp-open
and so F¢ is a 6-sgp-open nbd of x. By hypothesis, there exists a semi-open set
Q of x such that x € @ and pCly(Q) C F°, which implies F' C (pCly(Q))¢. Then
(pCly(Q))€ is a semi-open set containing F and Q N (pCly(Q))¢ = ¢. Therefore
X is #-sgp-regular. Hence (ii) implies (i).

Let z € X and F be a 6-sgp-closed set such that x ¢ F. Then F¢ is a
f-sgp-open nbd of x and by hypothesis there exists a semi-open set Q of x such
that pClyg(Q) C F¢ and therefore pCly(Q) N F = ¢. Hence (ii) implies (iii).

Let x € X and Z be a #-sgp-open nbd of x. Then there exists a 6-sgp-
open set K such that x € K C Z. Since K¢ is §-sgp-closed set and = ¢ K¢,
by hypothesis there exist semi-open set Q of x such that pCly(Q) N K¢ = ¢.
Therefore pClp(Q) € K C Z. Hence (iii) implies (ii).

Theorem 5.4. A space X is a #-sgp-regular if and only if given any x € X
and any semi-open set B of X there is 0-sgp-open set C such that x € C C
0 — sgpCl(C) C B.
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Proof. Let B be a semi-open set, x € B. So B¢ is semi-closed set such that
x ¢ B¢ Since X is a f-sgp-regular then there exist #-sgp-open sets C] and
C5 such that C1 N Cy = ¢, B¢ C Cy,x € Cq. Since C; N Cy = ¢, we have
0 — sgpCIl(C1) C 8 — sgpCl(CS) = C5. Since B¢ C Cy, we have C§ C B. Hence
we have x € C1 C 0 — sgpCI(Cy) C C§ C B.

Conversely, let F be a semi-closed set in X and x € X — F. So F¢is a
semi-open set such that x € F¢. Hence there exist a #-sgp-open set B such that
x € BC0—sgpCl(B) C F°. Let C = X- 0-sgpCl(B). So C is a f-sgp-open set
which contains F and BN C = ¢. Hence X is #-sgp-regular.

Theorem 5.5. Let X be a topological space. If X is a #-sgp-regular and T}
then X is a #-sgp-T5.

Proof. Suppose z,y € X such that x # y. Since X is T} then there is an
open set M such that x € M, y ¢ M. Since X is #-sgp-regular and M is semi-
open set which contains x, then there is #-sgp-open set N such that x € N C
0 — sgpCl(N) C M. Since y ¢ M, hence y ¢ 6-sgpCl(N). Therefore y € X — (6-
sgpCl(N)). Hence there are #-sgp-open sets N and X-(6-sgpCl(N)) such that
(X-(#-sgpCl(N)))NN = ¢. Hence X is a 6-sgp-T5.

Theorem 5.6. Every subspace of #-sgp-regular space is 0-sgp-regular.

Proof. Let X be a 8-sgp-regular space and Y be a subspace of X. Let x € Y
and F be a 6-sgp-closed set of Y such that ¢ F. Then there is a semi-closed
set and so -sgp-closed set A of X with FF =Y NA and z ¢ A. Since X is a
f-sgp-regular, there exist semi-open sets K and L such that x € K, A C L and
KNL=¢. Notethat Y N K and Y N L are semi-open sets in Y. Also z € K
and x € Y which implies x € Y N K and A C L. This implies Y NACY NK,
FCYNL. Also(YNK)N(YNL)=¢. Hence Y is a f-sgp-regular.

Theorem 5.7. If f : X — Y is onto, #-sgp-irresolute and semi-open from
f-sgp-regular space X into a topological space Y, then Y is 8-sgp-regular.

Proof. Let y € Y and F be a #-sgp-closed set of Y with y ¢ F. Since f is 6-sgp-
irresolute, f~1(F) is #-sgp-closed set in X. As f is onto, let f(x)=y and z = f~!(y)
and z ¢ f~1(F). Again since X is #-sgp-regular space, there exist semi-open sets
U and V such that z € U and f~1(F) C G and UNV = ¢. Since f is semi-open
and onto, we have y € f(U),F C f(V)and f(U)Nf(V) = f({UNV) = f(¢) = ¢.
Hence Y is 6-sgp-regular.

Theorem 5.8. If f : X — Y is one-to-one, #-sgp-closed map from a topological
space X into #-sgp-regular space Y. If X is T, then X is 0-sgp-regular.

Proof. Let z € X and F be a #-sgp-closed set in X such that z ¢ F. Since X is
Thsgp-space, F is semi-closed in X. Then f(F) is §-sgp-closed set with f(x) ¢ f(F')
inY as fis #-sgp-closed. Again Y is 0-sgp-regular, there exist disjoint semi-open
sets U and V such that f(x) € U and f(F) C V. Therefore 2 € f~1(U) and
F C f~4(V). Hence X is #-sgp-regular.
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Theorem 5.9. A topological space X is said to be #-sgp-normal if and only if
for every semi-closed set F and for every semi-open set G contain F there exists
f-sgp-open set U such that FF C U C 6 — sgpCl(U) C G.

Proof. Let F be a semi-closed set in X and G be semi-open set in X such
that F' C G, G° is a semi-closed set and G° N F' = ¢. Since X is #-sgp-normal
then there exist #-sgp-open sets U and V of X such that UNV = ¢, G° C V
and FF C U, U C V¢ We have 0-sgpCl(U) C 6§ — sgpCl(V¢) = V. Hence
FcUcl-sgpCl(U)CcVecCQaG.

Theorem 5.10. A 6#-sgp-closed subspace of a f-sgp-normal space is 6-sgp-
normal.

Proof. Let X be a f-sgp-normal space. Let Y be a 0-sgp-closed subspace of
X. Let A and B be a pair of disjoint 6-sgp-closed sets in Y. Then A and B
are disjoint #-sgp-closed sets in X. Since X is #-sgp-normal, there exist disjoint
semi-open sets G and H in X such that A C G and B C H. Since G and H
are semi-open in X, then Y NG and Y N H are semi-open in Y. Also we have
AC G and B C H whichimpliesY NACY NG, YNBCH. SOACYNG,
BCYNHand (YNG)N(YNH)=YN(GNH) = ¢. Thus for each pair of
disjoint #-sgp-closed sets A and B in Y, there exist disjoint semi-open sets Y NG
and Y N H such that ACY NG and BCY N H. Hence Y is #-sgp-normal.

Theorem 5.11. Let X be a topological space. The following statements are
equivalent: (i) X is f-sgp-normal.

(ii) For each #-sgp-closed set A and each 6-sgp-open set U such that A C U,
there exists a semi-open set V such that A CV C pCly(V) C U.

(iii) For each pair A, B of distinct 6-sgp-closed sets there exists a semi-open
set V such that A C Vand pClp(V)NB = ¢ .

(iv) For each pair A, B of distinct #-sgp-closed sets there exists a semi-open
sets U and V such that A CU, B CV and pClg(U) NpCly(V) = ¢.

Proof. (i) — (ii) : Let A be a 6#-sgp-closed set and U be a 6-sgp-open set
such that A C U. Then A and X-U are disjoint #-sgp-closed sets in X. Since
X is f-sgp-normal, there exist disjoint semi-open sets V and W in X such that
ACVand X-UCW. Now X —-W C X — (X —-U) thatis X —W C U. Also
VNW = ¢, which implies V' C X — W implies that pCly(V') C pClp(X — W)
that is pCly(V') € X — W. Therefore pCly(V) C X — W C U. So pCly(V) C U.
Hence ACV CpCly(V) CU.

(i) — (i17): Let A and B be a pair of disjoint #-sgp-closed sets in X. Now
ANB = ¢,s0 A C X — B, where A is 0-sgp-closed and X-B is #-sgp-open. Then
by (ii), there exists semi-open set V such that A CV C pCly(V) C X — B. Now
pCly(V) C X — B implies pCly(V)NB = ¢. Thus A C V and pCly(V)N B = ¢.

(7i1) = (iv): Let A and B be a pair of disjoint #-sgp-closed sets in X. From
(iii), there exists a semi-open set U such that A C U and pCly(U)NB = ¢. Now



CHARACTERIZATIONS OF NEW OPEN AND CLOSED ... 773

pCly(V) is 6-sgp-closed set and B is f-sgp-closed set. Therefore again from (iii),
there exists a semi-open set V such that B C V and pClg(U) N pCly(V) = ¢.

(tv) — (i) : Let A and B be a pair of disjoint #-sgp-closed sets in X. Then
from (iv), there exists a semi-open sets U and V in X such that A C U, B CV
and pClg(U) NpCly(V) = ¢. So AC U, BCV and UNV = ¢. Hence X is
f-sgp-normal.

6. Conclusion

The notions #-sgp-open, 6-sgp-closed maps, 6-sgp-regular and 6-sgp-normal spaces
have been introduced and investigated their properties. Compact and connected
spaces may be discussed in future using #-sgp-closed set.

References

[1] A.A. El-Atik, Some more results on pre-0-open sets, Antarctica J. Math.,
2 (2005), 111-121.

[2] S. P. Arya and T. M. Nour, Characterizations of s-normal spaces, Indian
J. Pure Appl. Math., 21 (1990), 717-719.

[3] S. G. Crossely and S.K. Hildebrand, Semi-topological properties, Fund.
Math., 74 (1972), 233-254.

[4] R. Devi, H. Maki and K. Balachandran, Semi-generalized closed maps and
generalized semi-closed maps, Mem. Fac. Sci. Kochi Univ. Ser. A Math., 14
(1993), 41-54.

[5] C. Dorsett, Semi-regular spaces, Soochow J. Math., 8 (1982), 45-53.
[6] C. Dorsett, Semi-normal spaces, Kyungpook Math. J., 25 (1985), 173-180.

[7] Hula. M Salih, Semi-totally semi-continuous functions in topological spaces,
Journal of Al-Qadisiyah for Pure Science, 19 (2014), 1-13.

[8] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer.
Math. Monthly, 70 (1963), 36-41.

[9] S. N. Maheshwari and R. Prasad, On s-normal spaces, Bull. Math. Soc.
Sci. Math. R. S. Roumanie (N.S.), 22 (1978), 27-29.

[10] S. R. Malghan, Generalized closed maps, J. Karnatak Univ. Sci., 27 (1982),
82-88.

[11] A.S. Mashhour, M.E. Abd El-Monsef and S.N.El-Deeb, On pre-continuous
and weak pre-continuous mapping, Proc. Math. Phys. Soc. Egypt, 53 (1982),
47-53.



774

[12]

[13]

[14]

[15]

[16]

[17]

[18]

MD. HANIF PAGE anp V.T. HOSAMATH

G.B. Navalagi and Md. Hanif Page, On 0gs-open and 6gs-closed functions,
Proycecciones Journal of Mathematics, 28 (2009), 111-123.

Md. Hanif page, On 8gs-regular and 6gs-normal spaces, International Jour-
nal of Advanced Science and Technology, 5 (2012), 149-155.

Md. Hanif Page and V. T. Hosamath, On 8-semigeneralized pre closed sets
in topological spaces, Int. Journal of Scientific and Mathematical Research,
3 (2015), 74-80.

Md. Hanif Page and V. T. Hosamath, Some properties of 6-sgp-
neighbourhoods, Int. Journal of Mathematics Trends and Technology, 20
(2015), 47-54.

Md. Hanif Page and V. T. Hosamath, Some properties of 0-semigeneralized
pre continuous functions, Global Journal of Pure and Applied Mathematics,
13 (2017), 3627-3639.

Md. Hanif Page and Baravan Asaad, Totally 0sg-continuous functions, Ttal-
ian Journal of Pure and Applied Mathematics, 119 (2018), 375-390.

Md. Hanif Page and V. T. Hosamath, A study of new separation axioms in
topology induced by 0-sgp-open sets (communicated).

Accepted: 11.04.2019



