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Abstract. In this paper, we prove many propositions of Laplace transform. In par-
ticular, we prove that the Laplace transform of product of two functions, under certain
conditions, satisfies

e (fon0) = [T e - en@ds = [ neene s

Then we find interesting relation between the Laplace of the product of two functions
and their convolution. Also, using these results, we prove a generalized result that the
Laplace transform of the convolution of two function is the product of their Laplace
transforms. Finally, we find particular solutions of integral, differential and difference
equations as application for these results.
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1. Introduction

Suppose that f is a real-valued function of the (time) variable ¢ > 0 and s is a
real variable. We define the Laplace transform of f(t) as

oo
(1.1) L (f(t) = (Lf)(s) =F(s) = / e~ f(t)dt.
0
One of the disappointments of the Laplace transform is that the Laplace
transform of the product of two functions is not the product of their Laplace
transforms. In fact, the Laplace transform of the convolution of two functions
is the product of their Laplace transforms.

Ls((fx9)(t) = Ls (/O fu)g(t - U)dU> =L (f(1) Ls (9(1)) -
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In this paper we answer the following question:
In [6], it is proved that the Laplace transform of the product of f(¢) and

(1) = [ o

Now, what are the Laplace transforms of the product of f(t ) and & (r > 0)? of
the product of f(t) and ;27 of the product of f(t) and ? or even the the
product of f(t) and

t2+a2

1
2 (t+3) (12 +1) ?

2. Main results

Theorem 2.1. Assume that L(f(t)) = F(s) and L(g(t)) = G(s). If
I S5 e H g (&) f(t)dtdE converges absolutely for s > o, then L (f(t)G(t))
is given as

£.(r0G®) = £.(FOL9®))
(2.1) _/0 g(&)F (& + s)dE = / &)d¢ for s > a.

Proof. By Fubini’s Theorem ( see [5]), since [;~ [ e~ (5T g(&) f(t)dtdE con-
verges absolutely for s > « then

/ / ~(HOt () f(t)dtde = / / —(sHtg () f(t)dedt.

Therefore, for s > «
e (f060) = [Tt [ e ot
— /0 b 9(8) /0 et f(t)dtd¢
= [ st + o
— [ st 9p©as

O]

This theorem can be read as: if If [5° [ e~ (HOY(L71h)(€) f(¢)dtdE con-
verges absolutely for s > «. Then

£ (sOn0) = [T @nE+ s
(2.2) _ / TLh) (€ — $)(LF)(€)dE for s > a
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Example 2.2. Using the fact £ (e*at) = L we get

T
e (H0) = e (e ) e [T er@a
Example 2.3.
N R
:/Swﬁ_slw(i—zﬂl‘“)du
- arctan(%) + sln(\/sji).

Example 2.4. For s> 1

e (S5 - [l -3

— (s )m(i 2

) 1.

Using this result, we will solve equations contain mixture of differential,
difference and integral operators

Example 2.5. To solve the integral equation that

o 2 3 2 7T 3
(2.3) /z y(u—z)($+?+a)du:g—ﬁ,x>0.

The left side can be written as L, (Y (¢)(t* + 3t + 2)), where Y (t) = Li(y(x)),
and the right side is £;(7 — 3t). Therefore, Y (t) = L(y(z)) = tQZ:%iZ This
means that y(x) = 10e™ — 13e 2% is a particular solution of the equation (2.3).
To verify our answer, use interchanging the integration orders and the fact

0 13 7-3uw
w+1l w+2 (w+1)(w+2)

Y (w) = Lo <1oe—m - 136—293) -

to get that

/;Oy(u—:c)(uzz,)—i—i;+z>du:/;Oy(u—x)/oooe_w“<w2+3w+2>dwdu
:/OO (w2+3w+2>/ e "y(u — x)dudw
0
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Example 2.6. In this example, we find a solution for the difference-integral
equation

6

2
— + -,z > —1.
(x+1)* T

vt 1)+ [ (€ Py(eds =
The left side can be written as £, (e f(t) + 2/ t)) where y(z) = L,(f(t)), and
the right side is £, (t3¢~! + 2). Therefore, for t > 0, we have f(t) = t3. This

means y(x) = L, (f(t)) = m% is a solution of this equation.

Example 2.7. We wish to find a solution for the integro-differential equation
o0
(2.4) Y'(z)+Y(x+1)+ / sin(u — 2)Y (u)du = e,
X

This equation is resulting by taking the Laplace transform of

y(t)
2 +1

t2y(t) + e y(t) + =6(t —3),

where Y (z) = L,(y(t)). Hence,

(t2 +1)5(t — 3)
B+ +et)+1

y(t) =
Therefore,
10e~3%
Y(z) = Lo (y(t)) = 10(9 +e=3) + 1

is a particular solution for the equation (2.4).

The following result gives the Laplace transform for ”the weighted convolu-
tion”

Corollary 2.8. The Laplace transform of the product of h(t) and the convolution

of f % g is given as

LMD+ 9)0) = [ (£ (e - PG

In particular, if h(t) = 1 then we get

LT x9)) = [ 86 - HPOGE©E = F5)G(o)
which is the well-known result that the Laplace transform of the convolution of

two function is the product of their Laplace transforms.

Example 2.9. Use f(t) = g(t) =sint and h(t) = 5 to get that

Ls(sint _t3tCOSt) _ Es<2(f *g)(t))

+3

= /Oo (ii )) d¢ = f( — 2(s* + 1) arctan(s) — 25 + 7).
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One of the application of this result is the following interesting relations
between convolution and the Laplace transform of the product of two functions

Corollary 2.10.

/ " h(u) L (1) (£g) (8))dus = / T (LH)(E) (g h)(E)de.

In particular,

Lu(f(t)(Lg) (1)) (a) = /Ow(ﬁf)(@(e_“t * h(t))(§)d¢.
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