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Abstract. This paper is concerned with the numerical blow-up solutions of a homoge-
neous Dirichlet problem for a semilinear heat equation with a nonlinear reaction term,
defined in one dimensional-space. Namely, we compute the approximate blow-up time
and the blow-up growth rate constant for a numerical experiment of this problem by
using a finite difference method. The numerical results confirm and support the known
theoretical blow-up results.
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1. Introduction

We consider the initial-boundary problem which takes the following form:

(1)


ut = uxx + λupequ, (x, t) ∈ (−1, 1)× (0, T ) ,
u (x, t) = 0, x = ∓1, t ∈ (0, T ) ,
u (x, 0) = u0 (x) , x ∈ [−1, 1]

 ,

where p ≥ 1; q, λ > 0, u0 ∈ C2(R), nonzero , nonnegative, radially non increas-
ing function, such that u0 (x) = 0 , x = ∓1 .

The blow-up phenomena in the homogeneous Dirichlet problem of semiliear
heat equations, defined in bounded domains, has been studied, theoretically and
numerically, with different types of nonlinear reaction term, by many authors,
see for instance [1, 2, 3, 4, 5, 6]. The blow-up properties of problem (1) were
studied in [4]. It has been shown that, with a large value initial function, the
classical solution of problem (1) blows up in a finite time. Moreover, it has
been shown that the blow-up can only occur at x = 0 and the upper point wise
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estimate takes the forms:

(2) u(x, t) ≤ logA+
2

α
log

(
1

|x|

)
, x ∈ (−1, 1)/{0}, t ∈ (0, T )

where A > 0, α ∈ (0, 1) .
For blow-up rate estimate of this problem, it has been shown that there exist

C > 0, such that:

(3) u (x, t) ≤ 1

q
(logC − log[qλ(T − t)] ), x ∈ (−1, 1) , t ∈ (0, T ) .

Over the last decades, finite difference methods have been used to solve many
parabolic problems, see for instance [7, 8, 9, 10]. In this paper, we aim to
estimate blow-up time and blow-up growth rate constant, C, for some examples
of problem (1), using explicit Euler finite difference method.

2. The discrete problem

In this section, we derive the explicit Euler finite difference formula for problem
(1).

To derive the discrete problem of (1), we set h = 2/J , for J a positive
integer, and define the grids x0 = −1, xJ = 1, and xj = xj−1 + h for j =
1, 2, . . . , J − 1. Also, we introduce the time step k > 0 and the discrete time
levels t0 = 0, tn+1 = tn + k= nk, for n = 0, 1, 2, . . . We shall denote by Un

j the
approximate value of u (xj , tn) , for 1 ≤ j ≤ J − 1, and n > 0, obtained by
numerical methods.

We approximate uxx(xj , tn) by the standard second order finite difference
operator, while ut(xj , tn) is approximated by the forward finite difference oper-
ator. Thus, the discrete equation of the semilinear equation in (1) becomes:

Un+1
j − Un

j

k
=
Un
j+1 − 2Un

j + Un
j−1

h2
+ f(Un

j ), for 1 ≤ j ≤ J − 1, n > 0,

where f(Un
j ) = λ(Un

j
)peqU

n
j i.e. the discrete problem of problem (1), becomes:

(4)


Un+1
j = (1− 2r)Un

j + r(Un
j+1 + Un

j−1) + kf(Un
j ),

for 1 ≤ j ≤ J − 1, n > 0,
Un
0 = Un

J = 0,
U0
j = u(xj , 0) = u0(xj), for 0 ≤ j ≤ J


where r = k/h2.

It is well known that, 2r ≤ 1, is the stability condition of the explicit Euler
method for the heat equation. Therefore, h and k must be chosen such that
this condition is satisfied. Moreover, the rate of convergence for this method is
O
(
k + h2

)
.
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The discrete formula (4) has been used by some authors to compute the
numerical solution of the semilinear heat equation in one dimensional space,
where the nonlinear term is of exponential or power type functions, for instance,
see [9, 10].

3. Convergence of numerical blow-up solution and time

The next theorem summaries some results, those have been proved in [10], for
more general nonlinear terms f (including power and exponential types), which
guarantees that for small h, the solution of the discrete problem (4) convergences
to the exact solution of problem (1)

Theorem 3.1. Let Un = [Un
0 , U

n
1 , . . . . . . , U

n
J ] is the solution of (4).

If 0 < k ≤ h2

2 then
1- The solution of (4) is nonnegative, and

Un+1
j ≥ Un

j , Un
J−j = Un

j
for 0 ≤ j ≤ J , n ≥ 0

2− ||Un − un|| ≤ Ch2, n ≥ 0,

where un = [u0 (xj) , u (x1, tn) , . . . . . . , u (xJ , tn)]. i.e. Un → un, where h →
0 which means, at each point (xj , tn) , the numerical solution given by (4)
convergences to the exact solution of problem (1).

We will see, the solutions of (4) do not exist for all n ∈ N, because they
become unbounded for some n.

Definition 3.2 ([10]). Let {Un} = (Un
0 , Un

1 , . . . ..Un
J ) n ≥ 0 is the numer-

ical solution of problem (4), we say that {Un} blows up in the finite time,
if there exists m ∈ N such that | |Um| |∞ is unbounded, where | |Un| |∞ =
maxj=0,...,J |Un

j | .
Moreover, Tm

J = mk is called the numerical blow-up time of problem (1).

In fact, the size of spatial grid h and the choice of time steps k play an
important role in determining the numerical blow-up time.

The next theorem, which has been proved in [10], studies the convergence
of the blow-up time of the discrete problem (4) to the blow-up time of the of
problem (1), for more general types of f (including power and exponential
types).

Theorem 3.3. Let {Un} = (Un
0 , Un

1 , . . . ..Un
J ) n ≥ 0 be the solution of (4),

such that 0 < k ≤ h2

2 .

1. There is m ∈ N such that {Un} blows up in the finite time Tm
J

2. Let T be the blow-up time of (1), then Tm
J → T, where J →∞ , which

means, the numerical blow-up time approaches to the theoretical blow-up
time, for h sufficiently small.



808 MAAN A. RASHEED and FAEZ N. GHAFFOORI

4. Numerical experiment

In this section, we use the Euler discrete formula, to study the numerical solu-
tions of problem (1) with u0 (x) = 5

(
1− x2

)
.

It is clear that u0 satisfies all our assumptions in (1), and takes its maximum
value at the point x = 0, therefore according to the blow-up results of problem
(1), which we have proved in [4], the blow-up in equation (1) should only occur
at x = 0.

We aim to confirm these theoretical results and find the approximate values
to the blow-up time. Moreover, we estimate the blow-up growth rate constant
depending on the numerical results.

Our aim is to use the discrete equation (4) to compute numerically, the blow-
up time and solutions of problem (1), and the computational codes are written
in Matlab software.

In fact, the blow-up time will be taken experimentally, at the first time that
||Un||∞ ≥ 106. For converging, we will choose, k = h2/2, and we will get
a symmetric numerical solution which takes its maximum at xJ/2 = 0 , with
respect to the meshes J=150, 200, 250, 300 and 350.

Moreover, we estimate the constant of the blow-up growth rate in the blow-
up estimates (3), at each fixed value of J , as follows CJ = max0≤n≤m−1C(n) ,
where C (n) = qλ (Tm

J − tn) exp(qUn
J/2).

The numerical solutions will be carried out for three cases:

• Case1: p = q = λ = 1,

• Case 2: p = 1, q = λ = 1/2

• Case 3: p = 2, q = 1, λ = 1/2.

In Tables 4, 4 and 4, we present the numerical blow-up times and the nu-
merical values of the constant of blow-up growth rate CJ , for Cases 1, 2 and 3
respectively, with respect to the meshes J =150, 200, 250 ,300 and 350, while
in Table 4, we present the iterative errors obtained by using the error form
EJ = |Tm

J −Tm
J−50|, for Cases 1, 2and 3, where m = m(J) refers to the number

of iteration, when numerical blow-up occurs.

J k m T = mk C
150 8.8889e-05 18 0.00151 1.4539e+05
200 5.0000e-05 29 0.00140 5.6757e+97
250 3.2000e-05 42 0.00131 3.8499e+12
300 2.2222e-05 58 0.00126 7.6391e+05
350 1.6327e-05 78 0.00125 9.0910e+04

Table 1: Case 1.
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J k m T = mk C
150 8.8889e-05 837 0.07431 3.1238e+02
200 5.0000e-05 1482 0.07405 1.1749e+17
250 3.2000e-05 2312 0.07395 4.1404e+124
300 2.2222e-05 3326 0.07388 5.9799e+104
350 1.6327e-05 4524 0.07384 1.7548e+12

Table 2: Case 2.

J k m T = mk C
150 8.8889e-05 9 7.11111e-04 1.7108e+05
200 5.0000e-05 13 6.00000e-04 2.1918e+15
250 3.2000e-05 18 5.44000e-04 4.7385e+115
300 2.2222e-05 24 5.11111e-04 2.7181e+02
350 1.6327e-05 30 4.93469e-04 7.7754e+09

Table 3: Case 3.

J EJ , Case 1 EJ , Case 2 EJ , Case 3
200 0.00011 0.00026 1.11111e-04
250 0.00009 0.00010 5.59999e-05
300 0.00005 0.00007 e-053.28890
350 0.00001 0.00004 e-051.76420

Table 4: Errors bounds.

The next figures show the evolutions in time, of the numerical blow-up
solutions of problem (1), for cases 1, 2 and 3, with respect to J = 350
and 0 ≤ n ≤ m .
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Figure 1: Case 1

Figure 2: Case 2
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Figure 3: Case 3

From our numerical results Tables 4–4 and Figures 1-3, we can point out the
following observations:

1. The numerical solution blows up only at the centre, x = 0 , and that
confirms the theoretical results proved in [4].

2. Decreasing the space-step and time-step, leads to decreasing the numerical
blow-up time, which means the numerical blow-up occurs faster, as we
refine the grid points.

3. The error bound, EJ , decreases as J increases, which indicates that: the
numerical solutions converge as the space-step and time-step tend to zero.

4. With large values to the one or more of p, λ, or q, the solutions divergences
radially, while decreasing at least one of them, leads to increasing the
numerical blow-up time. And that support the know blow-up properties
for problem (1).

5. The numerical constant CJ plays an important role in estimating the
growth rate of the corresponding numerical blow-up solution and deriving
a discrete formula to the blow-up rate estimate (3) as follows:

Un
j ≤

1

q
(logCJ − log [qλ (Tm

J − tn)] ) ,

for 0 ≤ n ≤ m− 1, i = 1, 2, . . . J − 1
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5. Conclusion

In this paper, the numerical blow-up solutions of problem (1) are studied.
Namely, we compute the approximate blow-up time and the blow-up growth
rate constant for a numerical experiment of this problem by using explicit Euler
difference method. The numerical results obtained by the proposed methods are
analyzed, simulated and presented in the form of tables and figures. We have
observed that the numerical result confirms and supports the known theoretical
blow-up results. Moreover, the proposed method is successfully implemented
with good efficiency and high order of convergence.
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