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1. Introduction

The fuzzy sets were first introduced by Zadeh [9] in 1965 which explain the
vagueness in daily life problems. This concept is used to interpret and analyze
several problems where system possesses fuzzy rather than stochastic nature.
The concept of fuzzy metric was introduced by Kramosil and Michalek [8]. The
fuzzy metric can be considered as the degree of nearness of points x and y of
space. George and Veeramani [1] modified the notion of fuzzy metric spaces in
such a way that the modified definition of fuzzy metric generates a Hausdorff
and first countable topology. The Cauchy sequences in fuzzy metric spaces
and the completeness of fuzzy metric spaces are defined in two ways. First,
Grabiec [10] defined the notions of a Cauchy sequence in a fuzzy metric space
and the completeness of a fuzzy metric space, which are often called the G-
Cauchy sequences and the G-completeness respectively. The G-completeness
defined by Grabiec [10] was a very strong notion so that even R fails to be G-
complete (see, George and Veeramani [1]). Therefore, George and Veeramani

*. Corresponding author



860 SATISH SHUKLA anD RAJINDER SHARMA

[1] redefined the notions of Cauchy sequence and completeness which are called
M-Cauchy sequence and and M-completeness respectively.

On the other hand, Harandi [2] introduced the notion of a metric-like space
which generalizes the notion of partial metric spaces (see, [2] and the references
therein). Shukla and Abbas [12] unified the notions of the metric-like spaces and
the fuzzy metric spaces by introducing the notion of fuzzy metric-like spaces. In
fuzzy metric-like spaces, the degree of nearness of points x and y of space, when
x = y is not perfect, and so, the self fuzzy distance may not be unity. Shukla
and Abbas [12] defined the notions of Cauchy sequences and completeness of
fuzzy metric-like spaces which were the extensions of the G-Cauchy sequence
and G-completeness respectively, in fuzzy metric-like spaces. Recently, Shukla
et al. [11] introduced various notions of Cauchy sequences and completeness of
a fuzzy metric-like spaces. They showed that among the various notions 1-M-
completeness is most general notion and is an extension and generalization of
the M-completeness defined by George and Veeramani [1].

Gopal and Vetro [7] introduced the notions of a-¢-fuzzy contractive mapping
and -y-fuzzy contractive mapping and proved some fixed point theorems which
ensure the existence and uniqueness of the fixed point for the classes of these two
types of mappings. They extended and unified the fixed point results of Gregori
and Sapena [13], Samet et al. [4] and several others (see, Gopal and Vetro [7]).
The purpose of this paper is to extend and generalize and improve the recent
results of Shukla and Abbas [12] and Gopal and Vetro [7] by proving fixed
point theorem for a-¢-fuzzy contractive mappings and [-y-fuzzy contractive
mappings in 1-M-complete fuzzy metric-like spaces. Some examples are given
which verifies the generalization of this paper.

2. Preliminaries

We start with some known concepts and results.

Definition 2.1 (Zadeh [9]). A fuzzy set A in a nonempty set X is a function
with domain X and values in [0, 1].

Definition 2.2 (Schweizer and Sklar [6]). A binary operation *: [0, 1] x [0,1] —
[0, 1] is a continuous t-norm if {[0, 1],*} is an abelian topological monoid with
unit 1 such that a % b < ¢ x d whenever a < ¢ and b <d, a,b,c,d € [0,1].

Three typical examples of t-norms are a*,,b = min{a, b} (minimum ¢-norm),
a*pb = ab (product t-norm), and a*;b = max{a+b—1,0} (Lukasiewicz t-norm).

Definition 2.3 (George and Veeramani [1]). The triplet (X, M, x) is a fuzzy
metric space (in the sense of George and Veeramani) if X is an arbitrary set,
* is a continuous t-norm, and M is a fuzzy set in X2 x (0,00) satisfying the
following conditions:

(FM1) M(z,y,t) > 0;
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(FM2) M(z,y,t) =1 if and only if x = y;

( )=

(FM3) M(z,y,t) = M(y,z,1);
(FM4) M(z,y,t)* M(y,z,s) < M(z,z,t+ s);
(FM5) M(z,y,-): (0

for all z,y,z € X and s,t > 0.

,00) — [0,1] is a continuous mapping;

Here M (endowed with #) is called a fuzzy metric on X. It is known that, for
all z,y € X, M(z,y,-) is a nondecreasing function. Several examples of fuzzy
metric spaces can be found in [1, 3, 5, 14].

Definition 2.4 (Shukla and Abbas [12]). The triplet (X, F, %) is a fuzzy metric-
like space if X is an arbitrary set, * is a continuous t-norm, and F is a fuzzy set
in X2 x (0,00) satisfying the following conditions:

(FML1) F (z,y,t) > 0;

(FML2) if f (z,y,t) =1 then z =y;

(FML3) F(x,y,t) = F (y,,t);

(FMLA4) F (z,y,t)*F (y,2,5) < F (z,2,t + s);

(FML5) F(x,y,-): (0,00) — [0,1] is a continuous mapping;

for all z,y,z € X and s,t > 0. Here F (endowed with x) is called a fuzzy
metric-like on X.

If we choose F (z,z,t) =1 for all x € X and ¢ > 0, then a fuzzy metric-like
space reduces into a fuzzy metric space. Therefore, the class of fuzzy metric
spaces are a particular case of the class of fuzzy metric-like spaces (with unit
self fuzzy distance). We observe that F (z,x,t) may be less than or equal to 1
for some or may be for all x € X which is not possible in fuzzy metric spaces.
We illustrate this fact by the following example:

Example 2.5. Let X = [0, 1]. Then, the triplet (X, F, ;) is a fuzzy metric-like
space, where the fuzzy set F is defined by

1, ife=y=0;

F(x,y,t) = {max{x,y} forall t >0
a )

otherwise
where a > 2. Notice that, if 0 < z < 1, then we have [ (z,z,t) = 7 < 1.
Remark 2.6. If x # y, then we must have F (z,y,t) < 1, for all £ > 0.

For various examples of fuzzy metric-like spaces, the reader is referred to
Shukla and Abbas [12] and Shukla et al. [11].
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Definition 2.7 (Shukla and Abbas [12] and Shukla et al. [11]). Let (X, F,x*)
be a fuzzy metric-like space and {x,} be a sequence in X. Then:

(1) {zy} is said to be convergent to x € X and z is called a limit of {z,} if,

lim F (zp,x,t) =F (x,z,t) forallt>0.

n—oo

(73) {xn} is said to be G-Cauchy if, for all ¢ > 0 and each p > 1, the limit
limy, o0 F (Tntp, Tn,t)  exists.

(7i1) (X, F,*) is said to be G-complete if every G-Cauchy sequence {z,} in
X converges to some z € X such that lim,_,o F (zn,z,t) = F (z,2,t) =
limy, o0 F (Tngp, Tn,t) for all £ > 0 and each p > 1.

Definition 2.8 (Shukla et al. [11]). Let (X, F,*) be a fuzzy metric-like space
and let {x,} be a sequence in X. The sequence {z,} is called a 1-G-Cauchy
sequence if limy, o0 F (Tn4p, Tn,t) = 1 for all £ > 0 and each p > 1. The space
(X, F,*) is called 1-G-complete if every 1-G-Cauchy sequence in X converges
to some x € X such that F (z,x,t) =1 for all ¢ > 0.

It is obvious that every 1-G-Cauchy sequence is a G-Cauchy sequence and
every G-complete fuzzy metric-like space is 1-G-complete, while the converse of
these facts do not hold (see, Shukla et al. [11]).

Definition 2.9 (Shukla et al. [11]). Let (X, F,*) be a fuzzy metric-like space
and let {z,} be a sequence in X. The sequence {x,} is called a 1-M-Cauchy
sequence if limy, y—so00 F (Tn, Tm,t) = 1 for all ¢ > 0. The space (X, F, ) is called
1-M-complete if every 1-M-Cauchy sequence in X converges to some z € X such
that F (z,x,t) =1 for all t > 0.

Every complete fuzzy metric space in the sense of Grabiec [10] is 1-G-
complete as a fuzzy metric-like space, and every complete fuzzy metric space in
the sense of George and Veeramani [1] is 1-M-complete as a fuzzy metric-like
space. Also, 1-G-completeness implies 1-M-completeness and the notion of 1-
M-completeness is more general than that of 1-G-completeness, for detail see,
Shukla et al. [11].

We now state the main results of this paper.

3. Main results

Suppose, ® denotes the family of all right continuous functions ¢: [0,00) —
[0, 00) satisfying ¢(r) < r for all » > 0. Then it is obvious that ¢(0) = 0.

Proposition 3.1. Let ¢ € ® and {a,,} be a sequence of positive numbers such
that ant1 < ¢ (ay) for all n € N. Then, the sequence {a,} is convergent and
lim,, oo ay, = 0.
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Proof. Suppose, ¢ € ¢ and {a,} be a sequence of positive numbers such that
an+1 < ¢ (ay) for all n € N. Since a,, > 0 for all n € N, we have

an+1 < ¢ (an) < ayp for all n € N.

It shows that {a,} is decreasing sequence of positive numbers, and so, it con-
verges to some a € [0,00). Suppose a > 0. Again, since a,, < ¢ (a,—1) for all
n € N by the right continuity of ¢ we have

a= lim a, < ¢(a) < a.
n—o0
This contradiction shows that ¢ = 0, i.e., lim,,_,o, a, = 0. ]

The following definition is an analogue of [7] in fuzzy metric-like spaces.

Definition 3.2. Let (X, F, *) be a fuzzy metric-like space. A mappings 7": X —
X is said to be an a-¢-fuzzy contractive mapping if there exist two functions
a: X% x(0,00) = [0,00) and ¢ € ® such that

M ) (Frmays 1) < (Fawm )

for all z,y € X and ¢t > 0.

Remark 3.3. If a(z,y,t) = 1 forall z,y € X,t > 0, and ¢(r) = kr forallr > 0
and for some k € (0, 1), then Definition 3.2 reduces into the definition of fuzzy
contractive mapping given by Shukla and Abbas [12]. It shows that every fuzzy
contractive mapping is an a-¢-fuzzy contractive mapping; but the converse is
not true. The following example verifies this fact.

Example 3.4. Let X = [0,00) and define f : X? x (0,00) — [0, 1] by

1

=
Fyt) 1 + max{z,y}

for all z,y € X, ¢ > 0.

Then (X, F,*,) is a fuzzy metric-like space. Define the mappings T: X — X,
¢: [0,00) — [0,00) and a: X2 x (0,00) — [0,00) by:

, o(r) = and
x+1, otherwise o(r) 1

r : 1.

{x—l, if x € [1,00) N Q5 a’ ifr < g3
Tx =

T_E’ 1f7“>%

(29,1 1, fzeQuyeQandaec+1<y-—1;
(64 aj? ) - .
Y 0, otherwise

where a > 1,b > 2 are such that b = % Then T is an a-¢-fuzzy contractive

mapping, but not a fuzzy contractive mapping in the sense of Shukla and Abbas
[12].
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Notice that, although T is an a-¢-fuzzy contractive mapping, but it is a
fixed point free mapping, i.e., has no fixed point. We denote by Fix(T') the set
of all fixed points of T', i.e., Fix(T) = {x € X: Tz = x}.

Definition 3.5. Let X be a nonempty set. A mappings T : X — X is said to
be an a-admissible mapping if there exists a function « : X2 x [0,00) — [0, 00)
such that for all z,y € X and ¢ > 0 the following condition is satisfied:

(2) a(z,y,t) > 1 = a(Tz,Ty,t) > 1.

Example 3.6. Let X be a nonempty set and T: X — X be defined by Tx = x
for all z € X. Then T is a-admissible for every function a : X2 x [0, 00) — [0, 00).

Example 3.7. Let X be a nonempty set and a : X2 x [0,00) — [0,00) be a
function such that a(c, ¢, t) > 1 for all ¢ > 0 for some ¢ € X. Then, the mapping
T: X — X defined by Tx = ¢ for all z € X is an a-admissible mapping.

Example 3.8. Let X = [0,00), T: X — X be defined by Tx = = + 1 for
all z € X and o : X? x [0,00) — [0,00) be defined by a(z,y,t) = £ for all
z,y € X,t > 0. Then T is an a-admissible mapping.

We next state a fixed point result for a-¢-fuzzy contractive mappings in
1-G-complete fuzzy metric-like spaces.

Theorem 3.9. Let (X, F,x) be a 1-G-complete fuzzy metric-like space and T :
X — X be an a-¢-fuzzy contractive mapping. Suppose, the following conditions
are satisfied:

(1) T is a-admissible;
(79) there exists xo € X such that a(xo, Txo,t) > 1 for allt > 0;

(7i1) if {zn} is a sequence in X such that oy, xpy1,t) > 1 for allmn € N and
{zn} converges to x, then a(xp,x,t) > 1 for alln € N.

(v) for all x,y € X and t > 0 there exists z € X such that o(z,z,t) > 1 and
ay, z,t) > 1.

Then, T has a unique fized point uw € X and F (u,u,t) =1 for all t > 0.

Proof. Let zyp € X be the point such that a(zg, Tzo,t) > 1, for all ¢ > 0. Let us
define a sequence {x,} in X such that x,, = T'zy,_1, for all n € N. If x,, = x,,1
for some n € N, then z,, is a fixed point of T'. Assume that x,, # x,_1 for all
n € N, and so, we must have f (z,z,-1,t) < 1 for all n € N and ¢ > 0. Since
T is a-admissible, we have

a(zo, x1,t) = a(xg, Txo,t) > 1 = a(Txo,Tx1,t) = a(xr, z2,t) > 1.
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Proceeding in the same way further we get by induction:
(3) a(Tp—1,Tpn,t) > 1for alln € Nt > 0.
By (3) we have

1 —-1= 1 —1 < axp_1,n,t) [1—
F (T, Tpi1,t) F(Txp—1,Txy,t) F (Tp—1,Tn,t)

Using (1) with x = x,,—; and y = x,, in the above inequality and using the fact
that ¢(r) < r, we have

1—1§¢( L —1)<1—1.
F($n,$n+1,t) F(Tﬂ?n_l,TﬁUn,t) F(xn—lvxmt)
Suppose, F(t) = ———~——~ —1for t > 0 and n € N. We shall show that

F(xn,xn+1,t)
lim,, oo Fo(t) = 0 for all ¢ > 0. Then, since z,, # x,41 for all n € N we have

F,(t) > 0 for all t > 0 and n € N. Therefore, by the above inequality we have
F.(t) < ¢ (Fn_1(t)) for all n € N.

The above inequality with Proposition 3.1 yields
1
lim F,(t) =0, ie, lim | —— —1| =0.
n—00 n—00 F(xm Tnt, t)

Therefore
lim F (2, Xpe1,t) =1 for all ¢ > 0.

n—oo

Thus, if n € N and p > 1, then we have

t t t
F(SCH’ Tn+p, t) > F <33n, Tn+1, p> *f (xn+la Tn+2, p) Kok <$n+p—1u Tn4p, p) .
Letting n — oo in the above inequality we obtain

lim F (zy, Tnyp,t) =1 for all £ > 0.

n—oo

Hence, {z,} is a G-Cauchy sequence in (X, F, %) . Since (X, F, *) is G-complete,
there exists u € X such that

(4) lim F(zp,u,t) = lim F(2pip, n,t) = F (u,u,t) =1 forallt > 0,p > 1.
n—oo n—oo

Let us show that u is the fixed point of T. For all ¢ > 0,n € N, we obtain from
(1) and (iii) that a(xy,u,t) > 1. Without loss of generality we can assume that
F (zpn,u,t) <1 forall n € Nand t > 0, and then, by (1) we have

1 1
-1 < ) [ ——— 1
F(xTLJrlaTu?t) N a(x ! )<F(Txn,Tu,t) >

< ¢(Fwan )

1
< —— =1L
F(xnauvt)
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The above inequality shows that F (zn,u,t) < F (zn+1,Tu,t). Therefore, by (4)
we obtain:

(5) lim F (xp41,Tu,t) =1 for all ¢t > 0.

n—oo

By (FML4) we have
F(u,Tu,t) > F (u,Tpt1,t/2) % F (Tp1, Tu,t/2).

Using (4) and (5) in the above inequality we obtain F (u, Tu,t) = 1 for all ¢t > 0,
i.e., Tu = u. Hence, u is a fixed point of T" and F (u,u,t) =1 for all ¢ > 0.

For uniqueness, let v be the another fixed point of T and v # v. Then
F(u,v,t) <1 for all t > 0. It follows from (iv) that there exists z € X such that

a(u, z,t) > 1 and (v, z,t) > 1 for all ¢ > 0.
We shall show that
lim £ (u,T"z,t) = lim F (v,T"z,t) =1 for all ¢ > 0.
n—oo n—oo

Since a(u, z,t) > 1 and T' is a-admissible, we get a(Tu, Tz, t) = a(u, Tz, t) > 1.
Similarly, we obtain

a(u,T"z,t) > 1 and a(v,T"z,t) > 1, for all n € N, > 0.

Therefore, using (1) we obtain

Fe 1 < w0 (g )
= a(u,T" 'z,t) (F(Tu, T;”—lz,t) - 1>
1
< o(rrmmy 1)
Suppose, z,(t) = W —1for all m € N, £ > 0. The it follows from the

above inequality that
2n(t) < ¢ (2p—1(t)) for all n € N.

If z,,(t) = 0 for any ng € N, then it follows from the above inequality that
zn(t) = 0 for all n > ng, and so, we obtain lim,_,o F (u,T"z,t) = 1. If it is not
the case, we have F (u,T"z,t) < 1 for all n € N, and the above inequality with
Proposition 3.1 yields

1
lim z,(t) =0, ie., lim [) - 1] =0.

n—+00 n—00 F(u7 Trz, t



SOME COMMON FIXED POINT THEOREMS FOR FOUR MAPS ... 867

It shows that lim,, o F (u, T"z,t) = 1.
Following similar arguments and replacing v by v in the above we have

(6) lim f (u,T"z,t) = lim F (v,T"z,t) =1 for all ¢ > 0.

n—oo n—oo

Now, by (FML4) we have
F(u,v,t) > F(u,T"2,t/2) « F (T"z,v,t/2).

Letting n — oo and using (6) in the above inequality we obtain F (u,v,t) = 1.
This contradiction shows that u = v and the uniqueness follows. ]

The following corollary was the main result of Shukla and Abbas [12].

Corollary 3.10. Let (X, F,*) be a G-complete fuzzy metric-like space and
T: X = X be a fuzzy contractive mapping with fuzzy contractive constant k,
then T has a unique fized point uw € X and F (u,u,t) =1 for all t > 0.

Proof. Let us define two functions a: X2 x (0,00) — [0,00) and ¢: [0,00 —
[0,00) by a(z,y,t) = 1 and ¢(r) = kr for all z,y € X, ¢ > 0 and r > 0. Then, it
is easy to see that T is a-¢-fuzzy contractive mapping. We can show easily that
all the hypotheses of Theorems 3.9 are satisfied. Consequently, T" has a unique
fixed point v € X and F (u,u,t) =1 for all t > 0. O

Remark 3.11. Gopal and Vetro [7] proved the existence and uniqueness of fixed
of an a-¢-fuzzy contractive mapping (see, Theorem 3.6 of [7]). We notice that,
they assumed that the fuzzy metric M is triangular. In the following corollary,
we prove that this assumption is superfluous and Theorem 3.6, and so, Theorem
3.9 of [7] can be proved without this assumption.

Remark 3.12. It is obvious that the conditions (i), (ii) and (iii) are sufficient
for the existence of fixed point of the mapping T'. The condition (iv) is needed
only when proving the uniqueness of fixed point.

Corollary 3.13. Let (X, M, x) be a G-complete fuzzy metric space. Let T: X —
X be an a-¢-fuzzy contractive mapping satisfying the following conditions:

(1) T is c-admissible;
(79) there exists xo € X such that a(xo, Txo,t) > 1 for allt > 0;

(#i7) if {zn} is a sequence in X such that a(xy, xpi1,t) > 1 for alln € N and
{zn} converges to x, then a(xy,x,t) > 1 for all n € N.

(tv) for all z,y € X and t > 0, there exists z € X such that a(x,z,t) > 1 and
a(y, z,t) > 1.

Then, T has a unique fized point u € X.
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Proof. Because every G-complete fuzzy metric spaces is a G-complete fuzzy
metric-like space with unit self-fuzzy distance, therefore the proof follows from
Theorem 3.9. O

Definition 3.14. Let (X, <) be a partially ordered set such that (X, F,x*) is
a fuzzy metric-like space. A mapping T: X — X is called an ordered ¢-fuzzy

contractive mapping if there exists ¢ € ® such that the following implication
holds:

1 1
X<y —o-. —— 1< [— f 11¢>0.
LY EX LY = Tyt —¢(F<x,y,t> > orallt >

The next theorem is the ordered version of the main result of Shukla and

Abbas [12].

Theorem 3.15. Let (X, =) be a partially ordered set such that (X, F,x) is
a 1-G-complete fuzzy metric-like space and T: X — X be an ordered ¢-fuzzy
contractive mapping. Suppose, the following conditions hold:

(1) T is a non-decreasing mapping with respect to <;
(ii) there exists xg € X such that xo < Txg;

(#i7) if {zn} is a sequence in X such that x,, < xn41 for alln € N and {x,} — =
as n — 0o, then x, < x for all n € N;

(iv) for all z,y € X there exists z € X such that x < z and y < z.
Then, T has a unique fized point w € X and F (u,u,t) =1 for all t > 0.

We next introduce the notion of continuity and 1-continuity in fuzzy metric-
like spaces.

Definition 3.16. Let (X, F x,*x) and (Y, Fy,*y) be two fuzzy metric-like
spaces and T: X — Y be a mapping. Then, T is called:

(A) continuous at x € X if for every sequence {x,} C X converging to = the
sequence {Tx,} C Y converges to Tx, i.e., T is continuous at x if for every
sequence {x,} C X such that lim, o F x(2n,z,t) = F x(x,z,t) for all
t > 0, we have lim,,_,o0 Fy (Txp, Tx,t) = Fy(Tx,Tz,t) for all ¢t > 0. T is
called continuous on X if it is continuous at each x € X.

(B) 1-continuous at z € X if for every sequence {z,} C X such that
lim, o0 F x(2n, z,t) = F x(x,2,t) = 1 for all ¢ > 0, we have
lim, o0 F y(Txy, Tx,t) = Fy(Tx,Tx,t) =1 for all t > 0.

The notions of continuity and 1-continuity are independent of each other
which can be seen in the following examples:
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Example 3.17. Let X =[0,1] and F : X2 x (0,00) — [0,1] be defined by

t

F(:anat) = t—i—max{x,y}

for all x,y € X,t > 0.

Then (X, F,*p) is a fuzzy metric-like space. Suppose T': X — X be defined by

if x €0,1);

z
Tx = 2
0,

ifz=1.

Then, T is a 1-continuous mapping. Indeed, if {z,} be any sequence in X such
that limy, o0 F (zn, z,t) = F (z,2,t) = 1 for all t > 0, then we have:

t
lim =
n—oo t + max{r,,x} t+=z

=1 for all ¢t > 0.

It shows that z = 0 and the sequence {x,} must converge to 0 (in usual metric
sense of [0,1]). Also, 70 = 0 and so by the above inequality we must have

. 1 t
nlg]go F(Tw,,T0,t) = JEBO t + max{Tz,,T0}

lim ———= =
n—)oot+ajn/2
= F(T0,70,t) for all £ > 0.

Thus, T is 1-continuous. On the other hand, T is not a continuous mapping.
To see this choose a sequence {z,} in X, where z,, =1 — -, then we have

lim F(zp,1,t) = t

Jim ?Ll:F(l,l,t).

So, {zy} converges to 1 in (X, F,*,). But

. . t
nlg]go F(Tz,, T1,t) = nh—>Holo ﬂ #F (T1,T1,t).

Therefore, Tx,, = % — ﬁ does not converge to T'1 = 0 in (X, [, *p).

Example 3.18. Let X = [0,1] and f : X2 x (0,00) — [0, 1] be defined by

1, ife=y=1,
F(%y,t) = t h .
W, otherwise
for all z,y € X,t > 0. Then (X, F,%*p) is a fuzzy metric-like space. Suppose

T: X — X be defined by Tx = 3 for all z € X. Then, T is a continuous
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mapping. Indeed, if {x,} be any sequence in X such that lim, o F (T, z,t) =
F(z,z,t) for all t > 0, then we have Tz = §. Therefore,

. i t
nhﬁngo F(Tzn, Tx,t) = HIEEO t + max{Tx,, Tx}
t
= lim

n—oo t + max{x, /2, z/2}
F(T (x/2),T (x/2),t) for all t > 0.

Thus, T is continuous. On the other hand, T is not a 1-continuous mapping.

To see this choose a sequence {x,} in X, where z, =1 — ﬁ, then we have

t
lim F(zp,1,t) =

Jim il ACE A

So, {x,,} converges to 1 in (X, f ,*,) with f (1,1,t) =1 for all ¢ > 0. But

t
lim F (T2, T1,t) = lim = F (T1,T1,t) # 1.

n— 00 n—oo t + %

Therefore, Tx, = % — ﬁ does not converge to T'1 in (X, F,%,) such that

F(T1,T1,t) =1 for all t > 0.

In the next theorem, we show that the condition (iii) of Theorem 3.9 can be
replaced by 1-continuity of the mapping 71" and thus, we find a generalization of
Theorem 3.5 of Gopal and Vetro [7].

Theorem 3.19. Let (X, F,*) be a 1-G-complete fuzzy metric-like space and T :
X — X be an a-¢-fuzzy contractive mapping. Suppose, the following conditions
are satisfied:

(1) T is a-admissible;

)
(ii) there exists xog € X such that a(xg, Txo,t) > 1 for allt > 0;
(#i7) T is 1-continuous on X;

)

(iv) for all z,y € X and t > 0, there exists z € X such that a(x,z,t) > 1 and
aly, z,t) > 1.

Then, T has a unique fixed point w € X and F (u,u,t) =1 for all t > 0.

Proof. Following the lines of the proof of Theorem 3.9 we obtain: for the
sequence {z,} defined by z, = Tx,_1, n € N is convergent and converges to
u € X such that

(7) lim F(xn,u,t) = 1i_>m F(Zn+p, Tn,t) = F (u,u,t) =1forallt >0,p > 1.

n—oo
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Let us show that u is the fixed point of T'. By 1-continuity of T" and the equation
(7) we have

(8) lim F(Txp,Tu,t) = ILm F(znt1,Tu,t) = F (Tu,Tu,t) =1 for all t > 0.

n—oo

By (FML4) we have
F(u,Tu,t) > F (u, xpy1,t/2) * F (Tp1, Tu, t/2).

Using (7) and (8) in the above inequality we obtain F (u, Tu,t) = 1 for all ¢t > 0,
i.e., Tu = u. Thus, u is a fixed point of T.

The proof for uniqueness of fixed point is similar to the proof of uniqueness
in Theorem 3.9. O

Again, one can see that in the proof of the above theorems conditions (i),
(ii) and (iii) are sufficient for the existence of fixed point, and the condition (iv)
is required only when proving the uniqueness of fixed point. In other words, if
condition (iv) is not satisfied, then the fixed point of 7" may not be unique as
shown in the following example.

Example 3.20. Let X = [0, 1] and Qo = [0, 1]NQ. Define F : X2 x(0,00) —
[0,1] by
1, ife=y=2;

F(:z:,y,t) = {

1 .
m N OthGrWlse

for all ,y € X,¢ > 0. Then (X, F,*p) is a G-complete fuzzy metric-like space.
Suppose, the mappings T: X — X and a: X? x (0,00) — [0, 00) be defined by

2 ifze ; 1, ifz,ye ;
PO E Q[O’”’ and  a(z,y,t) =4 if z,y ; Q0,15
x, otherwise 0, otherwise.

Define the function ¢: [0,00) — [0,00) by

r?, if0<r<l;
o(r) =

5,  otherwise.

Then, ¢ is a right continuous function such that ¢(r) < r for all r > 0. Fur-
ther, T' is an a-admissible, 1-continuous mapping and it is a-¢-fuzzy contractive
mapping. Also, if 29 € Q1) then a(zg, Tro,t) > 1 for all ¢ > 0. Thus, all the
conditions (except the condition (iv)) of Theorem 3.19 are satisfied and T has
a fixed point u(= 0) € X such that F (u,u,t) = 1 for all ¢ > 0. Notice that,
only the condition (iv) of Theorem 3.19 is not satisfied because there exists no
z € X such that a(0,z,t) > 1, a(i,2,t) > 1, where i € [0,1] is irrational. So,
fixed point of T' is not unique. Indeed, Fix (T) = {u: u € X \ Qp 7} U {0}
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One can see easily that the continuity of mapping 7 assumed by Gopal
and Vetro [7] in fuzzy metric spaces is a particular case of 1-continuity (as
well as of continuity) of T in fuzzy metric-like spaces. Therefore, we obtain an
improvement of Theorem 3.6 of [7] as a corollary of the above theorem.

Corollary 3.21. Let (X, M, *) be a G-complete fuzzy metric space and T : X —
X be an a-¢-fuzzy contractive mapping. Suppose, the following conditions are
satisfied:

(1) T is a-admissible;
(79) there exists xo € X such that a(xo, Txo,t) > 1 for allt > 0;
(ii7) T is continuous on X;

(v) for all z,y € X and t > 0, there exists z € X such that a(x,z,t) > 1 and
a(y,zt) 2 1.

Then, T has a unique fized point u € X.

We next define the 8-i-contractions in fuzzy metric-like spaces.
Let ¥ be the class of all functions v: [0, 1] — [0, 1] satisfying the following
properties:

(i) % is non-decreasing and left continuous;
(ii) r < (r) for all r € (0,1).
It can be seen easily that ¢(1) = 1 and lim,,_,o ¢"(r) = 1 for all r € (0, 1).

Proposition 3.22. Let ¢ € ¥ and {a,} be a sequence such that a, € (0,1)
for all n € N and a, > ¢(ap—1) for all n € N. Then, the sequence {a,} is
convergent and lim,, o a, = 1.

Proof. Suppose, ¢y € ¥ and {a,} be a sequence such that a,, € (0,1) for all
n € N and a,, > ¢ (a,—1) for all n € N. By given condition we have

an > (ap—1) > ap—1 for all n € N.

It shows that {a,} is increasing bounded above sequence of positive numbers,
and so, it converges to some a € (0, 1]. Suppose a < 1. Again, since a,, > ¥ (an—1)
for all n € N by the left continuity of ¢ we have

a= lim a, > ¥(a) > a.

n—oo

This contradiction shows that ¢ = 1, i.e., lim,,_,o, a, = 1. O
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Definition 3.23. Let (X, F,*) be a fuzzy metric-like space and T: X — X be
a mapping. Then, the mapping T is called a [-1-contractions if there exist two
functions 1 € ¥ and 3: X? x (0,00) — (0, 00) such that

(9) Bla,y, t)F (Tw, Ty, t) = »(F (z,y,t))
for all t > 0 and for all z,y € X with z # y.

Definition 3.24. Let (X, f,*) be a fuzzy metric-like space and T: X — X be
a mapping. Suppose B: X2 x (0,00) — (0,00) be function. Then, the mapping
T is called B-admissible if the following condition is satisfied:

z,y € X, B(x,y,t) <1 = B(Tz,Ty,t) < 1.
for all t > 0 and for all z,y € X.

The identity mapping on X is a trivial example of S-admissible mapping on
X for any arbitrary function 3: X2 x (0,00) — (0, 00).
We now state some fixed point results for 5-i)-contractions.

Theorem 3.25. Let (X, F,*) be a 1-M-complete fuzzy metric-like space such
that infy yex F (x,y,t) > 0 for all t > 0. Suppose that T : X — X be an
B--fuzzy contractive mapping and the following conditions are satisfied:

(1) T is B-admissible;
(ii) there exists xog € X such that f(xo, Txo,t) < 1 for all t > 0;

(#i7) if {zn} is a sequence in X such that B(zy, Tnt1,t) < 1 for alln € N;t > 0,
then there exists ng € N such that 5(xm, n,t) < 1 for allm > n > ng and
t>0;

() if {xn} is a sequence in X such that B(xn,z,t) <1 for alln € N and {x,}
converges to x, then B(xp,x,t) <1 for alln € N.

(v) for all x,y € X and t > 0, there exists z € X such that B(z,z,t) <1 and
By, zt) < 1.

Then, T has a unique fized point w € X and F (u,u,t) =1 for all t > 0.

Proof. Let zy € X be the point such that 8(zg, Tz, t) < 1, for all £ > 0. Let us
define a sequence {x,} in X such that x,, = Tzy,_1, for all n € N. If z,, = 2,1
for some n € N, then z,, is a fixed point of T'. Assume that x,, # x,_1 for all
n € N, and so, we must have [ (zy,z,-1,t) < 1 for all n € N and ¢ > 0. Since
T is p-admissible, we have

B(zo, x1,t) = B(xo, Txo,t) <1 = B(Txo, Tx1,t) = B(21,22,1) < 1.



874 SATISH SHUKLA AND RAJINDER SHARMA

Proceeding in the same way further we get by induction:
(10) B(Tn—1,2n,t) <1 forallneN,t>0.
Therefore, by the condition (iii) there exists ng € N such that
(11) B(Zpn, m,t) < 1 for all n,m > ng,t > 0.
By (9) we have
F(zn, Tnt1,t) = F (Txp_1,Txy,t) > B(xn_1,Tn, )F (Txp_1,Txy,t).

Using (9) with x,, = x,—1 and y = z, in the above inequality and using the
fact that ¥(r) > r, we have F (zn, Tpt1,t) > B(Xn-1,ZTn,t)F (Txp—1,TTp,t) >
U (F (xp-1,2n,t)) > F (Xn_1,xn,t). Suppose, F,(t) = F (xn, Tpy1,t) for t > 0
and n € N. We shall show that lim,_,o F},(t) = 1 for all ¢ > 0. Then, since
Xy # Tp—1 for all n € N we have F,(t) < 1 for all ¢ > 0 and n € N. Therefore,
by the above inequality we have

F.(t) > ¢ (Fn_1(t)) for all n € N.
The above inequality with Proposition 3.22 yields lim,,,~ F,,(t) = 1, i.e.,

lim f (zpn,2n41,t) =1 forall £ > 0.

n—oo

We shall show that {x,} is a Cauchy sequence. Suppose
an(t) = nigan(wm,xn,t) for all t > 0.
Using (10) we obtain from (9) that
F(Znt1s Tmi1,t) = B(@m, Tny O F (Txp, Txp,t) > 0 (F (T, Tny t) > F (T, T,y t)

for all n,m > ng and ¢ > 0. It shows that a,y1(t) > a,(t) for all n > ng.
Therefore, the sequence {ay(t)} is convergent. Suppose, limy,_o an(t) = a(t) <
1. Then from the above inequality and the properties of 1) we have

a(t) = lim ay(t) > ¥ ((a)) > a(t).

n—o0

This contradiction shows that a(t) = 1 for all ¢ > 0, i.e., lim,,_,o a, () = 1, and
so, for every given € > 0 there exists N € N such that

F (Tm, Tn,t) > an(t) > 1 — ¢ for all m > n > max{ng, N} and for all t > 0

or limy, ;o0 F (Tm, Tpn,t) = 1. Therefore, {z,} is a 1-M-Cauchy sequence in X.
By 1-M-completeness of X, there exists u € X such that

(12) lim F(zp,u,t) = F (u,u,t) =1 for all ¢t > 0.

n—oo
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We shall show that « is the fixed point of 7.

For all t > 0,n € N, we obtain from (iii) that S(x,,u,t) < 1. Without loss
of generality we can assume that F (x,,u,t) < 1 for all n € N and ¢ > 0, and
then, by (9) we have

F(zpy1,Tu,t) = B(xp,u,t)F (Tay, Tu,t)
= Y (F(n, u,t))
> F(zp,u,t).

Therefore, F (2, u,t) < F (2p+1,Tu,t), and so, by (12) we obtain:
(13) nhﬁ\Holo F(2p+1,Tu,t) =1 for all t > 0.
By (FML4) we have

F(u,Tu, t) > F (4, xpt1,t/2) * F (Xpy1, Tu, t/2).

Using (12) and (13) in the above inequality we obtain f (u,Tu,t) = 1 for all
t >0, i.e., Tu = u. Hence, u is a fixed point of 7" and F (u,u,t) = 1 for all ¢t > 0.

For uniqueness, let v be the another fixed point of T and u # v, then
F(u,v,t) < 1forall £ > 0. It follows from (v) that there exists z € X such that

B(u,z,t) <1 and (v, z,t) <1 forallt>0.

Since 5(u, z,t) < 1 and T is f-admissible, we get 8(T'u, T'z,t) = B(u, Tz, t) < 1.
Similarly, we obtain

B(u, T"z,t) <1 and (v, T"z,t) <1, for all n € N, ¢ > 0.
Therefore, using (9) we obtain

Fu,T"z,t) > Blu, T Lz, )F (u, T"z, 1)
= Bu,T" 2, t)F (Tu, TT" '2,1)
> o (F(u, T"'2,1)) .

~— ~—

Suppose, z,(t) = F (u,T"z,t) for all n € N, t > 0. Then it follows from the
above inequality that

Zn(t) > ¢ (zp—1(t)) for all n € N.

If z,, = 1 for some ng € N, then it follows from the above inequality that
zn(t) = 1 for all n > ng, and so, lim,, oo F (u,T"z,t) = 1 for all ¢ > 0. If this is
not the case, we have F (u,T%,t) = 1 for all ¢ > 0 and the above inequality with
Proposition 3.22 yields

lim z,(t) =1, ie, lim F(u,T"z,t) = 1.

n—oo n—oo
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Following similar arguments and replacing v by v in the above we have

(14) lim f (u,T"z,t) = li_)m F(v,T"z,t) =1 for all t > 0.

n—oo

Now, by (FML4) we have
F(u,v,t) > F(u,T"2,t/2) « F (T"z,v,t/2).

Letting n — oo and using (14) in the above inequality we obtain F (u,v,t) = 1.
This contradiction shows that u = v and the uniqueness follows. ]

The following corollary is an improvement of Theorem 4.4 and Theorem 4.6
of Gopal and Vetro [7] (see, Remark 3.27 below).

Corollary 3.26. Let (X, M,x*) be an M-complete fuzzy metric-like space such
that inf, yex M(x,y,t) > 0 for all t > 0. Suppose that T: X — X be an
B--fuzzy contractive mapping and the following conditions are satisfied:

(1) T is B-admissible;
(17) there exists xg € X such that B(xg, Txo,t) <1 for allt > 0;

(7i1) if {xn} is a sequence in X such that 5(zy, Tni1,t) < 1 foralln € Nt >0,
then there exists ng € N such that B(xy,, Tn,t) < 1 for allm >n > ngy and
t>0;

() if {zn} is a sequence in X such that f(xp, xni1,t) <1 for alln € N and
{zn} converges to x, then B(xp,x,t) <1 for alln € N.

(v) for all x,y € X and t > 0, there exists z € X such that B(z,z,t) <1 and
Bly,z 1) < 1.

Then, T has a unique fized point u € X.

Remark 3.27. In Theorem 3.25 we have proved the existence and uniqueness
of the fixed point of a S-1-fuzzy contractive mapping in 1-M-fuzzy metric-like
spaces. Note that, Gopal and Vetro [7] proved a similar result in M-complete
fuzzy metric spaces, but with an additional assumption that the fuzzy metric
space is non-Archimedean. Here, we have removed this superfluous assumption,
as well as, we have extended and generalize their result in the setting of 1-M-
fuzzy metric-like spaces.

Again, if we assume the 1-continuity of the mapping 7', then we can omit
the condition (iv) in Theorem 3.25. In this case, one can prove the following
result by following the lines of proof of Theorem 3.25, and so, we omit the proof.

Theorem 3.28. Let (X, F,*) be a 1-M-complete fuzzy metric-like space such
that infy yex F (x,y,t) > 0 for all t > 0. Suppose that T : X — X be an
B--fuzzy contractive mapping and the following conditions are satisfied:
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(1) T is B-admissible;
(73) there exists xo € X such that B(xo, Txo,t) <1 for allt > 0;

(7i1) if {xn} is a sequence in X such that B(xy, Tni1,t) < 1 foralln € Nt >0,
then there exists ng € N such that B(zp, zp,t) < 1 for all n,m > ny and
t>0;

(iv) T is 1-continuous on X;

(v) for all x,y € X andt > 0, there exists z € X such that B(z,z,t) <1 and
By, zt) < 1.

Then, T has a unique fixed point w € X and F (u,u,t) =1 for all t > 0.

Again, in the above theorem the condition (v) is required only when we
prove uniqueness of fixed point.

Example 3.29. Let X = [0, 1] and define f : X2x(0,00) — [0,1] by F (x,y,t) =
e~max{zy} for all x,y € X and ¢t > 0. Then, (X, [, *p) is a 1-M-complete fuzzy
metric-like space. Define the mappings T: X — X, 8: X2 x (0,00) — (0,00)
and : [0,1] — [0,1] by:

if z €0,1); 1, ifx,yel0,1) withy <
6(957%75) =

ifx=1; 2, otherwise

z
Tz=2{7%
L
and ¢ (r) = /r for all r € [0, 1].

Then, v is a left continuous function such that ¢(r) > r for all r € [0, 1].
Further, T is an (-admissible, 1-continuous mapping and it is S-¢-fuzzy con-
tractive mapping. Also, if 2o € [0,1) then S(xg, Txo,t) < 1 for all ¢ > 0. Thus,
all the conditions (except the condition (iv)) of Theorem 3.28 are satisfied and T’
has a fixed point u(= 0) € X such that F (u,u,t) =1 for all £ > 0. Notice that,
only the condition (iv) of Theorem 3.28 is not satisfied because there exists no
z € X such that §(0,z,t) <1, B(1,2,t) < 1. So, fixed point of T" is not unique.
Indeed, Fix (T') = {0,1}.
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