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Abstract. Various motion phenomena in natural environment and engineering is
regular, but it is often impossible to describe them accurately with linear theory, which
promotes the development of nonlinear theory. Nonlinear differential equation is one of
them. Solving equations is an important part of theory. In this study, the exponential
function expansion method, the first integral method and the wavelet operator matrix
algorithm were introduced firstly. Then the steps of the three methods were explained.
Finally, the concrete equations were solved by the three methods respectively. The
fractional order STO equation was solved by the exponential function expansion method
and the fractional order cahn-allen equation was solved by the first integral method.
The wavelet operator matrix algorithm was used to solve the fractional order differential
equations. The results showed that the exponential function expansion method could
obtain the exact solution of STO smoothly and easily, but the amount of calculation
was determined by the equilibrium principle. The first integral method could obtain
the exact solution of cahn-allen equation smoothly and effectively, and there were many
kinds of exact solutions when m was equal to 1. The wavelet operator matrix algorithm
could get the exact solution easily and quickly, and with the increase of the value of m/,
the absolute error between the numerical solution and the exact solution decreased.
Keywords: fractional order differential equation, fractional order STO equation,
fractional order cahn-allen equation, numerical solution.

1. Introduction

Different natural phenomena show regular forms, but they often can not be
described by linear mathematics, which promotes the emergence of nonlinear
theory [1]. Nonlinear partial differential equation is a part of nonlinear theory.
Mathematical modeling based on nonlinear partial differential equation can ef-
fectively help analyze the mathematical essence of nonlinear natural phenomena
[2]. Integral order differential equation has a wide application, and there are
relevant studies. Albzeirat et al. [3] proposed a solution which was based on
reproducing kernel Hilbert space tool for the numerical solution of second-order
integer and fractional differential equations under fuzzy conditions and verified
the effectiveness and flexibility of the method using an example. Saadatmandi
et al. [4] put forward a method based on Tau method and Legendre polynomial
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to solve a class of time fractional telegraph equations. The Legendre matrix of
fractional derivatives was used to appropriately represent the solution, and the
numerical was simplified to the solution of a set of linear algebraic equations.
However, integer differential equations often have several problems in simulating
complex systems and phenomena [5]: model parameters setting is out of prac-
tice, model is susceptible to external interference, and the solution is complex.
Therefore, fractional differential equations was proposed. There is no univer-
sal solution for nonlinear differential equations at present, so there are many
exact solutions or approximate solutions. Muthukumar et al. [6] studied the
numerical solution of fractional order delay differential equations and verified its
applicability by several examples like a mathematical model of houseflies and a
model based on the effect of noise on light that reflected from laser to mirror.
Ray et al. [7] calculate the numerical solutions of parabolic fractional partial
differential equation (PDE) and nonlinear time fractional partial differential
equation with two-dimensional Legendre wavelet method and two-dimensional
Haar wavelet method respectively and compared them with the exact solutions
obtained by homotopy perturbation method. In this paper, the exponential
function expansion method, the first integral method and the wavelet opera-
tor matrix algorithm were introduced, and then the steps of the three methods
were explained. Finally, the exponential function expansion method was used to
solve the fractional order STO equation, the first integral method was used to
solve the fractional order cahn-allen equation, and the wavelet operator matrix
algorithm was used to solve the fractional order differential equation.

2. Fractional order partial differential equation

Nonlinear partial differential equations include integer-order differential equa-
tions and fractional order differential equations, in which fractional order dif-
ferential equations can describe complex nonlinear systems concisely and accu-
rately; hence it is very important to solve the theoretical and numerical solutions
of fractional-order differential equations. The related definitions of fractional
differential equations are as follows.

Definition 1 ([8]). f(z) is real function and = > 0, and moreover f(z) is
contained in space Cy(a € R). If 3k € R and k > a, making fi(x) contained in
C € [0,00) and f(z) = 2¥ f1(z), then it can be considered that f(x) € C? when
and only when f(®) belongs to space C, and b € N.

Definition 2. S-order R-L fractional calculus is defined as:

sy [ 1) 50
(1) (I f>() {F(lﬁ)fox(m—a)ﬁlf(a)da, B8>0,x2>0
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Its derivative is:

4/ (z) f=neN
2 Dlf)(x) =4 4" .
2) < l )( ) {c(lit"F(ml—,B) fﬁ (Jg_yf)g}’,)mﬂdy7 0<n—-1<8<n

Definition 3: caputo frictional order calculus is defined as:

3) € DP[f()] = F(nl_p) /ﬂ C@ =y O )y,

n=|68l+1ln—-1<pB<n,x>p.

3. Two solutions of fractional order differential equation
3.1 Exponential function expansion method

Exponential function expansion method is used for solving integer order differ-
ential equation initially. The equation is processed by travelling wave exchange,
and then nonlinear ordinary differential equation is introduced. The forms of
the solution are diverse.

(4) ¥'(0) =g (™) + 1 (*®) 10

was selected as the nonlinear ordinary differential equation [9].
The general form of fractional order partial differential equation is:

5)  f <5, sy, 80, D2s, Dls, DY's, DY DYs, DID]s, - ) —0,0< 8,7 <1.

The solution steps of exponential function expansion method are as follows.

Firstly a new variable which is composed of y and x was set, and original
function

u(y, x) is transformed to new function U(¢) [10], then

(6) s(y, ) = 5(9),

ky” " da?
1+~ T({1+p)

where k and c are constants. Equation (6) and (7) are substituted to equa-
tion (5). A new nonlinear ordinary differential equation with regard to U and
derivatives of U can be obtained based on the nature of R-L fractional order
derivative.

(7) 0=

(8) G(S,58,8"---)=0.
Then the form of the solution of equation (8) [11] is supposed as:

N
(9) S(6) =Y Bi (@) By £0,
1=0
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where B; is an undetermined constant and ® satisfied equation (4).

The third step is to solve the value of N according to principle of equilibrium
[12] and high-order derivative and the highest order nonlinear items in equation
(8). The last step is to substitute to equation (4) and (9) to equation (8), then
the right side of the equal sign of equation (8) remains to be 0, and the left
side is a e~®(©) related polynomial. The coefficients of different powers of ¢~ ()
in the polynomial are set as 0, and then equation (8) becomes an algebraic
equation set. Unknown numbers in equation (8) including B;, k, g, h, 0,d can be
calculated using mathematica software [13].

Nonlinear ordinary differential equation (4) needs to be used in the solution
of equation (5), i.e., the solution of equation (5) is related to the solution of
equation (4). But the solution of equation (4) has several special circumstances.

Special circumstance 1: g =1

Vo — 4k tanh {0.5\/02 —Ah (5 + 50)} )

In 2h on |

h #0,0%> —4h > 0,
Vo? — 4htan {0.5\/02 —4h (0 + 50)} o

1 — _
(10) @) =" 2h 2h |
h #0,0% —4h < 0,
o o 2
—In o) 1 ,h=0,0%#0,0° —4h > 0,
(0(d+do) +2) 2 _
n< 02(5+6) ,h#0,0#0,0° —4h = 0.

Special circumstance 2: o0 =

(e
(1) () = (\/\[tan Voh (9= 50)]) g <0,h<0

< tanh h(6— 60)]>,g>0,h<0

( ,/ tanh [v/—gh 5+50)]),g<0,h>0.

Special circumstance 3: h =0 and 0 = 0,®(5) = In{g (0 + do)} (12). dp in
equation (10) ~ (12) is integration constant. The exact solution of equation (5)

can be obtained according to the above steps and equation (7), (9) and (10) ~
(12).

5+50)]>,g>0,h>0

3.2 First integral method

First integral method [14] is also one of the methods for solving nonlinear dif-
ferential equations. Similar to the exponential function expansion method, it is
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applied to solving integer order differential equations initially. In order to bet-
ter adapt to the solution of fractional differential equations, the method was a
little different. In order to better adapt to the solution of fractional differential
equations. The theoretical basis of first integral method is exact division of poly-
nomial, i.e., binary polynomial F'(x,y) and G(z,y) are both in complex number
field and F'(x,y) is irreducible. If G(x,y) is 0 at the zero point of F'(z,y), then
there must have H(x,y) in complex number field, and G(x,y) = F(z,y)H (z,y)
holds.

According to the theory of polynomial integral division [15], first integral
method was used to solve equation (5), and its procedures are as follows:

The first step was the same with the step of exponential expansion function.
New variable 6 which is composed of y and x is introduced. Function U ()
after transformation is substituted into equation (5) and transformed into non-
linear differential equation (8) based on the properties of R-L fractional order
derivative. If every item in equation (8) has derivative, then the integral of
variable ¢ is taken, and the integration constant is set as 0.

Then the solution of equation (8) is supposed as

(12) S(9) = X(9).
Moreover new variable is introduced to construct an equation set with equation

(13).

3 {X’((S) =Y (5)

Y'(6) = H(X(5),Y(9))

The third step is to suppose that polynomial X (J) and Y (¢) in complex number
field satisfying the following equation according to first integral method.

(14) H(X(0).Y(5) = Y WX @)Y () =0.

where b;(X) is the polynomial of X and b,,(X) # 0. According to the principle
of polynomial integral division, there must be polynomial p(X) + ¢(X)Y in
complex number field, which can make tenable.

dH OHdX OHdY = ;
(15) d5_0Xd5+8Yd§_(p(X)+Q(X)Y)§bi(X)Y'

Then b;(X) in equation (16) is obtained using method of undetermined co-
efficients [16] and substituted into H(X,Y) = > b;(X)Y" = 0 ; then X(9) is
obtained, i.e., S(d). S(9) is substituted into equation (6) and (7), and then the
solution of equation (5) is obtained.

The following equation is obtained in the process of solution:

(16) Sl(5) =y + 015(5) + 6252(5).
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The solution of equation (5) is related to equation (16). cg,c1,c2 in equation
(16) are constants, and their relationships will affect the solution of equation
(5) and (16).

Relationship 1: when ¢? — 4cges > 0,

—yva 6%2_0;16062 tanh <” C%_;CO@ (6 + 50)) L

(17) S5(0) = . . e
_ Ve coth <\/cl_24W (0+ 60)>

C1
2¢co

2co
2co

Relationship 2: When ¢ — 4cges < 0,

V(i) (@ <5+60)> Rz

2¢o 2c2
(1) 5() = : :
- 7(65;4%2) cot ( 7(01;40002) (5 + 50)) ~ %

Relationship 3: when ¢? — 4cyca = 0,

1 cl
(19) SO == G a0 2

3.3 Wavelet operator matrix solution method

Wavelet operator matrix solution method is based on wavelet transform and
wavelet function. Wavelet transform was first proposed by an engineer who
engaged in processing oil signal in 1974. At first, it was an empirical formula
derived from the intuitive actual signal, but it was gradually improved in the
later research and solved the problem that Fourier transform is difficult to solve.
The basic principle of wavelet function is to represent f(¢) which needs to be
solved using multiple approximated smooth expressions and regard f(¢) as an
image, and the expression group is the resolution of the image. As a new math-
ematical branch, wavelet analysis has been widely applied in fields such as data
compression, signal recognition and solution of differential equation.

he computation of fractional differential equation is large and complex, and
the property of wavelet analysis which decomposes function into multi-resolution
expression group can reduce the dimension of matrix in fractional differential
equation, and the reduced expression group can be flexibly expressed according
to different resolution requirements, which greatly reduces the computational
difficulty. Its specific solving principle is shown below.

The second-class Chebyshev wavelet is defined as:

STk

235, (2Fe — 2+ 1), z e [&L, o),

0, otherwise ,

(20) VYnm (T) = {
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(21) Sin(x) = \/ = Su(@),

™

where n = 1,--- ,2¥=1 (k € N*) and S,, () is the m-order second-class Cheby-
shev polynomia
The fractional integral operator matrix is composed of:

(22) (179) (2) ~ Q) ., ¥ (@),
B o _
(23) lexm/ = (I)m’Xm’Fﬁ(I)m}Xmu
1 3 2m’ —1
(24) q>m’><m/_ |:\Ij <M>7q](2m,>7 7\IJ< 2/ >:| )
(1 61 62 - Oy |
0 1 6 - O
=BT GBr | : )
(8 ) o --- 0 1 o1
00 - 0 1 |

where I? refers to fractional order integral operator and @, xm is Chebyshev
wavelet matrix of the second class; the expression of J; in equation (25) is
Op = (k+ 1P — 2P+ 4 (F — )/3+1
The solution steps of fractional order differential equation are as follows.
Suppose 886“; ~ Ul (y )Sw(x), then
It is obtained from equation (26) that
dPs 5 (0s _
2 =10 o0 ) = I (07 () SQuysmt () + 02 (9))
(r) % o
IS ey (98 < T )
T =1 (52 1 (57 ) [ Qo] 500+ 1 ().
Equation (27) is substituted into f(z) = >0 (> - dpmWmm, then

O Qo 1S Q¥ (@) + 0T () [ Q]S Q10 (2) = 9(y. )
(28) = f(y.2) = I'Pipa(y) — I' V(o) = 07 (1) G (@),
where G = [gi],,..,,- Then collocation point (y;,x;) is substituted to equation

(28), and 7 and j are both positive integer and the largest value of them is m’.
Then we have

(29) [ ;n}xm’]T [ernjim} S+ SQm xXm ;n}xm/ = [ m/ Xm] GQm xm/

s is obtained after equation (29) is solved. The numerical solution of s(y, z)
can be calculated according to equation (26).

(26)

l

22
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4. Application of different solutions

4.1 Solution of fractional order STO equation based on Exponential
expansion

The object equation is:
(30) DiJs + 3bsy + 3bs’sy + 3bssyy + bsyyy = 0,2 > 0,0 < B < 1.

Solution: According to the above steps, equation (30) is transformed firstly.

s(y, ) is replaced by S(d),6 = k (y + F(‘ggfﬂ)) , where k and d are constants.

Then equation (30) transformed from a fractional order differential equation
into an integral differential equation. As there is derivative in every item, both
sides of the equation is integrated and integration constant is set as 0. Finally
the following equation is obtained.

(31) dS + 3bkSS’ + bS® + bk%S" = 0.

According to principle of equilibrium, N = 1. Therefore the form of solution
of equation (31) is set as

(32) S(6) = By + Bie™

according to equation (9). The solution is substituted into equation (31), and
an algebraic equation set with regard to B;, k, g, h, 0, d is obtained:

—3bkgB} + bB} + 2bk*g* By = 0,

—3bk (9BoB1 + 0B}) + 3bBy B} + 3bogk? By = 0,

dBy — 3bk (0BoBy + hA3) + 3bB3 B + 2bghk® By + bk*0®> By = 0,
dBy — 3bkhBy By + bBj + bk*hoB; = 0.

(33)

The equation set is solved using mathematica. k, g, h, o are constants. Then the
groups of solution is obtained:

Solution 1:
BO = %7
Bl = ]{g,
34
(34) e
_ bk?(4gh—0?)
=— 71
Solution 2:
By = k(o:l: ;2—4911)7
(35) By = ky,
k=k,

d = bk? (4gh — 0%).
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According to solution 1, equation (32), the initial equation transformation
and the value of ®(J) given in section 3.1, the solution of the fractional order
STO equation under solution 1 is as follows.

When g =1, then

( ko 2kh

2 \/o? —4htanh (0.5\/02 —4h (0 + do) + 0) ’

h#0,0° —4h >0
ko 2kh
+

(36)  s(yz) =4 > Jmtan(o.wm(amo)_o)’

h#0,0°—4h <0

ko ko P
E‘FW,}I—O,O —4h >0

ko ko? (8 + &)

2 20(0+60)+4
P —o0

where § = ky + %; when o = 0, then

kv/ghcot |\/gh (6 + &) | ,g > 0,h > 0,

k+/gh cot L\/ h(6— 50)J ,g9 <0,h <0,

h#0,0#0,0°—4h =0

37 s(y,x) =
(87) W:2) =\ 4/ ~gh coth |V=gh (6 —80)| .g > 0,h <0,
kv/—ghcoth |/=gh (6 4+ 60)] ,9 < 0,h >0,
bk3 gha®
where § = ky + F(ngrB) ;
When h =0,0=0,
k
(39) () = s

The solution of the fractional order STO equation under solution 2 is as follows.
When g =1,
o+ +vo?—4h

W

2h
 Vo? — dhtanh(0.5v/0% — 4h(5 + ) + o)’
h#0,0° —4h >0
o+ V4dh — o?
M)
39)  s(y,2) = 2
V4h — 02 tanh(0.5v/02 — 4h(6 + &) — o)
h#0,0°—4h <0
k0+((5T)_:[7h:O’O —4h >0
k?() k02(5 + 50)
(2 20(6+6)) +4

Jh#£0,0#£0,0° —4h =0




896 TING ZHANG

3.8 2
whereézk‘y—l—bkx (4h—0?)

Tar(+s)
When o =0,
kv/gh (£1 + cot [v/gh (6 + 60)|) ,g > 0,h > 0,
(40) s (y.z) = kv/gh (£1 + cot [v/gh (6 — 80)|) ,g < 0,h <0,
vr= kv/—gh (£1 + coth |/=gh (6 — &)|) ,g > 0,h < 0,
k\/—gh(:lzl—l—cotht —gh(5+5o)J),g<0,h>O,
where § = ky + bﬁf’fgf;

When h = 0,0 =0, it is the same with equation (38).

4.2 Solution of fractional order cahn-allen equation with first
integral method

Object equation
(41) DBs — s, 48 —5=0,(x>00<p<1)

is solved. It is usually used for describing fluid dynamics and reaction diffusion,
and its energy has dissipativity.

Solution: According to the procedures of section 3.2, the equation is pro-
cessed by complex transformation firstly. s(y,x) is replaced by S(J), where
6 = ky — F(%fﬁ)' After the simplification of equation (41), new variables
X = S() and Y = S'(0) are introduced, and an equation set is formed by

the new variables and the simplified equation:

3(8)— —
y'(5) = X'O)-X(5)-av(0)

(42 {X’(&) =Y (5)

According to the procedures, suppose that equation (33) is tenable in complex
number field:

(43) H(X,Y)= i bi(X)Y' = 0.
=0

Moreover b;(X) and H(X,Y) satisfy the condition of polynomial integral divi-
sion theorem; therefore

dH OHdX OHdY = ;
(44) B OX &b +87Yd75 = (P(X)‘FQ(Y)Y)ZZ;ZH(X)Y

is tenable.
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Let m = 1, bp(X) and b;(X) are obtained using method of undetermined
coefficients and substituted into equation (33), and the following algebraic equa-
tions are obtained:

1 B} _
A N
3BoB; | dBi _

(45) R
k72+COB1+BO+T20:0
BoCo =0

The following groups of solutions are obtained:

Cp=—L By =-¥2
(1) When By=d=0,¢ ' Vo' = E
Coz—ﬁ,Blzf

(2) When Cy =0, By = —%,d = \37’%731 — i%;

(3) When Cy =0, By = ¥2,d = % Bl = +V2,

According to (1) and equation (43) and (42), an exact solution can be ob-
tained:

4+ tanh v2(ky+-b0)

2k )

(46) 1 2) = + coth 4\/5(%:60*) .

In the same way, according to (2) and equation (43) and (42), an exact
solution can be obtained:

:l:tanh [% <ky—%)x5+5o] -1

I

(47) sz (y,z) =
(ky_ ﬂF?I;JrB) )x5+5°] -1
5 )

'y
Bl

coth [

In the same way, according to (3) and equation (43) and (42), an exact
solution can be obtained:

N
L)

tanh[ (ky+%xﬁ+6o>]+l
P )

(ky—&-ﬁwﬁ—k&))]—f—l
e )

(48) s3(y, 1) =

'S
LI}

coth [

4.3 The solution of fractional order differential equation based on
wavelet operator matrix

The object equation is % + 27[32 = f(y,x),(0 <y,z <1) (17).
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Solution: As 25

= 9s
|y = 20 and 55 o

. Moreover

5 5(0,2) =22 +1
o P sy, 0) = 2 +1

2652 2 22—
as f(y,x) = F(3)yp(37(ﬁ) 1) P(3)(F:L/(3t17)) 7, the exact solution of equation (17)

is s(y,z) = (y* +1) (22 +1).

Suppose [ = %,fy = %, then the changes of absolute error under different
values of m’ are shown in Figure 1. The absolute error between the numerical
solution and exact solution decreased with the increase of m/.

1000 T
900 fl-

Absolute error/107

24 48
Value of m’

—0—(0,0)—— (2/8, 2/8)~— (3/8, 3/8) * (5/8, 5/8)—8— (7/8,7/8)

Figure 1: The absolute error between the numerical solution and exact solution
under different values of m’

5. Conclusion

Fractional calculus is derived from integer calculus. At present, most of the solu-
tions of fractional differential equations are derived from the solutions of integer
differential equations. Because of the variety of nonlinear systems, the forms of
nonlinear fractional calculus are various, so there is no general solution to solve
all fractional differential equations. In this paper, the exponential function ex-
pansion method, first integral method and wavelet operator matrix method were
introduced. Then the solving steps of the three methods were explained. Finally,
the concrete equations were solved by the three methods respectively. Fractional
order STO equation was solved by the exponential function expansion method,
fractional cahn-allen equation was solved by the first integral method, and the
fractional differential equation was solved by wavelet operator matrix method.
Two groups of solutions were obtained in the solution of fractional order STO
equation based on exponential expansion method. There was no special limita-
tion in the solution. But suppose that N in S(0) = fo\io B; (€_q>(5))z ,Bn #0
is determined by principle of equilibrium, the calculation quantity will be large
if the value of N is too large. Three groups of solutions were obtained in the
solution of fractional order cahn-allen equation using the first integral method,
two solutions each group; the value of m was set as 1 for the convenience of
calculation, and the number of solutions was rich. The exact solution of the
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equation was obtained by wavelet operator matrix algorithm, and the absolute
error decreased with the increase of m’ value.
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