ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 44-2020 (911-925) 911

Ideal theory on bounded semihoops

Hai Ling Niu
School of Mathematics
Northwest University
Xi’an, 710127

P.R. China

Xiao Long Xing*
School of Mathematics
Northwest University
Xi’an, 710127

P.R. China
zlrin@nuwu. edu.cn

Jun Tao Wang

School of Science, Xi’an Shiyou University
Xi’an, 710065, Shaanxi

China

Abstract. In this paper, we investigate some types of ideals on bounded semihoops.
First, we introduce the notion of ideals on bounded semihoops and give some char-
acterizations of ideals on bounded semihoops. Furthermore, we study primary ideals,
prime ideals and maximal ideals. We discuss some relations between these ideals. In
particular, every primary ideal is a prime ideal on bounded semihoops with z2 = z.
Also, we introduce the concept of perfect ideals and find that every perfect ideal is a
primary ideal. In addition, we prove that [ is a perfect ideal if and only if A/T is a per-
fect semihoop. Moreover, we introduce the notion of local semihoops. We characterize
some equivalent conditions of local semihoops. In fact, A/I is local if and only if T is
a primary ideal. Finally, we define the concept of locally finite, and show that I is a
maximal ideal if and only if A/I is locally finite.

Keywords: semihoop, ideal, local semihoop.

1. Introduction

Various logical algebras have been proposed as the semantical systems of non-
classical logic systems, for example, MV-algebras[3], BL-algebras [12], MTL-
algebras [5], residuated lattices [10]. In fact, semihoops [6] are the fundamental
residuated structures and contain all logic algebras based on residuated lattices.
Semihoops are generalization of hoops. The algebraic hoop were investigated
by Buchi and Owens in an unpublished manuscript in 1975. They have been
studied by Blok and Ferreirim [15], Agliano [11]et.al. In particular, from the
structure theorem of finite basic hoops [11], one obtains an elegant short proof of
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the completeness theorem for propositional basic logic [11], introduced by Hajek
[12]. It is proved that a hoop is a meet-semilattice ordered residuated, commuta-
tive monoid, integral, divisible. Juntao Wang [8] investigated monadic bounded
hoops and proved the completeness of the monadic hoop logic. A. Namdar et.al
[1] introduced some results in hoop algebras. R.T. Khorami et. al [14] intro-
duced the notions of multiplier, ®-closure modal operator on hoop-algebras. As
a more general structure, a semihoop is a hoop without the divisibility. It follows
that a semihoop does not satisfy the divisibility condition. Therefore, semihoops
play an important role in fuzzy logics and the related algebraic structures.

From a logic point of view, various filters corresponding to various sets of
provable formulae. Ideal theory is a very effective tool for investigating these
various algebraic and logic systems. The notion of ideal has been introduced
in many algebraic structure such as lattices, rings, MV-algebras and so on. For
residuated lattices, Yi Liu and Ya Qin [17] introduced the notion of ideals in
residuated lattices. Also, Lele and Nganou [4] introduced the notion of ideals
in BL-algebras as a natural generalization of that of ideals in MV-algebras.
Akbar Paad [2] introduced the notion of integral ideals and maximal ideals
in BL-algebras. Furthermore, Wenjuan Chen [16] mainly investigated ideals
and congruences in a quasi-pseudo-MV algebras. Forouzesh [7] presented fuzzy
semi-maximal and fuzzy radical ideals in MV-algebras. However, the study of
semihoops main focus on filters, the notion of ideal is missing.

In this paper, we will extend ideals from MV-algebras to semihoops for
obtaining the most general results on logic algebraic ideals. For semihoops, there
is no addition operation, so we introduce the definition of addition operation to
define ideals on bound semihoops. One of our aims is to show the relationships
among different ideals on bound semihoops, such as prime ideal, primary ideal
and perfect ideal. On the other hand, we portray perfect semihoops, local
semihoops and locally finite semihoops using perfect ideals, primary ideal and
maximal ideals respectively. Above arguments motivate us to investigate ideals
on bounded semihoops.

The papers organized as follows: In section 2, we give some basic results
on bounded semihoops, which are needed in the rest papers. In section 3, we
discuss characterizations of ideals and the relations between ideals and filters on
a bounded semihoop. Also, we prove that every primary ideal with the condition
of 22 = z is a prime ideal. In section 4, we study that every perfect ideal is a
primary ideal and I is a perfect ideal if and only if A/I is a perfect semihoop.
We prove that A is local if and only if it has unique maximal ideal, and A/I is
local if and only if I is a primary ideal. Further, we obtain that I € M(A) if
and only if A/I is locally finite.

2. Preliminaries

In this section, we summarize some definitions and results on semihoops which
will be used in the following sections.
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Definition 2.1 ([6]). An algebra (A, ©,—, A, 1) of type (2,2,2,0) is called a
semihoop if it satisfies the following conditions:

(1) (A, A, 1) is a N-semilattice with upper bound 1,

(2) (A,®,1) is a commutative monoid,

3B) (z0y) v z=2— (y— 2), foral xz,y,z € A.

On a semihoop (A, ®, —, A, 1), we define z < y if and only if x — y =1 for
any x,y € A. It is easy to check that < is a partial order relation on A and for
allz e A,x < 1.

For any = € A, we define 2 = 1 and 2" = 2"~ ! ® z for any natural number
n.

Proposition 2.2 ([6]). In any semihoop (A, ®,—, A, 1), the following properties
hold for all x,y,z € A:

DHzoy<ziffr<y—z,

(2)xz0y <umzvy,

B)lozrz=xx—>1=1,

(4) 2" < =z,

B)y<z—y,

6) ife <y, theny = z2<zx—zz—=r<z=yamdrOz<yOz,

(M esry) >y

(8) m—>y<(z—>x)—>(z—>y),ac%y§(y—>z)—>(x%z),

Oz (y—2) =y (& 2).

A semihoop (4, ®,—, A, 1) is called a bounded semihoop if there exists an
element 0 € A such that 0 < z for any x € A.

In a bounded semihoop (A, ®, —, A,0,1), we define * : * = x — 0 for any
x € A. If 2™ =z, for any x € A, then the bounded semihoop (4, ®, —, A,0,1)
is said to have a double negation property (DNP, for short).

We denote a bounded semihoop (A, ®, —, A,0,1) by A.

Proposition 2.3 ([13]). In a bounded semihoop A, the following properties hold
for all x,y € A:

(1) 17 =0,0"=1,

)

(3)
4)y <y—u,
(5) = <y implies that y* < x*
(6) if A has (DNP), then x — y =y* —z*

Proposition 2.4. In a bounded semihoop A, the following properties hold for
all z,y € A:

(1) z =y <y —az*,

(2) if A has (DNP), then z* — y = y* — x.
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Theorem 2.5 ([9]). Let A be a hoop and X be a nonempty subset of A. Then
(X]={a€A:IneN:a<z16(x26 - S(xp_19xy) ), forz1,x0-+ ;2 €
X}.

Proposition 2.6 ([9]). Let A be a V-hoop with (DNP) and let P be a proper

ideal of A. Then P is a prime ideal if and only if, for any I,J € ID(A) such
that INJ C P, we get I C P orJ C P.

Proposition 2.7 ([13]). Let A be a semihoop and for all x,y, we define xVy =
((x = y) = y) AN(y = x) — x). Then the following conditions are equivalent:
(1) V is an associative on A;
(2) x <y impliesVUz<yVz, forall z,y,z € A;
B)zV(yANz)<(zVy) A(xVz), foral z,y,z € A;
(4) V is the join operation on A.

Definition 2.8 ([13]). A V—semihoop is a semihoop if it satisfies one of the
equivalent conditions of Proposition 2.7.

Remark: A semihoop with (DNP) may not be a hoop.

Example 2.9. Let A = {0,a,b,¢,1} be a chain with 0 < a < b < ¢ < 1. Defined
® and — on A as follows,

10 a b ¢ 1 =10 a b ¢ 1
0/0 0 0O O O 0|1 1 1 1 1
al0 0 0 0 a alc 1 1 1 1
b0 0 0 a b b |b ¢ 1 1 1
c|0 0 a a c cla ¢ ¢ 1 1
110 a b ¢ 1 110 a b ¢ 1

We can check A is a bounded semihoop with (DNP). But it is not a hoop,
because b® (b —¢) =b# c® (¢ = b) = a.

3. Ideals on bounded semihoops

In this section, we introduce the notion of ideals and some important ideals such
as primary ideals, prime ideals and maximal ideals on bounded semihoops. We
discuss the relations between them on bounded semihoops. We will use these
ideals in the next sections.

Definition 3.1. In a bounded semihoop A, the binary operation & is defined by

By =a"—y for any x,y € A.

Example 3.2. Let A = {0,a,b,1} be a chain with 0 < a < b < 1. Defined ®

and — on A as follows:
©]0

_ o O

o O O O

Q2 2 O
SR Q O Cc
— o O
— o o]
O Q@ O O
SIS e
S R
el e e i
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Then A is a bounded semihoop. Since a 0 = 1 and 0 ® a = a, we get the
operation @ is not commutative in general.

In a bounded semihoop A with (DNP), the operation & is commutative.
Sincex y=a"—>y=y"—>x=ydux, for any z,y € A.

In a bounded semihoop A with (DNP), the operation @ is associative. Since
oy oz=(@" =y 2z2=(@" =2y") 2 2=(("0y) =0 > 2=
(*Oy ) s z=0"=> (Y = 2) =20 (yd 2).

Proposition 3.3. In a bounded semihoop A, the following properties hold for
any x,y,z € A:

yy=z"—= (" —>y) -y >a*—2*=1, we have (z* O y*) = (z D y)* =1,
and so z* @ y* < (z D y)*.

On the other hand, (z @ y)* < z*0y* < (¥ Oy")* < (v* - y)™* & z* —
yr <zt syt -oy<azt -y

Therefore, z* © y* = (x D y)*.

(8) Since (z*®y*) = (zOy)* = (@™ = y*) = (r = y") > — 2™ =1, we
have (z* ®y*) —» (zr©@y)* =1, and so z* D y* < (x © y)*.

On the other hand, (z @ y)* <z*dy* o -y <z sy o - y* <
xz — y*.

Therefore, z* @ y* = (x © y)*. O

Definition 3.4. Let A be a bounded semihoop and I be a non-empty subset of
A. Then I is said to be an ideal of A, if it satisfies:

(I1) z <y andy € I imply x € I, for any x,y € A,

(I2) x @y €I, for any x,y € 1.

We can see that {0} and A are ideals of A.
We denote the set of all ideals of A by Z(A).
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Definition 3.5. Let A be a bounded semihoop. An ideal I of A is called a proper
ideal if 1 ¢ 1.

Example 3.6. Let A = {0,a,b,¢,d,1} with 0 < b,d < a < 1,0 <d < ¢ <1,
where a and ¢ are incomparable, b and d are incomparable. Defined ® and —
on A as follows,

10 a b ¢ d 1 - 10 a b ¢ d 1
0j0 0 O 0 0 O 0O(1 1 1 1 1 1
al0 b b d 0 a al|ld 1 a ¢ ¢ 1
b0 b b 0 0 b ble 1 1 ¢ ¢ 1
c|0 d 0 ¢ d c c|b a b 1 a 1
d|0 0 0 d 0 d dla 1 a 1 1 1
110 a b ¢ d 1 110 a b ¢ d 1

We can check A is a bounded semihoop, where x Ay = z ® (z — y), for any
xz,y € A ([13]). It is routine to verify that I = {0,b} and Iy = {0,¢,d} are
ideals of A.

Theorem 3.7. Let A be a bounded semihoop and I be a non-empty subset of
A. Then the following conditions are equivalent:
(1) I is an ideal of A;
(2)0€el,andxdyel,z*Oy el andx € I implyy € I, for any x,y € A;
(3) 0cI, and x®ycl, (z* — y*) € I andx € I implyy € I, for any x,y € A;
(4) z@y €I, for any xz,y € I, and x € I implies x Ny € I, for any x,y € A.

Proof. (1) = (2) Suppose that [ is an ideal of A. It follows from (I1) that
0€l. Let z,y € Asuch that z* ®y €T and x € I. Theny — (x & (z* O y)) =
y—= (@ = (z*0y)=yor*) = (yoa*)=1,and soy <z @ (z* ©®y). Since
z*©®y € I and z € I, it follows from (I2) that z & (z* ®y) € I. By (I1), we
have y € I. Therefore (2) holds.

(2) = (3) Let (z* — y*)* € I and = € I. Since z* © y** < (z* © y™)™* =
(" = y™)* = (2" - y*)* € I and (2 — y*)* € I, we have z* 0 y™ € I. Tt
follows from (2), we get y** € I. Since y < y**, we have y € I.

(3) = (1) Suppose that z,y € A, z <y and y € I, for any x,y € A. Then
y* < z* and so (y* — z*)* =0 € I. Since y € I, and it follows from (3), we
have x € I. Thus, I is an ideal of A.

(1) = (4) Suppose that I is an ideal of A. It is clear that I satisfies (4).

(4) = (1) Suppose that I satisfies (4). Let € I, y € L such that y < z,
then 0 =x A0 €l and y =z Ay € I. Therefore I is an ideal of A. O

Let A be a bounded semihoop and X be a non-empty subset of A. The
ideal generated by X means the smallest ideal containing X, which is denoted

by (X).

Corollary 3.8. Let A be a bounded semihoop and I be an ideal of A. Then
x € 1 if and only if ** € 1.
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Proof. Suppose that © € I. By Theorem 3.7, taking y = z** in (3), then
(z* — )" =0 € I. Thus 2** € I. Conversely, suppose that =** € I. Since
x < z** and [ is an ideal, we have z € I. O

Theorem 3.9. Let A be a bounded semihoop and X be a non-empty subset of A.
Then (X)={acAla<z,®(- - ®(x3® (x2B 1))+ ), € X,i=1,2---n}.

O

Proof. The proof is similar to Theorem 2.5.

Proposition 3.10. Let A be a bounded semihoop and x € A. Then (IU{z}) =
{acAla<y®Wd & HY,®ne)),y; € I,i =1,2---n}J{a € Ala <
@ @zd---d(xdy),yel}

Proof. Let B = {a € Ala < y1®(y2®- - - B(yn®nx)),ys € [,i =1,2---n}|J{a €
Ala<z@(x @ - ®(xDy)),y € I}. Tt is clear that (/U {z}) C B and 0 € B.

Suppose that b,c € A such that b < ¢ and ¢ € B. Then there exist y; €
I(i =1,2---n) and y € I such that ¢ < y1 ® (Y2 @D -+ & (yp, ® nx) or ¢ <
P (xd - D (xdy)). Since b < ¢, we have b < 41 B (y2 & -+ & (yn, & nx) or
b<z®@z® - ®(x®y)). Thus b e B.

If for any b, c € B, then there exist y; € I,z; € [(i=1,2---n;j =1,2---m)
andy € I,z € I such that b < y1®(y2®- - B (yn®nx) or b < 2B (x®---B(xDy))
and c< 21 @ (2@ - B (znPnx)orc<zd(xd - ®(z® 2)).

Case 1: if b<y1 & (2@ ® (yn@nx) and c < 21 B (22 B - - - B (25, ® nT),
By Proposition 3.3(6), we have b @ ¢

S @(e® & Yndne)®[21® (26 & (2, ® na]

Sy1@{[y2@-~-@(yn®nm)]@[21@(ZQ®--~®(zn@nx]}

Sy de{lype(--®Yndn) 218 (28 @ (20 ®nzl})

S--'Sy1@(yz@(“'(yn@(nx@(zl@(zz@(“'@(zn@m) ) )-
Hence, b&® c € B.

The proof of other cases is similar to case 1.

Therefore, B is an ideal. Next, we prove that B is the smallest ideal that
containing (I U {x}). Let C be an ideal such that (I U {z}) C C. Then for
any b€ Bb<y1® (o ® - ®(yn®nzx)or b<z®(x® - ®(xDY)),yi €
I,y € I. Since C is an ideal and (I U {x}) C C, we have y; € C,y € C and
YD d - dYpdnr)eC,orzd®(zd---®(xdy)) € C,andso b e C.
Hence B C C. Therefore (IU{z}) ={a € Ala <y1 D (y2®--- D (yn ®nx)),y; €
Li=12--n}JH{acAla<z®(zd - D (rdy)),y €I} O

We know if A has (DNP), then the operation & is commutative and asso-
ciative. So we have the following corollary.

Corollary 3.11. Let A be a bounded semihoop with (DNP). Then (I U{z}) =
{a € Ala<y®nz,yel}.

Let A be a bounded semihoop. We define a binary relation ~; on A as
follows:
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x ~ryifand only if (z - y)* € I and (y — x)* € I.

Proposition 3.12. Let A be a bounded semihoop and I be an ideal of A. Then
~7 s a congruence relation on a bounded semihoop A.

Proof. It is easy to check that ~; is an equivalence relation on A.

Suppose that z ~; y. Then (x — y)* € I and (y — x)* € I. Since
(xNz) = (yAz) >z — yforany z € I, we have ((zAz2) = (yAz))* < (z — y)*.
Since I is an ideal, we have ((z A z) — (y A 2))* € I. By the similar way, we
obtain ((y A z) — (z A 2))* € I. Therefore, z A z ~1 y A z.

By the similar way, we obtain t ®@ z ~fy©zand . — z ~7 y — 2.

Therefore, ~; is a congruence relation on A. O

Let A/I = {[z]|lx € A}, where [z] = {y € Alz ~; y}. Then the binary
relation < on A/I which is defined by, [z] < [y] if and only if (x — y)* € I, is
an order relation on A/I. Now, (A/I,Ag/1,®,~,04,r) is a bounded semihoop,
where for any x,y € A:

0a/1 =0, [&] Aajr [yl = [z Aayl 2] @ [y] = [z Oyl [z] ~ [y] = [z — y].

Definition 3.13. Let A be a bounded semihoop and P be a proper ideal of A.
P is called a primary ideal, if for all x,y € A,x ©®y € P implies ™ € P or
y"™ € P, for somen € N.

Example 3.14. (1) Let A = {0,a,b,1} be a chain. Defined ® and — on A as
follows:

— o2 Ol®
S OO OO
Q@ O O O
SN QO O|c
— o Q O
— o o]
O =IO
Q@ o= =R
S = = o
e

We can check A is a bounded semihoop ([13]). It is routine to verify that I = {0}
is a primary ideal of A.

(2) In the example 3.6, I; = {0, b} is a primary ideal.

Proposition 3.15. Let A be a bounded semihoop and P be a proper ideal of A.
Then P is a primary ideal if and only if [z] ® [y] = [0] implies that there exists
n € N such that [z]™ = [0] or [y]™ = [0], for any [z],[y] € A/P.

Proof. (=) Let P be a primary ideal of A and [z] ® [y] = [0], for some [x], [y] €
A/P. Since [z] ® [y] = [z ©® y] = [0], we have ((z ®y) — 0)* € P and so
(x ®y)*™ € P. By Corollary 3.8, xt ®y € P. Since P is a primary ideal, there
exists n € N such that 2™ € P or y" € P. If 2™ € P, then (2" — 0)* = (z™)**.
By Corollary 3.8, (z")** € P. Since (0 — 2")* = 0 € P, by definition of

n

quotient, [x]" = [0]. By the similar way, we have [y]" = [0].
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(<) Let x @y € P, for some z,y € A. Then ((z ©®y) — 0)* = (x © y)*™.
By Corollary 3.8, we have (z ® y)** € P. Since 0 —» (z ® y)* =0 € P, we
get  ©y =p 0. Hence [z] ® [y] = [z © y] = [0]. So, there exists n € N such
that [z]™ = [0] or [y]™ = [0]. If [z]® = [0], then (z" — 0)* = (2")** € P and
so " € P. By the similar way, we can prove that y™ € P. Therefore P is a
primary ideal. O

Definition 3.16. A proper ideal I of a bounded semihoop A is called a prime
ideal of A, if HNG C I implies H C T or G C I, for any H,G € Z(A).

Proposition 3.17. Let A be a bounded V-semihoop with (DNP)and I be a
proper ideal of A. Then the following conditions are equivalent:

(1) I is a prime ideal;

(2) ife Ny €1, for any z,y € A, thenx € I ory € 1.

Proof. The proof is similar to Theorem 2.6. O

Proposition 3.18. Let A be a bounded semihoop and x> = x, for any x € A.
Then every primary ideal of A is a prime ideal.

Proof. Let P be a primary ideal of A and x Ay € P, for any z,y € P. Since
zOy <z Ay, then x ©y € P. Since P is a primary ideal, there exists n € N
such that z” € P or y" € P. Since 2% = z, if 2" € P, we get 2" = = € P.
If y* € P, then by the similar way, we have y € P. Therefore P is a prime
ideal. O

Open problem: Is there a prime ideal, which is not primary on a bounded
semihoop?

Definition 3.19. Let A be a bounded semihoop and I be a proper ideal of A.
1 is called mazimal ideal of A, if it is not properly contained in the any other
proper ideal of A. We denote the set of all maximal ideal of bounded semihoops

A by M(A).

Proposition 3.20. Let A be a bounded semihoop and I be a proper ideal of A.
Then the following conditions are equivalent:

(1) I e M(A);

(2) ifx ¢ I, then (I U{z}) = A, for any x € A.

Proof. (1) = (2) If ¢ I, then I & (I U {z}). Since I € M(A), we have
(Iu{z}) = A.

(2) = (1) Let G be an ideal of A such that [ C G and I # G, then
there exists x € G such that « ¢ I. Tt follows from(2), (I U {z}) = A. Since
A = (IU{z}) C G, then we get A = G, which is a contradiction. Therefore,
I e M(A). O



920 HAI LING NIU, XIAO LONG XING AND JUN TAO WANG

Proposition 3.21. Let A be a bounded semihoop and M be a proper ideal of
A. If M is a mazimal ideal of A, then for all x ¢ M if and only if there exists
n € N such that (nx)* € M.

Proof. (=) Suppose that M is a maximal ideal of A. If x ¢ M, by Proposition
3.20, we get (M U{x}) = A, Since 1 € A, we have 1 € (M U{x}). By Corollary
3.11, there exist n € N,y € M such that 1 <y & (nz). Since 1 < y* — (nx),
we have 1 ® y* < nz, and so (nz)* < y**. Since M is an ideal and y € M, we
have y** € M. Hence (nz)* € M.

(<) Suppose that £ € M. Then we have nx € M. Since (nz)* € M, we
have (nz) @ (nz)* =1 € M, which is contradiction. Therefore, = ¢ M. O

4. Perfect ideals of bounded semihoops

In this section, we introduce the notion of perfect ideals and discuss the relation
of perfect ideals on perfect semihoops. In addition, we study the relation ideals
on local semihoops and give some characterizations of local semihoops.

Definition 4.1. The order of x € A, in symbols ord(x), is the smallest n € N
such that nx = 1. If no such n exists, then ord(x) = oo.

Proposition 4.2. The following conditions hold, for any x,y € A:
(1) (x) is a proper ideal of A if and only if ord(x) = oo,
(2) if x <y and ord(y) = oo, then ord(z) = oo,
(3) if x <y and ord(x) < oo, then ord(y) < oo,
(4) for every M € M(A), M C {z € Alord(x) = oo},
(5) ord(1) < oo and ord(0) = co.

Proof. (1) Let (x) be a proper ideal of A. If there exists n € N such that
nx = 1, then 1 € (z), which is a contradiction. Conversely, let () = A. Since
1 € A, we have 1 € (z) and so there exists n € N such that nx = 1. Thus
ord(z) < oo, which is a contradiction.

(2) Let z < y, for some z,y € A. Then nz < ny, for all n € N. Since
ord(y) = oo, we have nz # 1, for all n € N. Therefore ord(z) = cc.

(3) Let z < y and ord(z) < oo, for some x,y € A. Then there exists n € N
such that nz = 1 and so ny = 1. Hence ord(y) < oc.

(4) Let x € M and ord(z) < co. Then exists n € N such that nz = 1. Thus
1 € M, which is a contradiction.

(5) The proof is clear. O

Definition 4.3. A is called a perfect semihoop, if ord(x) < oo, then ord(x*) =
00, and if ord(x) = oo, then ord(z*) < oo, for any x € A.

Definition 4.4. Let A be a bounded semihoop and P be a proper ideal of A. P
is called perfect ideal of A, if P satisfies the condition, for any x € A,x™ € P,
for some n € N if and only if (z*)™ ¢ P for all m € N.
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Example 4.5. Let A ={0,a,b,c,1} be a chain with 0 < a < b < ¢ < 1. Define
® and — on A as follows,

®©l0 a b ¢ 1 =10 a b ¢ 1
0j0 0 0 0 O 0O/1 1 1 1 1
al0 a 0 a a a|b 1 1 1 1
b0 0O b b b bla a 1 1 1
c|0 a b ¢ c c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

We can check A is a bounded semihoop. It is routine to verify that I = {0,a}
is a perfect ideal.

Proposition 4.6. Let A be a bounded semihoop. Then every perfect ideal of A
s a primary ideal.

Proof. Let A be a bounded semihoop and P be a perfect ideal of A. Suppose
that x © y € P, for some z,y € A such that 2™ ¢ P, for all m € N. Since
x®y € P and P is an ideal, we have (x ®y)** € P. Since (z0y)* = (yoOz)** =
(y — z*)* € P, by definition of quotient, y/P < z*/P. Thus y"/P < (z*)"/P,
for all n € N. Since 2™ ¢ P and P is a perfect ideal, we have for some n € N
such that (z*)” € P and so (z*)"/P = 0/P. Thus y"/P = 0/P. Hence y" € P.
Therefore, P is a primary ideal. O

The following example shows that the converse of the proposition 4.6 may
not be true.

Example 4.7. In the example 3.14(1), I = {0} is a primary ideal, but it is not
a perfect ideal, because a®> =0 € I, but (a*)> =0¢€ I.

Theorem 4.8. Let A be a bounded semihoop with (DNP) and I be a proper
ideal of A. Then I is a perfect ideal if and only if A/I is a perfect semihoop.

Proof. Let I be a proper ideal. Suppose that /I € A/I such that ord(x/I) <
oo. Then there exists n € N such that n(z/I) = 1/1, and so (n(z/I))* = 0/I.
By Proposition 3.3(7), ((z/I1)*)" = (n(x/I))*, then ((z/I)*)"™ = 0/I. Hence
(z*)™ € I. Since I is a perfect ideal, we have z™ ¢ I, for any x € A and for
any m € N. Thus z™/I # 0/1, hence (z™/I)* # 1/I. By Proposition 3.3(8),
m(x*/I) = (z™/I)*, then m(z*/I) # 1/I. Thus ord(z*/I) = co. If there exists
n € N such that n(z*/I) = 1/I, then (n(z*/I))* = 0/I. Since (x™/I)" =
(n(z*/I))*, we have (x**)"/I = 0/1, then (z**)" € I and so z" € I, which is
a contradiction with ™ ¢ I, for any m € N. Therefore, A/I is a perfect. Let
ord(z/I) = oco. Then n(z/I) # 1/I, for all n € N, and so (n(z/I))* # 0/I.
By Proposition 3.3(7), ((z/I)*)" = (n(z/I))*, then ((z/I)*)™ # 0/I. Thus
(z*)™ ¢ I. Since I is a perfect ideal, we have there exists m € N,z™ € I, then
a™/I =0/1. Thus (z™/I)* = 1/I. By Proposition 3.3(8), m(z*/I) = («™/I)*,
m(xz*/I) = 1/I, we have ord(z*/I) < co. Therefore, A/I is a perfect.



922 HAI LING NIU, XIAO LONG XING AND JUN TAO WANG

Conversely, let I be a proper ideal of A such that =" € I, for some n € N
and for any z € A. Then 2"/I = 0/I and so (z"/I)* = 1/1. By Proposition
3.3(8), n(z*/I) = (2™/I)*, then n(z*/I) = 1/I. Hence ord(z*/I) < co. Since
A/I is a perfect, we get ord(z/I) = oo, that is m(x/I) # 1/I, for all m € N.
Hence (m(z/I))* # 0/1. By Proposition 3.3(7), (z*/I)™ = (m(x/I))*, then
(x*)™/I # 0/I, and so (z*)™ ¢ I, for all m € N. The proof of the other
implication is similar. Therefore, I is a perfect ideal. O

Definition 4.9. Let A be a bounded semihoop. A is called a local semihoop if
ord(z) < oo or ord(z*) < oo, for any x € A.

Definition 4.10. The radical of A, denoted by Rad(A), is defined by Rad(A) =
Marera M-

Theorem 4.11. Let A be a bounded semihoop with(DNP). Then the following
conditions are equivalent:

(1) A is local;

(2) A has unique mazximal ideal;

(3) Rad(A) = {z € Alord(z) = co}.

Proof. (1) = (2) Let M € M(A). Then we prove M = {z € Alord(z) = oo}.
By Proposition 4.2(4), M C {x € Alord(z) = oo}. Next, we prove that {z €
Alord(xz) = oo} C M. Suppose that there exists x € {z € Alord(z) = oo} such
that © ¢ M, then ord(x) = co. By Proposition 3.21, there exists n € N such
that (nx)* € M, then ord(nz)* = co. Since A is local, we have ord(nz) < oo.
Hence ord(z) < oo, which is a contradiction, then z € M. Thus M = {z €
Alord(z) = co}. Therefore, A has unique maximal ideal.

(2) = (1) Suppose that A has unique maximal ideal M. Let = € A such that
ord(x) = ord(z*) = oco. By Proposition 4.2(1), (z) and (z*) are proper ideal
of A. By Zorn's Lemma, they are contained in a maximal ideal. Since A has
unique maximal ideal M, we get (x) C M and (z*) C M, then x,2* € M. By
Proposition 3.3(3), z@x* = 1 € M, which is a contradiction. Hence ord(z) < oo
or ord(z*) < co. Therefore, A is local.

(2) = (3) Let A has unique maximal ideal M such that M = {z € A|ord(x) =
oo}. Since Rad(A) = (\p;erm(a) Mi and A has one maximal ideal M, we have
Rad(A) = M = {x € Alord(z) = co}.

(3) = (2) Let Rad(A) = {z € Alord(z) = oo}. Since Rad(A) = (\prepiay M,
for all M € M(A), we have Rad(A) C M, so {z € Alord(x) = oo} C M. On the
other side, by Proposition4.2(4), M C {z € Alord(x) = oo}, for all M € M(A).
Thus, M = {z € Alord(z) = oo}, for all M € M(A). Therefore, A has unique
maximal ideal. O

Theorem 4.12. Let A be a bounded semihoop with (DNP) and I be a proper
ideal of A. Then A/I is local if and only if I is a primary ideal.
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Proof. (=) Let 2 ®y € I, for some z,y € A . Then x ® y/I = 0/I, and so
x/I < y*/I. Suppose that 2" ¢ I, for any n € N. Then z"/I # 0/1. Hence
(z"/I)* # 1/1. By Proposition 3.3(8), n(z*/I) = (z"/I)*. Then n(z*/I) #1/1,
for any n € N. Since A/I is local, there exists m € N such that m(x/I) =
1/I. Since z/I < y*/I, we have m(y*/I) = 1/I and so (m(y*/I))* = 0/I.
By Proposition 3.3(7), (y**/I)™ = (m(y*/I))*, then (y**/I)™ = 0/1, that is
(y**)™ € I and so y™ € I. Therefore, I is a primary ideal.

(<) Let I be a primary ideal. Suppose that x/I € A/I. Since x®x* =0 € I,
we have 2™ € I or (z*)" € I, for some n € N. Hence z"/I =0/I or («*)"/I =
0/I. If z™/I = 0/I, then (2"/I)* = 1/I. By Proposition 3.3(8), n(z*/I) =
((x/I)™)*. Then n(x*/I) =1/I and so ord(z*/I) < co. If (z*)"/I = 0/1, then
by the similar way, we have ord(z/I) < co. Therefore, A/I is local. O

Corollary 4.13. If any proper ideals of A are primary, then A is local.

Proof. Suppose that every proper ideal of A is primary. Since {0} is a proper
ideal of A, we have {0} is primary. Thus, by Theorem 4.12, A/{0} is local.
Moreover, since A/{0} = A, we get A is local. O

Definition 4.14. A is said to be local finite if for any 0 # x € A, ord(z) < oo.

Theorem 4.15. Let A be a bounded semihoop with(DNP) and I be a proper
ideal of A. Then I € M(A) if and only if A/I is locally finite.

Proof. (=) Let I € M(A). Since I is a proper ideal of A, we have A/I # (.
Let for any z/I € A/I, but «/I # 0/I. Since x ¢ I, by Proposition 3.21,
there exists n € N such that (nz)* € I. Since (nz — 1)* = 0 € I and
(1 = nx)* = (nx)* € I, we have [nz] = [1]. Therefore, A/I is locally finite.
(<) Let I be a proper ideal of A and A/I be a locally finite. Suppose that
x ¢ I. Then z/I € A/I. Since A/I is a locally finite, we have ord(xz/I) < oo,
that is there exists n € N such that n(x/I) =1/I. Hence (n(z/I))* =0/I and
so (nz)* € I. By Proposition 3.21, I € M(A). O

5. Conclusions

In this paper, motivated by the research of previous ideals on MV-algebras,
BL-algebras and residuated lattices, we extend the concept of ideals to more
general fuzzy structures, namely bounded semihoops. We introduce the notion
of perfect semihoops and portray perfect semihoops by applying perfect ideals.
Furthermore, we use primary ideals to characterize local semihoops. Finally, we
give the concept of locally finite bounded semihoops and characterize them with
maximal ideals. In the future, we will continue our discussion of the relationship
between primary ideals and prime ideals. Also, we try to use the prime ideals
and maximal ideals to research topological space on bounded semihoops.
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