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Abstract. This paper introduces and applies the notion of fuzzy hyper deductive
systems of hyper residuated lattices as a generalization of the notion of fuzzy deductive
systems. It considers hyper deductive systems of hyper residuated lattices, and the rela-
tionship between hyper deductive systems and fuzzy hyper deductive systems. Several
properties and characterizations of fuzzy hyper deductive systems are given. Based on
the falling shadow theory, we establish a theoretical approach by means of exploring
the relationships between hyper residuated lattices and probability spaces, and tend
to ascertain a falling fuzzy hyper deductive system of a hyper residuated lattice as a
generalization of a fuzzy hyper deductive system. We also show some conditions for a
falling fuzzy hyper deductive system to be a falling fuzzy hyper implicative deductive
system.
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1. Introduction

Residuated lattices as generalization of ideal lattices of rings with identity were
introduced by Ward and Dilworth [1] in 1939. The algebraic counterparts of
some non-classical logics satisfy residuation and those logics can be considered
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in a frame of residuated lattices. The main examples of residuated lattices
related to logic are MV-algebras and BL-algebras. Apart from their logical
interest, residuated lattices have interesting algebraic properties, they have long
been considered of interest by algebraists starting from the classical example
of the lattice-ordered monoid [2, 3, 4]. In order to provide a unified algebraic
foundation for probabilities of fuzzy events in substructural logics, Zhao and
He [5] enlarged the language of noncommutative residuated lattices by adding
an internal state. Since various filters correspond to various sets of provable
formulae from a logical point of view, they become an important tool in studying
logical algebras and the completeness of non-classical logics [6, 7]. Some filters
and their fuzzification of pseudo BCI-algebras [8, 9] and equality algebras [10]
which closely related to residual lattices have been widely studied, and some
important results have been published.

Algebraic hyperstructures were introduced in 1934 by Marty [11] at 8th
Congress of Scandinavian Mathematicians, which represent a natural extension
of classical algebraic structures. Nowadays, algebraic hyperstructure theory has
a multiplicity of applications to other disciplines such as geometry, graphs and
hypergraphs, binary relations, lattices, groups, fuzzy sets and rough sets, arti-
ficial intelligence and probability theory [12]. It seems that one of important
applications is in logic where the logical operations is not uniquely determined,
i.e., they give some (set) possibilities. This provides sufficient motivations for
researchers to study hyperstructures of various logical algebras. Ghorbani et al.
applied hyperstructures to MV-algebras and introduced the concept of hyper
MV-algebras which is a generalization of MV-algebras [13]. Moreover, some
types of hyper MV-ideals [14], deductive systems [15], fuzzy deductive systems
[16] and the state theory [17] of hyper MV-algebras were introduced and investi-
gated. It is well know that the class of MV-algebras, BL-algebras, and Heyting
algebras are proper subclass of residuated lattices. As an application of hyper-
structures to residuated lattices, Zahiri et al. put forward the notion of hyper
residuated lattices, and constructed quotient hyper residuated lattices by the
concept of a regular compatible congruence on hyper residuated lattices [18].
Continue the works in hyper residuated lattices, Borzooei et al. proposed the
notions of hyper filters and hyper deductive systems in hyper residuated lattices,
and obtained some properties of them [19]. hyperstructures were also applied
other algebraic structures, and many kinds of hyper algebras were introduced in
recent years, such as hyper EQ-algebras [20], hyper equality algebras [21] and
hyper hoop-algebras [22].

The theory of falling shadows is an important tool in the theoretical devel-
opments and practical applications of fuzzy sets, and some of their properties
and notions are displayed in [23]. On the basis of the theory of a falling shadow,
Jun and Kang [24] gave a theoretical approach of a fuzzy positive implicative
ideal of a BCK-algebra, and a fuzzy subalgebraic system was considered as the
falling shadow of the cloud of the subalgebraic system. Inspired by the work in
[25], Yang et al. investigated falling fuzzy (implicative) ideals of MV-algebras
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[26] based on the theory of falling shadows and fuzzy sets, which provides a the-
oretical approach for the further studying of fuzzy ideals in MV-algebras. The
falling shadow theory was also applied to study Gödel ideals of BL-algebras [27],
hemirings [28] and prefilters of EQ-algebras [29]. These studies have presented
a preliminary, but potentially interesting research direction.

Based on the aforementioned, in the present paper we further consider some
characterizations of hyper deductive systems of hyper residuated lattices based
on the fuzzy set theory and the falling shadow theory. The notion of fuzzy
hyper deductive systems of hyper residuated lattices is introduced and some
related properties are investigated. We also establish a theoretical approach
by means of exploring the relationships between hyper residuated lattices and
probability spaces, and tend to use hyper deductive systems of falling shadows
to ascertain a falling fuzzy hyper deductive systems in an exceedingly hyper
residuated lattices as a generalization of a fuzzy hyper hyper deductive system.
Some relationships between fuzzy hyper deductive systems and falling fuzzy
hyper deductive systems are offered, and conditions for a falling fuzzy hyper
deductive system to be a falling fuzzy hyper implicative deductive system are
presented. Related research methods in this paper may provide a useful tool for
the research of fuzzy mathematics and hyper algebraic structures, and enrich
the research contents of probability theory to some extent.

2. Preliminaries

To facilitate our discussion, we give some primary notions and previous results
about MV-algebras which are necessary for the subsequent discussions.

Definition 2.1 ([18]). A hyper residuated lattice is a non-empty set L endowed
with four binary hyperoperations ∨, ∧, ⊗, → and two constants 0 and 1 satisfying
the following conditions:

(1) (L,≤,∨,∧, 0, 1) is a bounded superlattice,

(2) (L,⊗, 1) is a commutative semihypergroup with 1 as the identity,

(3) a⊗ b ≪ c if and only if a ≪ b → c.

where A ≪ B means that there exist a ∈ A and b ∈ B such that a ≤ b, for
any nonempty subsets A and B of L. We also define x ∗ A =

∪
a∈A x ∗ a,

A ∗ x =
∪

a∈A a ∗ x, and A ∗B =
∪

a∈A,b∈B a ∗ b, where ∗ ∈ {∨,∧,⊗,→}.

L is called nontrivial if 0 ̸= 1. An element a ∈ L is called scalar if |a⊗x| = 1,
for any x ∈ L. In what follows, unless otherwise specified, we denote a hyper
residuated lattice (L,∨,∧,⊗,→, 0, 1) by L. Some primary properties of hyper
residuated lattices are collected in the following proposition.

Proposition 2.2 ([19]). Given a hyper residuated lattice L, for any x, y, z ∈ L
and for any non-empty subsets A,B and C of L, the following hold:
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(1) x ≤ y implies 1 ∈ x → y, and if 1 is a scalar, the converse hold,

(2) 1 ∈ x → x, 1 ∈ x → 1, 1 ∈ 0 → x, 0 ∈ x⊗ 0, x ≪ ¬¬x, where ¬x = x → 0,

(3) x⊗y ≪ y, x⊗y ≪ x, x ≪ y → (x⊗y), x⊗(x → y) ≪ x and x⊗(x → y) ≪ y,

(4) x → (y → z) ≪ (x⊗ y) → z ≪ x → (y → z),

(5) x ≤ y implies that x⊗ z ≪ y ⊗ z, z → x ≪ z → y and y → z ≪ x → z,

(6) x ≤ y and x ≤ z imply x ≪ y ∧ z,

(7) y ≤ x and z ≤ x imply y ∨ z ≪ x,

(8) A ≪ B → C if and only if A⊗B ≪ C,

(9) A ≪ x ≪ B implies A ≪ B.

(10) A ∩B ̸= ∅ implies A ≪ B and B ≪ A,

(11) A⊗B ≪ A, A⊗B ≪ B,

(12) A ⊆ B implies A ≪ B.

Definition 2.3 ([19]). A nonempty subset D of L is called a hyper deductive
system if it satisfies the conditions: (d1) 1 ∈ D, (d2) D ≪ x → y and x ∈ D
imply y ∈ D for any x, y ∈ L.

Proposition 2.4 ([19]). Let L be a hyper residuated lattice and D be a nonempty
subset of L. Then D is a hyper deductive system of L if and only if it satisfying
(d1) and (d3) (x → y) ∩D ̸= ∅ and x ∈ D imply y ∈ D.

Definition 2.5 ([19]). Let L be a hyper residuated lattice and D be a nonempty
subset D of L containing 1. Then D is called a hyper implicative deductive
system of L if x → (y → z)∩D ̸= ∅ and (x → y)∩D ̸= ∅ imply (x → z)∩D ̸= ∅
for any x, y, z ∈ L.

For purpose of convenience, let ∅ be a hyper deductive system or a hyper
implicative deductive system of L in the the rest of the sections.

Let (P,≤) be a partially ordered set and θ be an equivalence relation on P .
Then θ is called regular if the set P/θ = {[x]|x ∈ P} can be ordered in such
a way that the natural map π : P → P/θ is order preserving. Let θ be an
equivalence relation on L and A,B ⊆ L. Then

(1) AθB means that there exist a ∈ A and b ∈ B such that aθb,

(2) Aθ̄B means that for all a ∈ A, there exists b ∈ B such that aθb and for all
b ∈ B, there exists a ∈ A such that aθb.
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Definition 2.6 ([18]). An equivalence relation θ on L is called a congruence
relation if for all x, y, w, v ∈ L, xθy and wθv imply (x ∗ w)θ̄(y ∗ v), where
∗ ∈ {∨,∧,⊗,→}.

Let θ be a regular congruence relation on L, L/θ = {[x]|x ∈ L} and ≤θ be
the relation on L/θ (for more details, see [18]). For any x, y ∈ L,

[x]∨̄[y] = [x ∨ y], [x]∧̄[y] = [x ∧ y], [x]⊗̄[y] = [x⊗ y], [x] [y] = [x → y],

where [A] = {[a]|a ∈ A}, for all A ⊆ L.
A regular congruence relation θ on L if it satisfies the conditions: (i) [x] ∈

[x]∨̄[y] iff [x] ≤θ [y], (ii) [x] ∈ [x]∧̄[y] iff [x] ≤θ [y], then it said to be a regular
compatible congruence relation on L.

Theorem 2.7. Let θ be a regular compatible congruence relation on L. Then
(L/θ, ∨̄, ∧̄, ⊗̄, , [0], [1]) is a hyper residuated lattice.

Definition 2.8 ([18]). Let (L,∨,∧,⊗,→, 0, 1) and (L′,∨′,∧′,⊗′,→′, 0′, 1′) be
two hyper residuated lattices. A map f : L → L′ is said to be a homomorphism
if f(0) = 0′, f(1) = 1′ and f(x ∗ y) = f(x) ∗′ (y) for any x, y ∈ L, where
∗ ∈ {∨,∧,⊗,→}.

3. Fuzzy hyper deductive systems

In this section, we consider fuzzy hyper deductive systems of hyper residuated
lattices and investigate some properties of them.

Theorem 3.1. Let D be a nonempty subset of L. Then D is a hyper deductive
system of L if and only if

(1) x ≤ y and x ∈ D imply y ∈ D,

(2) x ∈ D and y ∈ D imply x⊗ y ⊆ D,

for any x, y ∈ L.

Proof. ⇒ Let x, y ∈ L be such that x ≤ y and x ∈ D. Then 1 ∈ x → y. From
1 ∈ D, we get that D ≪ x → y, and so y ∈ D by hypothesis. Now let x ∈ D
and y ∈ D. For any u ∈ x⊗ y, we have x⊗ y ≪ u, it follows that x ≪ y → u by
Proposition 2.2 (8). Since x ∈ D, then D ≪ y → u, and so u ∈ D by hypothesis.
Thus x⊗ y ⊆ D.

⇐ Let x, y ∈ L be such that D ≪ x → y and x ∈ D. Then there exist u ∈ D
and v ∈ x → y such that u ≤ v, it follows that v ∈ D, and so x⊗ v ⊆ D. Notice
that v ∈ x → y, we have v ≪ x → y, that is, v ⊗ x ≪ y. Thus there exists
t ∈ v ⊗ x ⊆ D such that t ≤ y, therefore we get y ∈ D.

Proposition 3.2. Let D be a hyper deductive system of L. For any nonempty
subset B of L, and a ∈ D, if (a → B) ∩D ̸= ∅, then B ∩D ̸= ∅.
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Proof. Let B ⊆ L and a ∈ D be such that (a → B)∩D ̸= ∅. Then there exists
x ∈ D such that x ∈ a → b for some b ∈ B. Thus (a → b) ∩D ̸= ∅. Since D is
a hyper deductive system of L, it follows from Proposition 2.4 that b ∈ D, and
so B ∩D ̸= ∅.

Proposition 3.3. Let D be a hyper deductive system of L. Then the following
hold: for any x, y, z ∈ L,

(1) (x → y) ⊆ D and x ∈ D imply y ∈ D,

(2) if x, y ∈ D and x ≪ y → z, then z ∈ D,

(3) if (x → y) ⊆ D and x⊗ z ⊆ D, then y ⊗ z ⊆ D.

Proof. (1) Let x, y ∈ L be such that (x → y) ⊆ D and x ∈ D. Then x⊗ (x →
y) =

∪
u∈x→y x⊗u ⊆ D. On the other hand, from Proposition 2.2 (3), we know

that x ⊗ (x → y) ≪ y. Hence, there exists v ∈ x ⊗ (x → y) such that v ≤ y.
Notice that v ∈ D, we get y ∈ D.

(2) Suppose that x, y ∈ D and x ≪ y → z for any x, y, z ∈ L, then x⊗y ⊆ D
and x⊗y ≪ z. Then there exists u ∈ x⊗y ⊆ D such that u ≤ z. By hypothesis
that D is a hyper deductive system of L, we get z ∈ D.

(3) According to Proposition 2.2 (3), we have x⊗ z ≪ x, z, then there exists
u ∈ x ⊗ z ⊆ D such that u ≤ x, and so x ∈ D. Similarly, z ∈ D. Now, since
x ∈ D and (x → y) ⊆ D, then we get y ∈ D by (1). From Theorem 3.1 and
y, z ∈ D, it follows that y ⊗ z ⊆ D.

A fuzzy subset µ of L satisfies the sup-property if for any nonempty subset
T of L there exists x0 ∈ T such that µ(x0) = supx∈T µ(x). For any fuzzy subset
µ of L the set µt := {x ∈ L|µ(x) ≥ t} is called a level set of µ. In order to
facilitate the discussion, we shall use the notations “

∨
µ(A)” and “

∧
µ(A)”

to mean “ supa∈A µ(a)” and “ infa∈A µ(a)”, respectively, for any nonempty set
A. Moreover, for any a, b ∈ A, a ∧ b and a ∨ b mean min{a, b} and max{a, b},
respectively.

Definition 3.4. A fuzzy set µ of L is called a fuzzy hyper deductive system if
it satisfies: for any x, y ∈ L,

(1) µ(1) ≥ µ(x),

(2) µ(y) ≥
∨

µ(x → y) ∧ µ(x).

For better understanding the definition of fuzzy hyper deductive systems,
we illustrate it by the following example.
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Example 3.5. Let L = {0, a, b, 1} be a chain such that 0 < a < b < 1. Consider
hyperoperations ∨ and ∧ as given in the following tables,

∨ 0 a b 1

0 {0, a, b, 1} {a, b, 1} {b, 1} {1}
a {a, b, 1} {a, b, 1} {b, 1} {1}
b {b, 1} {b, 1} {b, 1} {1}
1 {0, 1} {1} {1} {1}
∧ 0 a b 1

0 {0} {0} {0} {0}
a {0} {0, a} {0, a} {0,a}
b {0} {0, a} {0, a, b} {0, a, b}
1 {0} {0, a} {0, a, b} {0, a, b, 1}

Then (L,∨,∧, 0, 1) is a bound hyper lattice. Define hyper hyperoperations ⊗
and → as follows,

⊗ 0 a b 1

0 {0} {0} {0} {0}
a {0} {0, a} {a} {a}
b {0} {a} {b} {b}
1 {0} {a} {b} {1}
→ 0 a b 1

0 {1} {1} {1} {1}
a {0, a} {1} {1} {1}
b {0} {0, a} {1} {1}
1 {0} {a} {b} {1}

it is easy to verify that (L,∨,∧,⊗,→, 0, 1) is a hyper residuated lattice [19].
Define a fuzzy set µ of L as follows:

µ(x) =


0.3, x = 0,

0.3, x = a,

0.5, x = b,

0.5, x = 1.

Route calculations show that µ is a fuzzy hyper deductive system of L.

Proposition 3.6. Let µ be a fuzzy hyper deductive system of L. Then ∅ ̸= µt

is a hyper deductive system of L for any t ∈ [0, 1].

Proof. Let t ∈ [0, 1] such that ∅ ̸= µt. Then there exists x ∈ µt, and so
µ(x) ≥ t. Since µ is a fuzzy hyper deductive system of L, then µ(1) ≥ µ(x),
so 1 ∈ µt. Let (x → y) ∩ µt ̸= ∅ and x ∈ µt. Then µ(x) ≥ t and there
exists w ∈ (x → y) ∩ µt, therefore

∨
µ(x → y) ≥ µ(w) ≥ t. It follows that

µ(y) ≥
∨

µ(x → y) ∧ µ(x) ≥ t, hence y ∈ µt. According to Proposition 2.4, we
know that µt is a hyper deductive system of L.
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Proposition 3.7. Let µ be a fuzzy subset of L with the sup-property. If ∅ ̸= µt

is a hyper deductive system of L for any t ∈ [0, 1], then µ is a fuzzy hyper
deductive system of L.

Proof. For any x ∈ L, x ∈ µµ(x). Since µµ(x) is a hyper deductive system of L,
then 1 ∈ µµ(x), and so µ(1) ≥ µ(x). For every x, y ∈ L, Now let t1 =

∨
µ(x → y),

t2 = µ(x), and t = t1 ∧ t2, then x ∈ µt. Notice that µ satisfies the sup-property,
there exists w ∈ x → y such that t1 =

∨
µ(x → y) = µ(w), and so w ∈ µt. It

follows that (x → y) ∩ µt ̸= ∅ and x ∈ µt, we get y ∈ µt by Proposition 2.4,
hence µ(y) ≥ t =

∨
µ(x → y)∧µ(x). Thus, µ is a fuzzy hyper deductive system

of L.

Corollary 3.8. Let ∅ ( D ⊆ L and α ∈ (0, 1]. Define a fuzzy set µD : L → [0, 1]
by

µD(x) =

{
α, x ∈ D,

0, x /∈ D.

Then µD is a fuzzy hyper deductive system of L if and only if D is a hyper
deductive system of L.

Proposition 3.9. Let µ be a fuzzy hyper deductive system of L. Then for any
x, y ∈ L, the following statements hold:

(1) if x ≤ y, then µ(x) ≤ µ(y),

(2)
∧

µ(x⊗ y) ≥ µ(x) ∧ µ(y).

Proof. (1) Assume that x ≤ y, then 1 ∈ x → y. Notice that µ is a fuzzy hyper
deductive system of L, we get µ(1) ≥ µ(z) for any z ∈ L, and so,

∨
µ(x → y) =

µ(1). Moreover, µ(y) ≥
∨

µ(x → y) ∧ µ(x) = µ(1) ∧ µ(x) = µ(x).

(2) For any x, y ∈ L, let µ(x) = t1, µ(y) = t2 and t1 ∧ t2 = t. It follows that
x, y ∈ µt, and µt is a hyper deductive system of L by Proposition 3.6. Therefore,
x⊗ y ⊆ µt, and so

∧
µ(x⊗ y) ≥ t = µ(x) ∧ µ(y).

Proposition 3.10. Let µ be a fuzzy subset of L with the sup-property. If µ
satisfies the following conditions: for any x, y ∈ L, (1) x ≤ y implies µ(x) ≤
µ(y), (2)

∧
µ(x⊗ y) ≥ µ(x) ∧ µ(y), then µ is a fuzzy hyper deductive system of

L.

Proof. Let t ∈ [0, 1] and µt ̸= ∅. Let x, y ∈ L be such that x ≤ y and x ∈ µt.
By assumption, we obtain that t ≤ µ(x) ≤ µ(y), thus y ∈ µt. For any x, y ∈ µt,
we have µ(x) ≥ t and µ(y) ≥ t. It follows that

∧
µ(x ⊗ y) ≥ µ(x) ∧ µ(y) ≥ t.

For any w ∈ x ⊗ y, we get µ(w) ≥ t, therefore w ∈ µt, and so x ⊗ y ⊆ µt.
According to Proposition 3.7, we conclude that µ is a fuzzy hyper deductive
system of L.
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Theorem 3.11. Let µ be a fuzzy subset of L with the sup-property. Then
µ is a fuzzy hyper deductive system of L if and only if x ⊗ y ≪ z implies
µ(z) ≥

∧
µ(x⊗ y) ≥ µ(x) ∧ µ(y), for any x, y, z ∈ L.

Proof. The sufficiency is obviouse by Proposition 3.9, now we give the proof of
the necessity. Since x⊗ y ≪ x for any x, y ∈ L, then

∧
µ(x⊗ y) ≥ µ(x) ∧ µ(y).

Notice that x⊗x ≪ x ≪ 1, we get x⊗x ≪ 1, thus µ(1) ≥ µ(x)∧µ(x) = µ(x). If
x ≤ y, then x⊗1 ≪ x ≪ y, and so x⊗1 ≪ y, it follows that µ(y) ≥ µ(x)∧µ(1) =
µ(x). From Proposition 3.10, we get that µ is a fuzzy hyper deductive system
of L.

Proposition 3.12. Let µ, ν be two fuzzy hyper deductive systems of L. Then
we have

(1) Hµ := {x ∈ L|µ(x) = µ(1)} is a hyper deductive system of L,

(2) if ν ≤ µ and ν(1) = µ(1), then Hµ ⊗ Hν =
∪

a∈Hµ,b∈Hν
a ⊗ b is a hyper

deductive system of L, where ν ≤ µ is defined by ν(x) ≤ µ(x) for any
x ∈ L.

Proof. (1) Let x, y ∈ L be such that x ≤ y and x ∈ Hµ. Since µ is a fuzzy
hyper deductive system of L, then µ(1) = µ(x) ≤ µ(y), and so µ(y) = µ(1), that
is, y ∈ Hµ. Now let x ∈ Hµ and y ∈ Hµ. Then µ(x) = µ(1) and µ(y) = µ(1).
For any t ∈ x⊗y, µ(t) ≥

∧
µ(x⊗y) ≥ µ(x)∧µ(y) = µ(1) by Proposition 3.9. It

follows that µ(t) = µ(1), that is, t ∈ Hµ, and so x⊗ y ⊆ Hµ. According to the
above discussion, we get that Hµ is a hyper deductive system of L by Theorem
3.1.

(2) Obviously, 1 ∈ Hµ⊗Hν . Let x, y ∈ L be such that (x → y)∩(Hµ⊗Hν) ̸=
∅ and x ∈ Hµ⊗Hν . Then there exist a ∈ Hµ and b ∈ Hν such that x ∈ a⊗ b. It
follows that µ(a) = µ(1), ν(b) = ν(1) = µ(1) and µ(y) ≥

∨
µ(x → y) ∧ µ(x) =

µ(1) ∧ µ(x) = µ(x) ≥
∧

µ(a⊗ b) ≥ µ(a) ∧ µ(b) = µ(b) ≥ ν(b) = µ(1). Therefore
µ(y) = µ(1), and so y ∈ y⊗ 1 ⊆ Hµ ⊗Hν . Hence Hµ ⊗Hν is a hyper deductive
system of L.

Let (L1,∨1,∧1,⊗1,→1, 01, 11) and (L2,∨2,∧2,⊗2,→2, 02, 12) be two hyper
residuated lattices. Then L1×L2 is also a hyper residuated lattice with respect
to the point-wise hyper operations given by:

(a, b) ∗ (u, v) = (a ∗1 u, b ∗2 v),
for any (a, b), (u, v) ∈ L1 × L2, where ∗ ∈ {∨,∧,⊗,→}.

Definition 3.13. Let µ and ν be fuzzy sets of L1 and L2, respectively, where
L1 and L2 are two hyper residuated lattices. The cartesian product µ × ν of µ
and ν is defined by

(µ× ν)(x, y) = µ(x) ∧ ν(y),

for any (x, y) ∈ L1 × L2. Obviously, µ× ν is a fuzzy set of L1 × L2.



974 YONGWEI YANG, KUNYUN ZHU and XIAOYUN CHENG

Proposition 3.14. Let L1 and L2 be two hyper residuated lattices. If µ and
ν are fuzzy hyper deductive systems of L1 and L2, respectively, then µ × ν is a
fuzzy hyper deductive system of L1 × L2.

Proof. For any (x, y), (a, b) ∈ L1 × L2, we have (µ × ν)(x, y) = µ(x) ∧ ν(y) ≤
µ(11) ∧ ν(12) = (µ× ν)(11, 12). And

(µ× ν)(a, b) = µ(a) ∧ ν(b)

≥
(∨

µ(x →1 a) ∧ µ(x)
)
∧
(∨

ν(y →2 b) ∧ ν(y)
)

=
(∨

µ(x →1 a) ∧
∨

ν(y →2 b)
)
∧ (µ(x) ∧ ν(y))

=
∨

(µ× ν) ((x, y) → (a, b)) ∧ (µ× ν)((x, y)).

Therefore, µ× ν is a fuzzy hyper deductive system of L1 × L2.

Proposition 3.15. Let µ be a fuzzy set of L. Then µ is a fuzzy hyper deductive
system of L if and only if µ× µ is a fuzzy hyper deductive system of L× L.

Proof. The sufficiency is very clear by Proposition 3.14, we only need to give
the proof of the necessity. We first show that µ(x) ≤ µ(1) for any x ∈ L. In fact
that µ(x) = µ(x) ∧ µ(x) = (µ × µ)(x, x) ≤ (µ × µ)(1, 1) = µ(1) ∧ µ(1) = µ(1),
hence µ(x) ≤ µ(1). Moreover, due to 1 ∈ 1 → 1, we get that

∨
µ(1 → 1) = µ(1).

For x, y ∈ L, it follows that
µ(y) = µ(y) ∧ µ(1)

= (µ× µ)(y, 1)

≥
∨

(µ× µ)((x, 1) → (y, 1)) ∧ (µ× µ)(x, 1)

=
∨

(µ× µ)(x → y, 1 → 1) ∧ (µ× µ)(x, 1)

=
∨

µ(x → y) ∧
∨

µ(1 → 1) ∧ µ(x) ∧ µ(1)

=
∨

µ(x → y) ∧ µ(x).

Therefore, µ is a fuzzy hyper deductive system of L.

Definition 3.16. Let µ and ν be fuzzy sets of L. Then we define the fuzzy
product µ~ ν as

(µ~ ν)(t) =

{∨
t∈x⊗y (µ(x) ∧ ν(y)) , if ∃x, y ∈ L such that t ∈ x⊗ y,

0, otherwise,

for any t ∈ L.

Theorem 3.17. Let µ be a fuzzy set of L with the sup-property. If µ is order
preserving, that is, x ≤ y implies µ(x) ≤ µ(y) for any x, y ∈ L, then µ is a fuzzy
hyper deductive system of L if and only if µ~ µ ≤ µ.

Proof. Let µ be a fuzzy hyper deductive system of L and x ∈ L. If there do
not exist y, z ∈ L such that x ∈ y ⊗ z, then (µ ~ µ)(x) = 0 ≤ µ(x), and so
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µ~ µ ≤ µ. Otherwise, notice that µ is a fuzzy hyper deductive system of L, we
get that µ(x) ≥

∧
x∈y⊗z µ(x) ≥ µ(y) ∧ µ(z) by Proposition 3.9. Hence

(µ~ µ)(x) =
∨

x∈y⊗z

(µ(y) ∧ µ(z)) ≤
∨

x∈y⊗z

µ(x) = µ(x),

and so µ~ µ ≤ µ is valid.
Conversely, assume that µ~ µ ≤ µ hold. Then for every x ∈ y ⊗ z, we have

µ(x) ≥ (µ ~ µ)(x) =
∨

x∈y⊗z (µ(y) ∧ ν(z)) ≥ µ(y) ∧ ν(z). Thus
∧

µ(y ⊗ z) =∧
x∈y⊗z µ(x) ≥ µ(y)∧ν(z), from Proposition 3.10 we get that µ is a fuzzy hyper

deductive system of L.

Theorem 3.18. Let L1 and L2 be two hyper residuated lattices, f : L1 → L2

be a surjective homomorphism. Then the fuzzy set ν : L2 → [0, 1] is a fuzzy
hyper deductive system of L2 if and only if νf : L1 → [0, 1] is a fuzzy hyper
deductive system of L1, where νf : L1 → [0, 1] is defined by νf (x) = ν(f(x)) for
any x ∈ L1.

Proof. Suppose that ν is a fuzzy hyper deductive system of L2, then

νf (11) = ν(f(11)) = ν(12) ≥ ν(f(x)) = νf (x).

For any x, y ∈ L1,
νf (y) = ν(f(y))

≥
∨

ν(f(x) →2 f(y)) ∧ ν(f(x))

=
∨

ν(f(x →1 y)) ∧ ν(f(x))

=
∨

νf (x →1 y) ∧ νf (x).

Therefore, νf is a fuzzy hyper deductive system of L1.
Conversely, assume that νf is a fuzzy hyper deductive system of L1. Since

f is surjective, then there exists x ∈ L1 such that f(x) = y for any y ∈ L2. We
get that

ν(12) = ν(f(11)) = νf (11) ≥ νf (x) = ν(f(x)) = ν(y).

Let a, b ∈ L2. Then there exists x, y ∈ L1 such that f(x) = a and f(y) = b. It
follows that

ν(b) = ν(f(y))

= νf (y)

≥
∨

νf (x →1 y) ∧ νf (x)

=
∨

ν(f(x →1 y)) ∧ ν(f(x))

=
∨

ν(f(x) →2 f(y)) ∧ ν(f(x))

=
∨

ν(a →2 b) ∧ ν(a).

Hence, ν is a fuzzy hyper deductive system of L2.
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Proposition 3.19. Let L1 and L2 be two hyper residuated lattices, f : L1 → L2

be a homomorphism, the fuzzy set ν : L2 → [0, 1] is a fuzzy hyper deductive
system of L2. Then we have

(1) if x ∈ ker(f) := {x ∈ L1|f(x) = 12}, then νf (x) ≥ ν(y) for any y ∈ L2,

(2) if µ is a fuzzy hyper deductive system of L1 and f is an epimorphism,
then f(µ) : L2 → [0, 1] is a fuzzy hyper deductive system of L2, where
f(µ)(y) =

∨
{µ(x)|f(x) = y} for any y ∈ L2.

Proof. (1) For any x ∈ ker(f), we get f(x) = 12. Notice that ν is a fuzzy hyper
deductive system of L2, then νf (x) = ν(f(x)) = ν(12) ≥ ν(y) for any y ∈ L2.

(2) For any y ∈ L2, we have

f(µ)(y) =
∨

{µ(x)|f(x) = y} ≤ µ(11) =
∨

{µ(x)|f(x) = 12} = f(µ)(12).

For any a, b ∈ L2,
f(µ)(a) ∧ f(µ)(a →1 b)

=
∨

{µ(x)|f(x) = a, x ∈ L1} ∧
∨

{µ(x →1 y)|f(x →1 y) = a →2 b, x, y ∈ L1}

=
∨

{µ(x)|f(x) = a, x ∈ L1} ∧
∨

{µ(x → y)|f(x) →2 f(y) = a →2 b, x, y ∈ L1}

≥
∨

{µ(x) ∧
∨

µ(x →1 y)|f(x) = a, f(y) = b, x, y ∈ L1}

≥
∨

{µ(y)|f(y) = b, y ∈ L1}

= f(µ)(b),

thus f(µ) is a fuzzy hyper deductive system of L2.

Theorem 3.20. Let µ be a fuzzy hyper deductive system of L. Then there exists
a fuzzy hyper deductive system µ̄ of L/θ such that µ̄ ◦ π ≥ µ.

L

µ
  B

BB
BB

BB
B

π // L/θ

µ̄

��
[0, 1]

Proof. Define µ̄ : L/θ → [0, 1] by µ̄([x]) =
∨

t∈[x] µ(t), for any x ∈ L. Obviously,
µ̄ is well defined. Let x, y ∈ L. Then for any a ∈ [x] and b ∈ [y], we get∨

b∈[x] µ(b) ≥ µ(b) ≥
∨

µ(a → b) ∧ µ(a), and so

µ̄([y]) =
∨
b∈[y]

µ(b)

=
∨
a∈[x]

∨
b∈[y]

µ(b)

≥
∨
a∈[x]

∨
b∈[y]

(∨
µ(a → b) ∧ µ(a)

)
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≥
∨
a∈[x]

∨
b∈[y]

(∨
µ(a → b)

)
∧

∨
a∈[x]

∨
b∈[y]

µ(a)

≥
∨

a→b∈[x→b]

(∨
µ(a → b)

)
∧

∨
a∈[x]

µ(a)

=
∨

µ̄([a] [b]) ∧ µ̄([a]).

Moreover, µ̄([1]) =
∨

t∈[1] µ(t) = µ(1) ≥
∨

t∈[x] µ(t) = µ̄([x]), thus µ̄ is a fuzzy
hyper deductive system of L/θ and clearly µ̄ ◦ π ≥ µ.

4. Hyper deductive systems based on falling shadows

Given an universal set U , and let P(U) denote the power set of U . For any
u ∈ U and D ⊆ U , let u̇ = {E|u ∈ E,E ⊆ U} and Ḋ = {u̇|u ∈ D}. An order
pair (P(U),B) is called to be a hyper-measurable structure on U if B is a
σ-field in P(U), and U̇ ⊆ B.

Let (Ω,A , P ) be a probability space and (P(U),B) be a hyper-measurable
structure on U . If a map ξ : Ω → P(U) is a random set on U , and for any
C ∈ B,

ξ−1(C) = {ω ∈ Ω|ξ(ω) ∈ C} ∈ A ,

then ξ is called a A → B measurable .

Given a random set ξ on U . Consider a function H̃(x) := P{ω|x ∈ ξ(ω)}
for any x ∈ U , then H̃ is a fuzzy set of U , and we call it a falling shadow of the
random set ξ, and ξ is called a cloud of H̃.

Definition 4.1. Consider a probability space (Ω,A , P ), and let ξ : Ω → P(L)
be a random set. If ξ(ω) is a hyper deductive system of L for any ω ∈ Ω, then
the falling shadow H̃ of the random set ξ, that is, for any x ∈ L,

H̃(x) = P (ω|x ∈ ξ(ω)),

is called a falling fuzzy hyper deductive system of L.

Example 4.2. Let L be a hyper residuated lattice defined in Example 3.5, and
(Ω,A , P ) = ([0, 1],A ,m), where A is a Borel field on [0, 1] and m is the usual
Lebesgue measure. The mapping ξ : Ω → P(L) is defined by

ξ(t) =


{1}, t ∈ [0, 0.4),

{b, 1}, t ∈ [0.4, 0.6),

{0, a, b, 1}, t ∈ [0.6, 1],

then ξ(t) is a hyper deductive system of L for any t ∈ [0, 1]. Thus H̃ is a falling
fuzzy hyper deductive system of L, where H̃(x) = P (t|x ∈ ξ(t)) is represented
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as follows:

H̃(x) =


0.4, x = 0,

0.4, x = a,

0.6, x = b,

1, x = 0.

Proposition 4.3. If we consider a probability space (Ω,A , P ) = ([0, 1],A ,m),
where A is a Borel field on [0, 1] and m is the usual Lebesgue measure, then
every fuzzy hyper deductive system of a hyper residuated lattice is a falling fuzzy
hyper deductive system.

Proof. Let µ is a fuzzy hyper deductive system of L, then µt is a hyper deductive
system of L for any t ∈ [0, 1] by Proposition 3.6. Define the random set ξ :
[0, 1] → P(A) by ξ(t) = µt for any t ∈ [0, 1], then µ is a falling fuzzy hyper
deductive system of L.

Given a probability space (Ω,A , P ), and let H̃ be a falling shadow of a
random set ξ : Ω → P(M). We define

Ω(K; ξ) :=

{
{ω ∈ Ω|K ∈ ξ(ω)}, K ∈ M,

{ω ∈ Ω|K ∩ ξ(ω) ̸= ∅}, K ⊆ M,

then Ω(K; ξ) ∈ A . In what follows, we give a number of equivalent conditions
of falling fuzzy hyper deductive systems for further discussion.

Theorem 4.4. Let ξ : Ω → P(L) be a random set and H̃ a falling shadow of
ξ. Then H̃ is a falling fuzzy hyper deductive system of L if and only if for any
x, y ∈ L,

(1) Ω(x; ξ) ⊆ Ω(1; ξ);

(2) Ω(x → y; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ).

Proof. Suppose that H̃ is a falling fuzzy hyper deductive system of L, then ξ(ω)
is a hyper deductive system of L for any ω ∈ Ω(x; ξ). It follows that 1 ∈ ξ(ω),
that is, ω ∈ Ω(1; ξ), and so Ω(x; ξ) ⊆ Ω(1; ξ). For any ω ∈ Ω(x → y; ξ)∩Ω(x; ξ),
we get that (x → y) ∩ ξ(ω) ̸= ∅ and x ∈ ξ(ω). From Proposition 2.4 we have
y ∈ ξ(ω), i.e., ω ∈ Ω(y; ξ), therefore Ω(x → y; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ).

Conversely, assume that (1) and (2) hold. Let ω ∈ Ω be such that ξ(ω) ̸= ∅.
Then there exists x ∈ ξ(ω), that is, ω ∈ Ω(x; ξ) ⊆ Ω(1; ξ), and so 1 ∈ ξ(ω). Let
x, y ∈ L be such that (x → y)∩ ξ(ω) ̸= ∅ and x ∈ ξ(ω), that is, ω ∈ Ω(x → y; ξ)
and ω ∈ Ω(x; ξ). It follows that ω ∈ Ω(x → y; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ), therefore
y ∈ ξ(ω). According to the above arguments, we get that ξ(ω) is a hyper
deductive system of L for any ω ∈ Ω, thus H̃ is a falling fuzzy hyper deductive
system of L.
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Proposition 4.5. Consider a falling shadow H̃ of a random set ξ : Ω → P(L).
If H̃ is a falling fuzzy hyper deductive system of L, then the following statements
hold: for any x, y, z ∈ L,

(1) Ω(x; ξ) ∩ Ω(y; ξ) ⊆ Ω(x⊗ y; ξ),

(2) x ≤ y implies Ω(x; ξ) ⊆ Ω(y; ξ),

(3) x⊗ y ≪ z implies Ω(x; ξ) ∩ Ω(y; ξ) ⊆ Ω(z; ξ),

(4) for any nonempty subset A of L, if x ≪ A, then Ω(x; ξ) ⊆ Ω(A; ξ),

(5) for any nonempty subset A of L, Ω(x → A; ξ) ∩ Ω(x; ξ) ⊆ Ω(A; ξ),

(6) Ω(x → y; ξ) ∩ Ω(x; ξ) = Ω(x; ξ) ∩ Ω(y; ξ),

(7) Ω(1 → y; ξ) ∩ Ω(1; ξ) = Ω(y; ξ),

(8) if x ≤ y, then Ω(x → y; ξ) ∩ Ω(x; ξ) = Ω(x; ξ),

(9) if Ω(x → y; ξ) = Ω(1; ξ), then Ω(x; ξ) ⊆ Ω(y; ξ),

Proof. (1) Assume that H̃ is a falling fuzzy hyper deductive system of L, then
ξ(ω) is a hyper deductive system of L for any ω ∈ Ω(x; ξ). For any x, y ∈ L, if
x ∈ ξ(ω), y ∈ ξ(ω), then x⊗y ⊆ ξ(ω) by Theorem 3.1, and so (x⊗y)∩ξ(ω) ̸= ∅,
this yields ω ∈ Ω(x⊗ y; ξ). Therefore, Ω(x; ξ) ∩ Ω(y; ξ) ⊆ Ω(x⊗ y; ξ).

(2) Let x ≤ y. For any ω ∈ Ω(x; ξ), that is, x ∈ ξ(ω), then y ∈ ξ(ω). Hence
ω ∈ Ω(y; ξ), and so Ω(x; ξ) ⊆ Ω(y; ξ).

(3) Let x, y, z ∈ M be such that x ⊗ y ≪ z. For any ω ∈ Ω(x; ξ) ∩ Ω(y; ξ),
we have x ∈ ξ(ω) and y ∈ ξ(ω). By hypothesis that H̃ is a falling fuzzy hyper
deductive system of L, we get that ξ(ω) is a hyper deductive system of L. From
Theorem 3.1, it follows that x ⊗ y ⊆ ξ(ω). Notice that x ⊗ y ≪ z, there exists
u ∈ x⊗y ⊆ ξ(ω) such that u ≤ z, therefore z ∈ ξ(ω), that is, ω ∈ Ω(z; ξ). Hence
Ω(x; ξ) ∩ Ω(y; ξ) ⊆ Ω(z; ξ).

(4) For any ω ∈ Ω(x; ξ), we have x ∈ ξ(ω). Since x ≪ A, then there exists
a ∈ A such that x ≤ a. By hypothesis, ξ(ω) is a hyper deductive system of L,
therefore a ∈ ξ(ω) by Theorem 3.1. Hence A ∩ ξ(ω) ̸= ∅, and so ω ∈ Ω(A; ξ), it
follows that Ω(x; ξ) ⊆ Ω(A; ξ).

(5) For any ω ∈ Ω(x → A; ξ) ∩ Ω(x; ξ), we get that (x → A) ∩ ξ(ω) ̸= ∅ and
x ∈ ξ(ω). Then there exists a ∈ A such that (x → a)∩ ξ(ω) ̸= ∅, it follows from
Proposition 2.4 that a ∈ ξ(ω). And therefore, A∩ξ(ω) ̸= ∅, that is, ω ∈ Ω(A; ξ),
hence Ω(x → A; ξ) ∩ Ω(x; ξ) ⊆ Ω(A; ξ).

(6) From Theorem 4.4, we get Ω(x → y; ξ) ∩ Ω(x; ξ) ⊆ Ω(y; ξ), and so
Ω(x → y; ξ)∩Ω(x; ξ) ⊆ Ω(x; ξ)∩Ω(y; ξ). To obtain the reverse inclusion, observe
that y ≪ x → y, we get Ω(y; ξ) ⊆ Ω(x → y; ξ), moreover Ω(y; ξ) ∩ Ω(x; ξ) ⊆
Ω(x → y; ξ) ∩ Ω(x; ξ). And thus Ω(x → y; ξ) ∩ Ω(x; ξ) = Ω(x; ξ) ∩ Ω(y; ξ).

(7)–(9) The proofs directly follow from (6) and Theorem 4.4.
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Definition 4.6. Give a probability space (Ω,A , P ), and let ξ : Ω → P(L) be a
random set. For any ω ∈ Ω, if (x⊗ y) ∩ ξ(ω) ̸= ∅ implies x⊗ y ⊆ ξ(ω) for any
x, y ∈ L, then ξ is said to be a S⊗-reflexive random set.

Proposition 4.7. Let ξ : Ω → P(L) be a S⊗-reflexive random set, and H̃ be a
falling shadow of ξ. If the following conditions are valid: for any x, y, z ∈ L,

(1) Ω(x; ξ) ∩ Ω(y; ξ) ⊆ Ω(x⊗ y; ξ),

(2) x ≤ y implies Ω(x; ξ) ⊆ Ω(y; ξ),

then H̃ is a falling fuzzy hyper deductive system of L.

Proof. Assume that (1) and (2) hold. For any ω ∈ Ω, if x ≤ y and x ∈ ξ(ω),
then ω ∈ Ω(x; ξ) ⊆ Ω(y; ξ), and so y ∈ ξ(ω). Now let x ∈ ξ(ω) and y ∈ ξ(ω).
Then ω ∈ Ω(x; ξ) and ω ∈ Ω(y; ξ). By hypothesis, ω ∈ Ω(x; ξ) ∩ Ω(y; ξ) ⊆
Ω(x⊗ y; ξ), and so (x⊗ y) ∩ ξ(ω) ̸= ∅. Due to the fact that ξ is a S⊗-reflexive
random set, we get x ⊗ y ⊆ ξ(ω). Thus ξ(ω) is a hyper deductive system of L
for any ω ∈ Ω, so H̃ is a falling fuzzy hyper deductive system of L.

In the following, we give the notion of falling fuzzy hyper implicative deduc-
tive systems, and present some properties of it.

Definition 4.8. Let (Ω,A , P ) be a probability space and ξ : Ω → P(L) be a
random set. If ξ(ω) is a hyper implicative deductive system of L for any ω ∈ Ω,
then the falling shadow H̃ of the random set ξ, that is, for any x ∈ L,

H̃(x) = P (ω|x ∈ ξ(ω)),

is called a falling fuzzy hyper implicative deductive system of L.

Example 4.9. Let L = {0, a, b, c, 1} be a set such that 0 < a < b < 1 and
0 < c < 1. The hyperoperations ⊗ and → are given in the following Cayley
tables.

⊗ 0 a b c 1

0 {0} {0} {0} {0} {0}
a {0} {a} {a} {0} {a}
b {0} {a} {a, b} {0} {a, b}
c {0} {0} {0} {c} {c}
1 {0} {a} {a, b} {c} {c}
→ 0 a b c 1

0 {1} {1} {1} {1} {1}
a {c} {1} {1} {1} {1}
b {c} {a, b, c} {1} {c} {1}
c {a, b} {a, b} {a, b} {1} {1}
1 {0} {a} {a, b} {c} {1}
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Let x ∧ y = {u ∈ L|u ≤ x, u ≤ y} and x ∨ y = {u ∈ L|x ≤ u, y ≤ u} for any
x, y ∈ L. It is easy to check that (L,∨,∧,⊗,→, 0, 1) is a hyper residuated lattice
[19]. Let (Ω,A , P ) = ([0, 1],A ,m), where A is a Borel field on [0, 1] and m is
the usual Lebesgue measure. The mapping ξ : Ω → P(L) is defined by

ξ(t) =


{a, 1}, t ∈ [0, 0.2),

{c, 1}, t ∈ [0.2, 0.6),

{a, b, 1}, t ∈ [0.6, 0.7),

{0, a, b, c, 1}, t ∈ [0.7, 1],

then ξ(t) is a hyper implicative deductive system of L for any t ∈ [0, 1]. Thus
H̃ is a falling fuzzy hyper implicative deductive system of L, where H̃(x) =
P (t|x ∈ ξ(t)) is represented as follows:

H̃(x) =



0.3, x = 0,

0.6, x = a,

0.4, x = b,

0.7, x = c,

1, x = 1.

Theorem 4.10. Let ξ : Ω → P(L) be a random set and H̃ be a falling shadow
of ξ. Then H̃ is a falling fuzzy hyper implicative deductive system of L if and
only if for any x, y, z ∈ L,

(1) Ω(x; ξ) ⊆ Ω(1; ξ),

(2) Ω(x → (y → z); ξ) ∩ Ω(x → y; ξ) ⊆ Ω(x → z; ξ).

Proof. Assume that H̃ is a falling fuzzy hyper implicative deductive system of
L, then ξ(ω) is a hyper implicative deductive system of L for any ω ∈ Ω(x; ξ).
Therefore 1 ∈ ξ(ω), that is, ω ∈ Ω(1; ξ), and so Ω(x; ξ) ⊆ Ω(1; ξ). For any
ω ∈ Ω(x → (y → z); ξ) ∩ Ω(x → y; ξ), we have (x → (y → z)) ∩ ξ(ω) ̸= ∅
and (x → y) ∩ ξ(ω) ̸= ∅. From the definition of hyper implicative deductive
system, it follows that (x → z) ∩ ξ(ω) ̸= ∅, i.e., ω ∈ Ω(x → z; ξ), therefore
Ω(x → (y → z); ξ) ∩ Ω(x → y; ξ) ⊆ Ω(x → z; ξ).

Conversely, suppose that (1) and (2) hold. Let ω ∈ Ω be such that ξ(ω) ̸= ∅.
Then there exists x ∈ ξ(ω), that is, ω ∈ Ω(x; ξ) ⊆ Ω(1; ξ), and so 1 ∈ ξ(ω). Let
x, y, z ∈ L be such that x → (y → z)∩ ξ(ω) ̸= ∅ and (x → y)∩ ξ(ω) ̸= ∅, that is,
ω ∈ Ω(x → (y → z); ξ) and ω ∈ Ω(x → y; ξ). It follows that ω ∈ Ω(x → (y →
z); ξ) ∩ Ω(x → y; ξ) ⊆ Ω(x → z; ξ), therefore (x → z) ∩ ξ(ω) ̸= ∅. Hence ξ(ω)
is a hyper implicative deductive system of L for any ω ∈ Ω, thus H̃ is a falling
fuzzy hyper implicative deductive system of L.

Due to the fact that if a hyper implicative deductive system D of L is an
upset, then D is a hyper deductive system [19], it is easy to obtain the following
result.
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Proposition 4.11. Give a falling shadow H̃ of a random set ξ : Ω → P(L). If
ξ(ω) is an upset for any ω ∈ Ω, then a falling fuzzy hyper implicative deductive
system H̃ of L is a falling fuzzy hyper deductive system.

For any nonempty subsets A,B of L, A ≤ B means that for any a ∈ A, there
exists b ∈ B such that a ≤ b.

Lemma 4.12 ([19]). Let L be a hyper residuated lattice. Then the following
hold: for any x, y, z ∈ L,

(1) x → (y → z) ≤ y → (x → z),

(2) x ≤ y implies z → x ≤ z → y,

(3) x → y ≤ (y → z) → (x → z).

Proposition 4.13. Let L be a hyper residuated lattice. Then we have:

(1) x ≪ A implies y → x ≤ y → A, for any nonempty subset A ⊆ L and
x, y ∈ L,

(2) let D be a hyper deductive system of L. For any nonempty subsets A and
B of L, if A ∩D ̸= ∅ and A ≤ B, then B ∩D ̸= ∅.

Proof. (1) Since x ≪ A, then there exists a ∈ A such that x ≤ a. From Lemma
4.12 (2), we get that y → x ≤ y → a, and so y → x ≤ y → A.

(2) Let A ∩D ̸= ∅. Then there exists a ∈ A ∩D, that is, a ∈ A and a ∈ D.
Notice that A ≤ B, then there exists b ∈ B such that a ≤ b. It follows from
Theorem 3.1 that b ∈ D, and therefore B ∩D ̸= ∅.

In the following, we give some conditions for a falling fuzzy hyper deductive
system to be a falling fuzzy hyper implicative deductive system.

Theorem 4.14. Let H̃ be a falling fuzzy hyper deductive system of L. Then
the following statements are equivalent: for any x, y, z ∈ L,

(1) H̃ is a falling fuzzy hyper implicative deductive system of L,

(2) Ω(y → (y → x); ξ) ⊆ Ω(y → x; ξ),

(3) Ω(z → (y → (y → x)); ξ) ∩ Ω(z; ξ) ⊆ Ω(y → x; ξ).

Proof. (1) ⇒ (2) We first show the fact that Ω(y → y; ξ) = Ω. For any ω ∈ Ω,
we get 1 ∈ ξ(ω). In view that 1 ∈ y → y, we obtain (y → y) ∩ ξ(ω) ̸= ∅, that
is, ω ∈ Ω(y → y; ξ). Therefore Ω ⊆ Ω(y → y; ξ), and so Ω(y → y; ξ) = Ω.
According to Theorem 4.10, we get that Ω(y → (y → x); ξ) = Ω(y → (y →
x); ξ) ∩ Ω(y → y; ξ) ⊆ Ω(y → x; ξ).

(2) ⇒ (3) Notice that H̃ is a falling fuzzy hyper deductive system of L, we
get that Ω(z → (y → (y → x)); ξ) ∩ Ω(z; ξ) ⊆ Ω(y → (y → x); ξ) ⊆ Ω(y → x; ξ)
by hypothesis and Proposition 4.5 (5).
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(3) ⇒ (1) Let x, y, z ∈ L be such that (x → (y → z)) ∩ ξ(ω) ̸= ∅ and (x →
y)∩ ξ(ω) ̸= ∅. Since x → (y → z) ≤ y → (x → z), then y → (x → z)∩ ξ(ω) ̸= ∅
by Proposition 4.13, and so there exists t ∈ y → (x → z) ∩ ξ(ω). Moreover,
t ≪ y → (x → z) ∩ ξ(ω), therefore y ≪ t → (x → z). Using Proposition 4.13,
we get that x → y ≤ x → (t → (x → z) ≤ t → (x → (x → z). In view that
(x → y) ∩ ξ(ω) ̸= ∅, we get that (t → (x → (x → z)) ∩ ξ(ω) ̸= ∅. By the above
discussing, we know that ω ∈ Ω(t → (x → (x → z); ξ) ∩ Ω(t; ξ) ⊆ Ω(x → z; ξ).
It follows that ω ∈ Ω(x → z; ξ), i.e. (x → z)∩ξ(ω) ̸= ∅. Hence we conclude that
(x → (y → z)) ∩ ξ(ω) ̸= ∅ and (x → y) ∩ ξ(ω) ̸= ∅ imply (x → z) ∩ ξ(ω) ̸= ∅, so
ξ(ω) is a hyper implicative deductive system of L, and therefore H̃ is a falling
fuzzy hyper implicative deductive system of L.

Theorem 4.15. Let H̃ be a falling fuzzy hyper deductive system of L. Then
H̃ is a falling fuzzy hyper implicative deductive system of L if and only if (x →
u) ∩ ξ(ω) ̸= ∅ for any u ∈ x⊗ x and ω ∈ Ω.

Proof. It is directly from Theorem 4.8 of [19].
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