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Robust sparse coding for subspace learning
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Abstract. Conventional sparse coding fails to learn a robust subspace when the
data is corrupted by noises or outliers. To remedy this problem, matrix completion is
considered into sparse coding to recover the corrupted data by the normal data and the
robust sparse representations can be learned from the recovered data and the normal
data. Therefore, a robust sparse coding method, called RSC, is proposed to learn a
low-dimensional subspace from the corrupted data. Experiments are carried out on the
image dataset which is contaminated by noises or outliers. It is demonstrated that our
proposed RSC is more effective and robust in subspace learning and image clustering
than other dimensionality reduction methods.
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1. Introduction

Many applications including community detection, recommender system, semi-
supervised learning and clustering [1, 2, 3] suffer from the processing of high-
dimensional data. Actually, only a few data are meaningful and the remaining
data are redundant or noisy. It is necessary to find a low-dimensional space
to represent images. For this purpose, matrix factorization methods have been
paid great attention in the last two decades[4, 5, 6, 7].

Conventional matrix factorization methods are to seek several matrices such
that can best approximate the original matrix. Principal component analysis
(PCA) [8] is a famous unsupervised dimensionality reduction method, which
require the basis vectors to be orthogonal. The non-negative matrix factor-
ization (NMF) [4] method decomposes the non-negative data matrix into two
non-negative low-dimensional matrices, which can achieve parts-based represen-
tations. Sparse coding (SC) [9] requires the leaned representations to be more
sparser. This means that each image can be represented by a fewer features.
However, above-mentioned approaches have a common drawback that they fail
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to learn a robust subspace when the original data are corrupted by noises or
outliers.

In this paper, a novel robust sparse coding (RSC) method is proposed based
on matrix completion for dimensionality reduction from the corrupted dataset.
Due to the use of matrix completion, the corrupted data matrix can be firstly
recovered. Then we decompose the repaired matrix into two low-dimensional
matrices by utilizing sparse coding. Finally we repeat above two steps until a
robust subspace is obtained. The contributions of this paper are summarized as
follows:

• A robust sparse coding framework called RSC is proposed, and we develop
an iterative optimization algorithm to solve RSC.

• We evaluate the performance of RSC by clustering on the ORL dataset
[10] with Salt and Pepper noise or contiguous occlusion. Experiments
demonstrate that the proposed RSC is more effective to learn a robust
subspace.

2. Robust sparse coding

Suppose that each image ξ⃗ ∈ Rm can be represented by sets of basis vectors
b⃗1, · · · , b⃗r ∈ Rm. Hence, we obtain

(1) ξ⃗ =
r∑

i=1

b⃗isi,

where s⃗ = [s1 · · · sr] ∈ Rr is a coefficient vector. Given an image dataset
V = [ξ⃗1, · · · , ξ⃗n] ∈ Rm×n, the basis matrix W = [⃗b1, · · · , b⃗r] ∈ Rm×r and the
coefficient matrix H = [s⃗1, · · · , s⃗n] ∈ Rr×n are expected to represent V . Based
on the previous analysis, sparse coding is mathematically summarized into the
following optimization problem:

(2) min
W,H

F (W,H) =∥ V −WH ∥2F +λ

n∑
i=1

∥ Hi ∥1,

where ∥ · ∥F and ∥ · ∥1 denote the Frobenius norm and the L1 norm, separately.
Each column of W is a basis vector that captures the effective features in the
dataset, and each column ofH can be viewed as the r-dimensional representation
with respect to the new bases. Hence, sparse coding is also a dimensionality
reduction method because the dimension can be reduced from m to r (r ≪
m). Utilizing sparse coding, a satisfactory subspace can be achieved from the
image dataset without noises or outliers. However, it fails when the dataset is
contaminated by Salt and Pepper noise or contiguous occlusion. To address this
problem, matrix completion is proposed to recover the corrupted data by the
normal data.
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Suppose that Mi ∈ Rm and Vi ∈ Rm are the corrupted image vector and
the recovered image vector, separately. The conventional matrix completion to
minimize the error between the corrupted dataset M = [M1, · · · ,Mn] ∈ Rm×n

and the recovered dataset V = [V1, · · · , Vn] ∈ Rm×n [11] can be summarized as

min
V

rank(V )

s.t. PΩ(M) = PΩ(V ),
(3)

where P is the projection operator and Ω is the corrupted area. If (i, j) ∈ Ω,
we obtain that

[PΩ(M)]ij =

{
Mij , if (i, j) ∈ Ω,

0, otherwise,
(4)

where Mij is the (i,j)-th element of M . It is obvious that problem (3) cannot
be solved directly. Hence, many researchers proposed some related matrix com-
pletion methods [11, 12, 13, 14, 15]. According to previous researches, (3) can
be rewritten into the following optimization problem:

min
V

∥ V ∥2F

s.t. PΩ(M) = PΩ(V ).
(5)

Euclidean distance is proposed to measure PΩ(M) and PΩ(V ). Problem (5) can
be transformed into the following form:

min
V

R2 = β ∥ V ∥2F +α ∥ (V −M)⊗ S ∥2F ,

Sij =

{
0, if (i, j) ∈ Ω,

1, otherwise,

(6)

where α ≥ 0 and β ≥ 0 are the regularization parameters, and S is the weight
matrix that denotes the contaminated or uncontaminated positions.

Combining sparse coding and matrix completion, a novel robust sparse cod-
ing method (RSC) is proposed to handle Salt and Pepper noise and contiguous
occlusion. Therefore, RSC can be summarized as follows:

min
V,W,H

F (V,W,H) =
1

2
(∥ V −WH ∥2F +β ∥ V ∥2F

+ α ∥ (V −M)⊗ S ∥2F ) + λ

n∑
i=1

∥ Hi ∥1 .(7)

3. Optimization schemes

In this section, we present necessary optimization theory to solve (7). Because
of non-smooth and non-convex properties of (7), it is too complicated to obtain
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the global solution. Therefore, we transform (7) into several convex smooth
problems and alternately solve them until convergence.

Problem (7) can be transformed into the following three convex problems:

(8) min
V

F (V ) =
1

2
(∥ V −WH ∥2F +β ∥ V ∥2F +α ∥ (V −M)⊗ S ∥2F )

and

(9) min
W

F (W ) =
1

2
∥ V −WH ∥2F

and

(10) min
H

F (H) =
1

2
∥ V −WH ∥2F +λ

n∑
i=1

∥ Hi ∥1 .

For problem (8), we obtain that its optimum solution as

(11) V = (αM ⊗ S +WH)⊘ ((1 + β)⊗ I + αS),

where X⊗Y and X⊘Y are the element-wise product and division, respectively.
Similarly, the solution of (9) is

(12) W = W − 1

L
∇F (H) = W − 1

L
(WHHT − V HT ),

where the Lipschitz constant LW =∥ HTH ∥ and ∥ · ∥ denotes the L2 norm.
The objective function of (10) is non-smooth, therefore, it should be transformed
into smooth functions. Problem (10) can be re-written as

min
P,Q

F (P,Q) =
1

2
∥V −W (P −Q)∥2F + λ

∑
i,j

pij + λ
∑
i,j

qij(13)

subject to P ≥ 0, Q ≥ 0,

where P = [pij ] = max(H, 0), Q = [qij ] = max(−H, 0) and H = P − Q. To
minimize (13), we transform it into the following two problems:

min
P

F (P ) =
1

2
∥V +WQ−WP∥2F + β

∑
i,j

pij(14)

subject to P ≥ 0

and

min
Q

F (Q) =
1

2
∥V −WP − (−W )(Q)∥2F + β

∑
i,j

qij(15)

subject to Q ≥ 0.
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The solution of (14) and (15) can be achieved by

(16) P = [P − 1

LH
∇F (P )]+ = [P − 1

LH
(W TWP − (W TV +W TWQ) + λ)]+

and

(17) Q = [Q− 1

LH
∇F (Q)]+ = [Q− 1

LH
(W TWQ− (−W TV +W TWP )+λ)]+,

where the Lipschitz LH =∥ W TW ∥ and [·]+ makes the negative data zeros.
By (11), (12), (16) and (17), the local solution of (7) can be easily searched.

The related algorithm is summarized in Algorithm 1.

Algorithm 1 RSC

Input: V ∈ Rm×n, M ∈ Rm×n, W ∈ Rm×r, H ∈ Rr×n, α, β, λ, iter, number
Oupt: V ∈ Rm×n, W ∈ Rm×r, H ∈ Rr×n

1: Calculate S by (6)
2: for it = 0 to number do
3: V = (αM ⊗ S +WH)⊘ ((1 + β)⊗ I + αS)
4: W = W − 1

L∇F (H) = W − 1
LW

(WHHT − V HT )
5: for k = 0 to iter do
6: P = [P− 1

LH
∇F (P )]+ = [P− 1

LH
(W TWP−(W TV +W TWQ)+λ)]+

7: Q = [Q− 1
LH

∇F (Q)]+ = [Q− 1
LH

(W TWQ−(−W TV+W TWP )+λ)]+

8: end for
9: end for

10: V = WH
11: return V ,W ,H

4. Experiments

We explore the clustering performance of RSC on the ORL dataset, by com-
paring with three dimensionality reduction methods: NMF [4], PCA [8] and
SC [9]. In this experiment, two corruptions, i.e., Salt and Pepper noise and
contiguous occlusion are proposed to test the effectiveness and robustness of
above-mentioned methods.

The ORL dataset contains 400 images of different 40 individuals. Each
person has 10 different images with different facial expressions, facial details
(without-glasses or with-glasses) and lighting. Each face image is a grayscale
image with the 32× 32 pixel array.

We complete the cluttering experiments by the following steps:

• 90% face images are corrupted by Salt and Pepper noise or contiguous
occlusion. The 360 normal images and 40 corrupted images can be repre-
sented by a matrix M ∈ R1024×400.
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• Given the factorization rank r, M can be decomposed into two low-
dimensional matrices W ∈ R1024×100 and H ∈ R100×400 by different di-
mensionality methods.

• We utilize the K-means algorithm to cluster the subspace H, and present
the clustering performances measured by two metrics including Accuracy
(AC) and Normalized Mutual Information (NMI) [16].

• All methods are implemented in matlab R2012b and their related algo-
rithms are all terminated in 200 iterations.

• Because the objective function of RSC, NMF and SC is non-convex, the
related algorithms cannot search the global solution easily. Each algorithm
is implemented 50 times and we report the average clustering results.

4.1 Salt and Pepper noise

For each image, Salt and Pepper noise is utilized to corrupt some pixels, and
the corrupted pixel value is 0 or 255. In this subsection, we verify whether
RSC can obtain a robust subspace from the ORL dataset contaminated by Salt
and Pepper noise. To demonstrate the effectiveness and robustness of RSC,
we propose different corrupted percentages for the ORL dataset, i.e., p =10%,
15%, 20%, 25% and 30%. Let r = 100, α = 100, λ = 100, β = 0, iter = 20 and
number = 200.

Table 1 shows the clustering results in different corrupted cases. From the
comparisons, we observe that: (1) Our proposed RSC achieves the best cluster-
ing results than other methods. (2) SC performs better than NMF and PCA
as the corrupted percentage increases. The clustering results demonstrate that
RSC can learn a robust and effective subspace on the ORL dataset contaminated
by Salt and Pepper noise.

Table 1: Clustering AC and NMI with different corrupted percentages from 10%
to 30%(the best PSNR in bold).

p(%) 10 15 20 25 30

RSC 63.62 (79.93) 60.03 (77.71) 57.18 (77.16) 61.57 (77.48) 61.70 (78.40)
NMF 48.65 (67.47) 33.70 (56.10) 25.70 (47.14) 21.85 (43.79) 21.95 (43.05)
PCA 37.75 (58.28) 26.50 (45.75) 22.75 (42.60) 22.25 (42.27) 18.00 (40.66)
SC 55.07 (72.76) 43.95 (64.90) 37.60 (56.75) 30.10 (52.03) 22.92 (45.36)

4.2 Contiguous occlusion

In this subsection, contiguous occlusion is applied to simulate extreme outliers.
We randomly corrupt a b× b pixel block on each image, and the corrupted pixel
blocks are filled with the pixel value 255. To discuss the influence of different
block sizes, we propose the block size b from 10 to 14 with the step size 1.
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Table 2 present the clustering results measured by AC and NMI. According
to Table 2, RSC achieves the best clustering performances in different block
sizes, while other algorithms fail to clustering. It is obvious that RSC is more
effective to learn a robust subspace in large number of outliers on the ORL
dataset.

Table 2: Clustering AC and NMI with different block sizes from 10 to 14 (the
best PSNR in bold).

b 10 11 12 13 14

RSC 60.80 (77.80) 56.68 (77.34) 63.05 (78.45) 61.95 (78.80) 64.60 (79.23)
NMF 17.62 (40.38) 16.97 (39.30) 16.92 (38.97) 17.47 (40.43) 17.40 (39.90)
PCA 18.75 (39.09) 16.75 (37.25) 16.50 (38.84) 15.50 (38.29) 16.00 (38.09)
SC 17.92 (39.62) 16.50 (39.58) 16.95 (39.5) 17.17 (40.14) 17.20 (40.03)

5. Conclusion and future work

This paper proposed a novel robust sparse coding method (RSC) for dimen-
sionality reduction. Based on matrix completion, RSC is more effective to
handle Salt and Pepper noise and contiguous occlusion than NMF, PCA and
SC. Experiments demonstrate that our proposed RSC can learn more robust
low-dimensional representations and achieves better clustering results from the
corrupted ORL dataset.

Two topics can be discussed in the future work:

• RSC, NMF, PCA and SC are unsupervised methods, hence semi-supervised
or supervised methods should be considered to handle noises or outliers.

• Based on matrix completion, most of dimensionality reduction models can
be improved to achieve a robust subspace.
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