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Abstract. The aim of this paper is to study periodicities in cluster algebras. Firstly,
we give a proof of Restriction and Extension Theorem for cluster algebras without
coefficients. Then, we show that the periodicity of a labeled seed with coefficients from
an arbitrary semifield depends only on the corresponding extended exchange matrix,
which implies the independence of periodicity relative to coefficients.
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1. Introduction

Cluster algebras were invented by Fomin and Zelevinsky in a series of papers.
They are defined as commutative ZP-algebras generated by cluster variables
in which P is a semifield. Many relations between cluster algebras and other
branches of mathematics have been discovered, such as periodicities of T-systems
and Y -systems, representation theory of quivers, combinatorics, Poisson geom-
etry and higher Teichmiiler spaces.

Cluster algebras of finite type were classified by Fomin and Zelevinsky in [5],
which is the same as the Cartan-Killing classification of semisimple Lie algebras
and finite root systems. Periodicities in cluster algebras were firstly studied by
Fomin and Zelevinsky in [6]. They proved Zamolodchikovs periodicity conjec-
ture on Y-systems from indecomposable Cartan matrices of finite type. The
periodicity conjecture for a pair of Dynkin diagrams was proved by Keller us-
ing additive categorification of cluster algebras in [15]. Another related concept
closed with cluster algebras and periodicities is T-systems. Periodicity con-
jecture and half-periodicity conjecture for T-systems and Y -systems associated
with the quantum affine algebras of Dynkin type at any level were proved by In-
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oue, Iyama, Keller, Kunima, and Nakanishi [11, 12]. The theory of periodicities
in cluster algebras studied above has also important applications in dilogarithm
identities. Indeed for any period of a seed, there exists a dilogarithm identity.

Nakanishi studied periodicities in cluster algebras in general cases rather
than finite type in [16]. Nakanishi also proved an interesting theorem (Re-
striction and Extension Theorem) for cluster algebras with coefficients from
subtraction-free semifields. Even though it is hard to determine all periods
of labeled seeds, it is possible to find a large number of periods by Extension
Theorem. He also formulated dilogarithm identities associated to periodicities
of labeled seeds. These results are extended to more general cases, in [17] for
generalized cluster algebras and in [18] for quantum generalized cluster algebras.

In this paper, we prove Restriction and Extension Theorem for cluster al-
gebras without coefficients by using positive property in cluster algebras and
sign-coherence of g-vectors and c-vectors, see Proposition 3.2. Following from
Proposition 3.2, Restriction and Extension Theorem holds for cluster algebras
with coefficients from an arbitrary semifield, and it also implies periods of la-
beled seeds only depend on the extended exchange matrix and thus are irrelevant
to coefficients in the labeled seeds.

The organization of this paper is as follows. In Section 2, we give the no-
tions and basic properties for cluster algebras including c-vectors, g-vectors and
F-polynomials. In Section 3, we introduce periodicities of labeled seeds and ex-
change matrices following from [16]. Firstly, we give a proof of Restriction and
Extension Theorem for cluster algebras without coefficients. Then, we show that
the periodicity of a labeled seed with coefficients from an arbitrary semifield de-
pends only on the corresponding extended exchange matrix. This consequence
implies the independence of periodicity relative to coefficients.

2. Preliminaries

In this section, we recall basic concepts and important properties of cluster alge-
bras. Let IP be a semifield, that is an abelian multiplicative group equipped with
a binary operation @ which is associative, commutative and distributive with
respect to the multiplication in PP. Note that P is a torsion-free multiplicative
group and thus ZP is a domain. Let QPP denote the quotient field of ZP. And
take a field F isomorphic to the field of rational functions in n independent vari-
ables with coefficients in QP. In the following, for two positive integers a < b we
use [a, b] to denote the subset {a,a+1,...,b} of natural numbers for simplicity.

A labeled seed is a triplet (x,y, B) where x is an n-tuple of free generators of
F,y is an n-tuple of elements of P, and B is an n x n skew-symmetrizable integer
matrix. Note that B is said to be skew-symmetrizable if there exists an positive
definite diagonal matrix D such that DB is skew-symmetric. Moreover we call
(v, B) an Y-seed. For k € [1,n], define another triplet (x',y’, B') = ur(x,y, B)
which is called the mutation of (x,y, B) at k and obtained by the following rules:
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o T1 x[bik]++n x[__bik]+
yr®1

(1) X' = («4,...,2},) is given by zjx; = and z} = x; for

(2) y = (¥,.--,y;,) is given by vy, = yk_l for i = k; and otherwise y, =
% b
yz’y][ck ]+<yk @ 1)bki;

3) i, = —bij, ifi=korj=k;
o bij + sgn(bix)max[birby;]+, otherwise. )

where [z]; = max{z,0}. Note that (x’,y’, B’) is also a labeled seed and py is
an involution for any k € [1,n]. In a labeled seed (x,y, B), x is called a labeled
cluster, the elements in x are called cluster variables, y is the coefficient tuple
and B is called an exchange matriz.

Remark 2.1. There is a bijection between skew-symmetric integer matrices and
finite quivers without loops or 2-cycles. Such quivers are called cluster quivers.
This bijection is kept under mutations of matrices and quiver mutations, see
[15] for details.

Definition 2.2 ([7]). Let T,, be a n-regular tree and valencies emitting from
each vertex are labelled by 1,2,...,n. A cluster pattern is a n-reqular tree Ty,
such that for each vertex t € T,,, there is a labeled seed ¥y = (x¢,yt, Bt) and
for each edge labelled by k, two labeled seeds in the endpoints are obtained from
each other by seed mutation at k. And ¥y = (X¢,yt, Bt) are written as follows:

Xt = (‘Tl,h T2ty e- s xn,t)a Yt = (yl,t7 Yoty - 7y’rl,t)7 Bt = (bij)

Note that a cluster pattern is uniquely determined by one labeled seed, thus
for a labeled seed (x,y, B), we may associate with a cluster pattern T),(x,y, B).

The cluster algebra A = A(xy,, ¥t,, Bt,) associated to the initial seed (x4, ¥+,
By,) is a ZP-subalgebra of F generated by cluster variables appeared in T}, (x,,
Yto, Bt,). For simplicity, we always denote the initial seed (xy,,¥y+,, Bt,) of the
cluster algebra with principle coefficients by

Xt = (i’l,(]ﬁg, o 7xn); Yt = (y17y27 cee 7yn)7 Bt = (bm)

One of most important properties in cluster algebras is the Laurent phe-
nomenon, that is, any cluster variable can be expressed as a Laurent polynomial
in terms of cluster variables in the initial labeled seed with coefficients in ZP. It
was conjectured that these Laurent polynomials always have positive coefficients
in NP, which has been proved in the skew-symmetrizable case in [8].

Let I be a finite set. The tropical semifield P = trop(y) of y = (v:)ier is a
multiplicative group generated freely by the elements y;(i € I). And the binary
operation @ is defined as follows:

[Tw @ [Twr = ITv "

el i€l el
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The cluster algebra A = A(xy,, Y., Bt,) is said to have principal coefficients,
if the semifield is given by P = trop(yi., Y2.t9» - - - » Ynyto)- 1f P = 1, the cluster
algebra is said to have no coefficients. In the rest of this section, we concentrate
on cluster algebras with principal coefficients.

Let A = A(x¢,,¥t,, Bt,) be a cluster algebra with principle coefficients. In

this case, for any t € T}, and ¢ € [1,n], the coefficient y;;+ is actually a Laurent
i

. . . . Ciy
monomial in y;(j € [1,n]), i.e. iy = 7 ,y;*. The vector c;y = (ct,, b,
.. ,cf;’w)T is called the c-vector corresponding to y; ¢, and C; = (€1,4,€C2,4,...,Cnt)
is called c-matriz at t. For a vector v = (vy,va,...,v,)T, we write v > 0 to

denote v; > 0 for any i € [1,n] and v < 0 to denote v; < 0 for any i € [1,n].
For row vectors, we have similar statements.

Proposition 2.3 ([7, 8]). The c-vectors have the following properties:
(1) (recurrence relations) for any edge t —Ft' in Ty, the c-vectors satisfy that

C

t {—Cﬁk, Zf.] = k;

A cfj +sgn(cfk)[c§kb§-k]+, otherwise.

(2) (sign-coherence) for any t € T,,,i € [1,n], the c-vector c; satisfies either
Cit = 0 or Cit < 0.

. . . B
It is natural to consider extended matrices [ ‘ , and they are called ex-

Cy

tended exchange matrices at ¢. Note that [B ] is also obtained from [BIO] by

t
Cy
the mutation rule of matrices.

Remark 2.4. If B = By is skew-symmetric, its frmaed quiver is obtained from
its cluster quiver by adding n (frozen) vertices {n+1,n+2,...,2n} and arrows

from n—+1 to i for each i € [1,n], which is the corresponding quiver of [ I] . The

By

C} is also obtained from the framed quiver of B by
t

corresponding quiver of {

quiver mutations.

For a cluster algebra with principle coefficients, the Laurent phenomenon
and positive property are stated as follows.

Proposition 2.5 ([7]). Let A = A(X4,, Yt,, Bt,) be the cluster algebra with prin-

ciple coefficients. Each cluster variable x; ; is contained in Z>o[xf1, xéﬂ, okt

slm
ylay2a"'ayn]'

Let Fip = 2i4(1,1,...,1, 91,92, -,Yn) € Z>0[Y1, Y2, - - -, Yn] be polynomials
with nonnegative coefficients and they are called F-polynomials.
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Proposition 2.6 ([7, 8]). The F-polynomials satisfy the following properties:
(1) (recurrence relations) for any edge tEt' in T),, the c-vectors satisfy that

P Fy, t t if i k;
TN () AT o (F ) Wb 1T o () ), otherwi
(Fle,t) (Hj:l Y; (Fje) +Hj:1yj (Fj) " "RT),  otherwise.

(2) each F-polynomial F;; has a constant term 1.

(3) let Ap, = Ap, (Xt,, Y1y, Bt,) be the cluster algebra over an arbitrary semi-
field Py, and x; 4 p, be the corresponding cluster variable in the i-th position of
the labeled cluster at t. Then, we have

wi,t‘]ﬁ (:Bl,l'Q, e s Yty .- ,yn)
Fitlp, (y1,92, -, Yn)

xithPI -

In addition, any cluster variable x;; is homogeneous with respect to a given

Z™-grading in Z>0[:U1i1, xQﬂ, ooy Yy ya, ... ys], which is given by

deg(x;) = e;, deg(y;) = —by,

where ej,eo,...,e, are the standard basis vectors in Z,, and b; is the i-th
column vector of B. Let g;+ denote the degree (column) vector of z; ;. They are
called g-vectors and the matrix Gy = (81,4, 824, .-, 8n,t) is called the g-matriz
at t.

Proposition 2.7 ([7, 8, 19]). The g-vectors and g-matrices satisfy the following
properties:
(1) (recurrence relations) for any edge tEt' in T),, the g-vectors satisfy that

y_{%7 if j # k;
9ij =

_gfk + E?:lgfs[—bikh - Z?zlbgs[_cik]—i-a otherwise.

(2) (sign-coherence) any row vector v of the g-matriz Gy satisfies either
v>0o0rv<0.
(3) for any t € T, we have

GID(Cy)D™t =1,

where D is the skew-symmetriclizer of B.
(4) let A = A(xty,Yt,, Bt,) be the cluster algebra with coefficients from an
arbitrary semifield P. For any t € T,,i € [1,n|, the cluster variable can be

expressed by
n

Fdl (G o TR)
- gj,e\ it | F\Y1, Y2, yYn
e = ([[#7) % |

j=1 I 1,t P(ylﬂy27"'7y’n> ’

N

—~ bij .
where §j = y; [[; ;7 (1 <j < n).
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3. Periodicities in cluster algebras

In this section, we recall basic concepts on periodicities, and we prove main
results in this section. Let I be a subset of [1,n], a sequence i = (iy,12,...,1s) is
called an I-sequence if i, € I for any p € [1, s]. Moreover, i is called an essential
I-sequence if i, # i,y for any p € [1,s — 1]. Let (x,y,B) be a labeled seed
and o € G, where G,, is the symmetric group of degree n. Then we define
(x,y,B)? := (x%,y7,B7), where x?,y?, B? are given by

X7 = (To(1), Ta(2)s -1 Tom))s Y = Wo1)sYo(@)s -1 Yom))s B = (ba(i)a(j))-

Moreover if B = (bij)mxn is an m x n matrix with m > n and o € &,,, we define
B? = (by(i)o(j))mxn Where o(k) =k for any k € [n+ 1, m).

Definition 3.1. Let (x¢,y:, Bt), (X¢,yv, By) be two labeled seeds of the cluster
algebra A = A(x,y,B), i = (i1,12,...,is) be an I-sequence, and o € &,,, where
&, is the symmetric group of degree n.

(2) If By = pi(By) and By = BY, we call i a o-period of the exchange matrix
By; furthermore, if 0 = id, we simply call it a period of B’.

(13) If (yy, By) = pi(ys, Be) and (yy, By) = (y7, BY), we call i a o-period of
the Y -seed (y, By); furthermore, if o = id, we simply call it a period of (y¢, By).

(iii) If (x¢,yv, By) = pi(xe, ye¢, Be) and (X¢,yv, By) = (X4, ¥, Bt)?, we call
i a o-period of the labeled seed (x¢,y¢, Bt); furthermore, if o = id, we simply
call it a period of (x¢,yt, Bt).

The definition of o-period is a little different from the one in [16]. Note that
it is well-known that labeled seeds are determined by clusters, thus to show i is
a o-period of (x¢,y+, Bt), it is enough to show (xy,yy, By) = pi(x¢, ¥+, By) and
Xy = X7.

Let i = (i1,12,...,4s) and j = (j1,J2,...,Jp) be two arbitrary I-sequences.
Suppose that (x¢,y¢, By) = pj(x,y, B) and i is a period of (x,y, B). Then we
have

Wipiti-1 (Xe, Ye, Be) = pipipg-1p5(X,y, B) = piui(x,y, B) = (Xt,yt, Bt),

where j~1 = (jp, ..., j2,j1). Thus, the sequence j~1ij is a period of (x, yt, Bt) =
1j(x,y, B), which induces a natural bijection between the sets of periods of two
labeled seeds. Thus we may, without loss of generality, mainly consider periods
of the initial labeled seeds.

The Extension Theorem was partially formulated by Keller in [14] and was
generalized by Plamondon. Nakanishi proved Restriction/Extension Theorem
of periodicities of labeled seeds for cluster algebras with coefficients from the
universal semifield, see [16]. We now prove this theorem for cluster algebras
without coefficients in Proposition 3.2.

Let 1,1 be two index sets with I C I, and B = (bij)ijer is the principal
submatrix of a skew-symmetrizable matrix B = (b;;) i jer such that B = B|;
under the restriction of the index set I. In this case, B is called the I-restriction
of B and B is called the I-extension of B.
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Proposition 3.2. ForI C I, let B be the I-restriction of the skew-symmetrizable
matriz B, B be the I-extension of B, and o € &,,.

(i) (Restriction) Assume that an I-sequence i = (i1,142,...,1s) 18 a o-period
of the labeled seed (X, B) in A(X,B), then i is also an o-period of the labeled
seed (x,B) in A(x, B).

(i) (Extension) Assume that an I-sequence i = (i1,12,...,1s) is a o-period
of the labeled seed (x,B) in A(x,B), then i is also an o-period of the labeled
seed (X, B) in A(X,B).

Proof. (i) For any I-sequence j, the labeled seed p5(x, B) can be obtained from
115(X, B) by specializing all cluster variables x5 (k € I\I) to 1. Then the result
follows.

(ii) It is enough to prove this result for I = {1,2,...,n} and I= {1,2,...,n+

1}. Let x = (21,22, ...,%p), X = (L1, 22, ..., Tn, Tpt1). Since i is an I-sequence
and a o-period of (x, B), we have u;(x, B) = (x?, B?). Suppose that (%', B') =
pi(x, B), where X' = (f,..., 27,2, ,). Note that 2], = 2,11 follows from

the mutation rules and the fact that i is an I-sequence. Since every cluster
variable is a Laurent polynomial in terms of the initial seed with nonnegative
coefficients, for each i € [1,n], suppose that

l’; = fi(xl, Loy ... ,$n+1)
be the corresponding Laurent polynomial in terms of z1,x2, ..., ,4+1 with pos-
itive coefficients. Then, we have
Lo(i) = fi(x17$27 cey Ty 1)

for any i € [1,n]. Since z1,x9, ..., z, are algebraically independent, f;(z1,x2,...,
Zp+1) must be a Laurent monomial in the form xg(i)xflql for some a; € Z, that
is,
T = To(i)Thly
for each ¢ € [1,n] and some a; € Z.
Using terms of F-polynomials and g-vectors, we have another expression of
x}. By Proposition 2.7(4), for each i € [1,n], we have

a; _ ./ _ B 51‘1 i)m z"i(n-&-l) g1 Ini nIn+1,i
xa(i)xn+1—xi—ﬂ7i|}-(nxi 7"'>sz‘ ,Hwi ) E R A
Note that Ff{ € Z>o[y1, - Yn, Yn+1] is a polynomial with nonnegative integer

coefficients, and Fﬁ has a constant term 1. Then we must have

e 914 Gni . In+1,i
Lo(@)Tpy1 = L1 - T Tpiy

Then g,y = 1,gn+1i = @isggi = 0 for ¢ € [I,n + 1]\{o(i),n + 1}. The
corresponding G-matrix has the form

1) G- [P O],

a 1



ON PERIODICITIES IN CLUSTER ALGEBRAS 1061

where P is the permutation matrix corresponding to ¢ (note that P = P~1),
and a = (a1, ag,...,a,).

By the property of sign-coherence of g-vectors, the vector a > 0. By Propo-
sition 2.7(3), the tranpose of DC'D~! is inverse to G, that is

(2) GTDCD™' = I,41,

where D is the positive definite diagonal integer matrix such that DB is skew-
symmetric.
Assume that

(3) DCD™! = [A 5} :
Y
we have
(4) G'pep-t = [P ATaly PTa+alw
— . M ,

Replacing (4) into (2), since PT = P~ we obtainthat A = P, = —Pal, ~=
0, w = 1. Thus,

(5) DCD™! = [P -r O‘T] :

0 1

By the property of sign-coherence of c-vectors, —Pa’ > 0 which implies
a; < 0 for each i € [1,n]. Then we have a; = 0 for each i € [1,n], and z] = 2,
follows. Thus i is also an o-period of the labeled seed (%, B) in A(%, B) O

Even though Restriction Theorem holds for exchange matrices, in general,
Extension Theorem does not hold. For exchange matrices, we observe the fol-
lowing lemma.

Lemma 3.3. Let [ = {1,2,...,n} andf:{l,Q,...,m} with m > n, and B be

B H], and i be an

the I-restriction of the skew-symmetrizable matriz B = [C M

~ / / /
I-sequence. Suppose that Ni(B) - [g/ ﬁl]7 then i [g:| N [g/:| '

Proof. Note that i is an I-sequence. The statement follows easily from the
definition of mutation of matrices.
O

As an application of Proposition 3.2, we prove the following theorem.
Theorem 3.4. An [-sequence i is a o-period of the initial labeled seed (x, B) if

and only if it is a o-period of the [ . In particular, if B is skew-symmetric,

I,
then i is a o-period of the initial labeled seed (x, B) if and only if i is a o-period
of the corresponding framed quiver.
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B —-I, o Do
In 0 :| It /’LI(X7B) - (X 7B )7

by Extension Theorem, j;(X,B) = (X7, B7). Then the result follows from
Lemma 3.3.

Proof. Let X = (z1,22,...,%2,), and B = [

B 7 . :
Conversely, suppose [ I ] = [ I } , we consider the cluster algebra with
n n

principal coefficients and the initial labeled seed (X,Y,B). It is easy to see
w1i(Y) = Y. Since labeled clusters are determined by their coefficients, i.e. C-
matrices, thus we have u;(X,Y, B) = (X?,Y?, B?). Then the conclusion follows
from Proposition 2.6(3). O

Note that by [19] exchange matrices are determined by c-matrices, Corollary
3.4 essentially says a o-period of the initial labeled seed is exactly the o-period
of the corresponding c-matrices. Actually Theorem 3.4 holds for cluster algebras
with coefficients from arbitrary semifields.

Theorem 3.5. Let A = A(xy,,¥t,, Bt,) be a cluster algebra over an arbitrary
semifield P, with the initial seed (X¢,,Yt,, Bt,) given by

Xty = (mlaa’?v cee 72771)’ Yo = (3/173/2, cee 7yn)a Bto — (bZ])TLXTL
Let I ={1,2,...,n} and i be an I-sequence and (x,y, B) be a labeled seed of A.

Then i is a o-period of (x,y,B) if and only if i is a o-period of [f]

Proof. Without loss of generality, assume that (x,y, B) = (X¢y, Yt,, Bt,)-

Suppose that (X, Yo, Bto) = (X7, ¥8,, BE, ). Since pi(x¢,, By, ) is obtained
from p;(x¢y, yt,, Bt,) by specializing all y;(1 < i < n) to 1. Thus, we know that
iis a o-period of (xy,, By,) in A(xy,, By,), which is also a o-period of [B; 0] by

n
Theorem 3.4.

Conversely, assume that i is a o-period of [?ﬂ Let A(Xy,,Y:,, By,) be
the corresponding cluster algebra of A with principal coefficients and with the
initial labeled seed (X, Y;,, By,). We have i is a o-period of (X4, Y%, Bt,)
in A(Xy,, Y, Bi,), since labeled seeds are determined by c-matrices by [[1],
Theorem 2.5]. In particular, i is a o-period of X;,. By Proposition 2.6, i is also
a o-period of x4, and thus is a o-period of (x,,¥+,, Bt,)- O

Corollary 3.6. Periods of labeled seeds are independent of coefficients.

Remark 3.7. Corollary 3.6 is also proved by Peigen Cao and the first author
in a different way, see e.g. [2] for details. In this paper, we emphasise that it
can also be shown by Extension Theorem.

Example 3.8. Let A be a cluster algebra with the initial labeled seed (x, B),

1
where x = (x1,72) and B = {_0 1 0} is the exchange matrix corresponding to
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the cluster quiver of type As. Notice that A is of finite type, all labeled seeds
of A are shown in the following graph. There are ten various labeled seeds and
five unlabeled seeds.

Let I = [1,2], then the two [-sequences i = (1,2,1,2,1) and j = (2,1,2,1,2)
are (12)-periods of the labeled seed (x, B), and the two I-sequences

p=(1,21,21,21,21,2) and q=(2,1,2,1,2,1,2,1,2,1)

are periods of (x, B).

Since pppq = id = piqltp, any period of (x, B) is copy of p or q. The two
I-sequences a = (1,2) and b = (2, 1) are two periods of the exchange matrix B,
and any period of B is copy of a or b.

On the other hand, by the Extension Theorem, for any cluster quiver which
has a simple edge connecting two vertices ¢ and j, the actions of two muta-
tion sequences fu;fujftiftpt; and fujpifeipipe; on the labeled seed (x, B) are both
equivalent to the action of the permutation (ij) .

In general, for any skew-symmetrizable matrix B, let BJ[i, j| be the principal
submatrix obtained from B by removing its rows or columns indexed by [1,n] \I,
where I = {i,j}. Then there exists an essential I-sequence i such that i is a
period of (x, B) if and only if Bli, j] is of finite type, i.e. |b;;b;i| < 3.

((z1,2), B) (552, 22), = B)

x1

(52, k), B)

(( I+z1+x0 1429 ) B)

1 1
tes 1A (( +z +561+x2)

T2 7 x1T2 ’

((Hzite Lim) _p)

(55, 21), B)

xo

((mg,%),B) 9 (($27x1)7_3)
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