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Heptavalent symmetric graphs of order 8p
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Abstract. A graph is symmetric if its automorphism group acts transitively on the
set of arcs of the graph. In this paper, we classify connected heptavalent symmetric
graphs of order 8p for each prime p. As a result, a connected heptavalent symmetric
graph of order 8p with p a prime exists if and only if p = 2 or 3, and up to isomorphism,
there are only two such graphs: one for each p = 2 and 3.
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1. Introduction

Throughout this paper graphs are assumed to be finite, simple, connected and
undirected. For group-theoretic concepts or graph-theoretic terms not defined
here we refer the reader to [20, 23] or [1, 2], respectively. Let G' be a permutation
group on a set €2 and v € ). Denote by G, the stabilizer of v in G, that is, the
subgroup of G fixing the point v. We say that G is semireqular on  if G, =1
for every v € 2 and regular if G is transitive and semiregular.

For a graph X, denote by V(X), E(X) and Aut(X) its vertex set, its edge
set and its full automorphism group, respectively. A graph X is said to be G-
vertex-transitive if G < Aut(X) acts transitively on V(X). X is simply called
vertez-transitive if it is Aut(X)-vertex-transitive. An s-arc in a graph is an

*. Corresponding author



38 SONG-TAO GUO, YONG XU anp GUIYUN CHEN

ordered (s + 1)-tuple (vg,v1,- -+ ,vs—1,vs) of vertices of the graph X such that
vi—1 is adjacent to v; for 1 < 4 < s, and v;—1 # viqq for 1 < i < s — 1.
In particular, a l-arc is just an arc and a O-arc is a vertex. For a subgroup
G < Aut(X), a graph X is said to be (G, s)-arc-transitive or (G, s)-regular if
G is transitive or regular on the set of s-arcs in X, respectively. A (G, s)-arc-
transitive graph is said to be (G, s)-transitive if it is not (G, s+ 1)-arc-transitive.
In particular, a (G, 1)-arc-transitive graph is called G-symmetric. A graph X
is simply called s-arc-transitive, s-reqular or s-transitive if it is (Aut(X), s)-arc-
transitive, (Aut(X), s)-regular or (Aut(X), s)-transitive, respectively.

As we all known that the structure of the vertex stabilizers of symmetric
graphs is very useful to classify such graphs, and this structure of the cubic
or tetravalent case was given by Miller [7] and Potoc¢nik [19]. Thus, classifying
symmetric graphs with small valency has received considerable attention, see
[8, 26, 27]. Following this structure given by Guo [9], a series of pentavalent
symmetric graphs is classified in [14, 17, 18, 24, 25]. Recently, the structure of
heptavalent case was determined by Guo [10]. Thus, as an application of this
result, we classify heptavalent symmetric graphs of order 8p for each prime p in
this paper.

2. Preliminary results

Let X be a connected G-symmetric-transitive graph with G < Aut(X), and
let N be a normal subgroup of G. The quotient graph Xy of X relative to N
is defined as the graph with vertices the orbits of N on V(X) and with two
orbits adjacent if there is an edge in X between those two orbits. In view of [15,
Theorem 9], we have the following:

Proposition 2.1. Let X be a connected heptavalent G-symmetric graph with
G < Aut(X), and let N be a normal subgroup of G. Then one of the following
holds:

(1) N is transitive on V(X);
(2) X is bipartite and N is transitive on each part of the bipartition;

(3) N hasr >3 orbits on V(X), N acts semireqularly on V(X), the quotient
graph Xn is a connected heptavalent G /N -symmetric graph.

The following proposition characterizes the vertex stabilizers of connected
heptavalent s-transitive graphs (see [10, Theorem 1.1]).

Proposition 2.2. Let X be a connected heptavalent (G, s)-transitive graph for
some G < Aut(X) and s > 1. Let v € V(X). Then s < 3 and one of the
following holds:

(]-) For s = ]-7 G’U = Z77 D14z F21; D28z F21 X Z3;‘
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(2) For s = 2, GU = F42, Fyo % ZQ, Fyo X Z3, PSL(3, 2), A7, S7, Z% X SL(3,2)
or Z3 x SL(3,2);

(3) For s = 3, GU = Fyo XZG, PSL(?), 2) ><S4, A7><A6, S7 XSG, (A7 XAG) NZQ,
Z§ % (SL(2,2) x SL(3,2)) or [22°] x (SL(2,2) x SL(3,2)).

In particular, a Sylow 3-subgroup of G, is elementary abelian.

To extract a classification of connected heptavalent symmetric graphs of
order 2p for a prime p from Cheng and Oxley [5], we introduce the graphs
G(2p,r). Let V and V' be two disjoint copies of Z,, say V = {0,1,--- ,p — 1}
and V' = {0/,1",--- ,(p — 1)'}. Let r be a positive integer dividing p — 1 and
H(p,r) the unique subgroup of Z; of order r. Define the graph G(2p,r) to have
vertex set V' UV’ and edge set {zy' | v —y € H(p,7)}.

Proposition 2.3. Let X be a connected heptavalent symmetric graph of order
2p with p a prime. Then X is isomorphic to K77 or G(2p,7) with 7 ’ (p—1).
Furthermore, Aut(G(2p,7)) = (Zp X Z7) X ZLs.

In view of [11, Theorem 3.1], we have the classification of connected hep-
tavalent symmetric graphs of order 4p for a prime p.

Proposition 2.4. Let X be connected heptavalent symmetric graph of order 4p
with p a prime. Then X is isomorphic to Kg.

For a finite group G and a subset S of G such that 1 ¢ S and S = S~1,
the Cayley graph Cay(G,S) on G with respect to S is defined to have vertex
set V(Cay(G,S)) = G and edge set E(Cay(G,S)) = {{g,s9} | g € G,s € S}.
Clearly, a Cayley graph Cay(G,S) is connected if and only if S generates G.
Furthermore, Aut(G,S) = {a € Aut(G) | S* = S} is a subgroup of the auto-
morphism group Aut(Cay(G,S)). Given a g € G, define the permutation R(g)
on G by x — zg, x € G. Then R(G) = {R(g) | g € G}, called the right regular
representation of G, is a permutation group isomorphic to G. The Cayley graph
is vertex-transitive because it admits the right regular representation R(G) of
G as a regular group of automorphisms of Cay(G, S). A graph X is isomorphic
to a Cayley graph on G if and only if Aut(X) has a subgroup isomorphic to G,
acting regularly on vertices (see [21]).

Example 2.5. Let G = (a)x (b) & ZgxZs and S = {ab, a®b, a®b, a®b, a®b,a’b, b}.
We can define the Cayley graph:
Gi6 = CaY(G7 S)

Then by Magma [3], Gig = Kgg — 8K» is 2-transitive and Aut(Gis) = (Zg X
ZQ).S7 >~ Sg X Zs.

The next example is about a connected heptavalent symmetric graph of order
24.
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Example 2.6. Define the Cayley graph on the symmetric group Sy:

924 = Cay(S4, S)

where S = {(1,2,3,4),(1,4,3,2),(1,2,4),(1,4,2),(3,4),(2,4),(1,4)(2,3)}. By
Magma [3], Aut(Gaq) = S4.D14 = PGL(2,7) and Gay is a connected heptavalent
1-transitive graph.

3. Classification

This section is devoted to classifying heptavalent symmetric graphs of order 8p
for p a prime.

Theorem 3.1. Let X be a connected heptavalent symmetric graph of order 8p
with p a prime. Then X = Gig or Gog.

Proof. By [16] and Magma [3], there is a unique connected heptavalent sym-
metric graphs of order 16 or 24. Thus, by Examples 2.5 and 2.6, we have that
X = Gy and Goy for p =2 and p = 3, respectively. Let p > 5 and A = Aut(X).
Then we only need to prove that there are no new such graphs.

Case 1: A has a solvable minimal normal subgroup.

Let N be a solvable minimal normal subgroup of A. Then N is an elementary
abelian g-group with ¢ = 2 or p. Since X has order 8p, by Proposition 2.1,
N is semiregular on V(X) and the quotient graph Xy of X relative to N is
a heptavalent symmetric graph with A/N as an arc-transitive automorphism
group. Clearly, the order of Xy is even and at least 8. This implies that
N = Za, 73 or Z,.

Suppose that N = Zy. Then Xy is a heptavalent symmetric graph of order
4p. Note that p > 5. Thus, by Proposition 2.4, there is no such graph, a
contradiction.

Suppose that N = Z2. Then Xy is a heptavalent symmetric graph of order
2p, and by Proposition 2.3, Xy = G(2p,7) or K7 7.

Assume that Xy = G(2p, 7). Then A/N < (Z,xZ7)xZs. Since 2-7-p | |A/N],
we have that A = (Z, xZ7) xZs. Set C = C4(N). By "N/C-Theorem” (see [12,
Chapter I, Theorem 4.5]), A/C' < Aut(N) = GL(2,2). Since 7 and p does not
divide the order of GL(2,2), we have that Z, x Z7 < C, that is, all p-elements
and 7-elements commute with N. On the other hand, Zs normalizes N and
hence Zs normalizes an element of order 2 in N. This implies that A has a
normal subgroup of order 2, which contradicts that N is minimal normal.

Assume that Xy = Ky7. Then A/N < Aut(K77) = (S7 x S7) 1 Zy. By
Magma [3], K77 has two minimal arc-transitive subgroups Z2 x Zy or Z2 x Z.
Thus, A/N has a subgroup M/N = Z2 x Zg or Z2 x Z4. A similar argument as
above, we can deduce that Zs or Z4 normalizes an element of order 2 in V. It
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forces that M has a normal subgroup T = Zs, and X7 is a heptavalent M /T-
symmetric graph of order 4p. However, by Lemma 2.4, there is no heptavalent
symmetric graph of order 4p with p > 5, a contradiction.

Suppose that N = Z,. Then Xy = Kgand A/N < Sg. Note that 87| |A4/N]|.
From the information in [4], we have that A/N = Z3 x Z7, Z3 x Fy, PSL(2,7),
PSL(2,7) x Zg, Z3 x PSL(2,7), Ag or Ss.

Assume that A/N = Z3 x Z7, 73 x Fp, Z3 x PSL(2,7), Ag or Sg. Then A/N
has an arc-transitive group M/N = Z3 x Z7. By ”"N/C-Theorem”, M /Cp;(N) <
Aut(Zy) = Zp—1. Thus, 22| [Car(N)|. It forces that Cps(N) has a characteristic
subgroup K = 73 or Z3. Since Cp(N) < M, we have K < M. Then Xy is
a heptavalent M /K-symmetric graph of order 2p or p. Note that there is no
heptavalent graph of order p > 5. Thus, K = Z2 and Xx is a heptavalent
symmetric graph of order 2p. By the above argument, this is also impossible.

Assume that A/N = PSL(2,7) or PSL(2,7) x Zy. By "N/C-Theorem”,
A/CA(N) S Aut(N) = Z,_;. Since PSL(2,7) is simple, we have that PSL(2, 7)
commutes with N. By Atlas [6], the Schur multiplier Mult(PSL(2,7)) = Za.
It implies that A has a normal subgroup M = PSL(2,7) x Z, and M is arc-
transitive. Clearly, M, = Fy;. Let PSL(2,7) 2 K < M. Then K QM. It
follows that Xg is a heptavalent graph of order p. This is impossible because
there is no heptavalent graph of order p.

Case 2: A has no solvable minimal normal subgroup.

For convenience, we still use N to denote a minimal normal subgroup of A.
Then N is non-solvable. Since every group of order ¢*-r! with ¢, primes and s, ¢
non-negative integers is solvable, the order |N| has at least three different primes.
Note that |V(X)| = 8p. Thus, N, # 1. By Proposition 2.1, N acting on V(X)
has at most two orbits. Since A is arc-transitive, we have that |A| ! 227.34.52.7.p
by Lemma 2.2. It follows that |N||227-3*.52.7-p.

Since N is non-solvable, N 2T} xTy x---xT, withT 2Ty 2T, = ... 2T,
is a non-abelian simple group. Note that N has at most two orbits on V(X).
Thus, 4p ‘ |N|. Now we divide the prime p into the next three subcases: p = 5,
p=7Tand p>T.

Subcase 2.1: Let p = 5. Then [T |227-3*.53-7 and 4-5 | |T.

By [6, pp.12-14] and [22, Theorem 2], a simple calculation implies that T is
isomorphic to the following groups listed in Table 1:

Assume that n > 2. Then by Table 1, n = 2 and T = A5 or Ag. Note
that 4-5 | [N| or 85| |N|. By Magma [3], N, has a normal subgroup M = Aj;
or Ag and N, /M is solvable. Thus, M is also a normal subgroup of A,. By
Proposition 2.2, A, = A7 x Ag, S x Sg or (A7 x Ag) X Zgo. It forces that
Ay/M = A7 or S;. However, N, /M is solvable and normal in A,/M, this is
impossible. Thus, n =1 and N is a non-abelian simple group listed in Table 1.

Suppose that N = As. Then N, = Z3 and N has two orbits on V(X). Since
N, < A,, we have A, = Fy X Z3, Fyo X Z3 or Fy5 X Zg. Let P be a Sylow 7-
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Table 1: Non-abelian simple groups of order dividing 227-34.53.7

3-prime factor 4-prime factor

T Order T Order
As 22.3.5 A 23.32.5.7
Ag 23.3%2.5 Ag 20.32.5.7
PSU(4,2) | 26-3%.5 Ag 26.34.5.7
Aqg 27.34.52.7
Jo 27.33.52.7
PSL(3,4) | 26-32.5.7
PSp(6,2) | 2°-3*.5.7
PSU(3,5) | 24-3%2.53.7

subgroup of A,. Then P<A,. By "N/C-Theorem”, A/C4(N) < Aut(N) = Ss.
Since 7 f|Ss|, we have that P < C4(N) and P < A,N. Since P is a Sylow
7-subgroup of A, we have that P is characteristic in A,N. Note that N has
two orbits on V(X). By Proposition 2.1, X is bipartite and |A : A,N| = 2. Tt
implies that A,N < A. Thus, P < A. However, P lies in the vertex stabilizer
A, and P cannot be normal, a contradiction.

Suppose that N = Ag. Then by Atlas [6], N, = Z% or Z% x Zy. Note that
N, < A,. By Proposition 2.2, A, has no normal subgroup isomorphic to N,, a
contradiction.

Suppose that N = PSU(4,2). Then |N,| = 23-3* or 22.3%. By Atlas [6], a
Sylow 3-subgroup of N, is non-abelian. However, the Sylow 3-subgroups of A,
are elementary abelian by Proposition 2.2, a contradiction.

Suppose that N = A7, Ag, Ag, Ajg, Jo, PSL(3,4), PSp(6,2) or PSU(3,5).
Then |N,| = |N|/20 or | N|/40. By Atlas [6], N has no subgroups of such orders,
a contradiction.

Subcase 2.2: Let p = 7. Then |N||2%7.3%.52.72,

By [6, pp.12-14] and [22, Theorem 2], a simple calculation implies that 7" is
isomorphic to the following groups listed in Table 2.

Assume that n > 2, then n = 2 and N = PSL(2,7)%, PSL(2,8)2, A2, AZ or
PSL(3,4)2. Note that [N : N,| = 28 or 56. Thus, N, is non-solvable and N, has
a normal subgroup isomorphic to PSL(2,7), PSL(2,8), A7, Ag or PSL(3,4). By
Proposition 2.2, A, has no subgroups isomorphic to PSL(2,8), Ag or PSL(3,4).
Therefore, N = PSL(2,7)% or A% If N = PSL(2,7)?, then N, = S3 x PSL(2,7)
or Z3 x PSL(2,7). Since N, <A,, we have A, has a normal subgroup isomorphic
to S3 x PSL(2,7) or Zs x PSL(2,7). This is impossible by Proposition 2.2.
If N = A2, then by Magma [3], A2 has no subgroup of index 28 or 56, a
contradiction.

Thus, n = 1 and N is a non-abelian simple group listed in Table 2.
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Table 2: Non-abelian simple groups of order dividing 227-3%.52.72

3-prime factor

4-prime factor

43

T Order T Order
PSL(2,7) | 23-3-7 Az 23.32.5.7
PSL(2,8) | 23-32.7 Asg 20.32.5.7
PSU(3,3) | 2°-33.7 Ag 26.34.5.7

A1 27.3%.52.7
Jo 27.33.52.7
PSL(2,49) | 24.3.5% . 72
PSL(3,4) | 26.32.5.7
PSp(6,2) | 2°-3%.5.7

Suppose that N = PSL(2,7). Then N, = Z3 or S3. Since N, < A,, we have
N, = Z3 and A, = Fy1 X Z3, Fyo X Z3 or Fyo X Zg. In this case, N is transitive on
V(X) and A = NA,. Since NNA, = Zs, we have that N x F5; < A and N x Fy;
is arc-transitive. Thus, A has a subgroup B = N x Z7; = PSL(2,7) x Z7, and B
is arc-transitive. However, B, = Z7 X Zs, this is impossible by Proposition 2.2.

Suppose that N = PSL(2,8), PSU(3,3), Ag, Ao, J2. Since |N : N,| = 28
or 56, we have a Sylow 3-subgroup of N, is also a Sylow 3-subgroup of N. By
Proposition 2.2, a Sylow 3-subgroup of A, is elementary abelian. However, by
Atlas [6], a Sylow 3-subgroup of N is not elementary abelian, a contradiction.

Suppose that N = A7, PSL(2,49) or PSp(6,2). Then by Atlas [6], N has no
subgroups of index 28 or 56, a contradiction.

Suppose that N = Ag. Then by Atlas [6], N, = Ag, (A5 X Z3) x Zy or Sg.
By Proposition 2.2, A, has no normal subgroup isomorphic to (As X Zs3) x Zs.
Thus N, = Ag or Sg. Since N, < A,, we have that A, = A7 X Ag, (A7 X Ag) X Zs
or S7 X Sg by Proposition 2.2. The normality of NV in A implies that A has an
arc-transitive subgroup B = N x Z7 and B, = Ag X Z7 or Sg X Z7. This is
impossible by Proposition 2.2.

Suppose that N = PSL(3,4). Then by Atlas [6], N, = Ag and N is transitive
on V(X). The similar argument as above, A has an arc-transitive subgroup
B =N xZ7 and B, = Ag X Z7. This is impossible by Proposition 2.2.

Subcase 2.3: Let p > 7. Then |N| ’227-34-52-7-19.

By [6, pp.12-14], [22, Theorem 2] and [13, Theorem A], a simple calculation
implies that 7" is isomorphic to the following groups listed in Table 3. Since
4p‘ |N| and p? does not divide the orders of the groups listed in Table 3, we
have n =1 and N is a non-abelian simple group.

Suppose that N = PSL(2,17), PSL(3,3), Mi2, PSU(3,8), 2F4(2)’, PSL(4,4),
A, PQ7(8,2), G2(4). Then |N : N,| = 4p or 8p. It follows that a sylow
3-subgroup of N, is also a Sylow 3-subgroup of N. By Atlas [6], a Sylow 3-



44 SONG-TAO GUO, YONG XU anp GUIYUN CHEN

Table 3: Non-abelian simple groups of order dividing 227-3%.5%.7-p

3-prime factor 4-prime factor 5-prime factor
T Order T Order T Order
PSL(2,17) | 27-37 .17 M, 27.3%.5.11 | PSL(2,2°%) 20.3%.5.7-13
PSL(3,3) | 2%-3%.13 Mi2 20.32.5.11 | PSL(2,29) 22.3.5.7-29
PSL(2,11) | 2*.3.5-11 PSL(2,41) 2%.3.5.7-41
PSL(2,19) | 2%2.3%.5.19 | PSL(2,71) | 2*-3%.5.7.71
PSL(2,16) | 2*-3-5-17 | PSL(2,449) | 25-3%.52.7.449
PSL(2,25) | 2°-3-5%.13 PSL(4,4) | 2'%.3*.5%.7.17
PSL(2,27) | 2%-3%.7-13 PSL(5,2) 210.32.5.7.31
PSL(2,31) | 2°-3-5-31 An 27.3%.5%.7.11
PSL(2,81) | 2*.3*.5.41 Moz 27.3%.5.7-11
PSp(4,4) | 28-3%-5%.17 | PQ(8,2) | 2'2.3*.5.7.17
PSU(3,4) | 25-3-5%-13 G2(4) 212.3%.52.7.13
PSU(3,8) | 28-3*-7-19
Sz(8) 20.5.7.13

Fy(2) | 2%-3%.5%.13

subgroup of N is not elementary abelian. However, a Sylow 3-subgroup of A,
is elementary abelian by Proposition 2.2, a contradiction.

Suppose that N = M;1, PSL(2,11), PSL(2, 19), PSL(2, 27), PSU(3,4), Sz(8),
PSL(2,25), PSL(2,29), PSL(2,41), PSL(2,71), PSL(2,449), May. Then by At-
las [6] and Magma [3], N has no subgroups of index 4p or 8p, a contradiction.

Suppose that N = PSL(2,16). Then by Atlas [6], N, = D3sg or As. Since

N, < A,, we have that A, has a normal subgroup isomorphic to D3y or As.
However, by Proposition 2.2, A, has no such normal subgroups, a contradiction.

Suppose that N = PSL(2,25). Then by Atlas [6], N, = Z2 x Z15. Clearly,
N, has a characteristic subgroup isomorphic to Z%. The normality of N, in A,
implies that A, has a normal subgroup isomorphic to Z2. This is impossible by
Proposition 2.2.

Suppose that N = PSL(2,81). Then |N,| = 2-3%.5 or 22.3*.5. By Atlas [6],
N, has a characteristic subgroup Z%. Since N, < A,, we have that A, has a
normal subgroup Z%. This is impossible by Proposition 2.2.

Suppose that N = PSp(4,4). Then by Atlas [6], N, = (As X As) X Za.
However, by Proposition 2.2, A, has no normal subgroup isomorphic to N,, a
contradiction.

Suppose that N = PSL(5,2). Then by Atlas [6], N, = Z3 x A;. Since
N, < A,, we have that A, has a normal subgroup isomorphic to Zg x A7. This
is impossible by Proposition 2.2.

Suppose that N = PSL(2,31). Then by Atlas [6], N, = As. This implies
that A, has a normal subgroup isomorphic to As. However, by Proposition 2.2,
this is impossible. O
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