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Abstract. The notions of join hesitant fuzzy filters and join hesitant fuzzy G-filters
in residuated lattices are introduced, and related properties are investigated. Charac-
terizations of join hesitant fuzzy filters and join hesitant fuzzy G-filters are discussed.
Conditions for a join hesitant fuzzy filter to be a join hesitant fuzzy G-filter are pro-
vided, and a new join hesitant fuzzy filter is construct by the given join hesitant fuzzy
filter.
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1. Introduction

Hesiatnt fuzzy sets, as another extension of fuzzy sets, have been proposed in
[16]. The motivation for introducing hesitant fuzzy sets is that it is sometimes
difficult to determine the membership of an element into a set and in some
circumstances this difficulty is caused by a doubt between a few different values.

As a non-classical logic system, residuated lattices are a formal and useful
tool for computer science to deal with uncertain and fuzzy information. In [20],
Zhu and Xu discussed filter theory of residuated lattices. Moreover, Jun et al.
applied the notion of hesitant fuzzy sets to MTL-algebras, BCK/BClI-algebras,
EQ-algebras and semigroups (see [4], [5], [6] and [7]). Also, Muhiuddin et al.
applied the notion of hesitant fuzzy sets to residuated lattices, lattice implication
algebras and BCK/BCl-algebras (see [8], [9], [10], [11], [12], [13] and [14]).

In this paper, we introduce join hesitant fuzzy filters and join hesitant fuzzy
G-filters in residuated lattices, and investigate their properties. We consider
characterizations of join hesitant fuzzy filters and join hesitant fuzzy G-filters.
We provide conditions for a join hesitant fuzzy filter to be a join hesitant fuzzy
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G-filter. Given a join hesitant fuzzy filter, we construct a new join hesitant
fuzzy filter.

2. Preliminaries

We display well-known results on residuated lattices and hesitant fuzzy sets. We
refer the reader to [1, 2, 3, 15, 16, 17, 18, 19] for further information regarding
residuated lattices and hesitant fuzzy sets.
A residuated lattice is an algebra £:=(L,V, A\, ®,—,0,1) of type (2,2,2,2,0,0)
such that
(1) (L,V,A,0,1) is a bounded lattice.
(2) (L,®,1) is a commutative monoid.

(3) ® and — form an adjoint pair, that is,

Ve,y,zeL)(xa<y—2z & 20y <z2).

In a residuated lattice £, the ordering < is defined as follows:
VeyeL)(z<y & zAy=2 & zVy=y & z—y=1)

and 2’ will be reserved for z — 0, and 2" = (2')’, etc. for all z € L.
In a residuated lattice L, the following properties are valid.

(2.1) loz=z,z2—>1=1, 2 >xz=1.

(2.2) O—z=1,z—(y—zx)=1

(2.3) r—=(y—=2)=@20y) »z2=y—(r— 2).
(2.4) r<y = z—orx<z—=oy y—>z<r— 2
(2.5) z—=y<(r—2z2) —(x—y).

(2.6) z—=y<(y—z)— (2 — ).

A nonempty subset F' of a residuated lattice £ is called a filter of L if it
satisfies the conditions:

(2.7) Vz,ye L)(z,ye F = zQyecF).
Ve,ye L)(x € F, <y = yeF).

A nonempty subset F' of L is called a G-filter of £ if it is a filter of £ that
satisfies the following condition:

(2.9) Vz,yeL)((z®@2x) myeF = z—yekF).
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Proposition 2.1 ([15]). A nonempty subset F' of a residuated lattice L is a
filter of L if and only if it satisfies:

(2.10) 1eF.
(2.11) VMreF)(WMyeLl)(x—y€eF = yekF).

Torra [16] defined hesitant fuzzy sets in terms of a function that returns a
set of membership values for each element in the domain.

Definition 2.2 ([16]). Let L be a reference set. Then we define hesitant fuzzy
set on L in terms of a function H that when applied to L returns a subset of
[0, 1].

For a hesitant fuzzy set H of £ and a subset 7 of [0,1], the T-exclusive set
of H is denoted by e(#;7), and is defined to be the set

e(H;r) :={x € L|H(zx) C7}.

3. Join hesitant fuzzy filters

In what follows, let £ denote a residuated lattice unless otherwise specified, and
we take L as a reference set.

Definition 3.1. A hesitant fuzzy set H of L is called a join hesitant fuzzy filter
of L if it satisfies:

(3.1) Ve,ye L) (z <y = zH D yH),
(Vz,ye L) (eHUyH 2D (x @ y)H) .

Proposition 3.2. Fvery join hesitant fuzzy filter H of L satisfies:

(3.3) (Vo € L) (zH D 1H).
(3.4) (Vz,y e L) (eHU(x — y)H D yH).

Proof. Let z,y € L. Since x < 1, we have 2H O 1H by (3.1). Since z ® (x —
y) <y, it follows from (3.2) and (3.1) that

THU(z = y)H D (2@ (x — y))H D yH.
This completes the proof. O

Lemma 3.3. If a hesitant fuzzy set H of L satisfies two conditions (3.3) and
(3.4), then

(3.5) (Ve,y,z€ L) (z<y—2 = aHUyH D zH),
(3.6) Vx,y,z€ L) (z®@y<z = sHUyH D zH).
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Proof. Assume that z <y — z for all z,y,z € L. Then z — (y — z) = 1, and

SO
THUyH = (eHUIH)UyH
=(@HU(x = (y = 2))H)UyH
DyHU(y — 2)H D zH.
Sincex <y—z & x®y <z, we know that (3.5) induces (3.6). O

We consider characterizations of join hesitant fuzzy filters.

Theorem 3.4. A hesitant fuzzy set H of L is a join hesitant fuzzy filter of L
if and only if it satisfies two conditions (3.3) and (3.4).

Proof. The necessity is from Proposition 3.2.
Conversely, let H be a hesitant fuzzy set of £ that satisfies (3.3) and (3.4).
Let  and y be elements of £ such that z <y. Then z — y = 1 and so

tH=a2HUIH=aHU(x—y)H 2 yH.

Since z®y < z®y for all x,y € L, it follows from (3.6) that tHUyH O (z@y)H
for all x,y € L. Therefore H is a join hesitant fuzzy filter of L. O

Theorem 3.5. A hesitant fuzzy set H of L is a join hesitant fuzzy filter of L
if and only if it satisfies the condition (3.5).

Proof. The necessity is from Lemma 3.3 and Theorem 3.4.
Conversely let H be a hesitant fuzzy set of £ satisfying (3.5). Since

r<x—1andax —-y<z—>y,
for all z,y € L, it follows from (3.5) that
gH=asHUzH DO 1Hand 2H U (x = y)H D yH
for all z,y € L. Hence H is a join hesitant fuzzy filter of £ by Theorem 3.4. [

Proposition 3.6. Every join hesitant fuzzy filter H of L satisfies the following
condition:

(3.7) (Vz,y,z€ L) ((z = (y = 2)HU(x = y)H D (z — (x — 2))H) .
Proof. Let z,y,z € L. Using (2.3) and (2.5), we have
r=>yY—2)=y—(r—2)<(r—y) = (- (z—2).
It follows from Theorem 3.5 that
(x—=(y—2)HU(x—=y9)H D (x— (z— 2))H.

This completes the proof. O
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Theorem 3.7. A hesitant fuzzy set H of L is a join hesitant fuzzy filter of L
if and only if H satisfies the condition (3.3) and

(3.8) (Vz,y,z€ L) ((z = (y = 2))HUYyH D (x — 2)H).

Proof. Assume that H is a join hesitant fuzzy filter of £. Then the condition
(3.3) is valid. Using (3.4) and (2.3), we have

(= 2)HCyHU(y — (x — 2))H
=yHU(z— (y = 2)H

for all z,y,z € L.
Conversely, let ‘H be a hesitant fuzzy set of L satisfying (3.3) and (3.8).
Taking z := 1 in (3.8) and using (2.1), we have

H=(1—=2HC (1= (y—=2)HUyH
=(y—2)HUyH

for all y,z € L. Thus H is a join hesitant fuzzy filter of £ by Theorem 3.4. [

Proposition 3.8. Every join hesitant fuzzy filter H of L satisfies the following
condition:

(3.9) (Va,z € L) (aH 2 ((a = z) = x)H).
Proof. If we take y := (a — ) — z and = := a in (3.4), then

((a—=2)—=2)HCaHU(a— ((a—z) = x))H
=aHU ((a = x) = (a—z)H
=aHU1IH = aH.

This completes the proof. O

Theorem 3.9. A hesitant fuzzy set H of L is a join hesitant fuzzy filter of L
if and only if it satisfies the following conditions:

(3.10) (Vz,y e L) (xH D (y = x)H),
(3.11) (Vz,a,b € L) (aHUDH D ((a— (b—z)) = z)H).

Proof. Assume that # is a join hesitant fuzzy filter of £. Using (3.4), (2.3),
(2.1) and (3.3), we have

(y=>)HCaHU(xz = (y = a)H=aoHUIH =zH,

for all z,y € L.
Using (3.8) and (3.9), we get

((a=b—=2)—=2)HC((a=>b—2) = (b—=z)HUDH CaHUH,
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for all a,b,x € L.

Conversely, let H be a hesitant fuzzy set of £ satisfying two conditions (3.10)
and (3.11). If we take y := x in (3.10), then 2H O (z — x)H = 1H for allx € L.
Using (3.11) induces

yH=1—=yH=(((z—y) = (@—y) 2> yHC(z—>y)HUIH,

for all x,y € L. Therefore H is a join hesitant fuzzy filter of £ by Theorem
3.4. O

Theorem 3.10. A hesitant fuzzy set H of L is a join hesitant fuzzy filter of L if
and only if the nonempty T-exclusive set of H is a filter of L for all T € P([0,1]).

Proof. Assume that H is a join hesitant fuzzy filter of £ and let 7 € P([0,1])
be such that e(H;7) # 0. Let z,y € L be such that x € e(H;7) and x — y €
e(H;7). Then 7 D o2H and 7 O (z — y)H. It follows from (3.3) and (3.4)
that 1 C oH C 7 and yH C 2H U (z — y)H C 7. Hence 1 € e(H;7) and
y € e(H; 1), and therefore e(H;7) is a filter of £ by Proposition 2.1.

Conversely, suppose that e(H;7) is a filter of £ for all 7 € P([0,1])
e(H;7) # 0. For any € L, let 2H = 6. Then = € e(H;0) and e(H;0) is a
filter of £. Hence 1 € e(H;d) and so xH = 6 2O 1H. For any z,y € L, le
2H =6, and (x = y)H = d5—y. If we take 6§ = 6, U d,y—sy, then x € e(H;0) and
x — y € e(H;0) which imply that y € e(H;d). Thus

THU (x = y)H =0, Uy =6 D yH.
Therefore H is a join hesitant fuzzy filter of £ by Theorem 3.4. O

-+

Theorem 3.11. For a hesitant fuzzy set H of L, let H* be a hesitant fuzzy set
of L which is given as follows:

xH, if ze€e(H;T),
[0,1], otherwise,

H*: L — P([0,1]), z — {

where T € P([0,1]) with 7 # [0,1]. If H is a join hesitant fuzzy filter of L, then
so is H*.

Proof. Suppose that H is a join hesitant fuzzy filter of £. Then e(H;7) is
a filter of £ for all 7 € P([0,1]) with e(H;7) # 0 by Theorem 3.10. Thus
1 €e(H;7), and so 1H* = 1H C aH C aH* for all z € L. Let z,y € L. If
x €e(H;7)and v -y € e(H;7), then y € e(H; 7). Hence

TH U (z = y)H =aHU(x = y)H DO yH =yH".

If z ¢ e(H;7) or © — y ¢ e(H;7), then 2H* = [0,1] or (z — y)H* = [0,1].
Thus

gH* U (z — y)H* =1[0,1] D yH™.

Therefore H* is a join hesitant fuzzy filter of L. O
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Theorem 3.12. If H is a join hesitant fuzzy filter of L, then the set
Lo={x€L|aHDaH}
is a filter of L for every a € L.

Proof. Since 1'H C aH for all a € L, we have 1 € L,. Let z,y € L be such that
x € Lyand x — y € L,. Then 2H C aH and (z — y)H C aH. Since H is a join
hesitant fuzzy filter of L, it follows from (3.4) that

aH2DazHU(z —y)H 2D yH
so that y € L,. Hence L, is a filter of £ by Proposition 2.1. O
Theorem 3.13. Let a € L and let H be a hesitant fuzzy set of L. Then
(1) If L, is a filter of L, then H satisfies the following condition:

(3.12) (Ma,z,ye L)(aH D aHU(x = y)H = aH D yH).

(2) If H satisfies (3.3) and (3.12), then L, is a filter of L.

Proof. (1) Assume that £, is a filter of L. Let x and y be elements of £ such
that
aH D zHU(z— y)H.

Then x — y € L, and x € L,. Using (2.11), we have y € L, and so aH D yH.
(2) Suppose that H satisfies (3.3) and (3.12). Then 1 € £, by (3.3). Let =
and y be elements of £ such that z € £, and x — y € L,. Then aH D xH and
at O (z — y)H, which imply that aH O 2H U (z — y)H. Thus aH O yH by
(3.12), and so y € L,. Therefore L, is a filter of £ by Proposition 2.1. O

4. Join hesitant fuzzy G-filters

Definition 4.1. A hesitant fuzzy set H of L is called a join hesitant fuzzy
G-filter of L if it is a join hesitant fuzzy filter of £ such that

(4.1) Vz,ye L) ((z@z) > y)H 2 (x = y)H).
Note that the condition (4.1) is equivalent to the following condition:
(4.2) Vz,ye L)((x = (x = y)H 2D (x = y)H).
Example 4.2. Let L := [0,1] (unit interval). For any a,b € L, define
a Vb= max{a,b}, a Ab=min{a,b},

1, ifa<b
a—)bz{’ BA=Y and a ® b = min{a, b}.

b, otherwise,
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Then £ := (L,V,\,®,—,0,1) is a residuated lattice. Let H be a hesitant fuzzy
set of £ defined by

0,1], if xe[3,1
HiL—P(0,1]), o 4 2k T eelzll

[0,1], otherwise.
Then H is a join hesitant fuzzy G-filter of L.

Theorem 4.3. Let H be a hesitant fuzzy set of L. Then H is a join hesitant
fuzzy G-filter of L if and only if it is a join hesitant fuzzy filter of L that satisfies
the following condition:

(4.3) (Vz,y,z€ L) ((z = (y = 2)HU(x = y)H 2 (x = 2)H).

Proof. Assume that H is a join hesitant fuzzy G-filter of £. Then H is a
join hesitant fuzzy filter of £. Note that z < 1 = (z — y) = (x — y),
and thus z — y < z — (¢ — y) for all z,y € L. It follows from (3.1) that
(x = y)H 2 (x — (z — y))H. Combining this and (4.2), we have

(4.4) (r = y)H=(x— (r = y))H,
for all x,y € L. Using (3.7) and (4.4), we have
(= (y—2)HU(x—y)H 2D (x— 2)H,

for all z,y,z € L.
Conversely, let H be a join hesitant fuzzy filter of £ that satisfies the condi-
tion (4.3). If we put y = x and z = y in (4.3) and use (2.1) and (3.3), then

(x—=yYHC(x—= (z—>y)HU(zx = 2)H
=(x—(r—y)HUIH
= (z = (z = y)H,

for all z,y € L. Therefore H is a join hesitant fuzzy G-filter of L. O

Theorem 4.4. Let H be a hesitant fuzzy set of L that satisfies the condition
(3.3) and

(4.5) (Vx,y,z€ L) (eHU((y = 2) = (x = y)H D yH).
Then H is a join hesitant fuzzy G-filter of L.
Proof. If we take z := 1 in (4.5) and use (2.1), then

THU @z -y H=aoHU(l - (z —>y)H
=2HU((y—=1) = (z = y)H
2 yH.
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Hence H is a join hesitant fuzzy filter of £ by Theorem 3.4. Let x,y,z € L.
Since
r—=(y—=2)<(x—=y) — (r—(zr—2)

by (2.3), (2.4) and (2.5), we have
by (3.1). It follows that

(z—=yHU@E—=(y—=2)HO2(x—=y)HU(z—=y) — (z— (z—2)H
r— (x—2)H

( —2z2) = (v —2)H
(x—=2)—=2) = 1= (x—=2)H

Therefore H is a join hesitant fuzzy G-filter of £ by Theorem 4.3. O

The following example shows that any join hesitant fuzzy G-filter may not
satisfy the condition (4.5).

Example 4.5. The join hesitant fuzzy G-filter H of £ in Example 4.2 does not
satisfy the condition (4.5) since

U b > G M= U= BU=

Proposition 4.6. For a join hesitant fuzzy filter H of L, the condition (4.5) is
equivalent to the following condition.

(4.6) Ve,ye L) (((x = y) > 2)H D aH).

Proof. Assume that the condition (4.5) is valid. It follows from (3.3) and (2.1)
that

((z—=y) w2 H=1THU((z = y) » z)H
=1HU((z—=y) = (1—=2)H
DaH

for all x,y € L.

Conversely, suppose that the condition (4.6) is valid. It follows from (2.3)
and (3.4) that

THU((y—2) = (= y))H=aHU@x = (y—=2) = y)H
2((y—=2) = yH2yH

for all x,y € L. O
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Combining Theorem 4.4 and Proposition 4.6, we have the following result.

Theorem 4.7. Every join hesitant fuzzy filter satisfying the condition (4.6) is
a join hesitant fuzzy G-filter.

Proposition 4.8. Fvery join hesitant fuzzy filter H of L with the condition
(4.5) satisfies the following condition.

(4.7) Vz,ye L) ((x = y) = y)H 2 ((y > x) = x)H).

Proof. Let H be a join hesitant fuzzy filter of £ that satisfies the condition
(4.5) and let z,y € L. Sincez — ((y » z) »2)=(y »z) = (x = z) = (y —
x) - 1=1,thatis, z < (y — z) — =z, we have ((y > z) > 2) >y <x —y by
(2.4). It follows from (2.6), (2.3) and (2.4) that

=y 2y<(y—z)—=(z -2y —2)
=(z =y > (y—2)—>2)
<(((y—=a)=a)—=y) = (y—2) =)
Using (3.1), (3.3), (2.1), (2.3) and (4.5), we have
(=y)=H2(y > 2)=2)—=y) = (y—2) = 2)H
=1THU(1 = (((y—=2) = 2)=y) = ((y—=2) = 2)H
=1HU((((y = 2) = 2) 2 y) = 1= ((y—=2) > 2)H
Hence the condition (4.7) is valid. O

Corollary 4.9. Every join hesitant fuzzy filter H of L with the condition (4.6)
satisfies the condition (4.7).

Proposition 4.10. Every join hesitant fuzzy G-filter H of L with the condition
(4.7) satisfies the condition (4.5).

Proof. Let H be a join hesitant fuzzy G-filter of £ that satisfies the condition
(4.7). For any x,y, z € L, we have

HU((x = y) — (2= x)H

I
N
X
C

=
1

v v 1

by (2.3), (3.4), (2.6), (3.1), (4.2) and (4.7

(r—=y) szrz<y—z<z—(y—a),
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it follows from (3.1) that ((z — y) — 2)H 2 (2 = (y — x))H and so from (3.4)
that

ZHU ((x = y) = (2 = x)H

Therefore
HU((z—=y) > z—=2)HD(y—=2)HU((y > x) = 2)H 2 2H.

Hence the condition (4.5) is valid. O

Theorem 4.11. Let H be a join hesitant fuzzy filter of L. Then H is a join
hesitant fuzzy G-filter of L if and only if the following condition holds:

(4.8) Vzel)((z = (z®x)H=1H).

Proof. Suppose that #H is a join hesitant fuzzy G-filter of L. Since x — (z —
(r@z))=1forall z € L, we have (r — (xr = (x®x)))H = 1H. Tt follows from
(4.3) and (2.1) that

(= (xzRz))HC(x = (= (z@2)HU(x = 2)H =1H

and so from (3.3) that (z = (z®z))H = 1H for all z € L.
Conversely, let H be a join hesitant fuzzy filter of £ which satisfies the
condition (4.8) and let z,y € L. Since

r=(x—oy)=@z)sy<(z—=>(zx) = (r—y)
by (2.3) and (2.5), it follows from (3.1) that
(= (x=yY)H2(z—= (z®2)) = (xr = y))H.

Hence, we have

by using (3.4), (4.8) and (3.3). Hence H is a join hesitant fuzzy G-filter of £. [

Theorem 4.12. A hesitant fuzzy set H of L is a join hesitant fuzzy G-filter of
L if and only if it is a join hesitant fuzzy filter of L with an additional condition:

(4.9) Vz,ye L) ((zx my)H=(x— (x = y))H).
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Proof. Suppose that H is a join hesitant fuzzy G-filter of £. Then H is a join
hesitant fuzzy filter of £. Let z,y € L. Since x — y < x — (x — y), we have

(x—=>y9Y)H2D(x— (= y)H

by (3.1). Hence (z — y)H = (z — (z — y))H by using (4.2).
Conversely, let H be a join hesitant fuzzy filter of £ with the condition (4.9).
It follows from Proposition 3.6 that

(= (y—=2)HU(x—=yHD2(x— (zr—2)H=(—2)H

for all z,y, z € L. Therefore H is a join hesitant fuzzy G-filter of £ by Theorem
4.3. O

Proposition 4.13. FEvery join hesitant fuzzy G-filter H of L satisfies the fol-
lowing conditions:

(4.10) (Ve,y,z€ L) ((z = (y = 2))HD ((x = y) = (z — 2))H).
(4.11) Vr,y,ze L) ((x = (y—=2)H=((x—=y) = (r = 2)H).

Proof. Let H be a join hesitant fuzzy G-filter of £. Using (2.3), (4.3), (2.5)
and (3.3), we have

(x—=y)—=(z—=2)H=(— ((r=y) = 2)H
Cl—=—=2)HU@E—=((y—2) = (z—y) —2)H
== Y—=22)HU(y—2) = (= y)— (= 2)H
=(x—>(y—2)HUIH
=(r— (y—2)H

for all z,y,z € L. Thus (4.10) holds. Since (z = y) = (x = 2) <z — (y — 2)
for all z,y,z € L, it follows from (3.1) that ((z — y) — (z — 2))H 2 (v —
(y — z))H and so that

(= y—=2)H=(x—y) — (r = 2)H
for all x,y,z € L by using (4.10). O

Proposition 4.14. Assume that L satisfies the divisibility, that is, T Ny =
x®(x —y) forallx,y € L. If H is a join hesitant fuzzy G-filter of L satisfying
(4.11), then the following equality is true.

(4.12) Vz,y,z€ L) (z®@y) = 2)H =((x ANy) = 2)H).
Proof. Using the divisibility and (2.3), we have

(zhy) = z=(2(@x—y)—oz=(—y) = (x—2)
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for all z,y,z € L. O

Theorem 4.15. Let L satisfy the divisibility, that is, t Ny = x ® (x — y) for
all z,y € L. Then every join hesitant fuzzy filter H of L satisfying the condition
(4.12) is a join hesitant fuzzy G-filter of L.

Proof. Using Proposition 3.6, (2.3) and (4.12), we have

(= (y—=2)HU(@x—=y9)H 2D (x— (z—=2)H
=((z@z)=m2H=((xANz) = 2)H=(x— 2)H

for all z,y, z € L. Therefore H is a join hesitant fuzzy G-filter of £ by Theorem
4.3. O

Theorem 4.16. Let H and G be join hesitant fuzzy filters of L such that 1H =
1G and H 2 G, i.e., xH D xG for allx € L. If H is a join hesitant fuzzy G-filter
of L, then so is G.

Proof. Assume that # is a join hesitant fuzzy G-filter of £. Using (2.3) and
(2.1), we have

@2 ((@=@=oy)2y))=@2(@=2y) =@ (=y)=1

for all z,y € L. Thus

N

(z = ((z = (r=y) = y)9 = ((z = (z =) = y)H

by hypotheses and (4.4), and so
(= ((z = (z—>y) 2y)g=1g

for all ,y € L by (3.3). Since G is a join hesitant fuzzy filter of L, it follows
from (3.4), (2.3) and (3.3) that

GU((z = (z—y)) = (z—y))G
GU(x— (= (= y) = y)g
Gu

for all z,y € L. Therefore G is a join hesitant fuzzy G-filter of L. O
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