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Abstract. In connection with the theory of (m,¢)-isometries mappings on metric
spaces ([3]) and the theory of m-quaternion-valued G-isometric mappings ([1]), we intro-
duce the concept of (m, co)-generalized isometric mappings on a generalized real-valued
metric space. We present some essential properties of these classes of mappings.
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1. Introduction and preliminaries results

In [9] and [10], the authors Mustafa and Sims introduced the concept of gen-
eralized metric spaces , which are called a real G-metric spaces as general-
ization of metric space (E,dgr). A generalization of real metric and G-metric
spaces to complex-valued metric space (F,dc) and to complex-valued G-metric
space (E,Gc) has been presented by many authors in the last years in papers
[2], [4], [5], [8] and [12]. Very recently, in paper [1] the present author introduced
and study the concept of quaternion-valued G-metric spaces (E, Gg).

Definition 1.1 (][9], [10]). Let E be an non-empty set and let Gg : EXEXE —
R4 =0, o0) be a function satisfying the following conditions

(1) Gr(u,v,w) =0 if u=v = w;

(2) 0 < Gr(u,u,v) for all u,v € E with u # v;

(3) Gr(u,u,v) < Gr(u,v,w) for all u,v,w € E with v # w;

(4) Gr(u,v,w) = Gr(u,w,v) = Gr(v,w,u) = ... (symmetry in all three
variables);

(5) Gr(u,v,w) < Gr(u,a,a) + Gr(a,v,w), for all u,v,w,a € E (rectangle
inequality).

Then the function Gr s called a real-valued generalized metric or, more
specifically, a G-metric on E and the pair (E,Gr) is called a real G-metric
space.

Based on this notion, many fixed point results under different conditions
have been obtained for a variety of mappings in this new setting.
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A G-metric space (E, Gr) is called symmetric G-metric space if Gg (u,v,v) =
Gr(u,u,v), for all u,v € E. For k=1,...,d , let (Ek,G]IfQ{) be G-metric spaces
and let £ = F7 X EFy X ... X Ey, then natural definitions for G-metrics on the
product space E would be

GR (u,v,w) = Gp((ut,...,uq), (vi,...,vq), (Wi,...,wq))
= Gk
ke?i??id}{ R (e, Uk, W) }
or
Gr(u,v,w) = Gr((u1,...,uq), (v1,...,0q), (w1,...,w4)
d
= ) GR(ug, vk, wi))
k=1
for all u = (u1,...,uq),v = (v1,...,09),w = (wy,...,wy) € E.

It was observed in [10] that in general (F, Gg') and (E, G§) are not G-
metrics spaces. However, it was proved that (E, Gg') (resp.(E, Gg)) is a
symmetric G-metric space if and only if each (FE, Gﬁ%) is a symmetric G-metric
space for k=1,...,d.

The set of real quaternions, denoted by H, is defined by

H := {ap + a1i + azj + azk, ao, a1, a2, a3 € R},

where 2 = j2 = k? = ijk = —1, ij = k,jk = i, ki = j. Note that ij =
—ji, tk = —ki, jk = —kj and there is an operation on H called quaternionic
conjugation which is defined by

(ap + a1i + asj + ask) = ag — a1i — azj — ask.

Every element of H has an additive inverse — if ¢ = ag+aii+asj+ask € H then
—q = (—ao) + (—a1)i+ (—a2)j + (—a3)k € H. For all ¢ € H, Re(q) := (¢ +7)
is the real part of ¢ and I'm(q) := %(q —q) is the imaginary part of q.

The sum of ¢1 = ag + a1i + asj + ask and go = bg + b1i + boj + bsk is defined
as

@1+ q2 = (ao+bo) + (a1 + b1)i + (az + b2)j + (as + bs)k € H.

We refer the reader to the paper [11] for more details.
In [6] the authors have considered a partial order on H as follows:

q1 < ¢2 if and only if Re(q1) < Re(g2),

Img(q1) < Ims(q2), 1,92 € H; s =i, 5, k;

where I'm;(qr) = a1r, Im;(q-) = azr, Imp(qr) = as,,
Gr = Gor + Q1,0 + qorJ + asck, r=1,2.

Following the partial order defined on H, the present author has been appar-
ently the first one introduce the notion of generalized quaternion metric space.
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Definition 1.2 ([1]). Let E be an non-empty set and let Gy : Ex Ex E —H
be a function satisfying the following conditions:

(1) Ga(u,v,w) =0y if u=v=w;

(2) O < Gu(u,u,v) for all u,v € E with u # v;

(3) Gu(u,u,v) < Ga(u,v,w) for all u,v,w € E with v # w;

(4) Gu(u,v,w) = Ga(u,w,v) = Ga(v,w,u) = ... (symmetry in all three
variables);

(5) Gu(u,v,w) < Gua(u,a,a)+Gu(a,v,w), (for allu,v,w,a € E, (rectangle
inequality).

Then the function Gy is called a quaternion-valued generalized metric or,
more specifically, a quaternion-valued Gg-metric on E and the pair (E,Gy) is
called a quaternion-valued G-metric space.

In the paper [3], Bermudez, Martinén and Miiller introduced the notion of
(m, q)-isometry for maps on a real-valued metric space (E,dgr). A map S: E —
E is called an (m, q)-isometric mapping for positive integer m > 1 and for real
g > 0, if it satisfies

D (=t (Z’Z) d(S§*u, S*)1 =0, ¥ u,v € E.
k=0

Definition 1.3 ([1]). (i) Let (F,Gr) be a real-valued G-metric space. A map
S : E — F is called an (m, q)-G-isometry for some positive integer m and ¢ > 0
if, for all u,v,w € £

m

S (- (:'f) Gr(S"u, v, §Tw)? = 0,

r=0

(ii) Let (E,Gu) be a quaternion-valued G-metric space. A map S : E — E is
called an m-quaternion-valued G-isometric map for some positive integer m if,
for all u,v,w € FE

m

S (- (T) Gr(S™u, S™v, S"w) = Og.
r=0

In the following, we collect some properties of (m, ¢)-G-isometric mappings.
The proof of the following theorem is very similar to ([1], Proposition 3.1,
Theorem 3.1, Theorem 3.3) we omit it.

Theorem 1.1. Let (E, Gr) be a real-valued G-metric space and let S : E — FE
be an mapping. The following statements hold:

(1) if S is an (m, q)-G-isometry, then S is an (n,q)-G-isometry for all pos-
itive integer n > m.

(2) if S invertible (m, q)-G-isometry, then S~ is an (m, q)-G-isometry.

(3) if S is an (m,q)-G-isometry, then T™ is an (m,q)-G-isometry for all
n=12,...,.
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Theorem 1.2. Let (X, GRr) be a real-valued G-metric space and S,R: E — FE
be a maps such that RS = SR. If S is an (m,q)-G-isometry and R is an
(n,q)-G-isometry, then SR is an (m +n — 1,q)-G-isometry.

The proof of this theorem is very similar to ([1], Theorem 3.4).
For mare details about the concept of m-quaternion valued G-isometries, the
reader can refer to [1].

2. (m, o0)-G-isometric mappings in generalized real metric space

In this section, we present the definition of (m, 00)-G-isometric mapping on a
real-valued metric spaces and give the main results of this topic. Similar results
for (m, co)-isometric operators on Banach space were proved by P. Hoffmann et
al. in [7].

Let S : E — E be an (m, q)-G-isometric mapping. It obvious that for all
u,v,w €k

> (=nmk <”]§> Gr(S*u, S*v, Skw)? = 0
k=0

s Y ( > S*u, S%v, SFw)t = 3 @)GR(S%,S%,S%)‘I
kc{0,...,m}
<TIZ> Fu Skv,Skw)q> ’

k even
) Fu, Skv, SFw)e ) .

o g<
By taking the limit as ¢ — oo, we make the following definition of an (m, co)-
G-isometric mapping.

ke{0,..
k even

kG{O, .,m}
k odd

Definition 2.1. Let m be a positive integer m > 1. An mapping S acting on a
generalized real-valued metric space (E,GR) is called an (m, 00)-G-isometry (or
(m, 00)-generalized isometry) if for all u,v,w € E

max {Ggr(S7u,Sv,S%w)} = max {Gr(S’u, v, S w)}.
je{0....,m} J€{0,....m}
(j even) (4 odd)

Remark 2.1. (i) Every (1, 00)-G-isometric mapping S is an G-isometric map-
ping i.e.,S satisfies

Gr(Su, Sv, Sw) = Gr(u,v,w) for all u,v,w € E.
(ii) An mapping S : E — F is an (2, 00)-G-isometric mapping if and only if
Gr(Su, Sv, Sw) = max{Ggr(S%u, S*v, S*w), Gg(u,v,w)}, Y u,v,w € E.
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(iii) An mapping S : E — E is an (3, 00)-G-isometric mapping if and only if

max{Gg(Su, Sv, Sw), Gr(S%u, S3v, S3w)}
= max{Ggr(5%u, S%v, S?w), Gr(u,v,w)}, Y u,v,w € E.

Example 2.1. Let £ = R and let Gg be the G-metric on F x E x E defined
as follows
Gr(u,v,w) = lu—v|+|v —w| + |u —w|.

Define a map S : E — E by Su = u + 2. Clearly we have S*u = u + 2k for
all k € N. From which we get Gr(S*u, S¥v, S¥w) = |u — v| + |v — w| + |u — w|.
Consequently,

max {Gr(S7u, v, S'w)} = max {Gr(Su,Sv, STw)}.
je{0....,m} 7€{0,...,m}
(j even) (j odd)

So, we have that S is an (m, 00)-G-isometric mapping.

Proposition 2.1. An mapping S acting on a real valued G-metric space E is
an (m, oo)-G-isometric if and only if Yu,v,w € E,VI € Ny

max {Gr(Su,S7v, S%w)} = max {Gr(Su, v, STw)}.
jE({L---JJr;n} je{(l.,---,(li:gm}
j even j o

Proof. For | € Ny, substituting Su, S'v and S'w for u,v and w in Definition
2.1 ,we obtained the desired characterizations. O

Lemma 2.1 ([7]). For all k € Ny let w(k) = kmod 2 denote the parity of k. Let
further m € N and a = (ax)ken C R. The following are equivalent:
(1) a satisfies

max ap = max ag, VI€ENy.
ke{l,...m+1} ke{l,....m+1}
k even k odd

(2) a attains a maximum and
max(ay) = max (ar), V1€ Np.

keNo kefl,...m+1}
w(k)=m(m—1+1)

Corollary 2.1. Let S : E — E be an mapping on a G-metric space E and m €
N. Then S is an (m,c0)-G-isometric mapping if and only if, for all u,v,w € E

max{Gg(S*u, S*v, S*w)} = max {Gr(S*u, S*v, S*w)}, Vj € N.
m(k)=m(m—1+7

Proof. The proof in an immediate consequence of Lemma 2.1. O
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Corollary 2.2. Let S : E — E be an mapping on a G-metric space E such is
an (m, 00)-G-isometric. Then for all n € Ny

Gr(S"u, S"v, S"w) < . {Omax 1}{GR(Sku,Sku,Skw)},V u,v,w, € E.
€10,....,m—

Proof. From Corollary 2.1, we have

max{Ggr(S*u, S*u, S*w)} = max {Gr(S*u, S*v,, S*w)},
7 (k)=m(m—1+j)
Vu,v,we FE, VjeN.
This gives that maxgen, {Gr(S*u, S*v, S¥w)} < oo. Further, we see that for all
n € Ny

Gr(S"u, S"v,S"w)} < maX{GR(Sku, SFv, SFw)}

< ko, Sk E.
< 0<Ikn<a%< 1{GR( Fu, Skv, S*w)}, ¥ u, v, w €

O
Theorem 2.1. Let S be an (m, 00)-G-isometry on a real-valued G-metric space
(E,GRr) such that (E,Ggr) is symmetric. Then there exists a real-valued G-

metric Gy on E such that S is an G-isometry on (E,Gy°). Moreover G° is
given by

Gy (u,v,w) = ke{O ax 1{GR( u,Skv,Skw)}, YV u,v,w € F.

Proof. By the assumption that S is an (m, c0)-G-isometry, we have by Corol-
lary 2.2 that

max{Gg(S*u, S*v, S*w)} = max {Gr(S*u, S*v, S*w)}, Yu,v,w € E.
keNp ke{0,....m—1}

Define the map Gg° : E x E x E — R by
Gy (u,v,w) = . max 1}{GR(Sku, Sku, S¥w)Y, Yu,,v,w € E.

A simple calculation shows that the map G satisfies the conditions (1)-(5) of
Definition 1.1. Hence GF’ is a real-valued G-metric on E. Furthermore we have

Gy (u,v,w) = ke{oma;i_l}{GR(Sku, SFv, SFw)t
= max{Gr(S*u, S*v, S*w)}
keN

= ma {GR( Fu, Skv, S*w)}, Y u,v,w € E, V j € N.
ke{j,.. ,m 145}

Consequently, G§°(u, v, w) = G (Su, Sv, Sw). So, S is an isometry on (E, G)
and the proof is complete. O
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Proposition 2.2. Let S : E — E be an mapping and m € Nym > 2. If S
satisfies the following conditions.
(i) Gr(S™u, S™v, S™w) = Gr(S™ tu, S™ v, S™tw), for all u,v,w € E.
(ii) Gr(S™u, S™v, S™w) > Ggr(S*u, S*v, SFw) for k =0, ..., m — 2, for all
u,v,w, € F, then S is an (m, 00)-G-isometry.

Proof. By the assumptions (i) and (ii), we have for all u,v,w € E,
Gr(S™, S™v, S™w) = Gr(S™ tu, S™ v, S Lw)
and
Gr(S™u, S™v, S™w) > Gr(S*u, S*v, S*w),k =0....,m — 2.
From which we conclude that

max {Ggr(S*u, S*v, S¥w)} = max {Gr(S*u, S*v, SFw)}.

ke{0,...,m} ke{0,...,m}
k even k odd
This implies that S is an (m, 00)-G-isometry by Definition 2.1. O

The following lemma gives a characterization of (2, 00)-G-isometric mapping
on a real-valued G-metric space.

Lemma 2.2. Let S : E — E be an mapping on a G-metric space . Then S is
an (2,00)-G-isometric mapping if and only if S satisfies the following conditions

2.1) Gr(S?u, S?v, S*w) = Gr(Su, Sv, Sw), ¥V u,v,w € E,
. Gr(S?u, S?v, S*w) > Gr(u,v,w), V u,v,w € E.

Proof. Firstly, assume that S is an (2, 00)-G-isometry, then we have for all
u,v,w € F,

Gr(Su, Sv, Sw) = max{Gg(S%u, S%v, S*w), Gg (u, v, w)}
and it follows that for all u,v,w € K
Ga(Su, Sv, Sw) > Ga(u, v, v)

and
Gr(Su, Sv, Sw) > Gr(5%u, S%v, S*w).

Replacing v — Su, v — Sv and w — Sw we obtain that
Gr(S?u, S*v, S*w) = max{Gr(Su, Sv, Sw), Gr(S>u, $3v, S3w)}, Yu,v,w € E.
Thus, for all u,v,w € E

Gr(S%u, S*v, S*w) > GrSu, Sv, Sw).
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So,
Gr(S%u, S*v, S*w) = Gr(Su, Sv, Sw) > Gr(u,v,w), Y u,v,w € E.

This gives (2.1).

Conversely assume that S satisfies (2.1) in this case we have that S is an
(2, 00)-G-isometry by Proposition 2.2. O
Theorem 2.2. Let S: E — E be an mapping on a G-metric space E. If S is
an (2,00)-G-isometric mapping, then S™ is an (2,00)-G-isometric mapping.

Proof. Let S be an (2, 00)-isometric mapping. We need to prove that S™ is an
(2, 00)-G-isometric mapping for all positive integer n. By Lemma 2.2 it suffices
to show that

Gr(5%"u, S*™v, S*"w) = Gr(S"u, S™v, S"w) > Gg(u,v,w), ¥ u,v,w € E.
Firstly, we prove by mathematical induction on n that
Gr(5%"u, S*"v, S*"w) = Gr(S"u, S"v, S"w), V u,v,w € E.

For n =1 it is true since S is an (2, 00)-G-isometry. Assume that this equality
is true for n and prove it for n + 1. In fact, we have

GR(S2TL+2U, S2n+11}7 52n+2w) _ GR(Sznbﬂu? 5277,3212’ ’ SQnsQ,U)
= Ggr(S"S%u, S"S%v, S"S%w)
= Ggr(S"u, Sy, S"Mw), ¥V u,v,w € E.
Thus by induction, we proved that G (S5%"u, S*"v, S*"w) = Ggr(S™u, S™v, , S"w),
Yu,v,w € F holds for alln =1,2....
It remains to show that for all u,v,w € E : Gg(S™u, S™v, S"w) > Gr(u,v,w, ),
foralln=1,2,....
Indeed, since Gg(Su, Sv, Sw) > Gr(u,v,w, ),Vu,v,w € E, we have by using
the same inequality that for all u,v,w € F
Gr(S™u, S"v, S"w) = Gr(SS™ 1u, SS" 1v, $S" 1w)
R(Sn 1u S 11) gn— 1 )
(
(

v

r(SS™" 2u, S8 %v, 5" 2w)
Sn 2 ,Sn Q’U,Sn 2’[0)

I
QO Q

R

r(Su, Sv, Sw)

r(u, v, w).

(AVAR AVARAVARLVS
QO

By induction on n it follows that
Gr(5%"u, S*"v, , S*"w) = Gr(S"u, S"v, S"w) > Gg(u,v,w), ¥V u,v,w € E.
Thus S™ is an (2, 00)-G-isometry. O
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Theorem 2.3. Let T and S are two mappings acting on a G-metric space
T,S:E — E such that TS = ST. If T is an (m, c0)-G-isometry and S is an
(2, 00)-G-isometry, then T'S is an (m, c0)-G-isometry.

Proof. Firstly, assume that 7" and S are both (2, c0)-G-isometry.
Since S is an (2, 00)-G-isometry, we have by Lemma 2.2

Gr(S%u, S*v, S*w) = Gr(Su, Sv, Sw) > Gg(u,v,w), ¥ u,v,w € E.
It follows that for all u,v,w € E we have
Gr((T'S)?u, (T'S)*v, (TS)*w)
T25%u,T?S%v,, T?S%*w) = Gr(TS*u, TS*v, T S*w)
2T, S*Tv, S*Tw) = Gr(T'Su, TSv, TSw)

Su, Sv, Sw) (since T is an (2, 00) — isometry)

Gr(
Gr(S
Gr(
Gr(

AVARAY]

u,v,w) (since S'is an (2, 00) — isometry).
This implies that,
Gr((TS)*u, (T'S)?v, (T'S)*w)=Ggr(TSu, TSv, TSw) > Gg(u,v,w), Vu,v,w € E

thus, we have T'S is an (2, 00)-G-isometry by the statement in Lemma 2.2.
If we assume that T' is an (m, 00)-G-isometry for m > 2 and that S is an
(2, 00)-G-isometry, we have by this fact

Gr(S?u, S*v, S*w) = Gg(Su, Sv, Sw) > Gr(u,v,w) Y u,v,w € E
and also for all k =1,2,...

Gr(S*u, S*v, S*w) = Gr(Su, Sv, Sw) > Gr(u,v,w) ¥V u,v,w € E.
Thus we have for all u,v,w € E

Gr((TS)ku, (TS)*v, (TS)kw) = Gr(T*S*u, T*S*v, T*S*w)
= Gr(ST*u, ST*v, ST w)
> GR(Tku, T, Tkw).

Using the above inequality, for all u,v,w € E, we have

max {Gr((TS)*u, (TS)*v, (T'S)*w)}

ke{la 7m}
k even
= max {Gr(TFSu,T*Sv, T*Sw)} > max Ggr(TFu, T*v, T w).
ke{l,...,m} ke{l,...,m}
k even k even
So that

max {GR((TS) TSk, (TS)*w)} > max {GR( Fu, TR, , T*w)}.
kE];{ ..... m} ki{o
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On the other hand, it is obvious that for all u,v,w € E

max {GR(TkSu TFSv, T*Sw)} <  max {GR( Fu, TFv, TFw)}.
ke{ kN 1 6{11 ?m
k even k even

We get for all u,v,w € E.

max {GR((TS) (TS 0, (TS w)} < max {Gr(T*u, T*v, T*w)}.
k€{0,...,m ke{0,...,m}
k even k even

From the above inequality, we obtain for all u,v,w € F

max {GR((TS) (TS v, (TS)kv)} = max  Gr(T"u, T, Tw)
k€{0,...,m ke{0,...,m}
k even k even

By a similar way we have also for all u,v,w € E

max {GR((TS) (TS v, (TS w)} = max {Gr(T"u, T, T*w)}.
ked{o,. ke{0,...,m}
koodd k odd

Using the fact that T is an (m, co)-isometry, we deduce that for all u,v,w € E.

’“e,jr&a}fm {Gr((TS)*u, (TS)*v, (TS)*w)}

= max {Gr((TS)*u, (TS)kv, (TS)*w)}.
ke{0,...,m}
k odd
The conclusion that T'S is an (m, c0)-G-isometric mapping follows immediately

from Definition 2.1. O

Proposition 2.3. Let S : E — E be an (m,o0)-G-isometry mapping on a
real-valued generalized metric space E. Then S is an (m + 1,00)-G-isometric
mapping.

Proof. Assume that S is an (m, 00)-G-isometry, then it follows that

max{Gg(S*u, S*v, S¥w)} = max {Gr(S*u, S*v, S*w)}
keNg ke{s,....m—1+4}
m(k)=m(m—1+j)

V,u,v,w € E,Vj € N. This implies that for all u,v,w € E and Vj € N we have

k k _ k k k
géaN)g{GR( ’LL,S U)S w)} - ke{],HfSl)il—}-]}{GR(S U,S U?‘S’ UJ)}
m(k)=m(m—1+j)

< max {Ggr(S*u,S*v, S*w)} < max{Gg(S*u, S*v, S*w)}.
k(ek{)],,(m—&-]}) keNp
w(k)=m(m+y

Consequently
max{Ggr(S*u, S*v, S*w)} = max {Gr(S*u, S*v, S*w)}.
keN kE{],,m+]}

(k)= (m-+4)

So, S is an (m + 1, 00)-G-isometry. O
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Proposition 2.4. Let S be an mapping acting on a real-valued G-metric space
(E, GRr) such that S™ is an G-isometry for odd integer n, then S is an (m,c0)-
G-isometry for m > 2n — 1.

Proof. As an consequence of Proposition 2.3, it suffices to show that S is an
(2n — 1, 00)-G-isometric mapping.
Indeed, by the assumption that S™ is an G-isometry, it follows that

Gr(S¥"u, 8" Fv, S"rw) = Gr(S*u, S*v, S*w), Yu,v,w e E, Yk € Ny.

On the other hand , since n is odd integer we have for all £k € N, k is even if
and only if n + k is odd. By assumption, S™ is an G-isometry it follows that

{Gr(S*u, S*v, S*w), k € {0,1,...,2n — 1}, k even }

I

{Gr(S*u, S*v, S*w), k € {0,1,...,2n — 1}, kodd }.
and it follows that for all u,v,w € £

Gr(S*u, SFv, SFw)} = Gr(S*u, S*v, S*w)}.
ke{orff%_l}{ r(S"u, S"v, S%w)} ke{orf}fg;_l}{ r(S"u, S, S"w)}
k even k odd

Consequently, S is an (2n — 1, 00)-G-isometry. O

Theorem 2.4. If S : E — E is an invertible mapping on a real-valued G-metric
space E such is an (m,00) -G-isometry, then S~™! is an (m, 00)-G-isometry.

Proof. Assume that S is an (m, 00)-G-isometry, then we have by Definition 2.1
for all u,v,w € E

Gr(S*u, S*v, SFw)} = Gr(S*u, S*v, SFw)1.
ke?&?‘fm}{ R(S"u, S%v, S"w)} keﬁ}ffm}{ r(S"u, S%v, S"w)}
k even k odd

Replacing v — S™u , v — S™™v and w — S~ w we obtain for all u,v,w € E

G Sk—m Sk—m Sk—m _ G Sk—m Sk—m Sk—m
keg)l,a),(m}{ R( u, U, 'UJ)} keg]l,a),(m}{ R( u, v, w>}
k even k odd

or equivalently

max {Gr((S™")"™ Fu, (571" Fo, (771" Fw)}
ke{0,...,m}
k even
= max {Gr((S™H)" Fu, (ST Fu, (S Fw)}
ke{0,...,m}
k odd

this gives

max  {Gr((S™")" u, (§71)Fv, (71 w)}
ke{0,...,m}
k even
=, ?gax }{GR((S_l)ku, (S Hkv, (S7H*w)}, Yu,v,w e E.
€10,....m
k odd

Thus, S~! is an (m, c0)-G-isometry. O
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Theorem 2.5. For k = 1,2,....d, let (Ex,Gk) be a G-metric space which is
symmetric, and let Sy : Ey, — Ey be a map, my > 1. Denote by E = E1 X Ey X
... X Eg the product space endowed with the product G-metric

GR((ula uz, - - - ,Ud), (/U177)27 s ,’Ud), (wl7 s 7wk)) = 1glg§dg{GI]§(uk7vka wk‘)g}

Let S:=51 X Sy X ... x S;: E— E be a mapping defined by
S(ulv s ,Ud) = (Slu1752u27 cee Snud)

If each Sk is an (my,0)- G-isometry for k =1,2,...,d, then S is an (m,0)-

G-isometry, where m = max{myq,...,mg}.
Proof. Let m = max{mj, ma,...,my} and consider for all u,v,w € E
max {Ggr(S7u, S v, (S7w)}
jG{O,...,m}
j even

_ GE (ST uy,, Slog, S
jegéfm}g(lrélggd{ R (SLuk, Spvk, Siwk) }g)
J even

_ GE (S uy, Stvy, S
1@3§dg(j€{%{§fm}{ & ((Spuk, Slvk, Swk)tg)
j even

By the assumption that each Sy is an (my, 00)-G-isometry for each k = 1,2, ...,d,

it follows that S is an (m, c0)-G-isometry for k = 1,2,...,d (by Proposition
2.3 ). Then we have

max {Ggr(S7u, S v, S7w)}
]E{O,,,m}
7 even

= ma. ma. Gk? S]u ,Sj'U ,S]'LU
1§k§dg(j€{07”i(m}{ R (S uk; Sk, Spwe) }9)
7 odd

- GE (Suk, Sl S1 :
je{rg,.aj.),(m}g(lglkagd{ R( LUk PLVk, kwk)}g)
j odd

Thus, we have

max {Gr(S7u, v, S9w)} = max {Gr(Su,Sv, STw)}.
je{07"'7m} j6{07"'7m}
j even j odd
Consequently, S is an (m, 00)-G-isometric mapping and the proof is completed.
O
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