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A characterization of simple group S,(7)
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Abstract. In this paper, we will use nse to give a new characterization of simple
group Sy (7).
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1. Introduction

In this paper, all groups are finite. Let G be a group. We denote by 7(G) the
set of prime divisors of |G|, m.(G) the set of element orders of G and n,(G) the
number of Sylow p-subgroups of G, for p € m(G). Recall that G is a simple
K,-group if G is simple with |7(G)| = n. Write My(G) :={g € G| ¢' = 1} with
integer t. We call that groups G and G are of the same order type if and only
if |[My(G1)| = |M(G2)| for all ¢. All further unexplained notation is standard,
readers may refer to [1].
This paper is related to Thompson’s Problem.

Thompson’s problem. Suppose that G; and G2 are two groups of the same
order type. If G is solvable, is it true that G2 is also necessarily solvable?

Unfortunately, up to now, no one can prove the Thompson’s Problem, even
give a counterexample. Let k € m.(G) and my(G) be the number of elements
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of order k in G. Set nse(G) := {my(G)|k € me(G)}. We call nse(G) the set
of numbers of elements with the same order. It is clear that if the assumption
on Thompson’s Problem holds, we always have nse(G1) = nse(G2). So it is
natural to investigate the Thompson’s Problem by nse(G), for instance, Asboei
A K, and Amiri S.S.S characterized PSL(2,p) by the set nse in [6]. Recently,
Liu characterized Agg by the set nse in [7].

In this present paper we provide a new method in characterizing the simple
group S4(7). Our result is:

Main theorem. Let G be a group. Then G =2 S4(7) if and only if:
(1) [G] = [5a(7)];
(2) nse(G) = nse(S4(7)).

2. Preliminaries
In this section, we give some lemmas which will be used in the sequel.

Lemma 2.1 ([2, Theorem 9.1.2]). Let G be a group and t be a positive integer
dividing |G|. Then t‘|Mt(G)|.

Lemma 2.2 ([2, Theorem 9.3.1]). Let G be a solvable group of order mn, where
(m,n) = 1. Then the number hy, of subgroups of order m may be expressed as
a product of factors, each of which (a) is congruent to 1 modulo some prime
factor of m, and (b) is a power of a prime and divides one of the chief factors

of G.

Lemma 2.3 ([3, Theorem 2]). If G is a simple K3-group, then G is isomorphic
to one of the following groups: As(22-3-5), Ag(2%-32-5), Lo(7)(23-3-7), Lo(8)(23-
32.7), La(17)(23-3-7-17), L3(3)(2*-33 - 13), U3(3)(2°-32-7) or Uy(2)(2°-3%-5).

Lemma 2.4 ([5, Lemma 2.3]). Let G be a simple group of order 2% -3%.5¢ .74,
then G = A7(23-32-5-7),A45(20-3%2-5.7), Ag(26-3%.5.7), A1o(27 - 3* - 52 .
7), L2(49)(2%-3-52-72), L3(4)(20-32.5-7), 54(7)(28-3%-5%-74), S6(2)(2° - 3*-5 -
7),Us(5)(2*-32-5%.7),Us(3)(27-3%-5-7), Jo(27-33-52.7) or OF (2)(21%-35-52.7).

Lemma 2.5 ([5, Lemma 2.5]). Let G be a group, P € Syl,(G), where p € w(G).
If G has a normal series: K <L <G such that P < L and p 1 |K|, then the
following hold:

(1) Noyx(PK/K) = No(P)K/K;

(2) |G : Ng(P)| = |L: NL(P)|, that is, ny(G) = ny(L);

(3) [IL/K : Npg(PK/K)|lt = |G : Ng(P)| = |L : NL(P)| , that is,
np(L/K)t = ny(G) = ny(L) for some positive integer t. And |Ng(P)|t = |K|.

3. Proof of the main theorem

Proof. The necessity of the proof is trivial, we only prove the other direction.
By [1], we see that |S4(7)| = 28 -32 .52 . 7* and nse(S4(7)) = {1, 52675, 274400,
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2366700, 5531904, 6860000, 5764800, 10290000, 11524800, 5409600, 13171200,
23049600, 27659520, 9878400, 6585600} .

Let t € 7(G) and k be the number of cyclic subgroups of G with order ¢.
Then m(G) = ke(t). If t > 2, then ¢(t) is even, so is m;(G). This indicates
that ma(G) = 52675. Moreover, m3(G) = 274400 or 6860000, ms5(G) = 5531904
and m7(G) = 5764800 by Lemma 2.1.

We claim that G is non-solvable. Suppose false, then G is solvable. Let
m = {3,5,7} and H be a Hall 7-subgroup of G. By Lemma 2.2, we see that
n7(H) = 3%.5%  where 3% = 1(mod 7), 5% = 1(mod 7) with ag < 2 and by < 2,
implying n7(H) = 1. As a result, m7(G) < (7 — 1) - 28 = 614400 contradicting
with m7(G) = 5764800. Hence G is non-solvable, as claimed.

Let N be a maximal solvable normal subgroup of G and M /N be a minimal
normal subgroup of G/N. Then M /N is non-solvable.

Assume that M/N is non-simple. Then M/N = S; x --- x S; is a direct
product of isomorphic simple groups S;, where [ > 2. Moreover, by comparing
the group orders, it follows by Lemma 2.3 and Lemma 2.4 that [ = 2 and
that S1 = As or La(7). Assume that S; = As. Then M/N = As x As. Let
A/N := Cgq/ny(M/N). Then G/A = (G/N)/(A/N) is a subgroup of Aut(M/N),
the automorphic group of M/N. Notice that Aut(As x As) =Aut(As5)1S2. Then
|A||2* - 7%, which implies that A is solvable. Thus A = N as N is the maximal
solvable normal subgroup of G. Consequently, G/N < Aut(As) Sy, implying
and 7*||N| and |N|’24 - 74, this forces m7(G) = m7(N) < |N|, contrary to
my7 = 5764800. Hence S; 2 As. Similarly, S 2 Lo(7).

Consequently, M /N is a non-abelian simple group. By Lemma 2.3 and 2.4,
it follows that M/N = As, Ag, La(7), L2(8), A7, As, L2(49), L3<4) or 54(7). Next
we prove that Cq/n(M/N) = 1.

Suppose that A/N := Cg/n(M/N) > 1. Since A/INNM/N = Z(M/N) = 1,
we see that A/N x M/N < G/N. This indicates that |M/N|‘|G/A[ On the
other hand, G/A = (G/N)/(A/N) < Aut(M/N) implies that |G /A|||Aut(M/N)|.
That is, |G|/|Aut(M/N)| divides |A| and |A| divides |G|/|M/N].

If M/N = As, then the argument above forces 2°-3-5-74|| A| and | A[|2°-3-5-7*.
Moreover, A < G implies that m7; = m7(A) < |A] < 26.3 .5 7% = 2304960,
contrary to my = 5764800. Similarly, M /N 2 Ag.

Now we consider the case M/N = Ly(7). The the same argument above
gives 24 - 3. 5% - 73||A| and |A[|2° - 3- 5% - 7. Notice that A < G. It follows
that ms(G) = ms(A) < |A] <2°-3-5%. (72 — 1) = 823200, contradicting with
ms = 5531904. Analogously, M /N 2 Ly(8).

As aresult, M /N must be a simple K4-group. Since A/N is non-solvable, we
see that A/N has a section which is a simple group. Note that A/N x M/N <
G/N, in comparison the order of A/N x M/N with |G|, then only possibility
is A/N has a section isomorphic to Ly(7) and M/N = L9(49). In this case,
A/N x M/N < G/N implies that |[N||14. Note that |[M/N| = 2*.3 .52 .72
and M <G, we obtain ms(G) = ms(M). Recall that ms(M/N) = 4704. Then
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ms(M) < ms(M/N) - 14 = 65856 < ms(G). This contradiction shows that
Cq/n(M/N) = 1, as required.

Furthermore, G/N < Aut(M/N). Recall that M/N = As, Ag, L2(7), L2(8),
A7, Ag, L2(49), L3(4) or S4(7), we will discuss it case by case.

Assume first that M /N = As. Then G/N < S5, which implies that G/N =
As or S5. Moreover, |[N| =25-3-5-74or 24.3.5. 74 Since N <G, we see
that my7(G) = my7(N). Moreover, by Lemma 2.2 we obtain that n7(N) =1 or
8. Therefore, m7 < 19200, contrary to m; = 5764800. Similarly, M /N 2 Ag.

If M/N = Ly(7), then G/N < Aut(L2(7)) and thus |N| = 2°-3-5%-73 or
24.3.52.73. As N<G, then ms(G) = ms(N). By Lemma 2.2, we have ns(N) = 1
or 2%, which implies ms < 400, again contradiction. Similarly, M /N 2 Lo(8).

Now we consider the case that M/N = A7. Then G/N < S7, which implies
that G/N = A7 or S7. Hence [N| =2°.5-7 or |[N| =2%.5-73. By Lemma
2.5, we see that n3(G) = n3(G/N)t for some integer t. As a result, ng(G) = 70t
since n3(G/N) = 70. Let P3 be a Sylow 3-subgroup of G. As there is no
element of order 9 in G/N, we see that Pj is elementary abelian. This implies
that 140t < mg < 560¢. If mg = 274400, then 490 < ¢ < 1960. On the other
hand, [Ny (Ps)|t = |N| by Lemma 2.5, which indicates that tHN]. Along with
the fact that 3‘(7025 — 1) by Sylow’s Theorem, we obtain that ¢ = 490 or 1960,
yielding [Ny (Ps)| = 2% - 7. Notice that the action of P; on N by conjugation
is coprime, there is a Ps-invariant group N5 € Syl5(N). In N5Ps, by applying
Sylow’s Theorem, we have P3 < G. Hence N5sP3 = N5 x P3 < (G. This implies
that N5 < Ny(P3), a contradiction. Similarly, if ms = 6860000, we also get a
contradiction.

Assume then that M/N = L5(49). In this case, G/N < Aut(L2(49)). Let
P5 be a Sylow 5-subgroup of G. Then P; is a cyclic subgroup of order 25
because M /N has an element of order 25. Moreover, 5 t |G/M| and M <
G imply mao5(G) = mos(M). By Lemma 2.5, we have ns(G) = ns(M/N)t
and |Np/(Ps)|[t = |M]| for some integer ¢. Furthermore, by [1], we see that
ns(M/N) =23-3-72. As a result, mas = ©(25) - n5(G) = 20tns(M/N) = 25 -3
5.7t = 27659520, implying ¢ = 1176 = 23.3-72. Thus n5(M) = 26.32.74, yielding
N (P5)[|2% - 5%, Since [Ny (Ps)[t = [N||2*-3- 7%, we have that [Ny (P5)||2. By
a similar argument above, there is also contradiction.

Now we show that M/N 2 Ls(4). If not, then M/N = L3(4), implying
G/N < Aut(L3(4)). Moreover, |N||22-5- 7% By [1], we obtain ng(L3(4)) =
23.5.7. Moreover, n3(M) = ng(M/N)t according to Lemma 2.5. Assume that
my = 274400. Then 2n3(M) < ms3 < 8ns(M), which implies that 122 < ¢ < 490.
If 5|¢, then t = 140, 245 or 490. Note that 3|(n3(G) — 1), we obtain ¢ = 490 and
thus ng3(G) = 137200. Hence |Ng(P3)| = 2%-32-7. The similar argument in the
case G = A7 also gives a contradiction. Hence 5 1 t. Moreover, t = 196 or 343.
If the former holds, then 5||Ny (Ps)|. We assert that N5 < Cg/(Ps), where N5 €
Syls(N). It follows that mi5 = 4 - ms = 1646400 since N5 < G, a contradiction.
If t = 343, then |Ny(P3)|[2* - 5. Similarly, we get a contradiction. Therefore,
mg = 6860000 and 3062 < ¢t < 12250, which yields that t = 3430 or 6860. As
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|G : Ng(Ps)| =2%-5-7t, t = 3430 and |Nx(P3)| = 2*. Similar to the statement
in the case G & A7, we get a contradiction again.

Now we deal with the case M /N = Ag. In this situation, we have G/N < Ss.
By [1], we have that ng(As) = 280. Assume mg(G) = 274400, then 490 > ¢ >
122. On the other hand, [Ny (P3)|t = |[N|[22 -5 7% gives t = 196 or 343.
If ¢t = 196, then |[N¢(P3)|[23 - 3%-5-7. Since Ng(P3)/Ce(Ps3) is isomorphic
to a subgroup of Aut(P3), we have 35HCg(P3)|, which forces C35 x P3 < G
and thus mi5(G) = 4 - m3(G) = 1646400, a contradiction. If ¢ = 343, then
|Ng(P3)H25 -3%2.5. Similarly, we also get a contradiction. Assume m3(G) =
6860000, then 12250 > ¢ > 3062. Note that |[Ny(P3)|t = |N|[2% -5 7, we
have that ¢t = 3430 or 6860 and |Ny (P5)|’2 This final contradiction shows that
M/N = S,(7). Consequently, G = M = S,(7), the proof is completed. O
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