ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 43-2020 (185-196) 185

Fixed point results with ()-distance by utilizing simulation
functions

Anwar Bataihah*
Department of Mathematics
University of Jordan
Amman, 11942

Jordan
anwerbataihah@gmail.com
an09160286@fgs.ju.edu.jo

Abdalla Tallafha
Department of Mathematics
School of Science
University of Jordan
Amman, 11942

Jordan

a.tallafha@ju.edu.jo

Wasfi Shatanawi

Department of Mathematics and General Courses
Prince Sultan University

Riyadh, 11586

Saudi Arabia

and

Department of Medical Research

China Medical University Hospital

China Medical University

Taichung, 40402

Taiwan

and

Department of M-Commerce and Multimedia Applications
Asia University

Taichung

Taiwan

wshatanawi@psu. edu.sa

wshatanawi@yahoo.com

Abstract. In this paper, we utilize the concept of simulation functions in sense of
Khojasteh et al [10] and the notion of {2-distance in the sense of Saadati et. al. [1] to
introduce the notion of (€, Z)-contraction and (€2, ¢, Z)-contraction. We employ our
contractions to formulate and prove many fixed point results for Q-distance. Our results
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unify and improve many fixed point results in literature. Also, we give fixed point results
of integral type as well as we support our result by introducing an example.

Keywords: fixed point theory, nonlinear contraction, simulation function, omega
distance.

1. Introduction

The notion of Q-distance in the sense of Saadati et al. [1] plays an important
role in nonlinear analysis to extend and improve the Banach fixed point theorem
to many directions. Saadati et al. [1] employed the notion of Q-distance to
prove many interesting results associated to the notion of G-metric spaces in
the sense of Mustafa and Sims [2]. For some works in {2-distance see [3]-[7] and
all references cited their.

The definition of -distance is given as follows:

Definition 1.1 ([1]). Let (X,G) be a G-metric space. Then a function € :
X x X xX — [0,00) is called an Q-distance on X if the following conditions
satisfied:

(a) Qzx,y,z) < Qz,a,a) + Ua,y,2)Vx,y,2,a € X;

(b) for any x,y € X,Qx,y,.), 2z, .,y): X — X are lower semi continuous;

(¢) for each € > 0, there exists a § > 0 such that Q(z,a,a) < ¢ and
Qa,y,z) <06 imply G(x,y,2) <e.

Definition 1.2 ([1]). Let (X,G) be a G-metric space and 2 be an Q-distance
on X. Then we say that X is Q-bounded if there exists M > 0 such that
Qx,y,2) <M for all z,y,x € X.

The following lemma plays a crucial role in the development of our results.

Lemma 1.1 ([1]). Let X be a metric space with metric G and Q be an Q-
distance on X. Let (x,,),(yn) be sequences in X, (an),(Bn) be sequences in
[0,00) converging to zero and let x,y,z,a € X. Then we have the following:

(1) If Uy, zp, zpn) < ap and Qzn,y,2) < By forn € N, then G(y,y,2) < €
and hence y = z;

(2) If Qyn, Tn,xn) < apn and Uy, Ym, 2) < Bn for any m > n € N, then
G(Yn, Ym, z) — 0 and hence y, — z;

(3) If Uxn, Tm, x1) < ap for any m,n,l € N with n < m <, then (x,) is
a G-Cauchy sequence;

(4) If Qzp,a,a) < ay, for any n € N, then (x,) is a G-Cauchy sequence.

Khojasteh et al. [10] in 2015 introduced the concept of simulation mappings
in which they used it to unify several fixed point results in the literature.

Definition 1.3 ([10]). Let ¢ : [0,00) X [0,00) — R be a mapping. Then ( is
called a simulation function if it satisfies the following conditions:

(¢1) ¢(0,0) = 0;

(€2) ((t,s) <s—t for all s,t >0;
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(¢3) Ifty, and s, are sequences in [0,00) such that limy, oo t;, = limy, 00 Sy >
0, then limsup,,_, . C(tn, sn) < 0.
Hence forth, we denote by Z the set of all simulation functions.

Next, we list some examples of simulation functions, in the following ( is
defined from [0, 00) x [0,00) to RR.

Example 1.1 ([10]). Let hi, ho : [0,00) — [0,00) be two continuous functions
such that hy(t) = ha(t) = 0 if and only if ¢ = 0 and ha(t) < t < hy(t) for all
t € [0,00) and define ((t,s) = ha(s) — hi(t) for all t,s € [0,00). Then ( is a
simulation function.

Example 1.2 ([10]). Let g : [0,00) — [0, 00) be a continuous function such that
g(t) = 0 if and only if t=0 and define ((t,s) = s — g(s) —t for all ¢,s € [0, 00).
Then ( is a simulation function.

2. Main result

We start our work by introducing the following definition:

Definition 2.1. Let (X, G) be a G-metric space, ( € Z and Q be an Q-distance
on X. A self mapping f : X — X is said to be (2, Z)-contraction with respect
to ¢ if f satisfies the following condition:

(2.1) S, fy, f2),Qx,9,2) 20 for all ,y,2 € X.

Lemma 2.1. Let (X,G) be a G-metric space, and Q be an Q-distance on X.
Let f: X — X be an (2, Z)-contraction with respect to ¢ € Z. If f has a fized
point (say) u € X, then it is unique.

Proof. Assume that there is v € X such that fo = v. As fis (2, Z)-contraction
with respect to ( € Z, then by substituting + = y = v and z = v in 2.1 and
taking into account (¢2), we have

0 < C(Q2(fu, fu, fv), u,u,v))
= ((Qu, u,v), Qu, u,v))
< Qu,u,v) — Qu,u,v) =0,
a contradiction. Hence u is unique. O
Let (X,G) be a G-metric space, g € X and f: X — X be a self mapping.

Then the sequence (z,) where x, = fx,—1 n € IN is called a picard sequence
generated by f with initial point xg.

Lemma 2.2. Let (X,G) be a G-metric space, ¢ € Z and Q be an Q-distance
on X. If f: X — X is an (Q, Z)-contraction with respect to (, then

(2.2) lim Q(zp, Tnt1, Tne1) = im Q(zp41, T, ) = 0.

for any initial point xog € X where (xy,) is the picard sequence generated by f at
xo.
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Proof. Let g € X be any point and (x,) be the picard sequence generated by
f at xg. From 2.1 and ({2), we have

0< C(Q(fxn—la fxna fxn)y Q(.ﬁlfn_l, Tn, xn))
= C(Q(xna Tn+1, $n+1)7 Q(l‘nflv Tn, xn))
< Q(lanflaxnal'n) - Q($nyxn+17$n+1)-
Thus, ((zn, Tnt+1,2n+1) : 7 € IN) is a non increasing sequence in [0, 00) and

so there is L > 0 such that lim, o Q(zp, Tpt1,Tnt1) = L. Suppose to the
contrary L > 0, then by 2.1 and (¢3), we have

0 < limsup (U zn, Tnt1, Tnt1) Uxn—1, Tn, T,)) <0,

n—oo

a contradiction and so lim, o0 Q(zp, Tnt1, Tn+1) = 0. By the same way we can
show that lim,,_,co Q(Zp41, Tn,zn) = 0. d

Theorem 2.1. Let (X,G) be a complete G-metric space, ( € Z and § be an
Q-distance on X. Suppose that f : X — X is (Q, Z)-contraction with respect to
¢ that satisfies the following condition

(2.3) forall we X if fu#wu, then inf{Q(z, fx,u) :z € X} >0.
Then f has a unique fized point x € X.

Proof. Let g € X and consider the picard sequence (x,) in X generated by f
at xp.

We claim that limy, 100 Q(@n, T, Tp) = 0 for m,n € IN with m > n.

For this purpose assume to the contrary that lim, . Q(zn, Zm,Zm) # 0.
Hence, there is € > 0 and two subsequences (zy,) and (z,,) of (z,) such that
(2m,) is chosen as the smallest index for which

(2.4) Nzpy, Ty s Tmy) > € k< ng < my.

This implies that

(2.5) Qzny, Ting—1, Tmy—1) < €.

Now, by using 2.4,2.5 and part (a) of the definition of 2, we have

€ < Uxn,, Ty Tmy,)
S Q(xnkal‘mkflaxmkfl) + Q(l’mkfl,xmk,lﬂmk)

<e+ Q("Emkfl, ,Imk,l’mk).
Passing the limit as n — oo and taking into account 2.2, we get

lim Q(z,,,x T =€
o (nka mip mk)
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Also,

€ S Q(‘T’I’Lk7$mkaxmk)
<Q

(wnk ) xnk—f—l? xnk—‘rl) + Q(l’nk+1, xm;ﬁ—la xmk—i-l) + Q(xmk-‘rl) wmk ) xmk)

and

Q(mnk+1)xmk+la $mk+1)
S Q(.’L’nk+1, Tny .Ink) + Q(.’En, Ty, xmk) + Q(ﬂfmk, Tmy+1, xmk+1)'

Passing the limit as n — oo in the above two inequalities and taking into account
2.2, we get

lim Q(x T T =e.
o (n;ﬁ»la mg+1s mk+1)

Now, by letting s, = Q(@n, , Tm,, Tm,,) and tn, = QUTp, 41, Tmy+1; Tmy+1) then
(¢3) and 2.1 yield that

0 < limsup C(Q(xnk+1a Tmp+1 l'karl)a Q(xnka xmkammk)) <0
n—o0
which is a contradiction. Therefore limy, ;00 Q(@p, Zm, zm) = 0, m > n. By
the same argument we can show that lim, ,,—y00 Q(@n, Tn, Tm) =0, m > n.

For [ > m > n we have Q(zy,, Tm, ;) < QUxpn, T, Tm) + UZims T, 1)

By taking the limit as n,m,l — oo, we get limy, 1 100 Q(Zn, Tm,x;) = 0.
Thus by Lemma 1.1 (z,) is a G-Cauchy sequence. So there exists u € X such
that lim,, o z, = u.

By the lower semi-continuity of €2, we get

Qzp, Ty, u) < liminf Q(x,, T, zp) < €, Vm > n.
p—r00

Now, suppose that fu # u, then we get

0 < inf{Qz, fr,u): zr € X}
< inf{Q(xn,zpy1,u) : n € N}
< 6

for every € > 0 which is a contradiction. Therefore fu = u. The uniqueness of
u follows from Lemma 2.1. O

We introduce the following example to support our main result.

Example 2.1. Let X = [0,1] andlet G : X x X x X — [0,00), 2 : X x X x X —
[0,00), f: X — X and ( : [0,00) X [0,00) — IR be defined as follow:
G(r,y,2) =z —y|+|y—z|+|v—2z], Uz,y,2) = |r —y| + |z — 2|, fr = ax and
¢(t,s) =bs —t where 0 < a <b < 1. Then

(1) (X, Q) is a complete G-metric space and € is an {-distance on X;

(2) ( € Z and f is (2, Z)-contraction with respect to ¢
(3) for every u € X if fu # u, then inf{Q(z, fz,u) 1z € X} > 0.
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Proof. We show (2) and (3)
(2) Clearly ¢ € Z.
To see that f is (2, Z)-contraction with respect to ¢ let z,y,z € X. Then

CQfz, fy, £2),Qx,y,2)) = bWz, y, 2) = Q(fz, [y, f2)
= b(lz =yl + [z = 2|) = (laz — ay| + [az — az])
=b(jz =yl + [z = 2) —a(jz —y| + [z — 2[)
= (b—a)(lz —y[ + |z —=2[)
>0

(3) If fu # u, then u # 0. Therefore

1
inf{Q(z, fr,u) : x € X} = inf{Q(z, 5x,u) cxe X}
=inf{|z —az|+ |x —u| : z € X}
=inf{(1 —a)|lz|+ |z —u|: 2z € X}
=(1—-a)u>0.
Thus all hypotheses of Theorem 2.1 hold true. Hence f has a unique fixed
point in X. Here the unique fixed point of f is 0. O

Now, we derive some interesting results based on our main result. To facili-
tate our work we define the following:

O ={¢:[0,00) = [0,00) : ¢ is continuous function}
U = {4 :]0,00) = [0,00) : ¢ is lower semi continuous function},
where ¢~1({0}) = ~1({0}) = {0} for all ¢ € ® and ¢ € V.

Corollary 2.1. Let (X,G) be a complete G-metric space, Q0 be an Q-distance
on X and f : X — X be a self mapping. Assume that there are ¢1, po € ® where
D1(t) <t < ¢a(t) Yt > 0 such that f satisfies the following condition:

(2.6) QU fx, fy, f2) < 01Q(z,y,2) Va,y,z € X.

Also, suppose that for all w € X if fu # u, then inf{Q(x, fr,u):z € X} > 0.
Then f has a unique fized point in X.

Proof. Define (4 : [0,00) x [0,00) — R by Ca(t,s) = ¢1(s) — ¢a(t). Clearly
Ca € Z and f is (Q, Z)-contraction with respect to (4. Hence the result follows
from Theorem 2.1 O

As a consequence result from Corollary 2.1, we have the following results:
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Corollary 2.2. Let (X,G) be a complete G-metric space, Q2 be an Q-distance
on X and f : X — X be a self mapping. Assume that there is ¢ € & where
o(t) < t Vt > 0 such that f satisfies the following condition:

(2.7) Qfz, fy, f2) < 6Q(a,y, 2) Ya,y,2 € X.

Also, suppose that for all w € X if fu # u, then inf{Q(x, fr,u):z € X} > 0.
Then f has a unique fized point in X.

Corollary 2.3. Let (X,G) be a complete G-metric space, Q0 be an Q-distance
on X and f: X — X be a self mapping. Assume that there is A € [0,1) such
that f satisfies the following condition:

(2.8) Q(fz, fy, fz) < ANUz,y,2) Vz,y,2 € X.

Also, suppose that for all u € X if fu # u, then inf{Q(z, fr,u):x € X} > 0.
Then f has a unique fized point in X.

Corollary 2.4. Let (X,G) be a complete G-metric space, Q0 be an Q-distance
on X and Let f : X — X be a self mapping. Assume that there is ¢ € ¥ such
that f satisfies the following condition:

(29) Q(fxvfya fZ) < Q($,y,Z) - QZJQ(ZE,y, Z) vayvz € X.

Also, suppose that for all w € X if fu # u, then inf{Q(x, fr,u):z € X} > 0.
Then f has a unique fized point in X.

Proof. Define (g : [0,00) x [0,00) — R by (p(t,s) = s — ¥(s) —t. Clearly
(p € Z and f is (2, Z)-contraction with respect to (p. Hence the result follows
from Theorem 2.1 O

As a consequence result from Corollary 2.4 we have the following result:

Corollary 2.5. Let (X,G) be a complete G-metric space, Q0 be an Q-distance
on X and f : X — X be a self mapping. Assume that there are ¢ € & and
P € U where ¢(t) <t YVt > 0 such that f satisfies the following conditions:

(2.10) Qfz, fy, fz) < ¢z, y, 2) — P2, y,2) Yo,y,2 € X.

Also, suppose that for all u € X if fu # u, then inf{Q(z, fr,u):x € X} > 0.
Then f has a unique fized point in X.

Definition 2.2. The function ¢ : [0,00) — [0,00) is called a c-comparison
function if the following properties are satisfied:

(1) ¢ is monotone increasing;

(2) Y07 ¢"™(t) < oo for all t > 0.
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It is clear that if ¢ is a c-comparison function then ¢(t) < t for all ¢ > 0 and

©(0) = 0.
Before, we present our second main results we introduce the following defi-
nition in order to facilitate our arguments.

Definition 2.3. Let (X, G) be a G-metric space, ( € Z and Q be an Q-distance
on X. A self mapping f : X — X is said to be (2, ¢, Z)-contraction with respect
to C if there is is a c-comparison function ¢ such that f satisfies the following
condition:

(2.11) C2Qfz, foz, fy), oz, fz,z) + Qy, fy,y)) > 0 Vz,y € X.

Lemma 2.3. Let (X, G) be a G-metric space, € Z and Q be an Q-distance on
X. Let f: X — X be an (0, ¢, Z)-contraction with respect to ¢. If f has a fized
point (say) u € X, then it is unique.

Proof. First we show that for all w € X if fw = w, then Q(w,w,w) = 0.
Assume that Q(w,w,w) > 0. From 2.11 and (2, we have

0 < C2Qfw, fPw, fw), pQ(w, fw,w) + eQ(w, fw,w))
= C(2Q(w, w,w), 2pQ(w, w, w))
< 20w, w,w) — 2Q(w, w, w),
< 2Q(w, w,w) — 2Q(w, w, w),
=0
a contradiction. Hence Q(w,w,w) = 0.
Now, assume that there is v € X such that fv = v and Q(u,v,v) > 0. Since

fis (92, ¢, Z)-contraction with respect to ¢, then by substituting z = u and
y = v in 2.1 and taking into account (¢2), we have

0 < C(29(fu, f2u, fv), pQu, fu,u) + (v, fv,v))
= (292w, v, v), Q(u, u, u) + PQ(v, v, v))
< pQ(u,u, u) + (v, v,v) — 2Q(u, u, v)
< Qu, u,u) + Qv,v,v) — 2Q(u, u,v).
Hence 2Q(u,u,v) < Qu,u,u) + Q(v,v,v) = 0+ 0 = 0 a contradiction. Hence

Q(u,u,v) = 0. Thus by the definition of Q-distance we have G(u,v,v) = 0 and
SO U = V. U

Theorem 2.2. Let (X, G) be a complete G-metric space, ( € Z and Q be an Q-
distance on X such that X is Q-bounded. Suppose that there is is a c-comparison
function ¢ such that f: X — X is a (2, ¢, Z)-contraction with respect to ¢ that
satisfies the following condition

(2.12) VueXif fu##u, then inf{Q(z, fr,u):z € X} > 0.

Then f has a unique fized point in X.
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Let zp € X and consider the picard sequence (x,) in X generated by f at
xg.
Consider s > 0. Then by 2.11, we have for all n € IN

0 < ¢ fn—1, fPon-1, fTnts1), PUTn—1, fTn—1, Tn-1)
+ O Tnts-1, fTnts—1, Tnts—1))
= (22, Tn+1, Tnts), PUTn—1, Tn, Tn—-1) + P(Tnts—1, Tnts, Tnts—1))-
< PQUxp—1, Ty Tn—1) + PQUEnts-1, Tnts, Tnts—1) — 22T, Tnt1, Tots)-

Thus,

1
(213) Q(.Tn, Tn+1, anrs) < i[SOQ(l'nfly Tn, l‘nfl) + SOQ(anrsfl» Tn+s, l'nJrsfl)]-
Now,

0< C(QQ(fxn—Q; fon—Qa fxn—2)7 @Q(wn—% fxn—% xn—Q) + (PQ(xn—% fxn—Qv xn—Q))
= C(Qﬂ(xn—la T, xn—l)u Q@Q(xn—% Tn—1, mn—Z))
<20 xn—2, Tn—1,Tn—2) — 22 Tp_1, Tn, Tn_1)-

So, Uxp_1,Tn, Tn-1) < PUTn—2, Tn_1, Tn—2).
If we apply the previous steps repeatedly, we get

Q(xn—17 Ty fEn_l) S Qpn_lg(‘rOa T, xO)'

Therefore pQ(Xp—1,Tn, Tn-1) < @™ Q(x0, 21, x0). Since X is Q-bounded, there
is M > 0, such that Q(z,y,2) < M, Vz,y,z,€ X. Thus,

OUTp—1,Tn, Tn-1) < " (M).
In analogous manner, we can show that
P Zpts—1, Tnts, Tnts—1) < @ (M).
Thus, (2.13) becomes
(2.14) QT Tnt1, Tnys) < " (M).
Now, by using the definition of 2-distance and (2.14), we have for alll > m >n

Q(xnaxrmxl) < Q(xnaxn—l—hxn—kl) + Q(xn+17$n+27xn+2) +-+ Q(xm_l,.l'm,xl)
< @M (M) + (M) + -+ (M)

m—1
= F(M)
k=n

<Dt
k=n
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Since ¢ is c-comparison function, then the sequence (Ezo:n OF(M) :n € ]N)
converges to 0. Thus for any € > 0 there is N € IN such that > 7 (M) <
eV n > N. Hence for [l > m >n > N, we have

m—1 oo
Qxp, T, xp) < Z oF (M) < ngk(M) <eVn > N.
k=n k=n

By Lemma 1.1, (z,,) is a G-Cauchy sequence. Therefore there is u € X such
that lim,,—yo0 T, = u.

Consider § > 0. Then there exists 79 € IN such that Q(z,, 2z, z;) <
d Vn,m,l > rg. Therefore, lim;_, oo Q(zp, T, ;) < im0 § = 6.

By the lower semi continuity of €2, we have

Qzy, T, w) < lIminf Q(x,, T, zp) < IVm,n > rg.
p—>00

Consider m = n+1. Then Q(xy, zp41,u) < liminf, o0 Q(zp, Tpi1,2p) < IV >

To.
If fu # u, then (2.12) implies that

0 < inf{Q(z, fx,u) :z € X}
< inf{Q(zp, Tpt1,u) :n >10}
<9,

for each 9 > 0 which is a contradiction. Therefore fu = u. The uniqueness
follows from Lemma 2.3. g

Corollary 2.6. Let (X,G) be a complete G-metric space, Q0 be an Q-distance
on X where X is  bounded and f : X — X be a self mapping. Assume
that there is a c-comparison function ¢ and an upper semi continuous function
7 :[0,00) — [0,00) where n(t) <t ¥Vt >0 and n(0) = 0 such that f satisfies the
following condition:

(2.15) 2Q(fx, f2x, fy) < n(eQz, fz,z) + ey, fy,y)) Yo,y € X.

Also, suppose that for all u € X if fu # u, then inf{Q(z, fr,u):xz € X} > 0.
Then f has a unique fized point in X.

Proof. Define (44 : [0,00) x [0,00) — R by Caa(t,s) = n(s) —t. Clearly
Caa € Z and f is (2, ¢, Z)-contraction with respect to (44. Hence the result
follows from Theorem 2.2 O

Now, we introduce and prove the following fixed point theorems of integra
type.
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Theorem 2.3. Let (X,G) be a complete G-metric space, Q be an Q-distance
on X where X is € bounded and f : X — X be a self mapping. Assume that
there is a function 7y : [0,00) — [0,00) where [ y(u)du exists and [; y(u)du > e
Ve > 0 such that f satisfies the following condition:

Q(fz.fy,f2)
(2.16) / Y(u)du < Qx,y,z) Vo,y,z € X.
0

Also, suppose that for all u € X if fu # u, then inf{Q(z, fx,u):x € X} > 0.
Then f has a unique fized point in X.

Proof. Defining ¢ : [0,00) X [0,00) — R via ((t,s) = s — fg v(u)du. Clearly
¢ € Z and fis (92, Z). Hence the results follow from Theorem 2.1. O

Theorem 2.4. Let (X, G) be a complete G-metric space, 2 be an Q-distance on
X where X is Q bounded and f : X — X be a self mapping. Assume that there is
a c-comparison function ¢ and a function 7y : [0,00) = [0,00) where [ ~y(u)du
exists and foe v(u)du > € Ye > 0 such that f satisfies the following condition:

(2.17)

2Q(fx,f2x,fy)
/ Y(w)du < Oz, fr,2) + 9y, fy,y) Va,y € X.

0

Also, suppose that for all w € X if fu # u, then inf{Q(x, fr,u):z € X} > 0.
Then f has a unique fized point in X.

Proof. The results follow from Theorem 2.2 by defining ¢ : [0, 00) x [0,00) — R
via ((t,s) = s — fot v(u)du. and noting that ¢ € Z and f is (2, ¢, Z).
O
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