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1. Introduction

Rough set theory, proposed by Pawlak [25] is a new mathematical tool that
supports uncertainty reasoning. It may be seen as an extension of classical set
theory and has been successfully applied to machine learning, intelligent sys-
tems, inductive reasoning, pattern recognition, image processing, signal analysis,
knowledge discovery, decision analysis, expert systems and many other fields.
The basic structure of rough set theory is an approximation space. Based on
it, lower and upper approximation spaces are induced. Using this approxima-
tion knowledge hidden information may be revealed and expressed in the form
of decision rules. A key notion in Pawlak rough set model is an equivalence
relation. Atanassov [2] presented intuitionistic fuzzy sets in 1986 which is very
effective to deal with vagueness. As a generalization of fuzzy set the concept of
intuitionistic fuzzy set has played an important role in analysis of uncertainty of
data. Various notions of intuitionistic fuzzy rough set were explored to extend
rough set theory in the intuitionistic fuzzy environment. This paper concerns
a relationship between rough sets, intuitionistic fuzzy sets and ring theory. We
consider a ring as a universal set and assume the knowledge about objects is
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restricted by an intuitionistic fuzzy ideal. In fact, we apply the notion of intu-
itionistic fuzzy ideal of a ring for definitions of lower and upper approximations
in a ring. Some of its characterizations are discussed.

2. Preliminaries

Definition 2.1 ([2]). An intuitionistic fuzzy set (IFS in short) A in X is an
object having the form A = {{(z,pa(z),va(z)/x € X)} where the function pa :
X —[0,1] and vy : X — [0,1] denote the degree of membership (namely pa(z))
and the degree of non membership (namely va(z)) of each element x € X to
the set A, respectively and 0 < pa(x) +va(x) <1 for each x € X. Denote by
IFS(X) the set of all intuitionistic fuzzy set in X.

Definition 2.2 ([2]). Let A and B be IFS’s of the form A = {{(z, ua(x),va(x)/x €
X)} and B = {{z,up(x),vp(z)/x € X)}. Then

1. ACB if and only if pa(x) < pp(z) and va(z) > ve(@) for all v € X.
2. A= B if and only if AC B and B C A.

3. A= {{z,va(x), pa(z)/z € X)}.(Complement of A)

4 AN B = {(z, pa(x) A pp(x),valz) Vvp(r)/z € X)}.

5. AUB = {{z, pua(zx) V pp(z), va(z) A vg(z) /e € X)} .

For the sake of simplicity we use the notion A = (x,pua,va) instead of A =

{{z, pa(z), va(z)/z € X)}.
The intuitionistic fuzzy set 0 ~= {(xz,0 ~,1 ~)/x € X} and 1 ~= {(z,1 ~,
0 ~)/x € X} are respectively the empty set and the whole set of X.

Definition 2.3 ([4]). Let A = (pua,va) and B = (up,vg) be any two IFS of R.
Then their sum A+ B is defined by

A+ B = (ua+pp,va+vp)),

where (pa+pp) (@) =V ey a(@)Aup(2)] and (vatvp)(z) = Aoy y[valy)V
vp(z)] for allz € R

Definition 2.4 ([4]). An IFS A = (pua,va) is called an intuitionistic fuzzy ideal
of R if for all x,y,i € R

(IF1) pa(r —y) > pa(z) A pa(y) and va(r —y) < va(z) Vva(y);

(IF2) palzy) > pa(y) and va(zy) < va(y).

Definition 2.5 ([14]). For an approzimation space (U,6) by a rough approxi-
mation in (U,0) we mean a mapping (U,0,—) : P(U) — P(U) x P(U) defined
for every X € P(U) by (U,0,X) = ((U,6,X),(U,6,X)) where (U6, X) =
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{x € Ullzlg € X},(U,0,X) = {x € Ullz]p N X # ¢} where (U,0,X) is
called a lower rough approzimation of X in (U,0) , whereas (U,0,X) is called
an upper approzimation of X in (U,0). Given an approzimation space (U,0),
a pair (A,B) € P(U) x P(U) is called a rough set in (U,0) if and only if
(A,B) = (U,0,X) for some X € P(U) . Let (U,0) be an approzimation space
and X a non-empty subset of U:

(i) If (U,0,X) = (U,0,X) , then X is called definable.

(13) If (U,0,X) = ¢ then X is called empty interior.

111 U, 0, = U, then X is called empty interior.
If (U,0,X)="U, then X lled

The lower approximation of X in (U,0) is the greatest definable set in U con-
tained in X. The upper approximation of X in is the least definable set in U
containing X. Therefore we have

(U,6,X) = J{SIS C X,8 is definable}
(U,0,X) = m{S]X C S,S is definable}

A rough set of X is the family of all subsets of U having the same upper approz-
imation of X.

3. Intuitionistic fuzzy ideals and congruence relations

Theorem 3.1. For an intuitionistic fuzzy ideal A of a ring R we have the
following

(1) 1a(0) = pa(z) and va(0) < va(w),
(13) pa(—z) = pa(z) and va(—z) = va(x) for all x € R.
Proof. (i) For any x € R we have pa(0) = pa(z —x) > pa(z) A pa(z) =
wa(x),va(0) =va(z — z) < wva(x) Vva(x) =va(z).
(ii) By using (i) we get pa(—z) = pa(0 —2) > pa(0) A pa(z) = pa(z),
va(—x) =1va(0 —x) <wvya(0) Vva(z) =va(x).

Since x is arbitrary we conclude that pa(—z) = pa(x) and va(—x) = va(z).
O

Theorem 3.2. If an intuitioistic fuzzy set A = (ua,va) in R satisfies (IFI)
then:

(1) palr —y) = pa(0) = pa(z) = pa(y),
(i7) va(z —y) = va(0) = va(z) = va(y) for all x,y € R.

Proof. Let z,y € R such that pa(z—y) = pa(0). Then pa(z) = pa(z—y+y) >
pa(z—y) Apaly) = pa(0) Apaly) = pa(y). Similarly va(y) = va(e —z+y) =
va(e — (z—9)) < va(2) V vz — ) = pal@). So pa(x) = paly)
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(i) va(x—y) =va(0) forallz,y € Rthenva(x) = va(z—y+y) <va(z)Vra(y) <
vA(0) Vva(y) = va(y).Similarly v4(z) < va(y) and so va(x) = va(y). O

Definition 3.3. Let A = (ua,va) be an intuitionistic fuzzy set on R and let
a,p € [0,1] such that o + < 1. Then the set Apg = {x € Rlpa(xz) >
a,va(x) < B} is called a (o, f)-level subset of A. The set of all (a,f) €
Im(pa) x Im(va) such that o+ B < 1 is called the image of A = (pa,va)
denoted by Im(A).

Definition 3.4. Let A be an intuitionistic fuzzy ideal of R for each «, B € [0, 1]
with a4+ B < 1 the set

U(A@,p) =1{(a,b) € Rx Rlua(a—1b) > a,vala—b) < B}

is called a (o, B)-level relation on A. An equivalence relation 6 on a ring R is
called a congruence relation if (a,b) € 0 = (a+z,b+=x) € 0,(x +a,x+b) €0
for all x € R.

Theorem 3.5. Let A be an intuitionistic fuzzy ideal of R and let a, 5 € [0,1]
with o+ 3 < 1 then U(A(4,g)) is a congruence relation on R.

Proof. For any element a € R, pia(a—a) = ua(0) > avand vg(a—a) = v4(0) <
B and so (a,a) € U(A(q,p)) then pa(a—b) > o and va(a—0b) < B implies (a,b) €
U(A(q,p))- Since A is an ideal of R pa(b—a) = pa(—(a —b)) = pa(a —b) > a.
And va(b—a) = va(—(a—0b)) = va(a—b) < . Which yields (b,a) € U(A(q,))-
If (a,b) € U(A(q,5)) and (b,c) € U(A(qy,5)) then since A is an intuitionistic fuzzy
ideal of R

40—\ =pia((a—b)+(b—0))> min{jua((a—b), pa(b—c))}> min{a, a}=a,
vala—c) = va((a—b)+(b—c))<max{v4((a—b),va(b—c))}<max{f, f}=0.

And hence (a,c) € U(A(q,p))- Therefore U(A(,,g)) is an equivalence relation
on R. Now let (a,b) € U(A(,,3)) and = be an element of R. Then since p4(a —
b) > a,vala —b) < Bpalla+x) — (b+ ) = pa((a + ) + (—z — b)) =
pala+ (x—xz)—b) = pala+0—0) = pala—0b) > a,va((a+z)— (b+z)) =
va(la+z)+ (—z—b)) =vala+ (x —z) —=b) =vala+0—-0) =vala—b) <
and so (a +x,b+z) € U(A(,B)). Since (R, +) is an abelian group, we have
(z +a,r+0b) € U(A(q,p)) Therefore U(A(,g)) is a congruence relation.

We denote [z]4,, , the equivalence class of U(A(,,p)) containing x of R. [

Lemma 3.6. Let A be an intuitionistic fuzzy ideal of R. If a,b € R and o, 3 €
[0,1] with o+ 8 <1 then:

(i) [a]A(a,B) + [b]A<a,5) =la+ b]A(a,ﬁ);

(“) [_a]A(a,g) = _([a]A(a,g))'
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Proof. (i) Suppose z € [a]a, , +[bla,, ;- Then there exists an y € [a]a,, , and
2] € [b] 4, 5, such that z = y+z. Since (a,y) € U(A(a,p)) and (b, 2) € U(A(a,p))
we have (a+b,y+2) € U(A(q,p)) or (a+b,z) € U(A(,p)) and so x € [a+bla, -

Conversely let z € [a+0b]a, , then (z,a+b) € U(A(y,p)). Hence (z—b,a) €
U(A(a,p))and so z—b € U(A(a,p)) or @ € [a]a, 5 +[b] = 2 € [a]a, 5 +[bla, 4 -

(ii) We have x € [—al]a,, , < (z,—a) € U(A(ap) < (0, —a—2) € U(A( )
=1 (a, —JJ) S U(A( )) & —T € [ ]A(aﬁ) ST e _([a]A(a,/j)‘ ]

Lemma 3.7. Let A and B be two intuitionistic fuzzy ideals of a ring R and let
a, B e [0, 1] with o + B < 1 then U((A N B)(a,ﬁ)) = U(A(aﬁ)) N U(B(aﬁ)).

Lemma 3.8. Let A be an intuitionistic fuzzy ideal of a ring R and let o, 5 €

[0,1] with a+ 8 < 1. For any a € R we have a + [O]A(a,m = [G]Amﬁ)-
Proof. Assume that a € R then we have x € a + [O]A(aﬁ) S Tr—ac [O]A(a,m Ang
(¢~ 0,0) € UlAwp) & (z — ) € UAiap) @ € lalag, -

Lemma 3.9. Let A and B be two intuitionistic fuzzy ideal of R such that B C A
and o, B € [0,1] with a + 8 < 1. Then [z]

Biag C [%la, s for everyz € R.
Proof. We have y € [z]a, , = (z.y) € U(B(a”g)) up(x — ) > « and
vp(x —y) < B = palz —y) > aand va(z —y) < B = (2,y) € U(A@up)
=y € [2]a, - O

Definition 3.10. Let A and B be two intuitionistic fuzzy ideals of a ring R.
Then the composition of the congruence relation U(A(, ) and U(Bg)) is
defined by

U(A(a,ﬁ)) o U(B(a”g)) = {(CL, b) € R x R|E|y €ER

such that (a,c) € U(A(q,p)); (¢,0) € U(B(a,p))}-
We have U(Aqa,5)) 0o U(B(a,p)) is also a congruence relation. We denote the
congruence relation by U((A o B) )

Lemma 3.11. Let A and B be two intuitionistic fuzzy ideals of a ring R and
let a, B € [O, 1] with o+ B < 1. Then U((A o B)(a,ﬁ)) - U((A + B)(a”@w)).

Proof. Assume that (a,b) be an arbitrary element of U((A o B)(q4,g))- en
there exist an element ¢ € R such that (a,c) € U(A(4,g))) and (c,b) € U(B(a 3) ))
Therefore we have pa(a —¢) > a,va(a —c) < B, up(c—b) > a,vp(c—b) < B.
Then pa+pp(a—b) = Vi pegp(Ha(w)Aup(v)) = pala—c)Aup(c—b) > aha =
0, (144 02)(@—b) = Ay o(V4 (VB (0)) = vala—c)Vup(c—b) > BVA = 8
and so U((A + B)(qa,3))- O

Lemma 3.12. Let A and B be two intuitionistic fuzzy ideals of a ring R with
finite images and let o, B € [0,1] with o+ < 1. Then U((A o B)a,3) =
U((A+ B) )
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Proof. Assume that (a,b) € U((Ao B)g))- Then (ua+pp)(a—b) > a, (va+

vp)(a—b) < B. Thus we have \/,_,_, . (pa(@) App(y)) = o, Ny _pyiy (va(u) v
vp(v)) < B. Since I'mpuy and Impp are finite pa(xo) A pp(yo) > a for some
g, Y0 € R such that a — b = x¢ + yo. Thus

(1) pa(zo) > aand pa(yo) > a = pa(ro—0) > aand pa(a —b—x9) > «
and v4(zo) V vp(yo) < S for some xg,yo € R. Thus
(2)  wva(wo) < Band vp(yo) < B = va(wo —0) < B and va(a —b—x9) < B.

From (i) and (ii) (w0,0) € U(A(s,p))) and (a — b,x9) € U(B(4,)). Therefore
(a—0,0) € U((Ao B)q,p)- Since U((Ao B),p) is a congruence relation we get
(a,b) € U((Ao B)a,p)- Thus U((Ao B)a,p = U(A+ B)(a,p), if Impua and
Impp are finite. O

4. Approximation based on intuitionistic fuzzy ideals

Let A be an intuitionistic fuzzy ideal of a ring R and let «, 8 € [0,1] with
a+ B < 1. Since U(A(,g)) is an equivalence(congruence) relation on R we use
(R, A(q,p)) instead of the approximation space (U, ) where U = R and 6 is the
above equivalence relation.

Definition 4.1. Let A be an intuitionistic fuzzy ideal of a ring R and U(A4,3))
be an («, B)-level congruence relation of A on R. Let X be a non-empty subset
of R. Then the sets

U(Aa9), X) = {z € Rl[a]a,, , € X},
U(Awap), X) = {z € Rl[z]a, , N X # ¢}.

are respectively the lower and upper approximation of the set X with respect to

U(A(a,))-

Proposition 4.2. For every approzimation space (R, A(aﬂ)) and every subset
A, B of R, we have:

(i) U(A(a,3),B) € B C U(A(ap),B);

(i1) U(A(a,p),®) = ¢ = U(Aap), 0);

(#i7) Q(A(a,,@)v R)=R= U(A(a,ﬁ)a B);

(iv) If B C C, then U(A(q,5), B) € U(A(a,), C);U(Aa,5), B) € U(A(a,5),C)
(v) U(A(a,8),U(A(a,p); B)) = U(A(a,p), B);

(vi) U(A(a,p):U(A(ap), B)) = U(Aw,p) B):
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(vii) U(A(a,6): UA(a,p), B)) = U(A(a5), B);
(viii) U(A(a,p) U(Awa,p): B)) = U(Aa,5), B)

(ir) U(Aw,p), B) = U(A(a ), BY)¢;

(z) U(Aw,p), B) = U(A(a,p), BY)®;

(@8) U(A(ap) BNC) = U(A(a3), B) NU(A(ap),C);
(i) T(Aap), BNC) CT(Aap) B) NT(Afap), C);
(iii) U(A(q,3), BUC) D U(A(ap, B) UU(A(ap)C);
(ziv) U(A(a,p), BUC) = U(A(aﬁ), B)U U(A(aﬁ), )

U(
(zv) U(A(ap): [2]ag, ) = U(A(a,p), (%] A, 4) for all z € R.
Proof. The proof is obvious. O

The converse of (xii) and (xiii) in proposition 4.2 need not be true seen from
the following example.

Example 4.3. Let R = {0, z,y, 2z} be a set with binary operations as follows:

+10|x|y|z .0l x |y |z
010 |x|y|=z 0/0[0|0]|O0
x|x|0|z|y x|0|x|y|z
viy|lz]|0]|x vI0|x|y|z
z|z|y|x|O0 z|0]0]0]|O0

Then clearly R is a ring with z = —z,y = —y and z = —z. Now let u4(0) =
ag, vo = Po, pa(z) = ar,va(z) = Bi, pa(e) = paly) = az,va(z) = valy) = Be,
where ay,51 € [0,1],7 = 0,1,2 and a2 < ag < ap and Fy < f1 < P2. We
have A(ao Bo) — {(0 O) ( ) (Z/ y) (Zv Z)} A(ocl,,31) = {(070)7 ($>$)7 (y7y)a (za Z)v
(z,9), (y,2), (0, 2), (ZO)}Aa252 =RxR. _

Now let B={0,z} and C={0,y, z}. Then U(A (4, g,), B) = R;U(A(a, 8,),C) =
R;U(A(q, ), (BNC) = {0, z}; and U(A(a, 1) B) = ¢; ( (a1,81)> C) ={0,c};
Q(A(Otl,ﬁl) (BUC) R. Thus U(A(al Br)> B)ﬂU( (a1,81) g U A(a1,,31 (Bﬁ
C); and U(A(q, ), (BUC)) € U(A(ay 1) B) UU (A, 1), C);

Proposition 4.4. Let A and B be intuitionistic fuzzy ideals of a ring R and
let a, B € [0,1] with o + 8 < 1. If X is a non-empty subset of R, then U((AN
B)Aap)»X) € U(A(a,8), X) NU(A(a,), X)-

Proof. Let = € overline((AN B)a, »,X), = [2l(anp),,) N X # ¢, = a €
[)(anB)(04) N X = (a,2) € U(ANB)4,, , and a € X. = (uaNpp)(a—x) >
a,(vaUrp) < fand a € X. = min{ua(a — x),up(a —x)} > o, max{ra(a —
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x),vgla—z)} < fanda € X. = pala—z) > a,va(a— x) < fBand pgla—z) >
a,vgla—z) < Band a € X, = (a,7) € U(A(qp)) and (a,7) € U(B(4,p) and
a € X. = (a,7) € U(Ap),a € X and (a,z) € U(Bhp),a € X. = a €
(24,5 NX and a € [2]p, , N X, = 2 € U(A(n ), X) and z € U(B(ap),X).
The converse of the above proposition need not be true seen from the following
example. O

Example 4.5. Let R = Zg(the ring of integers modulo 6). Let B = Zg — [0, 1]
and C : Zg — [0,1] with pp(0) = vp(0) = ap, uB(l) = up(2) = up(4) = up =
as,vp(l) = vp(2) = vp(4) = vp(5) = B3, uB(3) = a2, vB(3) = B2;

pe = a1, ve(0) = Bisuc(l) = po3) = pe®) = a,vel) = vo(2) =
vo(5) = Ba, 1o (2) = pe(4) = az,ve(2) = ve(4) = B2 where o, 1 € [0,1],7 =
0,1,2,3,4and ay < a3 < ag < a1 < g and By < B1 < B2 < B3 < B4. We have
(s (@) = (upNic) () = s (upne)(1) = (upNe)(3) = (upNic)(5) =
ag; (B N pc)(0) = a1 (vB Uveo)(2) = (vB Uwe)(4) = B3 (ve Ure)(1) =
(v Urc)(3) = (vp Uve)(5) = Ba; (v Nve)(0) = i

(1

AlSOBaOJD’O {( ) ) ) ( ) (373)7< )7(575)} B(az,ﬁz {( )7(171)7
(2,2),(3,3),(4,4),(5,5), (5, %(2,5)( 1)(1,4),(0,3),(3,0)}; Bag,p) = Z6 ¥
Zg; C(ao,ﬁo - {(070 ( )7(272) ( ) ( ) ( ) )}7 C(az,b’z) = {(070)7<171)7
(2,2),(3,3),(4,4),(5,5),(5,3),(3,5), (4,2), ( 4),(1,3),(3,1), (0,2),(2,0), (5,1),
( ) ( )7(470) 700447/34) Zg X Zg; (BDC)(Ozoﬁo) {(O,O),(1,1)7(2,2), (373)7
(4,4),(5,5)}; (BNC)(a4,85={(0,0), (1,1), (2,2), (3,3),(4,4), (5,5), (5,3), (3,5),
(4,2),(2,4),(1,3),(3,1),(0,2),(2,0),(5,1),(1,5),(0,4), (4,0)}; (BN C)(ay,p0) =
ZG X Z@

Now let X = {1 2 3} thenU(B(a2 Ba)s X) = Z@,U(C(QQ 52) X) = ZG;U((BQ
C) (820, X) = {1,2,3}; and U((BNC)(a,8): X) =# U(B(a,p), X)NU(Cla ), X)

Proposition 4.6. Let A and B be intuitionistic fuzzy ideals of a ring R and let
o, B € [0,1] with a+p < 1. If X is a non-empty subset of R, then U(A (4 gy, X)N
U(B(a,8), X) = U((AN B)qa,), X)-

Proof. Let » € U(A(,), X) NU(B(ap),X), = = € U(A(ap),X) and x €
U(B(a,p), X); = []la,, € X and [z]p, ;0 € X, = [z](anB), € X, = @ €
U((AN B)(a,8), X)- O

Proposition 4.7. Let A be an intuitionistic fuzzy ideal of a ring R and let
a,f € 10,1] with a + 8 < 1. If A is an ideal of R, then A is an upper rough
ideal of R.

Proof. Let a,b € U(A(,g)) and r € R, then la]a, 5N B # ¢ and [b]a,, , NB #
¢ so there exists z € [a]a, ,, N B and y € [y]p, , N B. Since B is an ideal of R
we have v —y € B and ro € B. Thus x —y € [a]a, 5 — [bla, 5 = [a = bla, -
Hence [a — b](anB), 5, N B # ¢ this implies a — b € U(A(qa,p), B). Since (z,a) €
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U(A)(a,p), then pa(r —a) > a,va(z —a) < 8. Now we have

pa(rz = ra) = pa(r(z — ) > max{ua(r), pa(@ — @)} > pale —a) > a,
va(re —ra) =va(r(z —a)) < min{va(r),va(z —a)} <wva(x —a) < B.

Hence (rz,ra) € U(A(qp)) or r@ € [ra] thus rz € [raja, , N B =

_ Aep)? A
[m]A<a,5> N B # ¢ Therefore ra € U(A(q,g)), B). Likewise ar € U(A(q,)), B)-

Therefore U(A(q5)), B) is an ideal of R. O

Lemma 4.8. Let A be an intuitionistic fuzzy ideal of a ring R and let o, 5 €
[0, 1] with a + B < 1.If U(A(a,p), B) is a non-empty set, then [O]A(aﬁ) C B.

Proof. Let U(A(q,p), B) # 0 then there exists x € U(A(q,5), B) or [z]a,, 5 C B.

So [z]a, 5 € B. So —([z]a, ) € —B={-ala € B} = B.
0l 5 = [+ (=0)]ag 5 = lag s H=2lag 55 = [#lag s +(=[2]a ) €
B+ B = B. O

Proposition 4.9. Let A be an intuitionistic fuzzy ideal of a ring R and let
a,f € [0,1] with o + f < 1.Let B be an intuitionistic fuzzy ideal of R. If
U(A(a,p), B) is a non-empty set then it is equal to B.

Proof. We know U(A(, ), B) € B. Assume tha t a is an arbitrary element of
B. Since [0]4,, ,, € B. Since A is an ideal of R, we have a+[0]4, , € a+B C B;
= [d]

Ao p) CB.=ac€ Q(A(aﬂ),B). ]

Corollary 4.10. Let A be an intuitionistic fuzzy ideal of a ring R and let

o, B € [0,1] with a+ 8 < 1.If B is an ideal of R, then (U(A(q,8), B), U(A(a,8), B)
is a rough ideal of R.

Proposition 4.11. Let A and B be intuitionistic fuzzy ideals of a ring R and
let o, B € [0,1] with o+ 8 < 1.If C is a non-empty subset of R, then

(B(OMB)’ C) c U(A(oc,ﬁ)a C)a
(A(a,8),C) S U(B(a,5), O)-

Proof. (i) Let x be an arbitrary element of U(B(, ), C) then [z]
¢, since [x]

Bag [ C#

Bag C [2]ag s, we have [z]a, , N C # ¢, which implies z €
U(A(a,p),C)-

(ii) Let x € Q(A(aﬁ),C), then [x]A(am Cc C = MB(a,m C C thus z €
U(B(a,8),C)-

O]

Proposition 4.12. Let A and B be intuitionistic fuzzy ideals of a ring R and
let a, B € [0,1] with a+ B < 1.Let X be a non-empty subset of R.If U(B ) C
U(A(aﬁ)) then
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) - U(A(a,ﬁ)a X)a
cu

X
(A(a,ﬁ)vX) = (B(oz,,B)aX)'

Proof. (i) Let x be an arbitrary element of U(B, ), X) then there exists a €
[x]B(a,@) NC. Then a € X and (a’x) € U(B(a,ﬁ)aX) - U(A(a,ﬂ))' Therefore
a € [x]

Agp N Xand so x € U(A(np), X).
(ii) Let x be an arbitrary element of U(A (4 ), X), then [2]a, ,, € X. Since
[]B, 5 C [%]a,, weget [z]p, , C X implies x € U(A( g), X).
O

Proposition 4.13. Let A and B be intuitionistic fuzzy ideals of a ring R and
let a, 8 € [0,1] with o+ f < 1. Let X be a non-empty subset of R then

(4)
(i)

Proposition 4.14. Let A and B be an intuitionistic fuzzy ideal of a ring R,
with finite images and let o, B € [0,1] with o + 8 < 1. If X is a non-empty
subset of R, then

U((AoB)(ap),X) CU(A~+ B)ap),X);
U((A+ B)(a,p),X) CU((Ao B)a,p),X).

(1) U((A© B)(a,p),X) S U((A+ B)ap),X);
(it) U((A+ B) (a5, X) € U((A© B) (a8, X)-

If A and B are non-empty subsets of R. Let A.B denote the set of all finite sums
{a1b1 +aghs + ... +apby,,n € N,a; € A, b; € B}

Proposition 4.15. Let A and B be intuitionistic fuzzy ideals of a ring R and
a, B € [0,1] with a+3 < 1. If A is an ideal of R, then U(A (o gy, C).U(B(a,),C) C
U((A © B)(a,,b’)v C)

Proof. Suppose that z be any element of U(A(q ), C).U(B(q,5),C). Then z =
>oieq agb; for some a; € U(A (4 5),C) and b; € U(B(qp),C). Thus [@i] A4y 5 N
C # ¢ and [b]p, , NC # ¢ for i = 1,2,3...n. Since C is ideal of R then
i1 xy; € C. Since (24,0;) € U(Awnp)) and (y;,b;) € U(B(,,p)) we have
MA(xz - az) > o, va(z; —a;) < B and pp(y; — bi) > a,nua(y; —b; < 5. Then
pa(ibi — aibi) = pa((zi — ag)bi) > maz{pa(w — as), palbi)} > pa(zi—ai) >
va(x; b —aib;) = l/A (x; — al) bi) < min{va(z; —a;),va(b)} <wvalx; —a;) < B,
pe(xiyi—xibi) = pp((zi(y; )) > maz{pp(z;), NB(yz_b )} > up(yi—bi) >
( TiYi — Ty z) = VB(( 'L( - ) < mZn{I/B(l‘Z) VB(yz )} < VB(yz - b) < ﬁ
Hence (xibi, a;b;) € U(Aqp) and (z3y;, xib;) € U(B)qp and so (x;y4, aib;) €
U(AoB)qpforalli=1,2,..n. Since U(AoB), g is a congruence relation we get
[t @i, 2o aibi] € U(A 0 B)(a,p) and so 3510, ziyi € D21 aibi](AoB)(aﬁ)'
Therefore [>°" aibi](AoB)(a’B) NC#¢= > aib € U(Ao B)p). O
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Corollary 4.16. Let A and B be intuitionistic fuzzy ideal of a ring R and o, B €
[0,1] with a4+ p < 1. If A is an ideal of R, then U(A(aﬂ),C’).U(B(aﬂ),C’) C

U((A + B)(ayﬁ), C)

5. Conclusion

In this paper we considered the concept of intuitionistic fuzzy ideals on rough
sets. The lower and upper approximation of rough sets were defined and a new
definition is defined such that the approximation space satisfies the condition
of the ideal. Using this new relation we have discussed some of the algebraic
nature of intuitionistic fuzzy ideals of a ring.In future the authors may extend
this paper to neutrosophic ideals in approximation systems.
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