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Abstract. This paper is concerned with the parameter estimation problem for a sta-
tionary ergodic diffusion process with drift coefficient a(X¢,#) and diffusion coefficient
b(X;) under the case of continuous-time observations. Firstly, we find a closed interval
on which the likelihood function is continuous and does not attain the maximum at
two endpoints of this interval. Secondly, we prove that the maximum likelihood esti-
mator exists in the interval when the sample size is large enough. Finally, the strong
consistency of the estimator and the asymptotic normality of the error of estimation
are proved. All of the results are obtained by applying the maximal inequality for
martingales, Borel-Cantelli lemma and uniform ergodic theorem.
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1. Introduction

Diffusion processes have been widely used for model building in demographic
theory, safety science, computer science and management science. Moreover,
diffusion processes are the essential stochastic modeling tools in the modern
financial theories and applications. Recently, diffusion models are applied to
describe the dynamics of a financial asset, such as Black-Scholes-Merton option
pricing formula (see e.g. [6, 21]), and Vasicek and Cox-Ingersoll-Ross pricing
formulas for the zero coupon bond (see e.g. [25, 7, 8]). Statistical inference for
diffusion processes is very important to the stochastic theories as well as to the
applications in model building. In the stochastic models describing the actual
systems, part or all of the parameters are always unknown, but the observed val-
ues are known. Therefore, parameter estimation becomes an important problem
needed to be solved depending on observed values. Parameters in the stochastic
models have to be estimated either from continuous-time observation if contin-
uous observation is possible, or from discrete sampled data set for the process
if the process is not observed continuously. As far as we know, it is of great
importance for the special stochastic model to estimate the parameters for the
purpose of obtaining a proper structure of the model no matter which method
is used.
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In earlier works, some methods such as maximum likelihood estimation,
Bayes estimation and least-squares estimation have been employed to solve the
parameter estimation problem for the diffusion processes and the asymptotic
properties of the estimators have been discussed as well. In previous literatures,
numerical approximation schemes have been employed together with the esti-
mation methods to estimate the parameters based on discrete observations. For
example, by applying Euler method to discrete the original continuous-time pro-
cesses and employing least squares estimation (see e.g. [12, 11, 19]), generalized
method of moments (see e.g. [10]), and maximum likelihood estimation (see e.g.
[1, 14]), or by using Ité6 sum and Riemann sum to approximate the integrals
in the continuous-time likelihood function and applying maximum likelihood
estimation (see e.g. [28]), martingale estimation (see e.g. [4]), and estimation
based on eigenfunctions (see e.g. [5]). When the process is observed partially,
both the parameter estimation method and the state estimation method such
as extended Kalman filter are employed to solve the estimation problem (see
e.g. [13, 23, 18]). However, numerical approximation schemes have some dis-
advantages. For example, the discretized processes may not converge to the
original continuous-time processes and the estimators obtained may not con-
sistent when the time between observations is bounded away from zero. As a
consequence, it is of great importance to estimate parameters for the original
continuous-time diffusion processes based on continuous observations. In previ-
ous literatures, some methods have been employed to solve the estimation prob-
lem for continuous-time diffusion processes described by stochastic differential
equations. For example, estimation of the drift parameter for a linear stochastic
differential equation (see e.g. [22]), maximum likelihood estimation in the scalar
parameter case and vector parameter case for a nonlinear stochastic differential
equation (see e.g. [24, 2]), and other methods such as Moment estimation (see
e.g. [17]), M-estimation method (see e.g. [27]), and minimum distance method
(see e.g. [15, 9]). Moreover, Kutoyants([16]) and Wei ([26]) used likelihood ra-
tio process and maximum likelihood estimation respectively to investigate the
parameter estimation in probability for ergodic diffusion processes.

Although the parameter estimation has been studied by some authors, the
almost sure convergence of the parameter estimator has not been discussed. In
this paper, the parameter estimation problem for a class of stationary ergodic
diffusion processes is investigated by applying maximum likelihood estimation
under the case of continuous-time observations. The idea of solving the esti-
mation problem for ergodic diffusion processes in this article is different from
that in Kutoyants([16]) and Wei ([26]). In ([16]) and ([26]), only the weak con-
vergence of the estimator has been considered, but in this paper, the strong
convergence, namely the almost sure convergence of the estimator is considered.
For the purpose of proving the existence of the maximum likelihood estimator,
we find a compact set on which the likelihood function is continuous and does
not attain the maximum at two endpoints of this compact set when the sam-
ple size is large enough. Hence, the likelihood function has a local maximum
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in this compact set and the existence of the maximum likelihood estimator is
proved. The strong consistency of the parameter and the asymptotic normal-
ity of the error of estimation are proved by applying maximal inequality for
martingale, Borel-Cantelli lemma, the dominated convergence theorem and the
uniform ergodic theorem.

This paper is organized as follows. In Section 2, some assumptions are pro-
vided and the likelihood function is given based on the Girsanov theorem. The
main results are given in Section 3 where the existence and strong consistency of
the maximum likelihood estimator are proved and the limit distribution of the
error of estimation is obtained. An example is given to verify the effectiveness
of the estimator in Section 4. The conclusion is given in Section 5.

2. Problem formulation and preliminaries

In this paper, the one-dimensional stationary ergodic diffusion processes de-
scribed by the following class of stochastic differential equation will be studied:

(1)

dX; = a(Xs, 0)dt + b(X,)dW,
Xo = o,

where 6 € O a open subset of R is the unknown one-dimensional parameter.

Suppose (1) satisfies the conditions that ensure the existence and uniqueness
of the solution, (see e.g. [20]). The process is observed over [0,7]. zg is dis-
tributed according to the stationary distribution of the process. The drift and
diffusion coefficients are supposed to be known and do not depend on the time
t. (Wit > 0) is a standard Wiener process defined on a complete probability
space (2, F,P). Now the Girsanov theorem is introduced below.

Lemma 1 ([3]). Let Y (t) be an It6 process of the form
dY (t) = a(t,w)dt + dB(t);t < T,

where T < o0 is a given constant and B(t) is Brownian motion. Put

t 1 t
M, = exp(—/ a(s,w)dBs — 2/ a’(s,w)ds);t < T.
0 0

Assume that a(s,w) satisfies Novikov’s condition

1 (T
IE[eXp(Q/ a?(s,w)ds)] < oo,
0
where E is the expectation with respect to P. Define the measure Q on (2, Fr)
by
dQ(w) = MrdP(w).

Then Y (t) is a Brownian motion with respect to the probability law Q, for

t<T.
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From now on we shall work under the assumptions below.
Assumption 1. Py, # Py for 01 # 0 in © where 6 denotes the true parameter.

Assumption 2. |a(z,s)| < M(x) and |a’(x,s)\ < Q(x) for all s € 1(0) where
1(0) is a closed interval containing 6 and o’ denotes the differential with respect

to 0. Moreover, Eg| ((XO))] < oo and Eg| ((X;’))]z < 00.

T a ts

B / ( lﬂf;tf’ﬁdtkoo
T /

B /0 (EEeD oy o

Assumption 3.

b(X)
and T )
a Xt, 9 2
E ——2)dt] < o0
0[/0 Sy
which ensure the existence of the stochastic integrals [, r a((Xt’)) aws, |, (( tt’)e) dWy

and [} S AW,

Remark 1. Assumption 1 means that the value the likelihood function takes at
the true parameter is not equal to the value at other parameters. Assumptions 2
and 3 play a key role in applying the Borel-Cantelli lemma and uniform ergodic
theorem.

Let P} be the probability measure generated by the process {X;,0 <t < T}
and PVTV be the probability measure induced by the standard Wiener process.
Then, by applying the Girsanov theorem, the log likelihood function is described
as follows:

dP] T a(Xy,0) 1 (T a?(Xy,0)
2 (7(0) = log —& = " dX, — = — =gt
2) () =g /0 X /0 e

Assume that ¢7(0) is continuous and differentiable with respect to 6.

In the next section two problems will be solved. One is that the existence and
strong consistency of the maximum likelihood estimator at which the likelihood
function attains a local maximum will be proved, the other one is that the limit
distribution of the error of estimation will be discussed.

3. Main results and proofs

In the following theorem, the existence and strong consistency of the maximum
likelihood estimator are proved by applying the maximal inequality for martin-
gale, Borel-Cantelli lemma and the uniform ergodic theorem. In this case, the
likelihood function attains a maximum on a compact set, which means that the
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likelihood function has a local maximum. The process of finding the compact
set in which the likelihood function has a maximum plays a key role in the proof
of this theorem.

Theorem 1. Under Assumptions 1-3, there exists a solution of the equation
07.(8) = 0 which is strongly consistent for 6 as T — oo.

Proof. Suppose 6 denotes the true value of the parameter. According to the
expression of the likelihood function, for any ¢ > 0 such that 8 + ¢ € O, it is
easy to check that
lp(0 £ o) —Lp(0)
_ /T (a(Xy,0+0) — a(Xt,H))dXt 1 /T (a® (X4, 0+ 0) — “2(Xt’0))dt
0 0

b2(X,) 2 b2(X,)
(T (a(Xp, 0+ 0) — a(Xy,0)) 1 (T (a(X,0 £ 0) —a(X,0))?
_ /0 e AW, — 2/0 ) dt.

First of all, we will prove that T OT a((Xt’))th 2% 0as T — oo where

s e I(0).
By applying maximal inequality for martingale and the stationarity of the
process, it follows that

Eg( To alXes) gyy7,)2
Py( sup \/ th] >¢) Jo (2 )
0<T<Ty €
a(Xo,s
_ ToRs(5)’
= =
Let
T
X n
(3) B,={ sup sup| o t’s)th| > 220},

an=loT<2n s 0 b(Xt)
where n > 1 and o > % Then

Xtv

Py(B),) = Py( sup sup|
0<T<2n~1 s

e iy

— 2nn2a 2 n2a '

th’ > 25710‘)

It can be obtained that

(4) > Py(Bn) <
n=1
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According to Borel-Cantelli lemma, it follows that

(5) Py(limsup B,,) =0
n—oo
Therefore,
T a(X¢,
. |f0 ((t))th‘ 1,1,
(6) lim sup sup - <22(—)% a.s
Tooo s T2(InT)* In 2
Hence, for large T,
1 (T a(Xy,s) (InT)* 1, 1
= dWy| < 22(—)”
with probability one.
It is easy to check that
1 T a(Xt S) a.s.

8 = AWy =50
(8) Sl;plT/O bX) il =0,
as T — oo.

Since
1 [T a(Xy,s) 1 (T a(Xy,s)

9 — dWy| < — dW,
) T/o ) —S‘ip’T/o b
it follows that

1 (T a(Xy, s) as
10 — dW, = 0.
(10) A ol
As a result, one has
X 0 :l: X 0 a.s.
(11) - 10%0) = alXe,6) e

b(X3)

as T' — oo.
According to the uniform ergodic theorem (see e.g. [24]), it can be checked
that

1 (T (a(Xe,0£0) —a(X:,0)? . as . (a(X0,0 £0) — a(Xo,0))?
12 — E
2 7 B2 (X,) it = ol B (X0) }
as T — oo. )
We assume that Eg[(“(XO’etg())zoa)(XOﬁ)) ] > 0.
Therefore,

a o)—a 2
(13)  (Er(0=0) — n(6)) "5 LBl (Xo,0il)2()X0) (X0,0))

| <0,
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as T — oo.
Hence, for almost every w € €0, ¢ and 0, there exists T such that for T' > Ty,

(14) ET(QZEO') < ET(Q)

_ Since £7(0) is continuous on the interval [0 — o, 6+ 0], there exists an element
01 € (0 — 0,0 + o) such that £7(0) reaches the maximum at this element, that
is to say, {.(07) = 0. As |07 — 0] < o, it leads to the relation

(15) 07 “% 0,

as T' — oo.
The proof is complete. O

In the following theorem, the limit distribution of the error of estimation
is obtained by applying the maximal inequality for martingale, Borel-Cantelli
lemma and uniform ergodic theorem.

Theorem 2. Under Assumptions 1-3, VT (01 — 6) 4 N(0, m), (T —
Ol75(X0)
00).

Proof. Expanding ¢/(0) about 7, it follows that
(16) Up(0) = Cp(0r) + L0 (07 + M0 — 07))(0 — 1),

where 0 < A < 1. B
In view of Theorem 1, it is known that ¢/.(67) = 0, then

(17) U (0) = Lp(0r + MO — 7)) (0 — Or).

Since # is the true value of the parameter,

T 7 T /
¢ () :/ a (Xt,H)dXt _/ a(Xy,0)a (Xt,G)dt
0 0

b2 (X¢) b2(X¢)
T CL,(Xt 0)
= — AW,
/o b(Xy)
with the stationarity of the process, it can be checked that
(18) Eolt1(0)] = 0,
and
'(Xo,0)
19 Eg[2(0))2 = TE[L 2002
(19) oll7(0)] ol b(Xo) ]

From the central limit theorem for stochastic integrals, one has

a’(Xo, 9)

(20) T=20,.(0) % N(0, B ) 12).
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As
1, 1, (Tad"(X,0)
F40) = (| medlax,
B /T (a(Xt,0) + a( Xy, 0)a" (Xy, 0)) i)
0 b?(Xy)
B l T a”(Xt,G) B T alz(Xt,Q)
=7 S e [ e

By applying the same method used in Theorem 1, it follows that
T a’
(X
(21) / t’ X0 gy, s,

as T' — oo.
By employing the uniform ergodic theorem, it can be obtained that

(22) /T&Xe NI

B2(X, ol b(Xo)

as T' — oo.
From the above analysis, one has

1 a.s. a/(XO 9)
2 —04.(0 Eg[——22]2
as T — oo.
Since

(B + M6~ ) — £4(0))

! T (a"(Xy, 00 + N0 — 07)) — " (X4, 0))
_ T(/o ) dX,

T a2(X,0) — a?( Xy, 00 + X0 — 6 a(Xy, 0)a" (X, 0
[ )= B 4 NO ) ol O 0
B /T a(Xt,gT + A0 — gT))a”(Xt,gT + A0 — ET))dt)

0 b?(Xt)

1 (T (@"(Xe, 07 + AN0 —07)) — " (X4, 0))
=7, b(X) i

T(I/2 Xt,9 —a’2 Xt,g )\9—5

+/0 ( ) l)(Q(Xt)T+ ( T))dt

dt),

. /T a"(Xy, 07 + M0 — 07))(a(Xs, 0) — a(Xy, O + MO — 07)))
0

b?(X+)
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by applying the uniform ergodic theorem, the dominated convergence theorem
together with 87 “3 @ and (21), it follows that

1 2 Y a.s.
(24) (@ + M0 = 07) — £4(0)) “5 0,
as T — oo.
Therefore,
]. — - a.s. CL,(XO 9)
25 — (L0 + N0 -0 Ep[—rrt]?
(25) 7@+ X0 1) 5 B[
as T — oo.
From the above analysis, we have
_ 1
(26) \/T(GT - 0) i) N(Oa o' (X0,0) )7
EG[ b(XO, ]2
0)
as T — oo.
The proof is complete. O
4. Example

We consider the diffusion process described by the following stochastic differen-
tial equation:

dX; = —GXt[l + % sin(Xt)]dt + odW;
(27)
XO ~ Ug,
where 6 > 0,0 > 0, ug is the invariant measure.
It is easy to check that the likelihood function has the following expression
T —0X,[1+ §sin(X 1 (T 0?X2[1 + §sin(X;))?
(28) ZT(G) — / t[ 22 ( t)] dXt _ / t [ 22 ( t)]
0 o 2 Jo
Then, we obtain the estimator
T = .
fOT X2[1 + 3§ sin(X,)]2dt
Thus, the estimation error is
- —o [ Xy[1 + L sin(Xy)]dW,
(30) Op — 6= 7 .
Jo XZ[1+ & sin(X;)]2dt
Since X2[1 + 3 sin(X;)]? < X7 and E[X()? < oo, it is obviously that this
process satisfy the Assumptions 1-3. Then, we have

dt.

g

(31) or “3 9,
and
— d 0'2
(32) VT(0r — 6) 5 N(0, ).

E[X2[1 + & sin(Xp)]?]
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5. Conclusion

In this paper, the existence and strong consistency of the maximum likelihood
estimator and the asymptotic normality of the error of estimation have been
proved with the help of the maximal inequality for martingale, Borel-Cantelli
lemma and uniform ergodic theorem. In this paper, the likelihood function has
attained a local maximum at the maximum likelihood estimator in a compact
set. This paper has considered a class of processes driven by Brown Motion,
one of the further research topics will study the parameter estimation for the
processes driven by fractional Brown Motion or small Lévy noises.
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