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Abstract. We extend the fuzzy approach of algebraic hyperstructures to the context
of complete fuzzy hypergroups. In this paper we introduce the classes of n*— complete
fuzzy hypergroups and ;) — complete fuzzy hypergroups which they are generalizations
of two important classes of hypergroups, also we find some properties of them. Finally,
we study 2*— complete fuzzy hypergroups and give some properties and examples in
this regard.
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1. Introduction

The study of fuzzy hyperstructures is an interesting research topic for fuzzy sets.
There are many works on the connections between fuzzy sets and hyperstruc-
tures [3, 10]. In this paper we introduce two types of fuzzy hypergroups: n*—
complete fuzzy hypergroups and ~;— complete fuzzy hypergroups. They are
generalizations of two important classes of hypergroups: n*— complete hyper-
groups [4] and 7;:— complete hypergroups [5]. Notice in a fuzzy hypergroup the
elements are combined by a fuzzy hyperoperations, while in a hypergroup, the
elements are combined by a crisp hyperoperations. This idea was continuated
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by Sen, Ameri and Chowdhury in [10] where fuzzy semihypergroups are intro-
duced. The fundamental relations are one of the most important and interesting
concepts in fuzzy hyperstructures that ordinary algebraic structures are derived
from fuzzy hyperstructures by them. Fundamental relations a* and v* on fuzzy
hypersemigroups are studied in [1] and [9]. In this paper, by using this relations,
we introduce and study two types of fuzzy hypergroups and we present some
properties of them. In the last section, we study in particular the 2*— complete
fuzzy hypergroups and we show that some classes of fuzzy hypergroups (fuzzy
complete hypergroups, fuzzy join spaces, fuzzy canonical hypergroups, fuzzy
steiner hypergroups) are 2*— complete.

2. Preliminaries

Recall that for a non-empty set S, a fuzzy subset u of S is a function from S
into the real unite interval [0, 1] and Supp(p) = {z € S : pu(z) > 0}.We denote
the set of all nonzero fuzzy subsets of S by F*(S). Also for fuzzy subsets p; and
o of S, then py is smaller than ps and write py < uso iff for all x € S, we have
p1(z) < po(z). Define py V po and puy A pg as follows: Vo € S, (u1 V pe2)(z) =
maz{p(x), p2(2)} and (1 A p2)(x) = min{pi (), pa(z)}.

A fuzzy hyperoperation on S is a mapping o : S x S — F*(S) written as
(a,b) = aob = ab. The couple (S5,0) is called a fuzzy hypergroupoid.

Definition 2.1 ([10]). A fuzzy hypergroupoid (.5, o) is called a fuzzy hypersemi-
group if for all a,b,c € S, (aob)oc = ao (boc), where for any fuzzy subset u of
SandallresS

((aot)(r) Au(t), p#0
(aop)(r) = t\e/s

(noa)(r) = qtes

Definition 2.2. Let pu, v be two fuzzy subsets of a fuzzy hypergroupoid (S, o).
Then we define pov by (uov)(t) =V, es(p(p) A(poq)(t) Av(q)), for allt € S.

Definition 2.3 ([10]). A fuzzy hypersemigroup (S, o) is called fuzzy hypergroup
ifroS=Sox=xg, for all z € S, where xg is characteristic function of S.

Example 2.4. Consider a fuzzy hyperoperation o on a non-empty set S by
aob = x{qp}, for all a,b € S,. Then (S,0) is a fuzzy hypersemigroup and fuzzy
hypergroup as well.

Definition 2.5 ([10]). Let p be an equivalence relation on a fuzzy hyper-
semigroup (S,0), we define two relations p and p on F*(S) as follows: for
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w,v € F*(S); ppr if p(a) > 0 then there exists b € S such that v(b) > 0
and apb, also if v(z) > 0 then there exists y € S, such that p(y) > 0 and zpy.
wpv if for all z € S such that u(x) > 0 and for all y € S such that v(y) > 0,

zpy.

Definition 2.6. An equivalence relation p on a fuzzy hypersemigroup (S, o) is
said to be (strongly) fuzzy regular if apb,a’pb’ implies aoa’ pbol/(aca’ pbol').

Definition 2.7 ([1]). Let (S,0) be a fuzzy hypergroup. We define the relation
a on S in the following way: a = Up>1a,, where a; = {(z,x) | x € S} and for
every n > 1 and (a,b) € S?
aopb <= 3Jx1, ..., 2y, € S(n € N): (x10...02,)(a) > 0and (z10...0x,)(b) > 0.
It is clear that « is symetric and reflexive. We take o™ to be the transitive
closure of a. Then «* is an equivalence relation on S.

Theorem 2.8 ([1]). The relation o is the smallest equivalence relation on a
fuzzy hypergroup (S, o) such that S/a* is a group.

Definition 2.9 ([9]). Let (S,0) be a fuzzy hypergroup. The commutative fun-
damental relation on (S, o) is the smallest equivalence relation p on S such that
the quotient structure (S/p, ®) is a commutative group.

Let (S,0) be a fuzzy hypersemigroup. We define the relation v on S in
the following way, v = {J,;~; 7» where v1 = {(s,s) : s € S} and for every
n > 2, aypb if 3z1,...,2, € S(n € N),30 € S,: (z10...0z,)(a) > 0 and
(g, ©...0x4, )(b) > 0.

It is clear that ~ is symetric and reflexive. We take v* to be the transitive
closure of 7v. Then v* is an equivalence relation on S.

Proposition 2.10 ([9]). The relation v* is a strongly fuzzy regular relation.

Corollary 2.11 ([9]). Let S be a fuzzy hypersemigroup. Then the quotient S/~*
18 a commutative semigroup.

3. n*— and 7, — complete fuzzy hypergroups

For every n € N we will write o, and +;; to denote the transitive closure of the
relations oy, and ;.

Definition 3.1. A fuzzy hypergroup S is said to be n— complete if for every
Z1,y ..y 2n, S, € S, we have the following condition:

n

te Supp(H zi),tas = s € Supp(H 2i)-
i=1 i=1

Proposition 3.2. (i) a, C apt1,Vn € N;
(1) ajy C a4, Vn € N.
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Proof. (i) ¥(z,y) € S%, xany = 3(21, ..., 2,) € S™:

n n

(J[z)@) >0 and (J]z)() > 0.

i=1 i=1

Since
n

0 < ([[=)(2) = VI(z1:20-1)(r) A (r20) ()],

i=1 res

there exists r € S such that (z1...z,—1)(r) > 0 and (rz,)(x) > 0. Also since S is
a fuzzy hypergroup 3(t1,t2) € S? such that (t1t2)(2,) > 0. Now

(21..c.zn—1t1t2)( \/ H 2i)(p) A (tit2)(q) A (pg)(x)].

Let p = r and ¢ = z,, then (z1....2,_1t1t2)(z) > 0. In the similar way, we can
show (21....zn—1t1t2)(y) > 0, Therefore xay,+1y and ay, C .
(ii) It follows from (i). O

Proposition 3.3. V(a,b,z) € §%, acjb = (az)aj,,(bz), (za)a),,  (xb).

Proof. If aa;b, then 3(z1,..., 2m) € S™ : a = 200n2100....2m A Zmy1 = b. Thus
V5,0 < 5 < m, El(al,a2,.. ah) € 8™ {z,zi41} C Supp(I]m 10<) There-
fore Vj € {0,1,...,m},Vt € S such that (zjz)(t) > 0, since (a.. a%:c)(t) =
Vpesl(ITizy ag)(p) A (px)(t)], we let p = z; and obtain ¢ € Supp(ad...odx).
Also for every s € S, if (zj+1af)(s) > 0, then s € Supp(al .odz). Therefore

2;T)0p11(2i+12) and so (ax)a bx). In a analogous way, we can prove the
J J ntl
rest. O

g *x %k * ok
Proposition 3.4. a; =}, = a1 = ay 5.

Proof. It is sufficient to prove that a2 C o, 4.

If {x,y} C Supp(]_[ff zi), then there exist {t1,t2} C Supp([[}; ! 2;) such
that (t12p42)(z) > 0 and (t2z,42)(y) > 0. Obviously t;ay,+1t2 and taite. Thus

from 3.3, (t12n42)a} 1 (t2zns2). It implies that zaZ; . ]

Proposition 3.5. If there exists n € N such that oy, = ay, | then a = ay,.
Proof. It follows from 3.4 and Definition of the relation «. O

Definition 3.6. A fuzzy hypergroup S is said to be n*— complete if there exists
n € N such that o, = a and o}, # o) _;

Remark 1. A fuzzy hypergroup S is n*— complete if and only if a1 C ), #

*
an_ln
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Remark 2. S is n*— complete if and only if n is the minimum integer such
that S/a} is a group.

Proposition 3.7. Fvery finite fuzzy hypergroup is n*— complete.
Proof. It follows from a] C a5 C ... C o), C ... O

Remark 3. For every finite fuzzy hypergroup, there exists m € N such that
o= Q.

Proposition 3.8. If S is n-complete fuzzy hypergroup then Im < n such that
S is m*— complete.

Definition 3.9. A fuzzy hypergroup S is said to be v,— complete if for every
Z1y...,2n, S, t €S, and every o € S), the following condition holds:

n n

te Supp(H Zo(i)), T8 = s € Supp(H Zi)-
i=1 =1

Proposition 3.10. (i) v, C yp41,Vn € N;
(i1) v S Ypy1, V0 € N.

Proof. (i) If z7y,y, then 3(z1,...,2,) € S, Jo € Sy, :

n n

(T2 >0 and ([]z0w)) > 0.

i=1 =1

Since S is a fuzzy hypergroup, so 3(t1,t2) € S? such that (t1t2)(z,) > 0. Let
zil = z;, for 1 <i<mn—1and z,/ = t1, zn41/ = to. Thus (]_[Z":'i'l1 zil)(z) > 0. Let
o(k) = n, now since (25(1)-+-2o(k) 2o (k+1)-2o(n)) (Y) = Vp4esl(Zo()2o(k)) (P) A
(Za(k—i-l)"'zo‘(n))(q) A (pq) (y)]’ there exist p,q € S such that (Zo(l)"'zcr(k‘))(p) >0,
(Zo(k+1)-Zom)) (@) > 0 and (pg)(y) > 0. But (25(1)---2o(k))(p) > 0 implies
that there exists r € S such that (z,(1)..-25(k—1))(r) > 0 and (rz,)(p) > 0.
NOW, (Za(l)--'Za(k—l)tltZZa(k+1)--'Za(n))(y) = \/p/,qfeg[(20(1)---20(1.;_1)?51752)(pl) A\
Coothsn)2om) (@) A PN

Let p’ = p and ¢’ = ¢. Since

2oy 2o-nyt1t2) (@) =\ [(Zo(1)2oe—1)) (") A (trt2)(s) A ('s") (p)].

r’.s'eS

Let ' = r and s' = 2,. Therefore (2,(1).--Zo(k—1)t1t220(k+1)-Zo(n)) (y) > 0
and Tyn41Y.
(ii) It follows from (i). O

Proposition 3.11. V(a,b,z) € S3,

avib = (ax)ypy, (br) and (za)ys,, (ab).
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Definition 3.12. A fuzzy hypergroup S is said to be 7, — complete if there
exists n € N and n is the smallest integer such that v, =~ and v}, # v _;.

We know a* = v* in commutative fuzzy hypergroups, thus we obtain the
following:

Proposition 3.13. A commutative fuzzy hypergroup S is v;— complete if and
only if S is n*— complete fyzzy hypergroup.

Proposition 3.14. S is v — complete fuzzy hypergroup if and only if S/~ is
an abelian group.

Proposition 3.15. If S is v,— complete fuzzy hypergroup then Im < n such
that S is 7y, — complete.

Proof. If S is v,— complete, then v, = v, so v = ~ and there exists m < n
such that vy, =~ and v, _; # V.- O

Proposition 3.16. Every finite fuzzy hypergroup is vy, — complete.

Let ¢ : S — S/a* be the canonical projection, then we denote wg =
¢_1(1S/a*)'

Proposition 3.17. We have:
(i) If V(v,w) € wk, vanw then a = apq1;
(i) If V(v,w) € wk, vajw then a = aff 4.

Proof. (i) If zay then 3(v,w) € w? such that (zv)(y) > 0 and (zw)(z) > 0.
But for the hypothesis vayw and so (xv)@,11(zw), whence zay, 1y, therefore
a C aptl.

(ii) It follows from (i) and 3.3. O

Remark 4. Both of two parts of last proposition are verifiable, when we use
instead of a.

Corollary 3.18. If V(u,w) € w%, uajw and I, w') e w? such that u ¢

= (w), then S is n*-complete or (n + 1)*-complete.

Qpn1

Remark 5. Both of the two possibilities of corollary are verifiable, as the fol-
lowing examples:

Example 3.19. Let (S, 0) be a fuzzy hypergroup, where is defined by:

2
4, (coc)(a) =(coc)(b)=0.5

The remaining binary products are zero. In this case it is easy to verify that
S is n*-complete.
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Example 3.20. Let (5" = {a,b,c,d}, o) be a fuzzy hypergroup with the hyper-
operation is defined by:

=(aoc)(c)=(aod)(d) =0.1=(boa)(b)

— (coa
(bob)(a)=(boc)(d) = (bod)(c) =0.2,
(co0)(@) = (coc)(b) = (cod)(a) = 0.4,
(cod)(b) = (cob)(d) = (dob)(c)=0.3,
(doc)(a) = (doc)(b) =(dod)(a)=(dod)(b) =0.5

It is easy to verify that S is (n + 1)*-complete.

4. On 2*-complete fuzzy hypergroup

Lemma 4.1. If A denotes the family of the fuzzy hyperproducts of two elements
of S and there exists a family M = {My,M>,..., My} C A such that M; A
M1 #0 (i € {1,2,...,p—1}) and \/?_| M; = xgs then S is 2*-complete and
wg = S.

Proof. It is sufficient to prove that a3 C of. If zasy, then 3(21, 22, 23) € S3 such
that (H?:l zi)(z) > 0 and (H?:l z)(y) > 0 since (z,y) € S? and xs = V!_; M;.
Thus:

A: 3M; such that M;(z) > 0 and M;(y) > 0 then zady.

B: 3M; such that M;(x) > 0 and IM;;; such that M;1(y) > 0, since
M; N M;y1 #0 — 3t € S such that M;(t) > 0 and M;41(t) > 0 thus zast and
tay then zojy.

C: 3M; such that M;(xz) > 0 and 3M; (j # 4, j # i+1) such that M;(y) > 0
since M; A M;+1 # 0 then there exists t; € S; M;(t1) > 0 and M;41(¢1) > 0 then
xagt; and since M1 A Mo # 0 thus there exists to € S; M;y1(t2) > 0 and
M;2(t2) > 0 then tiaate. So as a consequence one obtains tjaoy and so xady.
O

Definition 4.2. An equivalence relation R on a fuzzy hypergroup S is called
fuzzy feebly regular to the right if for every z,y € S and Va € S, I(u,v) € S?
such that (xoa)(u) > 0 and (yoa)(v) > 0 and uRv. Analogously, we define the
fuzzy feebly regularity to the left. An equivalence fuzzy feebly regular to the
right and to the left is called fuzzy feebly regular.

Proposition 4.3. Let S = (S,0) be a fuzzy hypergroup. The following state-
ments are equivalent:

(1) S is 2*-complete;

(19) o is fuzzy strongly regular;
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(1i1) of is fuzzy regular;

(1v) ab is fuzzy feebly regular;

(v) Y(z,y) € S?, zaty = Va € S, [aj(xoa)Naj(yoa) # 0] and [ab(ao
)N aj(aoy) £ 0]

Proof. (i) = (i1) = (¢ii) = (iv) are immediate.

We show that (iv) = (v). Since Ja € 5; (xoa)(e) > 0 and Iy € S,
(yoa)(y) > 0 and aasry, it follows that aj(a) C af(zoa) and ab(vy) C ad(yoa).
But §5(a) = 55(7) then we obtain the implication.

We prove now (v) = (i7). Let xzady, certainly Va € S, 3a € S; (zoa)(a) >0
and 3y € S; (yoa)(y) >0 and aady. Thus it follows that of(x o a) = aj(a) =
as(y) = o4(y o a) whence Vz € S; (xoa)(z) > 0and Vt € S; (yoa)(t) > 0,
zast. It shows that fuzzy strong regularity to the right. Similarly it proves fuzzy
strong regularity to the left.

Finally, we prove that (ii) = (7), being o5 C « and considering that « is the
smallest fuzzy strongly regular equivalence on a fuzzy hypergroup S. O

Corollary 4.4. In every fuzzy hypergroup S, the following conditions, are equiv-
alent:

(1) S is 2*-complete;

(i1) (S/a3,®) is a group;

(791) (S/a3,®) is a hypergroup.

Proposition 4.5. In every fuzzy hypergroup S = (S,0) we have
b = a <= V(r,y) € S 3z € S;ak(z) o al(y) C ab(2).

Proof. Let C(a) be the complete closure of a in S [1]. The right implication
is a consequence of the fact that Ya € S, aj(a) = C(a). Now we prove that
ab is fuzzy strongly regular. If zady then of(z) = ab(y) and so Va € S,
as(z)oas(a) = o5(y) oad(a). For the hypothesis, there exists an element z € S
such that ab(z) o ad(a) = o5(y) o aj(a) C a5(z). Thus Vt € S; (xoa)(t) >0
and Yu € S; (yoa)(u) > 0. We obtain {t,u} C o3(z) and finally taju. In the
analogous way we can prove the strong regularity to the left. O

Definition 4.6. A fuzzy hypergroup S = (5, 0) is called 1-fuzzy hypergroups if
wg is a singleton.

Proposition 4.7. If S is 1-fuzzy hypergroup, then S is 2*-complete.

Proof. Let wg be a singleton {e}, we have that the classes modulo « are the
fuzzy hyperproducts e o a, Va € S. It follows at once that oo = ap = 3. O

Definition 4.8. A fuzzy hypergroup S is called fuzzy steiner hypergroup if
Y(z,y) € 8% (zoy)(xz)>0and (zoy)(y) > 0.

Proposition 4.9. Fvery fuzzy steiner hypergroup is 2*-complete.
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Proof. Since in such fuzzy hypergroup V(z,y) € S?, we have (zoy)(z) > 0 and
(xoy)(y) > 0, thus xasy. Therefore a = ap = 3. O

Definition 4.10 ([7]). If o : S xS — F*(S) is a fuzzy hypercomposition, then
S is called mimic fuzzy hypergroup (fuzzyys-hypergroup), if the following two
axioms are valid:

i. (aob)oc=uao(boc), V(a,b,c) € S3 (associativity)

ii. a/b# 0y and a\b# 0y, (a,b) € 52

Proposition 4.11 ([7]). In a fuzzynr-hypergroup S, it holds that a o b # Og
(V(a,b) € S?).

Example 4.12. Every fuzzy,s/-hypergroup S is a fuzzy steiner hypergroup.
Thus S is 2*-complete.

Definition 4.13. A commutative fuzzy hypergroup S is called a fuzzy join
space if ¥(a, b, c,d) € S*,

a/bANc/d#0 = (aod)A(boc)#0.
Proposition 4.14. Fvery fuzzy join space S is 2*-complete.

Proof. Suppose S = (5, 0) is a fuzzy join space which is not group. We prove
that a3 C . If tagu then 3(z1, 29, 23) € S? such that (21 0 29 0 23)(t) > 0 and
(21029023)(u) > 0 and 21020023 = z102302. It follows that 3(a1,as) € S?, such
that (21 0 z2)(a1) > 0 and (21 0 29)(az) > 0 and 3(by,b2) € S%; (21 0 23)(b1) > 0
and (z1 o z3)(b2) > 0. Therefore (a; o 23)(t) > 0 and (b; o 29)(t) > 0 too
(a2 023)(u) > 0 and (bg 0 29)(u) > 0. Therefore ay/z2 A by/z3 # 0 and since S is
a fuzzy join space, one obtains that (a0 z3) A (bg 0 22) # 0. Therefore, Jw € S,
such that (aj o z3)(w) > 0 and (b 0 22)(w) > 0 and since (ay o z3)(t) > 0 and
(bg © 22)(u) > 0 whence taju. O

Definition 4.15. A fuzzy hypergroup S is fuzzy regular if it has at least one
identity and every elements has at least one inverse.

Definition 4.16. A fuzzy regular hypergroup is said to be fuzzy reversible if,
denoting Vo € S with i(z) the set of the inverses of x, one has V(a,b,z) € S°

(box)(a) > 0= 3’ €i(z); (aoz)(b) >0, (xob)(a)>0

— 32" €i(x);(z" 0a)(b) > 0.

Definition 4.17. A fuzzy commutative reversible hypergroup is called canonical
if it has a scalar identity and Vz, i(x) is a singleton.

Corollary 4.18. Canonical fuzzy hypergroups are 2*-complete.
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Example 4.19. We give now a fuzzy commutative regular hypergroup S with
scalar identity which is not reversible so is not 2*-complete.

(dod)(b) = (aoca)(a) =(aob)(b) =(aocc)(c)=(aod)(d) =0.1
(doc)(d) = (boa)() =(coa)(c)=(doa)(d) = (bob)(a) =0.2
(doc)(a) = (boc)(d) = (bod)(c) =(cob)(d) = (dob)(c) =0.3
(dod)(c) = (coc)(b) =(coc)(c) =0.4

(cod)(a) = (cod)(d) =0.5

The remaining binary products are zero. S is not reversible, since (cod)(d) > 0
and (dod™1)(c) =0, (i(d) = {a,d}), one has a}(a) = {a,d}, aj(b) = {b,c} and
so aj # «. Thus S is not 2*-complete.

Conclusions. We introduced the concepts of n*— complete fuzzy hypergroups
and v, — complete fuzzy hypergroups by using fundamental relation and com-
mutative fundamental relation of a fuzzy hypergroup and we determined some
properties of them. We will study about these topics in fuzzy hyperrings.
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