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Abstract. We study the topological type of the level sets of generalized two-fixed
center problem. Furthermore, all generic bifurcation of the level sets are presented. We
determine the families of periodic solutions by giving the solution in terms of Jacobi’s
elliptic functions. Finally, the phase portrait is studied, and the singular points are
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1. Introduction

The first one who investigated the problem of two fixed centers was Euler [11].
From that time, many authors were interested in studying the extensions and
generalization of this problem. Lagrange [21] has extended the Euler’s solution
to the three-dimensional case of motion and made some generalization. Jacobi
[15] generalized the three-dimensional problem of two fixed centers to the case
of arbitrary number of additional attracting centers located at equal distances
from each other on a single straight line with two basic centers of attraction, as
well as to the case of presence of an additional force of arbitrary nature acting
parallel to this straight line. He has also demonstrated the integrability of the
problem under his generalizations.

Thereafter, a large number of papers have been written to generalize Euler
problem such as Liouville [22] and Hiltebeitel [14]. In their papers, the inte-
grable cases were determined in the restricted three-body problem with neglect-
ing centrifugal and Coriolis forces in various combinations. In 1901 Darboux [7]
presented another generalization of the Eulers problem in the case of a planar
motion by introducing complex-conjugated masses and an imaginary distance
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between them. The potential of attraction always assumes real values in this
case, and the solution of a problem is also reduced to quadratures. The gener-
alized problem of two fixed centers has achieved a large amount of applications
as follows, in [23], a brief of publications on the problem of two fixed centers
was given, included its generalizations and astronomical applications. Darboux
model was studied by Aksensov et al. [1] and they proved that with a conve-
nient selection of free parameters, such a model can be used for constructing
an analytical theory of satellite motion in the gravitational field of an oblate
planet. The motion of a star in the stationary stellar system with an axisym-
metric nucleus was studied by Kaisin for testing the motion of a spacecraft in
the field of an oblate planet with regard to the thrust force of an engine, and
to find the solutions to some other problems of astrodynamics [16, 17]. Koman
[19, 20] applied the asymmetrical version of the three-dimensional problem of
two fixed centers with real masses for studying the motion of artificial satellites
of the Moon. Moreover, the model of three Newtonian fixed attracting cen-
ters with material masses was used by Arazov to approximate the gravitational
potential of Jupiter [4]. Maciejewski and Maria Przybylska [24] studied the
non-integrability of the generalized two fixed centers problem. The integrable
spherical of the Darboux potential in the planar motion of a particle in the
field of two and four fixed Newtonian centers was studied in [3]. Moreover, all
results can be applied in theory of artificial Earth satellites. In [33], the bifur-
cation diagrams for planar motion were analyzed. The motion in 3-dimensions
with arbitrary values of the angular motion was studied. Bifurcations in the
topology of energy surfaces were discussed in terms of relative equilibria. They
also calculated the monodromy matrices from an attempt to construct smooth
actions from the natural ones. The quantum version of the two center prob-
lem was discussed in symmetric and asymmetric cases. New applications of the
generalized two-fixed center problem are introduced in [18]. Thereafter, they
used a symmetric version of the problem and the external field of gravitation
is approximated. Varvoglis et al. [26] determined the trajectories according to
an exhaustive scheme, comprising both periodic and quasi-periodic ones. They
also identified the collision orbits and found that collision orbits are of complete
measure in a 3-D sub manifold of the phase space while asymptotically collision
orbits are of complete measure in the 4-D phase space.

The study of the bifurcation for the problem of two fixed centers was pre-
sented by [27],[28], [29]. She constructed the bifurcation set on the plane of
values of integrals of motion, classification of domains of possible motion on
the configurational space in spaces of constant curvature on a sphere and in
Lobachevsky’s space, while [30] studied the topological analysis of the two-center
problem on the two-dimensional sphere. In [31],[32] the topology of isoenergy
surfaces in the integrable problems of celestial mechanics in spaces of constant
curvature was introduced, the topological invariants were constructed. El-Sabaa
et al. [10] studied the complete description of the real phase topology of a two-
fixed center problem.
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We will give in this article the qualitative analysis of the generalized problem
of two fixed centers by describing the bifurcation of the problem. To describe
the real phase, we review the Liouville- Arnold theorem [5] which was stated
that the phase space trajectories of a Hamiltonian system with n-degrees of free-
dom and possessing n-integrals of motion lie on n-dimensional manifold which
is topologically equivalent to an n-torus and the regular tori (foliate) the bulk of
2n-dimensional phase space and its 2n−1 dimensional energy surface. Fomenko
[12] proposed a new approach in the qualitative theory of integrable Hamiltonian
system, given the separation of the system, the determination of critical values
of the energy momentum map boils down to the analysis of the discriminant
surface of a polynomial. Moreover, the hypersurfaces of the constant of energy
in the space of the variables of separation can be determined and geometrically
represented tori. In quantum mechanics the problem explains non-electron mov-
ing in the electric field of two nuclei may have the same charges (symmetric case)
or different charges (an asymmetric case) [25].

The current paper is organized as follows, a short summary of the problem
is given in Section 2. In Section 3, the topological analysis of the real invariant
manifold of the system was studied by using Fomenko’s theory [6]. Moreover, the
bifurcation diagram of the problem is determined and the complete description
of the topology of the level sets of the first integrals was given. The aim of
Section 4 is to give the families of periodic solutions, this solution is given in
terms of Jacobi’s elliptic functions and when the bifurcations of Liouville tori
take place, the level set becomes degenerate. The phase portrait is given in
Section 5. A concluding remark is given in the last section.

2. Separation of the problem

The classical problem of two fixed centers consists as is known, in the study of
the motion of a mass point under the attraction of two fixed mass points P1 and
P2. Let the coordinate system be Oxyz whose origin is at the center of mass P1

and P2 where the line P1P2 lies on the z-axis as shown in Figure 1. Then, the
equations of motion of the mass points can be written in the form

d2x

dt2
=
∂V

∂x
,

d2y

dt2
=
∂V

∂y
,

d2z

dt2
=
∂V

∂z
,(1)

where the generalized potential function V is defined by

(2) V = f(
M1

r1
+
M2

r2
),

where
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r1 =
√
x2 + y2 + (z − a1)2, r2 =

√
x2 + y2 + (z − a2)2,

M1 and M2 are the masses of P1 and P2, a1 and a2 are the distances of these
points from the coordinate origin.

Introducing the quantity a which is represented the distance between P1 and
P2 such that

a1 =
aM2

M1 +M2
,

a2 = − aM1

M1 +M2
.

(3)

The inverse distances can be expanded in series of Legendre polynomials:

1

r1
=

1

r

∞∑
n=0

(
a1
r

)nPn(
z

r
),

1

r2
=

1

r

∞∑
n=0

(
a2
r

)nPn(
z

r
),

(4)

where

r =
√
x2 + y2 + z2.

Then, the potential function become

(5) V =
fM

r
[1 +

∞∑
n=0

γn
rn
Pn(

z

r
)],

where

γn =
M1a

n
1 +M2a

n
2

M
,M = M1 +M2.

In order to, the potential function V which is given by (5) to be real, it is
sufficient for the quantities M and γn to be real for any value of n. The function
V is real in two case [2]:

1. In the first case: M1,M2, a1 and a2 are pairs of complex conjugate quan-
tities, i.e.

M1 =
M

2
(1 + iσ),

M2 =
M

2
(1− iσ),

a1 = c(σ + i),

a2 = c(σ − i),

(6)

where σ and c are real constants
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2. In the second case: the constants M1,M2, a1 and a2 are real, i.e.

M1 = M(1− γ),

M2 = Mγ,

a1 = aγ,

a2 = −a(1− γ),

(7)

where γ is the ratio of M2 to the total mass M .

We study the generalized problem of two fixed-center in the first case, so the
potential function V has the form

(8) V =
fM

2
[
1 + iσ

r1
+

1− iσ
r2

],

where

r1 =
√
x2 + y2 + [z − c(σ + i)]2,

r2 =
√
x2 + y2 + [z − c(σ − i)]2.

(9)

Expanding V in a series in Legendre polynomial,

(10) V =
fM

r
[1 +

∞∑
k=2

γk
rk
Pk(

z

2
)],

where

(11) γk =
ck

2
[(1 + iσ)(σ + i)k + (1− iσ)(σ − i)k].

Introducing the new coordinates λ, µ, and ω such that

x = c
√

(1 + λ2)(1− µ2) cosw,

y = c
√

(1 + λ2)(1− µ2) sinw,

z = cσ + cλµ,

(12)

then equation (8) became

(13) V =
fM

c
[
λ− σµ
λ2 + µ2

].

The kinetic energy can be written as

(14) T =
c2

2
[(

λ̇2

1 + λ2
+

µ̇2

1− µ2
)I + ẇ2(1 + λ2)(1− µ2)]

where

(15) I = λ2 + µ2,
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then, the lagrange equations are given by

d

dt
(

Iλ̇

1 + λ2
)− 2λ(1− µ2)ω̇2 = − 1

c2
∂V

∂λ
;

d

dt
(

Iµ̇

1 + µ2
) + 2µ(1 + λ2)ω̇2 = − 1

c2
∂V

∂µ
;

d

dt
[ẇ(1 + λ2)(1− µ2)] = 0.

(16)

The area integral is got from the last equation in the system (16)

(17) ẇ(1 + λ2)(1− µ2) = c1.

The Hamiltonian function takes the form

(18) H=
1

2c2
[
λ2+1

λ2+µ2
p2λ+

1−µ2

λ2+µ2
p2µ]− c2c21

2(λ2+1)(1−µ2)
+
fM

c
(
λ−σµ
λ2 + µ2

)=h,

and from (18) we have

(19) F = (λ2 + 1)p2λ + 2fMcλ+
c4c21

1 + λ2
− 2c2λ2h,

(20) F = (1− µ2)p2µ − 2fMcσµ− c4c21
1− µ2

− 2c2µ2h.

Now, by using Hamilton Jacobi method we have

1

2c2
[(1 + λ2)(

∂W

∂λ
)2 + (1− µ2)(∂W

∂µ
)2] + h(λ2 + µ2)

+
fM

c
(λ− σµ)− c2c21

2
(

1

1− µ2
− 1

1 + λ2
) = 0.(21)

The complete integral of this equation is

(22) W = W1(λ) +W2(µ).

Therefore, the Hamilton-Jacobi equation (21) is satisfied if

(23) (λ2 + 1)(
dW1

dλ
)2 =

2h

c2
λ4 +

2fM

c3
λ3 + 2(c2 +

h

c2
)λ2 +

2fM

c3
λ+ (2c2 + c21),

(24) (1−µ2)(dW2

dµ
)2 = −2h

c2
µ4+

2fMσ

c3
µ3+2(c2+

h

c2
)µ2− 2fMσ

c3
µ−(2c2+c21),

this yields that W takes the form

(25) W =

∫ √
L(λ)

λ2 + 1
dλ+

∫ √
M(µ)

1− µ2
dµ,
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where,

(26) L(λ) =
2h

c2
(λ2 + 1)(λ2 + aλ+ c2c

2),

(27) M(µ) =
2h

c2
(1− µ2)(µ2 − aσµ− c2c2),

where a = fM
c , σ is a constant and c2 is a constant of separation. Then,

(28)
∂W

∂c2
= β,

∂W

∂h
= t− t0,

where β is a new arbitrary constant, then we have from (28) the following
equations: ∫

dλ√
L(λ)

+
dµ√
M(µ)

= β,∫
λ2dλ√
L(λ)

+
µ2dµ√
M(µ)

= c2(t− t0).
(29)

Introducing a new time defined by

(30) dτ = (λ2 + µ2)dt.

Therefore, the differential equations satisfied by λ and µ are:∫
dλ√
L(λ)

= τ − τ0,∫
dµ√
M(µ)

= τ − τ0.
(31)

3. Topological analysis

First, we give the following definitions as in [8]:

1. The smooth mapping
F : M2n → Rn,

where F (x) = (f1(x), ..., fn(x)) is said to be the momentum mapping,
M2n is a simplistic manifold in the integrable Hamiltonian system, and
f1, f2, ..., fn its independent integrals.

2. If rank dF (x) < n, and its image F (x) in Rn is a critical value, then the
point x ∈M is a critical point of the momentum mapping.

3. If K is the set of all critical points of the momentum mapping such that
K ⊂ M , then the set Σ = F (k) ⊂ Rn is the bifurcation diagram, where
the whole of Σ is the union of several pieces Σk.
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The topology of the level sets is introduced as

(32) LS = (x, y, ẋ, ẏ) ∈ R4 : H = h, F = c2 ⊂ R4.

The energy-momentum mapping is determined by getting the set of critical
point

(x, y, ẋ, ẏ)→ (H, F )

this means the bifurcation diagram Σ, where Σ is the discriminant of the poly-
nomials L(λ) and M(µ):

(33) Σ=Σ1∪Σ2=[(h, c2)∈R2/disc(L(λ))=0]∪[(h, c2)∈R2/disc(M(µ))=0].

On the point (h, c2), the topological type of LS can be change. The set
R2/Σ consists of 8 connected parts as shown in Figure 2. So, in each connected
portion of the set R2/Σ, the topological type of LS is similar.

The Arnold-Liouville’s theorem [5] state that, for noncritical values of H
and F the level set Ls is a limited union of low dimensional tori, whose num-
ber depends only on the number and the location of the allowed ovals on the
Riemann surface connected to the elliptic curve Γ1 and Γ2 where

Γ1 : ω1 =
√
L(λ) andΓ2 : ω2 =

√
M(µ).

In order to obtain the ovals of of Γ1 and Γ2 (see Table 2), the real roots of
the polynomials L(λ) and M(µ) must be studied which shown in Table 1.

The topological type of LS is either a torus, two-tori 2T , or empty as shown
in Table 2 (see [13]).

For getting the generic bifurcations of the system (1) (see Table 3), we must
use the bifurcation of the roots of the polynomials L(λ) and M(µ) as shown in
Figures (3−4).

4. The solution of the problem

In this section, the elliptic functions and the Jacobi elliptic function of motion
are used. Through the study of topology on the problem, we found that there is
a periodic solution on the curve C2 where 1− 4hc2 = 0, the torus T contracted
to one axial circle S and then disappeared as shown in Figure 4. It found that
λ1,2 = b where b is a constant and the µ parameter takes values in the period
[−1, µ1].

Returning to the second equation of (31), the function M(µ) is a polynomial
of fourth degree with four real roots 1, −1, µ1 and µ2 as shown in Table 4, such
that

(34) M(µ) = (µ+ 1)(µ− 1)(µ1 − µ)(µ− µ2).

If h < 0 and c2 < 0 the real motion is bounded where (−1 ≤ µ ≤ µ1),
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let

(35) µ =
−(1− µ1) + (1 + µ1) sin2 φ

(1− µ1) + (1 + µ1) sin2 φ
, sin2φ =

1− µ1
1 + µ1

µ+ 1

1− µ
,

and

(36) dµ =
4(1− µ1)(1 + µ1) sinφ cosφ

[(1− µ1) + (1 + µ1) sin2 φ]2
dφ.

By substituting from (34-36) in the second equation of (31), we have

(37) t− t0 =
1

d

∫ φ

0

dφ√
1− k21 sin2 φ

,

then, the solution is

(38) µ(τ) =
−(1− µ1) + (1 + µ1)sn

2[d(τ − τ0), k1]
(1− µ1) + (1 + µ1)sn2[d(τ − τ0), k1]

,

and the period T of µ(τ) is

(39) T =
1

d
sn−1(1, k1) =

1

d
K(k1),

where,

(40) d =

√
(1 + µ2)(1− µ1)

2
, k21 =

(µ1 + 1)(1− µ2)
(1 + µ2)(µ1 − 1)

.

Similarly, we get the periodic solution on the curve C3 where 1 + 4hc2 = 0,
µ1,2 = e and the λ parameter takes values on the interval [0, λ2]. By solving the
first equation of (31) the function L(λ) is a polynomial of fourth degree with
two real roots λ1 and λ2 and two complex roots i, −i such that

(41) L(λ) = (λ2 + 1)(λ− λ1)(λ2 − λ).

If h < 0 and c2 > 0 the real motion is bounded where (λ1 ≤ λ ≤ λ2),
let

(42) λ = (
λ2 + λ1

2
− λ2 − λ1

2
)(
n− cosφ

1− n cosφ
), tan2 φ

2
= (

cosσ1
cosσ2

)(
λ2 − λ
λ− λ1

),

where

tanσ1 = λ2,

tanσ2 = λ1,

n = tan
σ1 − σ2

2
tan

σ1 + σ2
2

,

(43)
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and

(44) dλ = −(λ2 − λ1)[1− (λ22 − λ21)2]
[1− (λ22 − λ21) cosφ]2

sinφdφ.

By substituting from (41, 42, 44) in the first equation of (31), we have

(45) t− t0 =
1

g

∫ φ

0

dφ√
1− k21 sin2 φ

,

then, the solution is

(46) λ(τ) =
λ1 + λ2

2
− λ1 − λ2

2

n cn[g(τ − τ0), k2]
1− n cn[g(τ − τ0), k2]

,

where

n = λ22 − λ21, g = −[(1 + λ21)(1 + λ22)]
1
4 ,

k2 =
1

2
[1− 1− λ1λ2√

(1 + λ21)(1 + λ22)
],

(47)

and the period T of λ(τ) is

(48) T =
1

g
sn−1(1, k2) =

1

g
K(k2).

5. Phase portrait of the separated functions

In this section, we use the phase portrait to find the topological translation
of the path. El-Sabaa found the singular points and its types for separated
functions of Kovaleveskaya top by using Kolsoff variables [9].

Consider the function

(49) F1 = h(q21 − q41) +
1

2c2
(1− 2q21 + q41)p21 − k3(q21 − q31)− αq21 − k2,

where k2 = 2c2 + c21, α = c2 and k3 = 2fM
c3

.
To construct the lines of constant F1, we first study the singular points of

F1. These points can be found from the equations

(50)
∂F1

∂p1
=

1

c2
(1− 2q21 + q41)p1 = 0,

(51)
∂F1

∂q1
= 2h(q1 − 2q31) +

2

c2
p21(q

3
1 − q1)− k3(1− 3q21)− 2αq1 = 0,

and hence we have the following where p = 0 we get

(52) −4hq31 + 3q21k3 + 2(h− α)q1 − k3 = 0,
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then from (50) we have q1 = ±1,
we get the two equations

k3 − h− α = 0,

k3 + h+ α = 0.
(53)

The positive regions of the functions

f1 = 128h4 + 36h2k23 + 108k43 − 384h3α

− 504k23α+ 384h2α2 + 36k23α
2 − 128hα3,

f2 = k3 − h− α,
f3 = k3 + h+ α.

(54)

are shown in Figure (5).
It is clear that the curve f1 is tangent to the curves f2 and f3 at the points

1
2 and −12 .

We study the motion in domain Di(i = 1, 2, 3, ..., 8)
1. The first region D1: f1 < 0, f2 < 0, f3 > 0.
At p1 = 0 we have one point with q1 coordinate

q∗1 = k3
4h+

−9k23−24h(h−α)

[6×2
2
3 h(216h2k3−54k33+216hk3α+

√
4(−9k23−24h(h−α))3+(216h2k3−54k23+216hk3α)2)]

1
3

− (216h2k3−54k33+216hk3α+
√

4(−9k23−24h(h−α))3+(216h2k3−54k23+216hk3α)2)
1
3

12×2
1
3 h

.

Then, to get the type of this point, we put

(55) q1 = q∗1 + y, p1 = x,

in the function F1

F1 = [14 + 23
512h4

− 5
16h3

+ 23
96h2

+ 1
3h −

ρ
6912h4

+ 1115

2
2
3 u

4
3

+ 81

128×2
2
3 h4u

4
3
− 27

2
2
3 h3u

4
3

+

27

4×2
2
3 h2u

4
3

+ 54×2
1
3

h2u
4
3
− 246×2

1
3

hu
4
3
− 656×2

1
3 h

u
4
3

+ 408×2
1
3 h2

u
4
3

− 128×2
1
3h3

u
4
3

+ 16×2
1
3h4

u
4
3

+ 105
u +

27
64h4u

− 27
4h3u

+ 315
8h2u

+ 100
hu + 48h

u −
8h2

u −
3

2
4
3 u

2
3

+ 45

128×2
1
3 u

2
3
− 9

2×2
1
3 h3u

2
3

+ 9

8×2
1
3 h2u

2
3

+

9×2
2
3

h2u
2
3
− 41×2

2
3

3hu
2
3

+ 8×2
2
3 h

u
2
3
− 8×2

2
3 h2

3u
2
3

+ 1

2
2
3 u

1
3
− 3

16×2
2
3 h4u

1
3

+ 7

4×2
2
3 h3u

1
3
− 1

8×2
2
3 h2u

1
3
− 2

4
3

h2u
1
3
−

17u
1
3

1536×2
1
3 h4

+ 3u
1
3

64×2
1
3 h3

+ 3u
1
3

128×2
1
3 h2

+ ρu
1
3

82944×2
1
3 h4

+ 5u
2
3

2304×2
2
3 h4
− u

2
3

216×2
2
3 h3
− u

2
3

216×2
2
3 h2

]x2+

[+2− 3
8h−h+ 36×2

2
3

u
2
3
− 27

4×2
1
3 hu

2
3
− 114×2

2
3 h

u
2
3

+ 96×2
2
3 h2

u
2
3
− 24×2

2
3 h3

u
2
3
− u

2
3

24×22/3h ]y2+A0

where A0 contains the zeros terms of x and y,
[
√

4(−9− 24(−2 + h)h)3 + (−54 + 432h+ 216h2)2] = ρ and [(−54 + 432h +
216h2) +

√
4(−9− 24(−2 + h)h)3 + (−54 + 432h+ 216h2)2] = u.

The singular point is hyperbolic point, where

(56)

 ∂2f

∂x2
∂2f
∂x∂y

∂2f

∂x∂y
∂2f
∂y2


x=y=0

< 0.
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In the same manner, we get the type of points in the domains Di where,
i = 1, ..., 8.

Table 5 shows the points and its types for all domains.

6. Summary-conclusions

In the current paper, the generalized two-fixed center problem provided us to
get a complete picture of the dynamics of its potential:

1. The complete characterization of the real phase topology.

2. The periodic solution, where the variables of motion can be described
through the Jacobi elliptic function which is a periodic function, the solu-
tion with Jacobi elliptic function has been explained in details in [30, 31].

3. Phase portrait: the singular points of the separated functions were deter-
mined. The type of these points is either elliptic or hyperbolic point. The
elliptic points in the figures were stable while the hyperbolic points were
unstable.

Table 1: Topological type of LS and real roots of the polynomials L(λ) and
M(µ) for (h, c2) ∈ R2/Σ .

Domain Roots of L(λ) Roots of M(µ)

1 λ2 < λ1 < 0 −1 < µ2 < 0 < µ1 < 1

2 λ2 < 0 < λ1 −1 < 0 < µ2 < µ1 < 1

3 0 < λ2 < λ1 −1 < µ1 < 0 < µ2 < 1

4 λ1 < 0 < λ2 −1 < µ2 < µ1 < 0 < 1

5 0 −1 < µ2 < 0 < µ1 < 1

6 λ2 < 0 < λ1 0

7 0 −1 < µ1 < 0 < µ2 < 1

8 λ1 < 0 < λ2 0

Table 2: Admissible ovals on diagram Σ.
Domain λ− plane 41 µ− plane 42 Topological type

1 ∅ [−1, µ2] ∅
2 [0, λ1] [−1, 0] T

3 [λ2, λ1] [−1, µ1] T

4 [0, λ2] [µ2, µ1] ∪ [−1, 0] 2T

5 ∅ [−1, µ2] ∅
6 [0, λ1] ∅ ∅
7 ∅ [−1, µ1] ∅
8 [0, λ2] ∅ ∅
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Table 3: Generic bifurcations of the level set LS passing from domain i to do-
main j.

2→ 5 4→ 5 2→ 3 4→ 2

2→ 1 4→ 1 4→ 3

2→ 6 4→ 6

2→ 7 4→ 7

2→ 8 4→ 8

3→ 1

3→ 5

3→ 6

3→ 7

3→ 8

T → ∅ 2T → ∅ T → T 2T → T

Table 4: Topological type of LS for (h, c2) ∈ Σ.

Domain λ− plane 41 µ− plane 42 Topological type

C1 [λ2, λ1] [−1, 0] S

C2 [λ2 = λ1] [−1, µ1] S

C3 [0, λ2] [−1, µ2 = µ1] 2S

C4 [λ1 = 0] [−1, µ2 = 0] S

C5 [0, λ2] [−1, µ1] S × (S ∧ S)

Table 5: The type of points in the domains Di
Domain The points Types of points Figures

D1 : f1 < 0, f2 < 0, f3 > 0 (q∗1 , 0) One-hyperbolic point Figure 6

D2 : f1 > 0, f2 < 0, f3 > 0 (q∗1 , 0) One-hyperbolic point Figure 7

D3 : f1 > 0, f2 < 0, f3 < 0 (q∗1 , 0) One-hyperbolic point Figure 8

D4 : f1 > 0, f2 < 0, f3 > 0 (q∗1 , 0) One-elliptic point Figure 9

D5 : f1 < 0, f2 < 0, f3 > 0 (q∗1 , 0) One-elliptic point Figure 10

D6 : f1 > 0, f2 < 0, f3 > 0 (q∗1 , 0) One-elliptic point Figure 11

D7 : f1 < 0, f2 < 0, f3 > 0 (q∗1 , 0) One-elliptic point Figure 12

D8 : f1 > 0, f2 > 0, f3 < 0 (q∗1 , 0) One-hyperbolic point Figure 13
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Figure 1: The description of the problem.

Figure 2: Diagram of bifurcation Σ = Σ1 ∪ Σ2.
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Figure 3: The bifurcation of liouvile tori, where a torus spirals twice around a
torus and become twice, as a result, it is created S × (S ∧ S) which
is a circle and two other circles that are above each other but not in
the same level and have one common point.
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Figure 4: Correspondence between bifurcation of roots of polynomials
L(λ) and M(µ) and bifurcation of invariant Liouville tori.
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Figure 5: The regions Di of the real motion on the (h,α) plane.

Figure 6: The one-hyperbolic point in domain D1.
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Figure 7: The one-hyperbolic point in domain D2.

Figure 8: The one-hyperbolic point in domain D3.

Figure 9: The one-elliptic point in domain D4.
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Figure 10: The one-elliptic point in domain D5.

Figure 11: The one-elliptic point in domain D6.

Figure 12: The one-hyperbolic point in domain D7.
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Figure 13: The one-hyperbolic point in domain D8.
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centres fixes, Auc. Mem. de Turin, 4 (1769), 67-121.

[22] J. Liouville, Sur quelques cas particuliers où les équations du mouvement
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