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Abstract. In this article, we develop and analyze the use of the combined Laplace
transform-homotopy perturbation method C(LT-HPM) to find the exact and approxi-
mate solutions for fuzzy partial differential equations under strongly generalized differ-
entiability. The C(LT-HPM) allows the solution of the fuzzy partial differential equation
to be calculated in the form of an infinite series in which the components can be easily
computed. The method is tested on some linear and nonlinear fuzzy partial differential
equations with fuzzy initial conditions to show the effectiveness and accuracy of this
method.
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1. Introduction

The study of fuzzy partial differential equations (FPDEs) in both theoretical
and numerical calculations of view has been growing in recent years. Generally,
FPDEs in the fuzzy setting are a natural way to model dynamical systems
when information about its behavior is inadequate. Some problems that lead to
FPDEs are found in many applications of which some are mentioned in fields of
physics and engineering where often have to solving those as numerical methods.
Moreover, some researches present applications of FPDEs with fuzzy parameters
that were obtained through fuzzy rule-based system, such as in [1] and [2]. Since
L. Zadeh introduced the concept of fuzzy sets in [3] a great amount of research
has been developed, including the studies on FPDEs as well as fuzzy set theory.
The concept of FPDE was first introduced and investigated by J. Buckley and
T. Feuring in [4].

The numerical solutions of FPDEs have been studied by several authors using
different approaches. In [5] the author have used an explicit finite difference
method (FDM) to solve linear FPDEs based on Seikkala derivative. In [6] also,
the authors have developed optimal homotopy asymptotic method (OHAM) to
find the approximate-analytical solution for linear partial differential equation
involving a fuzzy heat equation based on Seikkala derivative. These approaches
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have drawbacks; it solves only linear FPDEs but does not discuss the nonlinear
FPDEs. Hence, the fuzzy solution becomes fuzzier as time goes by [7, 8], and
it behaves quite differently from the crisp solution. The strongly generalized
differentiability was first introduced in [9] and studied in [7, 10, 11, 12, 16, 17,
33, 34]. This concept permits us to resolve the above-mentioned drawbacks.
Indeed, the strongly generalized differentiability is defined for a larger class of
fuzzy-valued functions which is a generalization of the Hukuhara derivative.
The purpose of this article is to establish the approximate-analytical solutions
for linear and nonlinear FPDE using the C(LT-HPM) under the assumption of
strongly generalized differentiability which is as follows:

(1) o (Dyu(z,t)) = ®(Dyu(z,t)) + Nu(z,t), 0 <z <[, t >0,
subject to the fuzzy initial conditions
(2) u(x,O) :f(x;a)a ut(a:,O) :g(x;oz), 0<z<lI,

for all a € [0, 1], where the operators ¢ (D) will be a polynomial with a constant
coefficient in Dy, ®(D,,) is a polynomial with a constant coefficient in D,, N is
the nonlinear operator, f, g : [0,{] - Rp are continuous fuzzy-valued functions
and u : [0,]] x (0,00) — Rp is a continuous fuzzy-valued function which is
unknown function of independent variables x and ¢ to be determined such that
Ry is the set of fuzzy real numbers on R.

Calculation of the solution of FPDEs is usually very difficult. We can find
the exact solution only in a few extraordinary cases. When we are studying
in fields of physics and engineering, we often meet the problems of FPDEs.
Anyway, by using the parametric form of fuzzy numbers, we employ the C(LT-
HPM) to find the exact and approximate solutions for FPDE (1)-(2). The
C(LT-HPM) has the following characteristics; first, it is somewhat different from
other approximate-analytical methods in that it gives extremely good results
for even a large domain with minimal terms of the approximate series solution.
The second advantage of this method is its ability to solve other mathematical,
physical and engineering issues. Third, it is the first attempt in solving nonlinear
FPDEs. Fourth, it is the first attempt gives two locally solutions under strongly
generalized differentiability for linear and nonlinear FPDEs. More specifically,
we investigate the solution of different types of FPDEs using C(LT-HPM).

This article is organized in six sections including the introduction. In Sec-
tion 2, we present a few fundamental definitions and preliminary results from
the fuzzy calculus theory, including concepts like fuzzy derivative and fuzzy so-
lution. The procedure for converting fuzzy partial differential equation (1)-(2)
under strongly generalized differentiability into two systems of crisp partial dif-
ferential equations is presented in Section 3. In Section 4, the combined Laplace
transform-homotopy perturbation technique is built and introduce. The numer-
ical results are reported to illustrate the ability and superiority of the proposed
method by considering three numerical examples in Section 5. Finally, the con-
clusion is drawn in Section 6 with a few concluding comments.
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2. Preliminaries

This section present some basic definitions in fuzzy mathematics and intro-
duce the necessary notations which can be used throughout the paper. Here-
after, we adopt strongly generalized differentiability which is a modification of
the Hukuhara differentiability and has the advantage of dealing properly with
FPDEs.

Definition 2.1 (see [18]). A mapping w : R — [0, 1] is called a fuzzy number
if the following properties are satisfied:
i) w(As+ (1 —A)t) > min{w(s),w(t)} for each s, t € R and A € [0, 1], which
is called a convex property.

ii) 3s € R such that w(s) = 1, which is called a normal property.

iii) the set {s € R | w(s) > a} is closed for each a € [0,1], which is called an
upper semicontinuous property.

iv) the set {s € R | w(s) > 0} is compact, where {-} is the closure of {-}.

For 0 < a <1, put [w]y = {s € R | w(s) > a}, [w]o = {s € R|w(s) >0},
and [w]y # ¢ (see [15]). Thus, if w is a fuzzy number, then [w], = [w(a), W(a)],
where w(a) = min{s | s € [w],} and W(a) = max{s | s € [w]y} for each a €
[0, 1]. Hence, the notation [w], is called the a-cut representation or parametric
form of a fuzzy number w.

Theorem 2.2 (see [15]). A mapping w : R — [0,1] is a fuzzy number with
a-cut representation [w(a),w(a)] if and only if the following conditions are sat-
isfied:

i) the function w : [0,1] — R is a bounded increasing.

i1) the function w : [0,1] — R is a bounded decreasing.

iii) for each r € (0,1], lim,_,,- w(a) = w(r) and lim,_,,- wW(a) = w(r).
iv) for each r € (0,1], lim, .+ w(a) = w(r) and lim,_,,.+ W(c) = w(r).
v) w(a) <w(a) for all a € [0,1].

Definition 2.3 (see [32]). Let Hy : Rp x Rp — RT U {0}. The Hausdorff
metric Hy is a function defined by

Hg(w, z) = sup max{lw(a) - z(a)|, [w(a) —Z(a)|}
a€l0,1]

for each w, z € Rp.
Theorem 2.4 (see [32]). (Rp, Hy) is a complete fuzzy metric space.

In what follows, we define some arithmetic operations in fuzzy mathematics
as follows:
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L. [w]a+[2]a = [w(a)+2z(a), W(a) +Z(a)] for each w,z € Rp and 0 < o < 1.

o

[(W]aO [z]la = [w(a) — Z(a),w(a) — z(«)], which is called the H-difference
(Hukuhara difference) of w and z.

3. Mw]e = [min{\*w(a), N*w(a) }, max{\*w(a), \*w(«)}] for each A* € R.

Definition 2.5 (see [14]). Let u : [a,b] — Rp be a fuzzy-valued function and
to € [a,b]. We say u is strongly generalized differentiability at tg, if there exists
an element u/(tg) € Rp such that either:

i) for all h > 0 sufficiently near to 0, the H-differences u(ty + h) © u(to),
u(to) © u(to — h) exist and

Ul(t()) ~ lim u(to + h) © u(to) ~ lim u(to) © u(to — h)

h—07+ h h—07+ h .

In this part of the definition, we denote u/(ty) by Diu(tg), or

ii) for all h < 0 sufficiently near to 0, the H-differences u(ty + h) © u(to),
u(to) © u(to — h) exist and

u'(to) ~ lim u(to + h) © u(tp) ~ lim u(to) © u(to — h)

h—s0— h h—0~ h '

In this part of the definition, we denote u/(to) by Diu(to).

Definition 2.6 (see [10]). Let u : [a,b] — Rp be a fuzzy-valued function. We
say that u is (1)-differentiable on [a,d] if u is differentiable in the first form (i)
of Definition (2.5). Similarly, we say that u is (2)-differentiable on [a, b] if u is
differentiable in the second form (ii) of Definition (2.5).

Theorem 2.7 (see [11]). Let u : [a,b] — Rp be a fuzzy-valued function, where
[u(t)]a = [u(t; @), u(t; )] for each o € [0, 1].

i) if u is (1)-differentiable, then w and u are differentiable functions and
[Diu(t)]a = [W/(t; ), @ (t; )]
i1) if u is (2)-differentiable, then w and uw are differentiable functions and

[Dyu(t)]a = [@(t; a), ' (t; )]

Theorem 2.8 (see [13]). Let Diu : [a,b] — Ry or Diu : [a,b] — Ry be
fuzzy-valued functions, where [u(t)]o = [u(t; @), u(t; )] for each a € [0, 1].

i) if D}u is (1)-differentiable, then u' and W' are differentiable functions and
[ (D)]a = [u"(t; o), 0" (t; )]

ii) if Diu is (2)-differentiable, then u' and W are differentiable functions and
[ (D)]a = [W"(t; o), 0" (t; )]
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iii) if Diu is (1)-differentiable, then u' and W' are differentiable functions and
[u"(t)]o = [a" (t; @), " (t; )]

iv) if Diu is (2)-differentiable, then v’ and u' are differentiable functions and
[ (D)]a = [u"(t; o), 0" (t; )]

According to Theorem (2.8) that is showing us the way to translate FPDE
(1)-(2) into two systems of crisp partial differential equations (PDEs), we might
use the numerical method directly on the obtained crisp partial differential sys-
tems instead of rewriting this method for PDEs in a fuzzy setting as in the next
Section.

3. The fuzzy partial differential equations

It is well known that all researchers in fuzzy mathematics transfer any fuzzy
problem in mathematics to the system of PDEs or ODEs because there is no
method to solve it without convert it to the system. Now, we study the FPDEs
using the concept of a fuzzy derivative under strongly generalized differentiabil-
ity in each step of differentiation.

Let w : [0,1] x (0,00) — Rp be a continuous fuzzy-valued function such
that [u(z,t)]a = [u(z,t;a),u(x, t;a)], and consequently the fuzzy functions f
and g in Eq. (2) can be obtained via the Zadeh extension principle. If u satisfy
FPDE (1)-(2), then we say that u is a fuzzy solution of FPDE (1)-(2). Now from
Section 2 the defuzzification of FPDE (1)-(2) for all « € [0, 1] and to determine
the lower and upper functions of the solution of FPDE (1)-(2), we discuss the
following two cases:

Case 1. If we consider p (D, D) u(z,t) by using the derivative in (1)-differen-
tiable, then we have

B) [ (De, Do) ulz,t)]a = [ (Da, Di) u(w, t; @), i (Da, Dy) U, £ )],

where 1 is a polynomial with a constant coefficient in D, and D;, and we should
solve the system of crisp PDEs

(4) ¢ (Dyu(z,t)) = ©(Dgu(z,t)) + Nu(z, t; ), 0 <z <1, t >0,
(5) ¢ (Dyu(z,t)) = ©(Dgu(z,t)) + Nu(z, t; o), 0 <z <, t >0,
(6) uw(z,0;a) = f(r;a), w(z,0;a) =g(z;a), 0 <z <,
(7) u(z,0;0) = f(z50), W(z,0;0) =g(w;a), 0 <o <1

Case 2. If we consider u (D, D) u(z,t) by using the derivative in (2)-differen-
tiable, then we have

(8) [M (Dﬂth) u(xvt)]a = [,LL (Dxa Dt)ﬂ(xvt; O‘)?:U’ (Dfl?v Dt)ﬂ(x7t; a)]v
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and we should solve the system of crisp PDEs

(9) ¢ (Dyu(z,t)) = ®(Dyu(z,t)) + Nu(z, t; o), 0 <z <1, t >0,
(10) ¢ (Dyu(z,t)) = ®(Dyu(z,t)) + Nu(z, t;a), 0 <z <1, t >0,
(11) u(z,0;a) = f(z;a), w(r,0;0) =g(r;a), 0 <z <,
(12) u(x,0;0) = f(z;0), w(z,0;0) =g(z;a), 0 <z <.

Consequently, we use the strongly generalized differentiability in the present
work. Under fitting conditions, the FPDE (1)-(2) under this interpretation has
locally two solutions.

4. Analysis of the method

To illustrate the essential thoughts of the new method for solving linear and
nonlinear FPDESs, we take the Laplace transform £ on both sides of all equations
in cases (1) and (2) as follows:

first system

(13) L {p(Dale,0)} = £{(Dsulr, 1)) + Nulr, t:0)}, 0< <1, ¢ >0,
(14)  LA{p(Diu(z,t))} = L{P(Dyu(z,t)) + Nu(z, t;a)}, 0 <a <, t >0,
second system

(15) LA (Dwu(z,t))} = L{P(Dyu(x,t)) + Nu(z,t;a)}, 0 <z <, t >0,
(16) LA{e(Diu(z,t))} = L{P(Dyu(z,t)) + Nu(z, t;a)}, 0 < <1, t>0.

Using the differentiation rule of the Laplace transform, we have U(z, s, f, g,
® (Dyu), Nu) and U(z, s, f, g, ® (D,u), Nu) in the first system (13)-(14), and
Ul(z,s, f,9,® (Dyu),Nu) and Ul(z,s, f,g,® (Dyu), Nu) in the second system
(15)-(16). After that, taking the Laplace inverse £~! on both sides gives:

(17) w(z,t;a) = L™ {U z,s, f(z;a), g(z; @), @(Drg(:c,s;a)),N@(:n,s;a))},

(18) w(z,t;a) = L7} {U (2, s, f(z;a),9(z; 2), ® (Dyu(z, s;00)) , Nu(z, s;a)) }
in the first system (13)-(14), and

(19) w(z, ;a) =L {U (:): s, f(z;a), g(x; ), @ (D,u(x, 55 ) ,Nﬂ(m,s;a))},
(20) u(x, = LU (z,s, f(z;0),9(z; ), @ (Dyu(z, s;0)) , Nu(z, s;0)) }

in the second system (15)-(16). Now, we construct a HPM to obtain approximate-
analytical solutions of FPDE (1)-(2). Obviously, from Egs. (3) and (8) we
consider Eq. (1) as:
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where L is a linear operator and NV is a nonlinear operator with solutions u
and u, respectively. By the homotopy technique (see [20, 21, 22, 23, 25]), we
construct a homotopy H : [0,1] x (0,00) x [0,1] — Ry which satisfies

(23) H(v,\) = (1—=XN)(L(v) — L(ug)) + AL(v) =0,
(24) H(v,\) = (1—-X)(L(v) — L(up)) + AL(v) = 0,

where \ € [0, 1] is an embedding parameter, u, and Uy are initial approximations
of Egs. (21) and (22) which satisfies the fuzzy initial conditions. It is obvious
that

(25) H(v,0) = L(v) — L(up) = 0,
(26) H(v,0) = L(v) — L(ug) =0,
(27) H(v,1) = L(v) =0,
(28) H(v,1) = L(v) =0,

the changing process of A from zero to unity is just that of H (v, \) and H (7, \)
from ug(x,t; @), up(z, t; ) to u(z,t; o), u(z,t; o), respectively. The embedding
parameter A\ € [0, 1] can be considered as an expanding parameter (see [19, 20,
26]), and assume that the solutions of Egs. (21) and (22) can be written as a
power series in A:

(29) v(z, t; o) Z)\” z,t; a)
(30) v(x, t; o) Z ANy (2, t; @)
Definition 4.1 (see [21]). The He polynomials is defined as follows:

]in Vo, V1y -4y Un) = — N E Ve |, =0U,1,4,... .
| n

If the terms Nw(z,t; ) and No(x,t;«) are nonlinear functions, then they can
be decomposed as:

(31) v(z,t; o) Z)\”H v(z, t; ),
(32) vz, t; o) Z/\H v(z, t; ),

where the H, are He’s polynomials and are calculated by the last definition.
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Theorem 4.2. Suppose that IV is an increasing nonlinear fuzzy-valued function,
and v = Y22, Moy, S50 ) Akt ], then for an embedding parameter A € [0,1]
we have

o . N
A=0 B A=0

Proof. Since N is an increasing function, then

N(v) = [N (i A%k> N (i A’ka)]

[ (quﬁ > /\vk> (ZA%H > A%k>],

k=n+1 k=n+1

by using the derivative in (1)-differentiable, we have such result as following:

o" o" "\ S o
WN (U)‘A:O = WN < A 'Uk> N (;)A Uk)

k=0

[x=0
= a)\" (Z Moy, + Z )\kvk> : (Z N5y, + Z A’%)
L k=n+1 Iazo k k=n+1 [azo
| PN zn: Ay N Zn: A\
A" =k F
k=0 Ix=0 k=0 Ix=0
So, the proof of the theorem is complete. O

Dependence on Theorem (4.2), if N is a decreasing nonlinear fuzzy-valued func-
tion, then

o" e o" -
(34) WN (’U)‘/\:O = 8)\n (Z ) ) s WN (Z A Uk,>
Ix=0 k=0 Ix=0

Now, substituting Eqgs. (29), (31) in (17) and (30), (32) in (18) respectively, we
get the solution of the first system (13)-(14) as:

(35) Z)\" (z,t;0) = L7{U(x, s, f(z;0), g(; ),

Z)\" x,s; ) )\Z)\”H (xsa)))},
n=0
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(36) Z)\ Up(2,t;0) = L7H{U(x, s, f(7; ), 973 ),

Z)\ (2, 85 @) )\ZA”H xsa)))}

Similarly, substituting Eqgs. (29), (30) and (32) in (19) and (29), (30) and (31)
in (20) respectively, we get the solution of the second system (15)-(16) as:

(37) Z)\" (z,t;0) = L7H{U(, 5, f(7; ), g(; ),

Z)\ Un(z, 85 Q) )\Z)\”H .TSCE)))}’

(38) Z)\"ﬁn(x,t;a) “HU(, s, f(z;0),9(z; ),

Z)\" x,s; ) )\Z)\”H (xsa)))},
n=0

which is the combination of the Laplace transform and the homotopy perturba-
tion method using He’s polynomials. Comparing the coefficient of like powers
of A, the following approximations in Eqs. (35) and (36) are obtained

ANy = LUy s, f(r ), gz )}
Vo = ‘C_l {U(.%, 8,?(%’; Oé),g(l'; Oé))} ’

AUy = L£7H{U(@(Dawg(, 50)), Ho(u (5C 3 04)))},
01 = L7 {T(®(Da0(x, 5;.0)), Ho(0(x, 53.00))) }

N wy = L7HU(®(Dewy (7, 550)), Hi(u(e, s5.0)))
Ty = L7 {U(®(Dyv1(2,s;0)), Hi (0(w, 5;00))) }

Ay = Efl{Qi(‘I’(Dmyz(fB,S;a)) Ha(v(z, s;0))) }
T3 =L"" {U(®(Dyv2(z, s; ), Ha(v(z, 85 v)))

}

Furthermore, the following approximations in Eqgs. (37) and (38) are obtained
Ny =L {U z,s, f(z;0),9(z;0))},
vg =L~ {U z,s, f(z;0),9(z;a))},



362 GHALEB GUMAH

Al vy = L7H{U(®(Dyvo (2, 53.0)), Ho(v(w, s3.)))}
o1 = L7 {U(®(Dyug(, 53 ), Ho(u(, s;))) }

X vy = LH{U(®(D,01 (2, 55.0)), Hi (v(, s3.)))}
Ty = L1 {U(@(nyl(x, s;a)), Hi(v(z, s; a)))} ,

Nt wg = L7HU(R(D,T2(x, 50)), Ha(0(x, 5500))) }
vy = L1 {U(‘I)(DIQQ(CC, s;a)), Ha(v(z, s; a)))} ,

When A — 1, Egs. (23) and (24) corresponds to Egs. (21) and (22), and also
Egs. (29) and (30) becomes the approximate solutions of Eqgs. (21) and (22),
ie.,

39 t; = li t; t;
(39) u(z, t;a) = Almv x,t; ) Zv z,t; )
(40) u(x,t;a) = )1\13111 x,t; ) Zvn z,t; )

The series (39) and (40) are convergent for most cases, and as well the rate
of convergence depends on L(v) and L(v) (see [23]). Now will be discuss the
convergence on nonlinear operator N.

Theorem 4.3. Suppose that (Rp, Hg) be a Banach space and N : Rp — Rp is
a contraction nonlinear mapping with a contractivity p € (0,1), that is

Hy (N(v), N(v")) < pHa (v,07),

for all v = [v,7], v* = [v*,7*] € Rp. The sequence generated by the homotopy
perturbation method will be regarded as

Vn:N<n1 nl_E Ui, M= 777"'7

and suppose that Vo = vg = ug € By(u) = {u* € Rp | Hgq (u,u*) < r}, then we
have the following statements:

(i) Ha(Vn,u) < p"Hg (vo,u).
(i) Vi € Br(u).
(ii) lim V, = u.

Proof. (i) Since (Rp, Hy) is a complete metric space and N is a contraction
on (Rp, Hy), then according to Banach’s fixed point theorem the mapping N
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has precisely one fixed point u = [u,u] € Rp such that N(u) = wu, that is,
[N(uw), N(u)] = [u,u]. Now by the induction method, if n = 1 we have

Hq (Vi,u) = Hqg (N(Vo), N(u)) = Hq (N (vo), N(u)) < pHqg (vo, ).
Again, if n = 2 we have
Hy (Va, u) = Hy (N(V2), N(w) < pHg (Vi ) < p*Hy (vo, ).

Assume that Hy (V,—1,u) < p" 1Hg (vo,u). In the same way, it is easy to see
that

Hq(Vo,u) = Hqg (N (Va—1), N(u)) < pHq (Va—1,u) < p"Hq (vo, u) -
(ii) Since 0 < p < 1 and from (i), we have
Hy (anu) < and (Uo,U) < pnr <

(iii) We know lim,,_,o, p" = 0. Using (i), we have lim,, oo Hg (V,,u) = 0, that
is, lim V,, = u. So, the proof of the theorem is complete. ]
n—oo

5. Numerical experiments

In this section, we provide three numerical examples to demonstrate the appli-
cation of the C(LT-HPM) for solving the FPDEs. More precisely, in Examples
(5.1) and (5.2), we give two locally solutions under strongly generalized differ-
entiability for linear FPDEs unlike the previous papers (see [5, 6 |) which give
only one locally solution under Seikkala derivative. To test the C(LT-HPM)
upon nonlinear FPDEs, we initially apply this method on two linear FPDEs.

Example 5.1. Consider the following linear fuzzy partial differential equation

ou(z,t)  O*u(w,t)
(41) o =g o V<<l t>0,

subject to the fuzzy initial condition

(42) u(z,0) = K(a)sin(rz), 0 <z <1,

where K(a) = [a— 1,1 — a] for all « € [0, 1].

According to Section 3, the FPDE (41)-(42) is equivalent to the following
systems of crisp partial differential equations:
first system

du(z,t;a)  OPu(z,t; )
ot - 02

ou(z,t;0)  0%u(z, t; )
ot B ox?

(43)

, 0<x <1, t>0,

(44)

,0<x <1, t>0,
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subject to the initial conditions

second system

Ou(z,t;o) 0%u(z, t; )

47 = 0 1, ¢>0
(47) T Gpr 0 0<z <1 t>0,
ou(x,t;a)  O%u(x,t;a)

48 = — 0 1,t>0
(48) 5 5pr 0 0<e <Ll i>0

subject to the initial conditions

(49) u(z,0;
(50) u(z,0;a) = (1 — a)sin(mz), 0 <z

~—

= (a—1)sin(mrzx), 0 <z <1,
1.

IN

Firstly, we take the Laplace transform £ on both sides of Eqgs. (43) and (44):

. (a=1)sin(mz) 1, {0%u(z,t;a)

(51) Q(x,&oa)—f—i—gﬁ o , 0<z <1,
— v (@-a)sin(rz) 1 0*u(x,t; )

(52) U(zx,s;a) = A + sﬁ 2 [ 0<z<l.

Taking the Laplace inverse £~! on both sides of Eqs. (51) and (52) gives

(53) u(z, b 0) = (o — 1) sin(rz) + £ {15 {W}} ,

s 0z2

O<ax<l, t>0,

(54) Tz, t0) = (1 — a) sin(rz) + £ {iz: {W}} ,

O<ax<l, t>0.

Now, applying the HPM method

Z AN, (z,t; ) = (a — 1) sin(mz)
n=0

(55) + g7t {iﬁ {88; (i A, (z, t; a)) }} ,
n=0

Z ANy (z,t; ) = (1 — «) sin(mz)
n=0

(56) + ALt {iﬁ {;;2 (7;) Ay (z, t; a)) }} .
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Comparing the coefficient of like powers of A, the following approximations are
obtained

A0 vo(z,t; ) = (o — 1) sin(mx), vo(x,t;a) = (1 — o) sin(nwz),
2 :
M v (rta) = £71 {ilj {(W}} = —7%(a — 1)tsin(rx),
o) = £ {2 {PEED I o1 ajrsines),
2 . A0, 1142
M uy(zta) = L£71 {iﬁ {8 Uléi’;’a) }} _ (a2! Lt sin(mx),
2 ) 401 _ )2
Vo(z, t;a) = L7 {iﬁ {6 Ul(;i’zt’a) }} == ( 51 o)t sin(mx),
—7%(a — 1)t?
A3 vy(w,t;a) = L71 iﬁ W — (O:;! ) sin(mz),
27 : 601 _ )43
v3(w,t;a) = L71 {iﬁ {W}} = 7r(13!a)t sin(mz),

From Egs. (39) and (40), the approximate solution of the first system is given

4 -1 t2
uw(z,t;a) = (a—1)sin(rz) — 72(a — 1)tsin(mz) + 7r(a2') sin(mz) — ...
442 643 '
. Tt Tt
4 1— t2
a(z,t;0) = (1—a)sin(rz) — 72(1 — a)tsin(mz) + L Gl 51 @) sin(mz) — ...
442 643 '
t t
= (1 - a)sin(mx) <1 . % - % + > .

These series have the closed form as n — oo. Therefore, the exact solution of
the first system is given by

u(z,t) = [(oz - 1)6_”% sin(mz), (1 — a)e_“2t sin(mv)} .
Secondly, we take the Laplace transform £ on both sides of Eqgs. (47) and (48):

(v — 1) sin(7x) N 15 { 0%u(x,t; o)

(57) Uz, s;a) = . 52

}, O<a <],

- (1 sintr) | 1, fPutr e

(58) U(z,s;a) = . 92 }, 0<z<l.
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Taking the Laplace inverse £~ on both sides of Eqs. (57) and (58) gives

(x,t; ) = (e — 1) sin(7x)

(59) {i{ a:;;a)}},0<x<1,t>0,
(x4 a) = (1— o) sin(rz)
(60) + L {Sﬁ{W}},0<x<l,t>0.

Now, applying the HPM method

Z)\” x,t;a) = (o — 1) sin(7x)

(61) F AL { {8352 (iA U”xm>}}

Z ANy (z, t; ) = (1 — a) sin(rz)

o e e 2 (S )

Comparing the coefficient of like powers of A, the following approximations are
obtained

MO0 vo(x,t; ) = (o — 1) sin(nx), vo(x,t;a) = (1 — a) sin(7x),
0
Moy (nta) = ﬁ_l{lﬁ{ﬁvoaz;t,a }}: 2(1 — a)tsin(rz),
s
v1(z, ;) = L7 l{iﬁ{avoazzta }}: 2(a — 1)t sin(rz),
25 _
M wuy(wtia) = L 1{i£{8 lai; a }}: (o 1 sm(mc),
2 —
va(x,t;) = LT 1{i£{8 U@i; a }} = 1 @) sm(?Tl‘),
2 ) 601 _ )43
A3 Ug(x,t;a):E_l{iﬁ{W}} :7T(13!a)tsin(7r$),
1, [ 0%vy(z,t; ) —7m8(a - 1) |
_r-1) = LU2\4y by _
(x,t;a) =L {s£{8x2 }} = sin(mzx),
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From Egs. (39) and (40), the approximate solution of the second system is given
by

o — 1142
uw(z,t;a) = (a—1)sin(rz) — 723(1 — a)tsin(mz) + (2'1)t sin(mx) — ...
o442 643
— (- 1)sin(rz) <1+7r2t+ T - 3—f +> ,
41 — )2
a(z,t;0) = (1—a)sin(rz) — 7 (o — 1)tsin(mz) + (-t sin(mz) — ...

2!
442 643
t t

= (1 - a)sin(rx) <1+7r2t+7r2‘+7r3'—{—...>.

These series have the closed form as n — oo. Therefore, the exact solution of
the second system is given by

u(x,t) = [(a — l)eﬂzt sin(mz), (1 — Oé)@WZtSiH(WI‘)} :

Example 5.2. Consider the following linear fuzzy partial differential equation

O*u(x,t) 482u(x, t)
o2 a2

subject to the fuzzy initial conditions

(63)

,0<z <1, t>0,

(64) u(x,0) = K(a)sin(mx), u(x,0) =0, 0 <z <1,

where K (a) = [0.75 + 0.25¢,1.25 — 0.25¢] for all a € [0, 1].

According to Section 3, the FPDE (63)-(64) is equivalent to the following
systems of crisp partial differential equations:
first system

0?u(z,t; ) B 482g(x,t;a)

(65) ot? 0x?

,0<zx <1, t>0,

O%u(z, t;a) 482U(a:,t;a)
ot? B Oz

subject to the initial conditions

(66) ,0<z<1, t>0,

(67) u(z,0; ) = (0.75 + 0.25a) sin(nz), w,(x,0;a) =0, 0 <z <1,

(68) u(x,0;a) = (1.25 — 0.25a) sin(nz), w(x,0;a) =0, 0 <z <1,

second system

Pu(z, t;o) 482ﬂ($,t;o¢)

(69) ot? 0z?

,0<z <1, t>0,
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O%u(z, t;a) 482g(a:,t;a)

(70) ot2? Oz2

,0<x <1, t>0,

subject to the initial conditions

(71) u(x,0;a) = (0.75 + 0.25a) sin(nz), w(x,0;a) =0, 0 <z <1,

(72) u(x,0;a) = (1.25 — 0.25a) sin(nz), w(x,0;a) =0, 0 <z < 1.

Again, by using the same procedure as mentioned in Section 4, the first few
components in the first system are given by

N0 g (z,t ) = (0.75 + 0.25a) sin(rz),
vo(x,t; ) = (1.25 — 0.25a) sin(7x),

T1(x, t; @) = —21%(1.25 — 0.250)t? sin(mz),

A wy (2t ) = —20%(0.75 + 0.250) 12 sin (),

1674(0.75 + 0.250)t4

A uy(xta) = 1 sin(mx),
167(1.25 — 0.250)t*
oz, t; o) = ™ T @) sin(7mx),
—647°%(0.75 4 0.25a)t°
Mo sz ta) = st 6'+ @) sin(mz),
—647%(1.25 — 0.25a)°
v3(x, t; ) = ualt i @) sin(mz),

From Egs. (39) and (40), the approximate solution of the first system is given
by

wt)? wt)t t)®
u(x, t;a) = (0.75 + 0.25¢) sin(mz) <1 - (22!t) + (24? - (26? + > ,
wt)? wt)* t)®
u(x,t;a) = (1.25 — 0.25a) sin(mz) (1 - (22!t) + (24f) - (26? + > .

These series have the closed form as n — oo. Therefore, the exact solution of
the first system is given by

u(z,t) = [(0.75 + 0.25c) sin(wz) cos(27t), (1.25 — 0.25a) sin(mwz) cos(2nt)] .
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After that, the first few components in the second system are given by

A0 vo(x,t; ) = (0.75 4+ 0.25a) sin(7x),
vo(x,t; ) = (1.25 — 0.25a) sin(7x),
Al vy (z, 1 @) = —2(7t)%(1.25 — 0.250) sin(7z),
T1(x, t; ) = —2(7t)*(0.75 + 0.250) sin(7z),
16(mt)*(0.75 + 0.25
N uy(xta) = 6(rt) (0 Z? + ) sin(mz),
16(mt)*(1.25 — 0.25
Ta(x,t; ) = 6(mt)"( 4'5 @) sin(mzx),
—64(mt)%(1.25 — 0.25
N ug(mta) = ()" o @) sin(7x),
—64(mt)(0.75 + 0.25
v3(x, t; ) = 64(mt) (06'75 + @) sin(mz),
256(mt)®(0.75 + 0.25
Mo uy(rta) = () 2 + @) sin(7x),
256(mt)8(1.25 — 0.25
vg(z, b ) = 56(mt)"( 8'5 @) sin(mz),
—1024(7t)'(1.25 — 0.25
AN v ta) = 024(rt) 1<0' @) sin(mx),
—1024(mt)1°(0.75 + 0.25
Us(x, t; o) = 024(mt) 1(8'7 + @) sin(mzx),
4 12(0.75 4 0.25
A uglata) = 096(mt) (102'75 + @) sin(mz),
4096(7t)'?(1.25 — 0.25
ez, t; ) = (mt) (12‘ @) sin(mz),
—16384(mt)*(1.25 — 0.25
AT wg(x,ta) = 6 384(mt) 151‘ > @) sin(mzx),
—16 384(mt)14(0.75 + 0.25
o7z, t o) = (nt) 14(1‘ i @) sin(mx),

Therefore, the approximate solution of the second system is given by

4l 8! 12!
(27t)? N (2rt)s  (2rt)10  (2mt)H
2! 6! 10! 14!

u(z,t;a) = (0.75 + 0.25¢) sin(7z) (1 + (2rt)* + (2rt)" + (2rt)™® + >

— (1.25 — 0.25a) sin(7x) <

o0

B (271'75)4” o0 (27rt)4n+2 '
= ((0.75 +0.250) 7;) ) (1.25 — 0.250) 7;) M) sin(7z),
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a(z, t; o) = (1.25 — 0.25a) sin(rz) (1 L @m)t @t @r)* )

4! 8! 12!
_ 2rt)2  (2rt)s  (2nt)0  (2mt)4
— (0.75 + 0.25c) sin(7x) < 51 + ol 10 + al >
o0 )i o0 ot)An+2
— ((1.25 —0.250) ;} (2(47?)! —(0.75 + 0.250) 1;) %) sin(mz).

By the ratio test, the series > >° (2&3)4,” and > 7 %4;2 are convergent for
all ¢ € (0,00).

To allow a clear overview of our work and to demonstrate the discussed
method, we present the first attempt to solve nonlinear FPDEs under strongly
generalized differentiability.

Example 5.3. Consider the following nonlinear fuzzy partial differential equa-
tion

2 2
(73) 813(;"’” +sin(u(z, b)) = ‘92&;”, O<z<1,t>0,
subject to the fuzzy initial conditions
(74) u(z,0) =0, u(x,0) = K(a)sechr, 0 <z <1,

where K (a) = [a,2 — @] for all « € [0,1].

It is noted here that sin z is a continuous increasing function on (0, 1). By us-
ing Zadeh'’s extension principle, we get [sin(u(z,t))], = [sin(u(z,t)), sin(u(z,t))]
for all @ € [0,1]. According to Section 3, the FPDE (73)-(74) is equivalent to
the following systems of crisp partial differential equations:
first system

&u(z, t; o) &*u(z,t; )
(75) T"‘Sln( (fL’ t)) T, 0<517<1, t>0,
0*u(z, t; ) 0%u(z, t; )
(76) T—I—sm( u(x,t)) = 2 0<z<l1,t>0,
subject to the initial conditions
(77) u(e,0.0) = 0, 1w, 0; ) = aseche, 0<z < 1,
(78) u(x,0;a) =0, w(z,0;a) = (2 — a)sechx, 0 <x <1,
second system
0%u(x,t; a) 0%u(x,t; )
(79) T"‘Sln( (fL’ t)) T, 0<IL’<1, t>0,



OPTIMIZATION TECHNIQUE FOR SOLVING FUZZY PARTIAL DIFFERENTIAL ... 371

0*u(x,t; o) O*u(x,t; )
(80) T—f—sm( u(z,t)) = T,O<x<l,t>0,
subject to the initial conditions
(81) u(z,0;a) =0, w(z,0;a) = asechz, 0 <z <1,
(82) u(z,0;a) =0, w(x,0;a) = (2 — a)sechx, 0 < x < 1.

Firstly, we take the Laplace transform £ on both sides of Egs. (75) and (76):

(83) Ulw,si0) =

asechw 5{82 u(z, t; )

5 52 — sin(u(z, t))}, 0<z<l1,

S

— a)sechz 2u(x. t: o
60 Tlosa- G s, L (0t

92 —sin(u(a;t))} ,0<x<1.

S

Taking the Laplace inverse £~! on both sides of Eqgs. (83) and (84) gives

(85)  w(a,t;a) = atsecha + L~ { L {W — sin(u(z, t))}} ,

(86) a(z,t;a) = (2 — a)tsechs + L~ {325 {W — sin(a(z, t))}}.

Since

3 _1\n
sin(u(z,t)) = u(x,t) — M e (1) (u(x,t))%ﬂ T

TR CFanE ST
- i))\"un(x,t) - (f:o A, ( ) (Z A" >5 -
= ni% A, (,t) % g A" A = > \"B
(87) = éA”Hn(u(w t))

where A,,, B,, are Adomain polynomials (see [23, 24]) and H,, are He’s polyno-
mials. From Section 4, then Egs. (85) and (86) becomes

oo
Z A, (z,t; a) = atsechx
n=0

(88) +/\£‘1{812£{a$2<i)\" xta)—i)\”H((xta))}},

n=0
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Z A"y (z,t; ) = (2 — a)tsechx

(89) —i—)xﬁ_l{ {83}2 (i)\ vna:toz> Z)\”H mta))}}.

From Theorem (4.2) and Eq. (87), we have

8"1
S (o4 M+ b XA
(90) = o (ug(z,t) + Aug (2, t) + ... + N'u,(z, t))|A .
o" n
i (Bo+ ABi+ ..+ X"Ba),

Now, if n = 0, we get

(92) Ao = ug(@,t), Bo=ug(z,t),

if n=1, we get

(93) Ay = 3uf(z,t)u, (z,t), By = bug(z, t)u, (z,t),
if n =2, we get

Ay = 3@3('% tug(z,t) + 3&%(56, t)ﬂo(l"v t),
(94) By = 5@3(557 t)MQ(xﬂ t) + 10@8(1'7 t)Q%<x7 t)v

From Egs. (87), (92), (93) and (94), we have

up(z,t) | ug(z,t)
3! 5! T eeey
+ - ceey
3! 5!
3u2 T, t)uq(x,t _|_3u2 z, )ug (,
H2(y(x’t)) = QQ(IE,?&) — *0( )*2( )3‘ —1( )fo( )
Sul(, t)uy(, t) + 10ud (2, t)ul(z, )

o) 4 MelblnOrDunin)

(95)  Ho(u(x,1)) = ug(x,t) —

(96> Hl(@(‘%t)) :@1(.%',15) -
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Similarly, we find Hy(u(x,t)), H1(u(x,t)), Ha(u(x,t)),... . The first few compo-
nents in the first system are given by

A w(a,t o) = atsecha,
vo(z,t; ) = (2 — a)tsechz,
1 [1 0?vy(z,t; Q)
1 . . _ 1 Y0 ) Uy
Aoy (e ta) =L {QE{W_HO(U(:C’t))}}

—at3sechztanhz  at3sechx  (asechx)3t®

B (asechx)tT

3! 3! 5! 7!
1 [1 0?0y (z,t; )
7 . _ 1 s Uy _
Ui (2, ta) =L {SQE{W—HO(U(%IL'))}}
—(2 — a)t®sechrtanhz (2 — a)t3sechx
3! - 3!
(2 — a)sechz)3t>  ((2 — a)sechx)t’
+ — -
5! 7!
1 0%v;(z,t; )
2 . . _ -1 21\ by
_ 330(asechx)’t!' B 162(asechz) ¢!
B 13! 11!

(asechx)5t?

9!
(asechx)3t7
7!
(asechx)t®
5!

1 0%v1(z,t; )
> . _ -1 145 by _
vo(x,t;a) = L {<S2£{6£L'2 Hl(u(x,t))}}
~330((2 — a)sechx)?t!'? _162((2 - a)sechr) "t
B 13! 11!

N (2 - a);;echac)5t9

(35 tanh 2 + 62 — 30 tanh? )
(12tanh? z — 14 — 10 tanh z)

(2 — 6 tanh® 2 — 2tanh?® z 4+ 6 tanh z) + ...,

(35tanh 4 62 — 30 tanh? z)

2_ ha)3t7
(( a);'ec z) (12tanh?2 — 14 — 10tanh x)
2 — ha )t® +
$ a)Ejec z) (2 — 6tanh® z — 2tanh?® z + 6tanh x) + ...,

Therefore, the approximate solution of the first system is given by
at3sechztanhx  at3sechx  (asechz)3t®
3! R
(asechz)t” n 330(asechx)'t'3  162(asechz) Tt
7! 13! 11!

u(z,t) = atsechx —
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ha)2t
(()asecg':v)(35 tanh z + 62 — 30 tanh? x)
hx)3t7
(O“Sec?'x)(lz tanh? z — 14 — 10 tanh x)
ha)t®
Wg'x)(g — 6tanh® x — 2tanh? r + 6tanhz) + ...,

2 — t3 hx tanh 2 — t3 h
A1) = (2 — a)tsechy — G- sechztanhz (2 - a)t%secha

3! 3!
N ((2 — a)sechx)®t®  ((2 — a)sechx)®t” . 330((2 — a)sechx) t'?
162((2 — ha)Tt1 ((2— ha)t°
_ 162(( ‘;)1"’”60 L O‘)‘;‘TC " (35 tanh 2-+62—30 tanh? z)
9 _ 3,7 '
+ (C a);echx) t (12 tanh?z — 14 — 10 tanh x)
2— ha)t®
( a)Ejec z) (2—6tanh3x—2tanh2x+6tanhx) + ...

The approximate fuzzy solution to the first system in parametric form for «
= 0.5, various x in [0, 1] and various ¢ in [0, 5] is given in Figure 1. It is clear
from the Figure 1 that, the numerical results obtained by C(LT-HPM) satisfy
the convex symmetric triangular fuzzy number. Here, we use the first four terms
in u(x,t) and u(z,t) to sketch the approximate fuzzy solution.

Figure 1: blue u(z,t) and red u(z,t)

Secondly, we take the Laplace transform £ on both sides of Eqgs. (79) and (80):
asechz N ig {82u(m, t; @)

(98) Uz, s; O‘) = 2 2 12

- sin(u(w,t))} , 0<z <1,

S S

—a)sechx 2u(z. t: o
(99) U(w,s;a):u 1 {W

2 +?£ Ox?

Taking the Laplace inverse £~ on both sides of Eqs. (98) and (99) gives

. —sin(u(x,t))} ,0<x<1.

B 1 0%u(z, t; o) .
(100)  wu(x,t;0) = atsecha + L1 {sQﬁ {8&?2 — sm(u(x,t))}} :
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1 0?u(x,t; .
(101) @(z,t: ) = (2 — )tseche + L1 {825 {W — sin(u(z, t))}} .
Again, using the same procedure in Section 4, the first few components in the
second system are given by

Ay, t @) = atsech,
Uo(z,t; ) = (2 — a)tsechx,
—2(2 — a)t3sech®x 2 — a)3tPsech3x
M e tia) = 22T 2 o0)
3! 5!
(2 — a)’t"sech®z
— 7! ceey
_ too) — —2at3sech?r  oBtsech3r  aPt'sechdx
U1 (2, t; ) = 30 + = — o + ...,
atd  ast’ aPt?sechdx

A tia) = | =—— — —— | sech®
vy(@, 1 ) ( 15 1260) ST 60480

+ (W — atls) tanh? zsech>x
420 )
ot tanh? xsech®x 1 7a3 (o — 2)2t°
a 12096 T 10080 < 12
a®(a — 2)*13sech’x
18869 760
<a3(a — 2% (o —2)40 B o’ (o — 2)%tH

— 400 (e — 2)2t7> sech®x

316 800 5184 1108 800

2-a)t®  (2—a)tT 2 — a)® t9sech®
Uo(x, t; ) = (( )t (2-a) > sech3x + (2= @) U secha

> sech’z + ...,

15 1260 60480

2-a)*t" (2-a)t® 9 3 (2 — @)® t? tanh® zsech®x
- tanh h’x —
+< 420 5 e 12096

1 702 (2—a) t? 9 7 s a*(2—a)’tBsech
—4002 (2—a) 17 | sechBa—
10080 ( 12 o7 =)t | sech’a 18869 760

n or2—a)t at2-—a)t? a2 (2—a)t!
316 800 5184 1108 800

— — ) sech’z + ...,

Therefore, the approximate solution of the second system is given by

2(2 — 2—a)
u(x,t) = atsechx — (3'a)t3sech3:v + (5la)t5sech3:r
2 —a)d 3
— ﬂﬂsechg‘x + L5 L 47 sechdn + @ OsechSy
7! 15 1260 60480
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3 5
« o «
+ <t7 — t5> tanh? zsech®r — ———t” tanh? zsech®x

42005 12096
1 7 5 (o — 9)
om0 @~ 2% — 0 (o 27 et - 4O g
4
Mtll _ @ (o — 2)4t9 . a® (a — 2)2t11 sechTa +
316800 5184 1108 800 T
2 3 3 a3 5 3 a5 - 5
u(z,t) = (2 — a)tsechw — ?t sech’x + ﬁt sech’x — ﬁt sech’z
2-a)s (2-0a); 5, 2-a) 4 5
- t Wz + ~———tsech
! < 15 1260 )% Tgoaso M
2 —a) 2 — 2— )
+ (( 423) tT — ( 3 @) t5) tanh? zsech®s — (120;23759 tanh? zsech’x
1 [ 3,9 2 7 5 a*(2 —a)d 13 0
+ m(ﬁa (2 — @)’t” —400°(2 — a)t")sech’x — mt sech®z
a'2—a)® 1y a'(2-a) 4 a’(2-0)
316800 ¢ t" = 3 Rz + ...
* < 316 800 5184 1108 800 ) sech' &+ ...,

The approximate fuzzy solution to the second system in parametric form
for « = 0.2, various z in [0,1] and various ¢ in [0, 5] is given in Figure 2. It
is clear from the Figure 2 that, the numerical results obtained by C(LT-HPM)
satisfy the fuzzy numbers properties by taking the triangular fuzzy numbers
shape. Here, we use the first seven terms in u(x,t) and u(z,t) to sketch the
approximate fuzzy solution.

Figure 2: blue u(z,t) and red u(z,t)

6. Conclusion

The primary objective of this paper is to determine an approximate-analytical
solutions for the fuzzy partial differential equations. We have accomplished this
objective by applying C(LT-HPM). The results are very encouraging, demon-
strating the unwavering quality and proficiency of the proposed strategy with



OPTIMIZATION TECHNIQUE FOR SOLVING FUZZY PARTIAL DIFFERENTIAL ... 377

less computational work and time. This strategy is based on the definition of
strongly generalized differentiability.
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