
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 43–2020 (391–401) 391

On uniformly primary hyperideals and uniformly 2-absorbing
primary hyperideals

M. Anbarloei
Department of Mathematics

Faculty of Sciences

Imam Khomeini International University

Qazvin

Iran

m.anbarloei@sci.ikiu.ac.ir
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1. Introduction

The theory of algebraic hyperstructures was introduced in 1934 by Marty [8]
during the 8th Congress of Scandinavian Mathematicians. Marty introduced
hypergroups as a generalization of groups. He published some notes on hyper-
groups, using them in different contexts as algebraic functions, rational fractions,
non commutative groups. Later on, many researchers have observed that the
theory of hyperstructures also have many applications in both pure and applied
sciences. A comprehensive review of this theory can be found in [3],[6],[9], [4]
and [11]. The notion of multiplicative hyperring was introduced by R. Rota [10]
in 1982. For example, applications of hyperstructures in chemistry and physics
can be studied in Chapter 8, [6].

A triple (R,+, ◦) is called a multiplicative hyperring if
(1)(R,+) is an abelian group;
(2)(R, ◦) is semihypergroup;
(3) for all a, b, c ∈ R, we have a◦(b+c) ⊆ a◦b+a◦c and (b+c)◦a ⊆ b◦a+c◦a;
(4) for all a, b ∈ R, we have a ◦ (−b) = (−a) ◦ b = −(a ◦ b).
For any two nonempty subsets A and B of R and x ∈ R, we define

A ◦B =
∪

a∈A, b∈B
a ◦ b, A ◦ x = A ◦ {x}

A non empty subset I of a multiplicative hyperring R is a hyperideal if
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(1) If a, b ∈ I, then a− b ∈ I;

(2) If x ∈ I and r ∈ R, then r ◦ x ⊆ I.

The concept of 2-absorbing hyperideal was introduced in [7]. Really, it is a
generalization of prime hyperideal. Precisely, a nonzero proper hyperideal I of
a multiplicative hyperring R is called to be 2-absorbing if x ◦ y ◦ z ⊆ I where
x, y, z ∈ R, then x ◦ y ⊆ I or y ◦ z ⊆ I or x ◦ z ⊆ I.

In this paper, we introduce the concepts of uniformly primary hyperideal and
uniformly 2-absorbing primary hyperideal of R, which impose a certain bound-
edness condition on the usual notions of primary hyperideal and 2- absorbing
primary hyperideal, respectively.

Among many results in this paper, it is shown (Theorem 3.6) that hyperideal
Q of R is a uniformly P-primary hyperideal if and only if:

(1) Q is a P-primary hyperideal of R, and

(2) there exists a positive integer n such that P = {x ∈ R | xn ⊆ Q}.
Moreover, ordH(Q) = k if and only if k is the smallest positive integer for

which condition (2) holds. It is shown (Theorem 4.9) that if R1 and R2 be
multiplicative hyperrings and ϕ : R1 −→ R2 be a good homomorphism. Then
the following statements hold:

(1) If Q2 is a uniformly 2-absorbing primary hyperideal of R2, then ϕ−1(Q2)
is a uniformly 2-absorbing primary hyperideal of R1 with 2 ordHR1

(ϕ−1(Q2)) ≤
2 ordHR2

(Q2).

(2) If ϕ is an epimorphism and Q1 is a uniformly 2-absorbing primary hyper-
ideal of R1 containing ker(ϕ), then ϕ(Q1) is a uniformly 2-absorbing primary
hyperideal of R2 with 2 ordHR2

(ϕ(Q1)) ≤ 2 ordHR1
(Q1).

It is shown (Theorem 5.5) that ifQ is a Noether strongly 2-absorbing primary
hyperideal of R, then Q is a uniformly 2-absorbing primary hyperideal of R and
2 ordH(Q) ≤ 2 eH(Q).

2. Preliminaries

Definition 2.1 ([5]). A nonzero proper hyperideal P of R is called a prime
hyperideal if x◦y ⊆ P for x, y ∈ R implies that x ∈ P or y ∈ P . The intersection
of all prime hyperideals of R containing I is called the prime radical of I, being
denoted by r(I). If the multiplicative hyperring R does not have any prime
hyperideal containing I, we define r(I) = R.

Definition 2.2 ([5]). Let C be the class of all finite products of elements of R
i.e. C = {r1 ◦ r2 ◦ ... ◦ rn : ri ∈ R,n ∈ N} ⊆ P ∗(R). A hyperideal I of R is said
to be a C-hyperideal of R if for any A ∈ C, A ∩ I ̸= ∅ ⇒ A ⊆ I.

Theorem 2.3 ([5], Proposition 3.2). Let I be a hyperideal of R. Then, D ⊆ r(I)
where D = {r ∈ R : rn ⊆ I for some n ∈ N}. The equality holds when I is a
C-hyperideal of R.

In this paper, we assume that all hyperideals are C-hyperideal.
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Definition 2.4 ([5]). A nonzero proper hyperideal Q of R is called a primary
hyperideal if for any x, y ∈ R, x◦y ⊆ Q and x /∈ Q, then yn ⊆ Q for some n ∈ N.

Since r(Q) = P is a prime hyperideal of R by Propodition 3.6 in [5], Q is
referred to as a P-primary hyperideal of R.

Definition 2.5 ([1]). A nonzero proper hyperideal I of R is called 2-absorbing
primary hyperideal of R if x ◦ y ◦ z ⊆ I for some x, y, z ∈ R, then x ◦ y ⊆ I or
x ◦ z ⊆ r(I) or y ◦ z ⊆ r(I).

Theorem 2.6 ([1], Theorem 4.2). Let I be a 2-absorbing primary hyperideal of
R. Then P = r(I) is a 2-absorbing hyperideal. We say that I is a P-2-absorbing
primary hyperideal of R.

Definition 2.7. Let (R1,+1, ◦1) and (R2,+2, ◦2) be multiplicative hyperrings.
A mapping from R1 into R2 is said to be a good homomorphism if for all x, y ∈
R1, ϕ(x+1 y) = ϕ(x) +2 ϕ(y) and ϕ(x ◦1 y) = ϕ(x) ◦2 ϕ(y).

Definition 2.8. For x ∈ R, we define (I :R x) = {r ∈ R | r ◦ x ⊆ I}.

3. Uniformly primary hyperideals

Definition 3.1. Let Q be a proper hyperideal of R. Q is a uniformly primary
hyperideal of R if there exists a positive integer n such that whenever x, y ∈ R
satisfy x◦y ⊆ Q and x /∈ Q then yn ⊆ Q. If k is the smallest positive integer for
which the above property holds ,then it is denoted by ordHR

(Q) = k, or simply
ordH(Q) = k.

Definition 3.2. P-primary hyperideal Q of R is said to be a Noether strongly
primary hyperideal if Pn ⊆ Q for some positive integer n. If k is the small-
est positive integer for which the above property holds ,then it is denoted by
eHR

(Q) = k, or simply eH(Q) = k.

Example 3.3. Let (Z,+, ·) be the ring of integers. We define the hyperopera-
tion a ◦ b = {2ab, 4ab}, for all a, b ∈ Z. The hyperideal 3Z = {3n | n ∈ Z} of the
multiplicative hyperring (Z,+, ·) is a Noether strongly primary hyperideal.

Theorem 3.4. If Q is a Noether strongly P-primary hyperideal of R then Q is
a uniformly P-primary hyperideal of R. Also, ordH(Q) ≤ eH(Q).

Proof. Assume that Q is a Noether strongly P-primary hyperideal of R. Let
x ◦ y ⊆ Q for some x, y ∈ R such that x /∈ Q. Thus y ∈ P and so yeH(Q) ⊆
P eH(Q) ⊆ Q. Hence, Q is a uniformly P-primary hyperideal of R such that
ordH(Q) ≤ eH(Q).

Example 3.5. In Example 3.3, the hyperideal 3Z = {3n | n ∈ Z} of the
multiplicative hyperring (Z,+, ·) is a uniformly primary hyperideal.
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Theorem 3.6. Hyperideal Q of R is a uniformly P-primary hyperideal if and
only if:

(1) Q is a P-primary hyperideal of R.

(2) there exists a positive integer n such that P = {x ∈ R | xn ⊆ Q}.
Moreover, ordH(Q) = k if and only if k is the smallest positive integer for

which condition (2) holds.

Proof. =⇒ Let Q be a uniformly P-primary hyperideal of R with ordH(Q) = k.
Thus we have condition (1) clearly. Suppose that x ∈ P . So there exists some
positive integer t with xt−1◦x = xt ⊆ Q such that xt−1 * Q. Since ordH(Q) = k,
we have xk ⊆ Q. Thus the proof is completed.

⇐= Assume that x◦y ⊆ Q for some x, y ∈ R such that x /∈ Q. Then we have
y ∈ P . On the other hand, by (2), there exists a positive integer n with yn ⊆ Q
such that n is independent of y. Thus, Q is a uniformly primary hyperideal of
R.

The ”moreover” statement follows from the definition of ordH(Q).

Theorem 3.7. Let Q1 ⊆ Q2 be uniformly P-primary hyperideals of R. Then
ordH(Q1) ≥ ordH(Q2).

Proof. Put k1 = ord(Q1) and k2 = ordH(Q2). Then there exist elements
x, y ∈ R with x ◦ y ∈ Q2 such that x /∈ Q2, y

n ⊆ Q2, and yn−1 * Q2. Thus,
we have y ∈ P = r(Q1) and so yk1 ⊆ Q1 ⊆ Q2. Hence, k1 > k2 − 1, and then
k1 ≥ k2.

Theorem 3.8. Let {Qi}i∈I be a collection of uniformly P-primary hyperideals
of R such that maxi∈I{ordH(Qi)} = n, where n is a positive integer. Then
Q =

∩
i∈I Qi is a uniformly P-primary hyperideal of R with ordH(Q) = n.

Proof. By Proposition 3.3 in [5], we have r(Q) = r(
∩

i∈I Qi) =
∩

i∈I r(Qi) = P .
Assume that x ◦ y ⊆ Q for some x, y ∈ R such that x /∈ Q. Thus there exists
some j ∈ I such that x ◦ y ⊆ Qj and x /∈ Qj . It means y ∈ P and hence
yn ⊆ Q. Thus Q is a uniformly P-primary hyperideal of R with ordH(Qj) ≤ n.
Assume that Qt ∈ {Qi}i∈I be a uniformly P-primary hyperideal of R with
ordH(Q) = n. Hence, by Theorem 3.6, n is the smallest positive integer with
P = {x ∈ R | xn ⊆ Qt}. Hence, there exists x ∈ P but xn−1 * Qt, and so
xn−1 * Q. Consequently ordH(Q) = n.

Theorem 3.9. Let R1 and R2 be multiplicative hyperrings and ϕ : R1 −→ R2

be a good homomorphism. If Q2 is a uniformly P-primary hyperideal of R2, then
ϕ−1(Q2) is a uniformly ϕ−1(P )-primary hyperideal of R1 with ordHR1

(ϕ−1(Q2)) ≤
ordHR2

(Q2).

Proof. The proof of the first statement is easy. Let Q2 be a uniformly P-
primary hyperideal of R2 with k = ordHR2

(Q2). By Theorem 3.6, we have

P = {y ∈ R2 | yk ⊆ Q2}. Hence, ϕ−1(P ) = {x ∈ R1 | xk ⊆ ϕ−1(Q2)}.Therefore,
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we conclude that ϕ−1(Q2) is a uniformly ϕ−1(P )-primary hyperideal of R such
that ordHR1

(ϕ−1(Q2)) ≤ ordHR2
(Q2).

Corollary 3.10. Let I and Q be hyperideals of R such that I ⊆ Q. Then Q is
a uniformly P-primary hyperideal of R with ordHR

(Q) = k if and only if Q/I is
a uniformly P/I -primary hyperideal of R/I with ordHR/I

(Q/I) = k.

Proof. =⇒ It is straightforward.

⇐= Assume that Q/I is a uniformly P/I -primary hyperideal of R/I with
ordHR/I

(Q/I) = k. By Theorem 3.9, Q is a uniformly P-primary hyperideal
of R with ordHR

(Q) ≤ k. By Theorem 3.6, there exists x + I ∈ P/I but
(x+ I)k−1 * Q/I . Hence, x ∈ P and xk−1 * Q. Thus ordHR

(Q) = k.

4. Uniformly 2-absorbing primary hyperideals

Definition 4.1. LetQ be a proper hyperideal of R. Q is a uniformly 2-absorbing
primary hyperideal of R if there exists a positive integer n such that whenever
x, y, z ∈ R satisfy x ◦ y ◦ z ⊆ Q, x ◦ y * Q and x ◦ z * r(Q), then (y ◦ z)n ⊆ Q.
If k is the smallest positive integer for which the above property holds ,then it
is denoted by 2 ordHR

(Q) = k, or simply 2 ordH(Q) = k.

Theorem 4.2. If Q is a 2-absorbing hyperideal of R, then Q is a uniformly
2-absorbing primary hyperideal with 2 ordH(Q) = 1.

Proof. It is obvious.

Example 4.3. Let (Z,+, ·) be the ring of integers. Corresponding to every
subset A ∈ P ∗(Z) = P (R)\{∅} (|A| ≥ 2), there exists a multiplicative hyperring
(ZA,+, ◦) where ZA = Z and for any x, y ∈ ZA, x ◦ y = {x · a · y | a ∈ A} [5].
In the multiplicative hyperring of integers ZA with A = {5, 7}, the principal
hyperideals < 2 > and < 3 > are prime hyperideals by Proposition 4.3 in
[5]. Hence, hyperideal < 2 > ∩ < 3 > is a 2-absorbing hyperideal and so
< 2 > ∩ < 3 > is a uniformly 2-absorbing primary hyperideal.

Theorem 4.4. If Q is a uniformly 2-absorbing primary hyperideal of R, then
Q is a 2-absorbing primary hyperideal of R with 2 ordH(Q) = 1.

Proof. It is clear.

Theorem 4.5. Let Q be a proper hyperideal of R. If Q is a uniformly 2-
absorbing primary hyperideal of R, then one of the following conditions must
hold:

(1) r(Q) = P is a prime hyperideal.

(2) r(Q) = P1 ∩P2, where P1 and P2 are the only distinct prime hyperideals
of R that are minimal over Q.

Proof. Apply Theorem 4.5 in [1].
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Theorem 4.6. Let Q be a proper hyperideal of R. Then the following conditions
are equivalent:

(1) Q is uniformly 2-absorbing primary hyperideal.

(2) There exists a positive integer n such that for every x, y ∈ R either
(xoy)n ⊆ Q or (Q :R x ◦ y) ⊆ (Q :R x) ∪ (r(Q) :R y).

(3) There exists a positive integer n such that for every x, y ∈ R either
(x ◦ y)n ⊆ Q or (Q :R x ◦ y) = (Q :R x)or(Q :R x ◦ y) ⊆ (r(Q) :R y).

(4) There exists a positive integer n such that for every x, y ∈ R and every
hyperideal I of R, x ◦ y ◦ I ⊆ Q implies that either x ◦ I ⊆ Q or y ◦ I ⊆ r(Q) or
(x ◦ y)n ⊆ Q.

Proof. (1) ⇒ (2)Let Q be a uniformly 2-absorbing primary hyperideal of R
such that 2 ordH(Q) = n. Suppose that (x ◦ y)n * Q for some x, y ∈ R.
Let a ∈ (Q :R x ◦ y). Hence aoy ⊆ Q. Therefore we have a ◦ x ⊆ Q or
a ◦ y ⊆ r(Q). It means a ∈ (Q :R x) or a ∈ (r(Q) :R y). This implies that
(Q :R x ◦ y) ⊆ (Q :R x) ∪ (r(Q) :R y).

(2)⇒ (3)If an hyperideal is a subset of the union of two hyperideals, then it
is a subset of one of them.

(3)⇒ (4) Assume that n is a positive number such that for every x, y ∈ R
either (x ◦ y)n ⊆ Q or (Q :R x ◦ y) = (Q :R x)or(Q :R x ◦ y) ⊆ (r(Q) :R y).
Assume that I is a hyperideal of R with x ◦ y ◦ I ⊆ Q for some x, y ∈ R such
that (x ◦ y)n * Q. Therefore I ⊆ (Q :R x ◦ y). Hence we have I ⊆ (Q :R x) or
I ⊆ (r(Q) :R y). Thus xoI ⊆ Q or y ◦ I ⊆ r(Q).

(4)⇒ (1) Straightforward.

Theorem 4.7. Let Q1 be a uniformly P-primary hyperideal of R and Q2 be
a uniformly P-2-absorbing primary hyperideal of R such that Q1 ⊆ Q2. Then
2 ordH(Q2) ≤ ordH(Q1).

Proof. Assume that ordH(Q1) = k1 and 2 ordH(Q2) = k2. Thus there are
x, y, z ∈ R with x◦y ◦z ⊆ Q2 such that x◦y * Q2, x◦z * r(Q2), (y ◦z)k2 ⊆ Q2

and (y ◦ z)k2−1 * Q2. Hence y ◦ z ⊆ r(Q2) = r(Q1). Thus (y ◦ z)k1 ⊆ Q1 ⊆ Q2

by Theorem 3.6. Thus k2 > k1 − 1. Then k2 ≥ k1.

Theorem 4.8. Let {Qi}i∈I be a chain of uniformly P-2-absorbing primary hy-
perideals of R such that maxi∈I{2 ordH(Qi)} = n, where n is a positive integer.
Then Q =

∩
i∈I Qi is a uniformly P-2-absorbing primary hyperideal of R with

2 ordH(Q) ≤ n.

Proof. By Proposition 3.3 in [5], we have r(Q) = r(
∩

i∈I Qi) =
∩

i∈I r(Qi) = P .
Assume that x ◦ y ◦ z ⊆ Q for some x, y, z ∈ R such that x ◦ y * Q and
(y ◦ z)n * Q. Since {Qi}i∈I is a chain, there exists some j ∈ I such that
xoy * Qj and (y ◦ z)n * Qj . Since Qj is a uniformly 2-absorbing primary
hyperideal of R with 2 ord(Qj) ≤ n, then xoz ⊆ r(Qi) = r(Q). Thus Q is a
uniformly 2-absorbing primary hyperideal of R with 2 ordH(Q) ≤ n.
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Theorem 4.9. Let R1 and R2 be multiplicative hyperrings and ϕ : R1 −→ R2

be a good homomorphism. Then the following statements hold:
(1) If Q2 is a uniformly 2-absorbing primary hyperideal of R2, then ϕ−1(Q2)

is a uniformly 2-absorbing primary hyperideal of R1 with 2 ordHR1
(ϕ−1(Q2)) ≤

2 ordHR2
(Q2).

(2) If ϕ is an epimorphism and Q1 is a uniformly 2-absorbing primary hy-
perideal of R1 containing ker(ϕ), then ϕ(Q1) is a uniformly 2-absorbing primary
hyperideal of R2 with 2 ordHR2

(ϕ(Q1)) ≤ 2 ordHR1
(Q1).

Proof. (1) Let k = 2 ordHR2
(Q2) and x ◦ y ◦ z ⊆ ϕ−1(Q2) for some x, y, z ∈

R1 such that x ◦ y * ϕ−1(Q2) and x ◦ z * r(ϕ−1(Q2)). This implies that
ϕ(x ◦ y ◦ z) = ϕ(z) ◦ ϕ(y) ◦ ϕ(z) ⊆ Q2 such that ϕ(x ◦ y) = ϕ(x) ◦ ϕ(y) * Q2

and ϕ(x ◦ z) = ϕ(x) ◦ ϕ(z) * r(Q2). Since Q2 is a uniformly 2-absorbing
primary hyperideal of R2, we have ϕk(y ◦ z) ⊆ Q2. Thus ϕ((y ◦ z)k) ⊆ Q2. It
means (y ◦ z)k ⊆ ϕ−1(Q2). Hence ϕ−1(Q2) is a uniformly 2-absorbing primary
hyperideal of R1 such that 2 ordHR1

(ϕ−1(Q2)) ≤ k = 2 ordHR2
(Q2).

(2) Let k = 2 ordHR1
(Q1) and x ◦ y ◦ z ⊆ ϕ(Q1) for some x, y, z ∈ R2 such

that x ◦ y * ϕ(Q1) and x ◦ z * r(ϕ(Q1)). Since ϕ is an epimorphism, then there
exist a, b, c ∈ R1 with ϕ(a) = x, ϕ(b) = y and ϕ(c) = z. Thus ϕ(a ◦ b ◦ c) =
x◦y◦z ⊆ ϕ(Q1) such that ϕ(a◦b) = x◦y * ϕ(Q1) and ϕ(a◦c) = x◦z * r(ϕ(Q1)).
Now take any u ∈ a ◦ b ◦ c. Then we get ϕ(u) ∈ ϕ(a ◦ b ◦ c) ⊆ ϕ(Q1) and so
ϕ(u) = ϕ(w) for some w ∈ Q1. This implies that ϕ(u − w) = 0 ∈ (0), that is,
u − w ∈ ker(ϕ) ⊆ Q1 and so u ∈ Q1. Since Q1 is a C-hyperideal of R1, then
we conclude that a ◦ b ◦ c ⊆ Q1. Since ϕ(r(Q1)) ⊆ r(ϕ(Q1)), then a ◦ b * Q1,
and a ◦ c * r(Q1), . Since Q1 is a uniformly 2-absorbing primary hyperideal of
R1, then we have (b ◦ c)k ⊆ Q1. Thus ϕ((b ◦ c)k) = (ϕ(b) ◦ ϕ(c))k = (y ◦ z)k ⊆
ϕ(Q1). Hence ϕ(Q1) is a uniformly 2-absorbing primary hyperideal of R2. Also,
2 ordHR2

(ϕ(Q1)) ≤ k = 2 ordHR1
(Q1).

Corollary 4.10. Let Q be a hyperideal of R.
(1) If S is a subhyperring of R and Q is a uniformly 2-absorbing primary

hyperideal of R, then Q∩ S is a uniformly 2-absorbing primary hyperideal of S
with 2 ordS(Q ∩ S) ≤ 2 ordR(Q).

(2) Let I be a hyperideal of R such that I ⊆ Q. Then Q is a uniformly 2-
absorbing primary hyperideal of R if and only if Q/I is a uniformly 2-absorbing
primary hyperideal of R/I.

Proof. It follows from Theorem 4.9.

5. Noether strongly 2-absorbing primary hyperideals

Definition 5.1. P-2-absorbing primary hyperidealQ ofR is said to be a Noether
strongly 2-absorbing primary hyperideal if Pn ⊆ Q for some positive integer n.
If k be the smallest positive integer for which the above property holds ,then it
is denoted by 2 eHR

(Q) = k, or simply 2 eH(Q) = k.
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Example 5.2. Consider the ring ({0̄, 1̄, 2̄, 3̄, 4̄, 5̄} = Z6,⊕,⊙) that for all x̄, ȳ ∈
Z6, x̄⊕ ȳ and x̄⊙ ȳ are the remainder of x+y

6 and x·y
6 , respectively, which + and ·

are ordinary addition and multiplication. We define the hyperoperation x ∗ y =
{xy, 2xy, 3xy, 4xy, 5xy}, for all x̄, ȳ ∈ Z6. The hyperideal {0̄} of commutative
multiplicative hyperring (Z6,⊕,⊙) is a Noether strongly 2-absorbing primary
hyperideal.

Theorem 5.3. Let Q1 and Q2 be Noether strongly primary hyperideals of R.
Then, Q1∩Q2 and Q1◦Q2 are Noether strongly 2-absorbing primary hyperideals
of R.

Proof. Assume that Q1 and Q2 be primary hyperideals of R. By Theorem 4.6
in [1], Q1 ∩Q2 and Q1 ◦Q2 are 2-absorbing primary ideals of R, .

Theorem 5.4. If Q is a 2-absorbing hyperideal of R, then Q is a Noether
strongly 2-absorbing primary hyperideal with 2 eH(Q) ≤ 2.

Proof. Since Q is a 2-absorbing hyperideal, we conclude that it is a 2-absorbing
primary hyperideal and r(Q)2 ⊆ Q by Theorem 4 in [7].

Theorem 5.5. If Q is a Noether strongly 2-absorbing primary hyperideal of R,
then Q is a uniformly 2-absorbing primary hyperideal of R and 2 ordH(Q) ≤
2 eH(Q).

Proof. Assume that Q be a Noether strongly 2-absorbing primary hyperideal
of R. Let x◦y ◦z ⊆ Q for some x, y, z ∈ R such that x◦y * Q and x◦z * r(Q).
Since Q is a 2-absorbing primary hyperideal of R, we have y ◦ z ⊆ r(Q). Hence
(y ◦ z)2 eH(Q) ⊆ (r(Q))2 eH(Q) ⊆ Q. Thus Q is a uniformly 2-absorbing primary
hyperideal of R and 2 ordH(Q) ≤ 2 eH(Q).

Theorem 5.6. Let Q be a proper hyperideal of R. Then the following conditions
are equivalent:

(1) r(Q) is a 2-absorbing hyperideal of R.
(2) For every x, y, z ∈ R, x◦y◦x ⊆ Q implies that xoy ⊆ r(Q) or x◦z ⊆ r(Q)

or y ◦ z ⊆ r(Q).
(3) r(Q) is a 2-absorbing primary hyperideal of R.
(4) r(Q) is a Noether 2-absorbing primary hyperideal of R with 2 eH(r(Q)) =

1.
(5) r(Q) is a uniformly 2-absorbing primary hyperideal of R.

Proof. (1)=⇒(2) It is evident. (2)⇐=(1) Assume that a ◦ b ◦ c ⊆ r(Q) for
some a, b, c ∈ R. Thus, there exists a positive integer n such that (a ◦ b ◦
c)n = an ◦ bn ◦ cn ⊆ Q. Then, we have an ◦ bn ⊆ r(Q) or an ◦ cn ⊆ r(Q) or
bn ◦ cn ⊆ r(Q), by the hypothesis in (2). Thus a ◦ b ⊆ r(Q) or a ◦ c ⊆ r(Q)
or b ◦ c ⊆ r(Q). Therefore r(Q) is a 2-absorbing hyperideal. (3)⇐⇒(4) and
(1)⇐⇒(3) are obvious. (5)=⇒(3) Is straightforward. (4)=⇒(5) It follows by
Theorem 5.5.
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6. Special 2-absorbing primary hyperideals

Definition 6.1. Hyperideal Q of R is said to be a special 2-absorbing primary
hyperideal if it is uniformly 2-absorbing primary hyperideal with 2 ordH(Q) = 1.

Example 6.2. In Example 5.2, the hyperideal {0̄} of commutative multiplica-
tive hyperring (Z6,⊕,⊙) is a a special 2-absorbing primary hyperideal.

Theorem 6.3. Assume that Q is a proper hyperideal of R. Then the following
conditions are equivalent:

(1) Q is special 2-absorbing primary hyperideal.

(2) For every x, y ∈ R either x ◦ y ⊆ Q or (Q :R x ◦ y) = (Q :R x) or
(Q :R x ◦ y) ⊆ (r(Q) :R y).

(3) For every x, y ∈ R and every hyperideal I of R, x ◦ y ◦ I ⊆ Q implies
that either x ◦ y ⊆ Q or x ◦ I ⊆ Q or y ◦ I ⊆ r(Q).

(4) For every x ∈ R and every hyperideal I of R either x ◦ I ⊆ Q or (Q :R
x ◦ I) ⊆ (Q :R x) ∪ (r(Q) :R I).

(5) For every a ∈ R and every hyperideal I of R either x ◦ I ⊆ Q or (Q :R
x ◦ I) = (Q :R x) or (Q :R x ◦ I) ⊆ (r(Q) :R I).

(6) For every x ∈ R and every hyperideals I, J of R, x ◦ I ◦ J ⊆ Q implies
that either x ◦ I ⊆ Q or I ◦ J ⊆ r(Q) or x ◦ J ⊆ Q.

(7) For every hyperideals I, J of R either I ◦ J ⊆ r(Q) or (Q :R I ◦ J) ⊆
(Q :R I) ∪ (Q :R J).

(8) For every hyperideals I, J of R either I ◦ J ⊆ r(Q) or (Q :R I ◦ J) =
(Q :R I) or (Q :R I ◦ J) = (Q :R J).

(9) For every hyperideals I, J,K of R, I ◦ J ◦ K ⊆ Q implies that either
I ◦ J ⊆ r(Q) or I ◦K ⊆ Q or J ◦K ⊆ Q.

Proof. (1)⇐⇒(2)⇐⇒(3) This follows by Theorem 4.6.

(3)⇐⇒(4) Suppose that I be a hyperideal of R and x ∈ R such that x◦I * Q.
Assume that a ∈ (Q :R x ◦ I). we have x ◦ a ◦ I ⊆ Q, and therefore a ∈ (Q :R x)
or a ∈ (r(Q) :R I). Hence (Q :R x ◦ I) ⊆ (Q :R x) ∪ (r(Q) :R I).

The proof of other cases are straightforward.

Theorem 6.4. Let Q be a special 2-absorbing primary hyperideal of R and
a ∈ R \ r(Q). The following conditions hold:

(1) (Q :R a) = (Q :R an) for every n ≥ 2;

(2) (r(Q) :R a) = r(Q :R a).

(3) (Q :R a) is a special 2-absorbing primary hyperideal of R.

Proof. (1) It is clear that (Q :R a) ⊆ (Q :R an) for all n ≥ 2. By induction
on n, we show (Q :R an) ⊆ (Q :R a). First, let n = 2 and s ∈ (Q :R a2). We
have s ◦ a2 ⊆ Q, and then either s ◦ a ⊆ Q or a2 ⊆ r(Q). The second case
implies that a ∈ r(Q) which is a contradiction. Hence s ◦ a ⊆ Q which means
s ∈ (Q :R a). Thus (Q :R a) = (Q :R a2). Now, let n > 2. Assume that
(Q :R a) = (Q :R an−1). Take s ∈ (Q :R an). We have s ◦ an ⊆ Q. Since
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a /∈ r(Q), we conclude that either s ◦ an−1 ⊆ Q or s ◦ a ⊆ Q. Both of them
implies that s ∈ (Q :R a). Hence (Q :R a) = (Q :R an).

(2) Clearly, r(Q :R x) ⊆ (r(Q) :R a). Assume that s ∈ (r(Q) :R a). Thus
there exists a positive integer t such that (s ◦ a)t ⊆ Q. Hence st ⊆ (Q :R a), by
part (1). Therefore s ∈ r(Q :R a). Consequently (r(Q) :R a) = r(Q :R a).

(3) Assume that x◦y◦z ⊆ (Q :R a) for some x, y, z ∈ R. Thus x◦a◦(y◦z) ⊆ Q
and then x ◦ a ⊆ Q or x ◦ y ◦ z ⊆ Q or y ◦ z ◦ a ⊆ r(Q). If x ◦ a ⊆ Q, then we
have x ◦ y ⊆ (Q :R a). If x ◦ y ◦ z ⊆ Q, then we have either x ◦ y ⊆ Q ⊆ (Q :R a)
or x ◦ z ⊆ Q ⊆ (Q :R a) or y ◦ z ⊆ r(Q) ⊆ r(Q :R a). If y ◦ z ◦ a ⊆ r(Q), then
by part (2) we get y ◦ z ⊆ (r(Q) :R a) = r(Q :R a) . Hence (Q :R a) is a special
2-absorbing primary hyperideal of R.

Theorem 6.5. Let Q be a special 2-absorbing primary hyperideal of R and
P, P1, P2 be distinct prime hyperideals of R and Ea = (Q :R a).

(1) If r(Q) = P , then {Ea | a ∈ R \ P} is a totally ordered set.

(2) If r(Q) = P1 ∪ P2, then {Ea | a ∈ R \ P1 ∪ P2} is a totally ordered set.

Proof. (1) Assume that a, b ∈ R\P . We have a◦ b ⊆ R\P . Clearly, Ea∪Eb ⊆
Ea◦b. Let s ∈ Ea◦b. Thus s ◦ a ◦ b ⊆ Q. Since a ◦ b * r(Q) we have s ◦ a ⊆ Q
or s ◦ b ⊆ Q. Hence Ea◦b = Ea ∪ Eb. Therefore, we have either Ea◦b = Ea or
Ea◦b = Eb. Then either Eb ⊆ Ea or Ea ⊆ Eb.

(2) It follows by using an argument to that in the proof of (1).

Theorem 6.6. Let R1 and R2 be multiplicative hyperrings and ϕ : R1 −→ R2

be a good homomorphism. Then the following statements hold:

(1) If Q2 is a special 2-absorbing primary hyperideal of R2, then ϕ−1(Q2) is
a special 2-absorbing primary hyperideal of R1.

(2) If ϕ is an epimorphism and Q1 is a special 2-absorbing primary hyperideal
of R1 containing ker(ϕ), then ϕ(Q1) is a special 2-absorbing primary hyperideal
of R2.

Proof. It is similar to the proof of Theorem 4.9.
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