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Abstract. In this paper, we prove a common fixed point theorem for four mappings
under the condition of weak compatibility on a closed subset of a uniformly convex
Banach space without taking under consideration the continuity of mappings. We
provide an example in support of our result.
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1. Introduction

Imdad et al. [3] obtained some results on common fixed points for three map-
pings defined on a closed subset of a uniformly convex Banach space. Their
results extended and refined some results of Husain and Sehgal [2] and Khan
and Imdad [10]. Rashwan [11] extended results of Imdad et al. [3] by employing
four compatible mappings of type (A) instead of three weakly commuting map-
pings and by using one continuous mapping as opposed to two. In this paper,
we improve the result of Rashwan[11] by removing the condition of continuity
and using weak compatible mappings. For preliminaries and definitions we refer

to ([1], [4], [5], [6],[7],[8],[9],[12])-

2. Preliminaries

Throughout the paper, X stands for a uniformly convex Banach space. Let R
denote the set of all non negative real numbers and F' be the family of mappings
f from (R*)® into R* such that f is upper semicontinuous, non-decreasing in
each coordinate variable. The modulus of convexity of X is a function § from
(0,2] into (0, 1] defined by

) 1
6(c) = inf{l =5l =yl 2.y € X |lz] = Jyll = L llz =yl = €}.

Moreover, if X is uniformly convex, then ¢ is strictly increasing, d(¢) — 0 as
e —0,0(2) =1,n(t) < 2 when t < 1 and 7 is the inverse of ¢.
For our main theorem we need the following lemma:
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Lemma 2.1 ([1]). Let X be uniformly convexr Banach space and By, the closed
ball X centred at the origin with radius r > 0. If x1,22,x3 € B, satisfy

1 _/d
o =2l > o =l > d> 0 and i o] > (1= 50( ) ).

[
1./d
o~ aall <01 35(5) ) o 22l

Now, we shall give some definitions;

then

Definition 2.1 ([12]). Let S and T be self commuting on X. Then {S,7T'} is
called a weakly commuting pair on X if ||[STxz —TSz| > | Sz — Tz| for all
reX.

Definition 2.2 ([4]). Let S,T7 : X — X be mappings. S and T are said to
be compatible if lim,, o [|[STzy, — T'Sxy| = 0, whenever {x,} is sequence in X
such that

lim Sz, = lim Tx, =t for somet e X.
n—oo n—oo

Clearly, commuting maps are weakly commuting and weakly commuting maps
are compatible. On the other hand, examples are given in [4], [5], [6], and [12]
to show neither of the above implications are reversible.

Definition 2.3 ([8]). A pair of mappings S and T is called weakly compatible
pair in fuzzy metric space if they commute at coincidence points; i.e. if Tu = Su
for some u € X, then T'Su = STu. 1t is easy to see that if S and T" are compatible
, then they are weakly compatible and the converse is not true in general.

Definition 2.4 ([9]). Let S,7 : X — X be mappings. S and T are said to be
compatible of type (A) if

lim ||STx, — SSxy,| =0, lim ||STx,, — TTx,| =0.

Whenever {z,} is a sequence in X such that lim,, o, Sz, = limy, o0 T, = ¢
for some t € X.

Imdad et al. [3] proved the following:

Theorem 2.1. Let X be uniformly conver Banach space and K a non empty
closed subset of X. Let A, S and T be three self mappings of K satisfying the
following conditions:

(2.1) S andT are continuous, AK C SK NTK,

(2.2) {4, S} and{A, T} areweakly commuting pairs on K,
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there exists a function f € F such that for every x,y € K:

[Az — Ayl| < f(Sz = Tyl [|Sz — Az], ||Sz — Ay,
(2.3) 1Ty — Ax], [Ty — Ayl}),

where f has the additional requirements:

fort >0, f(t,t,0,at,t) < ftand f(t,t,at,0,t) < St
(2.4) being B <1 fora <2

andB =1 fora=2,a,8€ RT,
(2.5) f(t,0,t,t,0) <t fort>0;

Then, there exists a point u in K such that:
(1) u is the common fixed point of A, S andT.
(i) For any xg € K, the sequence {Ax,} defined by

T.I'Qn = A$2n_1, Sx2n+1 = Amgn,n = O, 1, 2, ceuy

converges strongly to u.

Rashwan [11] proved a following common fixed point theorem for four com-
patible mappings of type (A) which extends and improves Theorem (2.1).

Theorem 2.2. Let X and K be as in Theorem (2.1). Let A, B, S and T be four
self mappings of K satisfying the following conditions:

(2.6) Oneof A,B,SandT are continuousand AK C TK and BK C SK,

(2.7) {A, S} and{B, T} are compatible of type (A),
there exists a function f € F such that for every x,y € K:

Az — By|| < f(I|Sz = Tyl|, [|Sz — Ax]],
(2.8) 152z — Byl |Ty — Az|[, | Ty — Byl]),

where f satisfies the condition (2.4) and (2.5) as in Theorem (2.1).
Then there exists a point u in K such that:
(i) u is the common fized point of A, B, S, and T}
(i) For any xg € K, the sequence {y,} defined by

Yon = Sxon = Bxon—1,yon+1 = Txony1 = Azon,n=0,1,2, ...

converges strongly to u.
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3. Main results

Theorem 3.1. Let X be uniformly convexr Banach space and K a non empty
closed subset of X. Let A, B, S, and T be four mappings of K satisfying the
following conditions:

(3.1) AK ¢ TK and BK C SK,

(3.2) {4, S} and{B, T} are weakly compatible,
there exists a function f € F such that for every x,y € K:

|Az — By|| < f(|Sz — Tyl ,||Sz — Az|, || Sz — Byl
(3.3) |Ty — Az, | Ty — Byl|),

where f has the additional requirements:

fort >0, f(t,t,0,at,t) < Bt and f(t,t,at,0,t)

(3.4) < Bt being B < 1 fora < 2
andf3=1fora=2a,8€RT,
(3.5) f(t,0,t,t,0) <t fort >0,

Then there exists a point z in K such that:
(i) z is the common fized point of A, B, S, andT.
(ii) For any xo € K, the sequence {y,} defined by

Yon = STop = Bxop—1,Yon+1 = T2ony1 = Az2,,n =0,1,2, ...,
converges strongly to z.

Proof. Let zyp € K. Since AK C TK ,BK C SK we can always define a
sequence {yn} as Yo, = ST2, = Bra,y_1,Y2nt1 = TTony1 = Axy,n =0,1,2,...
converges strongly to z..

Let dn, = ||yn — Yn+1ll,m = 0,1,2,... lim,,yood,, = 0. Now, for any even
integer n, we have

dn = |Yn — Y1l = |AXn — BXp1]]
(3.6) < f(stn = Tanl, 1Sz — Azn |, |S2n — Bap—]|,
s~ Arall, [T s~ Braa]),

which implies d,, = f(dn_l, dn,0,d,_1 +d,, dn—l)-
Similarly for an odd n, we obtain

dn = ||Yn — Yns1| = [|AX,, — BX 1|

(3.7) < f{ISzn = Tanll, [|Szn — Azn|, [[Szn — Ben-]|,

||T-73n—1 - Axn” y ||Txn—1 - Bfl:n—l” y
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which gives d,, = f(dn—1,dn-1,0,dp—1 + dn,dy). If d, > d,—1 for some n > 1,
then d,_1 + d,, = ad, with a < 2,a € R.
Since f is non decreasing in each coordinate variable.

) fdn,dn,0,ady,d,), ifnis even,
") fdn, dn, ady, 0, dy), ifnisodd.

In both cases , by (3.4), we get d,, < fd,, < dy, for some § < 1,8 € R", a
contradiction. Thus d,, < d,,—1 for n = 1,2,3,... Suppose d > 0. Without loss
of generality, we can pastulate that the origin of X € K,

. o
nh_)rrgosupHynH =1>0.

Let [ € RT be chosen in such a way that I/ < 1 and 5[l — (3)5(4)] < U, then
there exists a sequence {n(k)},k =0,1,2,...,n(0) > 1 of positive integers such
that ||y, | = [(1 - $)6(4))], where as it is ||y, || < for any n > n(0). Since
dp(ky—1 = dpry > d >0,k =0,1,2,... . From Lemma (2.1) it follows that

!/

l
(3.8) W) =1 = Yn(y41]] < (7 ) k) -1-
where 77(%) < 2 being (%) < 1. Then by (3.6),(3.7) and (3.8), we have

o = F g1 dngiy—1, 0,15 )y —15 dnry 1), if mis even,
" F(dniy=1: dngy—1, 0,n(5)dp(ry—1, digiy—1), if nisodd,
In both cases, (3.4) implies d,,) < Bdp1)—1, for some 3 < 1. Observing that 3
does not depend on K, the foregoing inequality gives as n — oo that d < d < d,
a contradiction. This means that d = 0. Now, we’ll prove that {y,} is a cauchy
sequence. Since lim, _ s d, = 0 , it is sufficient to show that the sequence
{yan} is a cauchy sequence. If not, then there is an € > 0 such that for every
even integer 2k, k=0,1,2,..., there exists two sequences {2n(k)}, {2m(k)} with
2k < 2n(k) < 2m(k) for which

(3.9) W) = Ymwy || > €

for each even integer 2k, let 2m(k) be the least even integer exceeding n(k) and

satisfying (3.9) . Then Han(k) — ygm(k)_QH < e and Hy2n(k) — me(k)H > ¢, for
each k=0,1,2,..., we have

€< Hy2n(k) - yzm(k)H
<e Han(k) - y2m(1€)—2” + Hme(k—Z) - y2m(k)—1H + Hy2m(kz)—1 - y2m(k)”
< €+ dom(k)—2 + dam(k)-1

which implies

(3.10) Jim {20 ) = Yamee || = €
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Further, from triangular inequality , it follows that

| | w2n(k) = Yom) -1 = [v2n0) — vomm)|| 1< dome)—1
and
| [v2n ()11 = Yom—1]] = [[¥2n) = Y2m@) || 1S domp) -1 + donr)-
Hence for k — oo, we find by (3.10) that

(3.11) lan(k)y = Yom—1]| = €and ||yanky = Y2m@)—1]] = €.

On the other hand ,using (3.3) we deduce that

HZJQn(k) — Yom(k) H < d2n(k) + HZJQn(k)-‘,-l — Yom(k) H
(3.12) < doney + F(||¥2me)—1 — Yoner)

HQQm(k)A — Yon(k)+1

) d2n(k)7

Yon(k) — Y2m(k) ||  don(r))

)

by (3.10), (3.11), the upper-semicontinuity and non-decreasing properties of f,
and condition (3.5), we have from (3.12) for £k — oo, € < f(€,0,¢,€,0) < ¢, which
is a contradiction. Therefore {y2,} is a cauchy sequence in K and so is {y,.}

But K is a closed subset of Banach space X, therefore {y,} converges to a
point z in K. On the other hand , the subsequences {Ax2,}, { Bxan+1}, {Sxan}
and {T'wa,11} of {yn} also converges to z. Since BK C SK, there exists a point
u in K such that Su = z.

By using (3.3) we write ||Au — Bxopt1|| < f(||Su— Txant1]l, || Su — Au|,
[1Su — Bron 1|, [|Txontr — Aull, | Tw2nt1 — Bront|))-

Taking n tends to oo , we get |[Au—z|| < f(||z -z, |z — Aull, |z — 2|,
Iz = Aull, |z = 2])-

This gives ||[Au— z|| < f(||Au — z||), which is a contradiction. Therefore
we have z = Au. Thus Au = Su = z. Since AK C TK, there exists a
point v € K such thst Tv = z. Then using (3.8), we have ||Azy, — Bv|| <
fUISxan — Tv||, [|Sxon — Azay||, ||Sxon — Bv||, ||Tv — Azay,|| , ||Tv — Bv||). Let-
ting n tends to oo, we get

Iz = Bul| < f(llz = Tl |z = Il |z = Bull, |Tv = ][, [[Tv — Bul]),
Iz = Bo|| < f(llz = 2|, |z = zl[, ||z = Bull, |z — =, | — Bul]).

This yields ||z — Bv|| < f(||z — Bvl|). which is a contradiction. Thus z = Buv.
Therefore 2 = Bv = Tw. Hence Au = Su = Bv = Tv = z. Since A and S are
weakly compatible, therefore A and S commute at their coincidence points i.e.
ASu = SAu or Az =Sz. Similarly BTv = TBv or Bz =Tz.

Now we prove Az = z by using (3.8), we have

|Az — Bropqall < f(IIS2 — Toanqg1ll, Sz — Az|], [|Sz — Baoniall,
Tzons1 — Azl [Tw2n 11 — Brony)-
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Letting n tends to oo, we have [|Az — z|| < f(||Sz — z]||, | Sz — Az||, ||Sz — ]| ,
l2— Az| |12 — 2l), Az — 2]l < f(1Az - 2I[, | Az — Az]|, | Az — 2|, |2 — Az]],
||z — z||). This yields ||Az — z|| < f(||Az — z||), which is a contradiction. Thus
Az = z. Therefore Az = Sz = z. Similarly, we can show that Bz = Tz = z.
This means that z is a fixed point of A, B, S and T.

For uniqueness of common fixed point , let w # z be another common fixed
point of A, B, S, and T. Then by (3.8), we have ||Az — Bw| < f(||Sz —Tw||,
15z = Az, ISz — Bw|, |[Tw — Az, |[Tw — Bwl]), |z — w|| < f([lz—wl], [[z=—=]],
2wl w— =, = w]).

This gives ||z — w|| < f(]|z — w||), which is a contradiction. This z = w.

This completes the proof of the theorem.

Example 3.1. Let X = K = [0,2] with the Euclidean norm [.||. Define
A,B,S,T: K— K by
Ax:{m ifr =0,

0.15, if z > 0.
0, ifr =0,
r =
0.35, ifz > 0.
0,ifz =0,
Sx = ¢ 0.35, if0 < x < 0.5,

z—0.35  ifr >0.5.

0, ifr =0,
Tx =< 0.15, if0 <z < 0.5,
x—0.15, ifx > 0.5.

We see that A, B, S and T satisfy all the conditions of Theorem (3.1) and have
a unique common fixed point of 0 € X. It may be noted in this example that
the mappings A and S commute at coincidence point 0 € X. So A and S are
weakly compatible maps. Similarly B and T are weakly compatible maps. To
see the pairs {A, S} and {B, T} are non compatible, let us consider a decreasing
sequence {z,} such that =, — 0.5. Then {Az,} — 0.15, {Sz,} — 0.15, but
limy, o0 ||AST,, — SAzy|| # 0. So the pair {A, S} is noncompatible. Also Bx,, —
0.35, Ty, — 0.35, but lim,,_, ||BTx,, — TBx,|| # 0. So the pair {B,T} is non
compatible. All the mappings involved in this example are discontinuous at the
common fixed point.
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