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Abstract. In this paper, we first introduce the concepts of prime, weakly prime and
semiprime hyperideals in ordered semihypergroups, and give some characterizations of
them. Furthermore, we consider the extensions of hyperideals in commutative ordered
semihypergroups. As a generalization of the concept of prime hyperideals of ordered
semihypergroups, the concept of n-prime hyperideals of ordered semihypergroups is
introduced, and related properties are discussed. In particular, we prove that every
(n —1)-prime hyperideal of ordered semihypergroups is n-prime for any positive integer
n > 3. Moreover, we investigate the relationship between n-prime hyperideals and
extensions of hyperideals, and prove that a hyperideal I of a commutative ordered
semihypergroup is n-prime if and only if any extension of I is (n — 1)-prime (n >
3). Finally, we prove that if I is a semiprime hyperideal of a commutative ordered
semihypergroup S, then I is the intersection of all extensions of I. Especially, if I is
also n-prime (n > 3), then I can be expressed as the intersection of all (n — 1)-prime
hyperideals of S containing it.
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1. Introduction

The algebraic hyperstructure is a natural generalization of the classical alge-
braic structures which was first introduced by Marty [18] in 1934. In a classical
algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two elements is a set. After the
pioneering work of Marty, algebraic hyperstructures have been intensively stud-
ied, both from the theoretical point of view and especially for their applications
in other fields such as Euclidean and non-Euclidean geometries, graphs and
hypergraphs, fuzzy sets, automata, cryptography, artificial intelligence, codes,
probabilities, lattices and so on (see [4]). Recently, algebraic hyperstructures
have been developed by many researchers. A lot of papers and several books
have been written on algebraic hyperstructure theory, see [7, 8, 10, 14, 19, 20].
There are some books on the general theory of algebraic hyperstructures: one
by Corsini [3] on the basic theory of hypergroups, another by Vougiouklis [27],
mostly on representations of hypergroups and on H,-structures, which are hy-
perstructures satisfying conditions weaker than the classic ones.

Semihypergroups have been found useful for dealing with problems in differ-
ent areas of algebraic hyperstructures. Many authors studied different aspects
of semihypergroups, for instance, Anvariyeh et al. [1], Davvaz [5], Davvaz and
Poursalavati [9], Hasankhani [12], Hila and Abdullah [15] and Leoreanu [17],
also see [11, 21, 31]. It is now natural to investigate the existing subsystems
of other algebraic hyperstructures. In mathematics, an ordered semigroup is a
semigroup together with a partial order that is compatible with the semigroup
operation. Ordered semigroups have several applications in the theory of se-
quential machines, formal languages, computer arithmetics and error-correcting
codes. There are several results which have been added to the theory of ordered
semigroups by Kehayopulu, Davvaz, Satyanarayana, Xie, and many other re-
searchers. For more details, the reader is referred to [16, 23, 28, 29]. A theory
of hyperstructures on ordered semigroups can be developed. In [13], Heidari
and Davvaz applied the theory of hyperstructures to ordered semigroups and
introduced the concept of ordered semihypergroups, which is a generalization of
the concept of ordered semigroups. In particular, they defined and studied the
hyperideals of an ordered semihypergroup. Also see [2, 6, 24]. In [30], Yaqoob et
al. also defined the partially ordered left almost semihypergroups, and studied
related properties.

It is well known that hyperideals of a semihypergroup with special proper-
ties always play an important role in the study of semihypergroups structure.
Motivated by the study of hyperideals in hyperrings and semihypergroups, and
also motivated by Davvaz’s works in ordered hyperstructures, we attempt in the
present paper to study hyperideals of ordered semihypergroups in detail. The
rest of this paper is organized as follows. After an introduction, in Section 2 we
recall some basic definitions and results of ordered semihypergroups which will
be used throughout this paper. In Section 3, we introduce the concepts of prime,
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weakly prime and semiprime hyperideals in ordered semihypergroups, and give
some characterizations of them. In Section 4, we consider the extensions of
hyperideals in commutative ordered semihypergroups. In addition, we define
n-prime hyperideals and n-semiprime hyperideals of ordered semihypergroups,
and investigate their related properties. In particular, we show that for any
positive integer n > 2, n-prime hyperideals of an ordered semihypergroup are
a generalization of prime hyperideals. We also prove that every (n — 1)-prime
hyperideal of ordered semihypergroups is n-prime for any positive integer n > 3.
Moreover, we investigate the relationship between extensions of hyperideals and
n-prime hyperideals, and prove that a hyperideal I of a commutative ordered
semihypergroup is n-prime if and only if any extension of I is (n — 1)-prime
(n > 3). Especially, we prove that a semiprime, n-prime hyperideal (n > 3) of a
commutative ordered semihypergroup S can be expressed as the intersection of
all (n — 1)-prime hyperideals of S containing it. As an application of the results
of this paper, the corresponding results in ordinary semihypergroups can be also
obtained by moderate modification.

2. Preliminaries and some notations

Recall that a hypergroupoid (S, o) is a nonempty set S together with a hyper-
operation, that is a map o : S x S — P*(S), where P*(S) denotes the set
of all the nonempty subsets of S. The image of the pair (z,y) is denoted by
zoy. If x € § and A, B are nonempty subsets of S, then A o B is defined by
Ao B = Uucapepaobd Also Aoz is used for Ao {z} and z o A for {z} o A.
A hypergroupoid (S, o) is called a semihypergroup if (x oy)oz=2x o0 (yo z) for
all z,y,z € S (see [3]). A semihypergroup (5, 0) is called a hypersemilattice if
x€xoxand xoy=youx forall x,y € S (see [22]).

As we know, an ordered semigroup (5,-, <) is a semigroup (S,-) with an
order relation “ <7 such that a < b implies xa < zb and az < bx for any x € S.
In the following, we shall extend the concept of ordered semigroups to the hyper
version, and introduce the concept of ordered semihypergroups from [13].

Definition 2.1. An algebraic hyperstructure (5,0, <) is called an ordered
semihypergroup (also called po-semihypergroup in [13]) if (S, 0) is a semihyper-
group and (S, <) is a partially ordered set such that: for any x,y,a € S, x <y
implies aox < aoy and x oa =X yoa. Here, if A, B € P*(S), then we say that
A < B if for every a € A there exists b € B such that a < b. In particular, if
A = {a}, then we write a = B instead of {a} < B.

Definition 2.2. An element e in an ordered semihypergroup (.5, o, <) is called
identity if a €aoeNeoa for any a € S.

Definition 2.3. Let (5,0, <) be ordered semihypergroup. Then S is called
commutative if a ob = bo a for any a,b € S.
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Clearly, every ordered semigroup can be regarded as an ordered semihyper-
group. In the following we give two examples of ordered semihypergroups.

Example 2.4. Let (S, <) be a partially ordered set. If for every z,y € S, we
define x o y = {x, y}, then (S, 0, <) is a commutative ordered semihypergroup.

Example 2.5 ([13]). Let (S, -, <) be an ordered semigroup. If for every x,y € S,
we define x oy =< z,y >, where < x,y > is the ideal of S generated by {z,y},
then (5,0, <) is an ordered semihypergroup.

Let S be an ordered semihypergroup. For ) # H C S, we define

(H]:=={te S |t<h for some h e H}.

For H = {a}, we write (a] instead of ({a}].

By a subsemihypergroup of an ordered semihypergroup S we mean a nonempty
subset A of S such that Ao A C A. A nonempty subset A of an ordered semihy-
pergroup S is called a left (resp. right) hyperideal of S if (1) So A C A (resp. Ao
SCA)and (2)Ifa e Aand S > b < a, thenb € A. If Ais both a left and a right
hyperideal of S, then it is called a (two-sided) hyperideal of S (see [13]). We
denote by L(A) (resp. R(A),I(A)) the left (resp. right, two-sided) hyperideal
of S generated by A () # A C S). One can easily prove that L(A) = (AUS o A],
R(A)=(AUAoS]and I(A) = (AUSocAUAoSUS o Ao S]. In particular,
if A = {a}, then we write L(a), R(a),I(a) instead of L({a}), R({a}),I({a}),
respectively. If S is commutative, then I(a) = (aU Soa] =(aUao S].

Lemma 2.6. Let S be an ordered semihypergroup. Then the following state-
ments hold:
) AC(A], VACS.
2) IfACBCS then (A] C (B].
3) (A]Jo(B] C (Ao B] and ((Alo(B]]=(AoB], VA,BCS.
4) (All = (4], vAC S
) For every hyperideal T of S, we have (T] =1T.
) If A, B are hyperideals of S, then (Ao B] is a hyperideal of S.
) For everya € S, (SoaoS]is a hyperideal of S.
) If T is a hyperideal of S and A, B are two nonempty subsets of S such
that A=< B CT, then ACT.
(9) For any two nonempty subsets A, B of S such that A < B, we have
CoA=CoB and AoC =< BoC for any nonempty subset C of S.

(1
(
(
(
(
(
(
(

5
6
7
8

Proof. Straightforward.

Lemma 2.7. Let S be an ordered semihypergroup and {A; | i € I} a family
of hyperideals of S. Then \J;c; Ai is a hyperideal of S and (\;c; A; is also a
hyperideal of S if (;c; Ai # 0.

Proof. Straightforward.
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For the sake of simplicity, throughout this paper, we denote A™ = AoAo---0A
(n-copies).

Lemma 2.8. Let S be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) (A% = A for every hyperideal A of S.

2) AN B = (Ao Bj for all hyperideals A, B of S.

(2)
(3) I(a) N I(b) = (I(a) o I(b)] for any a,b € S.
E4§ I(a) = ((I(a))?] for alla € S.

5) a€ (SoaoSoaoS| forallacS.

Proof. (1) = (2). Let A and B be hyperideals of S. Then, by Lemma 2.6,
(AoB] C(AoS]C (A=A and (Ao B] C (SoB] C (B] =B, from which we
can conclude that (Ao B] C AN B. On the other hand, by Lemma 2.7, AN B
is a hyperideal of S. Then, by (1), we have

ANB=((ANB)}=((ANB)o(ANB)] C (Ao B].
Thus AN B = (Ao B].

(2) = (3) and (3) = (4) are clear.
(4) = (5). Let a € S. By hypothesis and Lemma 2.6, we have

(I(a)* = ((1(a))*] 0 I(a) = ((I(a))*] o (I(a)] € ((L(a))’]-
Then, we have
(I())? = (1(a))? 0 I(a) = (I(a))* o (I(a)] € ((I(a))’] o (I(a)] C ((I(a))"].
((I(a))%]. Thus

((1(@)*] € (((I(a))1]] =
(Sol(a)] € (I(a)] = I(a),

Further, it can be shown that (I(a))*

I(a) = ((I(a))’] € ((((a))]
C (@) =((I(a)]

which implies that I(a) = ((I(a))®]. On the other hand, we have

(I(a))’

N

N

aUSoaUaoSUSoaoS?
(aUSoaUaoSUSoaoS)*o(aUSoaUaoSUSoaos]
SoaUSoaoSlo(aUSoaUaoSUSoaoS]

(
(
(
(ScaUSoaoS)o(aUSocaUaoSUSoaoS)|C (Soaos].

N 1N N

Then,

(I(a))* (SoaoSlo(aUSoaUaoSUSoaoS|

(SocaoSoaUSoaoSoaols],

N 1N
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and we have

(I(a))> € (SoaoSoaUSoaoSoaoS|o(aUSocaUaoSUSoaos|
C (SoaoSoaofs|.

Therefore, a € I(a) = ((I(a))’] C ((SoaoSoaoS]]=(ScaoSocaocs|.
(5) = (1). Let A be a hyperideal of S. Then (A% = (Ao A] C (Ao S] C
(A] = A. Conversely, let z € A. Then, by (5) and Lemma 2.6, we have

x € (SoxoSoxoS|C(SoAoSoAoSs]
= ((SoA)oSo(Ao0S)C(AoSoA]C (AoA]= (A%,

which means that A C (A?]. This completes the proof.
The reader is referred to [4, 28] for notation and terminology not defined in
this paper.

3. Prime hyperideals of ordered semihypergroups

In this section we introduce and characterize the prime, weakly prime and
semiprime hyperideals in ordered semihypergroups. Some properties of them
are investigated.

Definition 3.1. Let T be a nonempty subset of an ordered semihypergroup S.
Then T is called prime if for all nonempty subsets A, B of S such that AeB C T,
we have A C T or B C T. Equivalently, if for any element a,b of S such that
aobCT,wehaveaeT orbeT.

Definition 3.2. Let T" be a nonempty subset of an ordered semihypergroup
S. Then T is called weakly prime if for all hyperideals A, B of S such that
AoBCT, wehave ACT or BCT.

Definition 3.3. Let T" be a nonempty subset of an ordered semihypergroup
S. Then T is called semiprime if for any nonempty subset A of S such that
Ao A CT, we have A C T. Equivalently, if for any element a of S such that
aoa CT, wehave a € T.

One can easily observe that the prime subsets of an ordered semihypergroup
are weakly prime and semiprime. However, the converse is not true, in general,
as shown in the following example.

Example 3.4. We consider a set S := {a, b, c,d, e} with the following hyperop-
eration “o” and the order “ <7:

a b c d e
{a,b} {a,b} {a,b} {a,b} {a,b}
{a,b} {a,b} {a,b} {a,b} {a,b}
{a,b}  {a,b} {c} {c} {e}
{a,b}  {a,0}  {c} {d} {e}
{a,b}  {a,b} {c} {c} {e}

O QU O |0
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<:={(a,a),(a,c),(a,d),(a,e), (bb), (b, c), (b,d), (b,e), (c,c),
(¢,d),(c,e),(d,d), (e, e)}.

We give the covering relation “<” and the figure of S as follows:

== {(av C)’ (0, C)v (c, d)’ (¢, e)}

g e
C
ao b

Then (S, o, <) is an ordered semihypergroup (]26]), and the sets {a, b}, {a, b, c, e}
and S are all hyperideals of S. We can easily verify that the nonempty subset
{a,b,c} of S is weakly prime and semiprime, but it is not prime. In fact, since
eod={c} C{a,b,c}, but e & {a,b,c} and d & {a,b, c}.

In the following we shall characterize the prime, weakly prime and semiprime
hyperideals of ordered semihypergroups.

Theorem 3.5. Let S be an ordered semihypergroup and T' a hyperideal of S.
Then the following statements are equivalent:

(1) T is prime.

(2) If A is a left hyperideal, B a right hyperideal of S such that Ao B C T,
then ACT or BCT.

(3) If a,b € S such that L(a) o R(b) C T, thena €T orbeT.

Proof. (1) = (2) and (2) = (3) are clear.

(3) = (1). Let a,b € S be such that aob C T Then, since T is a hyperideal of
S, we have L(a)oR(b) = (aUSoa]o(bUboS]| C (acbUSoacbUaoboSUSoaocboS| C
(TUSoTUToSUSoToS]C (T]=1T. Thus, by hypothesis, a € T or b € T.
Hence T is prime.

Theorem 3.6. Let S be an ordered semihypergroup and T a hyperideal of S.
Then the following statements are equivalent:

(1) T is weakly prime.

(2) If a,b € S such that (a0 Sobl CT, thena €T orbeT.

(3) Ifa,be S such that I(a)o I(b) CT, thena €T orbeT.

(4) IfA B are two right hyperideals of S such that Ao B CT, then ACT
or B C
(5) I
or B C

A, B are two left hyperideals of S such that Ao B C T, then ACT

'ﬂ\’ﬂ



454 JIAN TANG, ZE GU anp XIANGYUN XIE

(6) If A is a right hyperideal, B a left hyperideal of S such that Ao B C T,
then ACT or BCT.

Proof. (1) = (2). Let a,b € S be such that (a o Sob] C T. Then, by Lemma
2.6, we have

(SoaoS]o(SoboS] = (SoaoSo0So0boS|C (So(aoSob)olsl|
C (SoToS|C(T]=T.
Since (SoaoS], (Sobo S| are hyperideals of S and T is weakly prime, we have

(SoaoS|CTor (SoboS|CT.Say (SoaoS]CT, then, by Lemma 2.6 and
the proof of Lemma 2.8, we have

((I(a))?] o I(a) = ((I(a))?] o (I(a)] C ((I(a))’]
C ((ScaocS|]=(ScaoS|C(T]=T.

Since T is weakly prime and ((I(a))?] is a hyperideal of S, we have ((I(a))?] C T
or I(a) CT.If I(a) C T, thena € I(a) C T. Let ((I(a))?] C T. Then, by Lemma
2.6(1), (I(a))® C T. Since T is weakly prime, we have I(a) C T and a € T.
Similarly, say (Sobo S| C T, we have b € T.

(2) = (3). Let a,b € S be such that I(a) o I(b) C T. Then, by Lemma 2.6,
we have

(aoSoblC((a]o(Sob)] C(I(a)oI(b)]C(T)=T.

By (2), we have a € T or b e T.

(3) = (4). Suppose that A, B are right hyperideals of S, Ao B C T and
A & T. Then we prove that B C T In fact, let a € A,a ¢ T and b € B. Then,
we have:

I(a) = (aUSoaUaoSUSoaoS| C(AUSocAUAoSUS0A0S| = (AUSoA4],
I(b) = (bUSobUboSUS0boS|C (BUSoBUBoSUSoBoS|=(BUSoB].

Thus we have

I(a)o I(b) (AUSoA]o(BUSoB]|C((AUSoA)o(BUSoB)]
(AcBUSoAoBUAoSoBUSoAoSoB|

= (AoBUS0oAoB]C(TUST|=(T]=T.

-
-

Since a ¢ T', by (3), we have b € T. Hence B C T

(3) = (5). Similar to the proof of (3) = (4), we omit it.

(3) = (6). Let A be a right hyperideal, B a left hyperideal of S such that
AoB C T and A € T. Then we wish to show that B C T. To do this, let
ac€AagTandbe B. Since I(a) C (AUSo A],I(b) C (BUBoS], we have

I(a)o I(b) (AUSoA]Jo(BUBoS]C((AUSoA)o(BUBoS)]
(AcBUSoAoBUAoBoSUSoAoBolS|

(TUSoTUToSUSoToS|=(T)=T.

N 1N 1N
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By (3),a€T orbeT.Since a ¢ T, we have b € T. Thus B C T.
(4) = (1), (5) = (1) and (6) = (1) are clear. This completes the proof.

Theorem 3.7. Let S be an ordered semihypergroup and T a hyperideal of S.
Then T is weakly prime if and only if for all hyperideals A, B of S such that
(AoBJN(BoAJCT, we have ACT or BCT.

Proof. Let T be weakly prime, A, B hyperideals of S and (Ao B|N(BoA] C T.
By Lemma 2.6(6), (A o B] and (B o A] are hyperideals of S, and we have

(AoBJo(BoA|C(AoBJN(BoA]CT,

Since T' is weakly prime, we have (Ao B]| C T or (Bo A] CT. Say (Ao B| C T,
then by Lemma 2.6(1) we have Ao B C T, and we deduce that A C T or B C T.
Similarly, say (Bo A] C T, we have BC T or A CT.

Conversely, let A, B be hyperideals of S such that Ao B C T. Then (Ao B|N
(BoA] C (Ao B| C (T] =T. Thus, by hypothesis, we have A C T or B C T.
Therefore, T is weakly prime.

Theorem 3.8. Let S be an ordered semihypergroup. Then the hyperideals of S
are weakly prime if and only if they form a chain under inclusion and one of
the five equivalent conditions of Lemma 2.8 holds in S.

Proof. Suppose that the hyperideals of S are weakly prime. Let A, B be hyper-
ideals of S. Then, by hypothesis and Lemma 2.6(6), (A o B] is a weakly prime
hyperideal of S. Since Ao B C (A o B, we have

AC(AoB|C(SoB]C (B]=B

or

BC (AoB]C(AoS]C (A] = A

Also, since A? C (A?] and (A?] is a hyperideal of S, we have A C (A42]. On the
other hand, by Lemma 2.6, (A%] = (Ao A] C (AoS] C (A] = A. Thus (A% = A.

Conversely, let A, B, T be hyperideals of S such that Ao B C T. By hy-
pothesis, we have A C B or B C A. Say A C B, then, by Lemma 2.8,
A=ANB = (Ao B] C (T] = T. Similarly, say B C A, we have B C T.
Therefore, T is weakly prime.

Definition 3.9. Let (5,0, <) be an ordered semihypergroup. S is called intra-
reqular if, for each element a of S, there exist x,y € S such that a X zoaoaoy.
Equivalently, a € (Socaocao S],Va € S.
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Example 3.10. We consider a set S := {a, b, ¢, d} with the following hyperop-
eration “o” and the order “ <7:

a b c d
{a}  {a,0}  {a,c} S
{oy {0y {o,dt  {o,d}
{¢t Aedt  {cdd  Aced}
{d}  {d} {d} {d}
<= {(CL, a)v ((I, b)> (bv b)7 (Cv C)? (Cv d)> (dv d)}

We give the covering relation “<” and the figure of S as follows:

<= {(a,b), (c,d)}.
b d

QU O S 2o

a C

Then (S, 0, <) is an ordered semihypergroup. Moreover, S is intra-regular. In-
deed, for any = € S, we have x € 2°> = 2* C S oz oz o S, which implies that
ze(Soxoxol.

In order to characterize the prime hyperideals of an ordered semihypergroup,
we need the following lemmas.

Lemma 3.11. If the hyperideals of an ordered semihypergroup S are semiprime,
then the following statements hold:

(1) I(z) = (Sox o8] for any x € S.

(2) For any xz,y € S, I(x) N I(y) = I(z) for some z € zoy.

Proof. (1) Let z € S. Since 22022 = 2?2 ozo2 C (SozoS] and (Soxo 9] is a

hyperideal of S, by hypothesis, we have 22 C (SoxoS] and x € (SoxoS]. Hence

I(x) C (S oxoS]. The reverse inclusion is immediate. Thus I(z) = (S oz o0 S5].
(2) Let z,y,z € S such that z € x oy. Then, we have

zexoyCI(x)oS CI(x)

and
ze€xoyCSol(y) CI(y),

from which we can conclude that I(z) C I(x),1(z) C I(y), and we have I(z) C
I(z)NI(y). To prove the inverse inclusion, let t € I(z)NI(y). By (1), t € (SoxoS]
and t € (S oyoS]. Then there exist a,b,c,d € S such that ¢t < aox ob and
t < coyod. Thus, by Lemma 2.6(9), tot < coyodoaoxzob. On the other
hand, yodoaoxz C (So(xoy)oS]. Indeed, by Lemma 2.6(1) we have

(yodoaoz)> =yodoaozoyodoaoxr CSo(xoy)oSC (So(xoy)ols].
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Since the hyperideal (S o (z o y) o S] is semiprime, we have yodoaox C
(S o (z oy) o S]. Furthermore, since (S o (x o y) o S| is a hyperideal of S, we
have coyodoaoxzob C (So(xoy)oS]. Thus, by Lemma 2.6(8), we have
tot C (So(xoy)oS]. Also, since (S o (z oy) o S| is semiprime, we have
t € (So(roy)oS], and there exists z € zoy such that ¢t € (Sozo S| = I(z). It
implies that I(z)N1I(y) C I(z). Therefore, I(x)NI(y) = I(2) for some z € xoy.

Lemma 3.12. Let S be an ordered semihypergroup. Then S is intra-regular if
and only if the hyperideals of S are semiprime.

Proof. Suppose that S is intra-regular. Let T be a hyperideal of S and a € S
such that a oa C T. Then, since S is intra-regular, we have

a€(SoaoaoS|C(SoToS|C(T)|=T,

which means that T is semiprime.

Conversely, assume that the hyperideals of S are semiprime. Let a € S.
We denote by I(a?) the hyperideal of S generated by a?. Since a? C I(a?), by
hypothesis we have

acl(a®)=(a*USoa’Ua?oSUSocda®08].

< t for some t € a2USo0a?Ua’?o0SUSoa?08. Ift € a?, then
a€ (a? C((a®]o(a®)] = (a*] € (Soa?0S].Ift € Soa? then a € (Soa?] C
(So(Soa?|oa] C ((S]o(Soa?]o(a]] = (So(Soa?)oa] C (Soa?0S]. If t € a?oS, then
a € (a?08] € (ao(a?0S]0S] C ((a]o (a0 5o (S]] = (ao(aeS)o 5] C (SoaZos]
If t € Soa?0 S, then a € (S oa?o S]. Therefore, S is intra-regular.

Theorem 3.13. Let S be an ordered semihypergroup. Then the hyperideals of S
are prime if and only if they form a chain under inclusion and S is intra-reqular.

Proof. Let all hyperideals of S be prime. Then they are weakly prime. By
Theorem 3.8, they form a chain with respect to the inclusion relation. By
hypothesis, the hyperideals of S are also semiprime. Thus S is intra-regular by
Lemma 3.12.

Conversely, suppose that S is an intra-regular ordered semihypergroup and
the hyperideals of S form a chain. We prove that the hyperideals of S are prime.
In fact, let T be a hyperideal of S and a,b € S such that a o b C T. By Lemma
3.12, the hyperideals of S are semiprime. Then, by Lemma 3.11(2), there exists
¢ € aob C T such that I(a)NI(b) = I(c). By hypothesis, we have I(a) C I(b) or
I(b) C I(a). If I(a) C I(b), then a € I(a) = I(a)NI(b) =1I(c) C T, ie.,acT.
If I(b) C I(a), then b€ I(b) =I(a)NI(b) =1I(c) CT,ie., beT. We have thus
shown that T is prime.

In the following we shall investigate the relationships among the prime hy-
perideals, weakly prime hyperideals and semiprime hyperideals in ordered semi-
hypergroups.
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Theorem 3.14. Let S be an ordered semihypergroup and T a hyperideal of
S. Then T is prime if and only if T s weakly prime and semiprime. In a
commutative ordered semihypergroup the prime and weakly prime hyperideals
coincide.

Proof. Let S be an ordered semihypergroup and T a prime hyperideal of S.
Clearly T is weakly prime and semiprime. Conversely, assume that T is weakly
prime and semiprime and let a,b € S such that a o b C 7. Then, we have

(boSoa)o(boSoal (boSoaoboSoal] C(So(aob)os]

-
C (SoToS|C(T]=
Since T is semiprime, we have (bo S oa] C T. Thus, by Lemma 2.6, we have

(SoboS]o(Socaols] (SoboSoSoaoS]C(So(boSoa)os|

C
C (So(boSoaoS]C (SoToS|C (T] =
Since (Sobo S], (SoaoS] are hyperideals of S, and T is weakly prime, we have
(SoboS)CTor (SoaoS]CT. Similar to the proof of (1)==(2) in Theorem
3.6, we have a € T or b € T. Therefore, T is prime.

In particular, let S be a commutative ordered semihypergroup. Then ev-
ery weakly prime hyperideal of S is prime. Indeed, let T' be a weakly prime
hyperideal of S and a,b € S such that a o b C T. Then, we have

I(a) o I(b) (aUSoaUaoSUSocaoSlo(bUSobUboSUSobol]

C
C ((aUuSoaUaoSUSocaoS)o(bUuSobUboSUSobols)]
= (aobUSoaocd] C(TUST|=(T]=T.

Since T is weakly prime, by Theorem 3.6 we have a € T or b € T. Thus T is
prime.

Theorem 3.15. Let S be an ordered semihypergroup and {T; | i € I} a family of
prime hyperideals of S. Then (\;c; T; is a semiprime hyperideal of S if (;c; Ti #
0.

Proof. Let T; be a prime hyperideal of S for any i € I. Assume that (,c; T; # 0.
Then, by Lemma 2.7, (,c; T; is a hyperideal of S. Moreover, we can show that
Mic; Ti is semiprime. In fact, let @ € S be such that a oa C (,c;T;. Then
aoa C T; for every i € I. Hence, by hypothesis, a € T; for every i € I. It thus
follows that a € (;c; T;. Therefore, (;c; T; is a semiprime hyperideal of S.

In the above theorem we have shown that every nonempty intersection
of prime hyperideals of an ordered semihypergroup S is semiprime. But the
nonempty intersection of prime hyperideals of S is not necessarily a prime hy-
perideal of S. We can illustrate it by the following example.
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Example 3.16. We consider a set S := {a, b, ¢, d} with the following hyperop-
eration “o” and the order “ < 7”:
a b c d
{a,d}  {a,d}  {a,d}  {a}
{a,a}  {b}  {a,d}  {a,d}
{a,d}  {a,d}  {c}  {a,d}
{a}  A{a,d}  {a,d}  {d}
<:={(a,a), (a,b), (a,c), (b,b), (c,c),(d,b),(d,c),(d,d)}.

We give the covering relation “<” and the figure of S as follows:

<= {(a, b), (a7 C)v (d> b)v (d? C)}

c

QU O S Qo

a d

Then (5,0, <) is an ordered semihypergroup ([25]). We can easily verify that
T, = {a,b,d}, T5 = {a,c,d} are prime hyperideals of S. But 71 N T» = {a,d} is
not a prime hyperideal of S. In fact, since bo ¢ = {a,d} C {a,d}, but b & {a,d}
and ¢ ¢ {a,d}.

Let S be an ordered semihypergroup. A hyperideal A of S is called proper
if A #S. A proper hyperideal T of S is called maximal if A is a hyperideal of S
such that T C A, we have A = S. Equivalently, if for any proper hyperideal A
of S such that T' C A, we have A =T.

Theorem 3.17. If S is an ordered semihypergroup satisfying S = (S?], then
every maximal hyperideal of S is weakly prime.

Proof. Let M be a maximal hyperideal of S and A, B hyperideals of S such
that Ao B C M. Then A C M or B C M. Indeed, suppose that A € M and
BZ M. Then M c MUA, M C MUB. By Lemma 2.7, M UA and M U B are
two hyperideals of S. Since M is maximal, we have M UA =S and MUB = S.
Then

S = (S*)=((MUA)o(MUB)
(MoMUMoBUAoMUAoB]C (M]=M,

from which we deduce that M = S. It contradicts the fact that M is maximal.
Thus M is weakly prime.

Corollary 3.18. If S is an intra-reqular ordered semihypergroup, then every
maximal hyperideal of S is weakly prime.



460 JIAN TANG, ZE GU anp XIANGYUN XIE

Proof. Suppose that S is an intra-regular ordered semihypergroup and a € S.
Then, we have a € (SoaoaoS] C (S?]. It implies that S C (S?], and thus
S = (S?]. Consequently, by Theorem 3.17, every maximal hyperideal of S is
weakly prime.

Corollary 3.19. If S is an ordered semihypergroup with an identity, then every
maximal hyperideal of S is weakly prime.

Proof. Let S be an ordered semihypergroup containing an identity e. Then, we
have S = e¢0S C SoS = S2 C (52] C S, which implies that S = (52]. Therefore,
every maximal hyperideal of S is weakly prime by Theorem 3.17.

The following is an immediate corollary of Theorem 3.14 and Corollary 3.19.

Corollary 3.20. If S is a commutative ordered semihypergroup with an identity,
then every mazimal hyperideal of S is prime.

4. Hyperideal extensions of ordered semihypergroups

In the current section we consider the extensions of hyperideals in commuta-
tive ordered semihypergroups. Moreover, we define n-prime hyperideals and
n-semiprime hyperideals of ordered semihypergroups, and investigate the rela-
tionship between extensions of hyperideals and n-prime hyperideals.

Definition 4.1. Let I be a hyperideal of S, x € I. The set
<z, I>={acS|xzoallI}
is called the extension of I by x.

Proposition 4.2. Let I be a hyperideal of a commutative ordered semihyper-
group S, x € S. Then the following statements hold:

(1) <z, I > is a hyperideal of S.

(2) I C<a,I>C<y,I>, for any y € x°.

(3) Ifx € I, then < x,I >=S.

(4) I is prime if and only if < x,I >=1 for any v € S\I.

Proof. (1) Let a €< z,I >,5 2 b < a. Then b €< z,I > . In fact, since
xzoa C1,S D xob=xoa, by Lemma 2.6(8) we have xob C I,ie,be<x, [ >.
Furthermore, let a €< z,I > and b € S. Then z oa C I, and, for any ¢ € a o b,
we have

zocCzxo(aob)=(roa)oblIoSCI.

It implies that ¢ €< x,I >, and we have aob C< x,I > . Hence < x,I > is a
right hyperideal of S. Since S is commutative, we obtain the requested result.
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(2) If a € I, then zoa C Sol C I,ie, a €< z,I > . It implies that
I C< z,I > . Furthermore, let a €< x,I > . Then x o a C I, and, for any
y € 22, we have

yoaCax?oa=xz0(roa)CSolCI.

Thus it can be shown that < x,I >C< y,I > for any y € z2.

(3) Let a € S,z € I. Thenzoa CToS C I, and we have a €< x,1 > . It
thus follows that < x,I >=S.

(4) Assume that [ is a prime hyperideal of S. Let x € S\I and a €< z,I > .
Then x oa C I, and, by hypothesis, we have a € I. It implies that < z,I >C I.
By (2), the inverse inclusion holds. Hence < z,I >= I for any x € S\I.

Conversely, let x,y € S be such that xoy C I. Then y €< z,I > . We claim
that x € I or y € I. If © ¢ I, then, by hypothesis, we have y €< z,I >= I.
Thus [ is prime.

Proposition 4.3. Let I be a hyperideal of a commutative ordered semihyper-
group S and {1, | o € A} a family of prime hyperideal of S. If I = (e Lo,
then, for any v € S, < x,1 > is a semiprime hyperideal of S whenever I # ).

Proof. Let x € S. We first show that

<z I>=<z, ((L>=()<zl.>.
acA acA

In fact,

ae<x,ﬂ[a> < xo0aC ﬂ[a
acA acA
< zoaCl,Vae A
— ae<uz,ly>Vaec A

= ac () <z lo>.
acA

Now we consider the following cases:

Case 1. If z € I, for any a € A, then, by Proposition 4.2(3), we have
< x,Io >= 8. Then < 2,1 >= ey < 2,1 >= S, and < 2,1 > is a
semiprime hyperideal of S.

Case 2. Let x € S\I, for some o € A. Then, by Proposition 4.2(4), <
x, Iy >=1,. Let B:={a € A|z¢I,}. Then B # () and we have

<z I >= ﬂ I,.
a€eB

It thus follows from Theorem 3.15 that < x, I > is semiprime.
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Proposition 4.4. Let S be a commutative ordered semihypergroup containing
an identity e, and x,y € S. Then I(x) C I(y) if and only if, for any hyperideal
J of S, we have < x,J >D<y,J > .

Proof. Let J be a hyperideal of S and a €< y,J > . Then yoa C J. Since S'is a
commutative ordered semihypergroup containing an identity e and I(x) C I(y),
we have z € I(y) = (yUSoy] C(eoyUSoy] =(Soy], that is, x < zoy for
some z € S. Then, we have

rzoa=(zoy)oa=zo(yoa) T SoJCJ

It thus follows from Lemma 2.6(9) that x oa C J. Hence a €< z,J > .

Conversely, since I(y) is a hyperideal of S, by hypothesis, we have < z, I(y) >
O<y,I(y) > . Since y € I(y), by Proposition 4.2(3), < y,I(y) >= S. Then we
can deduce that < x,I(y) >= S. Hence e €< z,1(y) >, and x € xoe C I(y).
Thus it can be obtained that I(xz) C I(y).

In order to characterize the hyperideal extensions of ordered semihyper-
groups, we need introduce the concept of n-prime hyperideals of ordered semi-
hypergroups.

Let n be any positive integer such that n > 2. For any z; € S (i =
1,2,---,n), and j being a positive integer such that 2 < j7 < n — 1, we de-
fine

Iy :==x0mx30---0Tp_1 0Ty,
Ij7n I:$10$QO‘-'OJIj_1OIj+10'--Oaj‘n_lOJjn,

In,n =T10T20°-0xp—20Tp—1.

Definition 4.5. Let I be a hyperideal of an ordered semihypergroup S. [ is
called n-prime if for any x; € S (i = 1,2,--- ,n), xyox90--0xy_10xy C T
implies there exists a positive integer ¢ (1 < i < n) such that

II,?’La IQ,TLy T 7Ii—1,n7 I’i+1,n7 e 7ITL,’I’L g I.

Definition 4.6. Let I be a hyperideal of an ordered semihypergroup S. I is
called n-semiprime if for any z1,z9, - ,z, € S with 1 = 20 = --- = z,,
r10x20---0xp_10x, C I implies I, C I.

Theorem 4.7. Let S be an ordered semihypergroup. Then the following state-
ments are true:

(1) Every n-prime hyperideal of S is n-semiprime.

(2) The prime hyperideals and 2-prime hyperideals of S coincide.

(3) The semiprime hyperideals and 2-semiprime hyperideals of S coincide.

Proof. Straightforward.
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Theorem 4.8. Let S be an ordered semihypergroup. Then every (n — 1)-prime
hyperideal of S is an n-prime hyperideal of S for all positive integers n > 3.

Proof. Suppose that I is an (n—1)-prime hyperideal of S. Let 1, x9,--- ,z, € S
be such that z1 oxgoxgoxyo---0xy 302, 20Ty 10x, C I. Then, for any
ZE€E Ty 10Ty, TLOLQ0T3OL4 O 0Ly _30xy_202zC 1. We define:

Jin-1:=x20x30 -0y 202,

Jop—1:=x10x30---0Ty_20 2,

Jn—2n-1:=T10T20---0Ty_30 2%,

Jn—1n-1:=T10T20+ - 0Tp_30 Tp_2.
By hypothesis, there exists a positive integer ¢ (1 <i <n — 1) such that
Jl,n—la J2,1’L—17 ) Ji—l,n—la Ji+1,n—1a T Jn—l,n—l - I.

We consider the following two cases:

Case 1. Let Jn—l,n—l & I. Then JLn_l,JQ’n_l, ce ;Jn—Q,n—l C I. Thus, by
the arbitrariness of z, I1y,I2pn, - ,In—2, C I. By I1, C I, we have 29 o x3 0
<0 Lp_20Tp_10°T, CI. We define

Kip-1:=x30140 - 0TpH_10Tp,

Koy 1:=x20m40- -0y 10Ty,

Ky 1p-1:=220230---0Tp_20Tp_1.
By hypothesis, there exists a positive integer j (1 < j < n — 1) such that
Kin1,Kopn1, Kj1n-1,Kjr1n-1, , Kn_1n-1 C I
Then, we have
Ky 92n,-1=220230--0xy_90x, CI

or
Kp_1p-1=x20x30---0xp_90xy_1 CI.

Thus, since [ is a hyperideal of S, we have
Inin=x10Kyp2n-1C1

or
In,n =T10° anl,nfl c I
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Hence Il,na IQ,na ce 7In—2,n7[n—1,n C1Ior Il,n7[2,n7 T 7In—2,n; In,n cl.

Case 2. Let J,,—1,—1 C I. Then there exists a positive integer k (1 < k <
n — 2) such that

Jin-1 o1, Tkt Jerin—1, 0 s In—2m-1 C 1.
Thus, since z is an arbitrary element of x,_1 o z,,, we have
Il,n; IQJM to 7Ik71,n7 Ik+1,n7 to 7In—2,n - I.
Since I is a hyperideal of S and J,—1,,—1 C I, we have
In—l,n = Jn—l,n—l ox, C T
and
In,n = Jn—l,n—l oxy_1 C 1.

Hence, in this case, I1 n, 120, - s Lj—1n, Ljitins - s In—1n, Inn € I for some
positive integer k (1 < k <n —2).

Therefore, I is an n-prime hyperideal of S.

By the above theorem, we immediately obtain the following corollary:

Corollary 4.9. Let S be an ordered semihypergroup. Then every prime hyper-
ideal of S is an n-prime hyperideal of S for all positive integers n > 2.

The converse of Theorem 4.8 is not true in general. We can illustrate it by
the following example:

Example 4.10. We consider a set S := {a, b, ¢, d} with the following hyperop-
eration “o” and the order “ < 7:

‘ a b c d
{o,d}  {b,d} {d} {d}
(b,d}  {p}  {d} {d}
{d} {dy At A{d}
{d} {d}  {d} {d}
<= {(a7 a)v (av b)? (b7 b)v (C7 C), (d7 b)v (d7 C), (d7 d)}

We give the covering relation “<” and the figure of S as follows:

<:={(a,b), (d,b), (d,c)}.
b C

QL O Qo
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Then (S, 0, <) is an ordered semihypergroup. One can easily show that I = {d}
is a 3-prime hyperideal of S, but it is not 2-prime. Indeed, since boc = {d} C I,
but b I and c & 1.

Now we give a relationship between extensions of hyperideals and n-prime
hyperideals in commutative ordered semihypergroups.

Theorem 4.11. Let S be a commutative ordered semihypergroup and I a hyper-
ideal of S. Then I is n-prime if and only if any extension of I is (n — 1)-prime
for all positive integers n > 3.

Proof. Let I be an n-prime hyperideal of S. For any = € S, let 1,29, ,Tp_2,
Ty_1 € S be such that z1ox90---0xy_90x,_1 C<x,I >.Thenroxioxgo0
<0 XLp_20xp_1 C I. We define

Jl,n ‘=X10T20X30:::0Tp-20Tn-1,

Jopn i=XLO0X20L30 0Ly 20 Tp_1,

Jn—1n =T OT10X20---0Tp_30Tp_1,

Jpn =X OXL0T20 0Ty 30Ty 2.

Since [ is an n-prime hyperideal of S, there exists a positive integer i (1 < i < n)
such that
Jl,nv JQ,nu T Ji—lm,a Ji+1,nu T Jn,n c I.

Thus, there exists a positive integer j (2 < j < n) such that

JQ,Tw J3,n7 T Jj—l,n; Jj+1,n; T Jn n cl.

5 =

It implies that there exists a positive integer k = j —1 (1 < k < n — 1) such
that

zolyp1,v0lppn 1, ,xolp_1p-1,20lpy1 1, ,x0lp 11 CI,
where

Iy 1:=mxp0mx30-+-0Tp 20Ty 1,
Ijp1:=x10x20--- 0210410 0Ty 20xp_1 (2<1<n—2),

In—l,n—l = 210X20-0Tp-30Tp-2-

Hence, it can be easily shown that Iy, 1,101, , Ik—1n—1: Lpt1,n—1," ",
In-in—1 €< z,I > . In other words, < z,I > is indeed an (n — 1)-prime
hyperideal of S.

Conversely, suppose that any extension of I is an (n — 1)-prime hyperideal
of S. Let x1,x9, -+ ,x, € S be such that x1o0xz90---0x,_10x, C I. Then it can



466 JIAN TANG, ZE GU anp XIANGYUN XIE

be easily shown that xyoxg0---0x,_s0x,_1 C< x,,I > . Thus, by hypothesis,
there exists a positive integer i (1 < i < n — 1) such that

(%) Lp1,ln1,  Licin1.Livin-1, s In—1n—1 CS<ap, L > .
To prove that I is n-prime, we consider the following two cases:
Case 1. If I; ,—1 €< xy,,I >, then we have
Lip-1,12n—1," s In—op—1,In—1n—1 C< 2,1 >.
It thus follows that Iy, I, -, In—2n, In—1,n € 1. Consequently, I is n-prime.
Case 2. Let I; ,—1 €< xp,I > . Then, by (*), we have

Lo, Iom, - s Licip, Livipn, - s In—1n © 1.

We can prove that I, , C I. In fact, take a positive integer j such that 1 < j <
n—1and j # 4. Since x1 oxg0---0xy_ 101, C I, we have

10220+ 0Xj_10Tj410--0Tp—-10Tn §<xj,I>.
Now, we define

Kip-1:=x20230+-0XL; 10Lj410 +0Tp_10 Ty,

Kyp1:=x10230+-0XLj_10Lj410 +0Tp_10 Ty,

Kj 1pn1:=x10220--:0%; 20Xj410+0Tp_10 Ty,

Kjpn 1:=210220--0Xj_10Xj420 +-0Tp_10Tp,

Kp-2n-1:=210x20--0Zj 10Xj410+"0Tp_20 Tp,

Kp1pn-1:=x10x20-0Zj 10Zj410+*+0Tp_20 Tp_1.

By hypothesis, < x;,1 > is an (n — 1)-prime hyperideal of S, and there exists a
positive integer k (1 < k <mn — 1) such that

Kin 1, Ko 1, , Kg1n-1, Kpg1n—1, s Kno1n1 S<y, [ >
It thus follows that there exists a positive integer [ (1 < [ < n) and | # j
(assume [ < j) such that

Il,n; IQ,n7 e JIlfl,TLa Il+1,n7 e 7Ij—1,n7 Ij+1,n7 e 7In n C I

g =

Since j # ¢ and j # n, we have I;, C I or I,, C I. Again since [;,,—1 Z<
Zn,I >, we have I; , € I, and we deduce that I,,, € I. Thus, in this case, we
have

Il,n; 12,77,7 e aIifl,na Ii+1,na e 7In71,n> In,n - Ia
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and [ is an n-prime hyperideal of S. This completes the proof.

Theorem 4.12. Let S be a commutative ordered semihypergroup containing an
identity e. Then the n-prime hyperideals and the (n — 1)-prime hyperideals of S
coincide for all positive integers n > 3.

Proof. Let I be an n-prime hyperideal of S. By Theorem 4.11, < e, I > is an
(n — 1)-prime hyperideal of S. Let a €< e,I > . Then a € eoa C I. Thus
< e,I >C I. By Proposition 4.2(2), < e,I >= I. Hence I is (n — 1)-prime.
Consequently, by Theorem 4.8, the proof is completed.

Lemma 4.13. Let S be a commutative ordered semihypergroup and I a semiprime
hyperideal of S. Then I = (\,cq < x,1> .

Proof. By Proposition 4.2(2), I €< z,I > for any € S. Then I C (g <
x, I > . To prove the inverse inclusion, let a € (,cg < 2,1 > . Thena €< a,l >,
and we have a o a C I. Since [ is a semiprime hyperideal of S, we have a € I.
Therefore, we obtain the requested result.

Theorem 4.14. Let I be a semiprime and n-prime hyperideal of a commutative
ordered semihypergroup S, n > 3. Let

P:={T | T is an (n — 1)-prime hyperideal of S and I C T}.
Then I = (\pepT.

Proof. Obviously, I C (\pcpT. On the other hand, since I is a semiprime
hyperideal of S, by Lemma 4.13, I = (,.g < z,I > . Furthermore, since I is
also n-prime, by Proposition 4.2(2) and Theorem 4.11, < z,I > is an (n — 1)-
prime hyperideal of S for any x € S and I C< x,I > . Thus, for any = € S,
<x,I > P. Hence (pep T € (yeg < x, 1 >= I. Therefore, I = (\pep T.

The hypothesis that I is semiprime cannot be removed in the above theorem.
Otherwise, Theorem 4.14 does not hold in general. We can illustrate it by the
following example.

Example 4.15. We consider a set S := {a, b, c,d} with the following hyperop-
eration “o” and the order “ <7:

‘ a b c d
{a}  {a} {a}  {a}
{a}  A{a} A{a}  {a}
{a}  {a} Ha}  {a}
{a}  {a} A{a} {a,d}
<= {(a,a). (a,b), (a,¢), (a. ), (b,b), (c. ), (d. d)}.

We give the covering relation “<” and the figure of S as follows:

== {(a,b), (a,¢), (a,d)}.

QU O o
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a

Then (S, o, <) is a commutative ordered semihypergroup and {a} is a hyperideal
of S. We can easily prove that {a} is 3-prime, but it is not semiprime. In
addition, with a small amount of effort one can verify that the sets {a, b, c} and
S are all prime hyperideals of S containing a, while {a, b, c}NS = {a, b, c} # {a}.

Corollary 4.16. Let (S,0,<) be an ordered semihypergroup. If (S,0) is a hy-
persemilattice, then every n-prime hyperideal (n > 3) of S can be expressed as
the intersection of all (n — 1)-prime hyperideals of S containing it.
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