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Abstract. Let G be a group and N(G) be the set of the sizes of conjugacy class of
G. Let mp(G) be the number from N(G) which is not divisible by p and let An be
the alternating group of degree n. The alternating groups A5, A6, A7, A8, and A9 are
characterized by their orders and special conjugacy class sizes. So in generality, are
the alternating groups characterized by their orders and some special conjugacy class
size(s)? In this paper, we show that G is a finite group such that mp(G) = mp(An) and
m2(G) = m2(An) where n ∈ {p, p+ 1, p+ 2}, then G is isomorphic to An.

Keywords: element order, alternating group, Thompson’s problem, conjugacy classes
sizes.

1. Introduction

All groups in this paper are finite, and simple groups are non-abelian. For a
group G, let π(G) denote the set of prime divisors of |G|. The prime graph of
G is a graph GK(G) with vertex set π(G) and two distinct vertices q and q are
adjacent by an edge if G has an element of order pq. We denote by s(G) the
number of connected components of GK(G). Let πi = πi(G), i = 1, 2, · · · , s(G),
be the connected components of GK(G). For an even order group, let 2 ∈ π1(G).
Then |G| can be expressed as a product of m1,m2, · · · ,ms(G), where mi’s are
positive integers with π(mi) = πi. These mi’s are called the order components
of G. Obviously, mi’s are odd components of G with i ≥ 2. Using [14] and
[23], we list the order components for non-abelian finite simple groups L in
Tables 1, 2 and 3. This information is used to prove our main theorem. Let An
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be the alternating group of degree n. For alternating group Ap with p prime,
p ∈ {mi, i ≥ 2}. In 1987, J. G. Thompson put forward the following conjecture.

Conjecture 1 ([19, Problem 12.38]). Let G be a group with trivial center. If L
is a simple group satisfying that N(G) = N(L), then G ∼= L.

Some authors proved that Thompson’s conjecture is valid for groups: Ln(q)
[1, 5, 13], Dn(q) [2], 2Dn(q) [3], E7(q) [25], Ap+3 [18], for simple groups with
s(G) ≥ 2 [7, 8], Ap+4 [27], all almost sporadic simple groups [21], A10 [12], A22

[24], A26 [17]. Recently, G. Chen and J. Li contributed their interests on the
Thompson’s conjecture under a weak condition. They successfully characterized
some sporadic simple groups and simple K3-groups (A finite simple group G is
called a simpleKn-group if G is simple and n = |π(G)|) in [16]. Chen et al in [26]
showed that simple K4-groups are also characterized by its order and one special
conjugacy class size. For convenience, we denote by mp(G) the p′-number from
N(G). As the development of this topic, we will prove the following.

Main Theorem 1.2. Let G be a finite group and let n ∈ {p, p+1, p+2} where
5 ≤ p is a prime. Then G ∼= An if and only if |G| = |An|, mp(G) = mp(An) and
m2(G) = m2(An).

We introduce some notation which will be needed in the proof of the main
theorem. Let a · b denote the products of an integer a by an integer b. Let G be
a group and r a prime. Then we denote the number of the Sylow r-subgroup
Gr of G by nr(G) or nr. Let Sn be the symmetric group of degree n. Let ω(G)
be the set of element orders of G. Let x ∈ ω(G). Let xG denote the conjugacy
classes of G containing x. The other symbols are standard (see [9], for instance).

2. Some preliminary results

In this section, we give some lemmas used to prove the main theorem.

Let exp(n, r) = a denote that ra | n but ra+1 - n.

Lemma 1. Let Ap+k be an alternating group of degree p + k where p + i is
composite, i = 1, · · · , k, and p is a prime. Then the following hold.

(1) exp(|Ap+k|, 2) =
∞∑
i=1

[p+k
2i

]− 1. In particular, exp(|Ap+k|, 2) ≤ p+ k − 1.

(2) exp(|Ap+k|, r) =
∞∑
i=1

[p+k
ri

] for each r ∈ π(Ap+k)\{2}. Furthermore,

exp(|Ap+k|, r) < p+k
2 , where 3 ≤ r ∈ π(Ap+k). In particular, if r > [p+k

2 ],
then exp(|Ap+k|, r) = 1.

Proof. (1) By the definition of Gaussian integer function, we have that
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exp(|Ap+k|, 2) =

∞∑
i=1

[
p+ k

2i
]− 1

= ([
p+ k

2
] + [

p+ k

22
] + [

p+ k

23
] + · · · )− 1

≤ (
p+ k

2
+

p+ k

22
+

p+ k

23
+ · · · )− 1

= (p+ k)(
1

2
+

1

22
+

1

23
+ · · · )− 1

= p+ k − 1.

(2) Similarly as (1), we have that

exp(|Ap+k|, r) ≤ (p+ k)(
1

r
+

1

r2
+

1

r3
+ · · · )

=
p+ k

r − 1

≤ p+ k

2

for an odd prime r ∈ π(Ap+k). If r > [p+k
2 ], exp(|Ap+k|, r) = 1.

The proof is complete.

Let G be a group whose order is divisible by prime p. The group G is called
a Cpp-group if the centralizers of a p-element are p-groups (see [4], for instance).

Lemma 2. Let An be an alternating group of degree n, where n = p, p+1, p+2.
Then the following hold.

(1) mp(An) =


(p− 1)!

2
, n = p;

(p− 1)! · (p+ 1)

2
, n = p+ 1;

(p− 1)! · (p+ 1) · (p+ 2)

2
, n = p+ 2.

(2) Let p = 4k + 1. Then m2(An) =



p!

22k · (2k)!
, n = p;

(p+ 1)!

2 · 22k · (2k)!
, n = p+ 1;

p!

22k · (2k)! · 3!
, n = p+ 2.

Let p = 4k + 3. Then m2(An) =



p!

22k3! · (2k)!
, n = p;

(p+ 1)!

2 · 22(k+1) · (2(k + 1))!
, n = p+ 1;

(p+ 2)!

22(k+1) · (2(k + 1))!
, n = p+ 2.
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Proof. We knew that An is a Cpp-group. Let’s say the cycle type has c1 1-
cycles, c2 2-cycles, and so on, up to ck k-cycles, where 1c1+2c2+ · · ·+ kck = n.
The number of permutations in the conjugacy classes described by the ci’s is

n!∏k
i=1 i

ci
∏k

i=1 ci!
.

Conjugacy classes of permutation in Sn stay the same size in An for all cycle
types except those cycle type consists of parts that are all odd and distinct.

Table 1. The order components of finite simple groups L with s(L) = 2
L Restrictions of L m1 m2
An 6 < n = p, p + 1, p + 2 n!/2p p

one of n, n − 2 is not a prime

Ap−1(q) (p, q) ̸= (3, 2), (3, 4) qp(p−1)/2 ∏p−1
i=1 (qi − 1)

(qp−1)
(q−1)(p,q−1)

Ap(q) (q − 1) | (p + 1) qp(p+1)/2(qp+1 − 1)
∏p−1

i=2 (qi − 1) qp−1
q−1

2Ap−1(q) qp(p−1)/2 ∏p−1
i=1 (qi − (−1)i)

(qp+1)
(q+1)(p,q+1)

2Ap(q) (q + 1) | (p + 1) qp(p+1)/2(qp+1 − 1)
∏p−1

i=2 (qi − 1) qp+1
q+1

(p, q) ̸= (3, 3), (5, 2)
2A3(2) 26 · 34 5

Bn(q) n = 2m ≥ 4, q odd qn
2
(qn − 1)

∏n−1
i=1 (q2i − 1) qn+1

2

Bp(3) 3p
2
(3p + 1)

∏p−1
i=1 (32i − 1) 3p−1

2

Cn(q) n = 2m ≥ 2, q odd qn
2
(qn − 1)

∏n−1
i=1 (q2i − 1) qn+1

(2,q−1)

Cp(q) q = 2, 3 qp
2
(qp + 1)

∏p−1
i=1 (q2i − 1) qp−1

(2,q−1)

Dp(q) p ≥ 5, q = 2, 3, 5 qp(p−1) ∏p−1
i=1 (q2i − 1) qp−1

q−1

Dp+1(q) q = 2, 3 qp(p+1)(qp + 1)(qp+1 − 1) qp−1
(2,q−1)∏p−1

i=1 (q2i − 1)/(2, p − 1)
2Dn(q) n = 2m ≥ 4 qn(n−1) ∏n−1

i=1 (q2i − 1) qn+1
(2,q+1)

2Dn(2) n = 2m + 1 ≥ 5 2n(n−1)(2n + 1)(2n−1 − 1) 2n−1 + 1∏n−2
i=1 (22i − 1)

2Dp(3) 5 ≤ p ̸= 2m + 1 3p(p−1) ∏p−1
i=1 (32i − 1) 3p+1

4
2Dn(3) 9 ≤ 2m + 1 ̸= p 3n(n−1)(3n + 1)(3n−1 − 1) 3n−1

2∏n−1
i=1 (32i − 1)/2

G2(q) 2 < q ≡ ϵ mod 3, ϵ = ±1 q6(q3 − ϵ)(q2 − 1)(q + ϵ) q2 − ϵq + 1
3D4(q) q12(q6 − 1)(q2 − 1)(q4 + q2 + 1) q4 − q2 = 1

F4(q) q odd q24(q8 − 1)(q6 − 1)2(q4 − 1) q4 − q2 + 1
2F4(2)

′ 211 · 33 · 52 13

E6(q) q36(q12 − 1)(q8 − 1)(q6 − 1) (q6 + q3 + 1)/(3, q − 1)

(q5 − 1)(q3 − 1)(q2 − 1)
2E6(q) q > 2 q36(q12 − 1)(q8 − 1)(q6 − 1) (q6 − q3 + 1)/(3, q + 1)

(q5 + 1)(q3 + 1)(q2 − 1)

M12 26 · 33 · 5 5

J2 27 · 33 · 52 7

Ru 214 · 33 · 53 · 7 · 13 29

He 210 · 33 · 52 · 73 17

McL 27 · 36 · 53 · 7 11

Co1 221 · 39 · 54 · 72 · 11 · 13 23

Co3 210 · 37 · 53 · 7 · 11 23

Fi22 217 · 39 · 52 · 7 · 11 13

HN 214 · 36 · 56 · 7 · 11 19

Case 1. n = p
In this case, n = p = p · 1 and so the cycle types are odd and so by [22], the

conjugacy classes of a p-element of Ap split into two classes and so mp(Ap) =
p!
2p = (p−1)!

2 .
Case 2. n = p+ 1.
In this case, n = p + 1 = 1 · 1 + p · 1 and so the cycle types are odd and so

by [22], the conjugacy classes of a p-element of Ap+1 split into two classes and

so mp(Ap+1) =
p!(p+1)

2p = (p−1)!·(p+1)
2 .

Case 3. n = p+ 2.
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Then n = p+2 = 1·2+p·1 and somp(Ap+2) =
p!(p+1)(p+2)

2p = (p−1)!·(p+1)·(p+2)
2 .

Similar as the case mp(An), we can compute the m2(An).

Lemma 3 ([11, pp. 85, Theorem 80]). For any prime p, (p− 1)! ≡ −1(mod p).

Table 2. The order components of finite simple groups L with s(L) = 3
L Restrictions of L m1 m2 m3

An 6 < n = p, p − 2 are primes n!
2n(n−2)

p p − 2

A1(q) 4 | q + 1 q + 1 q q−1
2

A1(q) 4 | q − 1 q − 1 q q+1
2

A1(q) 2 | q q q + 1 q − 1
A2(2) 8 3 7
2A5(2) 215 · 36 · 5 7 11

2Dp(3) 5 ≤ p = 2m + 1 2 · 3p(p−1)(3p−1 + 1) 3p−1

2
3p+1

4∏p−2
i=1 (32i − 1)

2Dp+1(2) n ≥ 2, p = 2m − 1 2p(p−1)(2p − 1) 2p + 1 2p+1 + 1∏p−1
i=1 (22i − 1)

G2(q) q ≡ 0 mod 3 q6(q2 − 1)3 q2 − q + 1 q2 + q + 1
2G2(q) q = 32m+1 > 3 q3(q2 − 1) q −

√
3q + 1 q +

√
3q + 1

F4(q) q even q24(q6 − 1)2(q4 − 1)2 q4 + 1 q4 − q2 + 1
2F4(q) q = 22m+1 > 2 q12(q4 − 1)(q3 + 1) q2 −

√
2q3+ q2 +

√
2q3+

q −
√
2q + 1 q +

√
2q + 1

E7(2) 236 · 311 · 52 · 73 · 11 73 127
13 · 17 · 19 · 43

E7(3) 223 · 363 · 52 · 73 · 112 757 1093

132 · 19 · 37 · 41 · 61 · 73 · 547
M11 24 · 32 5 11

M23 27 · 32 · 5 · 7 11 23

M24 210 · 33 · 5 · 7 11 13

J3 27 · 35 · 5 17 19

HS 29 · 32 · 53 7 11

Suz 213 · 37 · 52 · 7 11 13

Co2 218 · 36 · 53 · 7 11 23

Fi23 218 · 313 · 52 · 7 · 11 · 13 17 23

F3 215 · 310 · 53 · 72 · 13 19 31

F2 224 · 313 · 56 · 72· 31 47
11 · 13 · 17 · 19 · 23

Table 3. The order components of finite simple groups L with s(L) > 3
L Restrictions of L m1 m2 m3 m4 m5 m6

A2(4) 26 3 5 7
2B2(q) q = 22m+1 > 2 q2 q − 1 q −

√
2q + 1 q2 +

√
2q + 1

2E6(2) 236 · 39 · 52 · 72 · 11 13 17 19

E8(q) q ≡ 2, 3 mod 5 q120(q20 − 1)(q18 − 1) q10−q5+1

q2−q+1

q10+q5+1

q2+q+1
q8 − q4 + 1

(q14 − 1)(q12 − 1)

(q10 − 1)(q8 − 1)

(q4 + 1)(q4 + q2 + 1)

M22 27 · 32 5 7 11

J1 23 · 3 · 5 7 11 19

ON 29 · 34 · 5 · 73 11 19 31

LyS 28 · 37 · 56 · 7 · 11 31 37 67

Fi′24 221 · 316 · 52 · 73 · 11 · 13 17 23 29

F1 246 · 320 · 59 · 76 · 112 · 133 41 59 71
17 · 19 · 23 · 29 · 31 · 47

E8(q) q ≡ 0, 1, 4 mod 5 q120(q18 − 1)(q14 − 1) q10−q5+1

q2−q+1

q10+q5+1

q2+q+1
q8 − q4 + 1 q10+1

q2+1

(q12 − 1)2(q10 − 1)2

(q8 − 1)2(q4 + q2 + 1)

J4 221 · 33 · 5 · 7 · 113 23 29 31 37 43

Lemma 4 ([10, Theorem 9.3.1]). Let G be a finite solvable group and |G| = mn,
where m = pα1

1 · · · pαr
r , (m,n) = 1. Let π = {p1, · · · , pr} and hm be the number

of Hall π-subgroups of G. Then hm = qβ1
1 · · · qβs

s satisfies the following conditions
for all i ∈ {1, 2, · · · , s}:

(1) qβi
i ≡ 1(mod pj) for some pj.

(2) The order of some chief factor of G is divided by qβi
i .
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Lemma 5 ([3, Lemma 1.2] and [20, Lemma 7]). Let x, y ∈ G, (|x|, |y|) = 1, and
xy = yx. Then

(1) CG(xy) = CG(x) ∩ CG(y);

(2) |xG| divides |(xy)G|;

(3) If |xG| = |(xy)G|, then CG(x) ≤ CG(y)

Lemma 6 ([15, Lemma 1]). If n ≥ 6 is a natural number, then there are at
least s(n) prime numbers pi such that n+1

2 < pi < n. Here
(1) s(n) = 6 for n ≥ 48;
(2) s(n) = 5 for 42 ≤ n ≤ 47;
(3) s(n) = 4 for 38 ≤ n ≤ 41;
(4) s(n) = 3 for 18 ≤ n ≤ 37;
(5) s(n) = 2 for 14 ≤ n ≤ 17;
(6) s(n) = 1 for 6 ≤ n ≤ 13.
In particular, for every natural number n > 6, there exists a prime p such

that n+1
2 < p < n− 1, and for every natural number n > 3, there exists an odd

prime number p such that n− p < p < n.

Lemma 7 ([15, Lemmas 3 and 6]). Let P be a finite simple group. Then the
following results hold.

(1) If GK(P ) is disconnected graph GK(P ). Then mi(P ) = 1 for 2 < i <
t(P ). Let ni stand for the only element of mi(P ) for i > 1. Then P , and mi

for 2 < i < t(P ) are such as in Tables 1-3, where p is an odd prime number.
(2) If P is not isomorphic to 2G2(q), then, for every i, there is at most one

prime number s ∈ πi(P ) such that (r + 1)/2 < s < r.
(3) If P is isomorphic to 2G2(q), then there are at most three prime numbers

s ∈ π(P ) such that (r + 1)/2 < s < r.
(4) For every prime number s satisfying the inequality (r + 1)/2 < s < r,

the order of the factor group Aut(P )/P is not divisible by s.

A finite group G is 2-Frobenius group if G has a normal series 1 ≤ H ≤
K ≤ G such that K and G/K are Frobenius groups with Kernels H and K/H,
respectively.

Lemma 8 ([23]). If G is a finite group such that t(G) ≥ 2, then G has one of
the following structures:

(1) G is a Frobenius group or 2-Frobenius group;
(2) G has a normal series 1 ≤ H ≤ K ≤ G such that π(G/K) ∪ π(H) ⊆ π1

and K/H is a non-abelian simple group. In particular, H is nilpotent, G/K .
Out(K/H) and the odd order components of G are the odd order components of
K/H.

Lemma 9 ([6]). Let G be a Frobenius group of even order with kernel K and
complement H. Then s(G) = 2, the prime graph components of G are π(H)
and π(K) and the following assertions hold:
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(1) K is nilpotent;

(2) |K| ≡ 1(mod |H|).

3. The proof of Main Theorem

In this section, we give the main theorem’s proof.

Proof of the main theorem.

Proof. By [16] and [26], the alternating groups A5, A7, A8, A9 and A10 are
valid for the main theorem. So in the following, we assume that p ≥ 11.

We will prove the theorem by the following lemmas.

Lemma 10. G is insoluble.

Proof. By Lemma 1 and hypotheses, we have that |Gp| = |An|p = p. It’s
known that p is the greatest prime divisor of |An|. Assume that G is soluble.
We consider three cases.

Case 1. n = p.

By Lemma 2, mp(Ap) =
(p−1)!

2 . On the other hand, |G| = p ·mp(G) = p!
2 and

so G has a maximal subgroup of mp(Ap) (actually, the maximal subgroup is a

Hall π(G)\{p}-subgroup). Then by Lemma 4, (p−1)!
2 ≡ 1(mod p). On the other

hand, by Lemma 3 (p − 1)! ≡ −1(mod p). It follows that p = 3 contradicting
p ≥ 11.

Case 2. n = p+ 1.

By Lemma 2,mp(Ap+1) =
(p−1)!·(p+1)

2 . Note that |G| = p·mp(Ap+1) =
(p+1)!

2 .
So G has a maximal subgroup of order mp(Ap+1) (actually, the maximal sub-

group is a Hall π(G)\{p}-subgroup). Then by Lemma 4, (p−1)!·(p+1)
2 ≡ (p−1)!

2 ≡
1(mod p). But by Lemma 3 (p − 1)! ≡ −1(mod p). It follows that p = 3
contradicting p ≥ 11.

Case 3. n = p+ 2.

By Lemma 2, mp(Ap+2) = (p−1)!·(p+1)(p+2)
2 . Similarly as the proof of Case

1 or 2, we have (p−1)!·(p+1)(p+2)
2 ≡ (p − 1)!(p + 2) ≡ 1(mod p). It follows from

Lemma 3, that (p+ 2) ≡ −1(mod p) so p = 3, a contradiction.

Lemma 11. p is the odd component of G. In particular s(G) ≥ 2.

Proof. We knew that An with n ∈ {p, p + 1, p + 2} is Cpp-group. In fact, we
show that G is also a Cpp-group. Assume the contrary, then there exists an
element x of G of order r such that r ·p | |CG(x)|. Let y be an element of CG(x)
having order p. Then xy = yx. Since |Gp| = p, then Gp ia abellian and |yG| is a
p′-number. But by Lemma 5, |yG| | |(xy)G|. It follows that [|xG|, |yG|] | |(xy)G|.
But mp(G) is the only maximal p′-number of conjugacy classes sizes of G since
|G| = n! and |G| = p · mp(G). Thus p divides |xG|. Hence pr · mp(G) divides
|(xy)G| Therefore |(xy)G| ≥ prmp(G) ≥ 2|G|, a contradiction.
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By Lemma 11, s(G) ≥ 2, and so, by Lemma 8, G has one of the following
structures:

(1) G is a Frobenius group or 2-Frobenius group;

(2) G has a normal series 1 ≤ K ≤ H ≤ G such that π(G/H) ∪ π(K) ⊆ π1
and H/K is a non-abelian simple group. In particular, K is nilpotent,
G/H . Out(H/K) and the odd order components of G are the odd order
components of H/K.

So in the following, we consider case by case.

Lemma 12. G is neither a Frobenius group nor a 2-Frobenius group.

Proof. Suppose the contrary. we first consider when G is a Frobenius group
with kernel K and complement H. By Lemma 9, {π(K), π(H)} = {π((p −
1)!), {p}}. The following two cases are considered:

(1) If π(H) = {p}, then p ≥ 11 and π(K) = π((p − 1)!). By Lemma 6, there
is a prime r such that p+1

2 < r < p. Since K is nilpotent and Gr is of
order r, then Lemma 9(2) implies p = |H| | |Gr| − 1 = r − 1 < p − 1, a
contradiction.

(2) If π(K) = {p}, then π(H) = π((p−1)!). Lemma 6, there is a prime r with
that p+1

2 < r < p and |Hr| = r. Hence [K]Hr is a Frobenius group and

so, |Hr| | |K| − 1 < p− 1. It follows that r < p−1
2 , a contradiction.

Let G be a 2-Frobenius group. Then G is soluble contradicting to Lemma 10.

Lemma 13. Let G be a finite group and r ∈ π(G). If r2 - |G|, then G has
a normal series 1 ≤ K ≤ H ≤ G, such that H/K is a simple group and
r ∈ π(H/K).

Proof. Since G is a finite group, G has a chief series. So let G0 ≤ G1 ≤
G2 · · · ≤ Gl = G be a chief series of G. There exists some t, such that 1 ≤ t ≤ l
and r ∈ π(Gt) \ π(Gt−1). Let H = Gt and K = Gt−1, then 1 ≤ K ≤ H ≤
G is a normal series of G and H/K is a chief factor of G. Therefore H/K
is a minimal normal subgroup of G/K. We know that the chief factors are
characteristically simple. Also every characteristically simple group is a simple
group or a product of isomorphic simple groups. So H/K is a simple group or
a product of isomorphic simple groups. If r2 - |G|, then by Lemma 1, |Gr| = r
and r > [n2 ]. By Lemma 7(4), r - Out(H/K). So we have r | |K|. By our
assumption, p ≥ 11 and so there is a Hall {p, r}-subgroup L with p ̸= r. So L
is cyclic and hence there is an element of order p · r, contradicting Lemma 11.
It follows that r ∈ π(H/K).

Lemma 14. H/K is not isomorphic to any sporadic simple groups.
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Proof. Suppose the contrary. By Lemma 13, for any prime r such that p+1
2 <

r < p, then r ∈ π(H/K). By Tables 1, 2 and 3, H/K is not isomorphic to
one of the following groups: M12, Ru, He, McL, Co1, Co3, HN , M11, M23,
M24, J3, Co2, Fi23, F2, F3, J1, ON , LyS, Fi

′
24, F1 and J4. If K/H ∼= J2, then

|K/H| = 27 · 33 · 52 · 7, so p = 7 and hence, 52 | |H/K| - |An| contradicting
Lemma 1, If K/H is isomorphic to McL or HS, then p = 11 and hence, 53 |
|H/K| - |An|, a contradiction. If H/K is isomorphic to Szu or Fi22, then p = 13
and hence, |H/K| - 2|An|, contradiction. Finally, H/K ∼= M22, then p = 11.
Since |G| = |K||H/K||G/H|, then |H|3 = 33. By Lemma 11, 3 · p ̸∈ ω(G). It
follows that the Sylow 11-subgroup acts fixed freely on the set of elements of
order 3 and so 11 | 32 − 1, a contradiction.

Lemma 15. H/K is not isomorphic to any finite simple groups of Lie type.

Proof. By Lemma 10 G is insoluble. If r ∈ π(G) and r2 - |G|, then by Lemma
13, r | |H/K|. By Lemma 11, p is the odd component of G and so is of H/K.
By Lemma 7

(1) If P is not isomorphic to 2G2(q), then, for every i, there is at most one
prime number s ∈ πi(P ) such that (r + 1)/2 < s < r.

(2) If P is isomorphic to 2G2(q), then there are at most three prime numbers
s ∈ π(P ) such that (r + 1)/2 < s < r.

(3) s(G) ≥ 2 and p ∈ {mi} for i ≥ 2

In the following, we consider three cases.

(1) s(G) = 2.

1.1. H/K ∼= Ap′−1(q
′) with (p′, q′) ̸= (3, 2), (3, 4). We have

p =
q′p

′ − 1

(q′ − 1)(p′, q′ − 1)
.

By Lemma 6, p ≤ 13 and so (p′, q′) = (3, 3). Thus |A2(3)| = 33 · 23 · 2 · 13,
which contradicting Lemma 13.

1.2. H/K ∼= Ap′(q
′) with q′ − 1 | p′ + 1. Then p = q′p

′−1
q′−1 . By Lemma 6,

p ≤ 13 and and so (p′, q′) = (3, 3). Thus |A3(3)| = 33 · 24 · 5 · 23 · 2 · 13,
which contradicting Lemma 13.

1.3. H/K ∼=2 Ap′−1(q
′). Then

p =
q′p

′
+ 1

(q′ + 1)(q′, p′ + 1)
.

Similarly, p ≤ 13 and so q′ = 4, p′ = 3. Hence |2A2(4)| = 212 · 3 · 5 · 3 · 13.
But 11 | |H/K|, a contradiction.
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1.4. H/K ∼=2 A3(2). Then p = 5 and so 26 - 2|An| by Lemma 1, a
contradiction.

1.5. H/K ∼= Bn(q
′) with n = 2m ≥ 4, q′ odd. Then p = (q′n + 1)/2. Thus

q′ = 5 and n = 2 � 4, contradicting Lemma 1.

1.6. H/K ∼= Bp′(3). We have p = 3p
′−1
2 and so p = 3. It follows that

39 | |An|, a contradictino.

1.7. H/K ∼= Cn(q
′) with n = 2m ≥ 2, q′ odd. Then p = q′n+1

(2,q−1) and so

q′ = 5, n = 2. It follows that 54 | |An|, a contradiction.

1.8. H/K ∼= Cp′(q
′) with q′ = 2, 3. Then p = q′p

′−1
(2,q′−1) and so p′ = 3, q′ = 3.

Whence, 39 | |An|, a contradiction.

1.9. H/K ∼= Dp′(q
′) with p′ ≥ 5, q = 2, 3, 5. Then p = q′p

′−1
q′−1 and so

p′ = 3 � 5, a contradiction.

1.10. H/K ∼= Dp′+1(q
′) with q′ = 2, 3. p = q′p

′−1
(2,q′−1) and so p′ = 3, q′ = 3.

Whence, 312 | |An|, a contradiction.

1.11. H/K ∼=2 Dn(q
′) with n = 2m ≥ 4. Then p = q′n+1

(2,q′+1) . Then

p = q′n+1
(2,q′+1) and so q′ = 5, n = 2. Since |2D2(5)| = 52 · 22 · 13, then

11 - |An| contradicting Lemma 13.

1.12. H/K ∼=2 Dn(2) with n = 2m + 1 ≥ 5, H/K ∼=2 Dn(3) with 9 ≤
2m + 1 ̸= p′ and H/K ∼= F4(q

′) with q′ odd. There is no prime number

r such that 7 ≤ r = 2n−1 + 1 ≤ 13, 7 ≤ r = 3n−1+1
2 ≤ 13 and 7 ≤ r =

q′4 − q′2 + 1 ≤ 13.

1.13. H/H ∼=2 Dp(3) with 5 ≤ p′ ̸= 2m = 1. Since p = 3p
′
+1
4 , then p′ = 3.

Therefore 36 | |An|, a contradiction.

1.14. H/K ∼=3 D4(q
′). Then p = q′4−q′2+1 and so q′ = 2 since 7 ≤ p ≤ 13.

But 11 - |3D4(2)| = 212 · 32 · 7 · 3 · 3 · 7 · 13 contradicting Lemma 13.

1.15. H/K ∼= G2(q
′) with 2 < q′ ≡ ϵ mod 3, ϵ = ±1. Then p = q′2−εq′+1

and so q′ = 4, ε = 1. It follows that 224 | 2|An|, a contradiction.

1.16. H/K ∼=2 F4(2)
′. Then p = 13 and 11 | |2F4(2)

′|, a contradiction.

1.17. H/K ∼= E6(q
′). Then p = q′6+q′3+1

(3,q′−1) > 13 and so we rule out this
case.

(2) s(G) = 3.

2.1. H/K ∼= A1(q
′) with 4 | q′ + 1. By Lemmas 7(2) and 13, 7 ≤ p ≤ 13.

Thus p = q′ or p = q′−1
2 .

If the former, then p = q′ = 7 and p = q′ = 11. If p = q′ = 7, then 5 - |An|,
a contradiction. If p = q′ = 11, then 7 - |An|, a contradiction.
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If the latter, then q′ = 23 � 13, a contradiction.

2.2. H/K ∼= A1(q
′) with 4 | q − 1. Then p = q′ or p = q′+1

2 . If the
former, then p = q′ = 13 and so 7 - |An|, a contradiction. If the latter,
then p = 13, q′ = 25 and so 7, 11 - |An|, a contradiction.

2.2. H/K ∼= A1(q
′) with 2 | q′. Then p = q′ + 1 or p = q′ − 1. If the

former, there is no solution since 7 ≤ p ≤ 13. If the latter, q′ = 8 and so
5 - |An|, a contradiction.

2.3. H/K ∼= A2(2). Then p = 7 and so 5 - |A2(2)|, a contradiction.

2.4. H/K ∼= E7(2) or H/K ∼= E7(3). Then the primes are larger than 13
and so we rule out these cases.

2.5. H/K ∼=2 A5(2). Then p = 11. In this case, 215 - 2|An|, a contradic-
tion.

2.6. H/K ∼=2 Dp′(3) with 5 ≤ p′ = 2m+1. Then p = 3p
′−1+1
2 or 3p

′
+1
4 . By

Lemmas 7(2) and 13, 7 ≤ p ≤ 13. Thus the equations have no solution.
Similar, we can rule out “H/K ∼=2 Dp′+1(2) with m ≥ 2, p′ = 2m − 1”.

2.7. H/K ∼= G2(q
′) with q′ ≡ 0 mod 3. Then p = q′2 − q′ + 1 or p =

q′2 + q′ + 1 and so q′ = 3. But 5 - |An|, a contradiction.

2.8. H/K ∼=2 G2(q
′) with q′ = 32m+1 > 3. Then p = q′ −

√
3q + 1 or

p = q′+
√
3q+1. By Lemmas 7(3) and 13, p ≤ 37. It follows that q′ = 27.

Thus 11, 31 - |An|, a contradiction.

2.9. H/K ∼=2 F4(q
′) with q′ = 22m+1 > 2 and H/K ∼= F4(q

′) with q′ even.
In both cases, there is no solution.

(3) s(G) > 3.

3.1. H/K ∼= A2(4). Then |K/H| = 26 · 32 · 5 · 7 and so p = 7, m7(A2(4)) =
26 · 32 · 5.
If n = 7, then 26 | 7!, a contradiction.

If n = 8, then by [9, pp. 24], m2(A2(4)) = 32 · 5 · 7. Since in this case,
|H/K| = |A8|, then |G| = |A8|. But m2(A8) = 3 · 5 · 7, a contradiction by
Lemma 2.4 of [1].

If n = 9, then |G| = |A9| = 26 · 34 · 5 · 7 by hypotheses, and so m2(A9) =
33 · 5 · 7, m7(A9) = 26 · 34 · 5. By Lemma 8(2) and [9], A2(4) ≤ G/K ≤
Aut(A2(4)). If G/K ∼= A2(4), then |K| = 32 and Z(G) = 32. It follows
that there is an element of order 3 · 7, contradicting to Lemma 11. If
G/K ∼= Aut(A2(4)), then since |Out(A2(4))| = |2 × S3| = 22 · 3, order
consideration rules out.

3.2. H/K ∼=2 E6(2). Then p = 19 
 13, a contradiction.

3.2. H/K ∼=2 B2(q
′) with q′ = 22m+1 > 2. Then p = q′ − 1, q′ −

√
2q′ + 1

or q′ +
√
2q′ + 1 and so, q′ = 8. But 11 - |An|, a contradiction.
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3.3. H/K ∼= E8(q
′). In these cases, p > 13 and so , we rule out these

cases.

This completes the proof of the lemma.

Lemma 16. G is isomorphic to An with n ∈ {p, p+ 1, p+ 2}.

Proof. By Lemmas 12, 14 and 15, H/K ∼= An. Order consideration, we have
that n = p, p+ 1, p+ 2.

If n = p, then Ap ≤ H/K ≤ Sp. If H/K ∼= Ap, then order consideration gets
the desired results. If H/K ∼= Sp, then we rule out this case by group order.

Similarly, we can conclude that G ∼= Ap+1 if n = p+1; G ∼= Ap+2 if n = p+2.

The Lemma is proved.

This completes the proof of Main Theorem.
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