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Abstract. Let (T'(t));>0 be a Cy-semigroup on a Banach space X. In this paper, we
show that if there exists ¢y > 0 such that T'(¢g) is a pseudo B-Fredholm operator, then
T(t) is pseudo B-Fredholm for all ¢ > 0, which is equivalent that T'(¢) is generalized
Drazin invertible for all ¢ > 0. Also we prove that the spectral inclusion of strongly
continuous semigroup hold for pseudo Fredholm, generalized Drazin and pseudo B-
Fredholm spectra.
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1. Introduction

Throughout, X denotes a complex Banach space, let us denote by B(X) the
algebra of bounded linear operators on X, let A be a closed linear operator on X
with domain D(A) C X, we denote by A*, N(A), R(A), R™®(A) =(),,>¢ R(A™),
N>®(A) =, >0 N(A™), K(A), Ho(T), p(A), o(A), respectively the adjoint, the
null space, the range, the hyper-range, the hyper-kernel, the analytic core, the
quasi-nilpotent part, the resolvent set and the spectrum of A.

A closed operator A is said to be semi-regular if R(A) is closed and N(A) C
R>*(A), see [11]. A closed linear operator A is said to be upper semi-Fredholm if

*. Corresponding author
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R(A) is closed and dimN (A) < oo, and A is lower semi-Fredholm if codimR(A) <
oo. If dimN(A) and codimR(A) are both finite then A is called Fredholm oper-
ator.

A closed operator A admits a generalized Kato decomposition (GKD) if
there exist M, N two closed subspaces of X, A-invariant such that X = M @& N
and A = Ay ® Ay, with Ay is a quasi-nilpotent operator and A, is a semi-
regular operator, in this case A is called a pseudo-Fredholm operator (see [9,
Definition 1]). The pseudo-Fredholm spectrum is defined by

opr(A) ={A € C : A— Xis not pseudo-Fredholm}.

An operator A is called a pseudo B-Fredholm operator [1], if A|y; is a Fredholm
operator and Ay is a quasi-nilpotent operator. If A, is an upper semi Fred-
holm operator, A is called upper pseudo B-Fredholm. Also if Ajp; is a lower
semi Fredholm operator, A is called lower pseudo B-Fredholm [17].

The pseudo B-Fredholm spectrum, the upper pseudo B-Fredholm spectrum
and the lower pseudo B-Fredholm spectrum are defined respectively by:

opr(A) ={A € C: A — Xis not pseudo B-Fredholm},
oupBr(A) ={A € C: A— Xis not upper pseudo B-Fredholm},
opr(A) ={A € C: A— Xis not lower pseudo B-Fredholm}.

The concept of generalized Drazin invertible operator has been defined by
Koliha. A closed operator A is said to be generalized Drazin invertible, if there
exists an operator S € B(X), R(S) C D(A), R(I—AS) C D(A), and SA = AS,
SAS =8, 0(A(I — SA)) = {0}, this is equivalent that A = A; & Ay where A;
is an invertible operator and As is a quasi-nilpotent operator [8].

Let E be a subset of X. E is said T-invariant if T'(E) C E. If E and F' are
two closed T-invariant subspaces of X such that X = E ® F, we say that T is
completely reduced by the pair (E, F') and it is denoted by (F,F) € Red(T).
In this case we write T' =T g ® T, and say that T is the direct sum of T\ and
TF.

In [3], M D. Cvetkovi¢ and SC. Zivkovié-Zlatanovié introduced and studied
a new concept of generalized Drazin invertibility of bounded operators as a
generalization of generalized Drazin invertible operators. In fact, an operator
T € B(X) is said to be generalized Drazin bounded below if Hy(T') is closed
and complemented with a subspace M in X such that (M, Hyo(T)) € Red(T)
and T(M) is closed which is equivalent to there exists (M, N) € Red(T) such
that T)ps is bounded below and T)y is quasi-nilpotent, see [3, Theorem 3.6].
An operator T' € B(X) is said to be generalized Drazin surjective if K(T) is
closed and complemented with a subspace N in X such that N C Hy(7T) and
(K(T),N) € Red(T) which is equivalent to there exists (M, N) € Red(T') such
that T}y is surjective and 7|y is quasi-nilpotent, see [3, Theorem 3.7].
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The generalized Drazin invertible spectrum, generalized Drazin bounded be-
low and surjective of T' € B(X) are defined respectively by

ogp(A) ={A e C: A— \isnot generalized Drazin },

ggpm(T) ={X € C, T — X is not generalized Drazin bounded below};

ogpo(T) = {X € C, T — Al is not generalized Drazin surjective}.

We have:
09p(T) = 0gpm(T) Uoypo(T).

A family (T'(t))¢>0 of operators on X is called a strongly continuous semi-
group of operators if:

1. T(0) :=1I,

2. T(s+1t):=T(s)T(t) forallst>0

3. limy 0T (t)z := x, for every € X.

The linear operator A defined in the domain:

T(t)r —x

D(A) = Xl st
(A)={z € tlﬁ)l exists}
by
— +
Ay — hmT(t):c T _ dTT(t)x
t10 t dt

lt=o for x € D(A)

is the infinitesimal generator of the semigroup T'(t), we note that the domain of
A is dense in X and A is a closed operator.
In [2], [5] and [12], the authors proved that: (1) C ¢(T'(t)) and () C
v(T(t)) C e’ MU{0} where v € {0,,0,}, point spectrum and residual spectrum.
After than Engle et al. [5] give a condition for a strongly continuous semi-
group that satisfies this equality for spectrum and approximative spectrum, they
proved that:

oap(T () \ {0} = eloer(D) ¢ >0,
and
a(T(t) \ {0} = el7) ¢ > 0,

where T'(t) is a eventually norm-continuous semigroup.
A. Elkoutri and M. A. Taoudi [4] proved that:

e C u(T(t)), for all t >0,
where v(.) € {04(.);04e(.);0x(.);0r(.)} the semi regular spectrum, essentially

semi regular spectrum, upper semi-Fredholm and Fredholm spectrum, respec-
tively.
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In [14] we gave conditions of a strongly continuous semigroup that satisfies:
e C g, (T(t)) C e U {0},

for 0,(A) the semi regular spectrum, essentially semi regular spectrum, upper
semi-Fredholm and Fredholm spectrum and proved that the first inclusion is true
for B-Fredholm spectrum. In the same direction we proved that this inclusion is
hold for Drazin invertible spectrum and quasi-Fredholm spectrum see [15]. The
main objective of this article is to continue in the same direction and develop-
ment of spectral theory for a Cy-semigroup and its generator. In section 2 we will
give some proposition for the decomposition of strongly continuous semigroup
and we prove that if there exists ty such that T'(¢y) is upper pseudo B-Fredholm
(res.Jower pseudo B-Fredholm, pseudo B-Fredholm) operator then 7'(¢) is upper
pseudo B-Fredholm (resp.lower pseudo B-Fredholm, pseudo B-Fredholm) for all
t > 0, same thing for left and right generalized Drazin invertible, B-Fredholm
operator and for Drazin invertible.

In section 3 we prove that the spectral inclusion of strongly continuous semi-
group hold for the pseudo-Fredholm spectrum, pseudo-B-Fredholm and gen-
eralized Drazin spectrum. Also, we will prove under the condition of a Cj-
semigroup, that The following assertions are equivalents:

(i) A is pseudo-Fredholm;

(ii) A is generalized Drazin invertible;

(iii) A is pseudo B-Fredholm.

2. Decomposition of strongly continuous semigroup.

Let T'(t) be a strongly continuous semigroup and A its infinitesimal generator.
In the first we will gives the following definition and some properties necessary
for proof the subsequent results.

Subspace semigroups [5]. If Y is a closed subspace of X such that T'(t)Y C Y
for all t > 0, (i.e., if Y is (T'(t))s>0-invariant), then the restrictions T'(t)| :=
T'(t))y form a strongly continuous semigroup (7'(t)|)i>0, called the subspace
semigroup, on the Banach space Y.

The part of A in Y is the operator A defined by

Ay = Ay
with domain
D(A) :={ye D(A)NY : Ay e Y}.
In other words, A is the "maximal” operator induced by A on Y and, as will

be seen, coincides with the generator of the semigroup (7'(t)|)¢>0 on Y.

Proposition 2.1 ([5]). Let (A, D(A)) be the generator of a strongly continuous
semigroup (T(t))i>0 on X and assume that the restricted semigroup (T'(t)|)i>0
is strongly continuous on some (T'(t))¢>o-invariant Banach space Y — X. Then
the generator of (T(t)|)i>0 is the part (A, D(A|)) of AinY.
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Lemma 2.1 ([6, Lemma 332]). If A is a closed linear operator (X — X') with
B(A) < 0o, then A has closed range.

It is clear that, if (T'(t)):>0 and (S(t))i>0 two Cp-semigroups with generators
A and B respectively, then for all ¢t > 0, R(t) = T(t)®S(t) is a Cy-semigroups its
generator is R = A® B [16], in the following proposition we prove the converse.

Now we denote by T'(t)|x, the restrictions of T'(t) on X and T'(t)x, the
restrictions of T'(t)¢>0 on X,.

Proposition 2.2. Let(A, D(A)) be the generator of a strongly continuous semi-
group (T'(t))e>o0. If there exist X, X, two closed (T'(t))i>0-invariants subspaces
of X, such that X = X @ X, then T(t)x, and T(t)x, are strongly con-
tinuous semigroups, furthermore the generator of a strongly continuous semi-
group T(t) = T(t)x, ® T(t)x, is A = Ax,np) © Ax,np(a) defined in
D(A)=D(A)NX;® D(A) N X,.

Proof. According to the definition of subspace semigroup and X,, X, are a

closed (T'(t))>o-invariants subspaces of X, then X and X, are a Banach spaces

therefore the strongly continuity of (7'(t) x, )i>0 and (T'(t) x, )t>0 are automatic.
Moreover the existence of

o1
Yy = ltlf(z)l ;(T(t)xs —z5) € X,
for some x5 € X implies that y € X, therefore the generator of (7'()|x,)t>0 is
A|x,np(a) With domain D(A) N X, the same for the generator of (T'(t),x, )t>0 is
A\ x,np(a)y With domain D(A) N X, and A|x,~p(a) D A|x.nD(4) is a generator of
a strongly continuous semigroup T'(t) = T'(t) x, ® T'(t)|x, with domain D(A) =
DANXs@e@DA)NX,=DA)N(Xs®X,) =D(A)NX. O

Remark 1. We recall that the Cp-semigroup (7'(t)):>0 is nilpotent if there
exists top > 0, such that T'(t) = 0 for ¢ > to. It is clear that if there exists ¢y > 0,
such that T'(t) is nilpotent operator then 7'(¢) is nilpotent for all ¢ > 0.

Also, we recall that the Cp—semigroup (7'(t))+>0 is quasi-nilpotent if {0} =
o(T(t)), then if there exists tgp > 0, such that T'(¢y) is quasi-nilpotent operator
then T'(t) is quasi-nilpotent for all ¢ > 0.

Now we will proof the following property that depends of the decomposition
of strongly continuous semigroup.

Proposition 2.3. Let (T'(t))i>0 be a Cy-semigroup.

1. If there exists tg > 0 such that T'(to) is upper pseudo B-Fredholm then T'(t)
is upper pseudo B-Fredholm for all t > 0.

2. If there exists to > 0 such that T (to) is lower pseudo B-Fredholm then T (t)
1s lower pseudo B-Fredholm for all t > 0.
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3. If there exists tg > 0 such that T (to) is pseudo B-Fredholm then T'(t) is
pseudo B-Fredholm for all t > 0.

Proof. 1. If there exists g > 0 such that T'(to) is upper pseudo-B-Fredholm
then there exist two closed T'(to)-invariants subspaces X1, Xo C X such that
T(to) = T(to)x, ® T(to)|x,, T (to)x, is upper semi Fredholm and T'(to)x, is
quasi-nilpotent. Since T'(fo)|x, is upper semi Fredholm then a(7(t)x,) < o0
and R(T(to)|x,) is closed. We show that o(T(t)x,) < oo and R(T(t)x,) is
closed for all £ > 0. Since a(T'(t0)|x,) < oo then 0 is an eigenvalue with finite
multiplicity of T'(tg). As proof [12, Theorem 6.6], let 2 € X;,2 # 0 be an
eigenvector associated to 0. Putting t; = to/2, then T'(tg)z = T(t1)T(t1)x = 0,
hence 0 is an eigenvalue of T'(¢1). Proceeding by induction, we define a sequence
(tn)nen with ¢, — 0 as n — oo such that 0 is an eigenvalue of T'(¢,,), for all n €
N.
For n > 0, we define the sets

Fo=N(T(ta)x,) [ [z € X1 : [Ja]] = 1}.

Clearly, the inclusion N(T(s)|x,) € N(T'(t)x,), for s > t implies that (f ,)n
is a decreasing sequence (in the sense of the inclusion) of nonempty compact
subsets of Xi. Thus (02 Fn # 0. If z € ()2, F » then

(**) T (tn)z — x| = ||z|| =1 for all n > 1

Since t, — 0 as n — oo, (**) contradicts the strong continuity of (T7'(t)|x, )i>0-

This shows that N(T'(t0)x,) = {0}, that is, (T'(t0)x,) is injective and
a(T(to)x,) = 0. Let 0 < t < tp. The inclusion N(T'(t)|x,) € N(T(to)|x,) implies
that a(T'(t)x,) = 0. Assume now that ¢ > tg and z € N(T'(t) x, ), then there ex-
ists an integer n such that nty > ¢ and therefore T'(ntg)x = T'(ntg—t)T(t)x = 0.
Hence, we have x = 0 and consequently N (7'(t)x,) = {0} for all ¢ > t¢, therefore
(T'(t)|x,) is injective and a(T'(t)x,) = 0 for all ¢ > 0.

It remains to show that R(7'(t)x,) is closed for all ¢ > 0. Assume that
T'(to)|x, is upper semi Fredholm , then a(T'(to)|x,) < oo and B(T(to)x,) = o©
(if B(T'(to)|x,) < oo, as proof (2) then B(T'(t)x,) < oo for all ¢ > 0 according
to lemma 2.1 R(T'(t)|x,) is closed). Let T*(to) be the dual operator of T'(to).
Obviously, (T™(to)|x; ) is lower semi Fredholm and consequently S(T™(to)x;) <
oo. Hence B(T™(t)x;) < oo for all t > 0. Now applying lemma 2.1 we infer
that R(T*(t)) is closed in X7, for all £ > 0. This together with the closed graph
theorem of Banach [19, page 205] implies that R(7(t)) is closed in X; for all
t > 0. Therefore T'(t)x, is upper semi Fredholm for all ¢+ > 0. Also we have
T'(to)x, is quasi-nilpotent implies that T'(t)|x, is quasi-nilpotent for all ¢ > 0,
therefore T'(t) is upper pseudo B-Fredholm for all ¢ > 0.

2. To prove this item, we will proceed by duality. Let (T7(t))i>0 be the
dual semigroup of (7'(t)):>0. Since B(T'(¢)x,) = a(T™()|x:), then it suffices to
show that a(T™(t)x;) = 0 for all t > 0. By hypothesis, we have a(T*(t0)|x;) <
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oo. Let z* be an element of N(T*(to)x;). Arguing as above, we construct a
sequence (tp)nen with ¢, — 0 as n — oo such that 0 is an eigenvalue of T*(t,,),
for all n € N and we define the sets

T = N(T*(t)xp) (2" € X7+ [la]] # 1)

Clearly, the inclusion N(T%(s)|xs) € N(T*(?)x;), for s > ¢, imply that (TTn)n
is a decreasing sequence (in the sense of the inclusion) of nonempty compact
subsets of X7. Thus

oo
() Tn # 0.
n=0
If * € (N, Tn then
() | <T*(tp)z" —2" x> |=| <z, >|#0 ¥Yn>1, foral x € X;.

Using the fact that (7(¢))+>0 is continuous in the weak* topology at t = 0,
we conclude that
() %E)I(l)’ <T*(tp)z" —z*,x > |=0, forallze X;.

Combining (***) and (****), we obtain < z*,z >= 0 for all x € X;. This
shows that z* = 0 and therefore a(T%(ty)) = 0. By the same argument as above,
we show that a(T™(t)x») = 0 for all ¢ > 0.

Assume now that T'(to)|x, is lower semi Fredholm, then 3(T'(tg)) < oo and
a(T(to)x,) = oo (if a(T'(to)|x,) < oo the proof is contained in (1)). It follows
From the above that 8(T(t)x,) < oo for all ¢t > 0. Again using 2.1 we see that
R(T(t)|x,) is closed in Xj for all ¢ > 0, which completes the proof of (2).

3. It follows from (1) and (2). O

The proof of the following Theorem produces directly from proof of Propo-
sition 2.3.

Note that (7'(t))¢>0 is upper(lower) pseudo B-Fredholm if (7'(¢));>0 is up-
per(lower) pseudo B-Fredholm for all ¢ > 0.

Theorem 2.1. Let (T'(t))t>0 be a Co-semigroup.

1. A Cy-semigroup T'(t) is upper pseudo B-Fredholm if and only if T(t) is
generalized Drazin bounded below.

2. A Cy-semigroup T(t) is a lower pseudo B-Fredholm if and only if T(t) is
generalized Drazin surjective.

3. A Cy-semigroup T(t) is pseudo B-Fredholm if and only if T(t) is general-
ized Drazin invertible.

Proposition 2.4. Let tg > 0 and let (T(t))i>0 be a Cy-semigroup on X.
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1. If T(ty) is a B-Fredholm operator, then T(t) is a B-Fredholm operator for
allt > 0.

2. If T(to) is Drazin invertible, then T(t) is Drazin invertible for all t > 0.

3. If T(to) is a generalized Drazin invertible operator, then T(t) is a gener-
alized Drazin invertible operator for all t > 0.

Proof. 1. Suppose that T'(ty) is a B-Fredholm operator, then there exist two
closed subspaces X1, Xo C X T'(t)-invariants, such that

X = X1 ® X, T(to) = T(to)x, ® T(to)x,-

T'(to)|x, is a Fredholm operator and T'(t9)|x, is nilpotent. Moreover as a Cop-
semigroup T'(to)|x, is a Fredholm operator, then according to proof (3) of Propo-
sition 2.3, we have T'(t),x, is a Fredholm operator for all ¢ > 0 and also from
remake 1 T'(t)|x, is nilpotent for all # > 0. This show that 7'(¢) is a B-Fredholm
operator, for all ¢ > 0.

2. Suppose that T'(tg) is Drazin invertible, then there exist two closed sub-
spaces X1, Xo C X T(t)-invariants, such that

X =X1 0 Xa, T(to) =T(to)x, © T(to)x,-

(to)|x, is an invertible operator and T'(tp)x, is nilpotent. As a Cp-semigroup
(to)|x, is an invertible operator, according to [5, Proposition page 80], we have
(t)|x, is an invertible operator for all t > 0 and also T'(t),x, is nilpotent for all
> 0. This show that T'(¢) is a Drazin invertible operator, for all ¢ > 0.

By the same argument of (2) O

e

0.
3.

3. Spectrum inclusion for Cj-semigroup

To continue the development of a spectral theory for semigroups and their gen-
erators, we will give a technique to prove that the inclusion spectral is holds
for opr, 019D, 0rgD,0¢p and o,pr. For this we begin with proved the following
result which will be used to prove the following theorem.

Proposition 3.1. Let (T(t))s> a Co-semigroup and A its generator. If eN—T(t)
is quasi-nilpotent for some A € C, then A — A is quasi-nilpotent.

Proof. We have eM—T'(t) is quasi-nilpotent for some A € C, then o (e —T(t)) =
{0}, since et C o(T(t)) = {eM}, this implies that o(A) C {\} therefore
(A — A) C {0}. Hence A\ — A is quasi-nilpotent. O

Theorem 3.1. For the generator A of a strongly continuous semigroup (T'(t))¢>0
we have the spectral inclusion

A Cu(T(t), t>0.

Where v(.) € {opr(.);opBr(.)}-
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Proof. Pseudo-Fredholm spectrum. Let ¢ty > 0 be fixed and suppose that
(eMo — T(tg)) is pseudo-Fredholm, for some A € C\ {0}. Then there exist two
closed (e*o — T'(tg))-invariant subspaces X1, X5 of X such that X = X; @ Xo,
(eMo —T(to))x, is a semi regular operator and (eMo —T(to))|x, is quasi-nilpotent.

From [4, Theorem 2.1] this implies that (A — A)|(p(a)nx,) is a semi regular
operator and according to proposition 3.1, we have (A — A)|( D(A)NX2) 18 quasi-
nilpotent, then (A — A) is pseudo-Fredholm.

Pseudo B-Fredholm. Let ty > 0 be fixed and suppose that (eMo — T'(tg)) is
pseudo B-Fredholm, for some A € C\ {0}. Then there exist X, X2 two closed
(eMo — T(tg))-invariant subspaces of X, such that

X =X, ®Xs,eM — T(to) = (M — T(t0))1x, @ (e — T(t0)))x,

(e’ —T(ty)))x, is a Fredholm operator and (e*0 — T(to)‘)x2

From [13] this implies that (A — A)|(p(a)nx,) is a Fredholm operator and accord-
ing to proposition 3.1, we have (A — A)|(p(4)nx,) is quasi-nilpotent, then (A — A)
is pseudo B- Fredholm. O

is quasi-nilpotent.

By the same argument we can proof the following theorem.

Theorem 3.2. For the generator A of a strongly continuous semigroup (T'(t))¢>0
we have the spectral inclusion

A C (T (b)), t>0.

Where I/() S {UupBF(.);leBF(.)}.

Theorem 3.3. For the generator A of a strongly continuous semigroup (T'(t))¢>0
we have the spectral inclusion

A C (T (b)), t>0.

Where v(.) € {ogpm(.);09p0(.); 0gD(.)}-

Proof. Generalized Drazin bounded below:
Suppose that (eM0 —T(tg)) is generalized Drazin bounded below, then, there
exist (X1, X2) two closed (eMo — T(tg))-invariant subspaces of X, such that

X =X, ® X, eM —T(t) = (™ — (T(to))1x, @ (€M — T(t0)) x5

(eMo — T'(to))|x, is bounded below, and (eMo — T'(to))|x, is quasi-nilpotent.
From [5], this implies that (A — A)|(p(4)nx,) is bounded below, and according
to proposition 3.1, we have (A — A|(p(a)nx,)) is quasi-nilpotent, then (A — A) is
generalized Drazin bounded below.
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erMo — T(tg)) is generalized

Mo — T(t))-invariant

Generalized Drazin surjective. Suppose that (
Drazin surjective, then there exist (X1, X3) two closed (e
subspaces of X, such that

X = X1 ® Xp,eM0 — T(tg) = (M — T(tn))|x, ® (e — T(to))|xs

(e/\to _ T(to))|X1 is surjective and (e/\to

have

— T'(t0))|x, is quasi-nilpotent. As we

X1 = R(eM —T(t))1x,) € RI(A— A)|(payxy)):

then (A — A)|(p(a)nx,) is surjective. According to proposition 3.1, we have
(A — A)|(p(a)nx>) is quasi-nilpotent, then (A — A) is right generalized Drazin
inverse.

Generalized Drazin inverse. Suppose that (e’ —T(ty)) is generalized Drazin
inverse then there exist (X1, X2) two closed (eM0 — T (tg))-invariant subspaces
of X, such that

X =X, ® Xs,eM — T(to) = (M — T(t0))1x, @ (M — T(t0)))x,

(eMo — T'(to))|x, is invertible and (eMo — T'(to))|x, is quasi-nilpotent.

As X1, X5 two subspaces closed of X then Xi, X5 are a Banach spaces and
from [5, 18] and [12, Theorem 2.3], we have (eM° — T'(tg)),y, is invertible this
implies that (A — A)|(p(a)nx,) is invertible, and according to proposition 3.1,
(eMo — T'(to))|x, is quasi-nilpotent, we have (A — A)|(p(a)nx,) is quasi-nilpotent,
then (A — A) is generalized Drazin inverse. O

In the end of this paper we prove the following theorem.

Theorem 3.4. Let A be the generator of a Cy-semigroup (T'(t))t>0-
If limtﬁootinHT(t)H = 0, for some n € N, the following assertions are equiv-
alents:

1. A is pseudo-Fredholm;
2. A is generalized Drazin invertible;
3. A is pseudo B-Fredholm.

Proof. (1) = (2) : Since A is pseudo-Fredholm then there exist (X1ND(A), X2N
D(A)) two closed A-invariant subspaces of D(A), such that

D(A) = X1iND(A) @ XaND(A); A= (Apanx) © (A pu)nx.)
(A|(D(a)nx>)) 18 quasi-nilpotent and (Aj(p(4)nx,)) is a semi regular operator.

Since A|(p(a)nx,) is a semi regular operator, therefore R(A|(XmD(A))) is
closed and N(A‘(leD(A))) - ROO(AKXlﬂD(A))) C R>®(A).
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Let y € N(A|(x,np(a))) then there exists z € (X1 N D(A")) such that y =
A'x.
We integrate by parts in the formal :

t
T(t)xr —xz = / T(s)Axds, for all z € (X; N D(A")), and for all £ > 0.
0
We obtain,

t —s)?

t? t :
T(t)r =x + tAz + EAQx + / ( 51 T(s)A3zds.
. 0 .

We repeat these operations we obtain:

T(t) n§1: T, / )" ) A
r = — X S xas.
Hence,
n-1 t n—1
t (t—s)
Tty =Y —AF
(t)x ] :n—l—y/o (=11 ds
k=0
n—1 tk o
_ Z k
k=0
Dividing by t™ > 0:
n—1
1 1 tk 1
—T(t)r = — — Ak —.
(D=3 22} Y

Aslimy,o0 7 ||T'()]| = 0 and limtﬁmtinzz;é%flkm =0 forall0 <k <n-1,
then Yy = 0, y1€ldS N(A\XlﬁD(A)) = {0}

On the other hand, let (T'(¢)");>0 with generator A’ the adjoint semigroup
of (T'(t))i>0. Since A|(x,np(a)) is semi regular, then A\,(X{OD(A/)) is also semi
regular see [10, Proposition 1.6]. By using the formula [18, Proposition 1.2.2],

t
T(t) 2 —a' = weak*/ T(s) A'2'ds, for all 2’ € (X]ND(A")), and for all ¢ > 0.
0

In the same manner as above we can show that: N(AT(X{QD(A’))) = {0}.

This is equivalent to R(A|(x,np(a))) = (X1 N D(A)).

Since R(A|x,np(a))) is closed therefore R(A|x, npay) = (X1 N D(A)).
Then A|(x,np(a)) is surjective then Ajx,np(a)) invertible and as Ajx,np(a)) is
quasi-nilpotent consequently A is generalized Drazin invertible.

(2) = (1): Obvious.

Since the class of generalized Drazin invertible operator is a subclass of
pseudo B-Fredholm operator and the class of pseudo B-Fredholm operator is a

subclass of pseudo-Fredholm operator, hence (1) and (2) and (3) are equivalent.
O



542 A. TAJMOUATI, M. AMOUCH anNp M.R.F. ALHOMIDI ZAKARIYA

Acknowledgement

The authors thank the referees for their suggestions, comments thorough reading
of the manuscript.

References

[1] E. Boasso, Koliha , Isolated spectral points-drazin invertible elements in
quotient banach algebras and homomorphism ranges, Math. Proc. Roy. Irish
Academy, 115A (2015), 1-15.

[2] Ph. Clément, H. J. A. M. Heijmans, S. Angenent, C. J. van Duijn, B. de
Pagter, One-parameter semigroups, Centre for Mathematics and Computer
Science, 1987.

[3] M D. Cvetkovi¢, SC. Zivkovié-Zlatanovié, Generalized Kato decomposition
and essential spectra, Complex Anal Oper Theory, 11 (2017), 1425-1449.

[4] A. Elkoutri, M. A. Taoudi, Spectral inclusions and stability results for
strongly continuous semigroups, IJMMS, 37 (2003), 2379-2387.

[5] K. Engel, R .Nagel, One-parameter semigroups for linear evolution equa-
tions, Springer-Verlag New York, 2000.

[6] T. Kato, Perturbation theory for nullity, defciency and other quantities of
linear operators, J. Analyse Math., 6 (1958), 261-322.

[7] J. J. Koliha, A generalized Drazin inverse, Glasgow Math. J., 38 (1996),
367-381.

[8] J. J. Koliha, T. D. Tran, The Drazin inverse for closed linear operators
and the asymptotic convergence of Cy-semigroup, J. Operator Theory, 46
(2001), 323-336.

[9] M. Mbekhta, Opérateurs pseudo-Fredholm.I: résolvant généralisé, J. Oper-
ator Theory., 24 (1990), 255-267.

[10] M. Mbekhta, On the Generalzed Resolvent in Banach Spaces, J. Math.
Anal. Appl., 189 (1995), 362-377.

[11] M. Mbekhta, A. Ouahab, Opérateur s-réqulier dans un espace de Banach
et théorie spectrale, Acta Sci. Math. (Szeged), 59 (1994), 527-545.

[12] A.Pazy, Semigroups of linear operators and applications to partial differen-
tial equations, Springer-Verlag New York, 1983.

[13] Seymour Goldberg et al., Srongly continuous semigroups of semi-Fredholm
operators. JMAA, 64 (1978), 407-420.



SOME SPECTRAL INCLUSION FOR STRONGLY CONTINUOUS SEMIGROUPS ... 543

[14]

[15]

[16]

[17]

A. Tajmouati, M. Amouch, Z. M. R. F. Alhomidi, Spectral equality for Coy-
semigroups and spectral inclusion of B-Fredholm, Rendiconti del Circolo
Matematico di Palermo series 2, 65 (2016), 425-434.

A. Tajmouati, M. Amouch, Z. M. R. F. Alhomidi, Spectral inclusion for
Cy-semigroups Drazin invertible and quasi-Fredholm, Bull. Malays. Math.
Sci. Soc., (2017).

A. Tajmouati, A.El Bakkali, A. Toukmati, On some properties of M-
hyperciclic Cy-semigroup, Itelian Jornal of Pure and Applied Mathematics,
35 (2015), 351-360.

A. Tajmouati, Mohammed Karmouni, Mbark Abkari, Pseudo semi B-
Fredholm and generalized Drazin invertible operartors through localized
SVEP, Ttalian Journal of Pure and Applied Mathematics, 38 (2017), 301-
314.

J.M.A.M. Van Neerven, The adjoint of a semigroup of linear operator, Lec-
ture Notes in Math., Springer-Verlag, 1992.

K. Yosida, Functional analysis, 6th ed., Grundlehren der Mathematischen
Wissenschaften, vol. 123, Springer-Verlag, Berlin, 1980.

Accepted: 12.12.2018



