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Abstract. A ring is called an almost pp— ring if the annihilator of each element of
R is generated by its idempotents. We prove that for a ring R and an Abelian group
G, if the group ring RG is an almost pp— ring then so is R, Moreover, if G is a finite
Abelian group then |G|™' € R. Then we give a counter example to the converse of this.
Also, we prove that RG is an almost pp—ring if and only if RH is an almost pp— ring
for every subgroup H of G. It is proved that the polynomial ring R [z] is an almost pp—
ring if and only if R is an almost pp— ring. Finally, we prove that the power series ring
R [[z]]is an almost pp— ring if and only if for any two countable subsets S and T of R
such that S C Anng (T), there exists an idempotent e € Anng (T') such that b = be for
allbe S.
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1. Introduction

All rings considered in this paper are assumed to be commutative with unity
1 # 0, and all groups are Abelian. Recall that a ring R is called a pf—ring if
every principal ideal is a flat R—module. An ideal I of a ring R is called pure if
for every a € I, there exists b € I such that ab = a. It is well known that a ring
R is a pf—ring if and only if Anng (a) = {x € R: xza =0} is a pure ideal for
every a € R, see [1]. There are different characterizations of pf—rings, see [7]
and [3]. A ring R is called a pp—ring if for each a € R, Anng (a) is generated by
an idempotent element in R. These rings were studied extensively in literatures,
see [5], [10], and [3]. As a generalization of pp—ring, Al-Ezeh in [4] introduced a
new class of rings called almost pp—rings. A ring R is called an almost pp—ring
if for each a € R, the annihilator ideal Annp (a) is generated by its idempotents.

*. Corresponding author
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It is known that a ring R is an almost pp—ring if and only if for every a € R
and b € Annpg (a), there exists an idempotent e € Anng (a) such that b = eb,
see [4, Theorem 1]. Some properties of almost pp—rings were investigated in [4]
and [13].

Clearly, every pp—ring is an almost pp—ring and every almost pp—ring is
a pf—ring. Every pf—ring is a reduced ring (a ring has no nonzero nilpotent
elements), see [1, Lemma 2|. Al-Ezeh in [4] gave an example of an almost pp—ring
which is not a pp—ring, and another example of a p f —ring which is not an almost
pp—ring.

Our aim in this paper to characterize when group rings RG are almost
pp—rings. Furthermore, we characterize when polynomial rings and power series
rings are almost pp—rings.

2. Almost PP—Rings

In this section, we establish general results on almost pp—rings.

Definition 2.1. Let R be a ring. Then R is said to be an almost pp—ring if for
every a € R, the annihilator Anng (a) is generated by its idempotents.

In some research, an almost pp—ring is called an ”almost weak Baer” ring.

Lemma 2.2. Let R be a Noetherian ring. Then R is an almost pp—ring if and
only if R is a pp—ring.

Proof. Clearly, if R is pp—ring, then R is an almost pp—ring.

Assume that R is an almost pp—ring and a € R. Then since R is a Noetherian
ring, Annpg (a) is finitely generated ideal. Also, Anng (a) is generated by its
idempotents. Hence, Anng (a) = >, ;R = eR where 1 —e = [[I", (1 —¢;).
Thus, R is a pp—ring. O

Lemma 2.3. Let (R;);c; be a family of commutative rings. Then R = [[;c; R
is an almost pp—ring if and only if R; is an almost pp—ring for all i € I.

Proof. Assume that R; is an almost pp—ring for each i € I and R = [[,.; R.
Let 2 = (x),c; and y = (y;);c; be two elements of R such that y € Anng (z).
Then, xy = (:);c; Wi)ier = (®i¥i);e; = 0. Since R; is an almost pp—ring for
every i € I, there exists an idempotent e; € Anng, (x;) such that y; = e;y;.

Hence, y = (4i)ie; = (€i)icr Wi)ics» (i)ies € Anng (z) and ((er);ie;)” =
(€i)ier -

Therefore, R is an almost pp—ring.

Conversely, assume that R = [[,c; R; is an almost pp—ring. Let i € I and
let z;, y; be two elements of R; such that y; € Annpg, (z;).

Ty, J =1

Consider z = («;) with o; = 0, jti and y = (ﬁj)jel, with §; =

jel”

=4
{gu .7 e So, y € Annpg (x) . Since R is an almost pp—ring, then there exists
. jF.
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an idempotent e = (¢;),.; € Annp (z) such that y = ey. That is for all j € I,
Bj = €;Bj, ej € Anng; (o) and e? =ej.

Hence, y; = €;y;, €; € Anng, (z;) and 612 =e;.

Thus, R; is an almost pp—ring for all ¢ € I. O

The following Lemma is well known, see for example [12, Proposition 3.2.7
and its corollary]

Lemma 2.4. Let R be a subring of a ring S both with the same identity. Suppose
that S is a free R—module with a basis G such that G is multiplicatively closed
and 1 € G. Let € : S — R be a map defined by

n n
€ (Zaigi> = Zai.
=0 =0

Then € is a ring epimorphism.

Let R and S be two rings such that R C S. Let e be an idempotent in S.
Then, 2 = e, and so, (¢ (e))? = (e?) =€ (e). Hence, € (e) is an idempotent in
R.

Suppose a € R and e € Anng (a). Then, ea = 0in S. So, e(e)a =0in R
since a € R, ¢ (a) = a.Therefore ¢ (¢) € Anng (a) and (£ (e))? = ¢ (e) .

Theorem 2.5. Let R be a subring of a ring S both with the same identity.
Suppose that S is a free R—module with a basis G such that G is multiplicatively
closed and 1 € G. If S is almost pp—ring, then so is R.

Proof. Let a,b € R such that b € Anng (a) C Anng (a). Then, since S is an
almost pp—ring, there exists an idempotent e € Anng (a) such that b = be.
Taking € to both sides, we get

b=¢c(b) =c(b)e(e) =be(e),
e(e) € Anng (a) and (e (e))® = (e).
Therefore, R is an almost pp—ring. O

3. Group rings

Given a ring R and a group G, we will denote the group ring of G over R by
RG. Elements of the ring RG are just formal finite sums of the form 9eG 099
with all but a finite number of a4 are 0g. We write C), for the cyclic group of
order n, Z for the ring of integers, Z, for the ring of integers modulo n, and C
is the field of complex numbers. The imaginary unit is denoted by i.

The following facts are consequences of Theorem 2.5.
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Corollary 3.1. Let R be a ring and G be a group. If RG is an almost pp—ring,
then so is R.

Proof. S = RG is a free R—module with a basis G satisfying the assumptions
of Theorem 2.5. ]

Corollary 3.2. If RG is an almost pp—ring and H is a subgroup of G, then
RH is an almost pp—ring too.

Proof. RH is a subring of RG and RG is a free RH—module on the set
{91,992, ...}, the coset representatives of H in G. O

Recall that a group G is called locally finite, if every finitely generated sub-
group of G is finite.

Theorem 3.3. Let G be a locally finite group. If RH is an almost pp—ring for
all finite subgroup H of G, then RG is an almost pp—ring.

Proof. Let u = )" ;a;9; € RG and v = ;" | bijgi € Anngg (u). Let H =
(g1, ---s9n). Then H is finite since G is locally finite. Since u,v € RH, v €
Annpgp (u) € Anngg (u). But RH is an almost pp—ring by assumption. Thus
there exists an idempotent e € Anngy (u) € Annga (u) such that v = ev. So,
RG is an almost pp—ring. O

Corollary 3.4. Let G be a locally finite group. Then RG is an almost pp—ring
if and only if for every finite subgroup H of G, RH is an almost pp—ring.

Proof. If RG is an almost pp—ring, by Corollary 3.2, RH is an almost pp—ring
for all subgroup H of G. So, in particular, for every finite subgroup H of G,
RH is an almost pp—ring. By Theorem 3.3, the other direction holds. 0

Using the same technique used in Theorem 3.3, we get the following:

Corollary 3.5. The group ring RG is an almost pp—ring if and only if RH is
an almost pp—ring for each subgroup H of G.

Theorem 3.6. If RG is an almost pp—ring, then R is an almost pp—ring and
the order of each finite order element g € G is a unit in R.

Proof. By Corollary 3.1, R is almost pp—ring. Now let g € G with |g| = n < co.
Let H be the cyclic subgroup generated by g. Then, by Corollary 3.2, RH is an
almost pp—ring too. Now 1+ g+ g> + ... + ¢" ' € Anngy (1 —g).

Since RH is an almost pp—ring, there exists an idempotent e = ag + a1g9 +
o+ an_1g"t € Anngy (1 — g) such that (1 +g+g*+... + g”_l) e=14+g+
@ +..+gtande(l—g)=0.

Thus, ap = a1 = ... = a,—1 since e = eg.

So, (ao + apg + ... + aog"_l) (1 +g+...+ g"_l) =1+g+..4+¢" ' Hence,
apn = 1.

Therefore, n is a unit in R. O
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Corollary 3.7. If G is a finite group and RG is an almost pp—ring, then
Gl

Proof. Let G be a finite group and |G| = n = Hp where p; are distinct

primes and «; > 1 are positive integers for all ¢ = 1 ., k. Then by Cauchy
Theorem, there exists g; € G such that |g;| = p;, for all i =1, ..., k.

Thus, since RG' is an almost pp—ring and by Theorem 3.6, p,” L' R for all
i =1,..., k. But the product of units is a unit.

So, (Hle pf”) € R and hence ]G\_l € R. O

We will see in Example 3.23 that the converse of this Corollary needs not be
true.

Example 3.8. If G is a finite group and Z,-G is an almost pp—ring, p is prime
integer and > 1, then by the previous Corollary |G| is a unit in Z,-. So, p{ |G|
and hence ged (p, |G]) = 1.

Example 3.9. Z, G is not an almost pp—ring for any finite p—group G, where
p is prime integer and r > 1. More generally, if p | n and G is a p—group, then
ZnG is not an almost pp—ring.

The following example shows that if R is an almost pp—ring, it is not nec-
essary that RG is an almost pp—ring.

Example 3.10. ZG is not almost pp—ring for any nontrivial finite group G.

If R is a ring and G is an Abelian group, then RG is a Noetherian ring if
and only if R is a Noetherian ring and G is a finitely generated group, see |9,
Theorem 2].

Theorem 3.11. Let G be a finite Abelian group and n be an integer withn > 1.
Then the following are equivalent:

(1) Z,G is an almost pp—ring.

(2) Z,G is a pp—ring.

(3) ged (n, |G|) = 1 and n is square free.

Proof. (1) <= (2) Since Z, is Noetherian ring and G is finite Abelian group,
it follows that Z, G is Noetherian ring. Then the result follows by Lemma 2.2.
(2) <= (3) See [15, Example 1.8]. O

The following Lemma exists in [12, page 134]

Lemma 3.12. (R x Ry x ... x R,) G =[] RiG
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Theorem 3.13. If R = Ry X Ry X ... X Ry, then RG is an almost pp—ring if
and only if R;G is an almost pp—ring for alli=1,...,n.

Proof. The proof follows from Lemma 2.3 and Lemma 3.12. O

Theorem 3.14. If R [z] /(:U" +az™ 4+ L+ an) is an almost pp—ring, where
ai,...,an € R and n is a positive integer, then R is an almost pp—ring.

Proof. S = R[z] /(2" 4+ a12™ ' + ...+ ay) is free R—module with a basis
{1, T, ..., x"‘l} satisfying the assumptions of Theorem 2.5. O

The following proposition was introduced by Yi and Zhou [14].

Proposition 3.15. Let R be a ring. Then
(1) If 27t € R, then RCo 2 R x R and RC4y = R x R x (R[z] /(x* + 1))
(2) fRC C and 37! € R, then RC3 = R x (Rz] /(2* + 2z +1)).

Theorem 3.16. RCs is almost pp—ring if and only if R is almost pp—ring and
27l e R

Proof. The proof follows from Corollary 3.1, Corollary 3.7 and Lemma 2.3. [

Theorem 3.17. RCy is an almost pp—ring if and only if R [z] /(2% 4+ 1) is an
almost pp—ring and 27* € R.

Proof. By Proposition 3.15, if 27! € R then RCy = Rx Rx (R[x]/(x*>+1).). So,
using Theorem 3.14, we get RC} is an almost pp—ring if and only if R[z]/(z%+1).
is an almost pp—ring. O

Theorem 3.18. If R C C, then RCj5 s an almost pp—ring if and only if
R[z] /(2® + x + 1) is an almost pp—ring and 37! € R.

Proof. By Proposition 3.15, if 371 € R, then RC3 = R x (R[z]/(z* + = +
1).). So, using Theorem 3.14, we get RCj5 is an almost pp—ring if and only if
R[z]/(2? 4+ x + 1). is an almost pp—ring. O

Note that, if G = H x K, then RG =R (H x K) = (RH) K.

Theorem 3.19. If R C C, then RCs is an almost pp—ring if and only if 6~ € R
and R(z] /(2* 4+ z + 1) is an almost pp—ring.

Proof. Since Cs = C3 x Cy, then RCs = (RC3) Co.

So, RCg is an almost pp—ring if and only if 27! € RC3 and RCj3 is an almost
pp—ring.

Since R C C, RC3 is an almost pp—ring if and only if 37! € R and
R [z] /(m2 + 1+ 1) is an almost pp—ring.
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Hence, RCg is an almost pp—ring if and only if 27! € RC3, 37! € R and
R[z] /(2% 4+ + 1) is an almost pp—ring.

Now, 27! € RCj3 if and only if 27! € R. To see this, assume that 27 € RCs.
Then 2 (Z?:o al-gi> =1 for some a; € R, i = 0,1,2. So, 2a9 = 1 and 2a; =

2a5 = 0. Thus, 27! € R. The converse is clear.
Therefore, we are done. O

Theorem 3.20. Let R be a von Neumann regular ring and G be a locally finite
group. Then the following are equivalent:
(1) RG is a pp—ring.
(2) RG is an almost pp—ring.
(3) The order of every finite subgroup of G is a unit in R.

Proof. (1) = (2) Clear.
(2) = (3) Since RG is an almost pp—ring, we have RH is an almost pp—ring
for every subgroup H of G. So, if H is finite subgroup of G, then |H|™ ' € R.
(3) = (1) See [15, Proposition 1.9]. O

Lemma 3.21. Let R; and Ro be two integral domains, and let T be a non-
integral domain subring of R = R1 X Ry containing the identity element (1,1).
Then T is an almost pp—ring if and only if (0,1) € T.

Proof. Assume that T is an almost pp—ring. Since T is not an integral domain,
there are non-zero elements (a,b), (¢,d) € T such that (a,b).(c,d) = (0,0).
Since (a,b) # (0,0), either a # 0 or b # 0, say a # 0. Thus ¢ = 0 and d # 0.
Since (¢,d) € Annp ((a,b)), there exists an idempotent (z,y) € Anny ((a,b))
such that (¢,d) (x,y) = (¢,d). So, dy = d and d # 0 in Ry. Thus y = 1. Since
za=0and a#0in Ry, z =0.S0, (z,y) = (0,1) € T.

Now, assume that (0,1) € T. Then, (1,1) — (0,1) = (1,0) € T. Consider
any (0,0) # (a,b) € T. If a # 0,b # 0, Annr ((a,b)) = {(0,0)}. If a = 0,
b # 0, Anny ((a,b)) = (1,0)T and if @ # 0, b = 0, Anny ((a,b)) = (0,1)T.
Also if @ = b = 0, then Annt ((a,b)) =T So, Anny ((a,b)) is generated by its
idempotents for all (a,b) € T. Hence T is an almost pp—ring. O

Theorem 3.22. Let R be an integral domain and let Q(R) denotes the quotient
field of R. Consider the polynomial v + ayx + ay € R[z] with o, 3 are its roots
in some field extension, and a — 3 is a unit in R. Then R [x] /(362 + a1+ ag)
is an almost pp—ring if and only if either « € R or a ¢ Q(R).

Proof. Let T'= R[z] /(2 + a1z + a2) and 2° + a1z +az = (z — «) (x — 3) . By
hypothesis, a # 3. First suppose a ¢ Q (R). Then 22 + ayz + as is irreducible
over @ (R) and hence it is irreducible over R since the polynomial is monic.
Thus, T is an integral domain. In particular T is an almost pp—ring.

If « € Q(R), then define ® : R[z] — Q(R) X Q(R) by ®(f(z)) =
(f(a),f(B)) € Q(R)xQ (R).Then ® is a ring homomorphisim with Ker (®) =
(2% + a1x + ag) . Hence, T is a subring of Q (R) x Q (R).
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Assume now that T is an almost pp—ring, and so it follows by Lemma 3.21
that (0,1) € T

Thus there exists ax + b € R [z] such that aoc + b = 0 and aff + b = 1. But
since 22 + a1x +az = (x — a) (r — ), a + = —a; and af = as. So,

2(b—1)b=2(—apB) (—aa) = 2a*af = 2a%ay.
Also,

20-Db=(20-2)b=—(1+a(a+p)b=—(1—aa)b= (aa; —1)b.

So,
2a%ay = (aa; — 1) b.
Thus,
—b= 2a2a2 — aaqb.
Hence .
oa=—— =2aas —a1b € R.
a
So, a € R.

X

Now, assume that o € R,and define p(z) = — @ Then p(z) € R[z], since
-

B — a is a unit. But ®(p(x)) = (p(a),p(S) = (0,1). Thus it follows by Lemma
3.21 that T is an almost pp—ring. O

Example 3.23. Let S = {3% n,keZ, k> O} . Then S is a subring of Q. Set

R= {a ++3bi:abe S} . Then R is a subring of C with % € R. Because R is
a domain, it is certainly almost pp—ring.

-1
Let f(z) =22+ 2+ 1€ R[z]. Then a = —;\[lgéR
Letr:2\/§i,s:—(3+\/§i).Thenr,seRanda:;EQ(R).

Since (a — )" ! = (\/gi)_1 = —\égi €ER, RC3=Rx (Rlz] /(s*+2+1))

is not an almost pp—ring.

The above example shows that RC'3 is not an almost pp—ring although 3 is
a unit in R and R is an almost pp—ring.

4. Polynomial rings

Let R be a reduced ring and h(z) = ho + hix + ... + hpa"™ € Rlz]. Then
Anngpy (h(z)) = N [:r:] , where N is the annihilator of the ideal generated by

ho,hi,y ..., hy (ice. = Anng (ho,h1,....,h,) = ﬂAnnR(h )). Moreover, if

f(x) = a0+ a1z + ... + @™ € Anngpy (h(z)), then ah; =0,Vi=0,1,...,m,
j=0,1,...,n, see [6, Theorem 10].
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Theorem 4.1. If R[z] or R [x,:rfl] are almost pp— rings, then so is R.

Proof. R[r] and R[z,z~!] are free R—modules with bases {z’:i =0, 1,...} and
{2 :i = 0,41, ...}, respectively, satisfying the assumptions of Theorem 2.5. [J

Theorem 4.2. The polynomial ring R [x] is an almost pp—ring if and only if
the ring R is an almost pp—ring.

Proof. By Theorem 4.1, if R[z| is an almost pp—ring then R is an almost
pp—ring. So, let R be an almost pp—ring and f (z) = ap+a1x+...4a,2™ € R[z].
Then, since R is a reduced ring, Annpgp) (f(z)) = N [z] where N = (i,
Anng (a;) .

Now, let g (z) = bo+b1z+...+bmz™ € Anngp) (f (z)) . Then, b; € Anng (a;)
for all j = 0,...,m, ¢ = 0,...,n. But since R is an almost pp—ring, there is an
idempotent e;; € Annp (a;) such that bjej; = b; for all j =0,...,m, i =0,...,n.
Taking e; = [[1_, €ji, we have e; € N and bje; = b; for all j = 0,...,m. Taking
1—e=1][Ly(1—ej), we have e € N is an idempotent and bje = b; for all
7 =0,..,m.

Thus eg (r) = g(r) and e € N [x] = Anngp,) (f (z)) and hence R[] is an
almost pp—ring. O

The ring of Laurent polynomials R [m,x_l] is the localization of the poly-
nomial ring at the multiplicative set consisting of the non negative powers of x.
The ring R is an almost pp—ring if and only if for every R C S C Q (R), S is an
almost pp—ring where @ (R) is the total quotient ring of R, see [4, Theorem 3].

So, by Theorem 4.2 and Theorem 4.1, R [m, w‘l] is an almost pp—ring if and
only if R is an almost pp—ring.

In fact, the Laurent polynomial ring R [m,xil] is isomorphic to the group
ring of the group Z of integers over R. Thus, RZ is an almost pp—ring if and
only if R is an almost pp—ring.

5. Power series rings

Let R[[x]] be the power series ring over the ring R. For any reduced ring R,
it was proved in Brewer [6] that Annpgj,) (a0 +a1z...) = N [[z]] where N is
the annihilator of the ideal generated by the coefficients ag, a1, ... Moreover if
bo + b1w + ... € Annpyy (a0 +aiw...), then bia; = 0 for all i = 0,1,...; j =
0,1,...

Theorem 5.1. If R[[z]] is an almost pp—ring, then so is R.

Proof. R[[z]] is free R—module with basis {z':i=0,1,...} satisfying the as-
sumption of Theorem 2.5. ]

Theorem 5.2. The power series R[[z]| is an almost pp—ring if and only if
for any two countable sets S = {bg,b1,...} and T = {ag,a1,...} such that S C
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Anng (T), there exists an idempotent e € Anng (T) such that b; = bie for all
i=0,1,..

Proof. Assume that R|[[z]] is an almost pp—ring.

Let {bo,b1,...} C Anng(ap,a,...). Let g(z) = by + bixz + ... and f(x) =
ap+a1x ... Then g(x) € Annpg(f(z)). Therefore, there exists an idempotent
e € Annpgy)(f(2)) N R such that eg(x) = g(x). Thus e € Anng(ao, a1, ...) and
eb; =0b;, forall1=0,1,...

Conversely, the ring R is an almost pp—ring because for all b € Anng (a)
there exists an idempotent e € Annpg (a) such that be = b, and so, R is a reduced
ring.

Let g(z) = by +bix + ..., f(x) = ap + a1x... € R[[z]] such that g (z) €
Annpg()) (f (). Then g (z) f (z) =0

Thus b;a; =0 for all i =0,1,...; j = 0,1, ...

So, {bo,b1,...} € Anng (ap,a,...). By assumption, there exists an idempo-
tent e € Annp (ag, ai,...) such that eb; = b; for all i = 0,1, ...

Hence eg (z) = g (z) and e € Annpgp (f (7)) .

Thus R [[z]] is an almost pp—ring. O

Example 5.3. Let R = Zo & Zo & --- be the direct sum. Then R is an al-
most pp—ring since every element in R is an idempotent. But R[[z]] is not
an almost pp—ring, because S = {(0,1,0,..),(0,0,1,0,...),(0,0,0,1,0,...),...} C
Anng((1,0,0,...)) and there are no idempotent elements in R that can fix the
set S.

Corollary 5.4. If R has a finite number of idempotents, then R[[x]] is an
almost pp—ring if and only if R is an almost pp—ring.

Proof. If R[[z]] is an almost pp—ring, then by Theorem 5.1 R is an almost
pp—ring.

Conversely, assume that R is an almost pp—ring and let g (z) = by +bi1x+...,
f(z) = ao+ arz... € R[z]] such that g(x) € Annppy (f (). Since R is
reduced ring, then bi € Anng (a;) for alli =0,1,...; j =0,1,...

So, there exists an idempotent ej; € Annpg (a;) such that ej;b; = b; for all
i =20,1,...; 7 =0,1,... But R has a finite number of idempotent and so, we
can find an idempotent e € Annpg (a;) such that eb; = b; for all i = 0,1,..;
Jj=0,1,... Hence, eg (z) = g (z) and e € Annpgy,) (f (7).

Thus, R [[z]] is an almost pp—ring. O

Kim in [11] proved that if R is a Noetherian ring, then R [[z]] is a pp—ring
if and only if R is a pp—ring, see [11, Theorem 4]. We now give an analogue
result for almost pp—rings.

Corollary 5.5. If R is a Noetherian ring, then R[[x]] is an almost pp—ring if
and only if R is an almost pp—ring.
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