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Abstract. A modified predator-prey model is introduced with Holling -type II. In-
cluding a constant rate of harvesting in both infected predators by prey, and predators
who are prone to disease. An existence of positive biological equilibrium and uniformly
boundedness of the present system are obtained as well. Furthermore, the local stability
conditions are defined based on Routh-Hurwitz criteria. Finally, an effective Lyapunov
function was performed to check the global asymptotic stability of the interior equilib-
rium point.
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1. Introduction

The active research area on classical applications of mathematics to biology, is
the study of interactions between populations of various species, by using au-
tonomous differential equations modeling a predator-prey systems [1, 2, 11, 12].
The Lotka-Volterra model was the first to study interactions between predators
and prey in 1927. Together with further developed and extended researches such
as [3], who divided the prey populations into susceptible and infected. This dy-
namic relationship between predators and their prey will take into account some
aspects that are considered essential to explain the dynamics. Lesile-Gower
model has investigated several researchers such as [4]. They studied the bound-
edness of positive equilibrium points and global stability. Sufficient conditions
for the existence and global stability of the model’s positive periodic solutions
were discussed in [13].
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The goal of this paper is to give a study of three-dimensional system incor-
porating a modified version of Lesile-Gower Holling-type 11, p(z) = miﬂ, where
m is the environment that provides production to prey. In our system there
are preys and an infected predators which are harvested continuously. However,
there are a susceptible predators living on prey and are not harvested. Harvest-
ing infected mathematical dynamics because otherwise, it can lead population
density to a dangerously low level of extinction. There are many researches on
harvesting such as [5, 9, 10]. Important to note is that our system proposed
predators are exposed to the risk of disease. In both mathematical and ecologi-
cal terms, the effect of disease on the ecological system is an important issue. As
a result, many researches [6, 7, 8] proposed and studied different predator-prey
models in presence of disease.

This paper is organized as what follows. In section 2, we describe our system
(1) then we reduce the number of parameters to get system (2). Next, in section
3, we studied the uniformly boundedness of all positive solutions. Existence of
positive equilibrium points are discussed in section 4. After that in section 5,
behavior of solutions at each equilibrium points are discussed. Finally, global
stability of interior equilibrium point is studied in section 6.

2. The model

We will consider our model under the framework of the following nonlinear
differential equations:

dx x ayx
_— = 1 _— ) - — — —
g7 ra( k:) s 9 hiz,
dy yx
1 _— = —_—
(1) i bry + ayz + e hoy,
dz

€ =bzx — ayz — dz.

Here, x,y and z are the prey, infected predator and susceptible predator, respec-
tively and 7, k,a,b,v, a, h1, ho,d are assumed to be positive constants. From
the biological point of view, we are only interested in the dynamics of sys-
tem (1) in the closed octant R3. Thus, we consider the initial conditions are
2(0) =z > 0,y(0) = yo > 0,2(0) = z9 > 0.

To reduce the number of parameters, we non-dimensionalize system (1) with
the following scaling:

L Ry
k rm m

X =
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Table 1: Definition of parameters in the model

Parameter | Definition

r The logistic growth rate of the prey in the absence of predators.
k The enviromental carrying capacity.

a,b The capture rates with (a > b).

Q The interaction between y, 2.

hi, ho The rates of harvesting where (hy > ho).

0% The interaction rate of infected predator species.

d The natural death rate in the absence of prey.

Then system (1) takes the form (after some simplification):

dX YX

Lo X1-X)- — —mZX -5 X
ar ~ XX gy T maX X
dY nY X
2 —— =cXY +eYZ —5Y
2) ar At et At ey ol
dz
d—TchZ—eYZ—wZ,
where
k bk d h k
= =5 71:51, —=¢ - =w, £:527 9 _ o, em
m ' T T T ™ m a

3. Boundedness of all positive solutions

Theorem 1. All solutions of system (2) that start in ]Ri are uniformly bounded
and remain positive, in order to be meaningful from a biological viewpoint.

Proof. Assuming that (X(7),Y(T"), Z(T)) be any positive solution of system
(2). Let Q(T) =nX +Y + Z. Hence

99 o< —n(X _ 9)2 +n<9)2,

dr 2 2
where D = (1 —61) +p, (61 < 1), therefore
a0 D\ 2
il <n(=Z).
e <n(3)

Solving the differential inequality, we obtain

D2
QT) < ’1— 4 e T,
"

for T — oo, all solutions of system (2) enter into the region

nD?
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4. Equilibrium points
System (2) has the following points of equilibrium:
(i) The trivial equilibrium Ey(0,0,0).
(ii) The predators free equilibrium Fj(1 — d1,0,0).
(iii) The infected predator free equilibrium E3(X3,0, Z3), where Xo = * and

Z2 _ c(1-61)—w if c(1-461) S 1.

m w

(iv) The susceptible predator free equilibrium E3(X3,Y3,0), from system (2)
we get ¢BX? + ((c+n) — 628)X — d2 = 0, we have one positive real root

given by X3 = _((C+n)_§2'8)+\/2(£C+n)_52ﬂ)2+4c’862, therefore Y3 = ((1—41) —

B8
Xg)(l + ﬁXg) if (1 - 51) > X3 hold.

(v) The interior equilibrium E*(X*,Y™*, Z*), given by:

Y*
1—X*—W—mZ*:51,
C +e + 1+ BX; 62a
cX* —eY™" = w,
irom (3) we get X* = wrYT 7 = (1+6X*e)((15irg§()f;)_”)(*, if (X* < %). There-
ore
(4) D1Y? 4 DY — D3 =0,
where
Dy = Be*(m —°),
c
2
- D22m6(0+n+5(2w—5g)—%) —62(1—5(1—?“’—51)),

D3 = m(cdz +w(B(d2 — w) — (c+n)))

+ew(B((1—61) — Z) —1) —ec(1 —4y).
We have one positive root for equation (4) given by:

ve o ~Dat v §+4D1D3’

D
2Dq

if the following conditions hold, D; > 0 <= mc > e, and D3 > 0 < (s >
1,B8¢(1 —d1) > 1, and ec(1 — 6;) < 1.
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5. Behaviour of solutions

First, we need to compute the Jacobian matrix of system (2) for general (X, Y, 7).

Y X
J(X,Y,Z) = Y + 5% X +eZ+ {5 — 6 ey
c/ —eZ cX —eY —w

We will evaluated J(X,Y,Z) at each equilibrium points. Let Jy denoted the
Jacobian matrix at Ep,

1-61 O 0
Jo = 0 -0y 0 |,
0 0 —w

this immediately shows that FEy is saddle point (unstable).
Let J; denoted the Jacobian matrix at E1,

—(1-6
e ( 6)[(1173%1(113%)5)) ] o)
= - c(1+5(1— +n
Jl - 0 1 1+,3(1—51)1 —52 0 )
0 0 c(l—61)—w

so the eigenvalues are:

)\1 = —(1 — 51) < 0,

1 —61)[c(1+ B(1 —61)) + 7]
14 B(1—061)

)\3=C<1—51)—w>0.

(6) ho = 5,

thus, from (6)E; is saddle point (unstable).
Let J5 denoted the Jacobian matrix at Fs,

An A Ags
Jo=|0 Axp 0|,
Az Az 0
where
X,
Ayt =1—2Xo —mZs— 6y, App = — 22
11 9 —mly — 01, Al2 175,
7’LX2

A3 = —mXo, Ay =cXo+eZy+ — 02, A31 = cZa, A3y = —els.

1+ 8Xs

The characteristic equation of the Jacobian matrix Js is given by:

)\3—|—a1)\2+a2)\—|—a3 =0,
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where
a1 = — (A1 + A2),

(7) az = A1z — A13As1,
az = As1A13A90.

Hence,
ajag — az = —Aj11A(A11 + Ap) + A11Ai13Az1.

749

If A;7 <0, Ays < 0 then a1 > 0, a3 > 0, and ajas — az > 0, then by using

Routh-Hurwitz criterion E5 is asymptotically stable.
Let J3 denoted the Jacobian matrix at Ej3,

Bi1 B2 Bis
J3 = |B2a1 B2y Bos|,
0 0 Bss
where
Y3 —X3
Bi=1-2X3— ——3 6§ Bap=—=2%_ Bu—=—-mXs,
11 3 (1% BX;)2 1, B2 17 6.Xs, 13 3
nYs nXs
Bor=cVa+ — 03 Boy—eXyth 3
21 63+(1+[3X3)2’ 22 =C¢C 3+1+5X3 25

323 = eYE;, 333 = CX3 - €Y3 — w.
The characteristic equation of the Jacobian matrix Js is given by:
A%+ biA? + oA + by = 0,

where

by = —(B11 + Baa + Bs3),
(8) by = B11 B9 + B11B33 + B2 B33 — B12Bax,
bs = B12B21 B33 — B11B22Bs3.

Hence,

biby — bs = [—(B11 + Baa + Bs3)(B11Baa + B11B3ss + Ba2Bs3) + B12B21 Bii

(9) + B12B91Bao] + B11 B2 Bss.

Let My = B11B29B3s3. If Bi1 < 0, By < 0, and B3z < 0, then b7 > 0, b3 >

0, M7 < 0, and the first bracket in (9) is positive.

Thus, if My < [—(B11+Ba2+B33)(B11 B2+ B11 B33+ B2 B33) 4+ B12Ba1 Bi1 +
Bi2Bg1 Bas], then by using Routh-Hurwitz criterion E3 is asymptotically stable.

Finally, let J* denoted the Jacobian matrix at E*,

Cn Ci2 Ci3
J*=|Ca Coy Co3l,
C31 Cs2 Csg
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where
011:1*2X *W*mz *51, Cn:TﬁX*’ C13=*mX,
ny™*
Cop=c¥V*+—"
nX*

CQQICX*+6Z*+ —(52, C23:6Y*, Cs31 :CZ*, 032:—62*,

1+ 8X*
Ci3=cX" —eY" —w.

The characteristic equation of the Jacobian matrix J* is given by:

A3 +cl)\2 4+ coA+c3 =0,

where
c1 = —(Ci1 + Ca + Cs3),
(10) c2 = (C110% + C11C33 + C2C33) — (C12C21 + C13C31 + C23C32),
c3 = (C12021C33 + C13C31C2 + C11C23C32)
— (C11022C33 + C12C23C31 + C13C21C32).
Hence,

cicg — c3 = [—(C11 + O + C33)(C11Ca2 + C11C33 + C22C33)
(11) + C11C12C021 + C11C13C31 + Ca2C12C21 + Ca2C23C33 + C33C13C31
+ C33C23C32] + (C11C22C53 + C12C23C31 + C13C21C32).

If C11 <0, Oy <0, and Cs3 < 0, then ¢; > 0, also the first parenthesis of c3 in
(10) and the square bracket in (11) are positive.

Let My = [—(C11 + Caz + C33)(C11C2 + C11C33 4 C22C33) + C11C12C1 +
C11013C31 + C22C12091 + C22C23C32 + C33C13C31 + C33C23C32], and Mz =
C11C95C53 + C15C93C31 + C13C51C35 ,then Ms maybe positive or negative or
zero. We have the following theorem using the Routh-Hurwitz criterion.

Theorem 2. Suppose that E*(X*,Y*, Z*) exist. Let C1; < 0, C < 0, and
C33 < 0. Then E* is asymptotically stable in one of the following cases:

(1) Ms=0, or
(17) 0 < M3z < C12C21C33 + C13C31Ca2 + C11C23C39, or

(ZM) —Ms < M3 <0
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6. Global stability of interior equilibrium point

Theorem 3. The interior equilibrium E* is globally asymptotically stable if the

following conditions hold.

n(4cpe + D?(n + 1))
4pe(n(l +m) —c)

4nepe —nD? n(e—c) }

(12) 1+ 5X* >

)

(13) 1+BX*<maX{ Tuclete) ' e—nm

(14) c<n+nm<e+n.

Proof. We will construct a Lyapunov function V' which is continuous and de-
fined on Ri. The function V' should be zero at E* and positive for all other

values X,Y and Z. Let us define the function V as follow:
V(X,Y,Z) =L (X—X"-X"In F)‘FLQ(Y—Y —Y*In WH_(Z_Z —Z"In ?),

where L1 =1+ X" and Lo = %
The time derivative of V' along the solution of (2) is:

dv Y
_— = — * 1 — _—— — —
- =Li(X - X )( R 51)
(15) Y La(Y — V) (CX bez4 A 52)
1+ 3X

+(Z—-2Z%)(cX —eY —w),
and using system (2), we get:

av

T =Li(X = X7)| = (X = X*) —m(Z - 2

Y*(1+ 5X) —Y(l—l—ﬂX*)}
(11 6X)(1+ X%
(16) +JMY—YﬂMX—Xﬂ+dZ—T)

nX(1+BX*) —nX*(1+ /BX)}
(1+8X)(1+4 pX¥)
+(Z - 2% [C(X XY —e(Y — Y*)]

Using some manipulation with the result of theorem 1 and assuming ¢ = %,
equation (16) takes the form

C%/ S{(1+5X*)(—1+§—m> —|—c+DQZZ:1)}(X—X*)2
00 e () - (- 2o vy

e

+]a +,3X*)(H —m) +e—e|(2 -2
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From (12)-(14), ‘fi—‘t/ is negative definite. Finally, E* is globally asymptotically

stable. O

7. Conclusion

In this paper, we deal with a modified Holling-type II predator-prey model of
one prey and two predators whom are exposed to the risk of disease. As well
as constants of harvesting (h; > hg) in both prey and infected predator species.
Positive biological equilibrium points(Ey, E1) are direct show unstability, where
the local stability of (E2, F3, E*) are discussed by using the Routh-Hurwitz
criterion. In addition, global stability of interior equilibrium point (E*) has
been investigated by using a suitable Lyapunov function. In our study it is
important to realize that illegal harvesting on prey occures a risk even in the
absence of predator.
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