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1. Introduction and preliminaries

Probabilistic functional analysis has risen as one of the vital mathematical dis-
ciplines in view of the needs in dealing with probabilistic models in applied
problems. Probabilistic Normed spaces were introduced by Serstnev and its
new definition was proposed by C.Alsina, B.Schwerier and A.Sklar ([1], [2]).
The general theory of Probabilistic Metric spaces and Probabilistic Normed
spaces can be read in ([8], [13], [14]). The theory of probabilistic normed spaces
(briefly. PN spaces) is important as a generalization of deterministic results of
linear normed spaces and in the study of random operator equations. The PN
spaces may also provide us with the suitable tools to contemplate the geometry
of nuclear physics and have important applications in quantum particle physics
especially in string theory and in £, theory. Some of the recent developments in
different types of probabilistic normed spaces, translation invariant topologies
induced by probabilistic norms and linear 2-normed spaces are discussed in ([3],
[6], [7], [8])-

A triangle function [4] is a binary operation on A1, namely a function 7 :
AT x AT — AT that is associative, commutative, non-decreasing in each place
and has ¢ as identity, this is, for all F,G and H in A™:

(TF1) 7(r(F,G),H) =7(F,7(G,H)),
(TF2) 7(F,G) =71(G, F),
(TF3) F<G=7(F,H) <7(G,H),

(TF4) T(F,é‘()) :T(E[),F) =F.

Moreover, a triangle function is continuous if it is continuous in the metric space
(A", ds).
Typical continuous triangle functions [4] are

mr(F, G)(z) = Siggx{T(F(SL G(t)}

and
7+ (F,G) = inf {T*(F(s),G(t)}.

s+it=x
Here T is a continuous t-norm, i.e. a continuous binary operation on [0, 1] that
is commutative, associative, non-decreasing in each variable and has 1 as iden-
tity; T is a continuous t-conorm, namely a continuous binary operation on [0, 1]
which is related to the continuous t-norm 7" through 7*(x,y) = 1-T(1—z, 1—y).
Let us recall among the triangular function one has the function defined via
T(x,y) = min(z,y) = M(z,y) and T*(z,y) = max(z,y) or T'(z,y) = I(z,y) =
xy and T*(z,y) = I*(z,y) = 2+ y — zy.
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Some more examples of t-norms [4] are W and Z, defined respectively by

W(z,y) := max{z +y — 1,0}.

0, i (r,y) € [0,1] x [0,1],
Z(z,y) == { x, if x €[0,1],y =1,
Y, if x =1,y € [0,1]
then we have
Z<W<IlIl<M
and every t-norm T,
Z <T <M.
For every t-norm II, W, Z and M, it is defined that
n(F,G)(z) := I(F(z), G(x)),
Iy (F, G)(x) := W(F(z), G(x)),
z(F,G)(x) := Z(F(x), G(x)),
I (F, G)(x) := M(F(z), G(x)).

A few more interesting examples of t-norms and t-conorms can be found in
the recent paper [10].

We recall the definition of probabilistic normed space (briefly, PN space) as
given in [2], together with the notation that will be needed [13]. We shall
consider the space of all distance probability distribution functions (briefly,
d.f.’s), namely the set of all left-continuous and non-decreasing functions from
R := RU {—00, +oc} into [0,1] such that F(0) = 0 and F(+oc0) = 1, will be
denoted by AT, while the subset DT C AT will denote the set of all proper
distance d.f.’s, namely those for which ¢~ F(4+o00) = 1. Here ¢~ f(z) denotes
the left limit of the function f at the point x € R. The space AT is partially

ordered by the usual pointwise ordering of functions i.e., F' < G if and only if
F(z) < G(z) for all z in R. For any a > 0, ¢, is the d.f. given by

0, if r <a,
€q =
1, if x > a.

The space AT can be metrized in several ways [13], but we shall here adopt
the Sibley metric dg. If F,G are d.f.’s and h is in |0, 1], let (F, G;h) denote the
condition:

G(z) < F(xz + h) + h for everyx € ]0,]11[.
Then the Sibley metric is defined by
(1.1) ds(F,G) :=inf{h €]0,1[: both (F,G;h) and (G, F;h) hold }.
Since every d.f. F is bounded, 0 < F(t) < 1, for all t € R, one has dg < 1.
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Definition 1.1 ([1], [4]). A Menger’s Probabilistic Normed Space (briefly, a
Menger’s PN space), is a quadruple (X, v, 7,T), where X is a real vector space,
7 is a triangle function, T is a t-norm and the mapping v : X — A™T satisfies
the conditions:

1. vy =g if, and only if, p = 0 (0 is the null vector in X);
2. Vap(t) > 1 (ﬁ) for all & € R\{0} and ¢ € R;

3. Vprq(s+1t) > 11 (vp(s),14(t)) for all p,qg € X and s,t € R.
The function v is called the Menger’s probabilistic norm.

Example 1.1 ([1]). Let (V,||.||) be a normed space and define v, := ¢, Let
7 be a triangle function such that

T (Eaa Eb) = 5a+ba

for all a,b > 0 and let 7* be a triangle function with 7 < 7*. For instance, it
suffices to take 7 = 7p and 7* = 7p+, where T is a continuous t-norm and 7T is
its t-conorm. Then (V,v,7,7%) is a Menger’s PN space.

Definition 1.2 ([8]). Let (X,v,7,T) be a Menger’s PN space, and (z,,) be a
sequence of X then the sequence (z,,) is said to be convergent to z if for all
t > 0and A € (0,1) there exists ng € N such that v,,_,(t) > 1 — X for every
n > ng.

Definition 1.3 ([8]). Let (X,v,7,T) be a Menger’s PN space, and (z,) be a
sequence of X then the sequence (z;,) is said to be Cauchy sequence if for all
t > 0and A € (0,1) there exists ng € N such that v, _, () > 1 — X for all
n,m > ng.

Definition 1.4 ([8]). A Menger’s PN space (X,v,7,T) is said to be complete
if every Cauchy sequence in X is convergent to some point in X.
A compltete Menger’s PN space is called Menger probabilistic Banach space.

Definition 1.5 ([8]). Let (X,v,7,T) be a Menger’s PN space, E be a subset
of X, then the closure of F is defined as F = {x € X : there exists (z,) C
E such that x, — x}, that is, for « € (0,1) and r > 0,2 € E there exists
no € N such that for every n > ng one has v, _,(r) > a.

We say, E is sequentially closed if £ = E,

Definition 1.6 ([8]). The probabilistic radius R4 of a nonempty set A in a
Menger’s PN space (X, v,7,T) is defined by

{e-mw, t € [0, +oo
Ry =
1, t = +o0

where @A (t) := inf{y,(t) : p € A}.
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Definition 1.7 ([8]). A nonempty set A in a Menger’s PN space (X, v, 7,T) is
said to be:

(a) certainly bounded, if R(tg) = 1 for some ¢y €]0, +0o0[;
(b) perhaps bounded, if one has R(t) < 1 for every ¢ €]0, +ool, but

lim Ra(t) =1,

t—+00

(c) perhaps unbounded, if R4(ty) > 0 for some tg €]0, +o00] and

lim R,(t) €]0,1];

t—+o0

(d) certainly unbounded, if lim; 400 Ra(t) = 0, ie., if R4 = €o. More-
over, the set A will be said to be distributionally bounded (henceforth
D—bounded) if either (a) or (b) holds, i.e.,if R4 € DT; otherwise, i.e., if
R4 belongs to AT\ DT, A will be said to be D—unbounded.

Definition 1.8 ([8]). Let (X, v, 7,T) and (Y, u, 7,T) be two Menger’s PN spaces
then a mapping T : X — Y is said to be sequentially continuous if a sequence
(z5) in X converges to z € X implies (T'zy,) converges to Tx in Y.

Lemma 1.9 ([8]). Let (X,v,7,T) be a Menger’s PN space. If |a] < ||, then
Vaz = Vg for every z € X.

Definition 1.10 ([8]). Let (X,v,7,T) be a Menger’s PN space and A be a
nonempty subset of X then A is said to be probabilistically bounded if for each
r € (0,1) there exists t > 0 such that v,(t) > 1 —r for all z € A.

Let ¢ : Ry — Ry be a function. In connection with the function ¢ we
consider the following properties [5]:

1. ¢ is monotonic increasing;

2. ¢(t) <t forall t >0

3. ¢(0) = 0;

4. ¢ is continuous;

5. {¢"(t)} converges to 0 for all ¢ > 0;
6. > o o{¢"(t)} converges for allt > 0;
7. t—(t) = o0 as t — oo;

8. ¢ is subadditive.

Lemma 1.11 ([5]). Let ¢ : Ry — R4 be a function then:
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1. ¢ is monotonic increasing and ¢(t) < ¢ for all ¢ > 0 implies ¢(0) = 0.
2. p(t) <t for all t > 0 and ¢ is continuous implies ¢(0) = 0.

3. ¢ is monotonic increasing and {¢"(¢)} converges to 0 for all ¢ > 0 then
o(t) <t for all t > 0.

Definition 1.12 ([5], [11]). A function ¢ : Ry — Ry is said to be a comparison
function if ¢ is monotonic increasing and {¢™(t)} converges to 0 for all ¢ > 0.

Lemma 1.13 ([5], [11]). 1. Any comparison function ¢ satisfies ¢(0) = 0;
2. Any subadditive comparison function ¢ is continuous;

3. If ¢ is a comparison function then, for any k € N, " is a comparison
function;

4. If ¢ is a comparison function then, the function s : Ry — Ry such that
s(t) = D52, #F(¢) for t € R, satisfies that s is monotonic increasing and
s(0) = 0.

Example 1.14 ([5][11]). Some examples for the function ¢ satisfying the prop-
erties mentioned in definition (1.11):

1. Define ¢ : Ry — Ry by ¢(t) = kt for k € [0,1] then ¢ satifies all the
conditions in definition (1.11).

2. Define p : Ry — Ry by ¢(t) = 1:4%1 then ¢ is monotonic increasing,{©" (t) }

converges to 0 for all t > 0 and t — ¢(t) — 0o as t — o0.

2. Contraction and ¢p—contraction mappings in Menger’s PN spaces

Definition 2.1 ([12]). Let (X,v,7,T) be a Menger’s PN space, a subset L of
X of the form {z + ty;t € R} } where 2,y € X and y # 0 is called a line.

Definition 2.2. Let (X,v,7,T) be a Menger’s PN space,f : X — X is said to
be a contraction on X if and only if there is a k € (0, 1) such that vy, s, (kt) >
Vgp—y(t) for every x,y € X and t > 0.

Example 2.3. Let (X,v,7,T) be a Menger’s PN space, and S be a subset of
L ={r+ay;a € Ry} Define f: S = X by f(z+ay) = (:35)y for 2,y € X,
then f is a contraction on X.

Lemma 2.4. Let (X,v,7,T) be a Menger’s PN space then, every contraction
f: X — X is sequentially continuous.

Proof. Since f is a contraction on X, we have for k € (0,1) vy,_py(kt) >
Vgp—y(t), for all z,y € X and t > 0.

Let (zy,) be a sequence in X such that x, — x i.e., for allt > 0 and A € (0,1)
there exists ng € N such that for every n > ng we have v, _,(t) > 1 — A\
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As x, € X for all n, we have vs,, _ . (kt) > vy, —o(t) > 1=\ for every n >
ng.
Hence fx, — fz. So f is sequentially continuous. O

Now we prove a unique fixed point theorem for contractive mappings in
Menger’s PN space.

Theorem 2.5. Let (X,v,7,T) be a Menger’s probabilistic Banach space and
FE be a nonempty closed and probabilistic bounded subset of X. Let f: E — E
be a contraction then f has a unique fixed point on X.

Proof. Since f is a contraction on X, for k € (0,1), vpp—py(kt) > vp—y(t) for
all x,y € X and t > 0.
Let 29 € X. Construct a sequence {x,} depending on xy. Let 1 = fxo, zo =
fri, @3 = fao,..,q = frzp_1 then fzg = x1, f2x0 = f(fxo) = fx1 = x2,
. fnl'o = Tn.
We have, vp(n)— p2(y) (k) = V() s(ry) (k) 2 Viomgy () 2 Vimy (5)-
Similarly, vys,_ys, (kt) > va_y (72
Continuing like this we get

t
anx,fny(kt) 2 V:E—y (kn—l) .
We have E is probabilistically bounded then for each r € (0, 1) there exists
t > 0 such that v,(t) > 1 —r for all x € E.
We prove that {z,} is a Cauchy sequence in X.
Let m,n > 0 with m > n. Take m = n + p then

Vxn—:r:n+p(kt L4 mn—:pn+1 +(mn+1—xn+z,)(kt)

kt
>TT{Vxn Tn+1 Vxn-l»l —ZTn+p E }

kt
— TT{Vf’fL:L'()—f”fE1 5 3 I/(xn+1fxn+2)+(:r"+2f:zn+p) 5 }
kt kt
= TT{VrO_xl < fn—1 TT{anu’Ul frxe <4> ' V(@nt2—Tntp) <4>}}

" t kt
> TT{V‘Z‘o*"El <2kn 1> 77—T{V11 —x2 <4kn_1> 77/(1‘n+2—1‘n+p) <4>}}
1

[\~

. kt
2 TT{VSC()—.Z‘l <2kjn 1 VCC1 —x2 < ]{jn 1 > 9 TT{V(xn+27$TL+3)+(£7L+37CETL+Z)) <4> }}
—ry=1-r.

>7mr{l—r,1—r, ..,

So, {z,,} is a Cauchy sequence in X. Therefore, {x,} converges to some point
ze X.

Since f is sequentially continuous, we have lim, . fr, = fr and fxr =
limy, o0 fTn, = limy 00 Tn11 = x. Hence f has a fixed point in X.
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It remains to prove that such a fixed point is unique.

Let y € X with y # « such that fy = y then, v,_y(kt) = vpp—_py(kt) >
Vz—y(t) implies V1(zy) (t) > vp—y(t) implies |%| < 1 implies k£ > 1, a contradic-
tion to k € (0,1) . Hence the fixed point of f is unique. O

Definition 2.6. Let (X,v,7,T) be a Menger’s PN space then a mapping f :
X — X is said to be a p—contraction if there exists a comparison function
¢ : Ry — Ry such that ve,_ gy (0(t)) > ve—y (©(t/c)) for 0 < ¢ < 1, for all
z,y € X and t > 0.

Example 2.7. Let (X,v,7,T) be a Menger’s PN space. Define f : X — X by
f(t) =t and ¢ : Ry — Ry by ¢(t) = L, for 0 < ¢ < 1 then ¢ is a comparison
function and hence f is a ¢p—contraction on X.

Lemma 2.8. Let (X, v, 7,T) be a Menger’s PN space then, every ¢—contraction
f: X — X is sequentially continuous.

Proof. Let (z,,) be a sequence in X such that z,, - x in X i.e., for all ¢ > 0 and
A € (0,1) there exists ng € N such that for every n > ng, we have v, _, > 1—A\.
Since f is a (p—contraction, we have, for 0 < ¢ < 1, forall z,y € X and ¢t > 0

Vign—faz (P(t)) = Ve, —2 (p(t/c)) > 1 =X, for every n > ng.
Hence f is sequentially continuous. O

Theorem 2.9. Let (X,v,7,T) be a Menger’s probabilistic Banach space and
FE be a nonempty closed and D— bounded subset of X. Let f : E — FE be a
(p—contraction then f has a unique fixed point on X.

Proof. Since f is a p—contraction on X, then there exists a comparison function
pfor0<c< 1, forall z,y € X andt >0

Vig—fy (0(t)) 2 va—y (p(t/c)) .
We have
Ver(a)—p2(y) (1) = Vi(ga)—sry) (0(1))

Viz—fy ((p(t/c )
Vy—y (‘P(t/CQ)) .

Similarly, vss, s, (@(t)) = va—y (¢(t/c*)) . Continuing like this we get,

ALY,

Vng—fny (0(1)) > va—y (p(t/c")) .

Let zy € X. Construct a sequence {x, } depending on xz¢. Let 1 = fxg, 2 =

fri,v3 = fro,....xn = frn,_1 then frg = 21, P20 = f(fz0) = fr1 = 22,
e, Ty = x4
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We prove that {z,} is a Cauchy sequence in X.
Let m,n > 0 with m > n. Take m = n + p then

Vxn—rn+p (@(t)) = l/(xn_xn+l)+(xn+1_xn+p) (gD(t))
Z TT{Vznfxn-ﬁ»l ((p(t)) 7Vxn+171'n+p ((p(t))}
= TT{anl’O—fniUl ((,D(t)) ’V(mn+1—$n+2)+($n+2—$n+p) (SD(t))}
> 7 {Vay—a1 (P() s T {V (@1 —ns2) (P(0) s Vnso—ansy) (P(E))}}
>mp{l—r,1—r}=1-r.
So, {zn} is a Cauchy sequence in X. Therefore, {x,} converges to some point
z e X.
Since f is sequentially continuous, we have lim,_,o fr, = for and fx =
limy, 00 fTn, = limy, 00 Tp11 = x. Hence f has a fixed point in X.

Now, we have to prove that such a fixed point is unique.
Let y € X with y # z such that fy =y then, for ¢t > 0,

Va—y (p(t)) = Vyapy (9(1))
> vp—y (p(t/c))
> Vir—fy ((p(t/02))

> Vp—y (p(t/c")).

We have lim,, o ¢(t/c") = oo and as a consequence v,_,(co0) = 1 if and
only if v is in DT. ie., limy o0 v5(¢) = 1. Then, v,_,(t) = 1 for all ¢ > 0 if and
only if v,_, = ¢¢ if and only if = y. This completes the proof. O
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