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Abstract. In this article, we establish new univalence criteria for normalized analytic
functions f(z) = z 4+ Y jeqar 2¥ with f(z)/z # 0 in the unit disk U = {z : |z| < 1}.
Indeed, we prove for any n > 2 that the condition |(f(2)/2)™| < (n!/(n + 1))(1 —
> h_s Kklax|) is sufficient and sharp for f to be univalent in U. The equality attained for
the functions f(z) = z+ >, _, ax 2*, where _}_, k|ax| = 1. We investigate interesting
geometric properties for such classes of functions. Namely, subordinations, inclusions,
distortion and growth theorems, area estimate, starlikeness and convexity.
Keywords: univalent functions, univalence criteria, subordination, starlike functions,
convex functions, area theorem, distortion theorem.

1. Introduction and preliminaries

It is well known that the condition Ref’(z) > 0 is sufficient for analytic function
f to be univalent (one-to-one) in any convex domain. In 1962, MacGregor [1]
investigated such functions in the unit disk U = {z : |z| < 1}, whenever f is
normalized by f(0) = f(0) — 1 = 0. In fact, the class of normalized analytic
functions, denoted by A, is analytically characterized by functions of the form

f(z) = z+2akzk.
k=2

Afterwards, in [2, 3], the authors studied the subclass
F={feA:|f(z)-1<1,2€U}

of the class R = {f € A: Re f'(2) > 0, z € U}, for various geometric properties.
A function f € A is said to be starlike in U if it satisfies

2f'(2) }
Re >0, (z€0).

§© et
Also, f € A is called convex in U if it satisfies

2f"(2)
) } >0, (z€U).

Re{l-i—
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The classes of starlike functions and convex functions are denoted, respectively,
by &* and K. A function f is said to be subordinate to g, written f < g, if
there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1 (2 € U),
such that f(z) = g(w(z)), for z € U. The problems of finding criteria and
investigating geometric properties for univalent functions has been extensively
studied by many authors, see for example [4-11].

In this article, for every n > 2, we introduce the classes

P (n) n! n z
FnZ{feA: ‘(f”) §n+'1<1—§klakl>, 9 40, zeU}

of univalent functions in U. Indeed, we prove that F, is included in the class
F, for every n > 2. As a motivation of our univalence criteria is that, for n = 2
and f(z)/z # 0 in U, the condition

(11) Sk = 1)k = 2o < 51~ 2laal)

k=3

is sufficient for f € A to be in Fy and hence it is univalent in U. Also, the

condition y
‘(ﬂ)> < = (~Tlazl + VIO wP) , (= € V)

is sufficient for f € A to be starlike in U, where equality attained for f(z) =
24 as 2%, (|as| = 1/+/5). Moreover, the condition

()

is sufficient for f € A to be convex in U, where equality attained for f(z) =
2+ as 2%, (Jag] = 1/4). Further, we investigate several geometric properties
for the classes F),. Mainly, inclusions, subordinations, distortion and growth
theorems, area estimate, starlikeness and convexity. As consequences from the
subordination results, we obtain univalence criteria in terms of bounded deriva-
tives of f.

The following lemmas are needed in the sequel.

< Z(1—4arf), (z€D)

2
11

Lemma 1.1 ([12]). If w(z) is analytic in U and |w(z)| <1 in U, then for each
m > 1, the function ®,,(z) defined by

z 1
D,,(2) = /0 mu™ tw(u)du = Zm/o mt™ rw(tz)dt = 2™V, (2)

is clearly analytic in U and moreover, W,,(z) is analytic in U such that |V, (2)] <
1inU.
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Lemma 1.2 ([13]). Let g be a convex function in U, and let h(z) = g(z) +
kazg'(z) for z € U, where a > 0 and k is a positive integer. If p(z) = g(0) +
pe2® + prp1 2"t + -, 2 € U, is holomorphic in U and p(z) + azp'(z) < h(z),
z € U, then p(z) < g(z), z € U, and this result is sharp.

Lemma 1.3 ([14, p.7]). For analytic functions g(z) = > 5oy bk 2* in U with

lg(2)| <1, we have
o
> bk <1
k=0

Lemma 1.4. Let f(z) =z+ > pey apz®. Then, for every n > 2, we have

(n) (n—1)
(1.2) F™(2) =2 (f(z)) +n (f(z)) .
z z
Proof. From the following expansions
) =ntan+ 3 Ry st
k=n+1
f(2) ") - (k—1)! k—n—1
( z N Z (k—n—l)‘akz ’
k=n-+1
and (n—1)
fz) " o (k=1
=(n—1la, "
( . (n—1lay, + Z (k—n)!akz
k=n+1
It can be easily verified that (1.2) holds. O

2. Univalence and inclusions
Let us start by proving that F;, C F, for every n > 2.

Theorem 2.1 (Univalence Criteria). Let f(z) = 2+ rey axz® with f(2)/z # 0
in U and let

2)\ ™ n! "
e[ e 2 (oS, e
k=2

for some n > 2. Then f € F and hence it is univalent in U. The inequality
(2.1) is sharp, where equality attained for functions of the form

n n
(2.2) fu(z) =2+ Zakzk, where Z klag| =1
k=2 k=2

and for f(z) = z+ (1/(n 4+ 1))z"L
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Proof. Let

n! "

Then, for n = 2, condition (2.1) is equivalent to

()] <
and
(2.3) (ﬂj))” = B2 $1(2),

where ¢, is analytic in U and |¢1(2)| < 1 in U. Now, by the virtue of

(k)
(f(z)> |0 = Kl a1

z

and using Lemma 1.1, then integrating (2.3) from 0 to z yields

' 1
(2.4) (‘f(j)> =as + Bgz/o o1(tz) dt == ag + Pazpa(2).

The relation (2.4), by integration and multiplying by z, gives

(2.5) f(2) — 2 = agz® + Boz /Ozud)Q(u) du.

By differentiating both sides of (2.5), we have
f'(z)—1 = 2a2z+ P (22<Z>2(z) —|—/ u pa(u) du)
0

1 1
= 2a9z + B9 (22¢2(z) + 222/ 2t Po(t2) dt) )
0
Therefore,
3
|f/(2) = 1| < 2|az| + 3P =1
and hence f € F. For n = 3, we have

(2.6) (f(z)>’” = B31(2),

z

where v is analytic in U and |¢1(2)| < 1 in U. By integration (2.6) from 0 to
z, we have

" 1
(2.7) <f(ZZ)> = 2a3 + /832:/0 Y1(tz) dt := 2a3 + B3z 2(2).
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Again by integration (2.7), we get

/ 2 1
(2.8) <f(zz)> = az + 2a3z + Bg% / 2tpa(tz) dt := ag + 2a3z + @zzwg(z).
0

2

Integration (2.8) and then multiplying by z, gives

(2.9) f(2) — 2z = ag2® + a3z + @z /Z u3(u) du
2 Jo

By differentiating both sides of (2.9) and using Lemma 1.1, we have
FE -1 = 2tz + 2 (000 + [ tuato) do)

1
= My+3%z4ﬁg<3w()+;§/mﬁwﬂm)ﬁ>.
0

Therefore,
2
|f(2) = 1] < 2|az| + 3Jas| + 3P =1

and hence f € F. In general, if

'(ﬂ?)m)s@“<zem,
then
! z)——].zzj?jkakzk_l
k=2
(2.10) 4—(H/E:D!5n <z”¢n(z)+—j:/€1n¢"lwn(tz)dt>,

where ¢,, is analytic in U and |p,(2)] <1 in U by Lemma 1.1. Therefore,

—1‘ Zk|ak|+ ) <1+711>Bn:17

and hence f € F. To show that the result is sharp for n > 2, we consider

1+ezn+1
n+1

(2.11) f2) =z + . (e>0).

Clearly, ap = 0 for 2 < k < n. A computation shows that

<f€(z)>(k) _(4onn=1) -kt 1)

z n+1
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Therefore,

2)\ ™ n!
fe( )> = : (1+e).

z n+41

(2.12) <

Letting € = 0 in (2.11) and (2.12) implies that fo(z) satisfies the equality in
(2.1). However, for every € > 0 and n > 2, we have

()

Hence f, is not univalent in U, for € > 0 and the result is sharp. It can be easily
check that functions of the form (2.2) are also satisfying the equality in (2.1),
where both sides will be zero. This completes the proof of Theorem 2.1. O

Setting n = 2 in Theorem 2.1 implies, for f(z)/z # 0 in U, that

()

is sufficient condition for f to be in Fy. Now, expanding (f(z)/z)™ as a Taylor
series gives the following corollary.

<2(1-2al), (eU)

w

Corollary 2.2. Let f(2) =z + > 5o, apz® with f(2)/2 # 0 in U and let

(2.13) > klag| + - > (k—n)alax| <1, (z€T),

k=2 " k=n+1
where (x)y, is the Pochhammer symbol defined by

()n = F(lf(—;)m =z(x+1)..(r+n—-1).

Then f € F,.

Proof. Since )
FEON" _ - (k=1 k—n—1
( z N Z (k—n—l)!akz '
k=n+1
Then, we easily conclude that (2.13) is sufficient condition for f to be in F,,. O
As a consequent result from Corollary 2.2, we observe that condition (1.1) is

sufficient for f to be in Fy. Note that, f(z) = 2+ (1/n)z" € F,_1 N F,. Indeed,
we have the following result.

Theorem 2.3 (Inclusions). Forn >3, F,, C F,,_1 in the disk |z| < (n+1)/n?.
Moreover, if f € F,, with Y ;o klag(f)| =1, then f € F,_1 in the unit disk U.
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Proof. Let f(z) =z + > ro,ar 2" € F,. Then

2\ ™ n! =
(1) - (1—%1«@) i (2),

where 411 is analytic in U and |p1(2)| < 1in U. Therefore, by integration from
0 to z, we observe that

)\ (D n! .
Y (o ) B

where pip is analytic in U and |u2(2)| < 1in U. Now, if |2| < (n + 1)/n?, then a
simple computation gives

‘ (f(z)> (n-1)

n! "
< (n—Dlan| + —— <1 - kZQk? ’%’) |2

n—1
< (n;l)! (1—21”6’%’) :
k=2

This completes the proof of the first part. To prove the second part, let f € F,,
with 37, k|ag| = 1. Then (f(2)/2)™ =0 and

. (n—1) n— 1) n—1
(f<z>> = (n—Dlfag = P (FZM%’)‘
k=2

Therefore f € F,_1. O

We note that F), is not included in F;,_1, consider the following example

Example 2.4. The function

f(z)=2z+ 224

belongs to F3. However, it does not belong to Fs.

3. Subordination and an area theorem

Theorem 3.1 (Subordination). Let f € A be satisfying

(3.1) fM(z) <nla, +B(n+1)z, (zeU).
Then,

f\ Y
(3.2) <z> < (n—1la,+ Bz, (z€U),

for everyn >3 and B € C. The result is sharp.
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Proof. In view of Lemma 1.4, the subordination (3.1) can be written as

z (f<z>)<“> . (M)(”‘” <= Dlan+ " s (ze)

n z z

Applying Lemma 1.2 for p(z) = (f(2)/2)™ Y, g(2) = (n — Dlan + Bz, k =1
and a = 1/n to the above subordination yields the desired. O

Corollary 3.2. If f € A satisfies

(3.3) |f(”)(z)—n!an|<(n+1 (1—Zk|ak|> (z € ),

for somen > 3, then f € F,_1.

Proof. Set
== (1—Zkzlakl>

Then, in view of (3.3), f™(2) — nla, < B(n + 1)z and hence (3.1) holds.

Therefore, from (3.2), we obtain
n—1)!
ol (1—§jm%0

‘(f(z))”“”

Hence, f € F,_1. O

For the case n = 2, we have the following

Theorem 3.3. If f € A satisfies
3
(3.4) f"(z) —2ag < 5(1 —2|az|) z,

or equivalently, |f"(z) — 2as| < 3 (1—2|as|), (2 € U), then f € F. In par-
ticular, if ag = 0 and |f"(z)| < 3/2 then f € F and hence it is univalent in
U.

Proof. In view of (3.4), we have f”(z) = 2as + 3 (1 — 2|as|) w(z), where w is
analytic function in U and |w(z | < |z| in U by Schwarz lemma. Therefore,

Fe-1 = |

Sld/lﬂ@@Mt
0
1 3

< o [ (2leal + 50~ 2aablel) a
0

3
< 2fanlfz] + S0~ 2las))|2P

< 2 ey <
— —|a .
4 22_
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Thus f € F. O

Next, we study the area covered by functions in Fj,. Applying Lemma 1.3
to (f(2)/2)™, where f(z) = 2+ > 52, ay 2* € F,, implies that
2

|ak|2 <1

o0

(k—n)p(n+1)
k:zml n! <1 — Y2 \@j\)

Using this inequality, we may derive the following theorem.

Theorem 3.4 (An Area Theorem). The area of the image of U under each
function in F, satisfies

2
n n
1
A<l klag + —— (1= &

Equality attained for the functions f(z) = 2+ p_o arz"®, where Y7 _, klay| = 1.

Proof. Let f(z) = 2+ ro, ay 2* be in the class F),. It is well known, (see [2]),
that the area of the image of U under f is given by

A:w{1+2k|ak|2}.

k=2

By making use of Lemma 1.3 and Corollary 2.2, we obtain

A=n {1 + kla+ Y k;\ak\?}
k=2

k=n-+1
2
n n 2 o
1-> 1 okla k—n)p(n+1
<7313 by (L7 e k) R
k=2 n k=n+1 \ N (1 - 23:2] ’aj‘)
2
<Tql+ Y Kl + (1—Zk\ak\>
k=2 k=2
This completes the proof. O
We may observe, for f € F5, that
4 10
A< ?ﬂ (1 — las| + 4|<7L2|2>
and the maximum value of A is (3/2)m which attained at |as| = 1/2 for the
function f(z) = z 4+ a22?, (2 € U, |az| = 1/2). In general, the maximum

value of A for functions in F,, is w(1 + (1/n)) which attained for the function
f(2) = z+anz", (lan| = 1/n).
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4. Distortion, starlikeness and convexity

The following theorem introduces bounds for functions in F}, and for their deriva-
tives. It will be useful for investigating starlike and convex functions in F,.

Theorem 4.1 (Distortion and Growth). Let f(z) = 2+ 1o agz* € F,,. Then,
for |zl =r <1 and g(r) = S7_, |ak|r* + %H (1—>"% 5 klag|) T, we have

(4.1) 1f(2) = 2| < g(r);
(4.2) |f'(2) = 1] < ¢'(r);
(4.3) r—g(r) <|f)| <r+g(r);
(4.4) 1—g(r) < |f' (&) <1+4(r)

Fqualities in (4.1), (4.2), (4.3) and (4.4) are attained for the functions f(z) =
Z+ > p_y a2, where S p_o klag| = 1.

Proof. In view of relation (2.10), we have

"(2) —1:= Zkakzk_l + (1 - Zkak> 2" W(z),
k=2 k=2

where

W)= (cpn(z) + % /0 o (t2) dt)

is analytic in U and |W(z)| < 1 in U. Therefore,

n n
"(2) =1 <> Klagll=[*~" + <1 - Zk‘lak|> 2"
k=2 k=2

=

and
z

[f(2) =2 = ; (f'(s) = 1)ds

1
< Il / F(t2) - 1]dt

1 n n
< |Z|/0 {Z klag||z)F~ 1Rt + <1 - Zk|ak|> |z|”t”} dt

= Z g1 + (1 - ZM%!) s

The estimates (4.3) and (4.4) are immediate consequences from (4.1) and (4.2),
respectively. O
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For functions f € F),, one can write
f\™] _ _n! "
< —— 1= k
(12)") s (1 et}

for some 0 < o < 1. In the next results, we find values for a such that f € F),
is starlike or convex in the unit disk U.

Theorem 4.2 (Starlikeness). Let f(z) = 2z + Y ney apz® with f(2)/z # 0 in U
be satisfying

‘(ﬂz))(n)

n! "
——— < —(2 3 k
2(n2+2n+2){ (2n + ); |ax|

+ 4(n®+2n+2) — (n—1)2 (Zk|ak|>

for some n > 2 and for every z € U. Then f € S*. Equality attained for the
functions f(2) = 2z + > 1 _yarz® such that > p_, k|ax| = \/4/5.

Proof. Let

z (n) n. -
(4.5) ‘(f(z)) < n+'1 (1 >k ak> o
k=2

for some a > 0. In view of relation (2.10) and from (4.2) and (4.5), we observe
that

THORS kauzr’f 1+a<1—2k|akr> 2"
< Zk‘|ak| +a (1 — Zk|ak|> :
k=2 k=2
Also, from (2.10), (4.1) and (4.5), we obtain
f(Z) & k—1 o S n
’Z—l < > lallz] to 1= klax| | I2]
k=2 k=2
l — «a -
< 22131%1 T (1 — kZ;kak> .
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Now,

< |arg f'(z)| +

arg

S E]

f(;))

A

arcsin {Z klag| + o <1 - Zk|ak|) }
k=2 k=2
+ arcsin liklakl—ki 1—ik\ak\ .
2 pt n+1 Pt

The last bound is equal to /2 if

{§k|ak|+a (1—§klakl>} { Zk\akH— (1—Zk\ak\>}

A computation shows that the root a of the above equation is given by

n+1 -
_ = —(2n+3 k
o 2(n2 +2n—|—2) (1 - Zk:Qk‘a’kD { ( " ); |ak|

+ 4(n?>+2n+2) — (n—1)2 (Zkak>

and o > 0 if
- 4
S k] < \@
k=2

Therefore, for the defined root «, we have

@) _ =

arg < =

flz) | 2
and hence f € §*. Finally, (4.5) is equivalent to the assumption condition for
the defined root « and this completes the proof of Theorem 4.2. O

For n = 2, the above result is reduced to

Corollary 4.3. Any function f(z) = z + > reyapz®, with f(2)/z # 0 in U,

satisfies
‘(JCS)) ( 7la y+\/10—\a2> (z € U)

is starlike in U. Equality attained for the function f(z) = z + a2 2%, (las| =

1//5).
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Theorem 4.4 (Convexity). Let f(2) = z + > reyarz®, with f(z)/z # 0 in U,

be satisfying
f(Z) ") 2
< - .
( B o2 1 E k \ak\ Z € U)

Then f € K. Equality attained for the functions f(2) = 2+ 31y apz® such

that 3"} _o K |ag| = 1.
F)\"
z

Proof. Let
n! "
= 1— :
B n+1< ;;kmm>

In view of relation (2.10), we have

=1+ Z kayz"~ " LBnl) (z”cpn(z) + /OZ WL (1) du> .

Differentiating the previous relation gives

(4.6)

< aﬁm

for some o > 0 and

n—1

”z)sz(k—l)akzk—%(: 5700 (1= Dgn-1(2) + (1+ Don(2)]

where 2"¢/ () = (n —1)2" Y (¢n_1(2) — n(2)) by Lemma 1.1. Hence, from the
above relations and estimate (4.4), we obtain

zf”(z) ZZ:Q k(k —1)|ag| + %aﬁn
() 1->% oka "‘H o, ’

A mild computation shows that the last bound is less than or equal to 1 if

(n+1) (1= o klaxl)
T @224+ n+1) (1= s klag])

<7 2
a@lmﬂ+n+1( }:khmo

Thus, condition (4.6) implies that f is convex in U. O

This yields

Theorem 4.4, when n = 2, is reduced to

Corollary 4.5. Any function f(z) = z + > reqy axz®, with f(z)/z # 0 in U,
2
(1 —4az]), (z€U)

satisfies
(f(z))”
z - 11

is convex in U. Equality attained for f(z) = z + az 22, (|az| = 1/4).
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