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Abstract. In this paper the concept of fully-(m,n) stable Banach Algebra-module
(F − (m,n)−S−B−A-module), we study some properties of F − (m,n)−S−B−A-
module and another characterization have been given.
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1. Introduction

A non-empty set A is an algebra if, (A,+, .) is a vector space over a field F ,
(A,+, ◦) is a ring and (αa) ◦ b = α(a ◦ b) = a ◦ (αb) for every α ∈ F , for every
a, b ∈ A” [1]. In [2]” a ring R is an algebra ⟨R,+, · ,−, 0⟩ where + and · are two
binary operations, − is unary and 0 is nullary element satisfying, ⟨R,+,−, 0⟩
is an abelian group, ⟨R, .⟩ is a semigroup and x.(y + z) = (x.y) + (x.z) and
(x+ y).z = (x.z) + (y + z)”. ”Let A be an algebra, recall that a Banach space
E is a Banach left A-module (B − A - module) if E is a left A-module, and
∥a.x∥ ≤ ∥a∥ ∥x∥(a ∈ A, x ∈ E)” [1]. Following [3] ”a map from a left B − A-
module X into a left Banach A-module Y (A is not necessarily commutative )
is said a multiplier (homomorphism) if it satisfies T (a.x) = a.Tx for all a ∈ A,
x ∈ X ”. In [4], ”a submodule N of an R-module M is said to be stable,
if f(N) ⊆ N for each R-homomorphism f : N −→ M . M is called a fully
stable module, each submodule of M is stable”. ”A Banach algebra module M
is called F − S − B − A-module if for every submodule N of M and for each
multiplier θ : N −→ M such that θ(N) ⊆ N” [5]. We use the notation Rm×n

for the set of all m × n matrices over R. For A ∈ Rm×n, AT will denote the
transpose of A. In general, for an R-module N , we write Nm×n for the set of
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all formal m × n matrices whose entries are elements of N . Let M be a right
Banach Algebra-module and N be a left R-module. For x ∈ M l×m, s ∈ Rm×n

and y ∈ Mn×k, under the usual multiplication of matrices, xs (resp. sy) is a
well defined element in M l×m (resp. Nn×k). ”If X ⊆ M l×m, S ⊆ Rm×n and
Y ⊆ Nn×k define

ℓM l×m(S) =
{
u ∈ M l×m | us = 0; ∀s ∈ S

}
,

rNn×k(S) =
{
v ∈ Nn×k | sv = 0;∀s ∈ S

}
,

ℓRm×n(Y ) =
{
s ∈ Rm×n | sy = 0;∀y ∈ Y

}
,

rRm×n(X) =
{
s ∈ Rm×n | xs = 0; ∀x ∈ X

}
.

We will write Nn = N1×n, Nn = Nn×1 [6]. In this paper for two fixed
positive integers n, m the concept of fully (m,n)-stable Banach algebra modules
has been introduced.

2. Fully (m,n)-stable Banach algebra modules

”A left B−A-module X is n-generated for n ∈ N if there exists x1, . . . , xn ∈ X
such that each x ∈ X can represented as x =

∑n
k=1 ak.xk for some a1, . . . , an ∈

A. A module which is 1-generated is called a cyclic module” [7] .

Definition 2.1. Let K be B − A-module, K is called (m,n)-fully stable B-A-
module, if for every n-generated submodule L of Km and for each multiplier
θ : L → Km satisfy θ(L) ⊆ L, for two fixed positive integers n,m.

In [5] ”for a nonempty subset M in a left B−A - module X, the annihilater
annA(M) of M is annA(M) = {a ∈ A|a.x = 0 ∀x ∈ M}”.

Notation. Let X be a B −A-module

1. Lx1,x2,...,xn = {⊕lxi |n ∈ N, xi ∈ X, i = 1, 2, . . . , n},
Ky1,y2,...,yn = {⊕kyi |k ∈ K, yi ∈ X, i = 1, 2, . . . , n},

2. ℓAm×nLx1,x2,...,xn = {a ∈ Am×n, a.(⊕lxi) = 0, ∀ ⊕ lxi ∈ Lx1,x2,...,xn},
ℓAm×nKy1,y2,...,yn = {a ∈ Am×n, a.(⊕kyi) = 0, ∀kyi ∈ Ky1,y2,...,yn}.

Proposition 2.2. A B − A-module M is fully-(m,n) stable, if and only if
any two m-element subsets {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm} and {Ky1 ,Ky1,y2 , . . . ,
Ky1,y2,...,ym} of Mn, if βj ̸∈

∑n
i=1Aαi, for each j = 1, . . . ,m implies ℓAn({Lx1 ,

Lx1,x2 , . . . , Lx1,x2,...,xm}) ̸⊆ ℓAn({Ky1 ,Ky1,y2 , . . . ,Ky1,y2,...,ym}).

Proof. Assume that K is F−(m,n)−S−B−A-module and there exist two m -
element subsets {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm} and {Ky1 ,Ky1,y2 , . . . ,Ky1,y2,...,ym}
of Mn such that if Kyj /∈

∑n
i=1Aαi, for each j = 1, . . . ,m and

ℓAn({Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm}) ⊆ ℓAn({Ky1 ,Ky1,y2 , . . . ,Ky1,y2,...,ym}).
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Define f :
∑n

i=1 αiA −→ Mm by f(
∑n

i=1 aiLxi) =
∑n

i=1 aiKyi .
Let Lxi = (k1i, k2i, . . . , kni). If

∑n
i=1 aiLxi = 0, then

∑n
i=1 aikij = 0, j =

1, 2, . . . ,m, implies that rLxj = 0 where r = (r1, . . . , rn) and hence r ∈ ℓAn{Lx1 ,
Lx1,x2 , . . . , Lx1,x2,...,xm}. By assumption rKyj = 0, j = 1, . . . ,m so

∑n
i=1 riKyi =

0. This shows that f is well defined. It is an easy matter to see that f is
multiplier. Fully-(m,n) stability of M implies that there exists t = (t1, . . . , tn) ∈
An such that f(

∑n
i=1 riLxi) =

∑n
k=1 tk(

∑n
i=1 riLxi) =

∑n
k=1

∑n
i=1(tkri)Lxi for

each
∑n

i=1 riLxi ∈
∑n

i=1ALxi .
Let ri = (0, . . . , 0, 1, 0, . . . , 0) ∈ An where 1 in the i-th position and 0 oth-

erwise. Kyi = f(Lxi) =
∑n

k=1 tkLxi ∈
∑n

i=1ALxi , which is contradiction.
Conversely assume that there exists n-generated B −A-submodule of Mm and
multiplier µ :

∑
i=1ALxi → Mm such that µ(

∑n
i=1ALxi) ̸⊆

∑n
i=1ALxi . Then

there exists an element β(=
∑n

i=1 riLxi) ∈
∑n

i=1ALxi such that µ(Ky) /∈∑n
i=1ALxi . Take Kyi = Ky, j = 1, . . . ,m, then we have m-element subset

{µ(Ky), . . . , µ(Ky)}, such that µ(Ky) /∈
∑n

i=1ALxi , j = 1, . . . ,m. Let η =
(t1, . . . , tn) ∈ ℓAn({Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm}), then ηαj = 0, i.e

∑n
i=1 tiaij =

0, for each j = 1, . . . ,m, Lxj = (a1j , a2j , . . . , anj) and {µ(Ky), . . . , µ(Ky)}η =∑n
k=1 tkµ(Ky) =

∑n
k=1 tkµ(

∑n
i=1 riLxi) =

∑n
k=1 µ(

∑n
i=1 tkriLxi) = 0 hence

ℓAn({Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm}) ⊆ ℓAn({µ(Ky), . . . , µ(Ky)}), thus ℓAn({Lx1 ,
Lx1,x2 , . . . , Lx1,x2,...,xm}) ⊆ ℓAn({µ(Ky1), . . . , µ(Ky1,y2,...,ym)} which is a contra-
diction. Thus M is F − (m,n)− S −B −A-module.

Corollary 2.3. Let M be an F−(m,n)−S−B−A-module, then for any two m-
element subsets {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm} and {Ky1 ,Ky1,y2 , . . . ,Ky1,y2,...,ym}
of Mn, ℓAn({Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xm}) ⊆ ℓAn({Ky1 ,Ky1,y2 , . . . ,Ky1,y2,...,ym})
implies that ALx1+ALx1,x2+. . .+ALx1,x2,...,xm = AKy1+AKy1,y2+AKy1,y2,...,ym.

In [9], ”AB−A - module X is said to satisfy Baer criterion if each submod-
ule of X satisfies Baer criterion, that is for every submodule N of X and A-
multiplier θ : N → X, there exists an element a in A such that θ(n) = an for
all n ∈ N”.

Definition 2.4. A B −A - module X is said to satisfy Baer (m,n)-criterion if
each submodule ofX satisfies Baer (m,n)-criterion, that is for every n-generated
submodule L of X and A- multiplier θ : L → Xm, there exists an element a in
A such that θ(l) = al for all l ∈ L”.

Proposition 2.5. If X satisfies Baer (m, 1)-criterion and ℓA(L∩M) = ℓA(L)+
ℓA(M) for each n-generated submodules of Xm, then X satisfies Baer (m,n)-
criterion.

Proof. Let P = Ax1 + Ax2 + . . . + Axn be an n-generated submodule of Xm

and f : P → Xm a multiplier. We use induction on n. It is clear that M
satisfies Bear (m,n) - criterion, if n = 1. Suppose that M satisfies Bear (m,n)-
criterion for all k-generated submodule of Xm, for k ≤ n − 1. Write L = Ax1,
M = Ax2 + . . . + Axn, then for each w1 ∈ L and w2 ∈ M , f |L(w1) = y1w1,
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f |M (w2) = y2w2 for some y1, y2 ∈ A. It is clear y1 − y2 ∈ ℓA(L ∩ M) =
ℓA(L) + lA(M). Suppose that y1 − y2 = z1 + z2 with z1 ∈ ℓA(L), z2 ∈ ℓA(M)
and let y = y1 − z1 = y2 + z2. Then for any w = w1 + w2 ∈ P with w1 ∈ L and
w2 ∈ M , f(w) = f(w1)+ f(w2) = w1y1+w2y2 = w1(y− 1− z1)+w2(y2+ z2) =
w1y + w2y = (w1 + w2)y = wy.

Proposition 2.6. Let X be a B − A - module. Then X satisfies Baer (m,n)
criterion if and only if rXnℓAn(ALx1 + ALx1,x2 + . . .+ ALx1,x2,...,xn) = ALx1 +
ALx1,x2 + . . . + ALx1,x2,...,xn for n-element subset {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xn}
of Xn.

Proof. Suppose that Baer (m,n)-criterion holds for n-generated submodule of
Xm let Lxi = (ki1; ki2, . . . , kim), for each i = 1, . . . , n andKy = {Ky1 ,Ky1,y2 , . . . ,
Ky1,y2,...,yn}∈rXnℓAn(ALx1+ALx1,x2+ . . .+ALx1,x2,...,xn),Kyi=(a1i, a2i, . . . , ani).

Define µ : ALx1 + ALx1,x2 + . . . + ALx1,x2,...,xn → Xm by µ(
∑n

i=1 aiLxi) =∑n
i=1 aiKyi . If

∑n
i=1 aiLxi , then

∑n
i=1 aikij = 0. j = 1, . . . ,m, this implies

that rLxi = 0 where r = (r1, . . . , rn) and hence r ∈ ℓAn(ALx1 + ALx1,x2 +
. . . + ALx1,x2,...,xn). By assumption rLxi = 0, i = 1, . . . , n so

∑n
i=1 aiKyi =

0. This show that f is well defined. It is an easy matter to see that µ is
an multiplier. By assumption there exists t ∈ A such that µ(

∑n
i=1 aiLxi) =

t(
∑n

i=1 aiKyi) =
∑n

i=1(tai)Kyi for each
∑n

i=1 aiLxi ∈
∑n

i=1ALxi . Let ri =
(0, . . . , 0, 1, 0, . . . , 0) ∈ An where 1 in the i-th position and 0 otherwise. Kyi =
µ(
∑n

i=1 Lxi) =
∑n

i=1 tLxi ∈
∑n

i=1ALxi which is contradiction. This implies
that rXnℓAn(ALx1 + ALx1,x2 + . . . + ALx1,x2,...,xn) ⊆ ALx1 + ALx1,x2 + . . . +
ALx1,x2,...,xn , the other inclusion is trivial.

Conversely, assume that rXnℓAn(ALx1 + ALx1,x2 + . . . + ALx1,x2,...,xn) =
ALx1 + ALx1,x2 + . . . + ALx1,x2,...,xn , for each {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xn} in
Xn.

Then for each multiplier f : ALx1 +ALx1,x2 + . . .+ALx1,x2,...,xn −→ Xm and
s=(s1, . . . , sn) ∈ ℓAn(ALx1+ALx1,x2+. . .+ALx1,x2,...,xn),

∑n
k=1 sk(

∑n
i=1 tiLxi) =

0, for each
∑n

i=1 tiLxi ∈
∑n

i=1ALxi , hence

n∑
k=1

skf(
n∑

i=1

tiLxi) =
n∑

k=1

f(
n∑

i=1

sktiLxi) = 0,

thus f(
∑n

i=1 tiLxi) ∈ rXnℓAn(ALx1 + ALx1,x2 + . . . + ALx1,x2,...,xn) = ALx1 +
ALx1,x2 + . . . + ALx1,x2,...,xn , for some t ∈ A. Then X satisfies Baer (m,n)-
criterion.

Corollary 2.7. Let X be a B−A - module. Then X is F − (m,n)−S−B−A
- module if and only if rXnℓAn(ALx1 + ALx1,x2 + . . .+ ALx1,x2,...,xn) = ALx1 +
ALx1,x2 + . . . + ALx1,x2,...,xn for n-element subset {Lx1 , Lx1,x2 , . . . , Lx1,x2,...,xn}
of Xn

Following [8], let A be a unital Banach algebra and let α > 1. A-module X
is called quasi α-injective if, φ : N → X is A-module homomorphisms such that
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∥φ∥ ≤ 1, there exists A-module homomorphism θ : X → X, such that θ ◦ i = φ
and ∥θ∥ ≤ α where i is an isometry from submodule N of X. We shall say that
X is quasi injective if it is quasi α - injective for some α”.

The concepts quasi (m,n) − α - injective for some α and multiplication
(m,n)−B −A - module has been introduced.

Definition 2.8. Let A be a unital Banach algebra and let α > 1. A-moduleX is
called quasi (m,n)−α - injective if,φ : N −→ X is A - module homomorphisms
such that ∥φ∥ ≤ 1, there exists A - module homomorphism θ : X −→ X, such
that θ ◦ i = φ and ∥θ∥ ≤ α where i is an isometry from n - generated submodule
N of X. We shall say that X is quasi (m,n) - injective if it is quasi (m,n)− α
- injective for some α.

Definition 2.9. B −A-module X is called multiplication (m,n)−A - module
if each n - generated submodule of X is of the form KXn for some ideal K of
Am×n.

Proposition 2.10. Let X be multiplication (m,n) − B − A - module. If X is
quasi (m,n)−B −A -module then X is F − (m,n)− S −B −A-module.

Proof. LetN be n-generated submodule ofX, let α > 1 and f be any A-module
homomorphism from N to Xm such that ∥f∥ ≤ 1. Since X is multiplication
(m,n) − B − A-module, then N = KXn, and since X is quasi (m,n) − B − A
- module, then there exist A-module homomorphism g : Xm −→ Xm such that
f(N) = g(N) = g(KXn) = Kg(Xn) ⊆ KXn = N .
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