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Abstract. In this paper the concept of fully-(m,n) stable Banach Algebra-module
(F — (m,n) — S — B— A-module), we study some properties of F'— (m,n) — S — B — A-
module and another characterization have been given.
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1. Introduction

A non-empty set A is an algebra if, (A,+,.) is a vector space over a field F,
(A,+,0) is a ring and (aa) ob = a(aob) = ao (ab) for every a € F, for every
a,be A” [1]. In [2]” aring R is an algebra (R, +, -, —,0) where 4+ and - are two
binary operations, — is unary and 0 is nullary element satisfying, (R, +, —,0)
is an abelian group, (R,.) is a semigroup and z.(y + z) = (x.y) + (z.z) and
(r+y).z=(z.2)+ (y+ 2)”. "Let A be an algebra, recall that a Banach space
E is a Banach left A-module (B — A - module) if E is a left A-module, and
lla.x|| < |la|| ||z||(a € A, x € E)” [1]. Following [3] "a map from a left B — A-
module X into a left Banach A-module Y (A is not necessarily commutative )
is said a multiplier (homomorphism) if it satisfies T'(a.x) = a.Tx for all a € A,
x € X 7. In [4], "a submodule N of an R-module M is said to be stable,
if f(N) € N for each R-homomorphism f : N — M. M is called a fully
stable module, each submodule of M is stable”. ” A Banach algebra module M
is called F' — S — B — A-module if for every submodule N of M and for each
multiplier  : N — M such that §(N) C N” [5]. We use the notation R"*"
for the set of all m x n matrices over R. For A € R™*" AT will denote the
transpose of A. In general, for an R-module N, we write N™*" for the set of
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all formal m X n matrices whose entries are elements of N. Let M be a right
Banach Algebra-module and N be a left R-module. For € M*™ s € R™*"
and y € M™* under the usual multiplication of matrices, xs (resp. sy) is a
well defined element in M'™™ (resp. N™*¥). "If X C M>™ § C R™*" and
Y C N™*F define

Cypim (S) = {u e MX™ | us = 0;Vs € S} ,

anXk (S

meXn (Y
TRmxn (X

= {vEN”Xk|sv:0;V8€S},

)
)
) = {sGRmX"|sy:O;VyEY},
) = {seR™"|zs=0;Vze X}.

We will write N* = N> N, = N"%! [6]. In this paper for two fixed
positive integers n, m the concept of fully (m, n)-stable Banach algebra modules
has been introduced.

2. Fully (m,n)-stable Banach algebra modules

7 A left B — A-module X is n-generated for n € N if there exists x1,...,x, € X
such that each x € X can represented as x = 22:1 ap.xy for some aq,...,a, €
A. A module which is 1-generated is called a cyclic module” [7] .

Definition 2.1. Let K be B — A-module, K is called (m,n)-fully stable B-A-
module, if for every n-generated submodule L of K™ and for each multiplier
0: L — K™ satisty 0(L) C L, for two fixed positive integers n, m.

In [5] "for a nonempty subset M in a left B — A - module X, the annihilater
anna(M) of M is anna(M) ={a € Ala.x =0Vz € M}”.

Notation. Let X be a B — A-module

1. Ly, agzn = {®lg;ln € N,z € X,1=1,2,...,n},
Ky17y27"'7y71 = {@kyzyk € K7 yl € lel/ - 1727 s 7n}7

2. bpmxnLy 2o zn ={a €A™ a.(Bly,) =0,V B ly, € Ly 2oz}
EAmanylzy%myyn = {a € Amxnva'(@kyi) = O7kai € Ky1792:~~~7yn}‘

Proposition 2.2. A B — A-module M is fully-(m,n) stable, if and only if
any two m-element subsets {Ly,, Loy wos -+ Ly wo,am b 00d {Ky s Ky yos -+,
Ky worym} Of My, if Bj & >0 Acy, for each j = 1,...,m implies {sn({Ly,,
LfL‘l,l‘Q’ ctt 7L$1,$2,...,Im}) g fAn({Kyl’KylyyZ’ ctt 7Kylyy27~-~7ym})'

Proof. Assume that K is F'—(m,n)—S—B— A-module and there exist two m -
element subsets { Lz, Lyy wos -+ Ly wo,zm b a0d {EKy, Ky yoy oo s Kyt oy |
of M, such that if K, ¢ > " | Aay, for each j =1,...,m and

ZA"({LJCU Lxlny’ s 7L33173327--~755m}) - EA"({Kyl?KyL’yQ? s 7Ky17927-~7ym})'
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Define f: > " oA — M™ by f(Oo1 ails,) =D i aiKy,.

Let Ll‘z = (kﬁli,kgi,. . ,kinz) If Z?:l CLZ'LJ;Z. == 0, then Z?:l aiki]’ == 0,] ==
1,2,...,m, implies that 7L, = 0 where r = (r1,...,7,) and hence r € £an{Lg,,
Ly wys - Ly oo }- By assumption 7K, = 0,7 =1,...,mso Y ' | ri K, =
0. This shows that f is well defined. It is an easy matter to see that f is
multiplier. Fully-(m,n) stability of M implies that there exists ¢t = (¢1,...,t,) €
A" such that f(321 rile,) = Y g (3o TiLa,) = Djq 21 (ta7i) Lo, for
each Y i 1Ly, € >0 | ALy,.

Let ; = (0,...,0,1,0,...,0) € A™ where 1 in the i-th position and 0 oth-
erwise. Ky, = f(Lg,) = > p_qtkla, € > iy AL,,, which is contradiction.
Conversely assume that there exists n-generated B — A-submodule of M™ and
multiplier g : >,y AL, — M™ such that u(>." | ALy,) € > "y ALy,. Then
there exists an element f(= Y. riLy) € >.i AL, such that u(K,) ¢
Yoy AL,,. Take K,, = K,, j = 1,...,m, then we have m-element subset
{u(Ky),...,u(Ky)}, such that u(K,) ¢ >.ij ALy, j = 1,...,m. Let n =
(tl, - ,tn) € EAH({Lxl,LthQ, e 7Lx1,x2,...,xm})a then na; = 0, i.e Z?:l tia;; =
0, for each j = 1,...,m, Ly, = (a1j,a2j,...,0an;) and {u(Ky), ..., u(Ky)}n =
Do tei(Ky) = D (i mile,) = Do (i tkrile,) = 0O hence
gAn({LCUNLiUl@Q? ce 7L33173327---71'm}) C EA”({:U( )7 ce 7N(Ky)})a thus gAn({L$17
Ly woy- s Laygo,amt) © an({(Ky,), - o s (K1 yo,....ym )} Which is a contra-
diction. Thus M is F' — (m,n) — S — B — A-module. O

Corollary 2.3. Let M be an F —(m,n)—S—B— A-module, then for any two m-
element subsets {Lu,, Ly, zs, - - -+ Laywo,zm b and {Ky,, Ky oo oo Ky s,y b

of My, EA"({L:anchcza B Lx173727---77/'m}) C éA"({Kyu Kyhyzv s Ky17y2,---,ym})
implies that ALy, +ALy, wot.. +ALy, 2y 2 = AKy +FAKy, o +AK Y oy -

In [9], ”AB — A - module X is said to satisfy Baer criterion if each submod-
ule of X satisfies Baer criterion, that is for every submodule N of X and A-
multiplier  : N — X, there exists an element a in A such that 6(n) = an for
all n € N”.

Definition 2.4. A B — A - module X is said to satisfy Baer (m,n)-criterion if
each submodule of X satisfies Baer (m, n)-criterion, that is for every n-generated

submodule L of X and A- multiplier § : L. — X™, there exists an element a in
A such that (1) = al for all l € L”.

Proposition 2.5. If X satisfies Baer (m, 1)-criterion and £o(LNM) = £4(L)+
LA(M) for each n-generated submodules of X™, then X satisfies Baer (m,n)-
criterion.

Proof. Let P = Axy + Axs + ...+ Ax, be an n-generated submodule of X™
and f : P — X™ a multiplier. We use induction on n. It is clear that M
satisfies Bear (m,n) - criterion, if n = 1. Suppose that M satisfies Bear (m,n)-
criterion for all k-generated submodule of X™, for k < n — 1. Write L = Ax;,
M = Axg + ...+ Az, then for each w; € L and wy € M, f|p(w1) = yrwy,
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flar(we) = yowy for some y1,ys € A. It is clear y3 —ya € la(L N M) =
a(L) +1a(M). Suppose that y1 — yo = 21 + 22 with z1 € €4(L), 22 € €a(M)
and let y = y1 — 21 = y2 + 2z2. Then for any w = wy + we € P with wy € L and
we € M, f(w) = f(wr) + f(w2) = wiyr +ways = wi(y —1—21) +waly2 +22) =
w1y + woy = (w1 + we)y = wy. O

Proposition 2.6. Let X be a B — A - module. Then X satisfies Baer (m,n)
criterion if and only if rx, ban(ALy, + ALy, 20 + ... + ALxl,xz,...,xn) AL, +
ALy vy + ...+ ALy, 2y, for n-element subset {Ly,, L) 20y Ly 2o, an }
of X,,.

-----

Proof. Suppose that Baer (m,n)-criterion holds for n-generated submodule of
X" let Ly, = (ki1; ki2, ..., kim), foreachi =1,...,nand K, = {Ky,, Ky, ys, - - -,
Ky yoryn yET X lan (ALy +ALy) 2o+ ...+ ALy 2. )5 Ky, =(a14, 024, . . ., ani).

Define p : ALy, + ALy, o + ...+ ALy, g9z — Xm by p(>oi aily,) =
S ailKy,. If Y a;Ly,, then > ak;; = 0. j = 1,...,m, this implies
that rL,, = 0 where r = (r1,...,r,) and hence r € lyn(ALy, + ALy, 2, +

.+ ALy, 45, 2,). By assumption rL,, = 0,7 =1,...,n s0 > a; K, =
0. This show that f is well defined. It is an easy matter to see that u is
an multiplier. By assumption there exists ¢ € A such that p(>." , a;Ls,) =
tOor aiKy,) = >0 (ta;) Ky, for each " a;Ly, € > ALy, Let r; =
0,...,0,1,0,...,0) € A™ where 1 in the i-th position and 0 otherwise. K, =
p(>oiy Ley) = Yo tLy, € Y- AL,, which is contradiction. This implies
that rx, lan(ALy, + ALy, oo + ...+ ALy o, 0n) © ALy, + ALy 2y + ... +
ALy, a....2,, the other inclusion is trivial.

Conversely, assume that rx,lan(ALy, + ALy, oo + ...+ ALy, 2o 2) =
ALy + ALy 2y + ... + ALy, 4o 2, for each {Ly, Loy 4o,y Ly 2y, 2} ID
Xn.

Then for each multiplier f : AL, + ALy, »o+...+ ALy, 29,0, — Xim and

=(81,...,8p) € ban(ALy +ALy, zo+. . - +ALg 2. 20)s 2 opeq Sk(Oiq tiLle,) =
0, for each Y " | t;Ly, € > i | AL, hence

D skfO tiLa) =Y O sitiLs,) =0,
k=1 i=1

k=1 =1

thus f(O 7 tils,) € rx, lan(ALy, + ALy, oy + ...+ ALy, 2y, 0,) = ALy, +
ALy 4o + ...+ ALy, 2y 2, for some t € A. Then X satisfies Baer (m,n)-

criterion. O
Corollary 2.7. Let X be a B— A - module. Then X is F'—(m,n)—S—B—A
AL, +

- module if and only if rx, lan(ALy, + ALy, 2y + ...+ ALy, 2y .2) = )
ALy gy + ...+ ALy, 2. 2, for n-element subset {Ly,, Ly, 2oy Layzo,... a0}
of X,

Following [8], let A be a unital Banach algebra and let o > 1. A-module X
is called quasi a-injective if, ¢ : N — X is A-module homomorphisms such that
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loll < 1, there exists A-module homomorphism 6 : X — X, such that foi = ¢
and ||0]] < a where 7 is an isometry from submodule N of X. We shall say that
X is quasi injective if it is quasi « - injective for some a”.

The concepts quasi (m,n) — « - injective for some a and multiplication
(m,n) — B — A - module has been introduced.

Definition 2.8. Let A be a unital Banach algebra and let > 1. A-module X is
called quasi (m,n) — « - injective if,p : N — X is A - module homomorphisms
such that ||¢|| < 1, there exists A - module homomorphism 6 : X — X, such
that foi = ¢ and ||f|| < a where 7 is an isometry from n - generated submodule
N of X. We shall say that X is quasi (m,n) - injective if it is quasi (m,n) — «
- injective for some a.

Definition 2.9. B — A-module X is called multiplication (m,n) — A - module
if each n - generated submodule of X is of the form KX, for some ideal K of

Aan

Proposition 2.10. Let X be multiplication (m,n) — B — A - module. If X is
quasi (m,n) — B — A -module then X is F' — (m,n) — S — B — A-module.

Proof. Let N be n-generated submodule of X, let « > 1 and f be any A-module
homomorphism from N to X™ such that || f|| < 1. Since X is multiplication
(m,n) — B — A-module, then N = K X,,, and since X is quasi (m,n) — B— A
- module, then there exist A-module homomorphism ¢ : X — X™ such that
f(N)=g(N) = g(KXy) = Kg(X,) € KX,, =N. O
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