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The homotopy perturbation method can be used for solving n’th order fuzzy differential
equations directly without reduction to first order system. The convergence theorem
of this method in fuzzy case is presented and proved. We illustrate the method in
numerical experiment including second order linear TPFBVP to show the accuracy and
capabilities of HPM.

Keywords: fuzzy numbers, fuzzy differential equations, two point fuzzy boundary
value problems, homotopy perturbation method.

1. Introduction

Many dynamical real life problems may be formulated as a mathematical model.
Many of them can be formulated either as a system of ordinary or partial differ-
ential equations. Fuzzy differential equations (FDEs) are a useful tool to model
a dynamical system when information about its behavior is inadequate. FDE
appears when the modeling of these problems was imperfect and its nature is
under uncertainty. FDEs are suitable mathematical models to model dynami-
cal systems in which there exist uncertainties or vagueness. These models are
used in various applications including, population models [1, 2, 3], mathematical
physics [4], and medicine [5, 6]. In recent year’s semi -analytical methods such as
the Adomian Decomposition Method (ADM), Homotopy Perturbation Method
(HPM), Variational Iteration Method (VIM), Optimal Homotopy asymptotic
method (OHAM) and Homotopy Analysis Method (HAM) have been used to
solve fuzzy first and n’th order ordinary differential equations. For n'th order
fuzzy initial value problems, The ADM was employed in [7] to solve second order
linear fuzzy initial value problems. Abbasbandy et al. [8] used the VIM to solve
linear system of first order fuzzy initial value problems. Moreover, some of these
methods have been also used to obtain a semi-analytical solution of TPFBVP.
VIM, OHAM and ADM have been used in [9, 10, 11] to solve linear TPFBVP.
Other method like undetermined fuzzy coefficients method has been introduced
in [12] in order to obtain an approximate solution of second order linear TPF-
BVP. The major disadvantage in the traditional perturbation technique is the
over dependence on the existence of small parameter. This condition is greatly
affects the applications of perturbation techniques because most nonlinear equa-
tions do not even contain the small parameter. Moreover, the determination of
small parameter is a complicated process and requires special techniques. It
is, in fact, a coupling of the traditional perturbation method and homotopy in
topology [13]. The HPM, as the previous methods that have been described,
does not involve discretization of the variables and linearization, hence is free
from rounding of errors and does not require large computer memory or time
[14, 15]. The method also provides the solution in a rapidly convergent series
with components that are elegantly computed [16].

The Homotopy Perturbation Method has been introduced by He [17] and has
been applied to a wide class of deterministic and stochastic problems of math-
ematical and physical sciences [18, 19, 20]. This method provides the solution
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as a rapidly convergent series with components that are elegantly computed.
This method can be used to solve all types of linear and nonlinear equations
such as differential and integral equations, so it is known as a powerful method.
Another important advantage of this method is that it can reduce the size of
computations, while increases the accuracy of the approximate solutions so it is
known as a powerful method.

In this paper, our aim is to formulate HPM from crisp into fuzzy case in order
to solve nonlinear n’th order TPFBVP directly. To the best of our knowledge,
this is the first attempt at solving the n'th order TPFBVP using the HPM. The
structure of this paper is as follows: In section 2, some basic definitions and
notations are given about fuzzy numbers that will be used in other sections we
discussed. In section 3, the structure of HPM is formulated for solving high
order TPFBVP. In section 4, we present a numerical example and finally, in
section 5, we give the conclusion of this study.

2. Preliminaries

Definition 2.1 ([21]). The r-level (or r-cut) set of a fuzzy set A, labeled as A,
is the crisp set of all z € X such that p; >ri.e.

flT:{xeX‘uA >, x,rE[O,l]}.

Definition 2.2. Fuzzy numbers are a subset of the real numbers set, and rep-
resent uncertain values. Fuzzy numbers are linked to degrees of membership
which state how true it is to say if something belongs or not to a determined
set. A fuzzy number p is called a triangular fuzzy number [22] if defined by
three numbers o < 8 < v where the graph of u(z) is a triangle with the base
on the interval [a, f] and vertex at x =  and its membership function has the
following form:

0, ifr<a
Z_a,ﬁaéxﬁﬂ
plrso,Bn)=95-%
, i< <y
=8
0, ifif o>~

and its r-level is: [u] . =[a+ r (B—a), v — r (v—=0B)], r€ [0, 1].

r

In this paper the class of all fuzzy subsets of R will be denoted by E and
satisfy the following properties [22, 23]:

1. w(t) is normal, i.e 3tg € R with p (o) = 1,

2. p(t) Is convex fuzzy set, i. e. u(At+ (1 —XN)s) > min{p (t),u(s)} Vi, s €
R,A[0,1],

3. p upper semi-continuous on R,
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Figure 1: Triangular Fuzzy Number

4. {t € R:u (t) > 0} is compact.

E is called the space of fuzzy numbers and R is a proper subset of E. Define
the r-level set x € R, [u], = {= \ () > r}, 0 < r <1, where[u], =
{z\ p(z) > 0} is compact [28] which is a closed bounded interval and denoted by
(1], = (1 (), 7 (t)). In the parametric form [19], a fuzzy number is represented
by an ordered pair of functions (p(t),7(t)), r € [0, 1] which satisfies:

1. p(t) is a bounded left continuous non-decreasing function over [0, 1].

)
2. ) is a bounded left continuous non-increasing function over [0, 1] .
)

I
3. p
I

Definition 2.3 ([24]). If E be the set of all fuzzy numbers, we say that f (t) is
a fuzzy function if f : R — F

Definition 2.4 ([25]). A mapping f : T — E for some interval T' C E is called
a fuzzy function process and we denote r-level set by:

f@®), = [f(&r), ftsr)] teT,rel0,1].

The r-level sets of a fuzzy number are much more effective as representation
forms of fuzzy set than the above. Fuzzy sets can be defined by the families of
their r-level sets based on the resolution identity theorem.

Definition 2.5 ([26, 27]). Each function f : X — Y induces another function
f:F(X) — F(Y) defined for each fuzzy interval U in X by:

F _ Supngfl(y)U@C), if y € range (f)
) (y) {O, if y ¢ range (f).

This is called the Zadeh extension principle.

Definition 2.6 ([28]). Consider #,§ € E. If there exists Z € Esuch that & =
¥+ Z, then z is called the H-difference (Hukuhara difference) of = and y and is
denoted by z =2 O y.
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Definition 2.7 ([28]). If f : I — F and yg € I, where I € [t, T]. We say that f
Hukuhara Differentiable at g, if there exists an element [f’} € E such that for
all b > 0 sufficiently small (near to 0), exists f(yo +h;7) O f(yo;7), f (yo;7) ©
f(yo — h;7) and the limits are taken in the metric(E , D)

i W+ hir) © flyosr) _ o S (yoir) © flyo — i)
h—0+ h h—0+ h

The fuzzy set [f'(yo)] . is called the Hukuhara derivative of [f’]T at yp.

These limits are taken in the space (E , D) if to or T, then we consider the
corresponding one-side derivation. Recall that 0y = Z € E are defined on
r-level set, where [z], O [9], = [Z],, ¥V r € [0,1]. By consideration of definition of
the metric D all the r-level set | f (0)], are Hukuhara differentiable at yg, with
Hukuhara derivatives [f’ (10)],., when f : TarrowE is Hukuhara differentiable at
yo with Hukuhara derivative [ f’ (10)], it’ lead to that f is Hukuhara differentiable
for all » € [0, 1] which satisfies the above limits i.e. if f is differentiable at
to € [to + o, T then all its r-levels [f'(t)], are Hukuhara differentiable at to.

T

,
Definition 2.8 ([23]). Define the mapping oI — E and ypel , where I €
[to,T] . We say that f’ Hukuhara differentiable ¢t € F | if there exists an element

[f(n)]r € F such that for all A > 0 sufficiently small (near to 0), exists ?(n_l)(y(ﬁ—
h;r)© f(”_lj (yo;7), F VD (yo;7) © F™V(yo — h;r) and the limits are taken in
the metric(E , D)

F(n—1) . f(n—1) . F(n—1) . F(n—1) _h.
lim f (3/0 + h7 T) © f (y07 1") — lim f (yOa 7") © f (yO h7 1")

h—0+ h h—0+ h

exists and equal to f(™ and for n = 2 we have second order Hukuhara derivative.

Theorem 2.9 ([23]). Let f : [to+«,T] — E be Hukuhara differentiable and
denote by

!/

7o) = Fo. 7o) =[ren. 7 e
Then the boundary functions f (t;r) ,7 (t;r) are differentiable
0] =), Fen)] e

Theorem 2.10 ([23]). Let filto+a T] — FE be Hukuhara differentiable and
denote f'(1)], = [f'(1), F'(8)], = [f'(&s7), F (t:7)].

T

Then the boundary functions f’(¢;r) T (t;r) are differentiable we can write
for n’th order fuzzy derivative

7], = (1 6sn) s (7 wn) | v r e oo
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3. Fuzzification and defuzzification of HPM

The basic idea of this method is to introduce a homotopy parameter, say p,
which takes the values from 0 tol. When p = 0, the system of equations
usually reduces to a sufficiently simplified form, which normally admits a rather
simple solution [29].

The general structure of HPM for solving crisp n/th order two point boundary
value problems involving ordinary differential equations are mentioned in [29, 30,
31].To solve n'th order TPFBVP | we need to fuzzify HPM and then defuzzify
it.

Consider the following general n'th order TPFBVP

W 7@ =F(E50O.F 0.5 @), 7"V @) + @), e [to,T]
subject to two point boundary conditions

§(T) = O (1) = GO, .., g2 (1) = k2,

where 0 < k < n—2 is an integer( For cases when n = 4 and n = 6, see [32, 33|,

g (t) is a fuzzy function of the crisp variablet. Also, f is fuzzy function of the crisp

variable ¢ and the fuzzy variablej. Here §(™ is the n/th order fuzzy H-derivative

of §(t) and the H-derivatives 7 (t),7" (t),...5" V) (t). Moreover the fuzzy

boundary conditions § (to) , ¥ (to) , ... 9% (to), 5 (T), v/, ....5" %) (T) are con-
vex fuzzy numbers as in section 2. We denote the fuzzy function y by § = [y, 7],

for t € [to, T]and r € [0, 1] it means that the r-level set of y (t) can be defined

as:

50, = [y ). 7).,
7 @], = [y )7 )] [0 0] = |y @), )
7 (t0)], = [y (toi) T (t0s7)]
7 ()], = [y (toir) 7 (toim)] oo [59) (t0)] = [u® (toim) .7 (205
W@&ZM@M@@MPﬂWW%E@”mmﬂWﬂﬂ,

where w (t) is crisp or fuzzy inhomogeneous term such that [@(t)], = [w(t;r),
w(t;r)]. Since

g () = F (0,0 (0,07 1)y (1)) + w(t),

=y ),y ),y (t),...y" Y (t), such that

&), 7 &), 7Y ()]

—~
St
<
N—
=
—~
S*
<
SN—
—~
3
—
~
—~
~
=3
S~—
<
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Also, we can write

o 7(9)] = [1(65:0).7 (.5
by using Zadeh extension principles we have

Fey@n) =1 (6YEn) £ (£ E0)],
such that

f t,f)(t;r) :.7:(75,2(75;7“),?(25;7‘)):}" t,j/(t;r)),
F(6Y(tr) =66V 5,V g

Then, we have

(4)

where the membership function of F(t, Y(t;r))+w(t;r) and G(t, Y(t; r))+w(t; r)
can be defined as

w@wwﬂmwammﬁv»umMe@@me
w(t;r) = max{§"™ (¢, fi(r)) : plu € (Y(t7)], -

Now for all 7 € [0, 1] we rewrite Eq. 1 in the following forms

[~

() = ]-'(t ﬁ(t-r)) Yw(tr), telt,T),

(5)  qy(to;sr) = [l y (to, ) (], »---@( )(to, r) = [agl,,
uiin)= [ v ain = [5] e w0 <[5,
Lytr) =G (£Y )+ (), telto,T],

) 5(tosr) = [@ol,. ¥ (toi7) = ], - 5P (toi7) = ]

(
(T5r) = [Bo] . ¥ (Tsr) = [B1], - " F 2 (T57) = [Br—al

where £, = [£,,, Ln] are the linear operators with £, = % , followed by

inverse operator /3”1 fo fo fo |,drdr ...dr and F, G are nonlinear oper-
ators. One of the advantages of the HPM is that HPM solution series is only
dependent upon two factors: the auxiliary linear operator and initial guess. In
fact, the proper choice of the initial condition and the auxiliary linear operator
will guarantee the convergence of the HPM solution series [17]. According to the



8 N. R. ANAKIRA, A. F. JAMEEL, A. K. ALOMARI, A SAABAN, M. A. SHAKHATREH AND A. ODAT

HPM [29], we construct a homotopy form into Eq. (5) and (6) which satisfies
the following relation

H(t,p;r) = (1 —p)L,Jy(t;r)
(7) + plLyy, (t 5 a(r)

H(t,p;r) = (1= p)Lalg(t; ) — Yo (t; 75 ()] + p[LaTo (t; 75 s (1))
—G(t,Y(t;r)) —w(t; 7)),

—y,(tirsay(r))]
) = F(t,V(t;7)) — w(t;r)] =0,

where p € [0, 1] is an embedding parameter and y, (¢;7;a,(r)) , and o (¢; 73 a5 (r))are
initials guessing and can be defining as follows:

®) Yy (Griay(r) =a (r) +ap (r)t + a32(!7")t2 +eeet (Zn_(?)!t"‘l,
0 TolErae) =a @ ra e Sy (n_<1>)‘t

where a, (r) and @s (r) are fuzzy constants to be determined. From Eq. (2) we
will have

H(t,057) = L, [y () =y, (rsa,(r)] =0,

W0 Yrrm = Loy rsay(m) = F (Y (7)) —w ()] =0.

Also for the upper bound we have

a {H (t,0:r) = Lo [y (t;7) — o (£ 73 as(r))] = 0,

H(t,1;r) = [ano (t;r;as(r)) — G (t, JN) (t; 7“)) — @(t;r)] =0.

As in crisp case we called this deformation, From Eq.(10) and (11) we can
represent each y in these equations as follows:

y(t;r; E?:l as(r)) = Ziio pkgk(t5 T Zgzl as(r)),
12) (b Yoy as(r) = il ph i (6 0y @s(r),

GO (s 0 as(r) = S0 I (75 ST s ().

Now substituting equation the above equations into Eq.(10) and (11) and col-
lecting terms of the same powers of p, we have:

£, [ (6:7) — (657 00 0, ()] =0,
PPy (tosr) = el o (toir) = laal, - y™ (to7) = [ayl,.

y(Tsr) = [QO]T,Q’ (T;r) = [él]r ,.,_,g(n—k—Z) (T;7r) = [ﬁn—kd}r’
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L, [y (67) + gy (575 20 0, ()]
) F (B 6 T 0, (1)) ~w(tr) =0,

p
y, (to;r) = 0pyy, (to;r) = 0.y, ™ (to;7) = 0,
y, (T5r) =0y, (T57)=0,. ,yl(”—k—Z) (T;7) =0,
Loy (67) = F (6,91 (67,500 0, (1)) =0,
2

Py, (tosr) = 0y, (tos7) =0 ,... ’QQ(k) (to;r) =0,
Y, (T57r) = 0,9, (T;7) =0 ... ,yQ(”_k_z) (T;r) =0,

Lnﬂn (t; 7") -F <t7 j}n (t; T, Z?:l [ (T))> = 07
Pt y, (to;r) =0py ' (to;r) =0 ,...,gn(k’) (to;r) =0,
y, (T5r)=0py "(T57)=0,... ,yn(”_k_Q) (T;r)=0.

Similarly for the upper bound

L [T (t;) — Yo (575 251 @s(r))] = 0,

pO : @(t();r) = [ao]wy/ (tO;T) = [al]r 7”_@(14) (tO;T) = [ak]w
@(T; T) - WO],ﬂ?/ (T; T) - Wl] 3o 7y(n7k72) (T; 7") - Wn—k—ﬂra
L[5 (

n (71 (G7) + 70 (73 > o1 as(r))

2. ) _ _
p Ya (toﬂr = 07y2/ (t(),T’) =0 5 yQ( (t(),"f’ =Y,
o (T57) = 0,75 (T;7) =0 ,... 5,2 (T;r) = 0,
Loy (67) = G (.Y (7 0, (1) ) = 0,
Pt T (to;7) = 0,7, (to;7) =0 ,...,. 7, (to;7) = 0,
Tn (T57) = 0,7,/ (T;7) =0 ..., 5,V (T;r) =0,

for all » € [0,1]. Then the approximate solution is given by setting p=1las
follows:

n n m—1 n
(13) g (t;r; as (T)) = ¢Pm (t; iy s (T)) => W (t;r;zds (r)>.
s=1 s=1 =0 s=1
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Now the exact solution of Eq.(1), therefore, can be obtained by setting p = 1
as follows:

Y (t;r) = Jim g (t;r;zds (T’)> = lim {Zpijji (tm D> s (7")> }
i=0 s=1

s=1
w3y, (t;r;Z&s m).
=0 s=1

Convergence of HPM in fuzzy environment
According to [34, 35] we can write Eq.(1) in the following forms

15) L)) = Llio (O], +p[F (s:r) = N (@ (1)) — Lo (1),

where f (s;7)is known as analytic fuzzy function Applying the inverse operator,
L' as mentioned in section 4 to both sides of Eq.(15), we obtain

a6) e )], = o (O], +p [ £7F (sr) = £7W ([ (0)],) — [ (1),
Suppose that
(17) a(tr) =Y phi; (7).

1=0

Substituting Eq.(17) into the right-hand side of Eq.(16), we have

Eilf(s; r)— LTIN (Zpiﬂi (ﬁﬂ) — [9o (t>]r] :

1=0

(18) [a (8)], = (90 ()], +p

If p — 1, the exact solution may be obtained by using the following formula
g(t;r) = limpqa(t;r) = L7 (sir) — LTINS pla(tr)) = L7 f(sir)
= (20 £ Wa(t 7))}

To study the convergence of the method let us state the following Theorem.

Theorem 1. Suppose that [@], and [@], be Banach spaces and N : [a], —
[@],be a contraction mapping such that for all r € [0, 1]

(19) [, [, € 0] IV (@),) = N (@],)] < < @), - @], € [0,1].

Then according to Banach’s fixed point theorem [36] N has a unique fixed point
[9], (say) such that N([g].) = [7],.The sequence generated by the homotopy
perturbation method will be assumed in the following form as

—_

n—

Un(t;r) = N(Un-1(t;7)), Una(t;r) = Y _Ti(t;r),n =1,2,3, ...
1=0

and suppose that Uo(t;r) = ig(t;r) € By(@io(t;r)) where By(iio(t;r)) = {[a*], €
U], : [|[@*], — [@],| < s}, then we have
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Lo ) =7 )| < 2 o (57— )l

2. Uy (t;7) € By (a(t;7))
3. limyyy Uy, (t;7) = @ (t;7).

Proof. As mentioned in section 2 all fuzzy sets are subsets of real numbers R
and the r-level sets is crisp sets for each value of r € [0, 1], then we can define:

(20) Un (t;7) = [U,, (1), Un (7)) = [U,,, Uy

(21) Vtr)=[V(tr), V()] =[V.V].
For the lower bound of Eq.(1), according to [36] part (i) of the above theorem
is proved by using method of induction.

For n = L, |[Uy], — [ul, ]| = IN(Uol,) = N([ul,)ll < elluo), — [l | (From
Eq.(34)). Assume that||[U, ] — [u], || < " Y|[ug], — [ul,]las induction hy-
pothesis, then [|[U,,], — [ul.| < [[N([U,,—],) = N([ul,)|| < elllU;,—], = [ul,|| <
< ugl, — [, I < & g, — [, | (Eromt indhuction hypothesis).

Hence [, ], — [u] | < " l|fuo), — [u], I

(ii) Using (i), we have

T

U], — [, |l < e™lllug), — [u],]] <e™s <s.

r

This implies [U,,], € Bs([u],.).

(it) From (i) we know that [[Z,], — [ul, | < o], — [u], .

Since 0 < € < 1, limp 00 €™ = 0. So limp— ||[U,,], — [u],|| = 0. This yield
hmn—ﬂ)o [Qn]r = [ﬂ]r

Similarly in the same way we can prove (i), (ii), (iii) for the upper bound
convergence of Eq.(14). Thus the series in Eq. (??) such that [y, (¢;7),7;(¢;7)]
converges for each r-level set.

Numerical example
Let us consider the following fuzzy two-point boundary value problem [9]

1

(22) y (6) =y (t) + 7, y(0) =0,y (1) =,

where v and 7, are triangular fuzzy numbers having r-level sets [r,2 — 7],
[r — 1,1 — r] for allr € [0,1]. It can be verified the exact solution of Eq.(22)
is given in [9]. According to section 3 the linear operator of Eq.(17) is Lo

with the inverse operator Ly , and then the initial approximation guesses for
all € [0, 1] are given by:

Yo () = ay (1) + a9 (r) 1,90 (t7) =@y (r) +az (r) ¢
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According to the boundary conditions in Eq.(22) the values of a; (r) = 0. Ac-
cording to the HPM in section 3, the n components of g, (¢;7) for k =1,2,..,n
and r € [0,1] can be determined by solving the following

(23> po : {QO (t; 7') = a, (7") t,
(24 P {yl (1) = L7 3 (v (1) +7]
y, (0;7) =0,y, (1;7) =0,

(25)
And so on till

(26) P {ykﬂ (tir) = Loy, (Bi7ias (7))

y, (0;7) =0,y," (1;7) = 0.

Similarly for the upper bound

(27) 0 {7y () =an (r)t,
(25) p {yl () =T [’ (6732 (1) + 2 — 1),
71 (0;7) = 0,7, (1;7) =0,

Ya Lo [y (traz (r)],

0 4 {yz ) =0, (1;7) =0.

And so on till

(30) {y Lo o (i ().
U (057) = 0 K (L) = 0.

Evaluating Eqs.(23)-(30) to obtain 10-order HPM series solution in the following
form

9
(31) Bro (t;r3dia (r)) = Go (67) + Y G (7582 (r)).
i=1
From the boundary conditions in Eq.(21) and Eq.(31), we obtain the values of
as (r) for all r € [0, 1] such that:

as (r) = —0.5819767076349684 + 0.16395341526993693r,
as (r) = —0.2540698770950946 — 0.163953415269936931".
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Table 1: Approximate solution and Absolut error of 10-order HPM at r=0 and

t€l0,1]

t »,,(£0) [E®)], P10 (£50) (E®)],

0 0 0 0 0

0.2 —0.128851248255356 1.695150 x 10710  —0.01344625523392  5.085456 x 10~ 1°
0.4 —0.286230518266809 3.765406 x 107  0.058691554800427  1.129621 x 10~°
0.6 —0.478453992733306 6.266763 x 1070  0.235361978199918  1.880029 x 10~°
0.8 —0.713236274547007 8.493847 x 1071  0.539708823641023  2.548154 x 10~°
1 -1 1.110223 x 10716 1 4.440892 x 10716

Table 2: Approximate solution Absolut error of 10-order HPM at ¢t=0.5 and
rel0, 1]

r %10 (0'5; T) [E(0~5)]r P10 (0-5;7") E(Ob)]r

0 —0.3775406692945253  4.963798 x 10~ " 0.1326220078835757 1.489139 x 1077

0.2 —0.3265244015767151 2.978278 x 107!°  0.0816057401657656 1.290587 x 107°
0.4 —0.2755081338589050 9.927592 x 10~ 0.0305894724479555 1.092035 x 107°
0.6 —0.2244918661410949 9.927592 x 10~ —0.0204267952698545 8.934834 x 10~ *°
0.8 —0.1734755984232848  2.978279 x 1070  —0.0714430629876646 6.949317 x 10~ 1°
1 —0.1224593307054747  4.963796 x 10710 —0.1224593307054747  4.963797 x 10~ *°

Substitute these values again in Eq.(31) to get 10- order HPM approximate
solution series, and then we can define the absolute error of approximate solution
as follows

(2) [B0)] =¥t =G0 En)].

T
It can be noted from Figure 2; the exact and 10-order HPM approximate solu-
tions of Eq.(22) when r = 0 for all ¢ € [0, 1] satisfy the fuzzy numbers properties
in the form of triangular fuzzy number as all the values of r € [0,1]. Also Ta-
bles 1-2 and Figures 3-4 shows the accuracy of the HPM with 10 order of the

approximate solution.

4. Conclusions

In this study, an approximate-analytical method HPM was applied to obtain
an approximate solution n/th order nonlinear TPFBVP. A scheme based HPM
approximate the solution of n/th order TPFBVP has been formulated to obtain
the approximate solution directly with our reduced in to first order system.
The convergence theorem of HPM has been presented and proved. From the
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HPM & Exact

Yt & y(tr)

Figure 2: Approximate solution of 10-order of Eq. (25) at
r=0 and t€[0, 1]

Figure 3: Approximate solution of 10-order of Eq. (25) at
r=0 and t€(0, 1]

Figure 4: Absolut error of 10-order HPM solution of Eq. (25)
V re0,1] and t€[0, 1]
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nonlinear TPFIVP the accuracy of HPM can be determined even these equations
without exact analytical solution. HPM give accurate solution even with low
number of terms of the series solution. Numerical example which included linear
TPFBVP show the efficiency of the implemented of this approximate- analytical
method. The results of the solved problem satisfied the fuzzy numbers properties
by taking the triangular fuzzy numbers shape.
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