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Abstract. The non-coprime graph Il g of a finite group G with respect to a subgroup
H is a simple graph with G\ {e} as the vertex set. Two vertices u and v of this graph
are adjacent if and only if (Jul,|v]) # 1 and (v € H or v € H). In this paper, the main
properties of this graph are obtained. The isomorphism problem of this graph is also
investigated for nilpotent groups.
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1. Introduction

Throughout this paper, we will consider only simple graphs which are undi-
rected, without loops and multiple edges. For any graph II, the sets of all
vertices and edges of II are denoted by V(II) and E(II), respectively. We also
denote the order and the length of a shortest cycle in II by |V (II)| and girth(1I),
respectively. The last quantity is called the girth of II.

The study of an algebraic structures is a part of algebraic graph theory. In
this topic, the researchers associate a graph structure to an algebraic system
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and then study the relationship between them. In this paper, a graph structure
Il g will be associated to a pair (G, H) of a group G and a subgroup H of G.
Then we will prove that some important algebraic properties of this pair has a
graph theory meaning. In an exact phrase, the non-coprime graph Ilg i of G
with respected to H is a simple graph with G \ {e} as its vertex set and two
distinct vertices « and y are adjacent if and only if (|z|,|y|) # 1 and (z € H or
y € H). If G = H then we use the notation Ilg as Il . The last graph first
studied by Ma, Wei and Yang. [4]. In the mentioned paper, it was proved that
this graph has diameter < 2 and its automorphism group is studied in some
special cases that G is cyclic or a p—group. In [2], Dorbidi proved that the
chromatic and clique numbers of this graph are equal. He also classified all the
groups for which this graph is complete r—partite or planar.

The non-coprime graph of a finite group G is a simple graph Ilg with vertex
set G\ {e} such that two distinct vertices are adjacent whenever their orders are
relatively non-coprime. This graph was introduced by Mansoori, Erfanian and
Tolue [5]. In the mentioned paper, the authors computed some graph invariants
like diameter, girth, dominating number, independence and chromatic numbers.
They also proved that the non-coprime graph of a group G is planar if and only
if |G| < 7. The non-coprime graph of a group G with respect to a subgroup H,
Il¢ m, is a generalization of the non-coprime graph Il presented in [5].

For a graph II and a subset S of the vertex set V (II), we denote Np[S] to
be the set of all vertices in II which are in S or adjacent to a vertex in S. If
Ni[S] = V(II), then S is said to be a dominating set in II. The domination
number of II, v(II), is the minimum size of a dominating set in II. A planar
graph is a graph that can be embedded in the plane so that two edges intersect
geometrically except at a vertex which both are incident. The Kuratowski’s
theorem states that a graph is planar if and only if it contains no subgraph
isomorphic with a subdivision of K5 or K33. A clique in the graph II is a
complete subgraph of II and the number of vertices in a largest clique of II
is called the clique number of II, denoted by w(II). An independence set of
I is a subset of the vertex set of II such that no two vertices are adjacent in
II. The independence number of II, denoted by «(II), is the cardinality of a
largest independent set in II. The minimum number y(II) of colors which can
be assigned to the vertices of II in such a way that every two adjacent vertices
have different colors is said to be the chromatic number of II. The covering
number of II, denoted by #(II), is the minimum number of the cliques of II that
covering the vertex set of II.

In this paper, our notations are almost standard and taken mainly from [1, 3]
and our aim is to extend some results of [6, 7] to non-coprime graph of a group
with respect to a subgroup.
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2. Non-coprime graph of Mathieu groups

In this section the non-coprime graph of all Mathieu groups are obtained. The
number of elements which is divisible by a prime divisor p of a group G is
denoted by my,(G).

We start by the Mathieu group M;j;. We first note that this is a group of
order 8920 = 2% x 32 x 5 x 11. Apply Gap [8] to calculate the orders of elements
and the number of elements of each order in M;;. These numbers are:

[[1,1],[2,165], [3,440], [4,990], [5, 1584], [6, 1320], [8, 1980], [11, 1440]].

Our calculations show that this graph has exactly three components. The first
and second components are complete graph of orders 1584 and 1440, respectively.
The orders of elements in the third component are 2,3,4,6 and 8. By our
calculations, mo = 4455, mg = 1760, ms = 1584 and mi; = 1440. It can be
calculated by Gap that the diameter of the third connected components is 2.
We record our calculations in the following proposition:

Proposition 2.1. The non-coprime graph of the Mathieu group Mi1 has three
components Ki440, Kis84 and a subgraph of diameter 2 with elements of orders
2,3,4,6,8. Moreover, 1y, has minimum degree 1439, mazimum degree 4894,
cliqgue number 4895 and x(Mr,) = w(lyg,) = 4895.

The Mathieu group My has order 95040 = 2% x 32 x 5 x 11. Furthermore,
the orders of elements and the number of elements of each order in the Math-
ieu group Mis are as follows [[1, 1], [2, 891], [3, 4400], [4, 5940], [5, 9504], [6, 23760],
[8,23760], [10,9504], [11, 17280]]. Thus, the number of elements that are divisible
by 2,3,5,11 are

[[2,63855], [3, 28160], [5, 19008], [11, 17280]].

Hence this graph has two connected components which one of them is iso-
morphic to K799 and the second one is a subgraph with elements of orders
2,3,4,5,6,8,10. The elements of order 10 have maximum degree and the ele-
ments of order 11 have minimum degree. It is obvious that the diameter of the
second component is 3, the clique number of this component is 63855 and since
17280 < 63855, w(Ilps,) = 63855. We record our calculations in the following
proposition:

Proposition 2.2. The non-coprime graph I, has two connected components,
d0(Mig) = 17279, A(Mia) = 73359, one of the component is isomorphic to
Ki7280 and another component has diameter 3. Moreover, x(Ilps,,) = w(Ilps,)
= 63855.

We are now ready to calculate the graph invariants related to the non-
coprime graph of the Mathieu group Moy of order 443520 = 27 x 32 x 5 x 7 x 11.
The order of elements and the number of each element in My, are as follows:
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[[1,1],[2,1155], [3,12320], [4,41580], [5, 88704], [6, 36960], [7, 126720], [8, 55440],
[11,80640]].

To do this, we first notice that the number of elements that can be divided
by 2,3,5,11 are

[[2,135135], 3, 49280], [5, 88704], [7, 126720, [11, 80640]].

So, this graph has four connected components Kggro4 , K126720 , Ks0640
and a subgraph with elements of orders 2,3,4,6,8. The maximum degree are
attained by elements of order 6 and the minimum degree of vertices are related to
elements of order 11. It is obvious that the diameter of non-complete component
is 2 and by [1, Theorem 1.7.2], this component is a line graph. Since the clique
number of non-complete component of Mo is 135135 and by a simple calculation
w(IIpz,,) = 135135. We record our calculations in the following proposition:

Proposition 2.3. The non-coprime graph I, has four connected components
which three of them are complete graphs of orders 88704,126720, 80640, respec-
tively. The last component has diameter four, §(Maa) = 49279, A(Mag) =
147454, the fourth component has diameter 3, x(Inr,,) = w(Ilpz,,) = 135135.

By [8], | Mas |= 10200960 = 27 x 32 x 5 x 7 x 11 x 23. The orders of elements
and the number of elements of each orders in the Mathieu group Mog are:

[[1,1], [2,3795], [3, 56672], [4, 318780], [5, 680064], [6, 850080],
[7,1457280], [8, 1275120], [11, 1854720], [14, 1457280], [15, 1360128], [23, 887040]]

and number of elements that their orders are divisible by 2,3,5,7,11, 23 are
[[2,3905055], [3, 2266880, [5,2040192], [7,2914560], [11, 1854720], [23, 887040]].

Therefore, this graph has three connected components Kig54720, Kggro40 and
a subgraph with elements of orders 2,3,4,5,6,7,8,14,15. Hence we prove the
following proposition:

Proposition 2.4. The non-coprime graph Il,r,, has three component with mini-
mum degree 887039 and mazimum degree 5362334. This graph has two complete
components Kigsa7o0 and Kggroa0 and the non-complete component has diameter
3. Moreover, x(Ilpz,,) = w(Ilpn,) = 3905055.

By similar calculations by Gap such as our calculations in Propositions 2.1,
2.2, 2.3 and 2.4, one can easily prove the following result:

Proposition 2.5. The non-coprime graph 1y, has three connected compo-
nents. Two complete of these components are isomorphic to the complete graphs
Ko1988060 and Kooosgeao and the third one is a mon-complete graph of diameter
3. The minimum and mazimum degree of vertices in this graph are 21288959
and 247003646, respectively. Moreover, x(Ipr,,) = w(Ilpg,,) = 128866815.
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3. Non-coprime graphs of nilpotent groups

Suppose G is a finite group of order n = p’flpé€2 ...p where p;, 1 < i < r, are
distinct primes. The number of elements of orders divisible by p;,, pi,, - .., i,
which is not divisible by p;, 1 < j < r and j # 41,%2,...,1%, is denoted by
AG(Piy s Digs - - > Piy; Pj)- The aim of this section is to study the main properties
of the non-coprime graph. We first prove a result for nilpotent groups which is
crucial throughout this paper.

Theorem 3.1. Let G be a nilpotent group of order n = p’flpé62 .. .pfr, where
pi, 1 <i <, be distinct primes. Then Ag(piy, Pig, - - - > Die; Pj) = Az, (Diys Digs - -+,
Piii Pj)-

Proof. Suppose G is a nilpotent group, P;,, P;,, ..., P;, are Sylow subgroups
of Gand H = P, P, ... P;,. It is enough to prove that z € H \ (P;, P, ... P;, U
P, P,...P,U...UP;, P, ... P, ) if and only if p; pi, . .. pi, | o(z) and for each
J, J # i1,02,...,% and 1 < j < r, we have p; { o(xz). We first note that if
DiPis - --Pi; | o(x) and p; t o(x) then = ¢ P, P, ... P, x ¢ P, P, ... P, ...,
x ¢ P, P, ...P;, , which shows that

x€H\(P,P,...P,UP,P,...P,U...UP,P,...P, ).

On the other hand, we assume that x € H\ (P, P, ... P, U P Py, ... P, U ...
@] Phpig--'Pit,l)- Then x € H and = ¢ P,L'2Pi3...Pit UP’L'lPig-HPit Uu...uU

P; P, ... P;, ,. This proves that p; ps, ...p;, | o(x) and p; t o(z).
On the other hand,

t=|H\(P,P,...P,UP,P,...P,U...UP,P,...P, )|
:|H‘_(|PiQP13"'Pit‘_'_‘PhPi?,"'Pit’+"'+|PilPi2"'Pit—1‘_|Pi Pi4"'Pit|

- |Pi1Pi4"'Pit—1| T T |P2'1PiQ"'Pit—2|+1)
_ ki Ry ki, iy Fig ki, iy Kig ki, iy Kig ki _y
el R R e e R N o R i I Vs T
k¢3 ki, ki, kiy k2‘4 ki, kiq ki2 kit72
—|—pi3 Diy' Py +pi1 S —|—...—|—pi1 Diy” oD, -1
k ki k

= (pz.lil -Dp,° —1)... (pz-:t -1)
For every j, 1 < j <t, we define:

A, :{ n ’ 2n 3n 7“"(pijkij—1)n}'

J
p’i]' 4 pij K pz7 4 p’i]' J

Then |Ap, + Ap, +... + Ap,| = (p;;" — D(p,° —1)...(p;,* — 1), proving the

2

result. O

It is clear that if G; and G5 are isomorphic then Ilg, = Ilg,. In what follows
the converse of this result will considered into account.
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Theorem 3.2. Let G and G2 be finite nilpotent groups. Then Ilg, = g, if
and only if |G1| = |Gal.

Proof. If I, = Ilg, then by definition of non-coprime graph one can easily be
seen that |G1| = |G2|. Suppose G is an arbitrary nilpotent group of order n and
n = |G| = p'flpSQ ...plr where p;, 1 <4 < r, are distinct prime numbers. We
will prove that IIg = 1l . Choose F;,1 < i < r, to be the Sylow p;—subgroup
of GG. Since G is nilpotent, G = P; x Py x ... X P,. Define:

Ap, ={(e,e,...,a5,e,...,e) | a; € P;,a; # e},
Bp, :{” 2n dn (pz‘ki—l)n}
' piki T piki piki? T piki ’
App; ={(e,e,...,a5,¢e,...,¢e,a5,¢e,...,e) | a; € Pj,a; € Pj,a; # e,a; # e},

BPin :sz' +Bp]- - {x+y | S Bpi’y € Bpj}’

App,..p, = {(a1,a2,...,a;) | 1 <i<r—1;a; € Pj;a; # e},
BP1P2...PT - Bp1 + Bp2 +...F Bpr'

Define ¢ : U(HP1><P2><...><PT) — U(Hzn) by @(aljl,agm,...,a%) = jlplkl +
n
72 T +...jr—kl, where a;; € P, 1<j < pi¥ and if a;; =0 then j; = 0.
p2 1 K3 7
A simple argument shows that ¢ is a graph isomorphism, as desired. O

Corollary 3.3. Suppose G1 and Go are nilpotent groups of the same order,
Hy < Gy and Hy < Gy. Then g, g, = g, B, if and only if |Hy| = |Ha|.

Theorem 3.4. Suppose G is a finite p—group and {e} # H < G. Then,
1) g, g is connected,
2) diamllg g <2 and llg g is a complete graph if and only H = G.

Proof. Suppose G has order p*, where k € N. We first notice that V(Ilg y) =
V(Ilg). By definition of Ilg g, Iy is an induced subgraph of Il g and all
vertices of V(H \ {e}) are adjacent with all vertices of V(G \ H). Furthermore,
there is no edge connecting vertices of V(G \ H). If z,y € V(G), then we
consider the following three cases:

azcHandyecG\ H. Since |z|,|y| | p*, z and y are adjacent;
bzeHandye H. Since H= K n_q, d(z,y) =1;

cze€G\H andy € G\ H. Then = ~ y and by definition of Il g, for all
z€H, v~z y~ zandsod(x,y) =2.
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Thus Ilg g is connected and diamllg y < 2. Now it is clear that Ilg g is
complete if and only if G = H. 0
Theorem 3.5. Suppose G is a nilpotent group of order n = plflpé€2 ..pkrand
H is a subgroup of G of order h = p}l”pg2 ...pl, where py,pa, ..., p, are distinct
prime numbers, hi, k; € N with 1 < i <r. Then,

1) Il ts connected and diamllg g < 2.

2) Y(Ug,u) =1
Proof. We consider each part separately.

1) By Theorem 3.2, Il = 11z, and by [5, Theorem 2.4], I is a connected
graph with diamlly < 2. We now consider the following three cases.

a z,y € H. If x » y then there is z € H such that z ~ z ~ y;

b x € H,y € G\ H and x » y. Then there is an element x; € V(H) such
that pips...p, divides | z1 | and so z ~ x1 ~ y;

cx€G\Handye€ G\ H. So, there is an element 1 € V(H) of order
pip2 ... Pr, Whel“e xr~x1 ~Y.

This proves that diamllg i < 2.

2) Since there is an element of order pips...p, € H as x; that is adjacent to
all vertices of llg g, Y(Ilg, i) = 1, as desired.

Hence the result. O

Theorem 3.6. Let G be a finite group of order n, n > 4, and H < G with
|H| > 2. Then girth(Ilg ) = 3.

Proof. If |[H| > 4 then by [5, Theorem 2.2], girthllg g = 3. If |H| = 3 then
[Ty = Ko, where each element of V(H) has order 3. Since there exists at least

an element a of order 3 in G'\ H such that 3| |a|, @ ~ 2, a ~ y and z ~ y. Hence
girth(Ilg i) = 3. O

Corollary 3.7. Let G be a group and H < G has order 2. Then Il y is acyclic
and if | G |= 2% then Ilg y is tree.

Theorem 3.8. Let G be a nilpotent group of order > 4, {e} # H < G and
H 22 Zy. If llg g is connected then it has Eulerian spanning subgraph.

Proof. We first prove that if H is a subgroup of G of order # 2 then Ily has
Fulerian subgraph. It is a well-known fact in graph theory that if each edge of
IIz belong to a triangle then Iz has Eulerian spanning subgraph. Let H be
a subgroup of G of order h = p’fl pgg ...pl, where p;’s are primes and r;’s are
non-negative integers. It is enough to prove that IIz, has Eulerian subgraph. If
h is a prime power then by Theorem 3.4 IIg is complete and so each edge of Iz
belong to a triangle. Suppose r > 2. If e is an edge of Il then we will consider
the following three cases:
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a) e = {z,y} and (x),(y) # Zn. Then there exists an element z € Z; such
that (z) = H. Thus x ~ z and y ~ z, as desired. Choose generators
a,b € Zy. Then a and b are adjacent to all vertices of IIz, that leads to
our result.

b) e = {xz,y}, () = Zy and (y) # Z,. Choose another generator z for Zj,.
By definition, z ~ xz and z ~ y and so the edge e belongs to a triangle.

c) e ={z,y}, Z, = (x) (y). Since each generator of Iz, is adjacent to all
vertices and h > 4, by choosing an arbitrary non-identity element z € Zj,
we have z ~ x and z ~ y. Hence e belongs to a triangle.

This proves that the graph IIs has Eulerian spanning subgraph. Next we
assume that Z» 2 H < G and choose an edge e = {z,y} of llg . If x,y € V(H)
then e € Il and so it is an edge of a triangle, and if x € V(H), y € V(G)\V(H)
then there exists an element z € H which is adjacent to all vertices of V(G).
This completes our argument. O

Theorem 3.9. Let G be a group and H < G. llg g is planar if and only if
|G| <7 or|G|>7 and H = Zs.

Proof. If G = H Then by [5, Theorem 2.11], Il is planar if and only if |G| < 7.
Suppose H # G. If |G| < 7 then Ilg g is a subgraph of a planar graph and so
it is planar. In the case that |G| > 7 and H = Zy, Il g is a subgraph of a star
graph and so it is planar.

Next we assume that Ilg g is planar. Since Il is an induced subgraph of
I, |[H| < 7. We now consider the following three cases for the subgroup H:

1) |H| =2. In this case Ilg p is a subgraph of a star graph and the result is
obvious.

2) |H| = 3. If |G| = 3 or 6 then by [5, Theorem 2.11], Il g is planar, and
if |G| > 6 then we have at least three vertices in G \ H adjacent to all
vertices of H. Hence K33 < Il y which is not possible.

3) |H| =r,r > 4. Then |G| > 6 and there exist at least r vertices in G \ H
adjacent to all vertices in H. Again Ilg g has a subgraph isomorphic to
K3 3, that is impossible.

Hence the result. O
Theorem 3.10. Ilg g has perfect matching if and only if G = H or |G| is odd.

Proof. Suppose H < G. Since |V(Ilg)| < |[V(G \ H)|, there is not perfect
matching in Il . So H = G and the proof follows from [5, Theorem 2.12]. [

Theorem 3.11. If G is a non-trivial p—group and H < G then llg g is not
Eulerian.
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Proof. Suppose |G| = p", where n is a positive integer. If p = 2 then each
vertex of G\ H is adjacent to all vertices of V(IIz). Since the number of such
vertices are 2" — 1, Ilg g is not Eulerian. Next we assume that p is odd. Then
|V(G\ H)| = p"—p¥, where |H| = p*. Since IIj; is a complete graph isomorphic
to K,»_1, each vertex in V(H) is adjacent to p¥ —2 vertices in H and all vertices
in G\ H. Hence each vertex in V(H) is adjacent to p¥ — 2 + p" — pF = p — 2
vertices in Ilg . Hence Ilg g cannot be Eulerian. ]

Theorem 3.12. Let G be a nilpotent group of order n = plflplg‘:2 ..plr where

p;i’s are distinct primes, r;’s are positive integers, pkr < ... < Dy’ < p’fl and put
k
N —1)
=D RO ) =
a17#0 and 0<o;<k; Dr
as = > O(pps? ... pr)
Vil#i26{1,2,3}, ailaiQ;éO and 0<q;<k;
as = > D(pips? ... por)

Vil#iz#i3€{172,374,5}, ailaizai?);éo and 0<a;<k;

apzis1 = > (P Py ... pr7).

Vi1 #ig...... #i[§]+1€{1,2,...,7‘}, ailaig...ai[%Hl;ﬁO and 0<a;<k;

Then w(Ilg) = maz{ai,asg, ..., a[§]+1}-

Proof. Let A; be the set of all elements of G that p; divides its order; Ao
be the set of all elements of G that pips, pi1ps or peps divides its order; ...;
A; be the set of all elements of G that at least a product of ¢ distinct primes
in {p1,p2,p3,...p2¢—1} divides its order, 1 < ¢t < [§] + 1. We also assume
that [A;| = a;. It is now obvious that w(Ilg) = maz{ai,as,... ajz41}, as
desired.

Corollary 3.13. Let G be a nilpotent group, {e} # H < G, ny = |H| =
p’flpg? ...pls be the prime factorization of n1 and p}f1 < p;” < ...<pl. Then
w(HG’H) = U.)(HH) + 1.

Proof. Since H # G, there exists g € G\ H such that p1ps .. .pTHg\. Thus, all

vertices of V(Ily) are adjacent to g. Since the induced subgraph of G\ H is
empty, w(llg,g) = w(H) + 1 and the proof follows from Theorem 3.12. O

Theorem 3.14. Let G be a group of order n containing a non-trivial subgroup
H of order ny. Then a(llg) = n(|G]) and if G # H, a(llgg) =n — ny.

Proof. The case of H = G follows from [5, Theorem 2.10]. Suppose H # G.
Then by definition of Ilg g, there is no edge connecting two vertices of G \ H
and so a(Ilg z) < n —ni. On the other hand, for each vertex h of H, there
exists a vertex in G\ H adjacent to h. Hence a(Ilg g) = n — ny. O
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Theorem 3.15. Let G be a group and {e} # H < G. If G = H then 0(1lg) =
a(llg) = n(|G]) and if G # H and Ilg g is connected then 0(Ilg i) = w(|H|)
+ (|G| = [H]).

Proof. Suppose G = H. Then the size of a minimum clique covering vertices
of Ilg is equal to 7(|G]). Hence 6(Ilg) = a(Illg). If G # H then the size
of a minimum clique covering all vertices of Ilg y is the sum of the size of
a minimum clique covering all vertices of V(Ilx) and the size of a minimum
clique that covers all vertices of G\ H. If G # H and Ilg g is connected then
each vertex of G\ H is adjacent to at least a vertex of H and there is no edge
connecting vertices of V(G \ H). Hence 0(Ilg i) = n(H) + (|G| — |H|). O

Theorem 3.16. Let G be a nilpotent group of order n = plf1p§2 ...pkr. Then
x(Hg) = w(lg).

Proof. It is well-known that x(IIg) > w(Ilg) and so it is enough to prove that
x(Mg) < w(lg). Let pfr < ... < ph2 < p¥* and for i € {1,2,7} define a
subset of G that p; divides its order by B; and let A;, i € {1,2,...[5] + 1}, are
subset of G that are defined in Theorem 3.12. If w(Ilg) = |B1| = |Ai], since
|Bi| > |B2| > ...|By| by definition of Il vertices of Il are colorable with |B;|
colors. If w(Ilg) = |A| and |A| # |A4|, then |A| > |By| > |Bz2| > ...|B,| and so
vertices of Il are colorable with |A| colors. O
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