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1. Introduction

The benefit of metric spaces is a natural growth of functional analysis. Several
researchers attempted various generalizations of this notion in recent past years
such as generalized metric space, D-metric space, quasi-metric space, dislocated
metric space, fuzzy metric space, ordered metric spaces etc.

Recently Azam et.al. [1] introduced a new notion namely complex valued
metric space, which is one of the most attractive research in the field of fixed
point theory and established sufficient conditions for the existence of common
fixed points for a contractive condition involving rational expressions for a pair of
self maps. The idea of complex metric space offers numerous research activities
in mathematical analysis. Many researchers have contributed with different
concepts in these spaces, for example we refer 2, 4, 5, 6, 7, 8, 9, 10].

We begin this section with notations and definitions in complex valued metric
space due to Azam et al. [1] which are useful to prove our main results.

Let C be the set of complex numbers and z1, 2o € C. Define a partial order
on C as follows:

z1 = z9 if and only if Re(z1) =< Re(z2) and Im(z1) < Im(z2).

Thus we can say that z; < 29 if one of the following condition holds:

(1) Re(z1) = Re(z2) and Im(z1) = Im(z2);
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(2) Re(z1) < Re(z2) and Im(z1) = Im(z2);

(3) Re(z1) = Re(z2) and Im(z1) < Im(z2);

(4) Re(z1) < Re(z2) and Im(z1) < Im(z2).

In particular, we write z; < z9 if only (4) is satisfied. Note that 0 < 21 < 2y
implies |z1| < |22|.

Definition 1.1 (Azam et al. [1]). Let X be a nonempty set. A function
d: X xX — Cis called a complex valued metric on X if for all z,y, z € X, the
following conditions are satisfied:

(CM1) 0=d(x,y) and d(z,y) =0 iff x = y;

(CM2) d(z,y) = d(y, v);

(CM3) d(z) < d(z, ) + d(y, )

Then the pair (X, d) is called a complex valued metric space.

Example 1.2. Let X = {(1,2),(2,3),(3,4),(4,5)} and we define from d :
X x X — C by d(z1,22) = 2|z1 — m2| + 3ily1 — y2|, where 21 = z1 + iy; and
z9 = w9 + iyo. Clearly, (X, d) is a complex valued metric space.

Definition 1.3 (Azam et al. [1]). Let (X, d) be a complex valued metric space
and {z,} be a sequence in X. We say that:

(i) the sequence {x,} converges to x € X if for each ¢ € C with 0 < ¢
there is a ng € N such that for all n > ng, d(z,,x) < c¢. We denote this by
lim,, yoo Tp, = x Or T,, — T S N —> OO.

(ii) the sequence {z,} is a Cauchy sequence if for each ¢ € C with 0 < ¢
there is ng € N such that for all n > ng, d(zy, Tptm) < ¢, where m € N.

(iii) (X, d) is complete complez valued metric space if every Cauchy sequence
in X is convergent to a point in X.

Lemma 1.4 (Azam et al. [1]). Let (X,d) be a complex valued metric space
and let {z,} be a sequence in X. Then {x,} converges to x if and only if
|d(xn,z)| = 0 as n — oo.

Proposition 1.5 (Sithikul and Saejung [10]). Let (X, d) be a complex valued
metric space and {x,} be a sequence in X and h € [0,1). If a,, = |d(xp, Tn+1)]
satisfies an, < h an—1 for alln € N, then {x,} is a Cauchy sequence.

In [3], Jaggi and Dass generalized Banach contraction principle using rational
type of contraction.

Theorem 1.6 (Jaggi and Dass ([3]). Let T be a selfmap of a metric space (X, d)
which satisfy:
(i) for some a, B € [0,1) with a + B < 1, such that

d(z, Tz)d(y, Ty)

(1.6.1) d(Tz, Ty) < Yz, Ty) +dy, Tz)+d(z, y)

+ Bd(z,y),

forall x, ye X, x #y;
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(13) there exists a point xg € X such that {T"x0} has a convergent subse-
quence with limit z in X.

Then z is the unique fized point of T in X.

Using the analog of condition (1.6.1) Nashine et al. [5] proved the following
theorem in complex valued metric spaces.

Theorem 1.7 (Nashine et al. [5]). Let (X,d) be a complete complex valued
metric space and suppose that S and T be mappings on X satisfy either

(4)
d(z, Sz)d(y, Ty)
d(z,Ty) + d(y, Sz) + d(z,y)’

(1.7.1) d(Sz,Ty) < ad(z,y) + B

where a+ 3 < 1 for allz, y € X, x #y and d(z,Ty) + d(y, Sz) + d(z,y) # 0
or

(17) d(Sz,Ty) = 0 if d(z, Ty) + d(y, Sz) + d(x,y) = 0.

Then S and T have a unique common fized point in X .

The following proposition was proved by Naval Singh et al. [6].

Proposition 1.8 (Naval Singh et. al. [6]). Let (X,d) be a complex valued
metric space and S, T : X — X. Let x9 € X and define a sequence {x,} € X
by xon+1 = STon and xont2 = Txony1 for alln =0,1,2,3, ...

Assume that there exists a mapping a : X x X x X —[0,1) such that

a(TSz,y,a) < a(r,y,a) and oz, STy, a) < a(z,y,a),

for all x,y € X for any fireda € X and n=0,1,2,3, ... .
Then a($2n7ya CL) < a(xo,y,a) and a($7$2n+1aa) < Oé(l’,l’l,a)-

The aim of this paper is to prove common fixed point theorems for a pair of
self maps satisfying general contraction conditions involving rational expressions
having a point dependent control functions as coefficients in complex valued
metric spaces. Our results extend and generalize the results of Nashine et al.
[5] (Theorem 2.1) and some known results in the literature. To show validity of
our results some illustrative examples are also furnished.

2. Common fixed point theorems for a pair of maps using control
functions

We start this section with our main result.

Theorem 2.1. Let (X,d) be a complete complex valued metric space and
S,T: X — X. If there exist mappings «, 3, 7,0 and p: X x X x X — [0,1)
such that for all x,y € X, for a fired a € X:

(1) a(TSz,y,a) < a(z,y,a) and a(z, STy, a) < a(z,y,a);

(12) B(TSz,y,a) < B(z,y,a) and B(z, STy, a) < B(z,y, a);
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(#9i) v(T'Sz,y,a) < y(z,y,a) and y(z, STy, a) < y(z,y,a);
(iv) §(TSx,y,a) < (z,y,a) and §(z, STy, a) < §(z,y,a);
(v) W(TSx,y,a) < u(a: y,a) and u(x,STy,a) < p(x,y,a). Also, suppose
that S and T satisfy eithe

(vi) d(Sz,Ty) 2 a(z,y, a)d(z,y)

d(x, Sx)d(y, Ty)
z,Ty) + d(y, Sz) + d(x,y)
d(
)

+ B(z,y, ) X

z, Ty)d(y, Sz)

+(.9, ) d(z, Sx) + d(y, Ty) + d(z,y)

[d(x, Sz)d(xz, Ty) + d(y, Ty)d(y, Sz)]
d(z,Sz) 4+ d(y, Ty) + d(z,y)

[d(, Sz)d(y, Sx) + d(y, Ty)d(z, Ty)]

d(z,Sz) + d(y, Ty) + d(z,y) ’

+d(z,y,a)

(2.1.1) + p(z,y,a)

where |a(z,y,a) + B(x,y,a) +v(z,y,a) + 6(z,y,a) + p(z,y,a)| <1, d(z, Sx) +
d(y, Ty) + d(z,y) # 0 and d(z, Ty) + d(y, Sx) + d(z,y) # 0 or

(vii) d(Sz, Ty) = 0 if d(x, Sz)+d(y, Ty)+d(z,y) = 0 or d(z, Ty)+d(y, Sx)+
d(xz,y) =0.

Then S and T have a unique common fized point in X .

Proof. Let xg € X. We define a sequence {z,,} € X by zo,+1 = Szo, and
(2.1.2) Topto = TTopiq.

First we suppose that

(2.1.3)  d(xog, xop+1) + d(xop, Txop+1) + d(xog41, Sxor) = 0, for some k,
therefore we have

(2.1.4) ok = Sxop = TTop11 = Togi1

hence there exists k1 and k9 such that

(2.1.5) k1 = Ski = ko = Tko.

Thus from (2.1.5) it follows that k; is a common fixed point of S and 7.

Now, we will prove that ki is a unique common fixed point of S and T.
Suppose k1 and ks be two common fixed points of S and T" which implies k; =
S/ﬁ = T/ﬁ and kQ = Tkg = SkQ.

Hence from (2.1.3), we have

d(kl, k‘Q) + d(k‘l, T]CQ) + d(kz, Skl) =0,

this implies k1 = k.
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Similarly proceeding on the same lines of the above argument S and T have a
unique fixed point if d(xo, Togr1)+d(x2k, STor)+d(x2p 41, Txop+1) = 0. Thus we
suppose that d(x, Sz)+d(y, Ty)+d(x,y) # 0 and d(x, Ty)+d(y, Sx)+d(x,y) #
0. First we show that {z,} is a Cauchy sequence in X. Now on using the
inequality (2.1.1) with x = 29 y = 21, we have

d(x1,22) = d(Szo, Tx1) < axo, x1,a)d(x0, 1)
d(zo, z1)d(21, 72)
d(xo, 1) + d(xo, z2)
d(wo, z1)d(20, 72)
d(zo,z1) + d(x1, x2) + d(z0, 1)
d(z1, z2)d(x0, ¥2)
d(xo, 1) + d(z1, x2) + d(z0, 1)

+ B(xo, 21, a)

+ 0(xg,x1,0a)

+ ,LL((L'(), xy, CL)

so that

o1, 2)] < oo, @), o) + B, a1, ) T
|d(zo, x1)||d(wo, 2)|

‘d(.’Bo,(L‘l) +d(.’L’1,[E2)’

|d(21, x2)||d(0, z2)|

|d(xo, x1) + d(x1,22)|

+ (5(1‘07 Ty, CL)

(216) +M($0,$1,G)

On using (CM3), we have

(2.1.7) ’d(afo,%’l) + d(.f(),xg)’ Z \d(ml,xg)\
and
(2.1.8) ‘d(.ﬁo,xl) + d(.ﬁlfl,l‘g)’ > ’d(l’o,l’2)|.

Thus, from (2.1.6), (2.1.7) and (2.1.8), it follows that

a(xg, 1, a) + B(zo, 1, a) + d(x0, 21, a)
1- M(x(];xly a’)

(2.1.9)  fd(zy, z2)| < Jld(zo, x1)|

Similarly, once again on using the inequality with x = x2,y = x1, we have

d(xe,x3) = d(STz1,Tz1) < a(Tx1,21,0)d(22, 1)+ (T21, 271, a)%-’-

d(z1,22)d(x1,23) d(z2,23)d(w1,73)
(T, 21,0) d(2727333()a$da(:;1,éf)lfs(ﬂfl,m) +u(T'z1, 21, 0) d($2,$3)gfd?il@S-&J—vs(zl,zz) - Thus

|d(z2,23)| < alxg,z1,a)|d(x,21)] + B(x0, 21, Q) ’C’;Ez?:f;)ﬂdéf;f;jh
d(r, 72)]|d(z1, 75)
‘d(xg,xg) + d(ml,x2)|
|d(@2, x3)||d(x1, 3)|
|d($2, LL’3) + d(l’l, 1’2)‘ '

+ 5(33'0,.%'1,@)

(2.1.10) + p(zo, 21, 0)
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Again using triangle inequality, we have

(2111) ‘d(:Cl,y’Cg) + d($1,$2)| > |d(l‘2,$3)|
and
(2.1.12) ‘d(.rg,l'g) + d(wl,l‘g)’ > ]d(acl, 1'3)‘

Thus, from (2.1.10), (2.1.11) and (2.1.12), it follows that
29, 21, a) + B(wo, 21, a) + 6(x0, 21, a)
1 — u(xo,x1,a)

Hence from (2.1.9) , (2.1.13) and Proposition 1.8, we can conclude that

(2113)  |d(ws,20)] < (X |d(z2, 1))|-

|d(2n, ni1)] < pld(2n, 2n1)l;

a(zo,x1,a)+B(z0,21,a)+6(z0,21,0) <1
1—p(zo,x1,0) ’

foralln=1,2,3,.... and p =
Hence

(2.1.14) |d(xn, Tnt1)] < p"|d(x0,21)] — 0 as n — oo.

Thus, by Proposition 1.5, it follows that {x,} is a Cauchy sequence in X. Since
X is complete there exists u € X such that lim,,_,o 2, = u. Therefore

(2.1.15) lim zo, = lim Szo, = lim Txo,11 = u.

We now show that w is a fixed point of S. On the contrary v # Su. In view of
inequality (2.1.1) and proposition 1.8, we have

d(u, Su) < d(u, xont2) + d(xont1, Su) < d(u, xony2) + d(Txon41, Su)
< d(u, xont2) + alu, ropt1,a)d(u, Ton41)
d(u, Su)d(xon+1, TTont1)

d(u, Txgn_H) + d(x2n+1, Su) + d(x2n+1, u)
d(u, Txop+1)d(x2n41, Su)

d(:L’gn_H, T$2n+1) + d(u, Su) + d($2n+1, u)

d(u, Tl‘gn_H)d(U, Su) + d(T$2n+1, $2n+1)d(1‘2n+17 Su)
d(ajgn_H, T.CUQ,H_l) + d(u, SU) + d(.ﬁCQn_H, u)
d(x2n+1, Su)d(u, Su) + d(TxQn_H, x2n+1)d(u, T$2n+1)

d($2n+1, T$2n+1) + d(u, Su) + d($2n+1, u) '
< d(u, ron+2) + alu, z1,a)d(u, xon+1)
d(u, Su)d(zon+1, TTont1)
d(u, Tx2n+1) + d(x2n+1, Su) + d($2n+1, u)
d(u, Txon+1)d(x2n41, Su)
d(a:zn+1, T.CCQn_H) -+ d(u, Su) + d(JIQ,H_l, u)
d(u, T.T2n+1)d(’u, SU) + d(Tl‘zn_H, x2n+1)d(a}2n+1, Su)
d(:L’gn_H, T$2n+1) + d(u, Su) + d($2n+1, u)
d(l‘gn+1, Su)d(u, Su) + d(Txgn_H, xgn_H)d(u, Tx2n+1)
d(x2n+1, T.fC2n+1) -+ d(u, SU) + d(.ﬁEQn_H, u) '

+ ﬂ(uv Ton+1, G)

+ v(u, Tap 41, Q)

+ 0(u, Tapy1,a)

+ p(u, vop+t1, a)

+ B(u, z1,a)

+y(u, 21, a)

+d(u, x1,a)

+ M(ua Ty, a)



94 M.V.R. KAMESWARI

Letting n — oo and from (2.1.15), gives rise to
A, Su) < [ty 1, @) |, Sw)| < |d(u, Su)].

Hence u = Su. We now show that u is a fixed point of T'. Suppose that u # Tu.
Now on utilizing the inequality (2.1.1) and Proposition (1.8), we have

d(u, Tu) < d(u, xon+1) + d(xont1, Tu) < d(u, xon+1) + d(Sxon, Tu)
< d(u,xont+1) + a(zon, u, a)d(u, xay,)
d(u, Tu)d(z2n, STan)
d(u, Sxa,) + d(zan, Tu) + d(z2n, u)
d(u, Sxan)d(xon, Tu)
d(x2n, Stan) + d(u, Tu) + d(z2n, u)

d(u, Sxan)d(u, Tu) + d(xon, Tuw)d(z2n, STop,)
d(zan, Sxan) + d(u, Tu) + d(x2,, u)
d(xan, Sxon)d(STon, u) + d(xen, Tu)d(u, Tu)
d(xon, Sxan) + d(u, Tu) + d(xop, u)

< d(u, xont1) + a(zo, u, a)d(u, x2,)
d(u, Tu)d(z2y, Ston)

d(u, Szap) + d(xon, Tu) + d(xon, u)
d(u, Szop)d(xon, Tu)

d(xan, Sxan) + d(u, Tu) + d(xon, u)

d(u, Szop)d(u, Tu) + d(xon, Tu)d(Sxan, STay)
d(xan, Sxan) + d(u, Tu) + d(x2n, u)
d(xzan, Sxon)d(Szon, u) + d(xon, Tu)d(u, Tu)

d(xon, Stan) + d(u, Tu) + d(z2n, u) ’

+ 5(x2n) u, a)

+ ’Y(l‘Qn) u, (l)

+ 0(zon, u, a)

+ M(x2n7 u, CL)

+ 5(1‘07 u, CL)

+ ’Y(l‘ﬂa U, a)

+ 6(1‘07 u, CL)

+ p(xo, u, a)

which on making n — oo, using (2.1.15), we get
|d(u, Tu)| < |p(zo, u, a)||d(u, Tu)].

Hence, we find that v = Tu. Accordingly, we conclude that w is a common
fixed point of S and T. To prove uniqueness let u and ux be two distinct
fixed points of S and 7. This implies d(Sux,u) + d(ux, Tu) + d(u,ux) # 0 and
d(Su,u) + d(ux, Tux) + d(u, ux) # 0.

d(u, ux)=d(Su, Tux) < a(u, uk,a)d(u,ux)
d(u, Su)d(ux, Tux)
d(u, Tux) + d(ux, Su) + d(u, ux)
d(u, Tux)d(u*, Su)
(u, Su) + d(u*, Tux) 4+ d(u, ux)

+ B(u, u*,a)

—i—’y(u,u*,a)d
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[d(u, Su)d(u, Tux) + d(uwk, Tux)d(u*, Su))
d(u, Su) + d(ux, Tux) + d(u, ux)
[d(u, Su)d(ux, Su) + d(ux, Tux)d(u, Tux)]
d(u, Su) + d(ux, Tux) 4+ d(u, ux)

< [a(u, uk, a) + y(u, ux, a)ld(u, ux),

+ 0(u, ux, a)

+ p(u, ux, a)

a contradiction. Thus u is a common fixed point of S and 7. This concludes
the proof of this theorem.

Theorem 2.2. If {S;}1" and {T;}} are two finite pairwise commuting finite
families of self maps defined on a complete complex valued metric space such
that the mappings S and T satisfy condition (2.1.1), then two families of maps
{Si}1" and {T;}} have a unique common fized point in X.

Proof. In view of Theorem 2.1, we hypothesize that .S and T have a unique
common fixed point z in X i.e., Sz = Tz = z. By pairwise commutative property
of {S;}" and {T;}} for every (1 <p < n), we have

Spz = SpSz = 5(Spz)

and
Spz = STz =T(Spz)

which implies that S,z is a common fixed point of S and 7". On using uniqueness
of fixed point of S and T, we have S,z = z, for all (1 < p < n). Hence it follows
that z is a common fixed point of the family {S;}{".

Similar to the above argument we can show that z is a common fixed point
of the family {7;}}.

Thus the conclusion of this theorem follows.

In the following we prove similar type of results for different rational expres-
sions.

Theorem 2.3. Let (X,d) be a complete complex valued metric space and S,T :
X — X. If there exist mappings ., 3, v,6 and p: X x X x X — [0,1) such that
forallx,y € X, for a fixred a € X:

(1) a(TSz,y,a) < a(z,y,a) and a(x, STy, a) < a(x,y,a);

(“) ﬂ(TS$7 Y, Cl) < ﬁ(xv Y, a’) and /B(Z7 STy7 CL) < 6(%, Y, a);

(1i1) Y(T'Sz,y,a) < vy(x,y,a) and y(x,STy,a) < y(z,y,a).

Also, suppose that S and T satisfy either

(iv)

d(z,Sz)d?(x, Ty) + d(y, Ty)d?(y, Sx)
d?(z, Ty) + d?(y, Sx)

d(z, Sz)d(z, Ty) + d*(z,y) + d(z, Sz)d(z,y)
d(z,Sz) + d(z, Ty) + d(z,y) ’

d(Sz, Ty) = a(z,y,a)d(z,y) + 5(z,y,a)

(23.1) +v(z,y,a)
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where |a(z,y,a)+5(z,y,a)+7y(x,y,a)| < 1forall z,y € X, d(z, Sz)+d(x, Ty)+
d(x,y) # 0 and d*(z, Ty) + d*(y, Sx) # 0 or

(v) d(Sz, Ty) = 0 ifd(z, Sx)+d(z, Ty)+d(z,y) = 0 or d*(z, Ty)+d>*(y, Sz) =
0. Then S and T have a unique common fixed point in X.

Proof. Let zp € X. We define a sequence {z,} € X by

(2.3.2) Top+1 = Sxop and Topto = Tropt1.

First we suppose that

(2.3.3) d?(zop, Toopy1) + d*(xopy1, Stor) = 0 for some k,
then we have

(2.3.4) Top = Sxop, = Thopq1 = Topt1,

therefore exists k1 and k9 such that

(2.3.5) k1 = Sky = ko = Tks.

Thus from (2.3.5) it follows that k; is a common fixed point of S and 7.

We now prove that ky is a unique common fixed point of .S and T'. Suppose
k1 and ko be two common fixed points of S and T'. This implies k1 = Sk1 = Tk
and kg = Tky = Sko. Hence from (2.3.3), we have

dg(k‘b ko) + d2(k1, ko) =0,

this implies k1 = ks. Similarly proceeding on the same lines of the above ar-
gument S and T have a unique fixed point if d(zak, vog+1) + d(x2k, STak) +
d(xog, Txog+1) = 0. Thus we suppose that d(z, Sz) + d(x, Ty) + d(z,y) # 0 and
d*(z, Ty) + d*(y, Sx) # 0.

First we show that {z,,} is a Cauchy sequence in X. On using the inequality
(2.3.1) with z = 29 y = x1, we have

d(x1,z2) = d(Sxo,Tx1) < a(xo, z1,a)d(x, 1)
d(l’o, S.Z‘Q)de(.%’(], T.%l) + d(.%’l, T$1)d2d(.1‘1, Sl’o)
dz(l‘o, T."L‘l) + dz(fL‘l, Sﬂj‘o)
d(afo, S$0)d(l’0, Tacl) + dQ(Io, .’El) + d(afo, S$0)d(l’0, 1'1)
d(xo, Sxo) + d(xo, Tz1) + d(x0, x1)
d(zo, r1)d?d(zo, 22)
d?(zg, z2)
d(l’o, xl)d(:cg, xz) + dQ(x(), .731) + d(CE(), xl)d(xo, $1)
d(xo,z1) + d(xo, 1) + d(x0, 22)
(2.3.6) < [a(zo,x1,a)+ B(zo,x1,a)y(z0, 21, a)|d(x0, z1).

+ B(xo0, 21, a)

+v(x0,21,0)

< a(zg, z1,a)d(zo, 1) + B(xo, 21, a)

+ (o, 21, a)
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Again on using the inequality (2.3.1) with x = z1 y = 2, we have

d(xe,x3) = d(Sze,Tx1) < a(Tx1,21,a)d(x2, 1)

d(wg, Szo)d?d(w2, Tx1) + d(z1, Tx1)d? (11, ST2)
d2d($2, Txl) + dz(azl, ng)

d(wg, Szo)d(xa, Tx1) + d*(x2,71) + d(z2, ST9)d(21, 72)
d(xg, Sxo) + d(xe, Tx1) + d(x2, 1)

(2.3.7) <la(zo,z1,a) + B(zo, x1,a) + (o, 21, a)]d(x2, 1)

+ B8(Tx1,21,a)

+ 7(Tx17 Iy, a’)

Thus, from (2.3.6), (2.3.7)and Proposition 1.8 , it follows that
|d(2n, Tnt1)] < p"|d(x0,21)|, for allm e N,

where p= ‘Oé(x(),.fCl,a) + B(:C()uxlva) +"}/(IEO,IIZ‘1,CL)| <L

Thus, by Proposition 1.5, it follows that {x,} is a Cauchy sequence in X.
Since X is complete there exists u € X such that lim,,_,. , = u. Therefore

(2.3.8) lim z9, = lim Sxzy, = lim Txo,+1 = u.
n—oo n—oo n—oo

We now show that w is a fixed point of S. On the contrary v # Su. In view of
inequality (2.3.1) and Proposition (1.8), we have

d(u, Su) < d(u, ron+2) + d(x2nto, Su) < d(u, xopt2) + d(Txop4+1, Su)
< d(u, xont2) + a(u, xopt1,a)d(u, xop41)
d(u, Su)d?(u, Txony1) + d(@oni1, Txont1)d?* (w211, Su)
d2 (u, T$2n+1) + d2 ($2n+1, Su)
d(u, Su)d(u, Tront1) + d*(u, won+1) + d(w2n11, u)d(u, Su)
d(.CUQ,H_l, T:an_H) + d(u, SU) + d($2n+1, U,)
< d(u, zant2) + a(u, x1, a)d(u, Tan41)
d(u, Su)d?(u, Txony1) + d(xons1, Troni1)d* (v2n21, Su)
d?(u, Txont1) + d?*(x2n41, Su)
d(u, Su)d(u, Txony1) + d?(u, xon11) + d(u, Su)d(u, T2,11)
d(xons1, Tront1) + d(u, Su) + d(xoni1,u) ’

+ 5(“7 Ton+1, CL)

+ ’Y(ua Ton+1, a)

+B(U,I’1,a)

+(u,21,a)

Letting n — oo and in view of condition (2.3.8), it follows that |d(u, Su)| < 0.
Hence v = Su. We now show that u is a fixed point of T'. Suppose that u # Tu.



98 M.V.R. KAMESWARI

Now on utilizing the inequality (2.3.1) and Proposition (1.8), we have

d(u, Tu) < d(u, zon+1) + d(x2n+1, Tu) < d(u, x2p+1) + d(Szon, Tu)
< d(u, xon+1) + a(xon, u, a)d(u, x2y,)
d(z2n, ST2,)d? (22, Tu) + d(u, Tu)d?(u, Szay,)
d?(xon, Tu) + d?(u, Sxay,)
d(zon, ST2,)d (w2, Tu) + d?(u, 22,) + d(x2,, Son)d(T2n, u)
d(xon, Stan) + d(zon, Tu) + d(x2n, u)
< d(u, zan+1) + (20, u, a)d(u, Tan41)
d(zon, ST2,)d?(vons1, Tw) + d(u, Tu)d?(u, Sroni1)
dQ(CCQn, Tu) + dQ(U, S:an)
d(xon, ST2n)d(z2n, Tu) + d?(u, xon) + d(w2n, STopn)d(zon, u)
d(zan, Stop) + d(xon, Tu) + d(z2,, u) ’
On taking limits n — oo and using (2.3.8), it follows that |d(u, Tw)| < 0. Hence

u is a common fixed point of S and 7. Uniqueness of the fixed point trivially
follows from (2.3.1). This completes the proof of the theorem.

+ B(@2n, u, a)

+ v(z2n, u, a)

+ B(x()v u, a)

+ '}/(x(], u, CL)

3. Corollaries and examples

Setting S = T in Theorem 2.1, we have the following corollary.

Corollary 3.1. Let (X,d) be a complete complex valued metric space and T :
X — X. If there exist mappings «, 5, v, and p: X x X x X — [0,1) such that
forall x,y € X, for a fixred a € X:
(i) a(Tz,y,a) < a(z,y,a) and a(z,Ty,a) < a(z,y,a);

i) B(Tz,y,a) < B(z,y,a) and B(z,Ty,a) < B(z,y,a);
7’”) (Tl’ Yy,a ) < y(az,y,a) and 7(1‘7Ty7a) < 7(1773/7 a);
i) 6(Tz,y,a) < d(x,y,a) and §(z,Ty,a) < §(z,y,a).
v) p(Tz,y,a) < p(x,y,a) and p(z, Ty, a) < p(z,y, a).
lso, suppose that T’ satisfy either
vi

)

e v bore

:B/-\

—

d(z, Tx)d(y, Ty)
d(z, Ty) + d(y, Tx) + d(z,y)

d(Tz,Ty) = a(z,y,a)d(z,y) + B(z,y, a)

d(z, Ty)d(y, Tx)
d(z,Tz) + d(y, Ty) + d(z,y)
[d(z, Tx)d(z, Ty) + d(y, Ty)d(y, Tz)]
d(x,Tz) + d(y, Ty) + d(z,y)
[d(z, Tz)d(y, Tx) + d(y, Ty)d(z, Ty)]
d(xz,Tz) + d(y, Ty) + d(z,y) ’

where |a(z,y,a) + B(z,y,a) +v(x,y,a) + 0(z,y,a) + p(z,y,a)| <1, d(z, Tz) +
d(y, Ty) + d(z,y) # 0 and d(z, Ty) + d(y, Tz) + d(x,y) # 0 or

+y(x,y,a)

+0(x,y,a)

(3.1.1) + p(x,y,a)
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d(xz,y) =0.
Then T has a unique common fized point in X.
If =0 in Theorem 2.1, we have the following corollary.

Corollary 3.2. Let (X,d) be a complete complex valued metric space and S,T :
X — X. If there exist mappings o, 3, v and 6 : X X X x X — [0,1) such that
forall z,y € X, for a fited a € X :

(i) a(TSz,y,a) < a(z,y,a) and a(x,STy,a) < a(z,y,a);

(i) B(TSz,y,a) < B(x,y,a) and B(z, 5Ty, a) < B(z,y,a);

(i4i) v(T'Sz,y,a) < v(x,y,a) and y(x, STy, a) < y(x,y,a);

(v) 6(T'Sz,y,a) < d(x,y,a) and 6(x, STy, a) < d(x,y,a).

Also, suppose that S and T satisfy either

(v)

d(Sz,Ty) = az,y,a)d(x,y)
d(z, Sz)d(y, Ty)
d(z,Ty) + d(y, Sz) + d(x,y)
d(z, Ty)d(y, Sz)
+(@,y,a) d(xz,Sx) +d(y, Ty) + d(x,y)
[d(z, Sz)d(z, Ty) + d(y, Ty)d(y, Sz)]
d(xz,Sx) +d(y, Ty) + d(x,y) ’

+ /8(:1:7y7 a)

(3.2.1) +9(z,y,a)

where |a(z,y,a) + B(z,y,a) + v(x,y,a) + 0(z,y,a)| <1, d(z, Sz) + d(y, Ty) +
d(z,y) # 0 and d(xz,Ty) + d(y, Sx) + d(z,y) # 0 or

(vi) d(Sz,Ty) = 0 if d(z, Sx)+d(y, Ty)+d(z,y) = 0 ord(z, Ty)+d(y, Sx)+
d(xz,y) =0.

Then S and T have a unique common fized point in X .

If u=46=0, in Theorem 2.1, we have the following corollary.

Corollary 3.3. Let (X,d) be a complete complex valued metric space and S, T :
X — X. If there exist mappings o, f and v : X x X x X — [0,1) such that for
all x,y € X, for a fired a € X :

(1) a(TSz,y,a) < a(x,y,a) and a(x, STy, a) < a(z,y,a);

(13) B(TSx,y,a) < B(x,y,a) and f(x,STy,a) < f(z,y,a);

(tit) v(T'Sx,y,a) < y(z,y,a) and v(z,STy,a) < y(z,y,a).

Also, suppose that S and T satisfy either

(iv)

d(z, Sz)d(y, Ty)
d(z,Ty) + d(y,Sz) + d(x,y)
d(z,Ty)d(y, Sz)
x,Sz) +d(y, Ty) + d(z,y)

d(Sz, Ty) X a(z,y,a)d(z,y) + B(z,y, a)

(3.3.1) +y(z,y,a) i
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where |a(z,y,a) + B(z,y,a) + 7(2,y,a)| <1, d(z, Sz) +d(y, Ty) + d(z,y) # 0
and d(x,Ty) + d(y, Sx) + d(x,y) # 0 or

(v) d(Sz, Ty) = 0 if d(z, Sx)+d(y, Ty) +d(z,y) = 0 or d(z, Ty) +d(y, Sz)+
d(xz,y) =0.

Then S and T have a unique common fized point in X.

On choosing 1 = 6 =~ =0, in Theorem 2.1, we get the following corollary.

Corollary 3.4. Let (X,d) be a complete complex valued metric space and S, T :
X — X. If there exist mappings o and B : X x X x X — [0,1) such that for all
z,y € X, for a fired a € X;

(1) a(TSz,y,a) < a(x,y,a) and a(x, STy, a) < a(z,y,a);

Also, suppose that S and T satisfy either (iii)

d(z, Sz)d(y, Ty)
d(z,Ty) + d(y, Sz) + d(x,y)
where |a(z,y,a) + B(x,y,a)| <1 and d(xz, Ty) + d(y, Sz) + d(x,y) # 0 or

() d(Sz,Ty) =0 if d(z, Ty) + d(y, Sx) + d(z,y) = 0.
Then S and T have a unique common fized point in X .

(3.4.1) d(Sz,Ty) X a(x,y,a)d(z,y) + f(z,y,a)

Remark 3.5.Theorem 1.7 follows as a corollary to Corollary 3.4 if we choose
a(z,y,a) = a and S(z,y,a) = in Corollary 3.4.

The following examples corroborates the validity of our main results.

Example 3.6. Let X = [0,1] and define d : X x X — C by d(z,y) = i|lz — y|,
we define S,T : X — X by Sz = § and Tx = %. We define o, 3, 7,0 and p :
XxXxX = [0,1) by a(z,y,a) = £+ L+, Blz,y,a) = 52, y(z,y,0) = 54
8
3(x,y,a) = % and p(z,y,0) = % + % + L.
Clearly, !a(fr y,a) + Bz, y,a) +v(z,y,a) + (z,y, )+M(
a = 1. Now consider a(T'Sz,y,a) = a(&,y,a) = 5% + §+ 1 <
a(z,STy,a) = a(x,y,a) = = + 2th‘) + %
We now show that the inequality (2.1.1) holds for z,y € X. Consider,

with

ya)l <1
+%+ and

olg & @
OJ\H

zy,_lr—yl . lz—yl
d(Sz,Ty) = d(=, "~

<G44 )!w—y|<a(w y,a)d(z,y)

68
+Blw,y.0) g ngi Zz éi;)Tf)d(x .
+(@y.a) xgi?(;%)%)ﬂgj)y)
-
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Therefore all the conditions of Theorem 2.1 are satisfied 0 is a unique fixed
point of S and T

Example 3.7. Let X = {2,3,4,5} and we write A = {(2,3), (3,2), (2,5), (5,2),
(5,3),(3,5),(4,3),(3,4),(4,5), (5,4)}, B={(2,4),(4,2)} and C = {(2,2), (3, 3),
(4,4),(5,5)}.

2¢ if (z,y) € A
We define d: X x X — C by d(z,y) =, if (z,9) € B
0, if (z,y) € C

Then (X, d) is a complex metric space for § € [0, 5].
We now define S and 7' : X — X by
2, if 2,4 2, if 2,3,4
S Ea xE{,,B}anqu:: , ifx e {2,3,4}
4, ifz=3 4, if z=5.
Let a(m,y,a) = %aﬁ(l‘aya (Z) = 0,’7(1[‘,2/,&) = 2711a5($7y’a) = %and ,U(l',y,(l) =

(S

Then clearly, |o(z,y,a) + B(z,y,a) + 7(z,y,a) + 0(z,y,a) + p(z,y,0)] =
.99 < 1. Now we verify the inequality (2.1.1).

Case (i). If (z,y) = {(2,3),(2,4),(2,2),(3,5),(4,2),(5,2), (4,3), (4,4), (5,3),
(5,4)} then we have d(Sz, Ty) = 0 so that the inequality (2.1.1) holds.

Case (ii). If 2 = 2 ,y = 5 then d(Sz,Ty) = d(2,4) = € < 1.123¢% =
d(z,Sx)d(y, T d(z,Ty)d(y,Sz)
Oé(.CL‘, Y, a)d({L‘, y) + B(xv Y, a’) d(x’T£)+d(;7éi)fc)l($7y) +7(x7 Y, a) d(a:,Sa:)—l—dz(/y,T?Z)—‘,—d(z,y)
d(z,Sz)d(xz,Ty)+d(y,Ty)d(y,Sz [d(z,Sz)d(y,Sz)+d(y,Ty)d(z,Ty)]
+0(w,y, 0) A S R et (e y, ) e i S0
that the inequality (2.1.1) holds.

Case (iii). If (z,9) = (3,3) then d(Sz,Ty) = d(2,4) = ¥ < 1.44¢" =
d(z,Sz)d(y,Ty) d(z,Ty)d(y,Sz)
CM(I‘7 Y, a’)d(xa y) +ﬂ(l‘7 Y, (I) d(LTy)er(y,Sg;lp)fd(x’y) +7($7 Y, CL) d(z’sm)deg(ly’Tyy)er(x,y)
d(z,Sz)d(z,Ty)+d(y,Ty)d(y,Sx) d(z,Sz)d(y,Sz)+d(y,Ty)d(z,Ty)]
+5(37=y=a)[ d(x,S(z)+g(y,Tyy)+ilJ(:p,3) ] +N(x=y=a)[ d(ac,S(oi/)+d(y,T5)+chl(w,y) L, s0
that the inequality (2.1.1) holds.

Case (iv). If (z,y) = (3,4) then d(Sz,Ty) = d(2,4) = ¥ < 1.64e =
d(x,Sz)d(y,T d(z,Ty)d(y,Sz)
@, y,a)d(z,y) +5(z,y,a) d(x,Ty()+d<;,gi>f3z<x,y) (@, y,a) d(x,sé>+dl@,%)+d(x,y)
d(z,Sz)d(x,Ty)+d(y,Ty)d(y,5z d(z,Sz)d(y,Sz)+d(y,Ty)d(x,Ty)]
+6(m,y,a)[ ( d(x),S(x)—&-ggy,T(yy)—i-zzx,(g) : —i—,u(x,y,a)[ : d(x,Sg)-Fd(y,T;/)Jrg(x,y) 2 s
that the inequality (2.1.1) holds.

Case (v). If (z,y) = (3,2) then d(Sxz,Ty) = d(2,4) = ¥ < 1.64¢" =
d(xz,Sx)d(y, T d(z,Ty)d(y,Sz
O‘(«'Ea Y, a)d(xa y) +5(f5a Y, a) d(m7T§)+d(;7éi)fé(z,y) +'7(1’> Y, a) d(x,S£)+d%;,}Z)+;(x,y)
d(x,Sz)d(z,Ty)+d(y,Ty)d(y,Sx [d(z,Sz)d(y,Sz)+d(y,Ty)d(x,Ty)]
0,y @) S ot () iy L 5o
that the inequality (2.1.1) holds.
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Case (vi). If (z,y) = (4,5) then d(Sz,Ty) = d(2,4) = ¥ < 1.29¢" =
d(xz,Sx)d(y, T d(z,Ty)d(y,Sz
O‘(«'Ea Y, a)d(l‘a y) +5(xa Y, a) d(m7T§)+d(;7éi)fé($7y) +'Y(J7> Y, a) d(Lsx()_,_dZ(g 7(%)4_;(%”
[d(z,Sz)d(x,Ty)+d(y,Ty)d(y,Sx)] [d(z,Sz)d(y,Sz)+d(y,Ty)d(x,Ty)]
+0(2,y, ) S Sy rdt Ty rdy) TR Y ) TG st Ty ey SO
that the inequality (2.1.1) holds.

Case (vii). If (z,y) = (5,5) then d(Sx,Ty) = d(2,4) = € < 1.44¢¥ =
d(z,Sz)d(y,Ty) d(z,Ty)d(y,Sz)
Oé(l', Y, a)d(x, y) +,B(Q?, Y, a) d(w,Ty)er(y,Szi“)fd(x,y) +7(x’ Y, CL) d(x,Sx)erZ(/y,TZ/)er(:r,y)
[d(z,Sz)d(z,Ty)+d(y,Ty)d(y,Sz)] [d(z,Sz)d(y,Sz)+d(y,Ty)d(z,Ty)]
+6(z,y,a) d(m,Sz)+g(y,Tij)+g(x,5) +u(z,y, a) d(ac,Sai/)er(y,T;/J)Jrg(m,y) s
that the inequality (2.1.1) holds.

SO

Thus all the hypotheses of Theorem 2.1 are verified. Here, 2 is the unique
common fixed point of S and T.

Here we note that inequality (1.7.1) fails to hold when z = y = 3 and for
any «, 8 € [0,1). Indeed, when (z,y) = (3,3), we have d(Sz,Ty) = d(2,4) =
i0 (3,4)d(3,2) i0
e £6d32)+d34) e
Hence Theorem 1.7 is not applicable.

Example 3.8. Let X = {(1,2),(3,4),(5,6),(7,8)} and we define from d :
X x X — C by d(z1,22) = 2|z1 — m2| + 3i|ly1 — y2|, where z; = z1 + iy; and
z9 = x9 + 1Y2.

Then (X,d) is a complex valued metric space. We now define Sz and T’z
with z = x 4+ iy on X by
|z —y|+ 2|z —y|, if z€{(1,2),(3,4),(56)}
3l — y| + 4i|lz —y|, if z2=(7,8)

We define a(z,y,a) = %,ﬁ(x,y,a) = ﬁ,v(x,y,a) = 0,0(x,y,a) = % and
M(xvya a) = %

Then clearly, |a(z,y,a) + B(z,y,a) + v(z,y,a) + 6(z,y,a) + p(z,y,a)| =
0.96 < 1. Now we verify the inequality (2.1.1).

Tz=Sz=

Case (i). If (z1,22) = {((1,2),(1,2)),((1,2),(3,4)),((1,2),(5,6)),((3,4),
(1,2)),((3,4), (3,4)), ((3,4), (5,6)), ((5,6), (1,2)), ((5,6), (3,4)), ((5,6), (5,6)),
((7,8),(7,8))} then d(SZl,TZQ) 0, so that the inequality (2.1.1) holds.

Case (ii). If z1 = (3,4) and 2o = (7,8), then d(Sz1,Tz) = 4+ 6i <
2(84120) + 52 (4+61) + 2 (44 64) + 2 (4 + 6i) = 1.29(4 + 6i), so that inequality
(2.1.1) holds.

Case (iii). If z; = (5,6) and 22 = (7,8), then d(Sz1,T2) = 4 + 6i <
2(4+6i) + 5(4+60) + 2(4+ 6i) + (4 + 6i) = 1.3(4 + 6i), so that inequality
(2.1.1) holds.

Case (iv). If z; = (1,2) and 2o = (7,8), then d(Sz1,Tz) = 4 + 6i <
23(4460) + (44 6) + & (4+ 6i) = 2.09(4 + 61), so that inequality (2.1.1) holds.
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Case (v). If z; = (7,8) and ZQ = (3,4), then d(Sz1,Tz1) = 4+ 61 <
2(4460) + 5= (44 60) + §(4+6z) 2 (4+6i) = 1.29(4 + 67), so that inequality
(2.1.1) holds.

Case (vi). If z; = (7,8) and 23 = (1,2), then d(Sz,T2) = 4 + 6i <
%3(4—1—62’) + %(44—61’) 33(44—61) = 1.44(4+ 6i) so that inequality (2.1.1) holds.

Case (vii). If 21 = (7,8) and 22 = (5,6), then d(Sz1,T22) = 4+ 6i <
$(4460) + 575 (44 6i) + 3(4 + 6i) + 5 (4 + 61) = 1.3(4 + 61).

Thus all the hypotheses of Theorem 2.1 are verified. Also (1,2) is the unique
common fixed point of S and T

Here we note that inequality (1.7.1) fails to hold when z; = (5,6) and 23 =
(7,8), for any a and § € [0,1) with o + 8 < 1. Indeed, we have

4
d(Sz1,Tz) =4+ 6i < a(4+ 67) + 55(4 +6i) = (a+ B)(4+ 6i) < (4 + 610).
Thus Theorem 1.7 is not applicable.

Example 3.9. Let X = {(1,2),(3,4),(5,6),(7,8)} and we define d: X x X —
C,T:X — Xand §: X — X as in Example 3.8.

We define a(z,y,a) = %,ﬁ(m,y,a) = %,’y(:z:,y,a) = %

Then clearly, |a(x,y,a) + S(z,y,a) + v(z,y,a)| = .97 < 1. Now we verify
the inequality (2.3.1).

Case (i). If (z1,22) = {((1,2),(1,2)),((1,2),(3,4)),((1,2),(5,6)), ((3,4),
(1,2)),  ((3,4),(3,4)),((3,4), (5, 6)),(( 6),(1,2)),((5,6),(3,4)), ((5,6), (5 6))7
((7,8),(7,8))}, then d(Sz1,Tz) = 0, so that the inequality (2.3.1) holds.

Case (ii). If z1 = (3,4) and 22 = (7,8), then d(Sz1,T21) = 4+ 6i <
1(8 +12i) + 5(8 +12i) + &H12 = 1.864(4 + 6i), so that inequality (2.3.1) holds.

Case (iii) If 21 = (5,6) and 22 = (7,8), then d(S521,Tz) = 4+ 61 <
$(4+6i)+12(446i) +22(4+6i) = 1.5(4+64), so that inequality (2.3.1) holds.

Case (iv). If z; = (1,2) and 2z = (7,8), then d(Sz1,Tz) = 4+ 6i <
13(4 4 6i) + 12(4 +6i) + 19(4 + 6i) = 1.77(4 + 6i), so that inequality (2.3.1)
holds.

Case (v). If z; = (7,8) and 2z = (3,4), then d(Sz1,Tz) = 4+ 6i <
1(8+12i) + 1 (8 +6i) + L(8 +6i) = 1.8(4 + 6i), so that inequality (2.3.1) holds.

Case (vi). If z; = (
13(4+6i) + 5 3(4+61) +
holds.

,8) and zo = (1,2), then d(Sz1,Tz1) = 4+ 6i <
132(4 + 6i) = 2.18(4 + 6i) so that inequality (2.3.1)
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Case (vii). If z1 = (7,8) and z2 = (5,6), then d(Sz1,Tz1) = 4+ 6i <

2(4+6i) + 2(4+6i) + 18(4+ 6i) = 1.5(4 + 61), so that inequality (2.3.1) holds.

Thus all the hypotheses of Theorem 2.3 are verified.
Here (1,2) is a unique common fixed point of S and T
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