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1. Introduction

The benefit of metric spaces is a natural growth of functional analysis. Several
researchers attempted various generalizations of this notion in recent past years
such as generalized metric space, D-metric space, quasi-metric space, dislocated
metric space, fuzzy metric space, ordered metric spaces etc.

Recently Azam et.al. [1] introduced a new notion namely complex valued
metric space, which is one of the most attractive research in the field of fixed
point theory and established sufficient conditions for the existence of common
fixed points for a contractive condition involving rational expressions for a pair of
self maps. The idea of complex metric space offers numerous research activities
in mathematical analysis. Many researchers have contributed with different
concepts in these spaces, for example we refer [2, 4, 5, 6, 7, 8, 9, 10].

We begin this section with notations and definitions in complex valued metric
space due to Azam et al. [1] which are useful to prove our main results.

Let C be the set of complex numbers and z1, z2 ∈ C. Define a partial order
on C as follows:

z1 ≼ z2 if and only if Re(z1) ≼ Re(z2) and Im(z1) ≼ Im(z2).

Thus we can say that z1 ≼ z2 if one of the following condition holds:

(1) Re(z1) = Re(z2) and Im(z1) = Im(z2);
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(2) Re(z1) < Re(z2) and Im(z1) = Im(z2);
(3) Re(z1) = Re(z2) and Im(z1) < Im(z2);
(4) Re(z1) < Re(z2) and Im(z1) < Im(z2).
In particular, we write z1 ≼ z2 if only (4) is satisfied. Note that 0 ≼ z1 ≼ z2

implies |z1| ≼ |z2|.

Definition 1.1 (Azam et al. [1]). Let X be a nonempty set. A function
d : X ×X → C is called a complex valued metric on X if for all x, y, z ∈ X, the
following conditions are satisfied:

(CM1) 0 ≼ d(x, y) and d(x, y) = 0 iff x = y;
(CM2) d(x, y) = d(y, x);
(CM3) d(x, y) ≼ d(x, z) + d(y, z)
Then the pair (X, d) is called a complex valued metric space.

Example 1.2. Let X = {(1, 2), (2, 3), (3, 4), (4, 5)} and we define from d :
X × X → C by d(z1, z2) = 2|x1 − x2| + 3i|y1 − y2|, where z1 = x1 + iy1 and
z2 = x2 + iy2. Clearly, (X, d) is a complex valued metric space.

Definition 1.3 (Azam et al. [1]). Let (X, d) be a complex valued metric space
and {xn} be a sequence in X. We say that:

(i) the sequence {xn} converges to x ∈ X if for each c ∈ C with 0 ≺ c
there is a n0 ∈ N such that for all n > n0, d(xn, x) ≺ c. We denote this by
limn→∞ xn = x or xn → x as n → ∞.

(ii) the sequence {xn} is a Cauchy sequence if for each c ∈ C with 0 ≺ c
there is n0 ∈ N such that for all n > n0, d(xn, xn+m) ≺ c, where m ∈ N .

(iii) (X, d) is complete complex valued metric space if every Cauchy sequence
in X is convergent to a point in X.

Lemma 1.4 (Azam et al. [1]). Let (X, d) be a complex valued metric space
and let {xn} be a sequence in X. Then {xn} converges to x if and only if
|d(xn, x)| → 0 as n → ∞.

Proposition 1.5 (Sithikul and Saejung [10]). Let (X, d) be a complex valued
metric space and {xn} be a sequence in X and h ∈ [0, 1). If an = |d(xn, xn+1)|
satisfies an ≤ h an−1 for all n ∈ N , then {xn} is a Cauchy sequence.

In [3], Jaggi and Dass generalized Banach contraction principle using rational
type of contraction.

Theorem 1.6 (Jaggi and Dass ([3]). Let T be a selfmap of a metric space (X, d)
which satisfy :

(i) for some α, β ∈ [0, 1) with α+ β < 1, such that

(1.6.1) d(Tx, Ty) ≤ α
d(x, Tx)d(y, Ty)

d(x, Ty) + d(y, Tx) + d(x, y)
+ βd(x, y),

for all x, y ∈ X, x ̸= y;



90 M.V.R. KAMESWARI

(ii) there exists a point x0 ∈ X such that {Tnx0} has a convergent subse-
quence with limit z in X.

Then z is the unique fixed point of T in X.
Using the analog of condition (1.6.1) Nashine et al. [5] proved the following

theorem in complex valued metric spaces.

Theorem 1.7 (Nashine et al. [5]). Let (X, d) be a complete complex valued
metric space and suppose that S and T be mappings on X satisfy either

(i)

(1.7.1) d(Sx, Ty) ≼ αd(x, y) + β
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)
,

where α + β < 1 for all x, y ∈ X, x ̸= y and d(x, Ty) + d(y, Sx) + d(x, y) ̸= 0
or

(ii) d(Sx, Ty) = 0 if d(x, Ty) + d(y, Sx) + d(x, y) = 0.
Then S and T have a unique common fixed point in X.
The following proposition was proved by Naval Singh et al. [6].

Proposition 1.8 (Naval Singh et. al. [6]). Let (X, d) be a complex valued
metric space and S, T : X → X. Let x0 ∈ X and define a sequence {xn} ∈ X
by x2n+1 = Sx2n and x2n+2 = Tx2n+1 for all n = 0, 1, 2, 3, ....

Assume that there exists a mapping α : X ×X ×X → [0, 1) such that

α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a),

for all x, y ∈ X for any fixed a ∈ X and n = 0, 1, 2, 3, ... .
Then α(x2n, y, a) ≤ α(x0, y, a) and α(x, x2n+1, a) ≤ α(x, x1, a).

The aim of this paper is to prove common fixed point theorems for a pair of
self maps satisfying general contraction conditions involving rational expressions
having a point dependent control functions as coefficients in complex valued
metric spaces. Our results extend and generalize the results of Nashine et al.
[5] (Theorem 2.1) and some known results in the literature. To show validity of
our results some illustrative examples are also furnished.

2. Common fixed point theorems for a pair of maps using control

functions

We start this section with our main result.

Theorem 2.1. Let (X, d) be a complete complex valued metric space and
S, T : X → X. If there exist mappings α, β, γ, δ and µ : X × X × X → [0, 1)
such that for all x, y ∈ X, for a fixed a ∈ X:

(i) α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a);
(ii) β(TSx, y, a) ≤ β(x, y, a) and β(x, STy, a) ≤ β(x, y, a);
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(iii) γ(TSx, y, a) ≤ γ(x, y, a) and γ(x, STy, a) ≤ γ(x, y, a);
(iv) δ(TSx, y, a) ≤ δ(x, y, a) and δ(x, STy, a) ≤ δ(x, y, a);
(v) µ(TSx, y, a) ≤ µ(x, y, a) and µ(x, STy, a) ≤ µ(x, y, a). Also, suppose

that S and T satisfy either

(vi) d(Sx, Ty) ≼ α(x, y, a)d(x, y)

+ β(x, y, a)
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)

+ γ(x, y, a)
d(x, Ty)d(y, Sx)

d(x, Sx) + d(y, Ty) + d(x, y)

+ δ(x, y, a)
[d(x, Sx)d(x, Ty) + d(y, Ty)d(y, Sx)]

d(x, Sx) + d(y, Ty) + d(x, y)

+ µ(x, y, a)
[d(x, Sx)d(y, Sx) + d(y, Ty)d(x, Ty)]

d(x, Sx) + d(y, Ty) + d(x, y)
,(2.1.1)

where |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a) + µ(x, y, a)| < 1, d(x, Sx) +
d(y, Ty) + d(x, y) ̸= 0 and d(x, Ty) + d(y, Sx) + d(x, y) ̸= 0 or

(vii) d(Sx, Ty) = 0 if d(x, Sx)+d(y, Ty)+d(x, y) = 0 or d(x, Ty)+d(y, Sx)+
d(x, y) = 0.

Then S and T have a unique common fixed point in X.

Proof. Let x0 ∈ X. We define a sequence {xn} ∈ X by x2n+1 = Sx2n and

(2.1.2) x2n+2 = Tx2n+1.

First we suppose that

(2.1.3) d(x2k, x2k+1) + d(x2k, Tx2k+1) + d(x2k+1, Sx2k) = 0, for some k,

therefore we have

(2.1.4) x2k = Sx2k = Tx2k+1 = x2k+1

hence there exists k1 and k2 such that

(2.1.5) k1 = Sk1 = k2 = Tk2.

Thus from (2.1.5) it follows that k1 is a common fixed point of S and T .
Now, we will prove that k1 is a unique common fixed point of S and T .

Suppose k1 and k2 be two common fixed points of S and T which implies k1 =
Sk1 = Tk1 and k2 = Tk2 = Sk2.

Hence from (2.1.3), we have

d(k1, k2) + d(k1, Tk2) + d(k2, Sk1) = 0,

this implies k1 = k2.



92 M.V.R. KAMESWARI

Similarly proceeding on the same lines of the above argument S and T have a
unique fixed point if d(x2k, x2k+1)+d(x2k, Sx2k)+d(x2k+1, Tx2k+1) = 0. Thus we
suppose that d(x, Sx)+d(y, Ty)+d(x, y) ̸= 0 and d(x, Ty)+d(y, Sx)+d(x, y) ̸=
0. First we show that {xn} is a Cauchy sequence in X. Now on using the
inequality (2.1.1) with x = x0 y = x1, we have

d(x1, x2) = d(Sx0, Tx1) ≤ α(x0, x1, a)d(x0, x1)

+ β(x0, x1, a)
d(x0, x1)d(x1, x2)

d(x0, x1) + d(x0, x2)

+ δ(x0, x1, a)
d(x0, x1)d(x0, x2)

d(x0, x1) + d(x1, x2) + d(x0, x1)

+ µ(x0, x1, a)
d(x1, x2)d(x0, x2)

d(x0, x1) + d(x1, x2) + d(x0, x1)

so that

|d(x1, x2)| ≤ α(x0, x1, a)|d(x0, x1)|+ β(x0, x1, a)
|d(x0, x1)||d(x1, x2)|
|d(x0, x1) + d(x0, x2)|

+ δ(x0, x1, a)
|d(x0, x1)||d(x0, x2)|
|d(x0, x1) + d(x1, x2)|

+ µ(x0, x1, a)
|d(x1, x2)||d(x0, x2)|
|d(x0, x1) + d(x1, x2)|

.(2.1.6)

On using (CM3), we have

(2.1.7) |d(x0, x1) + d(x0, x2)| ≥ |d(x1, x2)|

and

(2.1.8) |d(x0, x1) + d(x1, x2)| ≥ |d(x0, x2)|.

Thus, from (2.1.6), (2.1.7) and (2.1.8), it follows that

(2.1.9) |d(x1, x2)| ≤ [
α(x0, x1, a) + β(x0, x1, a) + δ(x0, x1, a)

1− µ(x0, x1, a)
]|d(x0, x1)|

Similarly, once again on using the inequality with x = x2, y = x1, we have
d(x2, x3) = d(STx1, Tx1) ≤ α(Tx1, x1, a)d(x2, x1)+β(Tx1, x1, a)

d(x3,x2)d(x1,x2)
d(x1,x3)+d(x1,x2)

+

δ(Tx1, x1, a)
d(x1,x2)d(x1,x3)

d(x2,x3)+d(x1,x2)+d(x1,x2)
+µ(Tx1, x1, a)

d(x2,x3)d(x1,x3)
d(x2,x3)+d(x1,x2)+d(x1,x2)

. Thus

|d(x2, x3)| ≤ α(x0, x1, a)|d(x2, x1)|+ β(x0, x1, a)
|d(x3, x2)||d(x1, x2)|
|d(x1, x3) + d(x1, x2)|

+ δ(x0, x1, a)
|d(x1, x2)||d(x1, x3)|
|d(x2, x3) + d(x1, x2)|

+ µ(x0, x1, a)
|d(x2, x3)||d(x1, x3)|
|d(x2, x3) + d(x1, x2)|

.(2.1.10)
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Again using triangle inequality, we have

(2.1.11) |d(x1, x3) + d(x1, x2)| ≥ |d(x2, x3)|

and

(2.1.12) |d(x2, x3) + d(x1, x2)| ≥ |d(x1, x3)|.

Thus, from (2.1.10), (2.1.11) and (2.1.12), it follows that

(2.1.13) |d(x3, x2)| ≤ [
α(x0, x1, a) + β(x0, x1, a) + δ(x0, x1, a)

1− µ(x0, x1, a)
]|d(x2, x1)|.

Hence from (2.1.9) , (2.1.13) and Proposition 1.8, we can conclude that

|d(xn, xn+1)| ≤ p|d(xn, xn−1)|,

for all n = 1, 2, 3, .... and p = α(x0,x1,a)+β(x0,x1,a)+δ(x0,x1,a)
1−µ(x0,x1,a)

< 1.
Hence

(2.1.14) |d(xn, xn+1)| ≤ pn|d(x0, x1)| → 0 as n → ∞.

Thus, by Proposition 1.5, it follows that {xn} is a Cauchy sequence in X. Since
X is complete there exists u ∈ X such that limn→∞ xn = u. Therefore

(2.1.15) lim
n→∞

x2n = lim
n→∞

Sx2n = lim
n→∞

Tx2n+1 = u.

We now show that u is a fixed point of S. On the contrary u ̸= Su. In view of
inequality (2.1.1) and proposition 1.8, we have

d(u, Su) ≤ d(u, x2n+2) + d(x2n+1, Su) ≤ d(u, x2n+2) + d(Tx2n+1, Su)

≤ d(u, x2n+2) + α(u, x2n+1, a)d(u, x2n+1)

+ β(u, x2n+1, a)
d(u, Su)d(x2n+1, Tx2n+1)

d(u, Tx2n+1) + d(x2n+1, Su) + d(x2n+1, u)

+ γ(u, x2n+1, a)
d(u, Tx2n+1)d(x2n+1, Su)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)

+ δ(u, x2n+1, a)
d(u, Tx2n+1)d(u, Su) + d(Tx2n+1, x2n+1)d(x2n+1, Su)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)

+ µ(u, x2n+1, a)
d(x2n+1, Su)d(u, Su) + d(Tx2n+1, x2n+1)d(u, Tx2n+1)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)
.

≤ d(u, x2n+2) + α(u, x1, a)d(u, x2n+1)

+ β(u, x1, a)
d(u, Su)d(x2n+1, Tx2n+1)

d(u, Tx2n+1) + d(x2n+1, Su) + d(x2n+1, u)

+ γ(u, x1, a)
d(u, Tx2n+1)d(x2n+1, Su)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)

+ δ(u, x1, a)
d(u, Tx2n+1)d(u, Su) + d(Tx2n+1, x2n+1)d(x2n+1, Su)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)

+ µ(u, x1, a)
d(x2n+1, Su)d(u, Su) + d(Tx2n+1, x2n+1)d(u, Tx2n+1)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)
.
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Letting n → ∞ and from (2.1.15), gives rise to

|d(u, Su)| ≤ |µ(u, x1, a)||d(u, Su)| < |d(u, Su)|.

Hence u = Su. We now show that u is a fixed point of T . Suppose that u ̸= Tu.
Now on utilizing the inequality (2.1.1) and Proposition (1.8), we have

d(u, Tu) ≤ d(u, x2n+1) + d(x2n+1, Tu) ≤ d(u, x2n+1) + d(Sx2n, Tu)

≤ d(u, x2n+1) + α(x2n, u, a)d(u, x2n)

+ β(x2n, u, a)
d(u, Tu)d(x2n, Sx2n)

d(u, Sx2n) + d(x2n, Tu) + d(x2n, u)

+ γ(x2n, u, a)
d(u, Sx2n)d(x2n, Tu)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)

+ δ(x2n, u, a)
d(u, Sx2n)d(u, Tu) + d(x2n, Tu)d(x2n, Sx2n)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)

+ µ(x2n, u, a)
d(x2n, Sx2n)d(Sx2n, u) + d(x2n, Tu)d(u, Tu)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)

≤ d(u, x2n+1) + α(x0, u, a)d(u, x2n)

+ β(x0, u, a)
d(u, Tu)d(x2n, Sx2n)

d(u, Sx2n) + d(x2n, Tu) + d(x2n, u)

+ γ(x0, u, a)
d(u, Sx2n)d(x2n, Tu)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)

+ δ(x0, u, a)
d(u, Sx2n)d(u, Tu) + d(x2n, Tu)d(Sx2n, Sx2n)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)

+ µ(x0, u, a)
d(x2n, Sx2n)d(Sx2n, u) + d(x2n, Tu)d(u, Tu)

d(x2n, Sx2n) + d(u, Tu) + d(x2n, u)
,

which on making n → ∞, using (2.1.15), we get

|d(u, Tu)| ≤ |µ(x0, u, a)||d(u, Tu)|.

Hence, we find that u = Tu. Accordingly, we conclude that u is a common
fixed point of S and T . To prove uniqueness let u and u∗ be two distinct
fixed points of S and T . This implies d(Su∗, u) + d(u∗, Tu) + d(u, u∗) ̸= 0 and
d(Su, u) + d(u∗, Tu∗) + d(u, u∗) ̸= 0.

d(u, u∗)=d(Su, Tu∗) ≤ α(u, u∗, a)d(u, u∗)

+ β(u, u∗, a) d(u, Su)d(u∗, Tu∗)
d(u, Tu∗) + d(u∗, Su) + d(u, u∗)

+ γ(u, u∗, a) d(u, Tu∗)d(u∗, Su)
d(u, Su) + d(u∗, Tu∗) + d(u, u∗)
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+ δ(u, u∗, a) [d(u, Su)d(u, Tu∗) + d(u∗, Tu∗)d(u∗, Su)]
d(u, Su) + d(u∗, Tu∗) + d(u, u∗)

+ µ(u, u∗, a) [d(u, Su)d(u∗, Su) + d(u∗, Tu∗)d(u, Tu∗)]
d(u, Su) + d(u∗, Tu∗) + d(u, u∗)

≤ [α(u, u∗, a) + γ(u, u∗, a)]d(u, u∗),

a contradiction. Thus u is a common fixed point of S and T . This concludes
the proof of this theorem.

Theorem 2.2. If {Si}m1 and {Ti}n1 are two finite pairwise commuting finite
families of self maps defined on a complete complex valued metric space such
that the mappings S and T satisfy condition (2.1.1), then two families of maps
{Si}m1 and {Ti}n1 have a unique common fixed point in X.

Proof. In view of Theorem 2.1, we hypothesize that S and T have a unique
common fixed point z inX i.e., Sz = Tz = z. By pairwise commutative property
of {Si}m1 and {Ti}n1 for every (1 ≤ p ≤ n), we have

Spz = SpSz = S(Spz)

and
Spz = SpTz = T (Spz)

which implies that Spz is a common fixed point of S and T . On using uniqueness
of fixed point of S and T , we have Spz = z, for all (1 ≤ p ≤ n). Hence it follows
that z is a common fixed point of the family {Si}m1 .

Similar to the above argument we can show that z is a common fixed point
of the family {Ti}n1 .

Thus the conclusion of this theorem follows.
In the following we prove similar type of results for different rational expres-

sions.

Theorem 2.3. Let (X, d) be a complete complex valued metric space and S, T :
X → X. If there exist mappings α, β, γ, δ and µ : X×X×X → [0, 1) such that
for all x, y ∈ X, for a fixed a ∈ X:

(i) α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a);
(ii) β(TSx, y, a) ≤ β(x, y, a) and β(x, STy, a) ≤ β(x, y, a);
(iii) γ(TSx, y, a) ≤ γ(x, y, a) and γ(x, STy, a) ≤ γ(x, y, a).
Also, suppose that S and T satisfy either
(iv)

d(Sx, Ty) ≼ α(x, y, a)d(x, y) + β(x, y, a)
d(x, Sx)d2(x, Ty) + d(y, Ty)d2(y, Sx)

d2(x, Ty) + d2(y, Sx)

+ γ(x, y, a)
d(x, Sx)d(x, Ty) + d2(x, y) + d(x, Sx)d(x, y)

d(x, Sx) + d(x, Ty) + d(x, y)
,(2.3.1)
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where |α(x, y, a)+β(x, y, a)+γ(x, y, a)| < 1 for all x, y ∈ X, d(x, Sx)+d(x, Ty)+
d(x, y) ̸= 0 and d2(x, Ty) + d2(y, Sx) ̸= 0 or

(v) d(Sx, Ty) = 0 if d(x, Sx)+d(x, Ty)+d(x, y) = 0 or d2(x, Ty)+d2(y, Sx) =
0. Then S and T have a unique common fixed point in X.

Proof. Let x0 ∈ X. We define a sequence {xn} ∈ X by

(2.3.2) x2n+1 = Sx2n and x2n+2 = Tx2n+1.

First we suppose that

(2.3.3) d2(x2k, Tx2k+1) + d2(x2k+1, Sx2k) = 0 for some k,

then we have

(2.3.4) x2k = Sx2k = Tx2k+1 = x2k+1,

therefore exists k1 and k2 such that

(2.3.5) k1 = Sk1 = k2 = Tk2.

Thus from (2.3.5) it follows that k1 is a common fixed point of S and T .
We now prove that k1 is a unique common fixed point of S and T . Suppose

k1 and k2 be two common fixed points of S and T . This implies k1 = Sk1 = Tk1
and k2 = Tk2 = Sk2. Hence from (2.3.3), we have

d2(k1, k2) + d2(k1, k2) = 0,

this implies k1 = k2. Similarly proceeding on the same lines of the above ar-
gument S and T have a unique fixed point if d(x2k, x2k+1) + d(x2k, Sx2k) +
d(x2k, Tx2k+1) = 0. Thus we suppose that d(x, Sx) + d(x, Ty) + d(x, y) ̸= 0 and
d2(x, Ty) + d2(y, Sx) ̸= 0.

First we show that {xn} is a Cauchy sequence in X. On using the inequality
(2.3.1) with x = x0 y = x1, we have

d(x1, x2) = d(Sx0, Tx1) ≤ α(x0, x1, a)d(x0, x1)

+ β(x0, x1, a)
d(x0, Sx0)d

2d(x0, Tx1) + d(x1, Tx1)d
2d(x1, Sx0)

d2(x0, Tx1) + d2(x1, Sx0)

+ γ(x0, x1, a)
d(x0, Sx0)d(x0, Tx1) + d2(x0, x1) + d(x0, Sx0)d(x0, x1)

d(x0, Sx0) + d(x0, Tx1) + d(x0, x1)

≤ α(x0, x1, a)d(x0, x1) + β(x0, x1, a)
d(x0, x1)d

2d(x0, x2)

d2(x0, x2)

+ γ(x0, x1, a)
d(x0, x1)d(x0, x2) + d2(x0, x1) + d(x0, x1)d(x0, x1)

d(x0, x1) + d(x0, x1) + d(x0, x2)

≤ [α(x0, x1, a) + β(x0, x1, a)γ(x0, x1, a)]d(x0, x1).(2.3.6)
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Again on using the inequality (2.3.1) with x = x1 y = x2, we have

d(x2, x3) = d(Sx2, Tx1) ≤ α(Tx1, x1, a)d(x2, x1)

+ β(Tx1, x1, a)
d(x2, Sx2)d

2d(x2, Tx1) + d(x1, Tx1)d
2(x1, Sx2)

d2d(x2, Tx1) + d2(x1, Sx2)

+ γ(Tx1, x1, a)
d(x2, Sx2)d(x2, Tx1) + d2(x2, x1) + d(x2, Sx2)d(x1, x2)

d(x2, Sx2) + d(x2, Tx1) + d(x2, x1)

≤ [α(x0, x1, a) + β(x0, x1, a) + γ(x0, x1, a)]d(x2, x1)(2.3.7)

Thus, from (2.3.6), (2.3.7)and Proposition 1.8 , it follows that

|d(xn, xn+1)| ≤ pn|d(x0, x1)|, for all n ∈ N,

where p = |α(x0, x1, a) + β(x0, x1, a) + γ(x0, x1, a)| < 1.

Thus, by Proposition 1.5, it follows that {xn} is a Cauchy sequence in X.
Since X is complete there exists u ∈ X such that limn→∞ xn = u. Therefore

(2.3.8) lim
n→∞

x2n = lim
n→∞

Sx2n = lim
n→∞

Tx2n+1 = u.

We now show that u is a fixed point of S. On the contrary u ̸= Su. In view of
inequality (2.3.1) and Proposition (1.8), we have

d(u, Su) ≤ d(u, x2n+2) + d(x2n+2, Su) ≤ d(u, x2n+2) + d(Tx2n+1, Su)

≤ d(u, x2n+2) + α(u, x2n+1, a)d(u, x2n+1)

+ β(u, x2n+1, a)
d(u, Su)d2(u, Tx2n+1) + d(x2n+1, Tx2n+1)d

2(x2n+1, Su)

d2(u, Tx2n+1) + d2(x2n+1, Su)

+ γ(u, x2n+1, a)
d(u, Su)d(u, Tx2n+1) + d2(u, x2n+1) + d(x2n+1, u)d(u, Su)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)

≤ d(u, x2n+2) + α(u, x1, a)d(u, x2n+1)

+ β(u, x1, a)
d(u, Su)d2(u, Tx2n+1) + d(x2n+1, Tx2n+1)d

2(x2n+1, Su)

d2(u, Tx2n+1) + d2(x2n+1, Su)

+ γ(u, x1, a)
d(u, Su)d(u, Tx2n+1) + d2(u, x2n+1) + d(u, Su)d(u, x2n+1)

d(x2n+1, Tx2n+1) + d(u, Su) + d(x2n+1, u)
.

Letting n → ∞ and in view of condition (2.3.8), it follows that |d(u, Su)| ≤ 0.
Hence u = Su. We now show that u is a fixed point of T . Suppose that u ̸= Tu.
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Now on utilizing the inequality (2.3.1) and Proposition (1.8), we have

d(u, Tu) ≤ d(u, x2n+1) + d(x2n+1, Tu) ≤ d(u, x2n+1) + d(Sx2n, Tu)

≤ d(u, x2n+1) + α(x2n, u, a)d(u, x2n)

+ β(x2n, u, a)
d(x2n, Sx2n)d

2(x2n, Tu) + d(u, Tu)d2(u, Sx2n)

d2(x2n, Tu) + d2(u, Sx2n)

+ γ(x2n, u, a)
d(x2n, Sx2n)d(x2n, Tu) + d2(u, x2n) + d(x2n, Sx2n)d(x2n, u)

d(x2n, Sx2n) + d(x2n, Tu) + d(x2n, u)

≤ d(u, x2n+1) + α(x0, u, a)d(u, x2n+1)

+ β(x0, u, a)
d(x2n, Sx2n)d

2(x2n+1, Tu) + d(u, Tu)d2(u, Sx2n+1)

d2(x2n, Tu) + d2(u, Sx2n)

+ γ(x0, u, a)
d(x2n, Sx2n)d(x2n, Tu) + d2(u, x2n) + d(x2n, Sx2n)d(x2n, u)

d(x2n, Sx2n) + d(x2n, Tu) + d(x2n, u)
.

On taking limits n → ∞ and using (2.3.8), it follows that |d(u, Tu)| ≤ 0. Hence
u is a common fixed point of S and T . Uniqueness of the fixed point trivially
follows from (2.3.1). This completes the proof of the theorem.

3. Corollaries and examples

Setting S = T in Theorem 2.1, we have the following corollary.

Corollary 3.1. Let (X, d) be a complete complex valued metric space and T :
X → X. If there exist mappings α, β, γ, δ and µ : X×X×X → [0, 1) such that
for all x, y ∈ X, for a fixed a ∈ X:

(i) α(Tx, y, a) ≤ α(x, y, a) and α(x, Ty, a) ≤ α(x, y, a);
(ii) β(Tx, y, a) ≤ β(x, y, a) and β(x, Ty, a) ≤ β(x, y, a);
(iii) γ(Tx, y, a) ≤ γ(x, y, a) and γ(x, Ty, a) ≤ γ(x, y, a);
(iv) δ(Tx, y, a) ≤ δ(x, y, a) and δ(x, Ty, a) ≤ δ(x, y, a).

(v) µ(Tx, y, a) ≤ µ(x, y, a) and µ(x, Ty, a) ≤ µ(x, y, a).
Also, suppose that T satisfy either
(vi)

d(Tx, Ty) ≼ α(x, y, a)d(x, y) + β(x, y, a)
d(x, Tx)d(y, Ty)

d(x, Ty) + d(y, Tx) + d(x, y)

+ γ(x, y, a)
d(x, Ty)d(y, Tx)

d(x, Tx) + d(y, Ty) + d(x, y)

+ δ(x, y, a)
[d(x, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)]

d(x, Tx) + d(y, Ty) + d(x, y)

+ µ(x, y, a)
[d(x, Tx)d(y, Tx) + d(y, Ty)d(x, Ty)]

d(x, Tx) + d(y, Ty) + d(x, y)
,(3.1.1)

where |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a) + µ(x, y, a)| < 1, d(x, Tx) +
d(y, Ty) + d(x, y) ̸= 0 and d(x, Ty) + d(y, Tx) + d(x, y) ̸= 0 or



COMMON FIXED POINT THEOREMS FOR GENERALIZED ... 99

(vi) d(Tx, Ty) = 0 if d(x, Tx)+d(y, Ty)+d(x, y) = 0 or d(x, Ty)+d(y, Tx)+
d(x, y) = 0.

Then T has a unique common fixed point in X.

If µ = 0 in Theorem 2.1, we have the following corollary.

Corollary 3.2. Let (X, d) be a complete complex valued metric space and S, T :
X → X. If there exist mappings α, β, γ and δ : X ×X ×X → [0, 1) such that
for all x, y ∈ X, for a fixed a ∈ X :

(i) α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a);

(ii) β(TSx, y, a) ≤ β(x, y, a) and β(x, STy, a) ≤ β(x, y, a);

(iii) γ(TSx, y, a) ≤ γ(x, y, a) and γ(x, STy, a) ≤ γ(x, y, a);

(iv) δ(TSx, y, a) ≤ δ(x, y, a) and δ(x, STy, a) ≤ δ(x, y, a).

Also, suppose that S and T satisfy either

(v)

d(Sx, Ty) ≼ α(x, y, a)d(x, y)

+ β(x, y, a)
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)

+ γ(x, y, a)
d(x, Ty)d(y, Sx)

d(x, Sx) + d(y, Ty) + d(x, y)

+ δ(x, y, a)
[d(x, Sx)d(x, Ty) + d(y, Ty)d(y, Sx)]

d(x, Sx) + d(y, Ty) + d(x, y)
,(3.2.1)

where |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a)| < 1, d(x, Sx) + d(y, Ty) +
d(x, y) ̸= 0 and d(x, Ty) + d(y, Sx) + d(x, y) ̸= 0 or

(vi) d(Sx, Ty) = 0 if d(x, Sx)+d(y, Ty)+d(x, y) = 0 or d(x, Ty)+d(y, Sx)+
d(x, y) = 0.

Then S and T have a unique common fixed point in X.

If µ = δ = 0, in Theorem 2.1, we have the following corollary.

Corollary 3.3. Let (X, d) be a complete complex valued metric space and S, T :
X → X. If there exist mappings α, β and γ : X ×X ×X → [0, 1) such that for
all x, y ∈ X, for a fixed a ∈ X :

(i) α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a);

(ii) β(TSx, y, a) ≤ β(x, y, a) and β(x, STy, a) ≤ β(x, y, a);

(iii) γ(TSx, y, a) ≤ γ(x, y, a) and γ(x, STy, a) ≤ γ(x, y, a).

Also, suppose that S and T satisfy either

(iv)

d(Sx, Ty) ≼ α(x, y, a)d(x, y) + β(x, y, a)
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)

+ γ(x, y, a)
d(x, Ty)d(y, Sx)

d(x, Sx) + d(y, Ty) + d(x, y)
.(3.3.1)
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where |α(x, y, a) + β(x, y, a) + γ(x, y, a)| < 1, d(x, Sx) + d(y, Ty) + d(x, y) ̸= 0
and d(x, Ty) + d(y, Sx) + d(x, y) ̸= 0 or

(v) d(Sx, Ty) = 0 if d(x, Sx)+d(y, Ty)+d(x, y) = 0 or d(x, Ty)+d(y, Sx)+
d(x, y) = 0.

Then S and T have a unique common fixed point in X.
On choosing µ = δ = γ = 0, in Theorem 2.1, we get the following corollary.

Corollary 3.4. Let (X, d) be a complete complex valued metric space and S, T :
X → X. If there exist mappings α and β : X ×X ×X → [0, 1) such that for all
x, y ∈ X, for a fixed a ∈ X;

(i) α(TSx, y, a) ≤ α(x, y, a) and α(x, STy, a) ≤ α(x, y, a);
(ii) β(TSx, y, a) ≤ β(x, y, a) and β(x, STy, a) ≤ β(x, y, a).
Also, suppose that S and T satisfy either (iii)

(3.4.1) d(Sx, Ty) ≼ α(x, y, a)d(x, y) + β(x, y, a)
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)

where |α(x, y, a) + β(x, y, a)| < 1 and d(x, Ty) + d(y, Sx) + d(x, y) ̸= 0 or
(iv) d(Sx, Ty) = 0 if d(x, Ty) + d(y, Sx) + d(x, y) = 0.
Then S and T have a unique common fixed point in X.

Remark 3.5.Theorem 1.7 follows as a corollary to Corollary 3.4 if we choose
α(x, y, a) = α and β(x, y, a) = β in Corollary 3.4.

The following examples corroborates the validity of our main results.

Example 3.6. Let X = [0, 1] and define d : X ×X → C by d(x, y) = i|x− y|,
we define S, T : X → X by Sx = x

6 and Tx = y
6 . We define α, β, γ, δ and µ :

X×X×X → [0, 1) by α(x, y, a) = x
6 +

y
8 +

1
3 , β(x, y, a) =

x2y2a
16 , γ(x, y, a) = xya

16

δ(x, y, a) = xya
8 and µ(x, y, a) = x8

8 + y8

8 + 1
5 .

Clearly, |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a) + µ(x, y, a)| < 1 with
a = 1

3 . Now consider α(TSx, y, a) = α( x
36 , y, a) =

x
216 + y

8 + 1
3 < x

6 + y
8 + 1

3 and
α(x, STy, a) = α(x, y, a) = x+ y

216 + 1
3 .

We now show that the inequality (2.1.1) holds for x, y ∈ X. Consider,

d(Sx, Ty) = d(
x

6
,
y

6
) = i

|x− y|
6

≤ i
|x− y|

3

≤ (
x

6
+

y

8
+

1

3
)i|x− y| ≤ α(x, y, a)d(x, y)

+ β(x, y, a)
d(x, Sx)d(y, Ty)

d(x, Ty) + d(y, Sx) + d(x, y)

+ γ(x, y, a)
d(x, Ty)d(y, Sx)

d(x, Sx) + d(y, Ty) + d(x, y)

+ δ(x, y, a)
[d(x, Sx)d(x, Ty) + d(y, Ty)d(y, Sx)]

d(x, Sx) + d(y, Ty) + d(x, y)

+ µ(x, y, a)
[d(x, Sx)d(y, Sx) + d(y, Ty)d(x, Ty)]

d(x, Sx) + d(y, Ty) + d(x, y)
.
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Therefore all the conditions of Theorem 2.1 are satisfied 0 is a unique fixed
point of S and T .

Example 3.7. Let X = {2, 3, 4, 5} and we write A = {(2, 3), (3, 2), (2, 5), (5, 2),
(5, 3), (3, 5), (4, 3), (3, 4), (4, 5), (5, 4)}, B = {(2, 4), (4, 2)} and C = {(2, 2), (3, 3),
(4, 4), (5, 5)}.

We define d : X ×X → C by d(x, y) =


2eiθ, if (x, y) ∈ A

eθ, if (x, y) ∈ B

0, if (x, y) ∈ C

Then (X, d) is a complex metric space for θ ∈ [0, π2 ].

We now define S and T : X → X by

Sx =

{
2, if x ∈ {2, 4, 5}
4, if x = 3

and Tx =

{
2, if x ∈ {2, 3, 4}
4, if x = 5.

Let α(x, y, a) = 1
4 , β(x, y, a) = 0, γ(x, y, a) = 1

21 , δ(x, y, a) =
1
2 and µ(x, y, a) =

1
5 .

Then clearly, |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a) + µ(x, y, a)| =
.99 < 1. Now we verify the inequality (2.1.1).

Case (i). If (x, y) = {(2, 3), (2, 4), (2, 2), (3, 5), (4, 2), (5, 2), (4, 3), (4, 4), (5, 3),
(5, 4)} then we have d(Sx, Ty) = 0 so that the inequality (2.1.1) holds.

Case (ii). If x = 2 , y = 5 then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.123eiθ =

α(x, y, a)d(x, y) + β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) , so

that the inequality (2.1.1) holds.

Case (iii). If (x, y) = (3, 3) then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.44eiθ =

α(x, y, a)d(x, y) +β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) , so

that the inequality (2.1.1) holds.

Case (iv). If (x, y) = (3, 4) then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.64eiθ =

α(x, y, a)d(x, y) +β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) so

that the inequality (2.1.1) holds.

Case (v). If (x, y) = (3, 2) then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.64eiθ =

α(x, y, a)d(x, y) +β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) so

that the inequality (2.1.1) holds.
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Case (vi). If (x, y) = (4, 5) then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.29eiθ =

α(x, y, a)d(x, y) +β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) so

that the inequality (2.1.1) holds.

Case (vii). If (x, y) = (5, 5) then d(Sx, Ty) = d(2, 4) = eiθ ≤ 1.44eiθ =

α(x, y, a)d(x, y) +β(x, y, a) d(x,Sx)d(y,Ty)
d(x,Ty)+d(y,Sx)+d(x,y) +γ(x, y, a) d(x,Ty)d(y,Sx)

d(x,Sx)+d(y,Ty)+d(x,y)

+δ(x, y, a) [d(x,Sx)d(x,Ty)+d(y,Ty)d(y,Sx)]
d(x,Sx)+d(y,Ty)+d(x,y) +µ(x, y, a) [d(x,Sx)d(y,Sx)+d(y,Ty)d(x,Ty)]

d(x,Sx)+d(y,Ty)+d(x,y) so

that the inequality (2.1.1) holds.

Thus all the hypotheses of Theorem 2.1 are verified. Here, 2 is the unique
common fixed point of S and T .

Here we note that inequality (1.7.1) fails to hold when x = y = 3 and for
any α, β ∈ [0, 1). Indeed, when (x, y) = (3, 3), we have d(Sx, Ty) = d(2, 4) =

eiθ � β d(3,4)d(3,2)
d(3,2)+d(3,4) = βeiθ.

Hence Theorem 1.7 is not applicable.

Example 3.8. Let X = {(1, 2), (3, 4), (5, 6), (7, 8)} and we define from d :
X × X → C by d(z1, z2) = 2|x1 − x2| + 3i|y1 − y2|, where z1 = x1 + iy1 and
z2 = x2 + iy2.

Then (X, d) is a complex valued metric space. We now define Sz and Tz
with z = x+ iy on X by

Tz = Sz =

{
|x− y|+ 2i|x− y|, if z ∈ {(1, 2), (3, 4), (5, 6)}
3|x− y|+ 4i|x− y|, if z = (7, 8)

We define α(x, y, a) = 1
3 , β(x, y, a) = 1

43 , γ(x, y, a) = 0, δ(x, y, a) = 1
2 and

µ(x, y, a) = 1
7 .

Then clearly, |α(x, y, a) + β(x, y, a) + γ(x, y, a) + δ(x, y, a) + µ(x, y, a)| =
0.96 < 1. Now we verify the inequality (2.1.1).

Case (i). If (z1, z2) = {((1, 2), (1, 2)), ((1, 2), (3, 4)), ((1, 2), (5, 6)), ((3, 4),
(1, 2)), ((3, 4), (3, 4)), ((3, 4), (5, 6)), ((5, 6), (1, 2)), ((5, 6), (3, 4)), ((5, 6), (5, 6)),
((7, 8), (7, 8))} then d(Sz1, T z2) = 0, so that the inequality (2.1.1) holds.

Case (ii). If z1 = (3, 4) and z2 = (7, 8), then d(Sz1, T z2) = 4 + 6i ≤
1
3(8+12i)+ 2

215(4+6i)+ 3
5(4+6i)+ 3

35(4+6i) = 1.29(4+6i), so that inequality
(2.1.1) holds.

Case (iii). If z1 = (5, 6) and z2 = (7, 8), then d(Sz1, T z2) = 4 + 6i ≤
1
3(4 + 6i) + 1

43(4 + 6i) + 4
5(4 + 6i) + 8

35(4 + 6i) = 1.3(4 + 6i), so that inequality
(2.1.1) holds.

Case (iv). If z1 = (1, 2) and z2 = (7, 8), then d(Sz1, T z2) = 4 + 6i ≤
1
33(4+6i)+ (4+6i)+ 2

21(4+6i) = 2.09(4+6i), so that inequality (2.1.1) holds.
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Case (v). If z1 = (7, 8) and z2 = (3, 4), then d(Sz1, T z1) = 4 + 6i ≤
2
3(4+ 6i)+ 2

215(4+ 6i)+ 3
5(4+ 6i)+ 3

35(4+ 6i) = 1.29(4+ 6i), so that inequality
(2.1.1) holds.

Case (vi). If z1 = (7, 8) and z2 = (1, 2), then d(Sz1, T z2) = 4 + 6i ≤
1
33(4+6i)+ 2

5(4+6i)+ 2
35(4+6i) = 1.44(4+6i) so that inequality (2.1.1) holds.

Case (vii). If z1 = (7, 8) and z2 = (5, 6), then d(Sz1, T z2) = 4 + 6i ≤
1
3(4 + 6i) + 2

215(4 + 6i) + 4
5(4 + 6i) + 8

35(4 + 6i) = 1.3(4 + 6i).

Thus all the hypotheses of Theorem 2.1 are verified. Also (1, 2) is the unique
common fixed point of S and T .

Here we note that inequality (1.7.1) fails to hold when z1 = (5, 6) and z2 =
(7, 8), for any α and β ∈ [0, 1) with α+ β < 1. Indeed, we have

d(Sz1, T z2) = 4 + 6i ≤ α(4 + 6i) + β
4

5
(4 + 6i) = (α+ β)(4 + 6i) < (4 + 6i).

Thus Theorem 1.7 is not applicable.

Example 3.9. Let X = {(1, 2), (3, 4), (5, 6), (7, 8)} and we define d : X ×X →
C, T : X → X and S : X → X as in Example 3.8.

We define α(x, y, a) = 1
3 , β(x, y, a) =

1
2 , γ(x, y, a) =

1
7 .

Then clearly, |α(x, y, a) + β(x, y, a) + γ(x, y, a)| = .97 < 1. Now we verify
the inequality (2.3.1).

Case (i). If (z1, z2) = {((1, 2), (1, 2)), ((1, 2), (3, 4)), ((1, 2), (5, 6)), ((3, 4),
(1, 2)), ((3, 4), (3, 4)), ((3, 4), (5, 6)), ((5, 6), (1, 2)), ((5, 6), (3, 4)), ((5, 6), (5, 6)),
((7, 8), (7, 8))}, then d(Sz1, T z2) = 0, so that the inequality (2.3.1) holds.

Case (ii). If z1 = (3, 4) and z2 = (7, 8), then d(Sz1, T z1) = 4 + 6i ≤
1
3(8 + 12i) + 1

2(8 + 12i) + 8+12i
7 = 1.864(4 + 6i), so that inequality (2.3.1) holds.

Case (iii). If z1 = (5, 6) and z2 = (7, 8), then d(Sz1, T z1) = 4 + 6i ≤
1
3(4+6i)+ 1

22(4+6i)+ 1
7
5
4(4+6i) = 1.5(4+6i), so that inequality (2.3.1) holds.

Case (iv). If z1 = (1, 2) and z2 = (7, 8), then d(Sz1, T z1) = 4 + 6i ≤
1
33(4 + 6i) + 1

4
9
5(4 + 6i) + 1

7
9
4(4 + 6i) = 1.77(4 + 6i), so that inequality (2.3.1)

holds.

Case (v). If z1 = (7, 8) and z2 = (3, 4), then d(Sz1, T z1) = 4 + 6i ≤
1
3(8+ 12i) + 1

2(8+ 6i) + 1
7(8+ 6i) = 1.8(4+ 6i), so that inequality (2.3.1) holds.

Case (vi). If z1 = (7, 8) and z2 = (1, 2), then d(Sz1, T z1) = 4 + 6i ≤
1
33(4 + 6i) + 1

2
8
5(4 + 6i) + 1

7
19
7 (4 + 6i) = 2.18(4 + 6i) so that inequality (2.3.1)

holds.
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Case (vii). If z1 = (7, 8) and z2 = (5, 6), then d(Sz1, T z1) = 4 + 6i ≤
1
3(4+ 6i)+ 2

5(4+ 6i)+ 1
7
6
4(4+ 6i) = 1.5(4+ 6i), so that inequality (2.3.1) holds.

Thus all the hypotheses of Theorem 2.3 are verified.
Here (1, 2) is a unique common fixed point of S and T .
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