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Abstract. In this paper, we introduce the notion of fuzzy H,-semigroups, fuzzy
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1. Introduction

The notion of a hypergroup introduced by Marty in 1934 [12] at the 8th congress
of Scandinavian Mathematicians. Algebraic hyperstructures are a suitable gen-
eralization of classical algebraic structures. In a classical algebraic structure,
the composition of two elements is an element, while in an algebraic hyperstruc-
ture, the composition of two elements is a set. Since then, hundreds of papers
and several books have been written on this topic, (see [1-8, 17]). Vougiouk-
lis [18] introduced a new class of hyperstructures, the so-called H,-structures.

*. Corresponding author
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The H,-structures are hyperstructures where equality is replaced by non-empty
intersection.

The notion of a fuzzy subset introduced by Zadeh in 1965 [19] as a function
from a nonempty set H to unit real interval I = [0,1]. The study of fuzzy
algebraic structures was started with the introduction of the concept of fuzzy
subgroups by Rosenfeld [15], there have been a number of generalizations of this
fundamental concept (see [14]). The study of fuzzy hyperstructures is an inter-
esting research topic of fuzzy sets. There is a considerable amount of work to do
on the connections between fuzzy sets and hyperstructures (see [3, 9, 13]). Re-
cently, Davvaz has applied fuzzy sets to the study of algebraic hyperstructures.
He defined fuzzy H,-subgroups and fuzzy H,-submodules which are generaliza-
tions of Rosenfeld’s fuzzy subgroups and fuzzy submodules (see [6, 7]).

In [16] Sen, Ameri and Chowdhury introduced and analyzed fuzzy semihy-
pergroups. The fuzzy hyperring notion is defined and studied in [10]. In [11]
Leoreanu-Fotea defined and studied fuzzy hypermodules notion and connections
with hypermodules.

The paper is organized as follows: in Section 2, some fundamental definitions
on H,-structures are explored. In Section 3, we consider the concept of fuzzy H,-
semigroups and fuzzy H,-groups. In Section 4, we study connections between
the fuzzy H,-semigroups(H,-groups) and H,-semigroups(H,-groups) and then
establish some useful theorems. Finally, in Section 5, we define the notion
of fuzzy (strong) hypercongruence on fuzzy H,-semigroups and present a few
results in this respect.

2. Preliminaries

First of all, we recall some notions and results (see [4, 5, 8, 17]) that we shall
use in the following paragraphs.

Let H be a nonempty set and let *(H) be the set of all nonempty subsets
of H. A hyperoperation on H is a map o : H x H — p*(H) and the couple
(H, o) is called a hypergroupoid (or hyperstructure).

If A and B are nonempty subsets of H, then we denote

AoB= U aobroA={x}oA and Aox = Ao{z}.
a€A,beEB

A hypergroupoid (H, o) is called a semihypergroup if for all x,y, z of H, we
have (x oy) o z = x o (y o z), which means that

U Uoz = U Trowv.
ucroy veyoz

We say that a semihypergroup (H,o) is a hypergroup if for all z € H, we
have zo H=Hox = H.
A hyperstructure (H,o) is called an H,-semigroup if

(woy)oz)N(zo(yoz)) #0,
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for all z,y,z € H.

Definition 2.1. An H,-semigroup (H,o) is called a H,-group if for all x € H,
we have xto H =Hox = H.

A H,-subgroup (K, o) of (H, o) is a nonempty set K, such that for all k € K,
we have ro K = Kox = K.

An H,-group (H,+) is called a weak commutative H,-group if (x+y) N (y+
x) # 0 for all z,y € H.

It is natural to speak now about homomorphisms between H,-groups.

Definition 2.2. Let (Hy,01), (H2,02) be two Hy-groups. A map f: Hi — Hy
is called an H,-homomorphism or a weak homomorphism if

f@ory) N f(x)os f(y) # 0 for all z,y € Hy.

f s called an inclusion homomorphism if

J(xory) € f(x)os f(y); for all w,y € Hy.

Finally, f is called a strong homomorphism if

f(zory) = f(z) o2 f(y); for all x,y € Hi.

If f is onto, one to one and strong homomorphism, then it is called an isomor-
phism.

Many examples of hypergroups and hyperrings can be found in [4], [5], [8]
and [17]. We present here only two examples of H,-groups.

Example 2.3. 1) Let (G,-) be a group and R an equivalence relation on G.
In G/R consider the hyperoperation o defined by T oy = {Z|z € T - 7},
where T denotes the equivalence class of the element z. Then (G, o) is an
H,-group which is not always a hypergroup.

2) On the set Z,,,, consider the hyperoperation @& defined by setting 0 ®m =
{0,m} and x @y = x +y for all (z,y) € Z2,, — {(0,m)}. Then (Zn, ®)
is an H,-group.

Let (H,o) be a hypergroupoid. If {A, B} € p*(H) and p is an equivalence
relation on H, then we denote ApB if

1) Ya € A,3b € B, such that apb and
2) Vb € B,da € A, such that apb.

We denote ApB if Va € A,Vb € B, we have apb.
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3. Fuzzy H,-semigroups

The fuzzy hypergroup notion was introduced and studied in [16]. Let S be
a nonempty set and F(S) denote the set of all fuzzy subsets of S. A fuzzy
hyperoperation on S is a map o : S x S — F(S) and the image of (a,b) is
denoted by a o b.

The set S together with a fuzzy hyperoperation “ o7 is called a fuzzy hy-
pergroupoid. We say that (S,0) is commutative if for all a,b € S, we have
aob="boa. A fuzzy hypergroupoid (5, o) is called a fuzzy semihypergroup if for
all a,b,c € S, we have (aob)oc=ao (boc), where for any u € F(S5), we have

(aop)(r) = \/ ((aot)(r) Apu(t)) and (poa)(r) = \/ (u(t) A(toa)(r)) for all r € S.
tesS tes

If A is a nonempty subset of S and x € S, then for all t € S we have

(Aox)(t) = \/ (aox)(t) and (z o A)(t) = \/ (woa)(t).

a€A acA

A fuzzy semihypergroup (.5, 0) is called a fuzzy hypergroup if for all z € S,
we have z oS = Sox = xg, where xg is the characteristic function of the set S.
We start by defining the notion of fuzzy H,-semigroup.

Definition 3.1. A fuzzy hypergroupoid (S, o) is called a fuzzy H,-semigroup if
dr e S, ((aob)oc)(z) >0and (ao(boc))(x) >0 for all a,b,c € S.

Now, suppose that (H, o) is an H,-semigroup and a, b, ¢, € H. Then, ((aob)o
¢)N(ao(boc)) # 0 if and only if there exists x € H such that x € ((aob)oc)N(ao
(boc)) if and only if there exists x € H such that (X (4ob)oc /N Xao(boe)) (¥) = 1 if and
only if there exists z € H such that (X (4ob)oc/\ Xao(boc)) () # 0 if and only if there
exists ¥ € H such that X (4op)oc(z) > 0 and Xgo(poc) (¥) > 0. As we show that, the
notion of fuzzy H,-semigroups generalizes the concept of H,-semigroup.

The following two theorems provide us some examples of fuzzy H,-semigroups:

Theorem 3.2. Let S be a semigroup and pu(a) # 0 for all a € S be a fuzzy
semigroup on S. Let a,b € S and define a fuzzy hyperoperation o on S by

~Jpa) Ap(d), if t=ab
(a0 b)(t) = {0, otherwise.

Then (S,0) is a fuzzy H,-semigroup.
Proof. According to Examples 2.7 [16], we have
((aob)oc)(abc) = (ao (boc))(abe) = u(a) A u(d) A u(c) > 0 for all a,b,c € S.

Then (S, 0) is a fuzzy H,-semigroup. O
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Theorem 3.3. Let S be a semigroup and p(a) # 0 for all a € S be a fuzzy
semigroup on S. Let a,b € S and define a fuzzy hyperoperation o on S by

(aob)(t) = {Ma) Vou(b), if t = ab

0, otherwise.
Then (S,0) is a fuzzy Hy-semigroup.

Proof. Since p(a) V p(b) > p(a) A pu(b), for all a,b € S. By the above theorem
we have ((a o b) oc)(abc) = (ao (boc))(abc) > u(a) A () A p(e) > 0, for all
a,b,c € S. Then (S,0) is a fuzzy H,-semigroup. O

Example 3.4. Let S be a nonempty set and a,b € S. We define a fuzzy
hyperoperation o on S by

(@0 b)) = {;, if ¢t = {a, b}

0, otherwise.

Then (S, 0) is a fuzzy H,-semigroup.

Proof. Since ((aob)oc)(a) = (ao(boc))(a) =1 >0 forall a,b,c € S. Then
(S,0) is a fuzzy H,-semigroup. O

We now give an example of a fuzzy H,-semigroups that is not fuzzy semi-
groups.

Example 3.5. Let S = {a, b} and (aoca)(a) = 0.1, (aca)(b) =0.2, (bob)(a) =
0.3, (bobd)(b) = 0.4, (aob)(a) = 0.5, (aob)(b) = 0.6, (boa)(a) = 0.7 and
(boa)(b) = 0.8. Clearly, ((aob)oc)(d) >0 and (ao (boc))(d) > 0 for all
a,b,c,d € S. It follows that (S, 0) is a fuzzy H,-semigroup, but 0.6 = ((aob) o
a)(a) # (ao(boa))(a) =0.5. Thus (5, 0) is not a fuzzy semigroup.

Definition 3.6. A fuzzy H,-semigroup (S,0) is called a fuzzy H,-group if
aoS=Soa=yxg forall a€S.

Theorem 3.7. Let (S, 0) be a fuzzy hypergroup and (aob)(z) > 0 for all a,b,x €
S. Then (S,0) is a fuzzy Hy,-group.

Proof. Straightforward. O
The following three theorems provide us some examples of fuzzy H,-groups:

Theorem 3.8. Let S be a nonempty set and define a fuzzy hyperoperation o on
S byaob=xiepy for all a,b € S. Then (S,0) is a fuzzy H,-semigroup as well
as a fuzzy H,-group.
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Proof. Let a,b,c € S. If t € {a,b,c}, by Examples 2.5 [16], we have ((a o b) o
c)(t) =(ao(boc))(t) =1>0. Then (S,0) is a fuzzy H,-semigroup and also a
fuzzy H,-group. O

According to Example 2.6 [16], we have the following result.

Theorem 3.9. Let (S,.) be a semigroup and define a fuzzy hyperoperation o on
S byaob= xgapy for alla,b € S. Then (S,0) is a fuzzy Hy-semigroup. If (S, .)
be a group, then (S,0) is a fuzzy H,-group.

Theorem 3.10. Let pu be a fuzzy subgroup of an abelian group S such that
w(e) # 0 and let define a fuzzy hyperoperation o on S by (a o b)(t) = p(abt™1)
for all a,b € S. Then (S,0) is a fuzzy Hy,-group.

Proof. Let a,b,c € S. By Theorem 5.16 [16], we have ((aob)oc)(c b ta™t) =
(ao(boc))(c b ta™t) = u(e) > 0. Then (S,0) is a fuzzy H,-group. O

Definition 3.11. [16] Let p,v be two fuzzy subsets of a fuzzy hypergroupoid

(5,0), then we define (uov) by (nov)(t) =V, 4es(u(p) A (poq)(t) Av(q)), for
allt € S.

Theorem 3.12. Let (S,0) be a fuzzy Hy,-semigroup. Then we have
(1) xaoxp =aob for all a,b € S,
(i1) xs°Xa = Soa and (ii) xaoxs =aoS forall a € S,
(i4i) xsopu = Sopand (iii) poxs =poS for all ue F(S).
Proof. Straightforward. O

Theorem 3.13. Let (S,0) be a fuzzy H,-semigroup. Then aob # 0, for all
a,bes.

Proof. Let a,b,c € S, and aob = 0. Then ((aob)oc)(r) = V,;cgq((aob)(t)A(to
c)(r)) =0, for all » € S, which is absurd. Hence, aob # 0, for all a,b € S. O

Corollary 3.14. Let (S,0) be a fuzzy H,-group. Then aob # 0, for all a,b € S.

4. Connections between fuzzy H,-semigroups and H,-semigroups

Let S be a nonempty set, endowed with a fuzzy hyperoperation o and for all
a,b € S, consider the p-cuts (aob), = {t € S| (aob)(t) > p} of aob, where
p € [0,1]. For all p € [0,1], we define the following crisp hyperoperation on
S:aopb=(aob),.

Theorem 4.1 ([11]). For all a,b,c,t € S and for all p € [0,1] the following
equivalence holds:

(ao(boc))(t) > p<=te€ao,(boyc) and ((acb)oc)(t) > p <=t € (aopb)oyc).
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Theorem 4.2. (S,0) is a fuzzy H,-semigroup if and only if Vp € (0,1], (S, 0p)
18 a Hy-semigroup.

Proof. Let (S,0) be a fuzzy H,-semigroup and p € (0,1]. Then for all a,b,c € S
there exists t € S such that ((aob)oc)(t) =m > 0and (a0 (boc))(t) =n > 0.
Hence, if m An = p, then ((aob)oc)(t) > p and (ao (boc))(t) > p if and only
if for all a, b, c € S there exists t € S such that ¢t € (aop, (boy,c)) N ((aopb)opc).
Therefore (5, 0,) is a H,-semigroup.

Conversely, if p € (0,1] and (S, o,) be a H,-semigroup, then for all a,b,c € S
there exists ¢ € S such that t € (ao,(bo,c))N((aopb)opc). Hence ((a o b) o c)(t) >
p>0and (ao(boc))(t) >p > 0. Therefore (S, 0p) is a fuzzy H,-semigroup. [

Theorem 4.3 ([11]). For all a € S, the following equivalence holds:
aoS=xs<=pel0,1], ao, S=S.

Corollary 4.4. (S,0) is a fuzzy Hy-group if and only if Vp € (0,1], (S,0p) is a
Hy-group.

According to [16], we can associate a hyperoperation on a fuzzy hypergroup
(G,0), as follows:

VabeG, axb={x € G| (aob)(zx) > 0}.

Theorem 4.5 ([16]). Let (G, 0) be a fuzzy hypergroup. Then (G, *) is a hyper-
group.

Theorem 4.6. (S,x*) is a fuzzy H,-semigroup if and only if (S,0) is a H,-
Semigroup.

Proof. Let a,b,c € S. Then (S,%) be a Hy,-semigroup if and only if Jz €
S,z € (ax(bxc))N((axb)*xc) <= Jz,p € S,;p € bxc, v € a*p and
dr,q € S,q € axb,x € gxc <= Fz,p € S,(boc)(p) > 0,(acp)(xr) >0 and
3z,q € S, (aob)(q) >0, (qoc)(xz) >0 <= Fz € S,\/,cq((boc)(t)A(act)(zx)) >0
and \/,;cg((@od)(t) A (toc)(z)) >0 <= Jz € S, ((aob)oc)(r) > 0 and
(ao(boc))(x) > 0.

If and only if (S,0) is a fuzzy H,-semigroup. O

According to Theorem 4.5 and Theorem 4.6, we have the following result.
Theorem 4.7. Let (G,0) be a fuzzy Hy-group. Then (G, x*) is a H,-group.
Theorem 4.8 ([13]). Let (G,x) be a H,-group. Then axb# 0, for all a,b € G.

According to [16], we can define a fuzzy hyperoperation on a hypergroup
(G, %), as follows:
Va,b€G, aob= xuub-
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Theorem 4.9 ([16]). Let (G, ) be a hypergroup. Then (G,o) is a fuzzy hyper-
group.

Theorem 4.10. Let (G,x*) be a Hy-semigroup. Then (G,o0) is a fuzzy H,-
Semigroup.

Proof. Let (G,*) be a H,-semigroup and a,b,c € G. Then for all a,b,c € G
there exists typ € G such that ¢ty € (a* (b*c)) N ((a*b)*c). On the other hand,
for all t € G we have

, ifte((axb)x*c)

0, otherwise.

((aob)oc)(t) = {

and
1, ifte(ax(bxc))

0, otherwise.

(a0 (boc))(t) —{

Hence ((aob)oc)(tp) = (ao(boc))(ts) =1 > 0. Therefore (S,0) is a fuzzy
H,-semigroup. O

By Theorem 4.9 and Theorem 4.10, we have the following result.
Theorem 4.11. Let (G,*) be a Hy,-group. Then (G, *) is a fuzzy H,-group.

By Theorems 4.7 and 4.11, we have the following facts.
Denote by H,G the class of all H,-groups and by FH,G class of all fuzzy
H,-groups, then we can consider two maps:

(1) ¢ : HyG — FH,G, ¢(G,*) = (G,o0), where for all a,b € G we have
a0 b= Xaxb;

(2) ¥ : FHyG — H.G, ¥(G,0) = (G, *), where for all a,b € G we have
axb={x € G| (aob)(x) > 0}.

Let u, A € F(G). Then we say that p includes A and we denote p C X if and
only if for all z € G, we have p(z) < A(x) (see [15]).

Let f be a mapping from a set X into a set Y. Let pu be a fuzzy set in X.
Then the image f(p) of p is the fuzzy set in Y defined by

Viw@)lz € X, f(z) =y}, if f71(y) #0,

0, otherwise,

) (y) = {

for all y € Y (see [19]).
Now, we introduce the notion of the fuzzy H,-group (inclusion, weak) ho-
momorphism, as follows.
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Definition 4.12. Let (S,01) and (T,02) be two fuzzy H,-groups. A map f :
S — T is called an H,-homomorphism or a weak homomorphism if

fzory) N f(x) s f(y) # 05 for all z,y € S.

f s called an inclusion homomorphism if

f(zory) C f(x) oz f(y); forall z,y € S.

Finally, f is called a strong homomorphism if

f(zory) = f(x) o f(y); for all z,y € S.
Remark 4.13. If f: S — T is a map and for all a € S, then f(xa) = X(a)-

The next two theorems show connections between the inclusion (weak) ho-
momorphism of fuzzy H,-groups and the inclusion (weak) homomorphism of
corresponding H,-groups.

Theorem 4.14. Let (S,01) and (T,02) be two fuzzy H,-groups and (S,*1) =
P(8S,01), (T,*2) = (T, 02) be their associated H,-groups, respectively. If f :
S — T is an inclusion (weak) homomorphism of fuzzy H,-groups, then f is an
inclusion (weak) homomorphism of the associated H,-groups.

Proof. Suppose that f : S — T is an inclusion homomorphism of fuzzy H,-
groups. Then we have f(a oy b) C f(a) og f(b) for all a,b € S. This means that
(flao1b))(y) < (f(a)oz f(b))(y) for ally € T'. If x € a*; b, then (aoy b)(x) >0
and let y = f(z). It follows that

(flacr D))= \/ (ao1b)(r) > (acib)(x)> 0.

ref~'(y)

Thus (f(a) o2 f(b))(y) > 0. Hence y = f(x) € f(a)*2 f(b). So we obtain
flax1 b) C f(a)*2 f(b). Therefore, f is an inclusion homomorphism of the
associated H,-groups.

Now, let f : S — T be a weak homomorphism of fuzzy H,-groups. Then
we have

JyeT, ye flao1b)(y) >0 and (f(a)os f(b))(y) >0, Va,b e S.

Ify € f(ao1d)(y) >0, then \/,cp-1(,y(a o1 b)(r) > 0, implies that there exists
z € S, f(x) =y such that (a oy b)(z) > 0. Thus x € a *; b, this means that
y= f(2) € flaxb).

It (f(a) o2 f(b))(y) > O, then y € f(a) *2 f(b). Hence, y € f(a 1 b) N
f(x) *2 f(y) # 0; for all a,b € S. Therefore, f is a weak homomorphism of the
associated H,-groups. O
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Theorem 4.15. Let (S, *1) and (T, *2) be two Hy-groups and (S,01) = ¢(S, *1),
(T,09) = ¢(T,*2) be their associated fuzzy H,-groups, respectively. Then, f :
S — T is an inclusion (weak) homomorphism of Hy-groups if and only if [ is
an inclusion (weak) homomorphism of the associated fuzzy H,-groups.

Proof. “<=" Since f is an inclusion homomorphism of fuzzy H,-groups, we
have f(a o1 b) C f(a) oz f(b) for all a,b € S. This means that (f(a o1 b))(y) <
(f(a)og f(b))(y) for all y € T. Then, we have X f(ax1b) (y) = \/ref—l(y) Xasb(T) =
Vg1 (@01 d)(r) = (flao1b))(y) < (f(a) o2 f(0))(y) = X f(a)ear(v) (%)

This means that f(a %1 b) C f(a) %2 f(b).

“=—=" Let f be an inclusion homomorphism of H,-groups and a,b € S. If
y ¢ Imf, then (f(ao10))(y) =0 < (f(a)oz f(b))(y). If y € Imf, then we have

(f(a010))(y) = Xy(ax1t) (W) < Xyp(@pear) = (f(a) 02 £(0))(y)-

Which means that f(a *; b) C f(a) xo f(b). Therefore, f is an inclusion
homomorphism of the associated fuzzy H,-groups.

Now, f : S — T is a weak homomorphism of H,-groups if and only if there
exists y € T such that (f(ao1b))(y) > 0 and (f(a)oa f(b))(y) > 0 for all a,b € S.
Since X f(as,0)(y) = (f(a©010))(y) > 0 and X (a)s, vy (¥) = (f(@) 02 f(b))(y) > 0,
if and only if X f(au,0)(¥) = 1 and Xg(a)uppp)(y) = 1, if and only if there exists
y € T such that y € f(a=*1b)N f(a)*2 f(b) for all a,b € S. If and only if f is a
weak homomorphism of the associated fuzzy H,-groups. O

Let us consider now the algebraic H,-substructures of fuzzy H,-groups.

Definition 4.16. Let (G,0) be a fuzzy H,-group and (G,*) = ¢ (G,o) be the
associated Hy-group. A nonempty subset H of G is called a fuzzy H,-subgroup
if for all x,y € G, the following conditions hold:

(1) (xoy)(z) >0, then z € H;
(i) o H=Hox = xpy.

Theorem 4.17. (i) Let (H, o) be a fuzzy Hy,-subgroup of (G,o0). Then (H,x) =
Y(H, o) is an Hy-subgroup of (G,*) = ¢(G,0);

(13) Let (H,x*) be an H,-subgroup of (G,*). Then (H,o) = ¢(H,x) is a fuzzy
H,-subgroup of( ,0) = Y(G, *).

5. Fuzzy (strong) hypercongruence on fuzzy H,-semigroups

Fuzzy regular relations are introduced in the context of fuzzy semihypergroups
in [16]. Now, we introduce the hypercongruence on H,-semigroups and the fuzzy
(strong) hypercongruence on fuzzy H,-semigroups and discuss the relations of
them. We recall some definitions:

Let (G, o) be a fuzzy H,-semigroup and p be an equivalence relation on G.
If u, A € F(G), then we say that up) if the following two conditions hold:
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(1) Va € G, if p(a) > 0, then there exists b € G, such that A\(b) > 0 and apb;
(2) Vx € G, if A(x) > 0, then there exists y € G, such that u(y) > 0 and zpy.

Now, we can introduce the notion of the hypercongruence on fuzzy H,-
semigroups, in the following manner.

Definition 5.1. An equivalence relation p on a fuzzy H,-semigroup (G,o) is
called a fuzzy regular relation (or a fuzzy hypercongruence) on G if, for all
a,b,c € G, the following implication holds:

apb = (aoc)p(boc) and (coa)p(cob).

Clearly, the condition is equivalent to apa’and bpb’ implies (a o b)p(a’ o V') for
all a,b,a’ b € S.

The next theorem shows a fuzzy homomorphism of fuzzy H,-semigroups can
induce a fuzzy hypercongruence on a fuzzy H,-semigroup.

Theorem 5.2. Let (S,01) and (T,09) be two fuzzy H,-semigroups. Let f :
S — T be a fuzzy homomorphism. Then p = kerf = {(a,b) € S?| f(a) = f(b)}

s a fuzzy hypercongruence on S.

Proof. Clearly, p is an equivalence relation on S. Let a,b,da’,b’ € S, apa’ and
bpb'. Then we have f(a) = f(a’) and f(b) = f(V'). Since f is a homomorphism
of fuzzy H,-semigroups, we have

flaoib) = f(a) oz f(b) = f(a') o2 f(') = f(a’ o1 V).

Now, let x € S and (a o1 b)(x) > 0. Which means that

flao)(f@) =\  (dor¥)@) = (aorb)(z) > 0.
v'eS, f(z)=f(a)

This means that there exists 2/ € S such that (a’o10)(2') > 0 and f(2') = f(z).
Hence (a’ 01 b')(2’) > 0 and zpa’.

Similarly, for any s € S and (a’ o1 V')(s) > 0, there exists ¢ € S such that
(ao1b)(t) >0 and spt. Hence (a o1 b)p(a’ o1 V). Therefore, p = kerf is a fuzzy
hypercongruence on S. 0

In what follows, we shall see a relation between the fuzzy hypercongruence on
fuzzy H,-semigroups and the hypercongruence on corresponding H,-semigroups.

Let (S,0) be a fuzzy H,-semigroup and (S, ) = (S, 0) be the associated
H,-semigroup, where for any a,b € S, we have axb = {z € | (a0 b)(z) > 0}.
Then we can obtain:

Theorem 5.3. An equivalence relation p is a fuzzy hypercongruence on a fuzzy
H,-semigroup (S, o) if and only if p is a hypercongruence on corresponding H,-
semigroup (S, *).
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Proof. Set apb and a'pb’, where a,b,a’,b' € S. We have that (a o a’)p(bob') if
and only if the following conditions hold:

(1) if (aoa’)(x) > 0, then there exists y € S, such that (bobd')(y) > 0 and zpy;

(2) if (bod')(s) > 0, then there exists t € S, such that (aoa’)(t) > 0 and spt.
These conditions are equivalent to the following ones:

(1) if z € a*d, then there exists y € b b and xpy;

(2) if s € b+, then there exists t € a x a’ and spt.

Which show that (a * a’)p(b* b'). Therefore, p is a fuzzy hypercongruence
on (S,0) if and only if p is a hypercongruence on (5, *). O

A hypercongruence plays an important role in studying the quotient struc-
ture of H,-semigroups, as the following theorem shows.

Theorem 5.4. Let (S, x) be an H,-semigroup and p be an equivalence relation
on S. If we define a hyperoperation ® on the quotient set S/p: for all ap,bp,cp €
S/p, ap®bp ={cp: c € axb}, then p is a hypercongruence on S if and only if
(S/p,®) is an H,-semigroup.

Proof. “ = 7 Suppose that p is a hypercongruence on S. Let a,b € S,
since a * b is nonempty set, implies ap @ bp is nonempty set. Clear, ® is well-
defined. Since (5, *) is an H,-semigroup, implies there exists = € S such that
x € (ax(bxc))N((axb)xc) for all a,b,c € S. Now, if x € a* (b*c), then
x € axd, for some d € bx* ¢, implies that xp € ap @ dp, for some dp € bp D cp.
Therefore zp € ap @ (bp & cp).

Similarly, if z € (a*b) x ¢, we can prove that zp € (ap @ bp) & cp. Therefore,
(S/p,®) is an H,-semigroup.

“ <= " Suppose that a,b € S, since ap @ bp is nonempty set, then a * b is
nonempty set. In the other hand, since (S/p,®) is an H,-semigroup, implies
there exists z € S such that xp € (ap & (bp & cp)) N ((ap & bp) * ¢p) for all
a,byc € S. If xp € ap ® (bp ® cp), then xp € ap ® dp, for some dp € bp ® cp,
implies that x € a * d, for some d € b * c. Therefore x € a * (bx* c).

Similarly, if zp € (ap @ bp) * cp, we can prove that x € (a xb) * c. Therefore,
p is a hypercongruence on S. O

The H,-semigroup (S/p, @) is called the quotient H,-semigroup induced by
the fuzzy H,-semigroup (S, ) and the fuzzy hypercongruence p on (S, ).

Let (G, o) be a fuzzy H,-semigroup and p be an equivalence relation on G.
If u, A € F(G), then we say that up\ if the following two conditions hold:

(1) VYa € G, if p(a) > 0, then there exists b € G, such that \(b) > 0, p(a) =
A(b) and apb;
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(2) Vx € G, if A(x) > 0, then there exists y € G, such that u(y) > 0, p(z) =
Ay) and zpy.

Definition 5.5. An equivalence relation p on a fuzzy H,-semigroup (G,o) is
called a fuzzy strong hypercongruence on G if, for all a,b,c,d € G, the following
implication holds:

apb, cpd = (aoc)p(bod).

Theorem 5.6. Let (S,0) be a fuzzy H,-semigroup and p be a fuzzy strong
hypercongruence on S. If we define a fuzzy hyperoperation © on S/p by (zp ®
yp)(zp) = \/m’G:pp,y’Eyp,z’Ezp(x/ ° y/)(z/)7 fO'I” all TP, Yp, zp € S/p7 then S/IO is a
fuzzy H,-semigroup.

Proof. First, we prove that fuzzy hyperoperation ©® is well-defined. Suppose
that z,y,2’,y € S, such that zp = 2'p,yp = y/p. Since p is a fuzzy strong

hypercongruence on S. Hence (z o y)p(2’ o y’). Then, for all zp € S/p, we

have (l‘p © yp)(z,o) = \/xlexp7y16yp7z1€zp(x1 o yl)(zl) = vaEx/p7y2€y/p,zgez/p($2 °
y2)(22) = (2'p © ¥/ p)(2'p), it follows that zp ® yp = 2’'p ® y'p. Therefore, © is
well-defined.

Now, let x,y,z € S, since (S, 0) is a fuzzy H,-semigroup, then there exists
t € S, such that ((xoy)oy)(t) >0 and (xo (yoz))(t) >0.

In the other hand, we have

(wp@yp) @ zp)(tp) = \/ ((wp©yp)(sp) A (sp© 2p)(tp))
speS/p

= \/( V (@ o) (s) A (s 0 2)(F)))

sES z'Exp,y Eyp,z' Ezp,t’ Etp
/ / N (4!
= V ((z"oy’) 0 2)(t)).
x'exp,y’ €yp,z' Ezp,t' Etp
It follows that

((zp©yp) © zp)(tp) = V (2" oy') 0 2)(t))
' exp,y’ €yp,z' Ezp,t' Etp

> ((zoy)o2)(t) > 0.
In a similar way, we can show that

(xp © (yp © 2p))(tp) = V (z" o (y' 0 2")(t))
' exp,y’ €yp,z' Ezp,t' Etp

> (xo(yoz))(t) > 0.
Therefore, S/p is a fuzzy H,-semigroup. O

Theorem 5.7. Let (S,0) be a fuzzy Hy,-semigroup and p be a fuzzy strong
hypercongruence on S. If we define a mapping f : S — S/p by f(a) = ap,
for all a € S, then f is a surjective strong homomorphism from a fuzzy H,-
semigroup (S,0) to a fuzzy H,-semigroup (S/p,*).
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Proof. Clearly, the map f : S — S/p is surjective. Suppose that a,b € S,
since p is a fuzzy strong hypercongruence of fuzzy H,-semigroups (.5, 0), then
for all zp € S/p, we have (f(aob))(xp) =V p)=y,(a0)(t) = V,,_y,(a0b)(t) =
Vieap(@0b)(t) = Vycoparcapprenp (@ 0 V) () = (apxbp)(zp) = (f(a) x f(b))(xp),
thus f(aob) = f(a) * f(b). Therefore, f is a surjective strong homomorphism
from a fuzzy H,-semigroup (S,o) to a fuzzy H,-semigroup (S/p, *). O

Corollary 5.8. Let (S,0) be a fuzzy H,-semigroup and p be a fuzzy hypercon-
gruence on S. If we define a mapping f : S — S/p by f(a) = ap, for alla € S,
then f is a surjective inclusion homomorphism from a fuzzy H,-semigroup (.S, o)
to a fuzzy H,-semigroup (S/p,x*).
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