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Abstract. In this paper, we discuss the Schur convexity, Schur geometric convexity
and Schur harmonic convexity of the generalized geometric Bonferroni mean. At the
end of the paper, two inequalities related to the generalized geometric Bonferroni mean
are established to illustrate the applications of the obtained results.

Keywords: Schur convexity, Schur geometric convexity, Schur harmonic convexity,
generalized geometric Bonferroni means, inequalities.

1. Introduction

The Schur convexity of functions relating to special means is a very significant
research subject and has attracted the interest of many mathematicians. There
are numerous articles written on this topic in recent years, see [1, 2] and the
references therein. As supplements to the Schur convexity of functions, the

x. Corresponsing author
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Schur geometrically convex functions and Schur harmonically convex functions
were investigated by Zhang and Yang [3], Chu et al. [4, 5, 6], Shi et al. [7, 8],
Meng et al. [9], Zheng et al. [10]. These properties of functions have been found
to have an important application in discovering and proving the inequalities for
special means (see [11, 12, 13, 14]).

Recently, it comes to our attention that a type of means which is symmetrical
on n variables x1, x2, ..., x, and involves two parameters, it was initially
proposed by Bonferroni [15], as follows

1
n p+q

(1) Bram) = [ ——— 3 atat|

nn =1 5

where x = (z1,22,...,2y), ©; >0,i=1,2,...,n, p,g>0and p+ q #0.
BP(x) is called the Bonferroni mean. It has important application in multi
criteria decision-making (see [16, 17, 18, 19, 20, 21]).
Beliakov et al. [22] generalized the Bonferroni mean by introducing three
parameters p, q,r, i.e.,

1
n pt+q+r
@ B - 1 S aete]
nn—1)(n—-2) « . o4
i,5.k=1,i#£j#k

where @ = (x1,29,...,2y), ; > 0,i=1,2,...,n, p,q,r >0and p+q+r #0.

Motivated by the the Bonferroni mean BP?(x) and the geometric mean
G(x) = H?:l(xi)%, Xia et al. [23] introduced a new mean which is called the
geometric Bonferroni mean, as follows

1 - 1
s H (pz; + qu;) "1,
P =i

(3) GB(x) =

where x = (z1,22,...,2y), ©; >0,i=1,2,...,n, p,g>0and p+ q #0.
An extension of the geometric Bonferroni mean was given by Park and Kim
in [19], which is called generalized geometric Bonferroni mean, i.e.,

n

1 1
(4) GBP" () = P H (px; + qrj + ray) =002
PraTT, k=tigizk

where @ = (z1,29,...,2y), ;> 0,i=1,2,...,n, p,q,r >0and p+q+r #0.

Remark 1. For r = 0, it is easy to observe that

n n

1 CEy )
@)= [ | TI Geitaa;+0xan] ™77
PraT oy k=1izitk
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1 - _o)] meDD
= 1l [(pi + quy) =2 |70
Py 5 o0is

1 - 1
=7 1 etz

i,j=1,i#]
= GBP(x).

Remark 2. If ¢ = 0, = 0, then the generalized geometric Bonferroni mean
reduces to the geometric mean, i.e.,

GBPO () = GBP(z) ]1) [ (z)7 @ =][)" = Ga).
i,j=1,i#] =1

Remark 3. If x = (z,x,...,x), then
GBP?"(x) = GBP?" (z,x,...,x) = x.

For convenience, throughout the paper R denotes the set of real numbers,
x = (r1,22,...,2,) denotes n-tuple (n-dimensional real vectors), the set of
vectors can be written as

R" ={x = (x1,29,...,2p) 1 x; ER, i =1,2,...,n},

RY ={x = (z1,22,...,2,) 12, 20, i =1,2,...,n},
RY , ={x = (21,22,...,2p) 1 2; >0, i=1,2,...,n}.

In a recent paper [24], Shi and Wu investigated the Schur m-power convexity
of the geometric Bonferroni mean GBP(x) and obtained the following results:

Proposition 1. For fized positive real numbers p,q, (i) if m < 0 or m = 0,
then GBP4(x) is Schur m-power convex on R}, ; (ii) if m =1 orm > 2, then
GBP(x) is Schur m-power concave on R} .

In this paper we discuss the Schur convexity, Schur geometric convexity
and Schur harmonic convexity of the generalized geometric Bonferroni mean
GBP%"(x). Our main results are as follows.

Theorem 1. For fized non-negative real numbers p,q,r with p+ q+r # 0,
and x = (x1,x2,...,2,),n >3, (i) if m > 1 then GBP%"(x) is Schur m-power
concave on R ; (i) if m < 0, then GBP9"(x) is Schur m-power convex on
R” , .

++

Corollary 1. For fized non-negative real numbers p,q,r with p+ q+ r # 0,
if € = (x1,22,...,2,), n > 3, then GBPY"(x) is Schur concave and Schur
harmonic conver on R’} , .
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2. Preliminaries

We introduce some definitions and lemmas, which will be used in the proofs of
the main results in subsequent sections.

Definition 1 ([1]). Let © = (1, z2,...,2z,) and y = (y1,¥2,...,Yn) € R™.

(i) x is said to be majorized by y (in symbols & < y) if Zle wp) < Zle Y
fork=1,2,....,n—Tand } " 2; = > I" yi, where xpy) > g > - -+ > Ty
and y[y) > yjg) = -+ > Y] are rearrangements of x and y in a descending
order.

(77) Let © C R™the function ¢: © — R is said to be Schur convex on  if
x <yon Q implies ¢ (x) < ¢ (y). ¢ is said to be Schur concave function
on ( if and only if —¢ is Schur convex function on €.

Definition 2 ([1]). Let ¢ = (x1,29,...,2,) and ¥y = (y1,¥2,...,Yn) € R™.
Q) C R" is said to be a convex set if x,y € Q, 0 < a <1 implies

ar+ (1 —a)y = (az1 + (1 — @)y, azs + (1 — a)ya, ..., azy + (1 — @)y,) € Q.

Definition 3 ([1]). (i) A set  C R" is called symmetric, if & € € implies
x P € () for every n X n permutation matrix P.

(7i) A function ¢ : Q@ — R is called symmetric if for every permutation
matrix P, p(xP) = p(x) for all x € Q.

The following proposition is called Schur’s condition. It provides an approach
for testing whether a vector valued function is Schur convex or not.

Proposition 2 ([1]). Let & C R™ be symmetric and have a nonempty interior
convex set. Q0 is the interior of Q. ¢ : Q — R is continuous on Q and differen-
tiable in Q0. Then ¢ is the Schur convex function (Schur concave function) if
and only if v is symmetric on ) and

R

(5) (ar-22) |

holds for any x € Q°.

Definition 4 ([25]). Let © = (21, %2,...,2,) and y = (y1,y2,..-,yn) € R,

(i) © C RY is called a geometrically convex set if (mf‘ylﬁ, mg‘yg, . ,x%yﬁ) €N

for all z,y € Q and o, € [0,1] such that o+ g = 1.

(ii) Let Q C R’}. The function ¢: € — R, is said to be Schur geometrically
convex function on Q if (log 1, log xa, ..., log x,) < (logyi,logys,...,logyy)
on Q implies p () < ¢ (y) . The function ¢ is said to be a Schur geo-
metrically concave function on 2 if and only if —¢ is Schur geometrically
convex function.
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Definition 5 ([25]). Let Q C R"}.

ry
Ax+ (1 - Ny
x,y € Q and A € [0, 1], where xy = (z1y1, 22, - . ., Tnyn) and
1 1 1

(i) A set Q is said to be harmonically convex if € Q for every

1 _
Azt (1-XN)y (/\:Ul + (=N A+ (1 =Ny Az, + (1 - )\)yn)'

1
(77) A function ¢ : Q — Ry issaid to be Schur harmonically convex on §2 if — <
x

1
— implies p(x) < p(y). A function ¢ is said to be a Schur harmonically
Yy

concave function on € if and only if —¢ is a Schur harmonically convex
function.

Proposition 3 ([25]). Let Q C R’} be a symmetric and harmonically convex
set with inner points, and let ¢ : 0 — R4 be a continuously symmetric function
which is differentiable on Q°. Then ¢ is Schur harmonically convexr (Schur
harmonically concave) on  if and only if

dp(x) dp(x)

2 2

— >
1 o0xy 2 0x9 -

(6) (1 — z2) 0(<0)

holds for any x € Q°.

Proposition 4 ([26]). Let Q2 C R’ be a symmetric set with nonempty interior
Q° and ¢ : 2 — R be continuous on  and differentiable in Q°. Then ¢ is Schur
m-power convex (Schur m-power concave) on Q if and only if ¢ is symmetric
on ) and

o — [xlm dpla) lm&”(‘”)} >0(<0), if m#0

(7) 1 a.’Bl Lo 81’2
and
0 0 .
(8)  (logai —logu) [:cl 22 gg)} >0(<0), i m=0

for all x € Q°.
Lemma 1 ([12)). Let * = (z1,%2,...,2,) € RY, Ap(x) = 130 25, n > 2
and1 <)\ < ﬁ Then
(M(@) + (1= Nt M (@) + (1= N, Mg (@) + (1= V)
(9) =< (xl,xQ,...,xn).

Lemma 2 ([2]). Let ® = (x1,22,...,2,) € R", >0 2 = (n — 2)e, n > 2.
Then

(10) <c+:c1 c+ x2 c+ xy

BRI

n—1

1 a1 ><(c—ac1,c—x2,...,c—xn).
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3. Proof of main results

Proof of Theorem 1.
Note that the generalized geometric Bonferroni mean is defined by

n
1

1 1
GB (@) = - —— ]| (i + gy ) e,
PEATT jh=titizh

Taking the natural logarithm gives

1
+
p+qg+r nn—1)(n—-2)

log GBP*" () = log Q,

where

n

Q= Z log(pz1 + qx; + ray) + log(pre + qxj + ray)]
Jk=3,j#k

+ Z log(pz; + qr1 + ray) + log(pw; + qra + ray)]

n
+ Z log(pz; + qxj + rxy) + log(px; + qz; + ras)]
i,j=3,1#]

n
+ Z[log(pxl + qxo + o)) + log(pra + g1 + T2))]
k=3

n
+ Z[log(pxl + qxj + rag) + log(pzs + qxj + ray)]
=3

n
+ Z[log(mi + qr1 + rog) + log(pw; + qro + 121)]
=3
n

+ Z log(pzi + qxj + ray).
i,j,k=3, i#j#k

Differentiating GBP'?" (x) with respect to x1 and x9 respectively, we have
oGBPYT (k)  GBPT(x) oQ
0x1 “nn—1)(n—-2) Oz

GBPI" (x)
nn—1)(n—2)

n n

Z px —|—q§+m * Z px-+qaq:1+7’a:
jk=3#k J ki k=3ik T k

n
r p q
+ + ( + )
Z,j;# px; + qxj +rey kzz?) pr1 +qre + 1 pro+ qri+ rayg
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n p r
+2 + )
o pr1+qx; +rre  pro+qr; +1I

3

r
+ ( q n ) .
—r pT; +qr1 +rre  pr; +qre + 1T

1=

OGBPIT(z)  GBPAT(z)  0Q

Oz T nn—-1Dnm-2) 0zs

GBPOT ( n n
:n(n—l)(7§—>2) Z px +q2:2'+m: + Z pa:-+qz +rx
Gh=3g4k 2 T AN kooik=3izkt 2 F

5> 3 oot )
ey p!Ez-I-q:BJ—i-T‘SEz e pr1 4+ qro + 1T pT2 + QU1 + rI)

r p
+3 + )
g pr1 + qT; —+ rao pTo + qz; + ra

+Z( n q ) .
px; +qr1 +rre  pr; +qre 4+ TX1

It is easy to see that GBP%"(x) is symmetric on R} ,. Without loss of
generality, we may assume that x1 > z2 > 0. Hence, for m # 0 and n > 3, we

have

A =
m 0xy 2 0z
(21" — 23")GBM" ()

mn(n —1)(n —2)

af' —ag’ |::C1m GBPY(x)  iom aGB]””””(?B)]
1

n 1-m 1-m
« |p Z ( Zy _ ) )
pPr1+qx; +1rrK pra+qrj +rog

jk—3 £k
1 m 1-m
T
fe 3 | )
pxz—i-qxl—i-'rxk px¢+qw2+7’xk
1,k=3,i#k
n 1-m 1-m
T T
i Z ( 1 _ 2 )
=~ \pxit+qxr;+rr1  pri+qr; +rIe
1,7=3,i#]
(px}m qx%m+qx}m_p$% m>
pr1 +qre + 1 pro+ qr1+ TX)

n
n 1-m 1-m 1-m
Ha —Tﬂ? rTTr xr
+2<’“ e e )
=3

pr1+qx; +rre  pre+qx;+rag
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+Z<qa:% o rrsT m+mc% ™ qrs m)
pr; +qr1 +rre  pr; +qre +rry/ |’

ie.,

(21" — 25" ) GBI ()
mn(n —1)(n— 2)

Z priwa(ay™ — 23™) + (quj 4 rag) (a7 — a3 ™)
pxl + qxj + ray) (pre + qrj + ray)

A =

J,k=3,j#k

+q Z q$1fC2 —mQ_m)—l—(pxl—i—rxk)( - m_x% m)
pwz + qx1 + rxy)(pri + qra + ray)

1,k=3,i#k

+r En: rava (™ — 2y ™) + (pri + quy)(z " —ay ™)
(pa:i +qx; + 7’eTl)(pxz +qz; + Tx?)

1,j=3,i#j
(P g 1z () ™~y ™) +2pg (] —ay ") H () rag (e " — 2y ")
(px1+qratray)(pret+qri+rey)

+
k=3
n 2 2 -m -m 2—m (o l=m 1—-m
Z(p +rd)zimy(zy " —xy ™) +2pr (a] " =y ")+ (ptr) gy (e " —ay ™)

+
o (pr1+qzj+re)(protqrj+re;)

L §n )it ™) 2 g )
P (pritqr1+rrs)(pritqretre)

2—m 2—m __ 1-m 1-m -m —-m
Inview of 7™ — a5 " = (27 " — a5 ") (1 +x2) — (27" — 25" )x122, We
can rewrite the expression of A as

(a1 — 25" )GBP" (z)
mn(n —1)(n— 2)
Z prize(r) " — x5 ") + (qr; + ray) (7 - ivé ")
pml + qxj + ray)(pra + qxj + ray)

Jk 3,37k
+4q Z quiza(zy™ — 23™) + (pa; + rag) (@ ™ —ay™)
i k=3 itk p:nl + qr1 + rag) (pri + qre + TXK)

n — — 1— 1—
. Z reiwa(ry " =y ") + (pri 4 qxy) (T — 2y ™)

Yoy s gy + ) (o + gy o r2)

n i (p— @) ?z1ma(x]™ — 25™) + (2pq(z1 + 22) + (p + @)rag) (@1 " — 23~ ™)
(px1 + qxe + r)) (pra + qr1 + TT))
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n

(p — r)Parwa(ay™ — 23™) + (2pr(zs + x2) + (p+ 1)gzy) (2" —a3™™)

+
(px1 + qxj + ra2)(pre + qxj + rey)

J

3

3

(¢ —r)?zi@a(zy™ — 25™) + 2qr(z1 + 22) + (q + 7)px) (2] ™ —257™)

+
(px; + qr1 + r22)(p2; + que + TX1)

i

Il
w

If m > 1, by the assumption 1 > z3 > 0, p > 0,9 > 0,7 > 0, one has
o™ —x,™ <0, 217 ™ — x5 ™ < 0 and 2 — ' > 0, which implies A < 0.
Using Proposition 4, we conclude that GBP*%"(x) is Schur m-power concave for
xeRY,.

If m < 0, by the assumption 1 > z2 > 0, p > 0,q > 0,7 > 0, we obtain
"=z >0, x%_m — x%_m > 0 and 27" — 25" < 0. Thus, A > 0. From
Proposition 4, it follows that GBP%"(x) is Schur m-power convex for € R} , .

The proof of Theorem 1 is completed.

Remark 4. As a direct consequence of Theorem 1, takingm = 1 and m = —1in
Theorem 1 respectively, together with the definitions of Schur concave functions
and Schur harmonic convex functions, we arrive at the assertions of Corollary

1.

4. Applications

As an application of Theorem 1, we establish the following interesting inequali-
ties for generalized geometric Bonferroni mean.

Theorem 2. Let p,q,r be non-negative real numbers with p+q—+1r # 0, and let
1 <A< 5. Then for x € R, (n > 3) we have the inequality

GBPI" (x) < GBPY" (AAp(x) + (1 — Nx1, Ay (x)
(11) +(1—=Nzo,..., \Ap(x) + (1 — N)zy,) .

Proof. It follows form Theorem 1 that GBP”%"(x) is Schur concave on R, .

Using Lemma 1, one has (A4, (x)+(1—XN)z1, Ay () +(1=N)zg, ..., N, ()+
(I =XNzp) < (z1,22,...,20).

Thus, we deduce from Definition 1 that GBP'%"(AA, (x)+(1—N)z1, Ay (x)+
(I=XNz2,...,  Mp(x) + (1 — Nzy) > GBPY (21,22, ..., Ty).

The Theorem 2 is proved. O

Putting A = 1 in Theorem 2 gives

Corollary 2. Let p,q,r be non-negative real numbers with p+ q+r # 0. Then
for x € R, (n > 3) we have the inequality

(12) GBPI () < An(x).
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Theorem 3. Let p,q,r be non-negative real numbers with p+q—+r # 0, and let
Yo xi = (n—2)c. Then for x € R}, (n > 3) we have the inequality

(13) GBPY (c(n —2)2 +x) > (n— 1) GBPY" (c(n — 2) — x).

Proof. By the relationship of majorization given in Lemma 2, we have

c+x Cc+ T2 c+
e B N R <(c—z1,c— T2, ...,Cc—Tp).

Using the properties of majorization yields

(Cn—i-_flff + (n —3)c, (;—F_xf +(n—3)c, ..., cn—l—_xln + (n— 3)c>
<(c—z14+(n—=3)c, c—x2+(n—3)c, ..., c—xp+ (n—3)c),
o <c(n — 22421 c(n—2)%+x c(n —2)% + mn>
n—1 ’ n—1 Y n—1
<(c(n—2)—x1, c(n—2) —x9, ..., c(n—2) —x,).
It follows from Theorem 1 that
CEPaT (c(n —2)2 421 ce(n—2)2+ 2 N c(n —2)% + xn)
n—1 ’ n—1 Y n—1
>GBPY (e(n—2) —x1, c(n—2) —x2, ..., c(n—2) —xyp).
Hence
GBP9" (c(n — 2)2 + a1, c(n—2)2 +x9, ..., c(n—2)*+ Tn)
> (n—1)GBP?" (¢(n —2) — 21, e(n—2) —x9, ..., c(n—2) —x,),
that is
GBPOT (c(n —2)2 +x) > (n — 1) GBPY" (¢(n — 2) — x).
This completes the proof of Theorem 3. O
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